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7 Tests of Group Invariance

One of the key assumptions underlying our approach to the construction of anytime-
valid tests in the previous chapters was that the data were independent. We now
consider a setting where this assumption does not necessarily hold. In particular, we
study the problem of testing for invariance under a group of transformations, which
includes many standard statistical hypothesis tests, such as those for normality and
exchangeability. We show that, regardless of any dependence structure in the original
data, the invariance properties of the problem can be used to construct a sequence of
random variables that are i.i.d. under the null hypothesis. In fact, these transformed
data always have the same distribution under the null hypothesis, that is, the null
becomes simple. Consequently, it is straightforward to compute the log-optimal e-
statistic for a given alternative, as it is simply given by the likelihood ratio between
the alternative and (now simple) null. It can be shown that the cumulative product of
these log-optimal e-statistics, the likelihood ratio process, is the log-optimal e-process
among all e-processes that are functions of the transformed data. Remarkably, under
some assumptions on the alternative, it is sometimes even log-optimal among all e-
processes (that is, which are functions of the original data).

We furthermore apply this method to extend recent anytime-valid tests of inde-
pendence, which leverage exchangeability, to work under general group invariances.
Additionally, we show applications to testing for invariance under subgroups of ro-
tations, which corresponds to testing the Gaussian-error assumptions behind linear

models.
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7.1 Introduction

Symmetry plays a crucial role in statistical modeling. Most models, either explicitly or
implicitly, introduce assumptions of distributional symmetry about the data. For ex-
ample, any distribution under which data are independent and identically distributed
is symmetric under permutations of the data points and any regression model with
Gaussian errors is symmetric under certain rotations of the data. If these symme-
tries are actually present in the data, employing symmetric models yields advantages
for various objectives. These objectives include max-min optimality in hypothesis
tests (Lehmann and Romano, 2005) (see also Chapter , admissibility of estima-
tors (Brownl, [1966)), and increased predictive performance of neural networks (Cohen
and Welling), [2016). On the other hand, if the symmetries are absent from the data,
the use of a symmetric model may lead to poor performance in these same tasks. We
address the problem of testing for the presence of symmetries in the data.

The presence of a symmetry is formalized as a null hypothesis of distributional
invariance under the action of a group (in the algebraic sense). Perhaps the most
prominent example is infinite exchangeability—the hypothesis that the distribution of
any finite data sequence is invariant under the group of all permutations. The null
hypothesis of exchangeability is at the heart of classic methods such as permutation
tests (Fisher) [1936; Pitman), [1937) and rank tests (Sidak et al., [1999). Tests for other
symmetries have also been studied, including tests for rotational symmetry, which cor-
responds to invariance under the orthogonal group (Baringhaus| [1991)), symmetries for
data taking values on groups (Diaconis, |1988), and more general frameworks (Lehmann
and Stein), [1949; |Chiu and Bloem-Reddyl |2023). The majority of tests in this line of
work are designed for fixed-sample experiments—the amount of data to be collected is
determined before the experiment. In this chapter, we focus on testing for the presence
of symmetries sequentially and under continuous monitoring.

In the applications that interest us, data are analyzed as they are collected, and
the decisions to either stop and reach a conclusion or to continue data collection
may depend on what has been observed so far. Hypothesis tests that retain type-
I error control under such flexible data collection schemes have been called tests of
power one (Robbins and Siegmund, [1974; |Lai, [1977), and, more recently, anytime-
valid tests (Ramdas et al., 2023). The main insights in this line of work are that a
test martingale—a nonnegative martingale with expected value equal to one—can be
monitored continuously, and that a test that rejects when the test martingale exceeds

a fixed threshold maintains type-I error control uniformly over time (Ramdas et al.,
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Chapter 7 Tests of Group Invariance

2020; [Shafer}, 2021). More generally, the minimum over a family of test martingales—
an e-process—can be monitored (Ramdas et al., |2020).

While anytime-valid tests of general symmetries have not received much attention,
the specific case of infinite exchangeability has been studied classically. For example,
sequential rank tests, which can be interpreted as tests of exchangeability (also called
tests of randomness in the literature), have been studied. [Sen and Ghosh| (1973aybl
1974) develop asymptotic approximations and law-of-the-iterated-logarithm-type in-
equalities for linear rank statistics that hold uniformly over the duration of the exper-
iment. More recently, Ramdas et al.| (2022) and |Saha and Ramdas| (2024) developed
e-processes for the hypothesis of infinite exchangeability under specific assumptions
(binary and paired data, respectively). Anytime-valid tests of exchangeability that
do not require any additional assumptions are addressed in the work on conformal
prediction (Vovk et al., [2003] 2005). Conformal prediction, perhaps best known as
a framework for uncertainty quantification for point predictors, can also be used to
produce test martingales to test for exchangeability. In the context of conformal pre-
diction, test martingales are called conformal martingales. Most crucially for our
present purposes, [Vovk et al.| (2005) show that conformal martingales cannot only
be used to test for infinite exchangeability, but also to test whether data are gener-
ated by a fully general class of sequential data-generating mechanisms, called online
compression models (see Section . It is natural to ask whether distributionally
symmetric models define online compression models, as the conformal martingales
built by [Vovk et al.| (2005)) would automatically yield tests of distributional symmetry.
Unfortunately, this is not true in general.

In this chapter, we show that the above difficulty can be circumvented: Under nat-
ural conditions, a distributionally symmetric model does define an online compression
model. Furthermore, we show that the resulting conformal martingales are optimal
in a specific sense. Indeed, we show that the resulting martingales are likelihood ra-
tios against implicit alternatives and prove that they are optimal—in a sense that is
specified in Section [7.2}—for testing against that particular alternative. We use these
constructions to abstract and generalize existing tests of independence under the as-
sumption of exchangeability (Henzi and Law] 2024) to tests of independence under
general symmetries. Finally, we build tests for the Gaussian-error assumptions behind
linear models by testing for invariance under subgroups of the orthogonal group.

