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The ratio of Bayesian evidences is a popular tool in cosmology to compare different models. There are
however several issues with this method: Bayes’ factor depends on the prior even in the limit of
noninformative priors, and the Jeffreys scale, used to assess the test, is arbitrary. Moreover, the standard
use of Bayes’ factor is often criticized for being unable to reject models. In this paper, we address these
shortcoming by promoting evidence ratios to frequentist statistics and deriving their sampling
distributions. By comparing the evidence ratios to their sampling distributions, poor fitting models
can now be rejected. Our method additionally does not depend on the prior in the limit of very weak
priors, thereby safeguarding the experimenter against premature rejection of a theory with a
uninformative prior, and replaces the arbitrary Jeffreys scale by probability thresholds for rejection.
We provide analytical solutions for some simplified cases (Gaussian data, linear parameters, and nested
models), and we apply the method to cosmological supernovae la data. We dub our method the FB

method, for frequentist-Bayesian.

DOI: 10.1103/PhysRevD.110.123522

I. INTRODUCTION

Modern cosmology is entering an era where large
amounts of data will be forthcoming from cosmic micro-
wave background, large scale structure, distance indicators,
and gravitational waves. This requires a thorough under-
standing of the employed statistical methodology in order
to make robust inferences from the data. Often investiga-
tions are performed in terms of a Bayesian study where the
analysis of competing models is typically performed in
three steps: first, the confidence region of a model is
produced; second, two or more competing models are
compared via Bayes’ factors; and third, the quality of fit of
the models is assessed via a simple y? test [1-15] These
three tools are based on heterogeneous assumptions: for
instance, the y quality of fit is a frequentist test that does not
take into account priors, and the parameter confidence
region cannot tell, per se, if an alternative point hypothesis
outside this region is excluded, until we perform a specific
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model comparison. Moreover, concerning Bayes’ factor test
limitations, its interpretation relies on arbitrary criteria to
map its value onto the commonly used the Jeffreys [16,17],
or Raftery-Kass scale [18]. Another important issue is that
the result depends on the considered priors, even in the weak
limit or in the case where an informative flat prior is used,
since the evidence is averaged over the prior volume which
can impact differently each model. Finally, the Bayesian
comparison cannot reject models: it can only determine
which model is relatively better, but not whether either
model is a good fit to the data on its own.

Several other issues have been discussed in the liter-
ature. For instance, Ref. [19] showed that computing
Bayesian evidence using cosmological data could yield,
wrongly, a statistically insignificant preference for a
model over a physically poorly motivated alternative
model. Reference [20] showed that when comparing
nested models, the Jeffreys scale can fail to penalize
extra degrees of freedom when mock data are generated
using the simpler model. Reference [21] noted that the
performance of Bayes’ factor test is strongly affected by

© 2024 American Physical Society
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the signal to noise ratio in the data along with the non
comprehensiveness of the models under consideration.

There have been some attempts, still within the Bayesian
framework, to remedy for some of these limitations, in
particular for the models comparison or rejection issue, by
proposing alternatives such as the Akaike information
criterion (AIC) test, the Bayesian information criterion
(BIC) test or the deviance information criterion (DIC). In
that regard, [22] performed a comparison of the above tests
with Bayes’ factor using cosmological data and found
different levels of agreement between the outcome for
certain models and probes. References [23] or [24] for a
review, proposed the Bayesian model averaging method
where each individual posterior, generated under the
assumption of a particular model, is weighted by the model
likelihood and then combined with the other posteriors to
give a model-independent posterior. This method is espe-
cially useful in case the data are not strong enough to
distinguish decisively between the models. Reference [25]
introduced a statistical measure of the effective model
complexity that assesses how many effective parameters a
set of data can support and demonstrated that it can be
used as a useful complement to Bayes’ factor in model
selection questions. Reference [26] develops a full set of
estimators of internal and mutual agreement and disagree-
ment between datasets whose strengths complement each
other. This allows to take into account the effect of prior
information and the statistical significance of discrepancies
and unknown systematics. Reference [27] studied the
sampling properties of Bayesian evidences as a frequentist
statistic when compressing the data from its original size
down to the number of free parameters. Finally, [28]
proposed a method in which the likelihood distribution
of the difference in > between a smoothed function and
that of the best-fit of the model being tested is calculated.
They then use the values that enclose 95% and 99% of the
likelihood volume as criterion to test whether data support a
given model, independent of how well other models
perform, though they do not assess the effect of the prior
on the final decision.

