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Solving real-world engineering optimization problems, such as automotive crashworthiness optimization, is
extremely challenging, because the problem characteristics are oftentimes not well understood. Furthermore,
typical hyperparameter optimization (HPO) approaches that require a large function evaluation budget are
computationally hindered, if the function evaluation is expensive, for example, requires finite element (FE)
simulation runs. In this article, we propose an approach to characterize real-world expensive black-box opti-
mization problems using the exploratory landscape analysis (ELA). Based on these landscape characteristics,
we can identify test functions that are fast-to-evaluate and representative for HPO purposes. Focusing on 20
problem instances from automotive crashworthiness optimization, our results reveal that these 20 crashwor-
thiness problems exhibit landscape features different from classical optimization benchmark test suites, such
as the widely-used black-box optimization benchmarking (BBOB) problem set. In fact, these 20 problem in-
stances belong to problem classes that are distinct from the BBOB test functions based on the clustering results.
Further analysis indicates that, as far as the ELA features concern, they are most similar to problem classes of
tree-based test functions. By analyzing the performance of two optimization algorithms with different hyper-
parameters, namely the covariance matrix adaptation evolutionary strategy (CMA-ES) and Bayesian optimiza-
tion (BO), we show that the tree-based test functions are indeed representative in terms of predicting the algo-
rithm performances. Following this, such scalable and fast-to-evaluate tree-based test functions have promis-
ing potential for automated design of an optimization algorithm for specific real-world problem classes.
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1 INTRODUCTION

When solving black-box optimization (BBO) problems, identifying and selecting the most time
efficient- and resource-efficient algorithm is crucial to ensure an optimal optimization perfor-
mance, which is also known as the algorithm selection problem (ASP) [Rice 1976]. In evolution-
ary computation, recent works focus on landscape-aware automated algorithm selection based on
machine learning (ML) approaches, such as in [Bischl et al. 2012; Dréo et al. 2019; Jankovic and
Doerr 2020; Jankovic et al. 2021; Kerschke et al. 2019; Kerschke and Trautmann 2019a; Pikalov and
Mironovich 2021]. In these approaches, the so-called landscape features, which quantify different
landscape characteristics of a given problem instance, are employed to predict the performance
of an optimization algorithm on the problem instance, typically using supervised ML models. In
other words, the performance of an optimization algorithm on an unseen problem instance can
be roughly estimated, once the problem landscape characteristics have been identified. Following
this, the best possible optimization algorithm for a problem instance can be identified based on
its landscape properties. Furthermore, these landscape features can provide additional insights for
explaining the effectiveness of an algorithm across different problem instances [Simoncini et al.
2018]. Complete reviews of this topic can be found in [Kerschke et al. 2019; Malan 2021; Mufioz
et al. 2015b].

To the best of our knowledge, previous works on ASP were mainly based on academic bench-
mark functions, such as the well-known black-box optimization benchmarking (BBOB) test
functions. On the other hand, little work has been done to tackle ASP from real-world expensive
BBO domain, such as crashworthiness optimization in automotive industry. The goal of automo-
tive crashworthiness optimization is to ensure that the structural design of a vehicle can provide
sufficient protection to passengers in the event of a crash, while fulfilling other requirements at the
same time, such as durability and weight [Duddeck 2008]. As vehicle design is getting ever more so-
phisticated nowadays, crashworthiness optimization is notoriously challenging and tedious. Due
to the fact that the problem properties or landscape characteristics of automotive crashworthiness
optimization problems are not well understood and the function evaluation is computationally ex-
pensive, for example, through finite element (FE) simulations, typical ASP approaches are not
directly applicable for these problems.

Our long-term vision is to develop an automated optimization pipeline for automotive crashwor-
thiness optimization that can assist engineers in identifying the best possible optimization algo-
rithm for their applications, effectively accelerating the progress of vehicle development projects.
Not only limited to automotive crashworthiness optimization, our pipeline is designed with the
aim that it can be extended and applied in other expensive BBO domains with modifications. An
overview of the workflow of our pipeline is presented in Figure 1. In real-world BBO problems like
automotive crashworthiness optimization, the main challenge of identifying the best optimization
algorithm is the computationally expensive FE simulations, which severely limit the evaluation
budget affordable for optimization. To overcome this hurdle, our idea is to first identify appropri-
ate test functions that have similar problem characteristics as a BBO problem and consider them
as representative functions for the BBO problem. Since these representative functions belong to the
same problem class as the BBO problem, the performance of an optimization algorithm should be
similar on both problems. Following these, the representative functions can be exploited to predict
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Fig. 1. Our automated optimization pipeline starts with a data set of a BBO problem as input in Step 1,
for example, a crash problem. Generally, the idea is to identify appropriate representative functions that
have similar landscape characteristics to this BBO problem instance in Step 2, which can be exploited to
predict optimal optimization algorithms in Step 3. Lastly, an optimal or the best optimization algorithm will
be applied on the BBO problem instance in Step 4. This work focuses on Step 2 in the pipeline, as outlined.

the estimated algorithm performances on the actual BBO problem. More importantly, the repre-
sentative functions are fast-to-evaluate in comparison to FE simulations, thus allowing a more
flexible function evaluation budget for algorithm selection and hyperparameter optimization
(HPO) purposes.

In this article, we propose an approach for characterizing and identifying appropriate repre-
sentative functions for expensive BBO problems based on landscape characteristics using the ex-
ploratory landscape analysis (ELA), refer to Step 2 in Figure 1. In this context, we consider
several automotive crashworthiness optimization problem instances as our test cases. Precisely,
we are addressing the following research questions:

(1) Within the feature space defined by the ELA features, how are the distributions of automo-
tive crashworthiness optimization and BBOB functions situated w.r.t. each other?

(2) If none of the BBOB functions is sufficiently representative, how to augment the BBOB func-
tions with other test functions, in order to support the finding of representative functions?

(3) Can we predict the estimated optimization algorithm performances on problem instances
based on their corresponding representative functions?