The rest of this document is organized as follows. Section formally introduces
the problem of anytime valid testing for distributional invariance, and the optimality

criterion that we employ. Then, in Section[7.3] the connection between group-invariant
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7.2 Problem Statement

distributions and online compression models is shown. This connection is used in Sec-
tion [74] to construct test martingales against the hypothesis of distributional invari-
ance; the optimality of this procedure is shown in Section [7.4.2] Section shows
applications to test the assumptions of linear models, testing sign-invariant exchange-
ability, and independence testing. Finally, Section [7.6] discusses a potential direction

for future work.

7.2 Problem Statement

Suppose that we observe data X7, Xs,... sequentially and that they take values in
some topological space X. In our examples, X = R. Note that we assume neither that
these observations are independent nor that they are identically distributed; we only
assume that they are sampled from a distribution on infinite sequences. Furthermore,
for each n = 1,2,..., we assume that G, is a compact topological group (in the
algebraic sense) that acts continuously on X™. Here, a topological group is a group
that is equipped with a topology under which the group operation, seen as a function
Gn X G, — Gy, is a continuous map. A (left) group action is a map ¢ : G, x X™ — X"
that satisfies, for any ¢g,h € G,, and z™ € X™, that ¢(h, ¢(g,2")) = @(hg,z™). To
alleviate notation, when the action is clear from context, we write gx™ instead of
©(g,2™). In our examples, the group G, has a representation as a group of n x n
matrices and the group acts on R" by matrix multiplication. We are interested in
testing the null hypothesis of invariance of the data under the action of the sequence

of groups (Gp)nen, that is,
Ho:gX" 2 X" forallge G, and all n €N, (7.1)

where X" = (Xy,...,X,) and 2 signifies equality in distribution. At this level of
generality, one can build pathological examples of ([7.1]) that cannot be tested; more
structure is needed (see Section [7.3). The next example contains simple instances of

the problems that are amenable to our general framework.

Example 7.1 (Exchangeability, rotational symmetry, and compact matrix groups).

For tests of infinite exchangeability, the null hypothesis is given by

Ho : X4,...,X,, are exchangeable for each n € N.
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Chapter 7 Tests of Group Invariance

By definition, this can be rewritten as
Ho : (Xr@)s - Xnn)) E4 (X1,...X,) forall m € S(n) and n € N,

where S(n) denotes the group of permutations on n elements. In terms of the notation
above, the relevant sequence (G, )nen of groups is G,, = S(n) and the group action may
be written as 7X"™ = (X (1),..., Xz(n)) for each permutation 7 € S(n). Note that
S(n) can be represented through the group of n x n permutation matrices (matrices
with exactly one entry of 1 in each row and each column and 0 in all other entries). The
hypothesis above coincides with that of distributional invariance under multiplication
of the data (X1,...,X,,) by n X n permutation matrices for all n.

Similarly, in the case of tests for sphericity, that is, invariance under rotations
of data, the relevant sequence of groups is G,, = O(n). Here, O(n) denotes the
orthogonal group—the group of all n x n matrices O with orthonormal columns, that
is, such that OTO = I. Details are given in Section The action of permutation
and orthogonal groups are special examples of the actions of classic compact matrix
groups on R” (Meckes| [2019). With adjustments, invariance under any of these classic

compact matrix groups is also an instance of the hypothesis in

Anytime-valid tests We are interested in constructing sequential tests for Hg as
in (7.1) that are anytime-valid at some prescribed level a € (0,1). Here, a sequential
test is a sequence (@n)nen of rejection rules ¢, : X™ — {0,1} and we say that it is

anytime valid for Hy at level a if
Q(FneN:p, =1) <aforany Q € Hop.

Notice that this is a type-I error guarantee that is valid uniformly over all sample sizes:
the probability that the null hypothesis is ever rejected by (¢, )nen is controlled by
. The main tools for constructing anytime-valid tests are test martingales (Ramdas
et al.l |2020; [Shafer] |2021} |Griinwald et al., [2024)) and minima thereof, e-processes—see

Ramdas et al| (2020) for a comprehensive overview. We now define them.

Test martingales A sequence of statistics of the data is a test martingale if it is non-
negative, starts at one, and is a supermartingale under every element of Hy. Formally,
let G = (Gn)nen be a filtration of o-algebras such that G, C o(X™), where o(X™)
denotes the o-algebra induced by X™. Then a sequence of statistics (M, )nen that is
adapted to G is a test martingale for Ho with respect to G if Eg [M,, | Gp—1] < M, —1

121



7.2 Problem Statement

for all Q € Ho and My = 1. The main utility of test martingales is that, under Hy,
they take large values with small probability. This is quantified by Ville’s inequal-
ity (Ville, [1939), which shows that the sequential test given by ¢, = 1 {M,, > 1/a} is

anytime valid.

Lemma 7.1 (Ville’s inequality). Let (M, )nen be a test martingale with respect to

some filtration (G )nen under all elements of Ho, then

sup Q(IneN: M, >1/a) < a.