In this work we propose instead the use of Bayes’ factor as
a statistic to perform a frequentist p-value test. Moreover, we
implement a frequentist version of Bayesian model com-
parison by using the odds ratio, i.e., the ratio of probabilities,
between two competing models. These two complementary
tools, p-value and frequentist model comparison, have
interesting properties: they are entirely based on the same
statistic; they generally depend on the prior but not in the
limit of weak priors; they can assess both the quality of the fit
and the relative probability. Assuming two competing
models A and B, the final result can give one of the following
answers: the data are compatible with A but not with B; they
are compatible with B but not with A; they are compatible
with both; they are incompatible with both. Finally, regard-
less of the above, the model comparison test can tell us

whether A is favored over B or viceversa. We illustrate the
whole procedure with two complementary types of plots that
provide a full analysis of the problem: one comparing the
Bayes’ factor distributions with the real data Bayes’ factor,
and another one comparing the model comparison odds ratio
to the real data odds ratio.

Perhaps the first suggestion to perform a frequentist test
with Bayes’ factoris in Ref. [29] (see review in [30]). A study
of the frequentist distribution of Internal Robustness ([31]),
which is formed with ratio of evidences, was carried out
in [32]. In Ref. [33], a Bayesian evidence was also considered
as a statistic in the form of a p-value, to assess whether
observed exceptional gravitational-wave events are consis-
tent with extremal simulated events. Reference [34] studied
the impact on model comparison if evidences are to be
interpreted based on the ensemble of possible observations,
and derived the mean and variance of Bayes’s factor. Several
further works studied various aspects of this concept, see for
instance [35,36].

In this paper, the approach is quite close to Ref. [37].
They generated a distribution of evidences from datasets
assuming a model and showed that the model is ruled out if
its evidence lies outside that distribution. Here, in addition,
we will assess the impact of the prior on the final decision
and put forward a frequentist analog of the Bayesian model
comparison. We also provide the analytical Bayes’ factor
distribution for correlated Gaussian data with linear nested
models (thereby extending [27] who studied model rejec-
tion under data compression). In this paper, we apply our
method, to be denoted as FB method, to a simple poly-
nomial fit and to supernovae la data.

II. BAYES’ FACTOR FOR GAUSSIAN DATA
AND LINEAR MODELS

Bayes’ factor is used in general to compare two com-
peting models, where the fiducial model is compared to a
new one by computing the ratio b defined as

 E(D|M,)
D= E DIy ()

where E is the evidence

E(D|M) = / dOLDIOMPOM),  (2)

with £(D|M, ) the probability of the data D given model
M, p with parameters 6, and a prior P. Model M, is
favored over model B if b > 1, and My is favored
otherwise.

In this and the next section we will find the analytical
distribution of Bayes’ factor in a particular, but important,
case, namely Gaussian data with linear nested models. In
this section we start with reviewing the formalism and the
general problem (see [38] for a review).
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Linear models can be described by a sum f; = 6,9,
where 0 is the parameter vector and g,; denotes the linear
mapping between the a-th model parameter and the ith
datapoint. For example, the parameters may act as the linear
coefficients of a polynomial in a deterministic variable x,
fi=0y+0,x;+0,x> +.... We use Greek subscripts
referring to parameters, lowercase Latin subscripts refer-
ring to data, and capital Latin subscripts to refer to models.
Moreover, we adopt the convention that repeated indexes
are summed over. The likelihood for N data points d; is

L= Qr) RS R exp = (4~ F)Zd~ ) ()

where X is the data covariance matrix. We also assume a
Gaussian prior with mean vector 6

1 ~ -
P = (2z)~Nu/2|P|\/2 exp—i(ea —0,)Pap(05—05)  (4)

where N, is the number of parameters for model M. The
posterior is therefore LP/E, where E is the evidence. In the
limit of weak prior, P,; — 0. We will often adopt this limit
to obtain simpler expressions. Frequently used symbols are
listed in Table L.