The remainder of this article is structured as follows: Section 2 briefly summarizes the related
work. This is followed by the description of our methodology in Section 3 and an overview of the
experimental setup in Section 4. Our results concerning the landscape characteristics of automotive
crashworthiness optimization are discussed in Section 5, representative functions for automotive
crash in Section 6, and prediction of algorithm performances in Section 7. Lastly, conclusions and
future works are presented in Section 8.

2 RELATED WORK

As an effort in filling the gap in optimization problem classes not being covered by optimization
benchmark suites, for example, the BBOB suite, various approaches to generate test functions of
new problem classes have been previously introduced. For instance, an approach based on affine
combinations of two BBOB functions via interpolation was proposed in [Dietrich and Mersmann
2022], which was later extended to affine combinations of many BBOB functions in [Vermetten et al.
2023b, a]. In [Tian et al. 2020a], a function generator that can randomly generate tree-based test
functions of different complexity was introduced, which belong to problem classes different from
the BBOB functions, as shown in [Skvorc et al. 2021a]. Based on that work, genetic programming
was recently employed to evolve functions with desired landscape characteristics in [Long et al.
2023a]. Another interesting research direction is the so-called instance space analysis in [Smith-
Miles and Munoz 2023].

This work is an extension of the previous work [Long et al. 2022]. To the best of our knowledge,
(i) investigating the problem class of real-world automotive crashworthiness optimization, and
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(ii) identifying representative functions with similar landscape characteristics for algorithm selec-
tion and HPO purposes are still lacking. While considering data-driven surrogate models based
on some problem samples as representative functions for HPO purposes could be another more
straightforward alternative, our approach has the advantage that the algorithm hyperparameters
are optimized to the problem class, rather than to that particular problem only. That is, the op-
timal hyperparameters identified will be appropriate for other problem instances from the same
problem class, without requiring additional experiments. Beyond that, we are not interested in
surrogates or proxies that have the exact landscape, or the optimum in the same location, but aim
to establish a preferably large set of test functions with similar landscape characteristics for HPO
purposes.

2.1 Automotive Crashworthiness Optimization

In automotive crashworthiness optimization problems, or simply automotive crash problems in
the remainder of this article, the fitness function can be typically defined as minimization of the
magnitude of intrusion or maximization of the energy absorption of certain components [Fang
et al. 2017]. They belong to the category of BBO problems, where derivative information is lack-
ing. Typically, the classical one-shot optimization is applied for automotive crash problems, where
the power of parallel computing can be exploited for parallel FE simulation runs to generate a large
set of design of experiments (DoE) samples [Bossek et al. 2020; Bousquet et al. 2017]. Basically,
one-shot optimization can be divided into two approaches: (i) simply consider the best sample from
the DoE as solution, without evaluating new samples, and (ii) train a surrogate model based on the
DoE samples to predict better solutions. In the second approach, one or more solution(s) will be
evaluated using FE simulations in a second step. While many previous works focused on the selec-
tion of surrogate models to approximate the true automotive crash problems, such as in [Fang et al.
2005; Forsberg and Nilsson 2006; Jansson et al. 2003; Kiani et al. 2013; Kurtaran et al. 2002; Liao
et al. 2008; Shi et al. 2012], the surrogate-based one-shot optimization method is still inefficient,
because the fitting quality of surrogate models is oftentimes rather poor due to the strongly non-
linear and discontinuous characteristics of automotive crash problems. Multi-fidelity optimization
and model order reduction are some other active research areas for automotive crashworthiness
optimization [Czech et al. 2022; Kaps et al. 2022].

Another promising research direction is the application of the efficient global optimization
(EGO) [Jones et al. 1998] on automotive crash problems, which was based on the Bayesian op-
timization (BO) [Mockus 1982]. In fact, solving automotive crash problems with the EGO has
shown promising potential in [Hamza and Shalaby 2014; Sun et al. 2020]. On the other hand, while
state-of-the-art derivative-free optimization algorithms, such as the covariance matrix adapta-
tion evolution strategy (CMA-ES) [Hansen and Ostermeier 1996], are powerful to solve BBO
problems, they are less applicable for automotive crash problems, since they usually demand a
large function evaluation budget for convergence. As the performance of iterative optimization
algorithms, like EGO and CMA-ES, is sensitive to their hyperparameters, HPO is essential, yet
challenging without expert knowledge.

2.2 Black-Box Optimization Benchmarking

Over the years, optimization benchmark suites have been introduced to facilitate the perfor-
mance evaluation of different optimization heuristics algorithms. For instance, the original BBOB
suite in [Hansen et al. 2009] is one of the most well-known set of benchmark functions, such
as in [Hansen et al. 2010], consisting of altogether 24 single-objective, noiseless, and continuous
functions. We refer to this suite as the BBOB throughout this article. Recently, the BBOB suite
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has been integrated in the comparing continuous optimizers (COCO) platform [Hansen et al.
2021] and iterative optimization heuristics profiler (IOHProfiler) tool [Doerr et al. 2018] for
benchmarking purposes.

While the BBOB suite was initially designed for unconstrained optimization, they are commonly
considered within the search domain of [-5, 5]¢ with their global optimum located within [~4, 4]¢,
where d represents dimensionality. Apart from the fact that they can be scaled up to arbitrary
dimensionality, different variants or problem instances of the BBOB functions can be easily gen-
erated through a transformation of the search domain and objective values, which is internally
controlled by a unique identifier, or also known as IID. Essentially, problem instances of the same
function belong to the same problem class. Detailed analysis of the BBOB instances is available
in [Long et al. 2023b].