QEHo
Proof. Fix Q € Ho. Doob’s optional stopping theorem states that Eg[M,] < 1 for any
stopping time 7 that is adapted to (G, )nen (Durrett, 2019, Theorem 5.7.6). Markov’s
inequality implies that Q(M, > %) < C for any C' > 0. Applying this to the stopping
time 7* = inf{n e N: M,, > é} shows the result. O

Test martingales that make use of external randomization will also prove useful;
we will call them randomized test martingales. For randomized test martingales, we
append an independent random number 6,, ~ Uniform([0, 1]) to each X,,, that is, we
let Y, = (X,,0,) and consider test martingales that are functions of Y,, rather than
X

Test martingales are part of a broader class of processes, e-processes (Ramdas et al.|
2023)). An e-process is any nonnegative stochastic process E such that Eg[E;] <1
for all @ € Hp and (a subset of) all stopping times 7. Any e-process can be turned
into an anytime-valid test by thresholding it, that is, ¢, =1 {ET > é} is an anytime-
valid test for any stopping time 7. This property is often referred to as safety under
optional stopping (Grinwald et al. [2024). Relatedly, the product of e-processes based
on independent data is again an e-process. That is, suppose some e-processes FE and
E' are used for independent experiments, yielding stopped process ., and E/ . Then
the product again has the property that Eq[E; E] ] < 1 for all Q € Ho, which is

referred to as safety under optional continuation.

Log-optimality This type of evidence aggregation by multiplication of e-processes
motivates a natural optimality criterion. Indeed, suppose we were to repeatedly run
a single experiment, using a fixed e-process F and stopping time 7. If we measure
the total evidence by the cumulative product of the individual e-processes, then the
asymptotic growth rate of our evidence under true distribution P will be Ep[log E.].

It is therefore custom to look for e-processes that maximize this asymptotic growth
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Chapter 7 Tests of Group Invariance

rate, as can be traced back to Kelly betting (Kelly, [1956]). Variants of this criterion
have more recently been studied under numerous monikers (Shafer, 2021; [Koolen and
Grinwald| [2022; |Grinwald et al.l |2024)), but here we shall simply refer to maximizers

of this criterion as “log-optimal”.

7.3 Sequential Group Actions are Online Compres-

sion Models

The hypothesis in can only be meaningfully tested if the statements regarding
group invariance for each n € N are consistent with each other; without any further
restrictions, invariance of the data at one time may contradict the invariance of the
data at a later time. To avoid such situations, we assume that there is a certain
structure to the action of sequence of groups (G, )nen on the sample space, which we
will refer to as a sequential group action. After the statement of this definition, we

discuss its meaning.

Definition 7.2 (Sequential group action). We say that the action of the sequence of

groups (Gy,)nen on (X")nen is sequential if the following conditions hold.

(i) The sequence (G, )nen is ordered by inclusion: for each n, there is an inclusion
map t,4+1 : Gn — Gpy1 such that 4,41 is a continuous group isomorphism

between G, and its image, and the image of G,, under 1,41 is closed in G,,41.

(ii) Forall g, € Gy, and all 2" € X" projyn (1n11(gn)2™ 1) = g (projyn (z™1)),
where projy. is the canonical projection map projy. : X" — X™ given by

Projyn (1, - oy Tny Tng1) = (T1, -+, Tn).

(iii) Let n > 1, g, € Gp, and gn11 € Gpy1. For 2™ = (21,...,2,41) € A™TH
denote (2"1), 41 = z,41. Then, go11 = 1,11(gn) if and only if, for all 2"+ €

1 1 _
Xn+ 9 (gn+1xn+ )n+1 = Tn+41-

In Definition item [(i)| gives an ordering of the sequence of groups by inclusion,
ensures that this inclusion does not change the action of the groups on past data,
and implies that the groups do not act on future data. As a result, invariance
of X? ! under G,,_; is implied by invariance of X™ under G, and the individual
statements of invariance in for each n do not contradict each other. The instances
of discusssed in Example satisfy this assumption; a simpler situation where

this is satisfied is given in the next example.
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7.3 Sequential Group Actions are Online Compression Models

Example 7.2 (Within-batch invariance). Perhaps the simplest example is when, for

each n, G, has a product structure and acts on A componentwise. This is when
G,=H xHy x---x H,

for some sequence of topological groups (Hp)nen, each H,, acting continuously on X
by (h,z) — hx and (gn, X™) = (h1X1,...,hyX,) for each g, = (h1,...,hyn) € Gy.
This covers the setting where batches of data are observed sequentially and the interest
is in testing group invariance within each batch. For example, assume that X = R*,
each H; is a fixed group H acting on R¥, and data X¥ X% ... are assumed to be
ii.d. copies of a random variable X*. Then becomes the problem of testing
sequentially whether X* D hXkforallhe H , that is, whether the distribution of X*
is H-invariant. [Koning| (2023)) treats this batch-by-batch setting for general compact

groups.

In a addition to this example, sequential group actions also include more compli-
cated situations where there is “cross-action” between the different data points, as in
Example (corresponding to exchangeability and sphericity). The details for the
case of testing rotational symmetry are given in Section

We now show that, under the assumption that the group action is sequential, the
null hypothesis of invariance is an online compression model. The latter are models
for computing online summaries, or compressed representations, of the observed data.
When the data is generated by an online compression model, the techniques developed
for conformal prediction can be used to construct a sequence of statistics that has a
Uniform([0,1]) distribution under the null hypothesis. These statistics can be used
to build a conformal (test) martingale, as we will discuss in Section Vovk et al.

define online compression models in abstract terms; we use a simplified definition here.

Definition 7.3 (Online compression model, |[Vovk et al.| (2005)). An online compres-

sion model on X is a 3-tuple of sequences ((o,)nen, (Fn)nen, (@n)nen), where
1. (on)nen is a sequence of statistics o,, = 0,,(X™); we call o, a summary of X™,
2. (Fp)nen is a sequence of functions such that F,(o,-1,X,) = o,
3. (Qn)nen is a sequence of conditional distributions for (o,_1, X,) given o,.