The best fit (maximum likelihood) parameters are found
by imposing dL/d8, = 0, i.e. solving the equation

gaizi_jl (d;i - 9ﬂgﬂj) =0 (5)

from which 0, = DoLy; where Loy = g, %' gp; is the
Fisher matrix, and D, = d,-Zi‘jl Gqj- In the limit of weak
prior, & coincides with the maximum of the posterior, and

therefore gives the Bayesian best fit solution. For general
Gaussian priors, the posterior maximum is

TABLE 1. Frequently used symbols.

Symbol Meaning

% Data covariance matrix

d; Data points

Gai Fit functions matrix (design matrix)

Py Prior precision matrix (inverse of the
parameter covariance matrix)

Ly Likelihood parameter Fisher matrix

Posterior parameter Fisher matrix

N Number of data points
Ny Number of parameters for model M
0, Vector of best-fit parameters (dependent

on the data)
éa Vector of prior means
7 Minimum y? (dependent on the data)
p Log of ratio of evidences b (Bayes’ ratio)

0° = (0L + OP)F~". (6)

For linear models and Gaussian data, the maximum
likelihood parameters are Gaussian random variables and
the Fisher matrix represents their exact inverse covariance.
In Sec. IV we briefly discuss the Fisher approximation for
nonlinear models.

We define the matrix G as ga,-L;/} gpj = Gijj. In index-free
notation, 87 = DTL-!, DT = d"s7'¢", G = ¢"L~'g and
L =gx'g". We will use both indexes and index-free
notation, whichever is clearer in each case. It follows

f=0Tg=DTL ' Yg=d"s"' "L g=d"2"'G. (7)

We see that C=X"'G is the matrix that projects the
information from d to the theory best-fit ¢”6. (Note that
C? = C, so it is indeed a projector; it is also a symmetric
matrix). Note also that
TrC = Tr(Z7'G) = Tr(Z"'¢ L7 g)
=Tr(gZ'¢'L™") = Tr(LL™") = Ny (8)

where N, is the number of parameters of model M. Then
on the best fit one has

P=d -0"gx "' (d-4"0) 9)
— d"s V(1 - C)d. (10)

We now rewrite the likelihood as a function of the
parameters, by writing f; = 0,9, + (0, — 0,)g,; and using
the fact that

A

(d; - eagai)zi_jl (d;— éﬁg/ii)

— (0, — éa)gaizi_jl (d; - éﬂgﬂi)

(di— )% (di~fj) =

N =

1 . N
+ 5 (90! - ea)gaizi_jlgﬁj(eﬁ - eﬁ)
1, 1 ~ ~

= Eﬂ(z + E (Qa - ga)Laﬂ<9ﬂ - gﬂ)

(11)
since (6, — @a)gaiEi‘jl (d; —0p95) =0 on account of
Eq. (5). Therefore

N 1 o N
L= 27)™N/2|g[ /237 exp —E(Ha —0,)L,5(05—0p).

(12)

Using this expression, one finds that the evidence for
Gaussian data, linear model and Gaussian priors is
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1 _1p2 |P|l/2

E= /EPdNe = (27)™N?|Z| e

1 . - R
@—-0)LF'P(O-D)|.

—3 (13)

In the linear fit case, the data (our random variables) are only in 0 and in 77%; all the other quantities are not random

variables.

Bayes’ ratio for models A (with N, free parameters) and B (with N > N, free parameters) defined as the ratio of
evidences, becomes then (see [39,40] for similar calculation of the Bayes factor with the Fisher matrix approximation)

N 1/2
B, [Efealm
b=—=

F P -

1

|Fg|'7?