2.3 Exploratory Landscape Analysis

One way to characterize the complexity of continuous optimization problems is through the so-
called high-level properties, such as multi-modality, global structure, and separability [Mersmann
et al. 2010]. To facilitate an automated characterization of problem instances, the ELA has been
proposed in [Mersmann et al. 2011] to numerically quantify six classes of low-level landscape
properties, namely y-distribution, level set, meta-model, local search, curvature, and convexity.
Later, additional feature classes were introduced to complement these six classical ELA feature
classes, consisting of dispersion, nearest better clustering (NBC), principal component anal-
ysis (PCA), linear model, and information content of fitness sequences (ICoFiS) [Kerschke
et al. 2015; Kerschke and Trautmann 2019b; Lunacek and Whitley 2006; Mufioz et al. 2015a]. In
fact, the results in [Renau et al. 2021] revealed that the ELA features are sufficiently informative
for a classification task of the BBOB functions.

Basically, a DoE of some samples X = {x1,-- - , x, } evaluated on an objective function f, that is,
f :RY — R, is required as input to compute the ELA features, where x; € R and n represents the
number of samples. While it has been shown that the ELA features are highly sensitive to the DoE
sample size and sampling strategy in [Mufioz et al. 2022; Renau et al. 2019; Skvorc et al. 2021b],
these topics are beyond the focus of this work.

Apart from handling ASP tasks, the ELA has been applied to analyze the landscape properties
of vehicle dynamics control systems [Thomaser et al. 2022], to understand the optimization land-
scape of neural architecture search tasks [van Stein et al. 2020], to analyze the problem space of
different benchmark problem sets [Skvorc et al. 2020], and to investigate whether the BBOB test
function set can represent hyperparameter tuning problems [Doerr et al. 2019]. Recently, [Ben-
jamins et al. 2022] investigated the selection of optimal hyperparameter, precisely the acquisition
function, for the BO algorithm based on the ELA features. As far as we are aware, no previous work
is related to analyzing the landscape characteristics of automotive crash problems using the ELA
approach.

3 METHODOLOGY

To identify appropriate representative functions for a BBO problem, for example, an automotive
crash problem in this work, we consider two crucial aspects in our pipeline, namely (i) charac-
terization of the landscape properties of the given problem using the ELA, and (ii) searching for
similar test functions in terms of their landscape properties. In other words, the ELA features of the
BBO problem are compared with those of some test functions, such as the BBOB functions. Subse-
quently, test functions with a small difference in the ELA features are considered as representative
functions for the BBO problem. The proposed workflow is visualized in Figure 2 and explained in
detail in the following.
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Fig. 2. The detailed workflow of Step 2 in Figure 1 that requires some DoE samples as input, and consists of
four sections as marked with boxes. Essentially, we first characterize a BBO problem instance by computing
its ELA features. Next, we compare them with those of some test functions, for example, the BBOB functions,
to identify appropriate representative functions based on the differences in ELA features.

Data pre-processing. Firstly, the input DoE data of a BBO problem are pre-processed, where
duplicated samples or samples with incomplete data, for example, missing results due to inter-
rupted FE simulation runs, are discarded. To facilitate the comparison of ELA features between
the BBO problem and test functions, the search space of the BBO problem is re-scaled using
Equation (1).

xarig — Qmin
Xnew = —————— ° (bmax - bmin) + bmin 5 (1)
Amax — Amin
where X5 and x,.. are the design variables before and after re-scaling, amin and amqx are the
original minimum and maximum scale range, and b,,;, and by, are the minimum and maximum
scale range after re-scaling. Here, we consider the domain [-5,5]¢ commonly used for the BBOB
functions. Lastly, the same DoE samples, and thus the same dimensionality, are utilized to compute
the objective values of the test functions.

Computation of ELA features. Among the more than 300 available ELA features, we (i) consider
only the “cheap” ELA features that can be computed without additional re-sampling, (ii) neglect
those that concern only the DoE samples X, for example, some of the PCA features, and (iii) ignore
those regarding the computational costs, which are not informative about the problem landscape.
For expensive BBO problems, since the analytical form is oftentimes not known and function
evaluation is costly, consideration of ELA features that require re-sampling is particularly limited.
Altogether 49 ELA features from seven feature classes are separately computed on the BBO prob-
lem and test functions, as summarized in Table 1. Additionally, we normalize the objective values
using min-max scaling before the ELA feature computation to remove inherent bias, as suggested
in [Prager and Trautmann 2023a].

For the ELA feature computation, we integrate the pflacco package [Prager 2022; Prager and
Trautmann 2023b] into our pipeline, which was implemented based on the flacco package [Ker-
schke and Trautmann 2019c]. In cases where a feature computation fails, for example, when the
sample size is too small for computing the level set features, it will be skipped. Consequently, less
ELA features will be computed for such a problem instance.

Processing of ELA features. Due to the fact that many of the ELA features are redundant, as
shown in [Renau et al. 2019; Skvorc et al. 2020], we consider only a subset of all the computed ELA
features, where ELA features with a constant value across all functions are automatically neglected.
Precisely, we remove highly correlated ELA features based on the Pearson’s correlation coefficient,
where for each highly correlated feature pair, the feature that has a higher mean correlation with
the remaining features is removed. Furthermore, we standardize the remaining ELA features by
removing mean and scaling to unit variance. Both steps are first performed on the ELA features
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Table 1. Brief Descriptions of the 49 ELA Features from Seven ELA Feature Classes Considered in this
Work, with the Respective Labels for Feature Classes and ELA Features

Feature class Description ELA feature
y-distribution  Distribution of function values. skewness
(ela_distr.*) 3 features kurtosis

number_of_peaks

Level set
(ela_level.x)

Measure the performance of different
classification methods based on
function value thresholds.

9 features

mmce_lda_{10,25,50}
mmce_qda_{10,25,50}
lda_qda_{10, 25,50}

Meta-model
(ela_meta.*)

Fitting quality of linear and quadratic

models with and without interactions.