To show how sequential group invariance defines an online compression model, we
first recall some group theory. First, the orbit G, X™ of X™ under the action of G,,
is the set of all values that are reached by the action of G, on X", ie., G, X" =
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{gX"™ : g € Gp}. In order to identify each orbit, we pick a single element of X"
in each orbit—an orbit representative—and consider the map ~, : X" — X" that
takes each X™ to its orbit representative. We call ,, an orbit selector (see Section
for examples), and we assume that it is measurable. Such measurable orbit selectors
exist under weak regularity conditions on X™ and G,, (see Bondar} |1976, Theorem 2)
that hold in all the examples of this chapter. Furthermore, because G,, is a compact
group, there exists a unique G, -invariant probability distribution u.,, called the Haar
(probability) measure (Bourbaki, 2004, Chapter VII). The Haar measure plays the
role of a uniform probability distribution on compact groups. Finally, it is a fact
that the data is uniformly distributed on its orbit conditionally on the orbit where it
lays; formally, X" | v,(X™) 2 UNn(X™) | 7 (X™), where U ~ p,, independently of
X (Eatonl |1989, Theorem 4.4).

We now show that if a sequence of groups (G, )nen acts sequentially on the data,
any distribution that is invariant under the action of said sequence defines an online
compression model. We use the orbit representative as summary statistic, i.e., we use
0n = Yn(X™). Then, since the distribution of the data is (G, )nen-invariant, the se-
quence of conditional distributions of (0y,—1, X;,—1) given o, is uniform over the orbits
as remarked earlier. In this way, we fix o, and Q,, in Definition [7.3] Furthermore, the
next proposition shows that, for sequential group actions, ¢, can be computed as a
function of 0,1 and X,,. The proof of this proposition can be found in Appendix [E]]
and it uses crucially the assumption that the group action is sequential. This dis-
cussion and the following proposition prove that a sequential group-invariant model

indeed defines an online compression model, as we state in Corollary

Proposition 7.4. If the action of (Gp)nen on (X™)nen is sequential, then there ex-
ists a sequence (F,)nen of measurable functions Fy,, : X" ! x X — X" such that
Fr (Y1 (X" 1), X)) = 7 (X™) and F,( -, X,,) is a one-to-one function of y, 1 (X"~ 1).

Corollary 7.5. Assume that the action of (Gn)nen on (X™)nen is sequential, let fiy,
be the uniform distribution on G, X"™ induced by the Haar measure pu, on G, and let
(Fy)nen be as guaranteed by Proposition . Then the tuple

(v (X™))nens (Fn)nen, (Fn)nen),

defines an online compression model on X .
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7.4 Testing Group Invariance With Conformal Mar-
tingales

We now construct test martingales for the null hypothesis of distributional symmetry
in any time that a sequence of groups (G, )nen acts sequentially on the data
(X, )nen. To this end, the invariant structure of the null hypothesis Hg is used in
tandem with conformal prediction to build a sequence of independent random variables

(Ry)nen with the following three properties:

1. The sequence (R, )nen is adapted to the data sequence with external random-
ization (X, 0, )nen, that is, for each n € N, R,, = R, (X, 0y).

2. Under any element of the null hypothesis Hg from (7.1), (R, )nen is a sequence

of independent and identically distributed Uniform[0, 1] random variables.

3. The distribution of (R, )nen is not uniform when departures from symmetry are

present in the data.

The construction of these random variables is the subject of Section [7.4.1}—additional
definitions are needed—and their optimality is the subject of Section In order to
guide intuition, Example shows a first example for testing exchangeability, which
has previously also been studied by [Vovk et al. (2005) and [Fedorova et al.| (2012]).
They call the statistics Ry, Ro, ... p-values owing to their uniformity. We opt against
that terminology here, because typically only small p-values are interpreted evidence
against the null hypothesis. However, in the context of testing for symmetry, it is any
deviation from uniformity that we interpret as evidence against the null hypothesis.
For reasons that will become apparent soon, we call Ry, R, ... (smoothed) orbit ranks
(see Definition [7.7)).

With the sequence (R,,),en at hand, test martingales against distributional invari-
ance are built by testing against the uniformity of (R, )nen. Indeed, any time that
(fn)nen is a sequence of functions f; : [0,1] — R such that [ f;(r)dr = 1, the process
(My)nen given by

My, = H fi(R:) (7.2)

i<n
is a test martingale for Ho with respect to F, where F = (6(R"))nen and o(R™) is
the o-algebra generated by R™. This follows from the fact that Eq [M, | o(R""1)] =
M, f fn(r)dr = M, _1, where we leverage independence and uniformity. The func-

tions (fn)nen are known as calibrators (Vovk and Wang) 2021)). They can be taken
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to be any sequence of predictable estimators of the density of Ri, Rs,... (Fedorova
et al.,2012), so that the test martingale is expected to grow if the true distribution of
the orbit ranks is not uniform, i.e., the null hypothesis is violated. The optimality of
this procedure is discussed in Section

Example 7.3 (Sequential Ranks). Consider the case of testing exchangeability as
discussed in Example that is, the case when X = R and G,, = S(n) . For
each n, define the random variables R, = Y oien 1{X; < X, }—the rank of X,, among
Xq,...,X,. The random variables El,ﬁg, ... are called sequential ranks (Malov),
1996). It is a classic observation that each R,, is uniformly distributed on {1,...,n},
and that (En)neN is a sequence of independent random variables (Rényi, [1962)). After
rescaling and adding external randomization, a sequence of random variables (R,,)nen
can be built from (En)neN such that (R,)nen satisfies items 1, 2 and 3 at the start
of this section. Furthermore, if we denote the uniform measure on S(n) by p,, then
En can also be obtained from n‘lﬁn = pn{9 : (9Xn)n < X,,}. While this rewriting
may seem esoteric at this point, it turns out to be the correct point of view for

generalization.

