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Abstract: We obtain limit theorems (Stable Laws and Central Limit Theorems, both
standard and non-standard) and thermodynamic properties for a class of non-uniformly
hyperbolic flows: almost Anosov flows, constructed here. The link between the pressure
function and limit theorems is studied in an abstract functional analytic framework,
which may be applicable to other classes of non-uniformly hyperbolic flows.

1. Introduction and Summary of the Main Results

This paper is a contribution to the theory of limit theorems and thermodynamic formal-
ism in the context of non-uniformly hyperbolic flows on manifolds. In particular we
introduce a new class of ‘almost Anosov flows’, a natural analogue of almost Anosov
diffeomorphisms introduced in [HY95], and prove limit theorems for natural observ-
ables 1 with respect to the SRB measure, also giving the form of the associated pressure
function. This example is presented in the context of a general framework, which may
be applicable to a range of other non-uniformly hyperbolic flows. We recall that various
statistical properties for several classes of Anosov flows are known [D98,D03,L.04], but
none of these results apply to the class of ‘almost Anosov flows’ considered here.
Given a flow (®;); with a real-valued potential ¢, we suppose that there is an equi-
librium state 114. A standard way of studying the behaviour of averages of a real-valued
observable v is to consider a Poincaré section Y and study the induced first return map
F : Y — Y, the induced potentials ¢ and v, with the induced measure M- In the
discrete time case, in fact in the setting where all the dynamical systems are countable
Markov shifts, [S06, Section 2] showed a one-to-one relation between limit laws for
and the asymptotic form of the pressure function P(¢ + sir), as s — 0. This function
experiences a phase transition at s = 0, and its precise form determines the type of limit
laws (in particular, the index of the stable law), see [MTo04,Z07] and [S06, Theorem 7].
Furthermore, under certain conditions on v, [S06, Theorem 8] gave an asymptotically
linear relation between the induced pressure P (¢ + sy) and P(¢ + sy). On the limit
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theorems side, [MTo04,Z07] and [S06, Theorem 7] show how one can go between re-
sults on the induced and on the original system: the first of these also applies in the flow
setting. In these cases, the tail of the roof function/return time to the Poincaré section
(both for the flow and the map) plays a major role in determining the form of the results.
Here we will follow this paradigm in the setting of a new class of flows. The proofs of
the main theorems are facilitated by corresponding theorems in an abstract functional
analytic framework. Applying this to the considered example requires precise estimates
on the tails of the roof function, which we prove for our main example.

Our central example is an almost Anosov flow, which is a flow having a continuous
flow-invariant splitting of the tangent bundle 7M = E" @ E @ E® (where Ey is the
one-dimension flow direction) such that we have exponential expansion/contraction in
the directions EY, E3, except for a finite number of periodic orbits (in our case a sin-
gle orbit). We can think of these as perturbed Anosov flows, where the perturbation is
local around these periodic orbits, making them neutral. A precise description is given
in Sect. 2. Almost Anosov diffeomorphisms have been introduced in [HY95] and suf-
ficiently precise estimates on the tail of the return function to a ‘good’ set have been
obtained in [BT17]. (These estimates are for both finite and infinite measure preserving
almost Anosov diffeomorphisms.) We emphasise that the roof function is not constant on
the stable direction, which is a main source of difficulty. When considering these exam-
ples we choose ¢ so that 114 is the SRB measure. We build on the construction in [BT17]
to obtain the asymptotic of the tail behaviour of the roof functions for almost Anosov
flows (when viewed as suspension flows). The main technical results for these systems
are Propositions 2.2 and 2.4. These are then used to prove the main result Theorem 2.5.

For a major part of the statements of the abstract theorems in this paper (in contexts
not restricted to almost Anosov flows) we do not require any Markov structure for our
system: it is only when we want to see our results in terms of the pressure function
(making the connection between the leading eigenvalue of the twisted transfer operator
of the base map and pressure as in [S99, Theorem 4]) that this is needed. Our setup
requires good functional analytic properties of the Poincaré map in terms of abstract
Banach spaces of distributions. Using the rather mild abstract functional assumptions
described in Sects. 4, 5 we obtain stable laws, standard and non-standard CLT; this is the
content of Proposition 5.1. In Sect. 6 we recall [S06, Theorem 7] and [MTo04, Theorem
1.3] to lift Proposition 5.1 to the flow, which allow us to prove Proposition 6.1.

In Sect. 7 we do exploit the assumption of the Markov structure to relate the definition
of the pressure P(¢ + sv/), s > 0, with that of the family of eigenvalues of the family
of twisted transfer operators of the Poincaré map; the twist is in terms of the roof
function of the suspension flow and the potential v. Using this type of identification, in
Theorem 7.1 we relate the induced pressure P (¢ +sv) with the original pressure. Using
the main result in Sects. 7, 8 we summarise the results for the abstract framework in the
concluding Theorem 8.2, which gives the equivalence between the asymptotic behaviour
of the pressure function P (¢ + sy) and limit theorems. It is this summarising result that
can be viewed as a version of Theorems 2—4 and Theorem 7 of [S06] combined, for flows.

We note that limit theorems for the almost Anosov flows studied here could have been
obtained via the very recent results of limit laws for invertible Young towers asin [MV 19,
Theorem 3.1] together with the arguments of lifting limit laws from the suspension to
the flow in [MTo04,Z07] and [S06, Theorem 7]. Notably [MV19] applies to invertible
Young towers and as such to several classes of billiard maps/flows. We conclude our
introduction by noting some possible extensions: we do not approach the correspon-
dence between the shape of the pressure and decay of correlations, but believe that such
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a correspondence can be established using the present results and arguments/estimates
in [MTel7,BMT18,BMT]. Moreover, for a large class of discrete time, infinite measure
preserving systems, a version of [S06, Theorem 8] along with connection with limit
theorems has been obtained in [BTT18]: we expect this to carry over to the case where
the almost Anosov flow has infinite measure.

Organisation of the paper. In Sect. 2 we give the setup of the almost Anosov flow as
ODE, and then translate it to a suspension flow over a Poincaré section. Proposition 2.4
computes the tails of the associated roof function. Section 2.3 gives the main limit theo-
rems for the almost Anosov flow. Section 3 gives the preliminaries of equilibrium states
for flows. In Sect. 4 we give the abstract background, including abstract hypotheses, of
the transfer operator approach. In this abstract setting, the main result Proposition 5.1 is
stated and proved in Sect. 5. Section 6 states and proves the limit law for the flow, and
Sect. 7 deals with the asymptotic shape of the pressure function. In Sect. 8 we formulate
and prove the limit laws for equilibrium states of the flow. Finally, the appendix gives
some technical proofs for Sect. 5, and then concludes by checking all the hypotheses of
the abstract results. In “Appendix A” we verify the abstract hypotheses of Proposition 5.1
and Theorem 8.2 for the almost Anosov flows introduced in Sect. 2 which allows us to
complete the proofs of Theorems 2.5.

Notation. We use “big O” and « notation interchangeably, writing a, = O(b,) or
a, < b, if there is a constant C > O such that a, < Cb,, for all n > 1. We write
ap ~ by, if lim, a, /b, = 1. Throughout we let —4 gstand for convergence in distri-
bution. By F being piecewise Holder, etc. we mean that F is Holder on the elements
a € A, with a uniform exponent, but the Holder norm of F|, is allowed to depend on a.

2. The Setup for Almost Anosov Flows

2.1. Descriptionvia ODEs. Let M be an odd-dimensional compact connected manifold
without boundary. An almost Anosov flow is a flow having continuous flow-invariant
splitting of the tangent bundle TM = E" @ E® @ E® (where Ej is the one-dimension
flow direction) such that we have exponential expansion/contraction in the direction of
Ey, Ej, exceptforafinite number of periodic orbits (in our case asingle orbit I'). After re-
stricting to an irreducible component if necessary, Anosov flows are automatically transi-
tive, cf. [BS02, 5.10.3]. As noted in the introduction, we can think of almost Anosov flows
as perturbed Anosov flows, where the perturbation is local around I, making I" neutral.

Let ®, : M x R — M be an almost Anosov flow on a 3-dimensional manifold.
We assume that the flow in local Cartesian coordinates near the neutral periodic orbit
I' := (0,0) x T is determined by a vector field X : M — T M defined as:

X x(aox2 + azyz)
=X |y ]| =|-ybox*+bry? 2.1)
z 1+w(x,y)

[STEUREh

where! ag, az, bo, by > 0 with A = aybg —aphs # 0, and w is a homogeneous function
with exponent p > 0 as leading term, cf. Remark 2.6. For the Limit Theorem 2.5, we

! The notation and absence of mixed terms a1xy and b1xy goes back to [HOO], who could not treat mixed
terms. In [BT17], the mixed terms are absent too, in order to make the explicit form of the first integrals possible.
Importantly, (2.1) ensure that the two vertical coordinate planes are local stable and unstable manifold of T".
The only linear transformation that preserves this are trivial scalings in the coordinate directions. Such scalings
reduce by /ar and ag/bg to single parameters, but we didn’t do this to maintain the possibility to compare
proofs with [BT17,H00] more easily. It is possible to treat mixed terms to some extent, see [B19], but the
additional required technicalities are beyond the purpose of this paper.
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Fig. 1. The first quadrant of the rectangle f’o, with stable and unstable foliations of time-1 map f = @ﬁ’"’

drawn vertically and horizontally, respectively. Also the integral curve of ¢ is drawn

additionally require ay > b> (so that § > 1, the finite measure case). We will use a
Poincaré section ¥ which is {z = 0} in local coordinates near I", but which is thought to
be defined across the whole manifold so that the Poincaré maps is defined everywhere
on X. The Poincaré map of the Anosov flow (i.e., before the perturbation rendering I'
neutral) is Anosov itself, and hence has a Markov partition, for instance based on arcs
in W*(p) U W¥(p) for p = (0,0), but not W (p) U W} (p) because we want p in
the interior of a partition element. As the perturbation is local around I" and leaves local
stable and unstable manifolds of I" unchanged, the same Markov partition can be used
for the almost Anosov flow.

Let us call the horizontal (i.e., (x, y)-component) of the flow CDf“”. This is the vector
field of [BT17, Equation (4)], with k = 2 and the vertical component is added as a skew
product. Therefore we can take some crucial estimates from the estimates of ®"°" in
[BT17, Proposition 2.1].

The flow ®; has aperiodic orbitI" = {p} x T of period 1 (which is neutral because D X
is zero on I'), and it has local stable/unstable manifolds WISOC(I‘) = {0} x (—€,€) % T!
and WP (') = (—¢€, €) x {0} x T!. Itis an equilibrium point of neutral saddle type if we
only consider CDh"’ The time-1 map f of dDh”’ is an almost Anosov map, with Markov
partition {P } =0, where we assume that p is an interior point of Po

Given g € f (Po), define
(g) == min{r > 0: ®'"(q) € W*}, (2.2)

where W* is the stable boundary leaf of f’o, see Fig. 1. Let W“(y) denote the unstable
leaf of f intersecting (0, y) € W5(p). The function 7 is strictly monotone on W"(y). For
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y>0and T > 1, let £(y, T) denote the distance between (0, y) and the (unique) point
g € W"(y) with 7(g) = T. The crucial information from [BT17, Proposition 2.1] is

E, T) — £, T+ D] = &) PT P V(1 +0(1)) asT — oo,  (2.3)

for B = (ax + b2)/(2by) and specific values &y (y) given in [BT17, Proof Proposition
2.1]. The parameters ay, b > 0 can be chosen freely, so (2.3) holds for 8 € (%, 00),
but in this paper we choose a; > by, and therefore § € (1, 00). Also the “small tail”
estimates of (2.3) are stronger than the “big tail” estimates needed in our main theorems,
but are required for particular results in the infinite measure setting of [BT17].

Remark 2.1. In fact, for the most general vector fields treated in [BT17, Equation (3)]
(i.e., vector fields with higher order terms), we cannot do better than “big tails” estimates:

E(. T) = )T P+ 0T + T 2 logT)), (2.4)

for B = min{l, ay/ba, bo/ap}, see [BT17, Lemma 2.3]. This is due to the perturba-
tion arguments in [BT17, Section 2.4] that become necessary when higher order terms
are present and a precise first integral from [BT17, Lemma 2.2] is not available. Since
the horizontal part of vector field of (2.1) here is the ‘ideal” vector field from [BT17,
Equation (4)], our small tail estimate (2.3) becomes possible.

The next proposition gives an estimate of integrals along such curves. This allows
us to estimate the tail of the roof function (when viewing ®; as a suspension flow) in
Proposition 2.4 and also, the tail of induced potentials (see Remark 2.6). In the first
instance we use it to estimate the vertical component of the flow ®, (compared to 7).

Proposition 2.2. Let 6 : R?> — R be a homogeneous function with exponent p € R
such that 6(x,0) # 0 # 0(0, y) for x # 0 # y. Then there is a constant C,, > 0 (given
explicitly in the proof) such that for every g with T(q) = T as in (2.2),

. C,T'" (1 +o())  ifp <2,
() = / 0(P;(q,0)dt = {C,log(T)(1+0(1)) ifp=2, (2.5)
0 C,(1+0(1)) ifp > 2.
For the proof of Proposition 2.2 we recall some notation and the form of the first

integral L(x, y) from [BT17, Lemma 2.2], replacing « from that paper by 2. Recall that
A :=axby — apby # 0. Let u, v € R be the solutions of the linear equation

2)ap = vb =22y +b
(wt2ao=vbo g |4 = A @o+bo), (2.6)
(v+2)by = uar V= TO(QZ +by).
Note that u, v and A all have the same sign. Define:
ag+by u+v+2 a+by u+v+2  cy=ap+by
Bo = = s B=pr= = , _ b

2aq 2v 2by 2u C2=ay+0;

2.7)

Notethat% =3, = i—gand,Bo,,Bz > %(or: %ifweallowb():OoraZ:O

bov
respectively). The content of [BT17, Lemma 2.2] is that

x"yv (52 x2+%y2) if A > 0;

Lz, 3) = : 2.8
(x,y) XUy (4 24 iz_[z y2)~! itA <0, 28
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Fig. 2. The first quadrant of the rectangle ﬁo, with the integral curve /(7) connecting (§(n,T),n) €
W (0. ) and (& (1. T)) € W), (0. T))

is a first integral of (i.e., preserved by) CIDﬁ'”’ (and therefore of ;).

For the proof of Proposition 2.2, we follow the proof of [BT17, Proposition 2.1]. In
comparison, we have « from [BT17, Proposition 2.1] equal to 2, our current integrand
is more complicated, but we only need first order error terms.