1
=oxp | =5 (73 —23) =5 Uba — 17.8)

where
Xpm = (O — g’M)TLMF/T/[lPM(éM —0y).  (16)
We have then
p=2Wb=yp—xi+xbg—xoa+¥s—Ysa (17)
where
¥y — il (18)
[Py

with M = A, B. In Eq. (17), the first pair of terms gives the
distance between the likelihood maxima, the second pair
measures how close are the best-fits to the prior mean, and
the third pair measures how new data improve upon the
prior. In the standard Bayesian approach, model A is
preferred if f is positive and large, that is, when it is a
good fit (small y%), which does not depart too much from
the prior (small )(120, 4)» and when the gain from the prior to
the final uncertainty is minimal (small Y,). From Eq. (17)
we already intuitively see that a “robust” rejection of one
model (i.e., a rejection that holds up under repeated draws
of the data) depends on the relative magnitude of the 3,
terms with respect to the Y, terms. If Y, > y2,, then 8 will
hardly scatter under repetitions of the experiment.
However, Y, sets the experiments measurement precision
with respect to the experiments prior range. We therefore
see that an experiment that fails to strongly update the prior
indeed also produces a f that strongly scatters, and hence
warrants a comparison to the sampling distribution of S for
reliable model selection.

We removed the hat from y? since from now on we
interpret /7 as a frequentist statistic, i.e. as a random variable
which can assume any value, while 7> was the specific
value obtained with the real dataset.

Ey \Z|_Ee‘%f62 Ll exp [—

104 = 00)LAF7 P4(04 — 0,4)] (14)
%(éB —0p) LgF5' Py(6p — Op)]
|PAF'B|1/2 (15)
|PpF4|'2

For nested models, there will be a number of common
parameters, and some additional parameters for model B
(we call them “common parameters” and ‘“extra parame-
ters,” respectively, in the following). We assume that the
prior means for the common parameters are the same for
both models, and zero for the extra ones (this is not
restrictive: one can always redefine the extra parameters
so that when they vanish model B reduces to model A). The
elements g,; will then be the same for the common
parameters, and the prior mean vector @ for model B will
be the same as for model A, plus as many zeros as the extra
parameters.

In the limit of weak prior, since

LoF;'Py = Ls(La+Pa)7'Py (19)
= (PR +L3) T x Py (20)

vanishes, also y%,, vanishes, and we have
B=xp—xi+Yp—Ya (21)

In this limit, the statistic # has the same distribution as the
log of the likelihood ratio (up to the constant Yz — Y,).

If, in the same weak prior limit, for simplicity one
assumes that both F and P are diagonal matrices with
entries 62 and o3, respectively, for each parameter, and
op = ao, then one has |Fy| = 672" and |P| = 63*", and
therefore

B =xp — x4 +2rlog(a) (22)

where r = Np — N4, which always favors A for a — oo.
This argument can be directly extended to any likelihood,
not just Gaussian. In fact, if the prior is very broad with
respect to the likelihood, then its value can be taken
approximately constant over a large volume V, in param-
eter space, so that P~ 1/V,,. Then one has

123522-4
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[LPd0, Vi [ Ld*0,

b~ .
fﬁPdNBQB Vi fEdNBGB

(23)

If models are nested, then Vi =V,V,, where V, is the
volume of the extra parameters. Then again one sees that b
increases arbitrarily for large prior volume V,. The unap-
pealing consequences of this behavior in a simple but
extreme example are illustrated in the Appendix.

Note that the artificial suppression of the new model
arises because the prior was subjectively chosen as one that
is effectively a flat prior with wide boundaries. If the prior
is derived by sound physical or mathematical principles
(see e.g. [41] who computed an uninformative prior that
does not disturb the low signal-to-noise measurements of
elusive neutrino physics), then of course the prior is part of
the model and no issue arises.