7.4.1 Conformal Prediction Under Invariance

In general, the statistics R,, will be designed to measure how strange the observations
X™ are in contrast to what would be expected under distributional invariance. To this
end, the values of X™ are compared to those in the orbit of X™ under the action of
Gy. In order to measure the “strangeness” of the observations in their orbit, we use

an adaptation of the conformity measures introduced by [Vovk et al.| (2005)).

Definition 7.6 (Conformity measure of invariance). We say that the function A :
X xJ,_, X™ — R is a conformity measure of invariance if the following holds: if there
are X" X'™ € X", such that A(X;, v, (X™)) = A(X],v(X'™)) for all i € {1,...,n},
then, for all g € G,,, we also have that A((gX™);, v (X™)) = A((gX"™)i, 1 (X'™)) for
allie {1,...,n}.

The group-related condition on A that appears in Definition [7.6]is an addition to
that of [Vovk et al.| (2005); it ensures that the action of G,, on X" induces an action
on the conformity measure. The intuition of the definition is that when A is prop-
erly chosen, A(X,,v,(X™)) is a numerical score that indicates how similar X, is to
the other values in its orbit. Therefore, the statistic a,, = A(X,, v (X™)) is called
a conformity score. The easiest example is when X™ C R"™ because then A defined
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by A(X,,v.(X™)) = X, is a conformity measure of invariance—this is the case in
Example |[7.3] However, perhaps a more intuitive choice would be A(X,,,v,(X"™)) =
|Xn_fG 97 (X™) dun(g)| ™1, since this quantity is large whenever X, is close to the av-
erage value within the orbit, which is given by | G 9 (X™) dpn(g). For a more involved
example, consider the case where the data points are given by X; = (¥, Z;) for some
outcome Y; € R and a covariate Z; € R. Then one might consider A(X;,v,(X™)) =
lY; — Yi|_1, where V; is the prediction of some regression method that was trained
on the orbit of X;. In this case, the intuition is that, if the label is very close to the
prediction that is made using all of the values in the same orbit, then X; must have
been very typical of the orbit. For a more detailed discussion on different conformity
measures, we refer to |Fontana et al.| (2023).

Since the scale of the conformity scores is arbitrary—they can be scaled at will—,
only comparisons between them are meaningful. Therefore, similar to what happened
in Example [7.3] we will rank the observed value of the conformity score a;, among all
its possible values on the orbit of the data. To this end, we obtain the distribution
of the conformity scores under the null hypothesis using the assumed distributional
invariance. Indeed, as discussed in Section [7.3] the distribution of X™ conditional
on v(X™) is uniform on its orbit. This idea gives rise to the (smoothed) orbit ranks

(Rp)nen in the next definition.

Definition 7.7 (Smoothed Orbit Ranks). Fix n € N, let A be a conformity measure,
and let «,, = A(X,,,7.(X™)) be the associated conformity score. We call R,,, defined
by

R, :Mn({g €Gp: A((an)na'Yn(Xn))n < an}) =+

(7.3)
9nun({g € Gy A((an)naVR(Xn)) = O‘n})v

a (smoothed) orbit rank, where pu,, denotes the Haar probability measure on G,, and
0, ~ Uniform|0, 1] is independent of the data X™.

The simplest case is when the group G, is finite of size k and A(X;, 7,(X™)) = X;.
In that case, p,, is the discrete uniform distribution on G,, and R,, = %#{g € Gy :
(9gX™)n < Xn} + 0?"#{9 € Gy (9X")n = Xn}.

An important intuition is that the statistic R,, is the CDF of the distribution of
ay, conditional on v, (X™) evaluated in «,, (with added randomization) under Ho. It
follows that if said CDF is continuous, smoothing plays no role in and R, L 6,. It
also follows—and this is shown in Theorem [7.8—that each R, is uniformly distributed

n [0,1]. [Vovk et al.| (2005, Theorem 11.2) show that, if the data is generated by an
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online compression model, and 61,65, ... are independent, then Rj, Rs,... are also
independent. Since Corollary [7.5] shows that a sequential group invariance structure
defines an online compression model, it follows that the smoothed orbit ranks form an
i.i.d. uniform sequence under the null hypothesis. This is stated in the next theorem,

for which we provide a direct proof in Appendix [E-I] for completeness .

Theorem 7.8. Suppose that the action of (Gp)nen on (X™)nen is sequential, that
(X)) nen is generated by an element of Ho, and that 01,02, ... are independent. Then
R™ L 4n(X™) for each n and (Ry)nen is a sequence of i.i.d. Uniforml0,1] random

variables.

7.4.2 Optimality

We now show that any martingale based on the smoothed orbit ranks as in is a
likelihood ratio process and that it is log-optimal against the implicit alternative for
which it is built. To this end, let P be a distribution such that for all n, conditionally
on R"~!' R, has density f, (with respect to the Lebesgue measure). Technically,
the conditional density of R, is not defined only by P, but also by the external
randomization. To make this explicit in the following, we will use P to denote P
with external randomization added, that is, P=Px U, where U is the uniform
distribution on [0, 1]*°. Analogously, for each @ € Hy, define é =Q xXU>.

The discussion below shows that M, = [[,., fi(R;) is a test martingale.
In fact, M, is the likelihood ratio for the orbit rank; R™ between P and @, since
the distribution of R™ under @ equals the uniform distribution for any Q € Hy by
Theorem Surprisingly, if P is such that R, L 4 (X™), then M, is also the likeli-
hood ratio for the full data X™ between P and an appropriately chosen distribution
Q* € Ho, as shown in the following proposition. For the sake of brevity, the action of

(Gn)nen on (X™),en is assumed to be sequential throughout.