Proof of Proposition 2.2. Fix n such that the local unstable leaf Wl‘(‘) (0, n) intersects

f *1(130)\[30. Recall from the text below (2.2) that, given 7T large enough, there is a
unique point (§(n, T), n') € W} (0, n) such that

(£, 0, T)) 1= 4" (M, T), 1)) € W, (¢, 0),

where W;‘Dc(go, 0) is the local stable leave forming the right boundary of Py, see Fig. 2.

Assuming Wl‘; -(0,1) and Wfo (%o, 0) are straight horizontal and vertical lines respec-
tively, induces a negligible error in these vertical coordinates, so in the rest of the proof,
we write " = 7 and £; = {o.

For simplicity of notation, we will suppress the n and T in (5, T) and w(n, T'). For
0 <t <T,let® (& n) = (x(1), y()),s0 (x(0)), ¥(0)) = (£, n) and (x(T), y(T)) =
(o, ). We need to compute

T
o(T) =/0 O(x(r), y(1)) dt,

where 6 : R — R is homogeneous of exponent p.
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New coordinates: We compute © (7') by introducing new coordinates (L, M) where
L is the first integral from (2.8) (and hence independent of #), and M (¢) = y(¢)/x(¢), so
y(t) = M(t)x(¢). For simplicity of notation, we suppress ¢ in x, y and M. Differentiating
to y = Mx + MX(t), and inserting the values for x and y from (2.1), we get

M = —M(co + caM?)x>. (2.9)

We carry out the proof for A > 0 (the case A < 0 goes likewise), so the first
integral is L(x,y) = x* (“O K2+ 2 2 y2) in (2.8). Since (x, y) is in the level set
L(x,y)=L(,n) = 5“;7”(“1?52 ’;2 2), we can solve for x? in the expression

- ( 2,2 by 2):xuyv<“_0x2+l£y2>:xu+v+2MU(“_0+QM2>_
v u v u

Use (2.6) and (2.7) to obtain

apy b aok?  bon? A
—0 2 M? = (co + czMz) and U + 2 _ (coé2 + cznz).
v u 2c v u 2cpcr
2 ) 1
Note also from (2.7) that =75 = 7o s = Bz and M+U+2 =1- T 252 This
plus the previous two equations together gives
x“=G(T)M Po(co+crM*)?Po 26 | (2.10)

with

G(T) = GEM. T, ) = £ T)P 10 (cok (. T)? + ca®' "% %, (2.11)

We claim that G(T) ~ GoT ' as T — oo for some G > 0.
Proving the claim: First note that

MO am MO am
/ dt = / / . (2.12)
M(0) MaT M
Recall that M(0) = n/& and M(T) = w/¢o. Inserting this and (2.9) and (2.10) into
(2.12) gives

= G(T)T. (2.13)

1

/n/é amM
w/{O Ml_% (C() + C2M2)%+%

As T increases, the integral curve connecting (£(n, T'), ) to (¢o, @(n, T)) tends to the
union of the local stable and unstable manifolds of (0, 0), whilst M(T) = w(n, T) /{0 —
Oand M(0) = n/&(n, T) — oo. From their definition, £(n, T) and w(n, T) are decreas-
ing in T, so their T-derivatives &'(n, T), o'(n, T) < 0.
1
Since ¢, ¢ > 0 (otherwise A = 0), the integrand of (2.13) is O (M %o 1) asM — 0
_1_

and O(M » 1) as M — oo. Hence the integral is increasing and bounded in 7. But
this means that G(T)T is increasing in 7 and bounded as well. Since by (2.11)

G(T)T = (é(n’ T)TﬁZ)% th(cOé(n, T)2 +C2n2)1_%_ﬁ’
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we find by combining with (2.13) that

_B _ I S U
fo(n) == lim &G )T = lim (G(D)T)n % (co (1. T)* + c2n’) P~ o)
— 00 — 00

B2
1 _a o am
=c,"n by T T, ,
0 M R (C() +6‘2M2) 2Py " 2P
where we have used —B2(1 — 55 ﬂo ﬁ) = _uifiz = —% for the exponent of ¢,, and

—— —2B(1 — 2/50 m) =1-28= —Z—; for the exponent of 5. This shows that

1— 55k 1o, 1
G(T)~c, P PggmPin” BT = GoT™' asT — oo. (2.14)

Estimating the integral ©(7'): Recalling M = y/x and using homogeneity of
0,wehavef(x,y) = xP0(1, M),and 6y := 6(1,0)and O := 0(0, 1) = limy;— oo M—PO(1, M)
are non-zero by assumption. Inserting the above into the integral of (2.13), and using
(2.10) to rewrite x, we obtain

n/§ M_ﬁ M?2 _7(1_W_2ﬂ )9 1. M
@(T):G(T)%—I/ 0 (co+ M7 © OAM) v 215)
w

_1L 11
/%0 M o (co+c2M?) ot

Set pp := 5 —(1+ %)(21% + 2]E)' The leading terms in the integrand of (2.15) are
—HI-9)g as M — 0;

—1—(1-2)L
=25 as M — oo.

rogoM

QOocé)OM

(2.16)

The case p < 2: By (2.16), we have for p < 2 that the exponent of M is > —1 as
M — Oand < —1 as M — oo. This means that the integral in (2.15) converges to some
constant

/ M™% (¢ + cM?) " 7077 2ﬁo)9(1 M

M (c0+c2M2)2f’0 7

L]
(T4 - TN S B B L,
asT—00,and® ~ C*G(T)27" ~ C,T "2 forCp=| c, Eo(m)Pon™ B C

by (2.11). This finishes the proof for p < 2.
The case p > 2: The value of ®(T') based on the leading terms (2.16) of the integrand
only is

(T)5~! w\ D% 7\ ~1-95
o~ G (ot (2) () )

Insert £ = & ()T P2(1 + 0(1)) and @ = wo(n)T (1 + o(1)) from [BT17, Proposi-
tion 2.1]:

p/2— p/2—1

G(T)5! p0< %o )/90 ( n )ﬁz
(T _— 5o C
O~ == [P0\ o + P Eo(n)

[STh)
|
—_
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Next, by inserting the asymptotics of G(T') from (2.14), the factor 751 cancels:

P _ _
21 p/2-1 p/2-1

G %o b n B2
T)~C, = -0 /39 po( ) +/3 900 . <_>
(H~C 2—1 0700\ o) 2722 ()

The case p = 2: The factor G(T') = 1in (2.15) now disappears and the leading terms
(2.16) are Hyc)’ M~ and 0o’ M~ respectively. This gives

n/& 6, L0 +6 £0
(T) ~ [ 2% 7% 4M = (ock? + ol <10g 1 log 3) .
/% M & %o

Inserting again the values of £ and w from [BT17, Proposition 2.1] gives
O(T) ~ (Bocf’ + Oooch”) (Bo+ B2) log T as T — oc.

This completes the proof. O

2.2. Description via suspension flows, tail estimates of the roof function. The 3-dimensional
time-1 map ®; preserves no 2-dimensional submanifold of M. Yet in order to model
@, as a suspension flow over a 2-dimensional map, we need a genuine Poincaré map.
For this we choose a section X transversal to I' and containing a neighbourhood U
of p. As an example, X could be T2 x {0}, and the Poincaré map to T2 x {0} could
be (a local perturbation of) Arnol’d’s cat map; in this case (and most cases) M is not
homeomorphic to T3 because the homology is more complicated, see [BF13,N76].

Leth : ¥ — R*, h(g) = min{r > 0: ®;(g) € X} be the first return time. Assuming
that supy. |w(x, y)| < 1, the first return time £ is bounded and bounded away from zero,
i.e.,, 0 < infx & < supy, i. There is no loss of generality in assuming that infx, 2 > 1.

The Poincaré map f := &5, : ¥ — X has aneutral saddle point p at the origin. Its lo-
cal stable/unstable manifolds are W} .(p) = {0} x (—€, €) and W (p) = (—€, €) x {0}.
Because the flow @, is a perturbation of an Anosov flow, and f is a Poincaré map, it
has a finite Markov partition {P;};>0 and we can assume that p is in the interior of Py.
In the sequel, let U be a neighbourhood of p that is small enough that (2.1) is valid on
U x [0, 1] but also that f(U) D Py U P,.

In order to regain the hyperbolicity lacking in f, let

r(¢) :=min{n > 1: f"(q) € Y} 2.17)

be the first return time to Y := X\ Py. Then the Poincaré map F = f" = &, of ®, to
Y x {0} is hyperbolic (see [H0O, Section 7]), where

r—1

T(q) = min{t > 0: B((g.0) € ¥ x {0} =Y ho fI
=0

is the corresponding first return time.
Consequently, the flow @, : M x R — M can be modelled as a suspension flow

onY? = (quy{q} x [0, t(q))) /(q,t(q)) ~ (F(q),0). Since the flow and section
Y x {0} are C' smooth, t is C' on each piece {r = k}.
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Yy
Y2 ooy
{r =k}
Py
WS
| F(W®)
— F({r =k})
[ T

Fig. 3. The first quadrant of the rectangle Py, with stable and unstable foliations of Poincaré map f = &,
drawn vertically and horizontally, respectively. Also one of the integral curves is drawn

Lemma 2.3. In the notation of Proposition 2.2 with 6 = w from the z-component in
2.1), we have T(q) = 1(q)+O0(1), r = T(q)+©O((9))+ O (1) and O (7 (q)) = 0(1(q))
asq — 0.

Proof. By the definition of T we have <I>g’” () € W5. Therefore it takes a bounded
amount of time (positive or negative) for ®; (¢, 0) tohit Y x {0}, so |t(g)—7(g)| = O(1).

If in (2.5) we set 6 = w, then 7(g) + ®(T(gq)) indicates the vertical displacement
under the flow ®;. In particular, it gives the number of times the flow-line intersects X,
and hence r = 7(gq) + ©(7(g)) + O(1). O

Letg : YT — R, ¢p(q) = lim;—g —% log | D®;|wu(q)| be the potential for the SRB
measure of the flow. Let g be the F-invariant equilibrium measure of the potential

$:Y >R @) = [V ¢odi(g)dl = —log|DF|wu(g)l; 50  is the logarithm of
the derivative in the unstable direction of the Poincaré map F. This is at the same time
the SRB-measure for F' and thus is absolutely continuous conditioned to unstable leaves.

Proposition 2.4. Recall that § = % S (%, 00). There exists C* > 0 such that

ug({t > 1) = C*rP(1+0(1)) (2.18)
for the F-invariant SRB measure 4.

Proof. The function 7 is defined on X\Pyand T > hy = h+ho f on Yy =
£~ 1 (Po)\ Py. The set Y{,>2) is a rectangle with boundaries consisting of two stable and
two unstable leaves of the Poincaré map f. Let W"(y) denote the unstable leaf of f
inside Y{,>2) with (0, y) as (left) boundary point. Let y; < y» be such that W"(y;) and
WY () are the unstable boundary leaves of Y,>2).
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The unstable foliation of f = CID?‘” does not entirely coincide with the unstable
foliation of f. Let W“(y) denote the unstable leaf of f with (0, y) as (left) boundary

point. Both W“(y) and W"(y) are C! curves emanating from (0, y); let y (y) denote the
angle between them. Then the lengths

Leb(W"(y) N {t > 1}) = |cos y(y)| Leb(W"(y) N {r > t}(1 +0(1))
= [cosy(M| & () t P (1 +0(1))

ast — oo, where the last equality and the notation &y(y) and 8 = (a2 +b2)/(2b2) come
from (2.3).
We decompose the measure 15 on Y(,>2) as

»
vdu; :/ </ vd [y )dv“(y).
/Y<r>z} ) ey v

The conditional measures pwu(,) on W"(y) are equivalent to Lebesgue myu(,) with

. djtyuy
u (2]
density hfy = Tryagy

ast — 0o,

tending to a constant /,(y) at the boundary point (0, y). Therefore,

2
pg(t >1) :/ uwuiy (WH(y) N {7 > t}) dv*(y)
y

1

2

= [ Wm0 ) e = st

Y1

2 A~

= [ 105 y 0] Mgy, (740D 2 > 1)1+ 0(1) ()
i

1

»2
=f Bl cos y(| E0(y) 1P (1 +0(1) dv¥(y) = C*t P (1 +0(1)),
y

1

forC* = fy*‘;z hy(¥)| cos y ()| & (y) dv*(y), and using (2.3) in the third line. This proves
the result. |

2.3. Main results for the Poincaré map F and flow ®;. Throughout this section we as-
sume the setup and notation of Sect. 2.2. We emphasise that we are in the finite measure
setting, SO

= / tdpg < oo. (2.19)
Y

We recall that the natural potential associated to the SRB-measure for F is ¢ =
—log | DF|wu, which is the induced version of ¢ = lim,_,¢ “logID®rdwe - yr main
result can be viewed as a version of the results in [S06] for the flow ®y; it gives gives
the link between limit theorems for (®;, ) for (unbounded from below) potentials
on M and pressure function P(¢ + sy), s > 0. We let ¢ + s, s > 0 be the family of
induced potentials and denote the associate pressure function by P(¢ + s). Some back-
ground on equilibrium states and pressure function (along with their induced versions)
is recalled in Sect. 3.
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Theorem 2.5. Suppose ¥ (y) = fOT Yo ®,dt = C' — g where C' > 0 and Y is
positive piecewise C'(Y). Let B > 1 be as in Proposition 2.4, Furthermore, suppose
that /Ld-,(l/fo > 1) ~ Cl_g for some ¢ > 0 and k € (1/8, B). Set y* = fy 1/_/d,u¢-) and
let Y7 = fOT Y o @, dt. The following hold as T — oo, w.r.t. Mg

(@) 1) When B <2 and k € (B/2, B), set b(T) such that r 7 — L
(eb(T)) <

Then ﬁ(l/fT —y*.T) —d Ggjic, where Gy, is a stable law of index B/« and this
is, further, equivalent to P(¢p +sv) = ¥*s +csP/ (1 + 0(1)), as s — 0.

(ii) When B < 2 but k = B2, set b(T) ~ ¢~ 1/2/TTogT.
Then ﬁ(WT —y*.T) -4 N(0, 1) and this is, further, equivalent to P(¢ + sy) =
Y*s +cs?log(1/s)(1 +o(1)), as s — 0.

(b) Suppose that B > 2. Then there exists o # 0 such that %(WT —Y*.T) >4
N0, 02) and this is, further, equivalent to P(¢ +sy¥) = ¥*s + %sz(l +o(1)) as
s — 0.

Moreover, P(¢ +sv) = LP(d +s9)(1 +o(1)).