9 features

lin_simple.{adj_r2,intercept}
lin_simple.coef.{min,max,max_by_min}
lin_w_interact.adj_r2
quad_simple.{adj_r2,cond}
quad_w_interact.adj_r2

Dispersion Comparison of dispersion between ratio_mean_{02,05,10,25}
(disp.x) initial sample points and subset of ratio_median_{02,05,10,25}
points based on function value diff_mean_{02,05,10,25}
thresholds. diff_median_{02,05,10,25}
16 features
NBC Comparison of distance between all nn_nb.{sd_ratio,mean_ratio,cor}
(nbc. %) sample points towards nearest points ~ dist_ratio.coeff_var
and nearest points with better nb._fitness.cor
function value.
5 features
PCA Information based on PCA on expl_var_PC1.{cov_init,cor_init}
(pca.*) initial sample points.
2 features
ICoFiS Measure of smoothness, ruggedness h.max
(ic.*) and neutrality of the landscape eps.{s,max,ratio}
through random walk. mo

5 features

of BBOB functions, and then applied on those of the BBO problem, using the same subset of ELA
features and standardizing with the same mean and variance.

Comparison of ELA features. To quantify the similarity between the BBO problem and test func-
tions, we compute the differences in their ELA features based on the Euclidean distance metric.
Following this, the test function that has the smallest distance, that is, the smallest difference in
ELA features, is considered as the representative function for the BBO problem.

4 EXPERIMENTAL SETUP

4.1 Automotive Side Crash

In this work, we analyze different automotive crash scenarios, consisting of side crash, rear crash,
roof crash, and front crash. Particularly, we focus on automotive side crash against a pole as the
representative crash scenario, where the battery cells installed in an electric car must be addition-
ally protected from crash impact, as shown in Figure 3. All the FE simulation data were generated
during several previous development projects by BMW, a German premium automobile manufac-
turer, using the commercial solver LS-DYNA [Livermore Software Technology Corporation 2019].
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i

oW 2

(a) Cross-section of the deformed FE model in (b) Depending on the investigation purposes, the side pole
a side crash. To protect passengers and battery can be positioned at different locations alongside the car body.
cells, the crash impact energy must be sufficiently

absorbed through plastic deformation of different

components, such as the rocker panel.

Fig. 3. An example of FE model developed for investigating automotive side crash against a pole.

As summarized in Table 2, we consider altogether 20 automotive crash problems, where the
modified extensible lattice sequence (MELS) sampling method available in the commercial
tool HyperStudy [Altair Engineering Inc. 2022] was utilized. Basically, the MELS is a sequential
lattice space-filling DoE approach developed based on the Sobol’ sequences [Sobol’ 1967]. While
the DoE sample size could be too small for reliable ELA features computation, particularly in
the problem instance Crash_1, which is actually common for automotive crash problems due
to the expensive FE simulations, adding more samples to the DoE is ruled out in our research,
since we have no access to these FE simulations. Within the same crash scenario, the problem
instances were mainly different in terms of vehicle models and load cases, for example, different
pole positions for side crash. Furthermore, the design variables were the thicknesses of different
vehicle components to be optimized, for example, the thicknesses of rocker panels for side crash
scenario.

During these development projects, the quality of a particular component design was evaluated
using the following five objectives, which were measured and quantified as scalar FE outputs. We
also use the term crash functions for these objectives.

(1) Mass (M): Weight of components.

(2) Maximum force (Fy,qy): Maximum impact force during crash.

(3) Intrusion (Intr): Magnitude of inward structural deformation.

(4) Energy absorption (EA): The amount of kinetic energy absorbed during crash.

(5) Rotation (Rot): Rotational deformation of components during crash. This metric was intro-
duced to measure the average vertical deformation of FE nodes between inner and outer side
of components.

While the mass objective was mainly concerning the manufacturing costs and car weight, the re-
maining objectives shed light on the structural crashworthiness of a component design. Nonethe-
less, depending on the purposes of each development project, not all five objectives were always
considered and, therefore, not all of them are available for our study. In fact, out of the maximum
of 100 potentially available ones, only a total of 48 crash functions are available. Within the scope
of this work, we separately analyze each crash function as unconstrained single-objective opti-
mization problem.
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Table 2. Summary of 20 Automotive Crash Problem Instances Analyzed in
this Work, Consisting of Four Different Crash Scenarios

Problem instance = Scenario = Design variables Sample size

Crash_1 Side crash 22 59
Crash_2 Side crash 22 309
Crash_3 Side crash 22 309
Crash_4 Side crash 16 150
Crash_5 Side crash 16 102
Crash_6 Side crash 16 132
Crash_7 Side crash 20 329
Crash_8 Side crash 20 330
Crash_9 Side crash 20 333
Crash_10 Side crash 18 530
Crash_11 Side crash 13 150
Crash_12 Side crash 14 99
Crash_13 Rear crash 12 180
Crash_14 Rear crash 12 259
Crash_15 Roof crash 19 100
Crash_16 Roof crash 17 107
Crash_17 Front crash 22 487
Crash_18 Front crash 20 246
Crash_19 Front crash 8 248
Crash_20 Front crash 8 246

Using the pipeline introduced in Section 3, we independently compute the ELA features of each
crash function. To minimize the effects of random sampling in the ELA, we consider the mean
ELA feature values computed based on a bootstrapping strategy. Precisely, the ELA features are
repeatedly computed for 20 times based on a subset of the DoE data, consisting of 80% of the
DoE samples that are selected using different random seeds in each repetition, and then averaged.
Furthermore, we consider the BBOB functions as test functions, where we additionally average the
ELA feature values across the first 20 BBOB instances. In this work, we consider an ELA feature
pair with a Pearson’s correlation coefficient greater than 0.95 as highly correlated.

4.2 Performance of Optimization Algorithms

To evaluate the representativeness of test functions for a BBO problem, we compare the ranking of
optimization algorithms with identical hyperparameter settings based on their performances on
both problems. Since testing on the crash functions is extremely time-consuming and the fact that
we have no opportunity to conduct additional FE simulations, our investigation focuses on the 24
BBOB functions of the first instance. In brief, for each of the BBOB functions of 20 dimensions, or
simply 20d, we first identify representative functions based on their landscape similarity using a
similar experimental setup, with a DoE of 400 samples generated using the Sobol’ sequences based
on the results in [Renau et al. 2020] and bootstrapping with 30 repetitions.