Proposition 7.9. Suppose that A( - ,v,(X™)) is a one-to-one function for eachn € N,
suppose that P is any distribution under which R, L v,(X™) for each n, and let f;
denote the conditional density of R; given R'™' under P. Let M, = [],., fi(R:).
Then, for Q € Ho, -

Q (Mn = (fg; (X”)> =1, (7.4)

where Q* denotes the distribution under which the marginal of v,(X™) coincides with
that under P, and such that X™ | v,(X™) 4 UNn(X™) | o (X™), where U ~ puy,
independently from v, (X™).
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The distribution Q* can be thought of as a symmetrization of P, since the marginal
of v, (X™) is the same, but the distribution conditional on 7, (X™) is defined by sym-
metry. Proposition [7.9] therefore shows that, if the orbit ranks are independent of the
orbit selectors under P, then (M, ),en is the likelihood ratio process between P and
a symmetrization thereof. The next theorem uses this representation to show the log-
optimality of (M,,)nen. Its proof follows that of Theorem 12 of [Koolen and Griinwald
(2022).

Theorem 7.10. Assume that A( -, (X™)) is one-to-one for all n € N and let P
be such that, under P, the distribution of X™ | 4,(X™) is absolutely continuous with
respect to the uniform distribution. Denote f; for the density of R; | R"™1 under P
and let My, =[1],.,, fi(R;). Let T be any stopping time and (Ey)nen any e-process for
Ho, both with re;pect to F—the filtration generated by the smoothed ranks. Then it
holds that

EI; [lnM,] = Elg > Elg InE;]. (7.5)

i=1

Moreover, zf}3 is such that R™ L ~,(X™) for all n, then for any e-process E' for H
w.r.t. (6(X™ 0™))pen—the full-data filtration—, it also holds that

The first part of Theorem Equation , establishes that, under some as-
sumptions on P, (M, )nen is log-optimal for testing group invariance among all e-
processes defined only on the orbit ranks. Moreover, the second part of Theorem [7.10]
Equation , states that if the orbit ranks are also independent of the orbit se-
lector under P, then (M, )nen is log-optimal for testing group invariance among all
e-processes defined on the full data. The additional assumption of independence be-
tween R™ and 7, (X™) is necessary for to hold: if P is a distribution under which
Ri,...,R, L ~vn(x™), then the conformal martingale is not in general a likelihood
ratio as in ([7.4). For the deterministic stopping time 7 = n, the log-optimal statistic
is instead given by S, = [\, fu(R1,..., Ry | 70(X™)), as it can be written as a
likelihood ratio (see also |Grinwald et al., [2024; Koning}, [2023)). However, the sequence
(S )nen does not necessarily define a test martingale or e-process, so that it might not
be possible to use it in the construction of an anytime-valid test. Using tests based
on the sequential ranks circumvents this issue for such alternatives.

The optimality of M,, in Theorem [7.10]is contingent on oracle knowledge of the

true distributions fi, f2,..., which are unknown in practice. To counter this, past
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data can be used to sequentially estimate the true density. This idea has previously
been applied for testing exchangeability (Vovk et al. |2005; [Fedorova et al.| 2012).
More precisely, for each n, let fn be an estimator of f,, based on R"~!, and consider
the martingale defined by ]!, ﬁ(RZ) In general, this is suboptimal with respect
to an oracle that knows the true density. However, in the case that there exists a
density f such that f; = f for all i, i.e. data are i.i.d. under P, there is limited loss
asymptotically if ﬁ is a good estimator of f. In order to judge if an estimator is good
for the task at hand, consider the difference in expected growth per outcome for fixed

n, i.e.,

LS Ballog f(R:) ~log fu(R)) = - S BHKL(/If.), (17)
i=1 i=1

where KL(f||§) = fo r)log(f(r)/g(r))dr denotes the Kullback-Leibler divergence
whenever f is absolutely continuous with respect to g, and the expectation on the
right-hand side of is over past data (on which fi depends). If tends to zero
as n grows large, the expected growth per outcome converges to that of the log-optimal
test martingale. This motivates the use of density estimation algorithms for which this
always happens. Under stringent assumptions—for example, if the density f belongs
to an exponential family—sequential Bayesian-update-type algorithms are known to
guarantee that converges to zero (Kottowski and Griinwald, [2011]). Under weaker
assumptions, specialized algorithms exist with the same guarantees (Haussler and
Opper}, 1997} (Cesa-Bianchi and Lugosi, |2001; |Grinwald and Mehta), 2019).

7.5 Applications and Extension

In this section, we discuss applications and an extension of the theory developed in

the previous sections.

7.5.1 Sign-Invariant Exchangeability

In this subsection, we consider testing for sign-invariant exchangeability (Berman)
1965; [Fraiman et al.; |2024)) with the purpose of illustrating our method on a concrete,
basic example, and show its performance through numeric simulation. Real-valued
data are sign-invariant if (Xy,...,X,) 2 (e1X1,...,6,Xy) for all signs (e1,...,€,) €
{—1,1}". We consider {—1,1}" as a group with componentwise multiplication as
operation. Data are sign-invariant exchangeable if they are both sign-invariant and ex-
changeable. That is, if (X1, ..., X,) L (1 Xr(1), - -+ €nXr(n)) for all signs (€1, ..., €,) €
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{=1,1}" and all permutations ©* € S(n). The null hypothesis of sign-invariant ex-
changeability is therefore equivalent to the distributional invariance of X™ under the
action of G, = {=1,1}" x S(n). The orbit of X™ under G, is given by the set
{aaXraqy, s enXa@m)) © (e1,...,6n) € {=1,1}", 7 € S(n)}. Since G, is finite, the
Haar measure is the discrete uniform distribution. Furthermore, because the data are
assumed to be real, we can take A(X,,,v,(X")) = X,. Let X{,..., X}, be given, for
i=1,...,n,by X = X; and X, = —X;. The smoothed orbit rank in becomes

_#li<:meX{< X}, #Hi< 20 X]= X}

R
" 2n 2n

(7.8)

These statistics can be computed upon observing the data, and standard density
estimation algorithms can used to estimate their density. Following Section [7.4] for
each n we use Ry,...,R,_1 to build an estimate fn of the density and use M, =
IL<. fi(R;) as a test martingale.