Remark 2.6. If i : M — R satisfies the following properties, then the condition on ¥
in Theorem 2.5 holds. In local tubular coordinates near {p} x T, ¥ = go — g(W(x, y))
where go is Holder function vanishing on a neighbourhood of p, and W (x, y) is a linear
combination of homogeneous functions depending only on (x, y), such that the term
W, (x, y) with lowest exponent p satisfies W, (0, 1) # 0 # W,(1,0),and g : R — Ris
analytic with g(0) =0, g’(0) # 0. Thenk = 1 — % (see Proposition 2.2), so assuming

that this lowest exponent p € (2(1 — 8),2(8 — 1)/B), then k € (%, B).

Proof of Theorems 2.5. This follow directly from applying Theorem 8.2 (®;, ¢), which
uses a special case of Proposition 5.1. “Appendix A” verifies all the abstract hypotheses
of Proposition 5.1 and Theorem 8.2 for the flow ®; with base map F' and roof function
T introduced in Sect. 2 and potential ¥ defined in the statement of Theorem 2.5. The
extra assumptions (including coboundary assumptions) that ensure o # 0 in Proposi-
tion 5.1(ii) and Theorem 8.2 (b) are verified in “Appendix A.3”. |

3. Background on Equilibrium States for Suspension Flows

Here we outline the standard general theory of thermodynamic formalism for suspension
flows. We start with a discrete time dynamical system F : Y — Y. Defining M to be
the set of F-invariant probability measures, for a potential ¥ : Y — [—00, co] we define
the pressure as

P(w)::sup{h(u)+/wduz € My and —/wd,u<oo}.

Given a roof function 7 : ¥ — R*, let Y' = {(y,2) e Y xR :0 <z < t(y)}/ ~
where (y, t(y)) ~ (Fy,0). Then the suspension flow F; : Y* — Y7 is given by
Fi(y,z) = (y,z +t) computed modulo identifications. We will suppose throughout
that inf ¢ > 0, but note that the case inf t = 0 can also be handled, see for example
[Sav98,1JT15]. Barreira and lommi [BIO6] define pressure as

P(p) :=inf{u e R : P(¢p —ut) <0) (3.1)
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in the case that (¥, F) is a countable Markov shift and the potential ¢ : ¥* — R induces
to¢ : Y — R, where

_ T(x)
P(x) := /0 ¢(x,1)dt, (3.2)

has summable variations. This also makes sense for general suspension flows, so we will
take (3.1) as our definition. In [AK42], there is a bijection between F;-invariant proba-
bility measures u, and the corresponding F-invariant probability measures i1 given by
the identification

_ nxXm
K= @ xmary

where m is Lebesgue measure. That is, whenever there is such a u there is such a f,
and vice versa. Moreover, Abramov’s formula for flows [Ab59b] gives the following
characterisation of entropy:

h(ix)
h(p) = ——m——, 33
() G xm)(X0) (3.3)
and clearly
[ddi  [ddi
dp = = . 34
[ oan= G [Tdii G4

One consequence of these formulas is that the pressure in (3.1) is independent of the
choice of cross section Y. This follows essentially from the fact that if we choose a sub-
set of Y and reinduce there, then Abramov’s formula gives the same value for pressure
(here we can use the discrete version of Abramov’s formula [Ab59a]). Note that we say
‘Abramov’s formula’ in both the continuous and discrete time cases as the formulas are
analogous [Ab59a, Ab59b], and similarly for integrals, where the formula holds by the
ergodic and ratio ergodic theorems.

We say that g is an equilibrium state for ¢ if h(jg) + [ ¢ dug = P(¢). The same
notion extends to the induced system (Y, F, ¢). In that setting we may also have a con-

formal measure m ; for ¢. This means that m F(F(A) = [, ¢~? dm g for any measurable

set A on which F is injective. Later on, in order to link our limit theorem results with
pressure, we will assume that F : ¥ — Y is Markov. In that setting our assumptions on
¢ will be equivalent to assuming P(¢) = 0, in which case we will have a equilibrium
states and conformal measures [ é and m 3

4. Abstract Setup

We start with a flow f; : M — M, where M is a manifold. Let Y be a co-dimension
1 section of M and define 7 : Y — R, to be a roof function. We think of t as a first
return of f; to Y and define F' : Y — Y by F = f;. The flow f; is isomorphic with
the suspension flow F; : YT — Y', Y* = {(y,2) e Y xR :0 <z < 17(2)}/ ~, as
described in Sect. 3. Throughout, we assume that 7 is bounded from below.

Given the potential ¢ : M — R and its induced version ¢ : ¥ — R defined in (3.2),
we assume that there is a conformal measure m ; for (F, qS). In the rest of this section
we recall the abstract framework and hypotheses in [LT16] as relevant for studying limit
theorems.
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4.1. Banach spaces and equilibrium measures for (F, d;) and (f;, ¢).. LetRy: L (m¢-,) —
L'(m 3) be the transfer operator for the firstreturnmap F : Y — Y w.r.t. conformal mea-
sure m 5, defined by duality on L' (m ) via the formula fY Rovwdmg = fY vwoF dmg
for every bounded measurable w.

We assume that there exist two Banach spaces of distributions 3, 3,, supported on
Y such that for some o, oy > 0

(H1) (i) C* c B C By C (C*Y, where (C¥) is the dual of C¥ = C* (Y, C).2

(ii) hg € Bforallh € B, g € C“.

(iii) The transfer operator Ry associated with F' maps continuously from C“ to B
and Rp admits a continuous extension to an operator from B to 3, which we
still call Ry.

(iv) The operator Ry : B — B has a simple eigenvalue at 1 and the rest of the
spectrum is contained in a disc of radius less than 1.

A few comments on (H1) are in order and here we just recall the similar ones in [LT16].
We note that (H1)(i) should be understood in terms of the following usual convention
(see, for instance, [GL06,DLO0S8]): there exist continuous injective linear maps 7; such
that 71 (C%) C B, m2(B) C By and w3(By,) C (C*1)'. Throughout, we leave such maps
implicit, but recall their meaning here. In particular, we assume that 7 = 73 o 7 o 7|
is the usual embedding, i.e., forall h € C* and g € C“!

((h). g)o = fy hg dmg.

Via the above identification, the conformal measure m  can be identified with the con-
stant function 1 both in (C*')’ andin B (i.e., 7 (1) = mg). Also, by (H1)(i), B c (C%Y,
hence the dual space can be naturally viewed as a space of distributions. Next, note that
B D (C*)" > CY 3 1, thus we have mg € B’ as well. Moreover, since mg € B and

(1,8)0 = {g,1)o = fgd“f,;’ mg can be viewed as the element 1 of both spaces B and
(cony".

By (H1), the spectral projection Py associated with the eigenvalue 1 is defined by
Py =1lim,_, » Rjj. Note that by (H1)(ii), for each g € C%, Pyg € B and

(Pog. 1o = m(Pog) = lim my(1- Rg) =mg(g) = (g, Do.

By (H1)(iv), there exists a unique Mg € BB such that Ropg = 1g and (Md‘), 1) = 1. Thus,
Pog = (g, o. Also R(’)m(z, = mj where R, is dual operator acting on B". Note that
for any g € C“1,

< |gloo-

(23 ol = {Po1 ghol = | lim Rimg(9)| = lim_|mg(g o F")
n—oo n—oo
Hence Mg is a measure. For each g > 0,
(Pol, g)o = lim (Ryl, g) = lim (I, go F")o > 0.
n—0o0 n—00

It follows that 15 is a probability measure.
Summarising the above, the eigenfunction associated with the eigenvalue A = 1 is
an invariant probability measure for F' given by duj = hodm g where Pol = hg. Using

2 We will use systematically a “prime" to denote the topological dual.
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that 7 (1) = m 6 we also have Pyl = K- Under (H1), the standard theory summarised
in Sect. 3 applies P(¢) = log A = 0. So, under (H1), I is an equilibrium (probability)
measure for (F, ¢). Further, via (3.4),

,udgxm

Ko™ (g xm@)

gives an equilibrium (probability) measure for ( f;, ¢).

4.2. Transfer operator R defined w.rt. the equilibrium measure ;. Given the equi-

librium measure Mg € B, we let R : Ll(,ud;) — Ll(u(/;) be the transfer opera-
tor for the first return map F : ¥ — Y wurt. the invariant measure pg given by

fy Rvwdp; = fy vwo quq; for every bounded measurable w.
Under (H1)(i1)—(iv), we further assume

(H1)(v) The transfer operator R maps continuously from C% to B and R admits a
continuous extension to an operator from B to B, which we still call R.

By (H1)(iv) and (H1)v, the operator R : 3 — B has a simple eigenvalue at 1 and the
rest of the spectrum is contained in a disc of radius less than 1. While the spectra of Ry
and R are the same, the spectral projection P = lim,_, o, R" acts differently on B, B,,.
In particular, P1 = 1, while Pol = g, Pol = ho. Throughout the rest of this paper,
for any g € C%, we let

(8, 1) == (g, Pol)o = (Pol, g)o = /Ygdudg

and note that Ppg = h{g, 1)g and Pg = (g, 1).

4.3. Further assumptions on the transfer operator R. Given R as defined in Sect. 4.2,
foru > 0and t : Y — R, we define the perturbed transfer operator

R(u)v := R(e™"Tv).

By [BMT, Proposition 4.1], a general proposition on twisted transfer operators that holds
independently of the specific properties of F', we can write for sufficiently small positive
u,

o0
R(u) = ro(u)/ M@)e " dt with M(t) := R(w(t — 1)), 4.1
0
where @ : R — [0, 1] is an integrable function with supp w C [—1, 1] and ry is analytic
such that ro(0) = 1.

Remark 4.1. In fact, ro(u) = 1/@(u) for w(u) = f_ll e " w(t)dt. Therefore %ro(u)
and %ro(u) are continuous functions, and for later use, we set y; := %ro(O), Yy =

2
4 ro(0).

Since it is short, for the reader’s convenience we include the proof of (4.1) (as in the
proof of [BMT, Proposition 4.1]).
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Proof. Let w be an integrable function supported on [—1, 1] such that | _11 w(t)dt =1,

and set (1) = f_ll e "'w(t)dt. Note that @(u) is analytic and @(0) = 1. Since
T > h > 1 (see the assumption on 4 in Sect. 2.2) and suppw C [—1, 1],

/ ot —T1)e "dt = 67”/ w)e " dt = e " o).
0 -
Hence,
/ R(w(t —t)v)e " dt =R (/ w(t —t)ve ™ dt) = OW)Ru)v.
0 0

Formula (4.1) follows with ro(u) = 1/ (u), so ro(0) = 1. O
For most results we require that
(H2) There exists a function w satisfying (4.1) and C,, > 0 such that
(i) forany ¢t € R, and forall v € C*, h € B, we have w(t — 7)h € B,, and

(@ —1)vh, 1) < CollvlicellhllB, ng (@ —1));

@ii) forall T > 0,
o
/T IMDB-nB, dt = Copg(t >T).

Further, we assume the usual Doeblin-Fortet inequality:

(H3) There exist op > 1 and Cy, C; > 0 such that for all # € B, for all n € N and
forall u > 0,

IR@)"hlg, < Cre ™™ Ihllg,, IR@)"hls < Coe " a5 "Ikl + Cilhllg, -

4.4. Refined assumptions on t. For the purpose of obtaining limit laws for F (and in
the end f;) we assume that

(H4) One of the following holds as t — oo,
@) /Lq;(r > 1) = (1)t P, for some slowly varying function ¢ and 8 € (1, 2].

When B = 2, we assume 7 ¢ Lz(p,d;) and ¢ is such that the function
o) = /; 1’ E(x—x) dx is unbounded and slowly varying.

() t e L2(,u¢-)). We do not assume® 7 € B, but require that for any 2 € B and
k=1,2,R(t"h) € B.

3 In our example, 7 is only piecewise cl).
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5. Limit Laws for (z, F)

In this section we obtain limit theorems for the Birkhoff sum 7, = Z" (1) 7o F/. Under
the abstract assumptlons formulated in Sect. 4, we obtain the asymptotlcs of the leading
eigenvalue of R(u) (as in Sects. 5.1 and 5.2 below). In turn, as clarified in Sect. 5.3, the
asymptotics of this (family of) eigenvalues give the asymptotics of the Laplace trans-
form [E,, ; (e b lr"), for suitable normalising sequences b,, proving the claimed limit
theorems. Our result reads as follows.

Proposition 5.1. Assume (H1) and (H2). The following hold as n — oo, w.rt. any
probability measure v such that v < Mg

(i) Assume (H4)(i). When B < 2, set by, such that %ﬁ’,”) — 1. Then bln(t,, u(Y)) —d
Gg, where Gg is a stable law of index B. !
When B = 2, set b, such that "ab”) — ¢ > 0. Then - o (Tn — 1)(Y)) -4 N(0, ¢).

(i1) Assume (H4)(ll) and T — * # h h o F for any h € B. Then there exists 0 # 0

such that ﬁ(t,, — ‘f(y)) —4 N(0, 02).

Note here that the slowly varying function £ from the general theory later on reduces
to £(n) = C*, because the tail estimates (2.3) have this form.

Remark 5.2. The above result holds for all piecewise C!(Y) observables v in the space
By (Y) defined in “Appendix A.3”. For item (i), we need to assume that v is in the do-
main of a stable law with index 8 € (1, 2] with v ¢ Lz(qu) and adjusted C* = C*(v),

while for item (ii) we assume v € Lz(udg) and a non-coboundary condition precisely
formulated in Proposition 6.1 (ii).

The rest of this section is devoted to the proof of the above result.

5.1. Family of eigenvalues for é(u). By Eq. (4.1), Remark 4.1 and (H2)v(ii), ﬁ(u) is
an analytic family of bounded linear operators on B,, for # > 0 and this family can be

. . . 2 .
continuously extended as u — 0. As in Remark 4.1, lim,_,¢ %ro(u), dd7r0(u) exist

2
and we let y; := ££r0(0), y2 1= 57 (0).