For the optimization, we consider two state-of-the-art algorithms for BBO, namely the CMA-
ES [de Nobel et al. 2021] and BO algorithm [Nogueira 2014], and the set of algorithm hyperparam-
eters summarized in Table 3. When using the BO algorithm, the same DoE samples for the ELA
features computation are utilized to build the Gaussian process (GP) model. Using the exhaustive
grid search approach, we evaluate a total of 972 configurations, that is, different hyperparameter
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Table 3. Summary of Hyperparameters Considered for the CMA-ES and BO Algorithm

Algorithm | Hyperparameter Value
CMA-ES | Number of offspring A {10,20}
Number of parents u {3,5}
Initial standard deviation oy {0.1,0.3,0.5}
Learning rate step size control C, {0.1,05,1.0}
Learning rate covariance matrix adaptation C. | { 0.1, 0.5, 1.0 }
Learning rate rank-y update C,, {0.1,05,1.0}
Learning rate rank-one update C; {0.1,05,1.0}
BO DoE sample size {50, 150, 250 }
Acquisition function { Expected improvement (EI),

probability of improvement (PI),
upper confidence bound (UCB) }

settings, for CMA-ES and nine for BO separately on both the BBOB functions and their represen-
tative functions. Each configuration is allocated a fixed evaluation budget of 2, 000 evaluations
for CMA-ES and 300 for BO, and its median performance over 30 repetitions using different ran-
dom seeds is reported. Since the time-complexity of training a GP model rapidly increases with
the number of samples, we consider a smaller budget for the BO algorithm. While HPO could po-
tentially further improve the optimization performances, finding the best hyperparameter setting
is not the focus of this work. In fact, we are interested in evaluating the potential of predicting
algorithm performances based on representative functions.

To evaluate the performance of an algorithm configuration, we consider two metrics, namely the
quality of optimization solution and area under the curve (AUC) of optimization runs, refer to
Figure 12. The AUC metric can be useful in indicating the optimization convergence speed, which
is crucial in real-world scenarios, as finding a good solution within a shorter time is oftentimes
preferable than finding the best solution. Furthermore, the AUC metric is also informative, when
multiple algorithms are equally competitive in delivering the same solution. Since we consider
minimization problems in this work, an algorithm is considered better, if it can provide solutions
with smaller objective values and/or smaller AUC values.

5 LANDSCAPE CHARACTERISTICS OF AUTOMOTIVE CRASHWORTHINESS
OPTIMIZATION

In the first step, we begin our investigation by analyzing the problem class of automotive crash
problems through comparison of their landscape characteristics to those of BBOB functions us-
ing the agglomerative hierarchical clustering approach [Murtagh and Contreras 2012]. In this ap-
proach, problems are clustered together in a bottom up fashion, starting with each problem as its
own cluster and progressively merging clusters together until one large cluster is left, consisting
of all problems. In this context, we consider the Ward’s method [Ward Jr 1963] as linkage criterion
for the cluster merging strategy, that is, by minimizing the within-cluster variance. In other words,
clusters are selected for merging based on the smallest possible increase in the within-cluster sum
of squared error after merging, which is proportional to the Euclidean distance. Following this, the
problem class of automotive crash problems can be easily identified based on the BBOB functions
within the same cluster.

The clustering results are visualized in Figure 4. In this work, we consider the average pairwise
distance between different BBOB functions as our reference distance in determining to which
extent a crash function is similar to its neighbouring BBOB functions. Generally, we observe that
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Fig. 4. The clustering patterns of crash functions and 24 BBOB functions for all 20 automotive crash problems,
with the labels of crash functions highlighted in orange color. The reference Euclidean distance is marked
with a dashed line, and clusters below it are assigned with different colors. The intrusion function in Crash_8
has a Euclidean distance of around 700 to the main cluster, and the maximum force function in Crash_16

has a distance of around 300, which are cut-off due to visualization purposes.
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many of the crash functions are rather separated from the BBOB functions, especially the intrusion
function in Crash_8 and Crash_9, and the maximum force function in Crash_16. The extremely
large Euclidean distance of the intrusion function in Crash_8 is primarily due to the standardized
pea.expl_var_PCl.cov_init feature. This indicates that our standardization approach for ELA fea-
tures using the mean and variance from BBOB functions might not be appropriate for all crash func-
tions. The fact that some crash functions, such as rotation function in Crash_6, are clustered in the
same group as F16 (Weierstrass) and F23 (Katsuura) suggests that they could have similar landscape
properties, for example, highly rugged and repetitive landscape. Noticeably, all mass functions are
clustered in the same group as F5 (linear slope) as expected, since mass is linearly dependent on the
thicknesses of vehicle components. Based on the clustering patterns, we observe that many auto-
motive crash problems are different from the BBOB functions in terms of landscape characteristics
and belong to other problem classes. Consequently, the BBOB functions might be not sufficiently
representative for automotive crash problems. This will be discussed further in Section 6.

To have a better understanding of the clustering results, we delve into examining each indi-
vidual ELA feature, using Crash_2 as an example, because it has the highest dimensionality and
sufficiently large DoE sample size. By visually inspecting Figure 5, we notice that several ELA fea-
tures show remarkable differences in feature values between the crash and BBOB functions, for
instance, ela_distr.kurtosis and ela_level. mmce_qda_10. For an unbiased analysis, we consider the
two-sample Kolmogorov-Smirnov (KS) test [Massey Jr 1951] available in scipy [Virtanen et al.
2020] to compare the ELA feature distributions, with the null hypothesis that the distribution of
ELA features between the crash and BBOB functions is similar. The fact that the null hypothesis
is rejected for some ELA features with a confidence level of 95% indicates that the distribution of
these ELA features are indeed not similar between the crash and BBOB functions, which might
explain the separation observed in the previous clustering patterns.