We investigate how martingales obtained in this manner behave through simula-
tions. For these experiments, we used the R language (R Core Team| [2022). The den-
sity estimation was performed using the kernel density estimation that is implemented
in the Stats package. However, standard kernel density estimation can lead to poor
performance around the boundaries. This is because these algorithms are designed
to estimate densities supported on R and not just on [0, 1]. Following Fedorova et al.
(2012), a solution to this problem is (in the case of testing exchangeability) to reflect
the sequence of orbit ranks to the left from zero and to the right from one. Then, the
estimate is computed using the extended sample U ;{—R;, R;,2 — R;}. Finally, the
estimated density is set to zero outside of the unit interval and then normalized. We
have used this same procedure here. Furthermore, for the sake of comparison, we also
include the conformal martingale that would be obtained if testing either for exchange-
ability exclusively or for sign-invariance. The results are shown in Figure We see
that, if data are sign-invariant exchangeable—i.i.d. Rademacher or i.i.d. Normal(0,1)
in our experiments—, the conformal martingales are indeed martingales and do not
take large values, as expected based on the discussion in Section [7.2] Under the al-
ternative, the statistic M,, is no longer a martingale, and it does grow. However, the
methods that test for only one of the two symmetries (either exchangeability or sign
invariance separately) do not detect alternatives for which that particular symmetry
is not violated, but the other is (see Figure . On the other hand, the conformal
martingale based on R,, as described in detects all of the alternatives. In fact,
for the alternative where each X; € {—1,1} and X; = 1 with probability p;, =1 —1/¢
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(a) Under null models: X; = +1 w.p. 0.5 and X; ~ N(0,1).
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(b) Statistics under alternative models (all independent). Upper left
corner: X; = 1 wp. p; = 1 —1/i and X; = 1 with probability
1 — p;. Upper right corner: X; ~ N(i/10,1). Lower left corner:
X; ~ N(0,1/4). Lower right corner: X; ~ N(1,1).

Figure 7.1: The logarithm of the conformal martingale against sample size for three dif-
ferent methods: testing for both sign-invariance and exchangeability, or only one of the two.
A test built against sign-invariance and exchangeability can detect the absence of either of
those two invariances while a test that is built to detect only one of then cannot achieve the
same goal (see Section. Data are independent under all considered models. The results
were averaged over 500 repetitions.

and X; = —1 with probability 1 — p; indepently, the corresponding test martingale
is even log-optimal among all e-processes. This is due to the fact that, regardless
of the observed data, the orbit of X; is always the set {—1,1}. Therefore, the orbit
selector can be chosen to be v, (X™) = (1,...,1) independently of the data, such that
R, L 4, (X™). The log-optimality then follows from Theorem
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7.5.2 The Orthogonal Group and Linear Models

Consider testing whether the data we observe are drawn from a spherically symmetric
distribution, i.e., X = R and G,, = O(n), where O(n) is the orthogonal group in
dimension n. Testing for spherical symmetry is equivalent to testing whether the data
are generated by a zero-mean Gaussian distribution. Indeed, any distribution on R*
for which the marginal of the first n coordinates is spherically symmetric for any n,
is a mixture of i.i.d. zero-mean Gaussian distributions (Bernardo and Smith| [2009,
Proposition 4.4). It follows that any process that is a supermartingale under all zero-
mean Gaussian distributions is also a supermartingale under spherical symmetry and
vice-versa. This implies that, for the purpose of testing with test (super)martingales,
the two hypotheses are equivalent. We show how this fits in our setting, and defer the
application to regression to Appendix [E-2]

We now check that testing spherical symmetry fits in our setting, i.e., that Defini-
tion [7.2]is fulfilled. Consider the inclusion of O(n) in O(n + 1) given by

a1 (On) = (OO f)

for each O,, € O(n). Using the canonical projections in R", Definition is readily
checked. Since the data are real, we can consider the simple measure of conformity
A(Xp, v (X™) = X,,. An orbit selector is given by 7,(X"™) = || X™||e1, where e; is
the unit vector e; = (1,0,...,0). For simplicity, we assume that the distribution of
X™ has a density with respect to the Lebesgue measure for each n, so that R, =
tn({On € O(n) : (0 X™), < X,})—no external randomization is needed. Rather
than thinking of 4, as a measure on O(n), one can think of it as the uniform measure
on S~ 1(]|X™||). This way, R, can be recognized to be the relative surface area of
the hyper-spherical cap with co-latitude angle ¢, = m — cos™1(X,, /|| X™|). [Li (2010)

shows that an explicit expression for this area is given by

1 n—1 1 . s
R, — 11— §Isin2(ww1n) 1(Tv 5) if on > 3, (7.9)
3Lz (o) ("5 3) else,

where I.(a,b) denotes the regularized beta function, I,(a,b) = g%f’g’gg for B(x,a,b) =

fow 1 -ty for0<ax <1.
2
Note that ¢,, > 7 if and only if X,, > 0 and that sin?(p,) =1 — H)?%Hz’ so that
(7.9) equals the CDF of the t-distribution with n — 1 degrees of freedom evaluated

134



Chapter 7 Tests of Group Invariance

int=+n—-1X,/|X . If X» ~ N(0,0%L,), then t is the ratio of a normally
distributed random variable and an independent chi-squared-distributed random vari-
able. Therefore, t has a t-distribution with n — 1 degrees of freedom. The test thus
obtained is a type of sequential t-test that has, to the best of our knowledge, not been
considered previously.