Lemma 5.3. Assume (H2). Then
IR@) = RO)|p—B, < u+pz(r > 1/u) = qu).
Proof. Using (4.1), we write
R e} 00 00
R(u) = (ro(u) — 1)/ M(r)e dt+r0(0)/ M) (e " — 1)dt+r0(0)/ M) dt
Ooo - 0 ) 0
= (ro(u) — 1)/ M(t)e ™ dt+/ M) (e ™™ — 1) dt + R(0).
0 0

Since |(ro(u) — 1| < ul|y1]| < u, we have that as u — 0,
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~ ~ o 1/u
[R(u)—RO)5-5, K M/O M58, dt+/0 (e = DIM®) -5, dt

00 1/u
+ / M@)o, df < u+ g (T > 1/u) +u f HM @) 55, dr.
0

1/u

We continue using (H2)(ii). Let S(¢) = ftoo [IM(x)|l 5B, dx and note that

t+1
IM®)lB—B, < / IM(x)|g-B, dx K St +1)—S(1). (6.1
t

Rearranging,
1/u 1/u
uf M) B=B, dt K u/ (S +1)—S@))de
0 0
1/u+1 1/u
=u<f (t — l)S(t))dt—/ tS(t)dt)
1 0

1 1/u+1 1/u+l1
= uf tS(t)dt — u/ S(t)dt — u/ tS(t)dt Ku+S(/u).
0 1 1/u

By (H2)(ii), S(1/u) < I (r > 1/u) and the conclusion follows. |

By (H1)(iv), 1 is an eigenvalue for R(0). By (H3), there exists a family of eigenvalues

A(u) well-defined for u € [0, 8p), for some 5o > 0. Also, for u € [0, &), Ié(u) has a
spectral decomposition

Ru) = rw)Pw) + Qw), [Qw)"|s < Coy, (5.2)

for all n € N, some fixed C > 0 and some oy < 1. Here, P(«) is a family of rank one
projectors and we write P (u) = I (1) ® v(u), normalising such that 7% (w)(v(u)) =1,
where 11 ;(0) is the invariant measure and v(0) = 1 € B. Equivalently, we normalise
such that (v(u), 1) = 1 and write

Au) = (ﬁ(u)v(u), 1). (5.3)
The result below gives the continuity of the families P (1) and v(u) (in By).

Lemma 5.4. Assume (H1), (H2) and (H3). Let q(u) be as defined in Lemma 5.3. Then
there exist 0 < 81 < 8o and C > 0 such that

[Pu) = PO)s-5, = Cqu)lloglgu))]

forall 0 < u < §1. The same continuity estimate holds for v(u) (viewed as an element

of By).

Proof. Given the continuity estimate in Lemma 5.3, we can apply [KL99, Remark 5] (an
improved version of [KLL99, Corollary 1] under less general assumptions). Assumption
(H3) here corresponds to [KL99, Hypotheses 2, 3] and the estimate in Lemma 5.3
corresponds to [KL99, Hypothesis 5]. The extra assumptions of [KL99, Remark 5] are
satisfied in the present setup, since by (H3), R (u) is a family of || - || g contractions. Going
from P (u) to v(u) is a standard step (see, for instance, [LT16, Proof of Lemma 3.5]). O
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Since A(0) = 1 is a simple eigenvalue (by (H1)), Lemma 5.4 ensures that A(u) is
a family of simple eigenvalues (see [KL99, Remark 4]). The next result gives precise
information on the asymptotic and continuity properties of A(u), u — 0 (a version of
the results in [ADO1a]) in the present abstract framework.

Lemma 5.5. Assume (H1) and (H2). Let q(u) be as defined in Lemma 5.3. Set T1(u) =
,qu(l —e "), Thenasu — 0,

I =) = n(u)(l + 0 (q )] log(q(u>)|)>.
Proof. By (5.3), A(u)v(u) = ﬁ(u)v(u),u € [0, §p) withA(0) = 1and v(0) = ,ud;.Then

M) = (Rayv(), 1) = pgle™) + (Rw) — R0)) () — v(0)), 1).
because (v(u), 1) = 1. Since (H2) holds (so, (4.1) holds),

AMu) = pge™) + V(u) i= pugle ") +/O (™ = Diw( — )[vw) —v)], 1) dr

+ (ro(uw) — 1) /OO e "ot —1)[v) —v(0)], 1) dt.
0

Thus, 1 — A(u) = [I(u) — V(u). By (H2)(i),
(@ —D)v@w) —vO)] 1) = Cllvw) —v0)lB, 1g(w(t —1)).
Recalling that suppw C [—1, 1], for all u € [0, §p) and some C; > O,

/00 e " —1)[vw) —v0)], 1) dt
0

o0
/ e‘“’/w(t—r)d,udf)dt
0 Y
T+1
f/ e_”ta)(t—r)dtd,ué‘
Y Jr—1

1
SCIIU(M)—U(O)IIBM,/E”T / w(r)e"" dt
Y -1

= Cilv@w) = vl 5, /Y e "Tdpug = Cillv@w) —v(0)g, M) + 1).

= Cllv(w) = vz,

= Cllv() = v(0)ll5,

d,udg

In the previous to last inequality, we have used that ) f_]l w(t)e! dt‘ < 1 for
u € [0, §p). By a similar argument,

‘/0 (™ = D{o@ — D)) —v0)], 1>dt‘ =< Cillv(u) = v(0)|[5, TT(u).

The previous two displayed equations imply that for u € [0, &),
V)| = Cillv(w) —v(0)llB, lro(u) — 1{(IT(w) + 1) + Cyllv(u) — v(0)[|, TT ()
= Cillv(u) —v(0)IB, TT(w).

By Lemma 5.4, lv(u) —v(0)||5, = O(q(u)|log(g(u))]). Hence V(1) = O (I1(u)q(u)|
log(g (u))). O
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A first consequence of the above result is
Corollary 5.6. Assume (H1) and (H2). The following hold as u — 0.

() If (H4)(i) holds with B < 2, then 1 — A(u) = *u + uPL(1/u)(1 + o(1)).
(ii) If (H4)(i) holds with B = 2, then 1 — A(u) = t*u + u>L(1/u)(1 + o(1)), where
L(t) = ${().

Proof. Under (H4)(i) with 8 < 2, TT(u) = t*u+uP2(1/u)(1+0(1)); we refer to, for in-
stance, [F66, Ch. XIII] and [ADO1b]. This together with Lemma 5.5 (with g (1) ~ u) en-
sures that 1—A(u) = t*u+uP (1 /u)+0 > log(1/u))+O0 (uf*1¢(1/u)).Item (i) follows.

Under (H4)(i) with 8 = 2, it follows from [ADOlb, Theorem 3.1 and Corol-
lary 3.7] that TT(«) = *u + u>L(1/u)(1 + 0(1)), where L(t) ~ £(r) log(r) with £(r) =
f lt £(x)/x dx as in (H4)(i) for 8 = 2. The estimate for I1(u) together with Lemma 5.5
(with g (u) ~ u) implies that 1 — A(u) = t*u + u?L(1/u) + O(u log(1/u)I1(u)).

In the case of (H4)(i) with 8 = 2 and £(1/u) — oo as u — 0, we have log(1/u) =
o(L(1/u)). As a consequence, u log(1/u)I1(u) = O u? log(1/u)) = o(uzL(l/u)) and
the conclusion follows. In the general case (which allows £ to be asymptotically con-
stant), for fixed small § > 0 and € > 0, we write

2+€ r2+e

wlog(1/u) T (u) :ulog(l/u)(l'[(u)—/ (e _ 1)d%)

T<8/u

+ulog(1/u) (e T

T<8/u

— Ddpg = ulog(1/u)(I1 () + 2 (u)).
First,
wtog(1/1)| 10| < wog(t /™ [ dyg
T<§/u
510g(1/u)u3+6u—26526/ " dpg = o> L(1/u)).
Y
Next, compute that

Li(w) = / (e —e )djg +/ (e7"7 — Ddupg
T<8/u >8/u

- / . (@ — e T Y dpg + O(pg(x > 8/w)
T<8/u

_u2+e TZ+6

:/ e (1 —e*““‘fl“)duq; + O W28/ u)).
T<8/u

Let G(x) = 753 (r < x) and compute that

i1 — e—u“fr”e)dué < ul*e pl¥e,—ut dqu}
T<8/u

T<8/u

00 o
< u1+6/ X 4G (x) = —MHE/ x*eT (1 — G(x))
0 0

o0 o0
= u**e / T = Gx)) e dx +u*e / X7 = G(x)) e ™™ dx < u'*e.
0 0
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Altogether, 1 (1) < u'*€. Hence, u log(1/u)|I1(u)| = o(u?>L(1/u)). This together with
the estimate for u log(1/u)|I>(u) implies that u log(1/u)IT(u) = o(uzL(l/u)) and item
(i) follows. |

5.2. Estimates required for the CLT under (H4)(ii). For the CLT case we need the fol-
lowing

Proposition 5.7. Assume (H1), (H2) and (H4)(ii). Suppose that t # h o F — h, for any
h € B. Then there exists 0 # 0 such that 1 — A(u) = t*u + %uz(l +o(1)).

We need to ensure that under the assumptions of Proposition 5.7, which do not require
that T € B, there exists the required o # 0. The argument goes by and large as [G04,
Proof of Theorem 3.7] (which works with a different Banach space) with the exception
of estimating the second derivative of the eigenvalue A defined below. The argument in
[GO4, Proof of Theorem 3.7] for estimating such a derivative does not directly apply to
our setup due to: (i) the two Banach spaces B, B,, at our disposal are not embedded in
L?, p > 1; (ii) the presence of log ¢ (1) in Lemma 5.4. Our estimates below rely heavily
on (H2) and (H4)(ii).

As usual, we can can reduce the proof to the case of mean zero observables. Let
T = 7 — t*. We recall that under (H4)(ii), R(th) € B, for every in h € B and the same
holds for 7. By H1(v), (I — R) is invertible on the space of functions inside B of zero
integral. Thus, as in [G04, Proof of Theorem 3.7], we can set

x:=U—-R'RT €B. (5.4)

Define R(u) = R(e "7). Clearly, R(u) has the same continuity properties as R (u). Let
(1) be the associated family of eigenvalues. Recall that () is the family of eigenval-
ues associated with Ié(u). Hence, A (1) = e’”*):(u). As in the previous sections, let v(u)
be the family of associated eigenvectors normalised such that (v(u), 1) = 1. The next
three results are technical tools required in the proof of Proposition 5.7; the third, which
has a longer proof, is postponed to Sect. 5.2.1.

Lemma 5.8. Suppose that (H1)-(H3) and (H4)(ii) hold, and recall T = t — t*. Then
< s /”d 2 (L Ry Lo, 1)+ Tw)
—Auw)y=—| 1 = —2{—Ru)—v(u), u),
du? v Hs du du

where T (u) — 0, asu — 0.

Proof. Set (u) = ,udg(l — U7, By the calculation used in the proof of Lemma 5.5,

1-— ):(u) = l:[(u) — ((R(u) — E(O))(ﬁ(u) —v(0)), 1). Differentiating twice,

d* - d* - d* - d - d

- - d?
+ <(R(u) - R(O))WU(”)’ 1>.

Under (H2)(i) and (H4)(ii), arguments similar to the ones used in Lemma 5.5 imply that
asu — O,
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d? d?
uzv(u), 1>‘ < ”WU(M)

K(R(u) — R(O))d—

/00(67”’ — Dpglot — 1)) dt
B, Jo

2 00
+|ro(u) — 1] Hd—zv(u) / e_”’u(;;(w(t — 7)) dt < ulog(1/u) = o(1).
dl/l B 0

w

(H4)(ii) and (5.4) imply that |(%I§(u)(v(u) —v(0), )| < ulog(1/u) = o(1). Fi-

nally, :—:2 I:[(u) = - fy 72 d,u¢-)(1 + 0(1)). The conclusion follows by putting the above
estimates together. O

Lemma 5.9. Assume the setup of Proposition 5.7. Then

dlé d )= Fxdw: + D
<E () ——v(w), >——/fx pg+ D),

where D(u) = o(1) asu — 0, and x is defined as in (5.4).
Proof of Proposition 5.7. By Lemmas 5.8 and 5.9,

2

d ~ ~2 ~ -~
W)L(u) = —/Yt d,ué —2/1’)( d,ud;+T(u), (5.5)

where T (1) — 0, as u — 0. Hence, —%X(wﬂu:o = [, 72 dug+2 [Tx dp g and we
can set 02 = fy 72 dpL(,; +2 f Tx du(/;. From here on the proof goes word for word as
[GO4, Proof of Theorem 3.7], which shows that given the previous formula for o, the
only possibility for o = 0is when T = h — h o F, for some density & € B. This is ruled
out by assumption.

To conclude recall that A(u) = €™ A(u). By (5.5), 1 — A(u) = §u2(1 +o(1)), as
required. O

5.2.1. Proof of Lemma 5.9

Proof of Lemma 5.9. Let W(u) = %Ié(u). Since R(u) = R(e "), we have that for
any h € B,

h = —R(#h). (5.6)

W (O)h := iIé(u)
du u=0

By (H4)(ii), W(0)h € B. Recall that P (u) is the eigenprojection for ﬁ(u), so for R (u)
as well. For § small enough (independent of u), we can write

Pu) = / (1 — R(u)) ™' de.
[E—1|=8

Recall that v(u) = ¢ Pl Pl

PWLT = mywl ; in particular, pcd-’(u)l = (P(u)l1, 1). Compute

mP@l Pl d
nel  (ug))? du

d
—v(w) = Hg@l. 57

Also, compute that by (5.6)
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d - -
—P(u) =/I%_ 1|_3(51—R(u))*‘W(u)(e?I—R(u))”als

du
= / EL— R 'W()(ET — R~ dE + Zo(u)
le—1]=5
= —f (I — R)'REEI — RV de + Zo(u), (5.8)
[E—1|=6
where the first term is well defined in B by (H4)(ii) and

1Zo@)ls < H/ €1 - R (W - WO) ¢l - R dg H
lE—11=s B

+

[ (€= rwy - er-m)waEr - ae
lE—1]=s B

+

/ €1 =B~ Waw (@ - Rw)™ = €1 - R)~") ds
|§—1]=4

B
Again using (H4)(ii), %Ié(u) is bounded in || - || 35 so, [|W (1) — W(0)||3 < u. Hence,
each one of three terms of the previous displayed equation contains an O (u) factor. By
the argument recalled in the proof of Lemma 5.4, for any & such that |§ — 1| = §, the
integrand of each one of these three terms is o(1). Altogether, || Zo(1)||g = o(1). Also,
by (5.8) and Lemma 5.10 below,

d
d—P(u)l =—X- Eo/ xdupg+ Zou), (5.9)
u Y

for some & € Cand x = (I — R)"'R7 asin (5.4). Plugging (5.9) into (5.7),

d 1
Tl = 15O (—x —Eo/yxch@)
PO)1
- W <—X - fo/yX dug, 1>+ Z1(u) + Zo(u)

=—y +§/de,u¢3+zl(u)+zo(u),

where £ is linear combination of & and

g1 —pg I Pl — PO, 1 1
Z w _
1Z1@)ls, < mgl * (mg(u)1)> ng)l  pg0)1
1 1
—+ .