The comparison of ELA feature distributions between the crash and BBOB functions for all 20
automotive crash problems is presented in Figure 6. While no obvious ELA feature has completely
different distribution between the crash and BBOB functions in all 20 problem instances, we ob-
serve that the null hypothesis is rejected in many of the dispersion features. This indicates that
the crash and BBOB functions might have different degree of dispersion, which quantifies the size
of search space region with better solutions.

Moreover, using the t-distributed stochastic neighbor embedding (t-SNE) ap-
proach [van der Maaten and Hinton 2008] available in sklearn [Pedregosa et al. 2011]),
we project the high-dimensional ELA feature space on a 2d visualization for all crash and BBOB
functions, as shown in Figure 7. Similar to the observations in our results earlier, many of the crash
functions are indeed separated from the BBOB functions, indicating that these functions belong
to different problem classes. Surprisingly, rather than forming a cluster, the crash functions are
spread across the ELA feature space, forming their own problem classes, even for crash functions
of the same type, for example, intrusion. Accordingly, this insight suggests that representative
functions must be separately identified for each problem class of crash functions. Nonetheless,
we are aware that the experimental setup of this work might be not optimal to reach a decisive
conclusion, since ELA features are sensitive to factors, such as DoE sample size and problem
dimensionality, and further in-depth investigations are necessary.

6 TREE-BASED RANDOMLY GENERATED FUNCTIONS

We further our research by shifting our focus towards function generators that can create test
functions with similar landscape characteristics as to our automotive crash functions. Inspired
by [Skvorc et al. 2021a], our experiments show that the function generator proposed by [Tian et al.
2020a] has great potential in creating test functions similar to the crash functions. Generally, the
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Fig. 5. Distribution of ELA features considered for clustering in raw feature values of the 24 BBOB functions
(blue color) and four crash functions (orange color) of the problem instance Crash_2. An ELA feature is
highlighted with green color, if the null hypothesis distribution of ELA features between the crash and BBOB
functions are similar is rejected based on the KS-test with a confidence level of 95%.
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Fig. 6. Distribution comparison of all 49 ELA features between the crash and BBOB functions for all 20
automotive crash problems based on the p-value computed using the KS-test. A larger p-value (darker color)
indicates that the null hypothesis distribution of ELA features between the crash and BBOB functions are similar
is less likely to be rejected, while a smaller p-value (lighter color) for a higher chance of rejection. Red color
indicates that the null hypothesis is rejected with a confidence level of 95%, that is, p-value less than 0.05,
while white color indicates that ELA feature computation is skipped, for example, due to small sample size.

function generator works in a tree-based fashion, that is, by constructing and extending a function
expression as a tree with mathematical operands and operators as leaf nodes, which are randomly
selected from a predefined pool using a set of selection probability. We call these functions as tree-
based randomly generated functions, or simply randomly generated functions (RGF), in the
remainder of this article. Following this, we re-implement the function generator available at [Tian
etal. 2020b] in Python, which was originally developed in Matlab, and integrate it into our pipeline
in Figure 2 as test functions with some minor modifications, that is, a RGF is considered as invalid
and discarded, if any of the following conditions is fulfilled:

(1) Error when converting the tree representation to an executable Python expression,

(2) Invalid objective values, for example, missing or infinity, and

(3) Small variance of objective values (< 1.0), to avoid on rare occasion a constant function due
to rounding, for example, objective values are rounded off to a single integer.

Using the same experimental setup, we carry out another investigation on analyzing the land-
scape similarity between the crash functions and 1, 000 RGF. For instance, in the problem Crash_2,
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Fig. 8. Clustering pattern of the four crash functions and 1000 RGF (labelled from RGF1 to RGF1000) for the
problem instance Crash_2. Only relevant sections of the clustering pattern and y-axis are shown here due
to the limited space. The labels of crash functions are highlighted in orange color, the reference Euclidean
distance (same as in Figure 4) is marked with a dashed line, and clusters below the reference distance are
assigned with different colors.

the mass, maximum force, and rotation function are clustered in the same group with several RGF
at relatively smaller Euclidean distances as compared to the BBOB functions, as shown in Figure 8.
For the intrusion function, however, no close neighbouring RGF can be identified. In cases like
this, we suspect that either (i) such a similar function is not included in the set of test functions,
which could be solved by expanding the function set, or (ii) creating such a similar RGF is simply
not possible with the function generator in its current state, which is a limitation of our approach
that makes further improvements necessary. The fact that increasing the number of RGF does not
always lead to finding a more similar RGF indicates that the complexity of some problem classes
is indeed insufficiently covered by the function generator. In general, as we can observe similar
clustering patterns in most of the remaining automotive crash problems, we believe that we can
find RGF that are representative for these crash problems in terms of landscape characteristics.
To visualize the distribution of functions across the ELA feature space, we project the high-
dimensional ELA space on a 2d visualization using the t-SNE approach, as shown in Figure 9. In
line with our interpretations in Section 5, many of the crash functions are separated away from
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Fig. 9. Visualization of the ELA feature space on a 2d space for the crash functions (orange color), 24 BBOB
functions (blue color), and 1, 000 RGF (gray color) are shown using the t-SNE approach for all 20 automotive
crash problems.

the BBOB functions. On the other hand, they are closely clustered with some RGF. Following this,
these neighbouring RGF have a higher landscape similarity as the crash functions, and thus can
be considered as representative functions.
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line. Left: Optimization solution as metric; right: AUC as metric.
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Fig. 11. Performance of the predicted best five configurations on the BBOB functions, re-scaled between the
range of 0 (the best; blue color) and 1 (the worst; red color). The bottom row is added for the mean over all
predicted configurations and the right column for the mean over all the BBOB functions. Left: Optimization
solution as metric; right: AUC as metric.

7 REPRESENTATIVE FUNCTIONS FOR OPTIMIZATION PERFORMANCE
PREDICTION

From a pool of 10, 000 RGF, we consider the RGF that has the most similar landscape character-
istics, that is, the smallest difference in ELA features, to a BBOB function as the corresponding
representative function, unless stated otherwise. Within the scope of this research, we consider
only HPO without algorithm selection, by comparing the performance of algorithms with differ-
ent configurations.