This example can be extended to testing for centered spherical symmetry, i.e.,
whether X™ = ul,, + €”, where 1,, is the all-ones n-vector, u € R and €" is spherically
symmetric for every n € N. By similar reasoning as above, this is equivalent to
testing whether the data is i.i.d. Gaussian with any mean/variance. Even more, by
considering different isotropy groups, one can also cover the case where the mean p is
not fixed, but depends on covariates. The ideas needed in that case are similar; we
show how deal with the added complexity in Appendix

7.5.3 Modification for Independence Testing

We now propose a minor modification of the conformal martingales from the previous
section that can be used to test for independence. Formally, fix K € N and suppose
that at each time point n € N, a K-dimensional vector X,, = (X1,,..., Xk n) € XK
is observed. We are interested in testing the null hypothesis that states that: (1)
for each k = 1,..., K and each n the vectors (Xj1,...,Xg ) are Gy-invariant, and
(2) (Xkay--y Xen) L (Xpray.o oy Xy ) for all k& # k' € {1,...,K}. Under this

hypothesis, the data is invariant under the sequential action of (G,)nen given by

G, = GE acting on XX*" rowwise. That is, the first copy of the group acts on
(X11,.-.,X1), thesecond on (Xz2,...,X2,), etc. This action is sequential anytime
that the action of (G, )nen is sequential on each of the K data streams.

Based on the discussion above, a first idea to test for invariance under én is to
create K test martingales and combine them through multiplication. More specifically,
we can treat each of the sequences (Xgn)nen, & € {1,...,K} as a separate data
stream and compute the corresponding statistics in , leading to K sequences of
uniformly distributed random variables (R n)nen. If, foralln € Nand k € {1,..., K},
fin is a density on [0, 1] then, by independence, the sequence (M) )nen defined by
M =TI, Hszl fr,i(Rk,) is a martingale under the null hypothesis. However, this
martingale would not be able to detect alternatives under which the marginals are
group invariant, but not independent. This stems from the fact that it only uses that
the marginals are uniform under the null, while in fact a stronger claim is true: for
each n, the joint distribution of Ry ., k € {1,..., K}, is uniform on [0, 1]¥. As a result
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of this observation, one can choose any sequence of joint density (estimators) f1, fa,. ..
on [0,1]% and create a test martingale by considering M,, = [[/_, fi(R1, ..., Rk.i)-

In the case that K = 2 and G,, = S(n), this is the procedure that was recently
employed by [Henzi and Law]| (2024)). They discuss a specific choice of f,, a histogram
density estimator, that is able to detect departures from independence consistently
under the stronger assumption that data are i.i.d. One of their key insights is that
independence of the data streams not only implies joint uniformity of the sequential
ranks in their setting, but that independence and joint uniformity are actually equiv-
alent. This equivalence breaks down if one does not assume that X 1, Xp2... are
iid. for all k. Finding conditions under which the independence of the streams and
the joint uniformity of the rank distributions are equivalent so that a histogram den-
sity estimator might reliably detect independence in the more general setting is an

interesting avenue of research.

7.6 Discussion

We have discussed how the theory of conformal prediction can be applied to test
for symmetry of infinite sequences of data. Here we discuss two topics. First, the
relationship to noninvariant conformal martingales. Second, whether smoothing is

necessary when defining orbit ranks.

7.6.1 Noninvariant Conformal Martingales

Not all online compression models correspond to a compact-group invariant null hy-
pothesis. An interesting example of this phenomenon is when the data are i.i.d. and
exponentially distributed. This distribution is invariant under reflections in any 45°
line (not necessarily through the origin), but these reflections do not define a compact
group and therefore do not fit the setting discussed in this chapter. Nevertheless, the
sum of data points is a sufficient statistic for the data, so this model can still be seen as
an online compression model with the sum being the summary. More work is needed
to find out whether conformal martingales are log-optimal against certain alternatives

in such settings.

7.6.2 The Need for Smoothing

In situations when, conditionally on the orbit selector v, (X™), the conformity measure
a™(X™) has a continuous distribution, the smoothing plays no role in (7.7]). This is the
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case for the rotations discussed in Section In certain other scenarios, smoothing
can be avoided as well. Indeed, one can always define nonsmoothed orbit ranks,
in opposition to the smoothed ranks R,, from Definition by R, = wn({g € Gy, :
(ga™),, < o }). Notice that this nonsmooth version satisfies R, < R,,. For a particular
choice of increasing densities f1, fa,..., on [0,1]—in the sense that u — f;(u) is
increasing—, we have that the process M, := [T, fi(R;) is bounded from above
by the conformal martingale M, = [[;_, fi(R;). Such a choice of increasing f; is
natural when high values of R; (or El) are associated with departures from the null
hypothesis. Then, any sequential test based on an upper threshold on Mn inherits
the anytime-valid type-1 error guarantees of M,,—exactly because Mn < M,,. This
was previously noted by [Vovk et al. (2003). However, the process Mn may not be
a martingale itself. Instead, a test martingale can sometimes directly be associated
to En For instance, in the setting of Example (testing exchangeability), the
distribution of R,, under the null hypothesis is known—it is uniformly distributed on
{1,...,n}. Therefore, we can construct likelihood ratio processes for the sequence of
nonsmoothed ranks. Even more, there are parametric alternatives under which the
exact distributions of the nonsmoothed ranks can be computed. This is the case for
Lehmann alternatives where, under the null, each X; is assumed to be sampled from
some continuous distribution with c.d.f. F;(x) = Fy(x) for some fixed Fp; under the
alternative, F;(z) = 1 — (1 — Fy(z))% for some 6;. From Theorem 7.a.1 of Savage
(1956)) the distribution of RZ can be derived, so that the likelihood ratio process of Ez

can be used for testing, thus avoiding external randomization.
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