(g D2 (1g(0)1)2
By Lemma 5.4, [|P(u) — P(0)||g, < wulog(l/u) and as a consequence, |ugz(u)l —

M(Z,(O)H < ulog(1/u). Thus, ||Z1(u)|lg, = o(1). Recalling that || Zo(u)|I5, = o(1),
we have

d -
TRl =x+E /Y xdupg+ Z(u),
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where || Z(u)||3, = o(1). Using this expression for %v(u), we obtain

<ié( Loy 1>——<R*i () 1>+<(W( )= W) Lo 1>
T uduvu, = tduvu, u duvu,
- d
=—/;/fo dug +g/fd%/de%+<RZ(u),1>+((W(u)— W(O) —-v(w), 1>
d
= —/ Txdug+(RZw), 1>+<(W(u)— W(O))?v(u), 1>,
Y u

where we have used [ T du ¢ = 0. Finally, using (H2), we compute that

KRZ(u), 1)] € ||Z('4)||Bw/0 /Yw(t —Ddpgdt L [|Zw)|B, = o).

Similarly, [(W(u) — W(O) w(u), 1)| = o(1), since we already know that ||W (u) —
W(0)lip, = o(1). Thus,

L Ry 2 1) = txdug+o(l
<E W00, >——fyrx g +o(1),

ending the proof. O

Lemma 5.10. Assume the setup and notation of Lemma 5.9. Then there exists &y € C
with such that

| er-mrREGr R e =gt [ xdug,

[E—1]=5 Y

Proof. We note that for each £ such that £ — 1| = 8, RT (€ — R)"'1 is well de-
fined in B by (H4)(ii) and that f|§—1\:8 R% (€1 — R)"'1d& = 0. Hence, f|§—1|:5(1 —

R)"'RT (I — R)"'1dt € B.
By the first resolvent identity and the Mean Value Theorem,

/ (I —R)'RT (1 — R) "4t
lE—1]=5
Z/ (I—-R)'RT(EI-—R) 14t
jE—1]=5
+/ ((éI—R)’l —(I—R)’]>Rf(§I—R)"1dé
lE—1]=5

= xP(0)1 +f

(1—&EI-R)'xEI-R)"1dé
[§—1]=8

—— / E1— Ry G1— R)1dE,
|E—1]|=6

where £ is a complex constant with 0 < [&1] < 4.
Write (] —R)™' —I = —(€1—R)~'((¢—1)I — R). The Mean Value Theorem gives



Pressure Function and Limit Theorems 25

f (1 — R~y &l — R~ "1ds =/ - R)"'a (1+(g:1 _R)'- I)ldé
[§—1|=6 |E—1]=8
=/|E - a(sI—Rr X dé — / - (éI—R)”x(sI—R)”«s—1>1—R)1ds
:P(O)X_/us - (SI—R)* x EI— R~ —2)ds
=/ xdu(;—(éz—Z)/ E1—R ' x E1-R)1dE,
Y |E—1]=8
for some & € C with |& — 1] < §. Thus,

& —1) EI—R)'x &l —-R)"'1dg =/deu¢;.

§—1]=5

Since fY X d,uq; > 0, we have & # 1. The conclusion follows with & = & (& — 1)L
O

5.3. Proof of Proposition 5.1. We start with part (i), i.e., the stable and non standard
Gaussian laws. Let 1, and b, be as in Proposition 5.1. Using (5.2) and Corollary 5.6
(based on [ADO1b]) we obtain that the Laplace transform [E,, ; (e b 1T") converges (as
n — o0) to the Laplace transform of either the stable law or of the N'(0, 1) law. The
conclusion w.r.t. u; follows from the theory of Laplace transforms (as in [F66, Ch.
XIII]). The conclusion w.r.t. v follows from [EO4, Theorem 4].

For part (ii), i.e., the CLT, let 7,, and b,, be as in Proposition 5.1 under (H4)(ii). Propo-

—1
—ub,

sition 5.7 shows that the Laplace transform [, ; (e ) converges (as n — 00) to

the Laplace transform of A/(0, '%). The conclusion w.r.t. ;7 follows from the theory of
Laplace transforms (as in [F66, Ch. XIII]). The conclusion w.r.t. v follows from [E04,
Theorem 4].

6. Limit Laws for the Flow f;

The result below generalises Proposition 5.1 to the flow f;. Given an -Holder observable
g: M — R, define g: ¥ — Rasin(3.2) and let g7 = [] go f; dr.

Proposition 6.1. Assume (H1). Let g : M — R and let g* = fY gd ;. Suppose that
the twisted operator Rg(u)v = R(e™"8v) satisfies (H2) (with © replaced by g). Then
the following hold as T — oo, w.r.t. g (or any probability measure v K Hg)-

(1) Assume (H4)(i) and uq;(g >T)~ ,qu(r >T).

When B < 2, set b(T) such that TLOTD 5 1. Then ﬁ(gT —g*-T) -1 Gg,

b(T)P
where Gg is a stable law of index B.

When B = 2, set b(T) such that TUb(D)) — ¢ > 0. then ﬁT)(gT —g* T) »¢

G
N, o).
(i) Suppose that (H4)(ii) holds. If g ¢ BB, we assume that Rg € B. We further assume
that g # h—hoF withh € B. Then there exists o > 0 such that \/LT(gT —g*.T) =1

N(0, o).
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Remark 6.2. The assumption I (g>T)~ u¢-,(r > T) is satisfied for all g bounded

above with foh(x) go fi(p)dt = c > 0 (where p € X is the fixed point of the Poincaré
section) and such that foh(x) go fi(g)dtis C” in g near p. The proof of this is similar to
[G04, Proof of Theorem 1.3] where the source of non-hyperbolicity was a neutral fixed
point xq instead of a neutral periodic orbit I' = {p} x T!. Therefore, we just need to
replace g(xo) in [GO4, Proof of Theorem 1.3] by ['” ¢ o f,(p) di

In Theorem 8.2 below, we consider potentials of the form g = C' — Ct* (1 + o(1)),
k € (0, B) and obtain specific form of (i) and/or (ii) for different values of «.

Proof. We use that f; : M — M can be represented as a suspension flow F; : Y7 —
YT. Under the present assumptions, g satisfies all the assumptions of Proposition 5.1
(with 7 replaced by g).

Let g, = Z’};(l) g o F/ and recall 7, = Z’;;}) T o FJ. Proposition 5.1 (i) applies to
Zn: the argument goes word for word as in the proof of Proposition 5.1 (i) for 7,,. Under
the present assumptions on g, item (ii) of Proposition 5.1 applies to g, with the argument
used in the proof of Proposition 5.7 applying word for word with g instead of 7.

Item (i) follows from this together with Lemma 6.3 below (correspondence between
stable laws/non standard Gaussian for the base map F and suspension flow. Item (ii)
follows in the same way using [MTo04, Theorem 1.3] instead of Lemma 6.3. O

The next result is a version of [S06, Theorem 7] (generalising [MTo04, Theorem
1.3]) for suspension flows which holds in a very general setup; in particular, it is totally
independent of method used to prove limit theorems for the base map.

Lemma 6.3. Assume fy td,uq; < ooandlet g € L1(jug), for g > 1. Suppose that there
exists a sequence b, = n~PL(n) for p € (1, 2] and € a slowly varying function such that

bn’1 (1:,, —n fY td,ud;) is tight on (Y, He)- Then the following are equivalent:

(a) b, lgn converges in distribution on (Y, /,ng).

(b) b(T) g7 converges in distribution on (Y7, e), where b(T) =T PL(T).

Proof. The fact the (b) implies (a) is obvious. The implication from (a) to (b) is contained
in the proofs of [MTo04, Theorem 1.3] for the standard CLT case and in [S06, Theorem

7] for the stable and nonstandard CLT. We sketch the argument for completeness.
Following [MTo04], letn[x, T]denote the largest integer such that 7, (x) < T';thatis,

T, 71(X) =T < Type, 7141 (X).

By the ergodic theorem, lim7_, %n[x, T] = fY tduy =: 7, ae. Hence, n[x, T] =
[TT]1(1 +0o(1)),a.e.as T — o0.

Recallthatg : Y* — Randdefine g7 (y, u) = gr(y).Recallg(y) = for(y) g(y,u)du.
By assumption, b, 1 gn converges in distribution on (Y, g). Hence, (as in [MTo04,
Lemma 3.1]), b,; g, converges in distribution on (Y7, u;); this is a consequence of
[EO4, Theorem 4].

In what follows we adopt the convention by = b(T). Write

gr  bir (é[fr] 1 <- _ )) (§T gn[x,T])
— = + Gy — Uiry) ) + (5 — S
br br \bizry bin rle T HET bt by,

+ (§n[x,T]
bn[x,T]
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Since ¢ is slowly varying, bgTT] — TP, Since g € LI(M;), [S06, Step 2 of the
the proof of Theorem 7] (a generalization of [MTo04, Lemma 3.4]) applies and thus,
ﬁ(gn[x,n - g[fT]) —q 0on (Y, ue).

Next, since b,j] (tn — nue(Y)) is tight on (Y, 1), we have that T € Ll/p(ud,). By
assumption, g € L9 (,u;), for ¢ > 1. Hence, the assumptions of [MTo04, Lemma 2.1]
are satisfied witha = p = 1/p and any b := g > 1 (witha, b, p as there). By [MTo04,

Lemma 2.1 (b)], i—; — % —a 0on (Y7, ).

To conclude, note that g, 71(y, #) = gnpx,71(¥)- By [S06, Step 3 of the the proof

of Theorem 7], % — Type,71© F™=71 — 4 0 0n (Y, g), as required. O

7. Asymptotics of P (¢ + s¢) for the Flow f;

In this section and the next we shall assume that ' : Y — Y is Markov, which allows
us to express our results in terms of pressure. We will also assume that P(¢) = 0 for
all the potential functions ¢ involved. [S06, Theorem 8] gives a link between the shape
of the pressure of a given discrete time finite measure dynamical system and an induced
version (this was extended in [BTT18] to some infinite measure settings). Here we give
a version of this result in the abstract setup of Sect. 4 along with suitable assumptions on
a second potential ¥. Note that our assumptions are not directly comparable with those
in [S06, Theorem 8].

Throughout this section, we let ¢ : M — R and g be as Sect. 4. In particular, we
recall that t* = | y Tdg < oo and assume that the conformal measure m satisfies

(H1). This ensures that 1 é is an equilibrium measure for (F, ¢) and g is an equilibrium
measure for (f;, ¢). We consider the potential ¥/ : M — R and its induced version
¥ : Y — R defined in (3.2) and require:

(H5) There exists C, C’ > 0 such that for y € Y, ¥(y) = C’ — ¥o(y), where
Yo(y) = Ct*(y)(1 +0(1)) for some « > 0. For k > 1 we further require that
[y t* dpg < oo.

Given ¥ : M — R and its induced version ¥ on Y, we define the ‘doubly perturbed’

operator
R(u, s)v = R(e_'”e”/_’v).
Under (HS), we require the following extended version of (H3).
(H6) There exist o1 > 1, constants Cy, C1, 8 > 0 such that forall 2 € B, foralln € N
andu > 0,s € [0, §),
IR, $)"hlls, < Cillhls,, IRw,s)"hls < Cooy " Ihlls+Cillk]5,-

To ensure that we can understand the pressure P (¢ + s) in terms of the eigenvalues

of R(u, s), under (H1) (in particular, for « as in (H1)(i)) and (H5) we require that

(H7) There exist y € (0, 1] (with y < 1 when « > 1) and C», C3,§ > 0 such that
forallu > 0,s € (0, 8), h € B and every element a of the (Markov) partition
A we have:

I ™ — D1ghlg, < (Czsy sup g + Cau” supry> Ik, (.1
a a
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In (7.1), multiplication by 1, means that we restrict 7, ¥ to a. The main result of this
section reads as follows.

Theorem 7.1. Assume (H2) and suppose that ¥ : M — R satisfies (H5) with C' >
C[¥ dpg. Assume (H6) and (H7). Then

Pl +sy) = TL*P(qb +s5y)(1+0(1) ass — 0.

7.1. Technical tools, family of eigenvalues ofﬁ(u, s). Note that Ié(u, Oy = ﬁ(u)v and
recall from Sect. 5.1 that under (H1)-(H3), the family of eigenvalues A («) is well-defined
on [0, §9) with A(0) = 1. Recall that (H6) and (H7) hold for some § > 0. Throughout
the rest of this work we let §; = min{§, &o}.

Lemma 7.2. Assume (H1), (H2), (HS) and (H7). Then for all s € (0, §1), there exists
¢ > 0 such that

IR, s) — R(u,0)|5—p5, < cs”.

Proof. Using (4.1), write
R(u,s) — R(u,0) = ro(u) /00 R(w(t — t)(e‘”/_’ —1))e " dt. (7.2)
0

By (H7), (e‘“/_’ — 1)1, € B for any element a in the (Markov) partition .A. Without
loss of generality we assume that suppw(# — 7) is a subset of a finite union Uyca,a
of elements in A. Thus, 7 and ¢ are of the same order of magnitude for a € A; and

”(em// - 1)lsupp w(-1) B, K maxgea, ”(em// - Dl4llB,-
Note that

IRt — 1)V — Divlg, < CllR(@( = ) B-B, max eV — Dlalig,-
By (H5) and (H7) (with u = 0),

e’ = Dlsupp wit—0)llB, < 1€ = Dlalls, < s” sup ¢ < 5717,

acA;
Recallthat y < lifx > 1.Putting the above together and recalling R(w(t—1)) = M (),
we obtain that for any € € (0, 1 — y),

o o
IR(u,s) = R(u,0)l g B, < SV/O rVIM® BB, dt < SV/O MOl B, dt-

Proceeding as in the proof of Lemma 5.3, in particular using (5.1), we have
o0 — o0 — o0
JoS UMD B, dt < [5° 17 (S@+1)—=S(@) dt for S()= [ |M ()55, dox.
This gives

o0 o0 oo
f “TNM )| B—p, dt K f TSt dt — / TS+ D de
0 0 0

= /OotK‘GS(r) dt — /OO 71 - l)K‘%’(t) dt
0 1 t
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oo

1 00
<</ tK_ES(t)dt+(K—e)/ 1€ 8(@t) dt <</ *“~1=€S(t) dt.
0 1 1

By assumption, T € L*(115), s0 t“pg(t > 1) < Joo 76 dpg < Jyt© dpj < 0o. By
(H2)(i), S(1) <« ud;(t > t). Thus, -

o0

o0 o0
f “TENMO g B, dt <</ g (e > ndi 5[ ™ dp,d-)/ =149 gr < oo,
0 1 Y 1

(7.3)
which ends the proof. O

Lemmas 5.3 and 7.2 ensure that (1, s) — ﬁ(u, s) is analytic in # and continuous in
s, for all s € [0, §p), when viewed as an operator from B to 5,, with

IR, s) — RO, 055, <s¥+q),

where ¢ (u) is as defined in Lemma 5.3.