7.1 Optimization using CMA-ES

We rank each configuration based on its optimization performance, where the configuration with
the best performance is assigned with rank one, and configurations having the same performance
or ties are assigned with the same rank. For the comparison of configuration ranking, we consider
the Spearman’s correlation, which is informative regarding the overall tendency of configuration
performances. A positive Spearman’s correlation indicates that good configurations on represen-
tative functions can also perform well on the BBOB functions. As shown in Figure 10, we observe
a strong positive correlation in configuration performances across most of the BBOB functions for
both performance metrics, indicating that these representative functions can be exploited for opti-
mization performance prediction. Nonetheless, in F7 (step ellipsoidal), F16 (Weierstrass), and F23
(Katsuura), the configuration performance correlations are rather weak, particularly the slightly
negative correlation in the AUC metric in F16.

Eventually, we are mainly interested in identifying the best or several top configurations pre-
dicted on the representative functions and applying them on the actual BBO problem. Following
this, we investigate further the competitiveness of the predicted best five configurations on the
BBOB functions, as shown in Figure 11. In general, the results are similar to the Spearman’s correla-
tion, where the predicted best five configurations can perform well on most of the BBOB functions,
except in the case of F7, F16, and F21 (Gallagher’s Gaussian). While it is somewhat expected for F7

ACM Trans. Evol. Learn. Optim., Vol. 4, No. 2, Article 9. Publication date: June 2024.



9:18 F. X. Long et al.

10°
102
© 10t
]
H
o 100
= )
g ~100
5
[
_10t
“102
_10°
= T T v v v T v T T T T T v v T v
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
s
1o 2.12x10°
10*
10°
2
o 21x10°
o 10t
H]
4 10°
v ) 9
g -10 2,08 10
1 10t
3 —10?
~10° 2.06 x10°
_10¢
—10°
—108 2.04x10°
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000 0 500 1000 1500 2000
10°
H 0
]
g
% -10°
g
8
4
<)
—10t
0 250 500 750 1000 1250 1500 1750 2000 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
2x10t
18x 10"
N 10° 1.6x 10!
g 1004
]
B 0 14x10!
2
© 0
§ 6x10 10
8 ' T12x10!
4x10°
3x10° 10t
T T T T -1o0! T T T T - T T T
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000

Function evaluation Function evaluation Function evaluation

Fig. 12. The optimization runs of altogether 972 configurations for the BBOB function (left column), the
most similar RGF (middle column) and the second most similar RGF (right column) for F7, F16, F21, and
F23 (from top to bottom row). On the y-axis, the objective values in log-scale are shown, and the number of
function evaluations on the x-axis. For the BBOB functions (left column), the objective values are re-scaled
to 0 being the true global optimum. Each curve represents an optimization run (median of 30 repetitions)
using a configuration and each color represents the same configuration.

and F16 due to the low ranking correlation, the relationship between the Spearman’s correlation
and performance of predicted best configurations is completely the opposite in F21 and F23.

To explain this observation, we examine the optimization runs of these four BBOB functions in-
depth, as visualized in Figure 12. For instance, multiple configurations are assigned with the same
rank in F7 and F23, since they all find the same optimization solution, resulting in an ambiguous
ranking of configuration performances. The situation is more extreme in F7, where all the configu-
rations are ranked as the “best”. The situation is similar in F16, where the representative function
has a global optimum that can only occasionally be found by the optimization runs, leading to an
inconsistent configuration ranking. While the overall configuration performances are apparently
comparable, the top configurations in F21 and its representative function seem to be different.
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Fig. 13. Comparison of the representativeness between the most similar (labelled as “similar1”) and second
most similar RGF (labelled as “similar2”) in F7, F16, F21, and F23.

Fig. 14. Ranking quality of configurations based on their performances on the BBOB and representative
functions using the nDCG method, with the second most similar RGF as representative functions in F7, F16,
F21, and F23. The average score across all 24 BBOB functions is marked with a dashed line. Top row: Ranking
of all configurations; bottom row: Ranking of only top five configurations; left column: Optimization solution
as metric; right column: AUC as metric.

We further our investigation with the hypothesis that perhaps not all RGF are appropriate for
HPO purposes, especially when a precise ranking of configuration performances is not possible.
Subsequently, we repeat the experiments again for F7, F16, F21, and F23, but now using the RGF
with the second most similar landscape characteristics as representative functions. As shown in
Figures 12 and 13, we observe a promising improvement in most of the BBOB functions, both in
the ranking correlation as well as the performance of predicted best configurations. Since using
the second most similar RGF does not actually bring any improvement in F23, we suspect that the
RGF are in fact insufficiently representative for this problem class, which needs to be improved in
the future.

Additionally, we consider the normalized discounted cumulative gain (nDCG) [Jarvelin
and Kekéldinen 2002] to evaluate the ranking quality of configuration performances, which is
commonly employed in the field of information retrieval. Essentially, the nDCG measures the
quality of a ranking based on the respective relevance scores, where the best score 1.0 represents
a perfect ranking. In this work, we analyze the ranking of configurations on the BBOB functions
based on their ranking predicted on the representative functions as relevance scores. When all
configurations are considered, the configuration ranking is good with a high nDCG value in all the
BBOB functions, as visualized in Figure 14. On the contrary, when only the top five configurations
are considered, the configuration ranking is below the average in some of the BBOB functions,
particularly for the optimization solution metric in F3, F15, F16, and F23.
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(c) Ranking quality of the top five configurations based on their performances on the BBOB and representative functions
using the nDCG method. The average score across all 24 BBOB functions is marked with a dashed line.

Fig. 15. Comparison of configuration performances using the BO based on the optimization solution (left
column) and AUC (right column) metric between the BBOB and representative functions.