Recall that A(u) is well-defined for all u € [0, §;) with §; = min{d, §p}. By
(H6), there exists a family of eigenvalues A(u, s) well-defined for u, s € [0, ;) with
A(0,0) = 1. Throughout, let v(u, s) be a family of eigenfunctions associated with
A(u, s). The next result gives the continuity properties of v(u, s).

Lemma 7.3. Assume (H1), (H2), (H5) and (H6). Then there exists 5, < 81 such that
forallu,s € [0, 8>), there exists ¢ > 0 such that

lv(u, s) —v(u, 0)||g, <cs?log(1l/s).

w o —

Proof. This follows from Lemma 7.2 and (H6) (which holds for u > 0 and s € [0, 61))
together with the argument recalled in the proof of Lemma 5.4. O

We recall TT(u) = qu(l — e "and set [y(s) := /Lq;(e“ﬁ — 1). The result below
gives the asymptotic behaviour and continuity properties of A(u, s).

Lemma 7.4. Assume (H1), (H2), (HS), (H6) (for some range of k) and (H7). Then as
u,s — 0,

1 —A(u,s) =T(u) + Io(s) + D(u, s),

where I%D(u, $)| < (log(1/u))<V+2(s? + q(u)) + pg(T > log(1/u)) with q(u) as
defined in Lemma 5.3.

Proof. Proceeding as in the proof of Lemma 5.5, write A(u, s)v(u, s) = Ié(u, s)v(u, s)
for all u,s € [0,681) with A(0,0) = 1 and v(0,0) = M- Normalising such that
(v(u,s), 1) =1,

1 —A(u,s) =w) +Ho(s) — W(u,s) — V(u,s) for

W= / (e — 1)(6”Z — l)d,uq; and V(u,s) = (R(u, s) — R(0,0)((u, 5) — v(0, 0)), 1).
Y

We first deal with V (u, 5). Let O(u, s) := ((R(u, 0) — R(0, 0))(v(u, s) — v(0, 0)), 1).
Using (7.2),

V(u,s) =ro(u) [OO e_”’((e“& — Do(t —1t)[vm) —v(0)], 1)dt + O(u, s).
0



30 H. Bruin, D. Terhesiu, M. Todd

By the argument used in the proof of Lemma 5.5,
[Qu, )| < |lv(u, s) —v(0,0)]IB, TT(w).
By (H2)(0),

((e“/_’ — Do —t)[vwm) —v0)], 1) K ||(e“& = D@, s) =v(0,0)p, 1g (@ = 1)),
which together with (H7) (with u = 0) gives

(@7 — Dot — D) —vO)], 1) < s [[u(u, 5) — (0, 0liB, mglw(t —1)).

Proceeding as in the proof of Lemma 5.5 and using that fy ™d Mg < 0,
o0 -
’/ e (@ = D (t — 1)o@, s) — v(0, 0)], 1)dt’
0
L sV lv(u, s) —v(0,0)I, / Ve ™ dpg < s v(u, s) — v(0,0)|5,.
Y
By a similar argument,

‘/ (e“/’ Dot — )[vu, s) —v(0,0)], 1) dt| < s? |v(u, s) — v(0, 0)lip,-

By Lemmas 5.4 and 7.3, [[v(u, s) — v(0,0)||5, < s¥log(1/s) + q(u)|logq(u)|. This
together with the previous two displayed equations gives |V (i, s)| < s (s? log(1/s) +
q(u)|loggq(u)|).

We continue with |% V(u, s)|. Compute that

dv = dk 0,0)), 1 R R(0,0 1
- (u,s)_<ﬁ (u, $)(w(u, ) — v(0, 0)), >+<( (1, s) — R( )) ), >

By (HS), (H7) and the argument used above in estimating V (u, s), we get
d -~ d
—R(u, s)(v(u,s) —v(0,0)), )| < |{—R(u, 0)(v(u,s) —v(0,0)), 1
du du

<L llvlu, s) = v, O)IIB,‘)'/ to(t —)e ™ df‘
0
<< ”U(u’ S) - U(Ov O)”Bw << IOg(l/u)(s =+ q(u))

By (H5), (H7) and Lemma 5.4, ||dd—uv(u, s, <K | j—uv(u, 0)llp, < log(1/u). Thus,

w

K(é(u, s) — R(0, 0))%:;(”, 5), 1>‘ &L (s” +qu) log(1/u)

and |j—uV(u, $)| < (s7 +g(u))log(1/u). We briefly estimate W (u, s). Compute that

<</ e 71 —e‘”p|d,u¢;+/ tdpg
{r<log(1/u)} {r=log(1/u)}

<L sV / Thr+l dpg + gt = log(1/u))
(r <log(1/u))

'%W(u,s)

< s (log(1/u))"*? + g (r = log(1/u).
The conclusion follows with D(u, s) = —(W(u, s) + V(u,s)). 0O
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For a further technical result explomng (H7) we introduce the following notation.
Foru,s > 0,set g = sw — Ut, S0 R(u s) = R(e8).For N > 1 and x € [a], define the
‘lower’ and ‘upper’ flattened versions of g as

_ g(x) if t(y) < Nforall y € qa,
gy =1, .
infyeq) g(y) otherwise,

and

gr(x) = 8(x) ift(y) < Nforally €a,
N SUP,crq) 8(y)  otherwise.

Since ¥ is bounded above by (HS), monotonicity of the pressure function gives

P@+8y) =P(@+g) <P(@+gy) <P(§)+s supy < o0 (7.4)
forallu. s = 0. Forfixed u, s € [0. 80), set RE(u, 5) = R(e#N). By (H6), the associated
eigenvalues AT v (@, s) exist for all N and u, s € [0, dp).

Lemma 7.5. Assume (H2), (HS), (H6) and (H7). Then for fixed u, s € [0, &),

lim |A(u, s) — A% (u, 5)| — O.
N—o0

The reason to introduce g i 1s that, unlike g, the potentials gﬁ have summable variation,

and therefore, P(¢ + gﬁ) logk (u, s) by [S99, Lemma 6]. Here [S99, Theorem
3] is used to equate Gurevich pressure in [S99, Lemma 6] and variational pressure in
thls paper, and then [S99, Theorem 4] together with the existence of the elgenfunctlons
Uy (u s) and eigenmeasures m (u s) of RE » (u, s) and its dual, to conclude that ¢ + g N
are positively recurrent. From this, together with (7.4) and Lemma 7.5, we conclude

P(p+ sy —u) =logi(u,s). (7.5)

‘We note that this connection between the eigenvalues of a perturbed transfer operator
and the pressure can be seen in similar contexts in [S06].

Proof of Lemma 7.5. Assume u # 0and/ors # 0. Proceeding similarly to the argument
of Lemma 7.2, we write

R(u,s) — R (u,s) = /OO R(w(t — 7)(e8 — e8N)) dt. (7.6)
0

Without loss of generality we assume that supp w (¢t — 1) is a subset of a finite union
Upep, b of elements b € A. Note that for any v € C*(Y),

IR(@(t — T)(e® — e )vl5op, < CIIR@( —T)l|5-8, max Ief — &) 10|,

w —

We only have to consider those b € B; withbN{t > N} # (J, otherwise (e — egﬁ)lh =
0. This together with (H7) gives

max || (e$ —e™#V) 1|, < maxsup |g — £gn|" <K 17 1= n).
beB; beB,
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Recall y < 1 for « > 1. By (H2) and the previous displayed equation, for any
€€ (0, 1—-y),

IR (u, s) — R (u, )| 5B,

o0 o0
< f YNIM O g, dt = / 1~ YO M (1) | g g, di
N N
o0
< N-U-y-ox / MO s, dr. (1.7)
N

By equation (7.3), fooo 7| M(t)||ppB, dt < oo. Using (7.7) and (7.3),

1R, 5) — RE(u, $)5op, < N~077=9%,
This together with the argument recalled in the proof of Lemma 5.4 gives
lo(u, s) — v, )llg—p, < N~U77 " logN.

where for fixed u, s € [0, 8g), v(u, s) and U;\*L,(u, s) are the eigenfunctions associated
with A(u, s) and Aﬁ (u, s), respectively. Thus,

IR, s) = Ry, )|B=p, = 0. v, s) — vy, s)llg, - 0as N — oo,

The conclusion follows from these estimates together with the argument used in Lemma 5.5
and the first part of the proof of Lemma 7.4. O

7.2. Proof of Theorem 7.1.

Lemma 7.6. Assume that < C’ (as in (H5)) and that P(¢ +sv¥) > 0 fors > 0. Then
P@+sy —P@+sy)) =0.

Proof. Setup = P(¢+sy) whichis positive for s > 0 by assumption. We first show that
the pressures we are dealing with are finite. As in [S99, Lemma 2], finiteness of the trans-
fer operator acting on constant functions is sufficient to give finiteness of the pressure, i.e.,
since we are dealing with positive 1, we just need to show sup, .y |(1§(u, s)DHx)] < o0
for u > 0. We estimate

R, D)= Y V7000 < 3™ 0800 = (Ry1)(x) < oo,
F(y)=x F(y)=x

because i < C’ by (H5).

To show that P(¢ + s — ug) < 0, suppose by contradiction that P(¢ + s — ug) >
0. We use the ideas of [S99, e.g. Theorem 2] to truncate the whole system, i.e., restrict to
the system to the first n elements of the partition A and the corresponding flow. We write
the pressure of this system as P, (-), so [S99, Theorem 2] says that P, (¢ + sy — ug) > 0
for all large n. By the definition of pressure, there exists a measure it so that

h(ﬁ)+/¢+s1/f—uod/1 > 0.
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Note that f T diu < oo since t is bounded on this subsystem. Abramov’s formula (3.3)
implies that the projected measure p [which relates to & via (3.4)] has

h(u)+/¢+s¢—u0du>0,

contradicting the choice ug = P(¢ + sy).

To show that P(¢ + sy — ug) > 0, we will use the continuity of the pressure function
u — P(¢ + sy — u) wherever this is finite (recall from above that we have finiteness for
any u € [0, up)). By the definition of pressure, for any € € (0, ug), there exists u’ with

h(u’)+/¢+s1ﬁ—(u0—e)du’ > 0.

By (3.4), any invariant probability measure for the flow corresponds to an invariant
probability measure ji’ for the map F. By Abramov’s formula,

h(;l/)+/¢>+s1// — (g —e) di = (h(,/) +/¢+s1// — (ug —¢€) d/j)/r dii/ >0
regardless of whether [ 7 df’ is finite or not. By continuity in u, P(¢ + sy — ug) > 0
as required. O

The following result is a consequence of (7.5) and of Lemma 7.4.

Lemma 7.7. Assume the setting of Lemma 7.4. Suppose that there exists a > 0 such
that s = O(u%), asu — 0. Then as u — 0%,
d . *
d—P(d) +s¥ —u)=—1t (1 +0(1)).
u

Proof. By (7.5) and Lemma 7.4,

%P(d) +sY —u) = % logA(u,s) = —% (IMT(u) + D(u, s)),
where L D(u, 5) = 0((1og(1 JU) Y ¥2(sY +q )+ (t > log(1 /u))). Also, compute
that

d
—H(u):/re_”d,u-=/rdu-+/r(e_’”—l)du-.
du v ¢ v ] v ¢

Since t|e "% — 1] is bounded by the integrable function t and it converges pointwise
to 0, it follows from the Dominated Convergence Theorem that f v T (e —1Ddun i 0,

as u — 0%. Hence, %H(u) =7*(1 +o(1)).
Since T € Ll(u(z-)) by assumption, 7% (r > log(1/u)) — 0, as u — 0. To conclude,
note that since for some a > 0, s = O (%), asu — 0, we have D(u, s) = o(1). m|

We can now complete
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Proof of Theorem 7.1. Setr(u,s) = %P(q& +sy¥ —u). By Lemma 7.7, as u — 0 and
s = O(u?) for some a > 0,

r(u,s) = —=t*(1 +o(1)).

For any small ug > 0, integration gives

P(p+sv¥ —ug) —Plp+sy) = / ’ r(u,s)du = —t*up(l +o(1)). (7.8)
0

The convexity of s + P(¢ + sy) implies that %P(d) +sY) = [Yduy =
#fl/_fd,udg. Thus P(¢p + s¢) > TS_*II/_fd/Lq; since f&duq; > 0; this is guaranteed
by our assumption that C' > Cf T duq;. Hence, g = ug(s) = P(¢p +sy¥) > s and
such u satisfies the assumptions of Lemma 7.7 with a = 1. Thus, (7.8) holds for this uy.

By Lemma 7.6 applied to ug = uo(s) = P(¢p+s¢), we obtain P(¢p + sy — ug) = 0.
Thus, the left hand side of (7.8) is —P(¢ + si). By assumption, ug(s) > 0, for s > 0.
The continuity property of the pressure function gives uo(s) — 0ass — 0. Hence, (7.8)
applies to ug(s) = P(¢ +s¢). Thus, P(¢ +s¢) = #P(qﬁ + sy )(1+o0(1)), which ends
the proof. O

8. Pressure Function and Limit Theorems

Fory : M — R, define : ¥ — Rasin (3.2) and let Y7 = fOT ¥ o f; dt. Throughout
this section we assume that ¥ satisfies (H5); in particular, we require that » = C’ — o,
with g ~ Ct*“(1+0(1)), f T« duq; < oo forsome C, C’ > 0. For s real, s > 0, define

Ry (s)v := R(e*Tv) = e*C R(e™¥0v) =: &' R, (s).

As in Sect. 4.3 (when making assumptions on ﬁ(u)), we write

o o0
Ri(s) = ro(S)/ R(w(t — Yp))e " dt = ro(S)/ Mo(r) e~ dt, (3.1
0 0
where My(t) := R(w(t — ¥p)) and ® : R — [0, 1] is an integrable function with
suppw C [—1, 1] and r¢(0) = 1. Similarly to (H2), we require that
(H8) There exists a function w satisfying (8.1) and C,, > 0 such that
(i) foranyt € Ry andforallk € B, wehave w(t—y)h € By, andforallv € C*(Y),

(0@ — Yo)vh, 1) = Collvlicam)lIhllB, ng (@ — o).
(i1) there exists C > 0 such that forall 7 > 0,

o
/ Mol BB, dt < Cpg(¥o > T).
T

Remark 8.1. In practice, checking (H8) requires no extra difficulty compared to check-
ing (H2). But in the generality of the present abstract framework, there is no obvious
way of deriving (H8) from (H2).

Summarising the arguments used in the proof of Proposition 5.1 and Theorem 7.1
together with Proposition 6.1, in this section we obtain
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Theorem 8.2. Assume (H1) and (H8) and C' > C f tdu as in Theorem 7.1. Let
¥ : M — R and assume that V satisfies (H5), (H6) and (H7) (with u = 0). Set
V" = [y ¥ dug. The following hold as T — oo.

(a) Suppose that (H4)(i) holds and that u(yo > t) ~ u(t* > t) with  in (some subset

of) (0, B). ,

(1) When B < 2 and k € (B/2, B), set b(T) such that TL(b(T))/b(T)< — 1. Then
ﬁ(lﬁT —y*-T) —d G/, where Ggyyc is a stable law of index B/k. This is
further equivalent to P(¢ + sW) = y*s + sP/<e(1/s)(1 + 0(1)) ass — 0.

(11)If,3 < 2 but k = B/2, set b(T) such that TZ(b(T))/b(T)K — ¢ > 0. Then
b(T) (Wr — y* - T) =4 N(0, ¢) and this is further equivalent to P(¢ + s) =
YU*s + szL(l/s)(l +o0(1)), as s — Owith L(x) = lE()c).

(b) Suppose that (H4)(ii) holds and further assume that (Yo > t) K u(z* > t) with

k € (0, B/2), and RYr € B. Then there exists o # 0 such that \/Lf(l/fT — . T) -4

N0, 02) and this is further equivalent to P(¢ +syr) = *s + %sz(l + o(1)) as
s — 0.

Moreover, if (H6) and (H7) hold for all u, s € [0, §), then in both cases (a) and (b) we
have P (¢ + sv) = PG +s9)(1+0(1)), for t* = [, Tdpg.

Proof. We start by noting that the proofs of the results used in the proofs of Theorems 7.1
and Propositions 5.1 and 6.1 essentially go through when replacing t by . We briefly
summarize the required arguments.

For s > 0, let A(s), A1 (s) be the families of eigenvalues associated with Iéw (s) and
R 1(s), respectively. Note that A(s) = eSC 1(s). Hence,

) —1=5sC +2(s) — 1 +52C" + O(s7). (8.2)

Further, by (7.5), P(¢ +sv¢) = log A(s). Similar to the proofs of Proposition 5.1 and
Proposition 6.1, to conclude that (a) and/or (b) hold, we just need to estimate 1 — A(s).

For the proof of (a) and (b), we note that under (H5)—(H8) (where (H8) and (H6)
with u = 0 are the analogues of (H2) and (H3) with 7 there replaced by v¢), Lemma 5.5

gives 1 — A1 (s) = [T (s)(1 + O(q1(s)|1log(q1(s)])), where q1(s) = s + u(Po > 1/s) =
s+ 5P/ <« sPI¥ and T (s) = pg(e*V0 — 1) . Hence,

1—a1(s) = I (s)(1 + O(sP/“ log(1/9))).

In case (a) (i), the argument recalled in the proof of Corollary 5.6 (i) gives I1;(s) =
s Jy Wodug +sP¥L(1/5)(1 + o(1)). This together with (8.2) gives

As)—1= (c’ —/ wodud-))s+sﬁ/“ﬂ(l/s)(l +o(1) = Y*s + P4 (1/5)(1 + o(1)).
Y

As a consequence, P(¢ +sy) = ¥*s + s8/<0(1/s)(1 + o(1)). Similarly, by the argu-
ment used in the proof of Proposition 5. 1 (1), this expansion of the eigenvalue/pressure
is equivalent to bin )(wn v*.on) -4 Gg/ic, where U, = Z;’ (l)lﬁ o F/. Further,
by the argument used i 1n Proposition 6.1 (i) with § < 2 this is further equivalent to
h(T) Wy —y*-T) —d G/, which completes the proof of (a) (i).
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The proof of a(ii) goes similar with the versions of the proofs of Proposition 5.1
(i), Proposition 6.1 (i) with 8 < 2 replaced by the argument used in the proofs of
Proposition 5.1 (i), Proposition 6.1 (i) with § = 2.

The proof of (b) goes again similarly with the proofs of Proposition 5.1 (i), Proposi-
tion 6.1 (i) replaced by the argument used in the proofs of Proposition 5.1 (ii), Proposi-
tion 6.1 (ii).

Finally, if (H6) for all u, s € [0, §p) and (H7) also hold, then Theorem 7.1 applies
and ensures that P(¢ + sv) = %P(q& +sY¥)(1 +o(1)), ending the proof. O
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A. Checking (H1)—(HS8) for the Almost Anosov Flow
We start with a technical result that will be essential in verifying (H2) and (H6).

Lemma A.1. Assume that w(x, y) is a homogeneous function of degree p as in Propo-
sition 2.2. Then

sup{ sup 7 — inf 7§ < oo.
k| tr=k) {r=Fk}

Proof. Recall that T(x, y) = min{r > 0 : dbﬁ“”(x, y) € WS} and that [t — 7] = O(1).
From Lemma 2.3 we know that r = 7 + ©(7) + O(1). We will first show that if T varies
between, say, n and n + 1, then the corresponding » varies by an amount of O (1) as well.

Indeed, take (x, y) and (x', y’) arbitrary such that n < 7T(x, y), 7(x',y") < n+ 1.
Define T = 7(x, y) and abbreviate ¢(t) = (x(r), y(t)) = dbf‘”’(x, y)yforO <z <T.
There is fyp € R with |zp| < 1 such that the y-component CD}L% (x, ) is y. Also write
qg' @) =@,y @)= CD?EZ) (x’, ¥'), and the Euclidean distance €(t) = |¢'(t) — q(t)|.

Clearly [w(q'(t)) — w(g(t)| < [Vw(q()|e(t), so € := €(0) < T~ by (2.3).
However, since ¢ (0) — ¢ (0) is roughly in the unstable direction, € (¢) will increase to size
O(1) as 1 increases to 7(g’). This is too large, but we can set 7} := min{t > 0 : x(t) =
y(1)}, and then estimate €(7}) as follows. Take 7| = min{r > 0 : x'(r) = y'(¢)}, then
|T{ — T1| = O(1) and we can write ¢(T1) = (8, 8), ¢'(T]) = (&', 8') with €’ :=§" — 4.
Furthermore, since L from (2.8) is constant on integral curves, we have

b b
L(.x, y) — xuyv <a_0x2 + _2y2> — 8u+v+2 (Cl_o + _2> , (Al)
v u v u
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and

L@ 0)=L(x +¢, y)=(x +€)"y" <a—0(x +)2+ @yz) — (5 + €y <%° + 12) .
v u u

Taking the difference of both expressions, we obtain

€ 2ag € € €
—u L(x, I+ ———+0(—-))|=—@w+v+2)L(x, 1+0(—<)]-
—u (x, y) < waox 2+ vbyy? (x)> 5 (u+v+2)Lx,y) ( (8 ))

Divide by (u + v +2) L(x, y)/§ and ignore the quadratic error terms. Then we have

, u 2a0 \ S €
€ ~ 1+ 5 ) —-
u+v+2 vbyy X
But 6 can be estimated in terms of x using (A.1), and since JW = ﬁ and
we obtain

1
€ 1.4 q_L C C T urvi2
e~ —xw 1yl 1+22) (14+-22 asn — oo.
28 ) c2y?

Rewriting x and € in terms of T using (2.3), we obtain €’ <« T’%. Next, because the
vector-valued function Vw is homogeneous with exponent p — 1, Proposition 2.2 gives
for p < 2:

apu __ €

byv T ¢’

T

T
/ lw(g'(1)) —w(g())|dt < sup €(t) [Vw(g(@))dr +O(1)
0 te[0,T1] 0

p—1

€T T +0()=T"7+0(1).

The integral fTTl lw(g'(r)) — w(g(t))|l dt is dealt with in the same way, but now in-
tegrating backwards from @f‘(’; » (x, y) and @ ) (x’, ¥"). Therefore fOT w(q' (1)) —

T(x/,
w(q(¢)) dt varies at most O(1) on the region {(x, y) :n < T(x,y) <n+1}.
Since also fOT w(q(t))dt = o(T), we can find N € N independent of n such

that T = fOT 1+ w(gq())dt + O(1) varies by at least 1 (but at most by O(N)) over
{n < T < n+ N}, and therefore r varies by at least 1 on this region. It follows that for
eachk, {r =k} C {n <t < n+ N} for some n = n(k) and SUpP(—gy T — infr=g) T I8
bounded, uniformly in k.

The proof for p > 2 goes likewise. O

A.l. Verifying (H1): recalling previously used Banach spaces. Charts and distances:
Throughout, WW® denotes the set of admissible leaves, which consists of maximal stable
leaves in elements of the partition ) = {Y;}; = {P;}; V {{r = k}}x>2. It is convenient
to arrange the enumeration of ) such that Y; = {r = j} for j > 2, and use indices
Jj < 1 for the remaining (parts of) P;. To define distances between leaves, as in [BT17,
Section 3.1], we use charts x; : [0, Lu(Y;)] x [0, 1] — Y}, where Ly(Y;) is the length
of the (largest) unstable leaf in Y;. For any leaf W C Y;, we have the parametrisation

X (W) = {(gy,.w(p)), p € [0, 11}, (A2)
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S0 gy, is a parametrisation of W in the chart. Suppressing Y; and using g and g for
close-by stable leaves W C Y; and W € W* € Y, we define their by

. SUP,po,1718(x) — g(x)| ifk =¢;
d(W, W) = {sup,cpo 1y 1g(x) = Lu(¥i) = §)| + X'y  Lu(Y))  if2 <k <&
o0 otherwise,

where g and g are parametrisations of W and W in the appropriate chart. Here an empty
sum lef:k +1 18 0 by convention.

From here on, in the notation fW - duf, the measure u’ refers to the SRB measure
g conditioned on the stable leaf W: similarly for m® and Lebesgue measure. Hence the
norms defined below are w.r.t. the invariant measure, not the conformal measure as in
[BT17]. It is possible to do this due to Lemma A.2, specifically (A.7).

Definition of the norms Given h € C 1 (Y, C), define the weak norm by

IhllB, = sup sup fh(pdus. (A.3)
WeWs lolci gy, <1 /W

Given g € [0, 1) we define the strong stable norm by

alls ;= sup sup /h(pdus. (A.4)
weWs ‘(ﬂlcq(w)<l w

Finally, we define the strong unstable norm by

Il = sup  sup sup —'/ ho dy® _/ he dye®
€ wwewsny, Wet gy, Wl giy=t 4(W. W)
d(p.§)<d(W,W)

(AS5)

where d(¢, ¢) = |¢ o xe(g(m), ) — ¢ o xe(&(N), Mleio,1))-
The strong norm is defined by ||kl = ||k|ls + |2 ]lu.

Definition of the Banach spaces We define B to be the completion of C! in the strong
norm and B,, to be the completion in the weak norm. As clarified in [BT17, Lemma 3.2,
Lemma 3.3, Proposition 3.2], (H1) holds with o = a1 = 1.

The spaces B and B5,, defined above are simplified versions of functional spaces de-
fined in [DLO8], adapted to the setting of (F, Y). The main difference in the present
setting is the simpler definition of admissible leaves and the absence of a control on
short leaves. This is possible due to the Markov structure of the diffeomorphism.

As this is the same Banach space as in [BT17], most parts of (H1) can be taken from
there. For H1(v), which is concerned with the transfer operator w.r.t. 5 We first need
a lemma.

Lemma A 2. Let y = y(q) be the angle between the stable and unstable leaf at q and

hfy = dm“ = be the density of ug conditioned on unstable leaves. Then

/Rv~<deS=Zf v-goF - Ky du’, (A.6)
ws 7 Wi !
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where the sum is over all preimage leaves W; = F~Y WS N{r =j}and

o I 1 (ysiny)o F
Vit g F Jn F  hysiny

(A.7)

is piecewise C' on unstable leaves.

Proof. We have the pointwise formulas for Ro : L (m ;) = Ll(mé) and R : Ll(/%) -
L' (ug):

-
Fl Ru=1, 00t e

Rov =1 , ner ,
ov Y|DF|O ho  |DF|°

where |[DF| = qu; = |det(DF)|. This also shows that J% Jm¢ m F

ogous formulas hold for Js F" and J,u F. Integration over a stable leaf W e W* with
preimage leaves W; gives

hOOFil v -1
R .v<pd,us=/ _ o F~ @ hldm®
/W “ w o ho |DF| 0
Jms h%OF
= F odm®
Z/ T FhooFU(po w0

JusF
:Zf # vwode=Zf vgoF Ky, du’.
j W.iJ“dBF j W

—3— and anal-

Since du" = hiy dm" for a C! density Af}, and dmd; = dm®dm" sin y, whence de;F =
(hf siny)oF

s follows as well. Then
siny

JusF - Jyn F - 25X ;F the other formula K}, = Ju; 7

[BT17, Equation (18)] leading to the parametrisation of the unstable foliation of the

induced map over f <I>h”r shows that this foliation is C'. The analogous statement
holds for the stable fohatlon To obtain the unstable/stable foliations of F', we need to
flow a bounded and piecewise C'! amount of time (see Lemma A.1). Therefore ¢ — y(q)
is piecewise C'. Hence the latter expression of K W shows that it is piecewise C Ion
unstable leaves. 0O

Now (H1)(v) follows as in [BT17, Lemma 3.3], with Ju and K % instead of | DF| ™!

and |DF|™ 1JW F'; this can be done because Ky, 1s piecewise C! on unstable leaves by
Lemma A.2.

A.2. Verifying (H2) and (H8). Letw : R — [0, 1] be a function with suppw C [—1, 1]
and [ w(x)dx = 1. To fix a choice that suffices for the present purpose we take & =
Lio,17; then y = % and y, = é (see Remark 4.1) and in particular, w (f —7) = ljy<r</+1)-
The first result below verifies assumption (H2)().

Proposition A.3. There is C,, such that [, o(t —t)vdug < Collvlis,, [y @t —1)dus
forallt > 0andv € By,.
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Proof. By Lemma A.1, there is N (independent of ¢) and k(¢) such that
E:={q e [T (P)\Po: k(t) <r(q) <k(t)+N}

contains supp(w (t—1)). We splitv = v* —v ™ into its positive and negative parts and treat
them separately. Also we assume without loss of generality that 0 < @ < 1 (otherwise
we split  in a positive and negative part as well). Then [ w(t —7) v* dpg < Jg vt diig.

Let WS denote the stable foliation of F' and decompose the measure 1 $as f vidu 6=

st st vtduws dv®. Note that E is the union of leaves in VVS, so 1z is constant on each
WS € WS. Take ¢ : E — R* arbitrary such that ¢|ws € C'(W®) with lellcrowsy <1
for each WS € WS N E. Similar to [BT17, Proposition 3.1], we get

[vodng = [ | vedwmdr < [ s el d
E WSNE J Ws WSNE

k(t)+N
< 10 p B < 100, [ [ w60 dugds
k() Y
<IN [ @~ o) dug.
Y

The same holds for v, and this ends the proof. O
The next result verifies assumption (H2)(ii).
Proposition A.4. Let M(t) = R(w(t — 7). Then [;~ |M(t)||p—p, dt < T~P.