Following this, we conclude that our approach of using RGF with similar landscape characteris-
tics as representative functions indeed has promising potential in predicting the general tendency
of configuration performances on actual problems. However, there is still room for improvement
in our approach, especially for the prediction of the best configuration or top configurations. We
suspect that prediction of algorithm performances based on a single representative function might
be not robust for all problems, and considering a set of representative functions can potentially
improve the predictions.

7.2 Optimization using BO

The results using the BO are visualized in Figure 15 for the Spearman’s correlation, performance
of predicted best configurations and quality of configuration ranking based on the nDCG method.
In general, the average Spearman’s correlation in configuration ranking is much lower for BO
than CMA-ES, especially in more complicated functions, for example, F24 (Lunacek bi-Rastrigin).
On the other hand, the best predicted configuration on the representative function seems to be
still competitive on most of the BBOB functions. In some of the BBOB functions, for example, F2
(Ellipsoidal), F5, F7, F9 (Rosenbrock), F12, F15 (Rastrigin), F16, and F23, the best possible optimiza-
tion solution within the 300 evaluation budget for either the BBOB or representative function is
included in the initial DoE utilized to build the GP models. Since all configurations can find the
same solution, this eventually leads to an ambiguous ranking of configurations, as described in
Section 7.1. One way of overcoming this, for instance, is by utilizing another sampling method,
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such as the Latin hypercube sampling (LHS) method, where the best possible solution is not
included in the initial DoE. While the results are not shown in this work, we manage to improve
the Spearman’s correlation to around 0.9 in F5, when using the LHS method and optimization solu-
tion as metric in our testing. We suspect that the weak ranking correlation and poor performance
of predicted best configurations could be also due to the fact that the number of configurations
considered is low, which could be improved by expanding the hyperparameter set.

8 CONCLUSIONS AND FUTURE RESEARCH

In this article, we propose an approach for characterizing the problem class of real-world expen-
sive BBO problems and identifying test functions that are appropriate as representative functions,
which can be exploited to predict the optimization performance of an algorithm. In this context,
we develop an automated pipeline based on 20 automotive crashworthiness optimization problem
instances, which is aimed to be applicable on other expensive BBO domains with modifications.
Precisely, we focus on analyzing crashworthiness optimization for different automotive crash sce-
narios based on FE simulations with between 8 and 22 thicknesses as design variables.

In our approach, we characterize the automotive crashworthiness problem instances by com-
paring their landscape properties or ELA features with those of some test functions, such as the
well-established BBOB suite. By analyzing the ELA features, we can have a better understanding
of the landscape characteristics of automotive crash problems. Through hierarchical clustering,
we show that many of the crash functions are separated from the BBOB functions, indicating that
the BBOB functions are insufficient to characterize these crash functions, which belong to a dis-
tinguishable problem class. Consequently, we further our investigation with a function generator,
which is capable of randomly creating tree-based test functions with similar landscape properties
as the crash functions. We suspect that a RGF with similar landscape characteristics can be identi-
fied for a particular BBO problem, provided that (i) the set of RGF is sufficiently large, and (ii) the
problem complexity is well covered by the function generator.

Based on the BBOB suite and two optimization algorithms, namely the CMA-ES and BO algo-
rithm, our results reveal that the RGF with similar landscape characteristics are indeed informative
in predicting the algorithm performances on many of the BBOB functions. In other words, the algo-
rithm performances are comparable between the BBOB and similar RGF, where top configurations
on the RGF can perform well on the BBOB functions. Therefore, we propose to consider such RGF
as scalable and fast-to-evaluate representatives of real-world problem instances, and use them to
predict the expected algorithm performances on actual BBO problems. Since the BBOB suite cov-
ers a wide range of problem classes, we believe that our approach can generalize well to other BBO
domains of similar problem classes.

In the future, we plan to continue developing the proposed pipeline for designing efficient op-
timization algorithms for real-world expensive BBO problems based on some representative func-
tions, refer to Figure 1. Precisely, we would like to (i) validate the findings of this work on real-
world automotive crash problems, using FE simulations for function evaluation, and (ii) investigate
the potential of RGF as representative functions for automated algorithm selection and HPO, for
example, using the sequential model-based algorithm configuration (SMAC) [Lindauer et al.
2022]. With this pipeline, we aim to improve the overall optimization efficiency by specifically de-
signing and fine-tuning optimization algorithms for real-world BBO problems. Ideally, we would
like to extend our approach for multi-objective and constrained optimization problems.

Another interesting research direction could be investigating the representativeness of data-
driven surrogate models trained on the DoE samples in predicting algorithm performances and
comparing them to our approach, as briefly mentioned in Section 2. In this context, we would like
to better understand the impact of DoE sample size as a function of problem dimensionality on
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the representativeness of functions identified as representative functions. Furthermore, we would
like to raise our concerns regarding the effectiveness of ELA features in quantifying the similar-
ities between function landscapes, since the ELA features are manually engineered by experts
and thus might be biased in feature computation. Accordingly, another research outlook could be
exploring other alternatives for feature computation in an unbiased way [van Stein et al. 2023].
In the meanwhile, we plan to explore (i) other methods in selecting optimal set of ELA features,
(ii) distance metrics, for example, the Malahanobis distance, to reliably quantify the landscape
similarities between functions, and (iii) methods in normalizing the ELA features before distance
computation [Rakotoarison et al. 2022].

Currently, the complexity of RGF is mainly limited by the predefined pool of mathematical
operands and operators. An interesting idea for future work could be extending the diversity of
RGF that can be generated, for example, jump functions, to characterize a broader spectrum of
optimization problems. Rather than using the random search approach, as the function generation
in its current state, we would like to investigate the potential of creating test functions with spe-
cific landscape characteristics in our pipeline, for example, evolving test functions using genetic
programming [Long et al. 2023a], which could potentially overcome the problem, when no similar
RGF can be created by the function generator.

REPRODUCIBILITY STATEMENT

Due to the limited space, our experimental data, for example, ELA feature values and subset of
selected ELA features, remaining results and figures not included in this article are made available
in our repository in https://doi.org/10.5281/zenodo.10397153.
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