Proof. We need to estimate the B,,-norm of M (t)v = R(w(t — t)v). This means that we
need to take some leaf W$ € W5, the collection of stable leaves in Y stretching across
an element of the Markov partition of F, and compute (as in Lemma A.2) that

Mt -pdu’ = E / w(t—r)v-<poF~K"i,jdus.
W ~ Jyws
J

As in the proof of Proposition A.3, we can splitv = v* — v~ anduse that{r — 1 <t <
t+1} C E :={k() <r < k(t)+ N}. Thus, following [BT17, Proposition 3.2 (weak
norm)] and [BT17, Equation (42)], the integral for v* is bounded by

k(t)+N

> [ i FIDFT o Fdut < 107, el
j=k@y " Wi

k(t)+N

u S
> [ kg, an
j=kw Wi

k(t)+N
< vlls Y nglr=jh

J=k(@®)
< Mv*lls N pg(lr = k@)).

For v* and v~ together, this gives [~ |M(1)llp—p,dt < [1° pp(r = k() dr <
,ud;({f > T}) and the proposition follows. 0O

Assumption (H8) is the same as (H2), with t replaced by ¢ and e "% by eV Tts
verification is entirely analogous to the above.
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A.3. Verifying that Rt € B for a large class of ¢ (including ¥ in Theorem 2.5 (b)) and
completing the verification of (H4). Assumption (H4)(i) and the tail estimate part of
(H4)(ii) (so that T € Lz(uq;)) is verified in Proposition 2.4. To check the remaining

part of (H4)(ii) and assumption on 1/_/ in Theorem 2.5 (b) we give a more general result
in Lemma A.5 below. This result ensures that given ¢ as in Theorem 2.5 (b) we have
Ry € B. This is needed to verify the abstract assumptions of Theorem 8.2(b) for ¥ as
in Theorem 2.5(b).

Lemma A.5. For0 <k < Band ¢ : Y — R piecewise C', define

1 1
£ llo := sup I (llC ly;ls, + j1—+ﬁ||é“ 1Y_,~||u)

j=1

and the Banach space By = {¢ : Y — R : ¢ is piecewise C' and ||¢|lo < 00}. Then
R(By) C B.

Proof. Recall that, by Proposition 2.2 and Lemma 2.3, » = O(t) and vice versa. Ab-
breviate Y; = {r = j}; for large j these are strips close to the stable manifold WIS7 of

the neutral fixed point, and bounded by stable and unstable curves and both F~! and
|DF|~! are C! on each F(Y;).

For the stable norm || ||s, choose an arbitrary stable leaf W and g-Holder function
@ € C1(W) with |p|cawy < 1. Let W; = F'(w)yn Y;. By Lemma A.2, and the fact
that K* <« j~*A) and |p o Flei < |@l|cr oneach W, we have

chwdm:Z/ cgooFK“duS<<Zj—<“ﬁ>f CpoFdu
w | W | W;

<Y iy g, < YT < oo (A8)
j j

The stable part || ||s of || || 5 is treated in the same way.
Now for the unstable part || [lu, let ¢ such that |¢|c1yy < 1. Using [BT17, Equa-

tion (43)], which expresses |, W, h¢ dm in terms of the parametrisation of W}, for any

nearby leaves W, W e Y, we define a diffeomorphism v : W — W asin [BT17, Proof
of Proposition 3.2 (unstable norm part)]. Let v; = FlovoF : W; — W; be the
corresponding bijection between the preimage leaves W, Wj C Y. Then we compute,

’/ R¢pdp® —/ R¢pdp®
w w

< [e] u d S_/ o u_d s
= Ej ‘/Wjé'fﬂ IKH’,- 2 j§</) FKW, M
< E voF — FIKY du®

j v/;ng‘kpo o poF| ; W

dus

+Z/‘W‘§|¢OF|‘K‘?VJ_OU]'—K“W]
j J

+Z/W> € 0v) —¢llpo FIKY, dp
j J

=S+ 85 +83.
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Next

Si = lglerdW, W) 1€l loo K oo < @it d(W, W),
J

because as in the first part of this proof, the sum in the above expression is bounded.
For the sum S, using (A.7) we split

KU _ KU ov-‘— 1 |(h"siny)o Fovj — (hfsiny)o F|
w; o W T T

J% h{ siny
1 J;d; (hysiny)o Fov;
+ - .
J,},‘QS J;d_) o hy siny

1 (h%siny)o Fov; |(h"siny) ov;

—1].
J,‘n‘q; (hfysiny)ov; h{ sin 'y ‘

By distortion estimate [BT17, Equation (40)], this is bounded by Cd(W, W) for
"3

some uniform distortion constant C > (. Therefore

S < CdW. W) It 1y,lis, AW, Wy y T < oo
J J

Ju.
g

as before.
Now for S3, the weighted || ||y part of the norm || [|o gives [ o vj — ¢| < j<+!*P
d(W;, Wj) < jHBGW, W)Lu(Yj). As in the first half of the proof, |K“;,/_ loo K

j~U+P) We have Ly(Y)) < 71*8 due to the small tail estimates (2.3), so

S5 K 1@locd (W, W) Y j* Lu(Y)) < l@locd (W, W).
J

Therefore ||R¢ || < oo and the proof is complete. |

Corollary A.6. R(t*h) € B for each 0 < k < B and h € B (in particular, (H4)(ii)
holds).

Since C' — ¥ ~ Ct*, this corollary can also be used to show that R(¥h) € B.

Proof. Since t is the return time of a C! flow to a C! Poincaré section, it is piece-
wise C!, and we know Tly; < j. Taking h € B and ¢ € C'(W) for an arbi-

trary stable leaf W C Y;, we have fw R pdu® < j© fW hodu® = j“lhls,,
s0 7% hllg, < llkliB, < oo.
Using (2.3), wehave e < £(y, T+ 1) —&£(y, T) < T-MP) for T = t(x, y) + O(1)
and £(y, T) plays the role of x. By (2.4), x = &(y)t(x, y) (1 +0(1)) as x — 0, so
1

L8
€ < x P .Using (2.4) again, we can estimate thatas t = 7(x) — oo (soas x — 0 and
€ = o(x)),
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T8 (x+ €, y) — T(x, ¥)] = E0(0)*|(x +€)F —x F|(1+0(1))
P _k K € €
— £ () x b <1+o(1)+0(;))

= 5800 P e 1+ + 0 (5)): @9

Let W, w nearby stable leaves in Y; with € = d(W, W) andv : W — W a diffeomor-
phism. Then, for ¢ € CY(W), § € CY(W) with d(¢, §) < d(W, W),

/rkhgbd;f—f ™*hedu®
14 w

<</~ |t —t“ ovjlhodu® + j© (/ h(ﬁdus—/ hgodus>
w 14 w

<L P nlg, + j€ Ikl

w

Therefore j,(+ﬂ||r"h||u & |k, < oo, showing that t“h € By. Combined with
Lemma A.5, the result follows. O

As in the statement of Proposition 5.1 (ii) and Proposition 5.7 we need
Corollary A.7. T := v — t* cannot be written as h o F — h for any h € B.

Proof. By Corollary A.6, RT € B.Becauset(z) — ocasz — W¥(p),z € F~1(Py)\ Po,
we have supy cyys [i T du® = oo. Therefore 7 ¢ B, and hence 7 is not a coboundary.
o

A.4. Verifying (H7). Extending the inequality |1 — e | < x” forall y € (0, 1] and
x > 0, we can find C,, depending only on s sup, ¥ such that

le™ ™V _ 1)1, < C, (ut +sv0)? < C, (uV supt” +s” sup wg) .
a a
Therefore, for each h € B, and ¢ € CH (W), W € W5,

/ ‘(e_“”‘/_’ — D)1k (p‘ dus < C, (ﬂ supt” + s sup wg)/ hodus,
w a a w

so (H7) follows for C; = C3 = C,,.

A.5. Verifying (H6) (and thus, (H3)). In this section we verify (H6) for x > 1/8.

Proposition A.8. Assume that  satisfies (H5) and let ﬁ(u, s)v =R (e_“’e‘“/_’v). Then
there exists o1 € (0, 1) and 8, Co, C1 > O such that forallh € B,n e N,0 < s < 4,
and u > 0,

IR, $)"Rli5, < Cie™llhllg,. IR, )"hls < e (Cooy "lhlp+Cillk]B,)-

Before turning to the proof, we need another lemma (which we will apply with g = 1,
but the general g is needed for the induction in the proof).
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Lemma A.9. Assume that  satisfies (H5) (in particular, < C' — C~'t* < oo for
some C', C > 0and k > 1/B). There exists N € N depending only of F : Y — Y such
that for all positive integrable functions g that are bounded and bounded away from
zero, the following holds. There exist § > 0 such that for all s € [0, §], all admissible
stable leaves W C Y and alln € N,

Z f swnganKu FndpL <eSN§uP¢/gd,bL,
W’ component '
of F=1(W)
where /KW F™ equals the analogue of KY,, from (A.7) for the iterate F" on the preimage
leaf W'.

Proof. Let Pj be the partition element containing the images F ({r = k}) of the strips
{r = k}x>2, see Fig. 3. Let N € N be such that FN_I(Pl) intersects each P;, i > 1.
Let W be an arbitrary stable leaf in P; for some i > 1, and let VW be the collection of
preimage leaves under F~V. By a change of coordinates,

Z / goFNK“ F'du® —/ gdu’
wew W
for any integrable function g. B
Given a > 1 to be chosen later, set W = (W' € W : infy t% > 2NaC sup ¥} and
W™ = W\W".Thenthereise > 0 (depending only on the geometry of the Markov map
F and 3:P£) such that Yy cppe [y g 0 FV K5, FN dps > ef gdu®. Since [y, du

inf g

is proportional to the measure of the element in \/N 01 F~ (7?) that W’ belongs to,

Proposition 2.4 gives € > M¢({T > (2NaC sup w) }) > Ba ﬁ’ for some B > 0 and

B’ == kB > 1. We have t_ﬁN < (N—_l)supw Clek < (N =1 —2Na)sup1p <
—Nasupy on W*, and ¥y < N sup ¢y on W~ Therefore

3 /‘/ szgOFNKu FN aus < 3 // —sNasupwgoFNKu FN aus
wew W ew+

. f rNsupllfgoFNKu FN dus

wWew-

See—sNasupz/}/ gdu+ (1 _G)estupx/_// gdu’
w w
=(ex™"+(1— e)x)/ gdu’ =: b(x)/ gdu’

w w

for x = SN swpV, Clearly b(1) = 1 and b’ (x) = —aex~ @D 4 (1 — ¢) < 0 whenever
B-1

0 <x < (ae) T .Since e > Ba 5 ,wefind b'(x) < Oforallx <ag:= B~ liaaﬁ<1+a>

i

Choosea > max{l, B#'-1},sothatag > 1. Thismeansthatb(x) < 1foralll < x < ay,

ie., forall 0 <s < 2084

N sup ¢

Now for general n = pN +¢ with 0 < ¢ < N, we use induction on p. Let W,,(W)

be the collection of preimage leaves of W under F~7". Assume by induction that

3 / VN g o FO-DN g p-DN g s </ ¢ du’
W’EWP 1 (W)
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for all stable leaves W7 and g as above. Then

/eswl’NgonN KuW/Fde,u,s

wew,w)” W

< Z Z / SV(p-DN K“W/F(P*I)N (es‘/’N go FNKUW/FN> o F(P=DN du’
WieW (W) WeW,_ (W)

< Z / e“"Z’NgoFN K‘vlvlFNdpLsf/ gdus.
wiewyw) M W

This way we proved the lemma for all multiples of N. For 0 < ¢ < N, we get an
extra factor e*"P¥ _ This proves the lemma. |

Proof of Proposition A.8. This proof goes as in [BT17, Proposition 3.2], but with some
changes. The factor z" is to be replaced with ¢ %™ where 7, = Z:‘l:_ol 7 o F' and the
factor e’V for ¥, = 37— ¥ o F! is dealt with using Lemma A.9. Let W and W be two
stable leaves in the same partition element of {P;};>. Since T and i are not constant
on partition elements, we get a third and fourth term in the strong unstable norm part of
[BT17, Proposition 3.2] expressing the difference of 7, on nearby preimage leaves W f
and W; = vj(Wj) of W and W:

_ ~ n x&n —ut, __ ,—u(tyov;) u n S
S3=)_ /vvhgooF eV (e e D) Ky, F" dp (A.10)
j J
and
Sy = Z /W. h@ o Fle™4movi (¢5Vn — ¢S¥nov)y Ky, F"dp’|, (A.11)
j J

for some ¢ with |¢|C1(W) <1.
For S3, without loss of generality, we can assume that 7, o v; > T, so [e”"™ —
e @) < ye (7, o v; — 1,). By (A9), we have |t(x +€,y) — T(x,y)| =
1 . .~
B0 () Fr(x, »*Pe(l +0(1) + O(S)). Applied to € = d(FI(W;), FI(W))) <
1~ #B) o Fie;, this gives

n—1 n—1
Y ltoF ovi—toF | <Y " o Fld(F'(W)), F'(W)))
i=0 i=0
n—1
LY einl K&y =d(W, W), (A.12)
i=0

and therefore e "™ — ¢ ~U™oVi | & ye Und(W, W). Combining the above with (A.10),
we obtain
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Sy <udW, W)y / h o Fle™ "o+ SR in K8 "y
- W;
J J

< llhlg, ue™ d(W, W)y / eV kY Fhdps
jo 1V :

< |hllg, ue ™" d(W, Wye*N sV

where we used that t, > n, and the last step follows from Lemma A.9 with the N
(independent of n, u, s) taken from that lemma too.
For S4, using (H5) and (A.9), we obtain:

|e;&‘&()€+€) _ eslﬁ(x))l < eA‘Supl/;efs'[K/Cs|rK(x +e€, y) _ TK()C, y)|

— suplﬁse—STK/C %%‘O(y)f’(+ﬂe(l +o(1)+ O(¢))

’

. _
& essupn//se ST /C.[K 1 t1+/3€
—

K

where we compute the supremum over t to conclude that K < e™* (CK)%S%. Apply
the above with € = €; := d(F'(W;), F'(W,)) as in (A.12). Then we can estimate Sy in
the same way as S3:

S4 < S% d(W, W)Z /~ h(ﬁ ° Fne—u'fn+S1,Zn K{lil[/] F" dﬂs
- W
J J

< Ihllg, e e NV s d(W, W).
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