III. ANALYTICAL DISTRIBUTION
OF BAYES’ RATIO

Our next goal now is to answer this question: given that
the data are Gaussian random variables distributed around a
given model, what is the distribution of $? We always
assume the models to be nested, i.e. model B has a subset of
parameters that coincide with those of model A, and with
the same prior, plus a number of extra parameters with their
corresponding prior. In other words, model A is a con-
strained version of model B. Moreover, without lack of
generality, model B reduces to model A if the extra
parameters are put to zero. This applies, for instance, to
ACDM and wCDM, which is the real data example we
investigate later on, provided one takes as extra param-
eter w =w—1.

It is important to realize that the random variables (the
data) enter quadratically both in y},, and in 75/, A
positive-defined quadratic form of Gaussian variables
x;M;;x;, as f in Eq. (21), is distributed as a x> variable.
There are however three types of y> variables: standard,
noncentral, and generalized. If the Gaussian variables x
have zero mean, the y? distribution is the standard one,
defined uniquely by the degrees of freedom (d.o.f.) v. If the
Gaussian variables have mean y; such that

A= ﬂiMijﬂj (24)

then they are noncentral y? variables, defined by v and A.
Finally, a linear combination of noncentral y? variables is
distributed as a generalized y? variable. This distribution is
defined by the v, 1 of each y? variables, and by their
coefficients of the linear combination. More details on
these distributions will be presented below.

As we will see, the standard case applies to nested
models with weak priors when assuming A to be true and
the prior mean to coincide with the best fit values. The
noncentral case applies to nested models with weak priors

when the prior mean does not coincide with the best fit
values, or with any prior but the two models differ by just
one parameter. The generalized case, finally, applies in all
other situations. We need also consider variables that are
shifted and scaled versions of y? variables, i.e. z = ay? + a,
and their distributions are trivially obtained by shifting and
scaling the argument of the original y* distributions.

We need then to show that the combination
(¢ +xp.8) — 04 + Xp.4)» Which are the terms that depend
on data, is a quadratic form and find out its distribution. For
each term we have (we temporarily suppress here the
subscript A or B)

P =E+1 (25)
where
E = (dyp = wp)T i (di — uy) (26)
M= —0,(W,, T Wia = LysF 5 Ps)0, (27)
u = T 23} gur (F7'P) 0, = Wy, 0 (28)
T=3YI-g"Flg=). (29)
However, one can show that IT = 0. It turns out that
T-'=X+4"Pyg (30)
and therefore
u=g'o (31)
ie., W=g. Since E is a quadratic form of Gaussian
variables, it is distributed as one of the three types of y?
variable.
Let us denote with y,, the expected value of d,, — u,,

j=d=u)=g"(0-0) (32)

We also have (d) = f = fg and, by definition of covari-
ance matrix,

(d—g"0)(d" —0"g)) == (33)
so that
(E) =((d=g"0)+pu)'T((d—g"0) +p))

= ((d=g"0)"T(d~g"0)) +u"Tu—24"T((d~g"0))
=TE+u ' Tpu. (34)
From now on we reinsert the subscripts A or B. Now we

can consider the combination of A and B, i.e.
p=Ep—E4+Yp— Y, We assume that the prior mean
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vector @ is the same for the common parameters, and zero
for the additional B parameters. This is where the condition
of nestedness enters and simplifies considerably the prob-
lem. Then clearly u4, = up = u. We have then

(dm - um)TB,mk(dk - uk) - (dm - um)TA.mk(dk - uk)

= (dn = ) Ty (dy — ) (35)
where
T=Tg~Ty=2"(g"Fgls—g"F'glg)=". (36)
In order to define the mean
p=_d—u)=(d)—u (37)

we need to specify whether we assume A or B to be true.
Then we have

Hm = gﬂ(éM - éM)- (38)
In the following, y,, will take different values depending

on whether one assumes M = A or M = B to be true. In the
general case we have the following mean and variance:

(B) = (Ep) — (Ba) +Yp =Y,
V[B] = 6 = 2Te(TZ)* + 4ujy TETpy. (40)

Let us first consider the weak prior limit. In this case, F' ~ L,
and Ty~ -ghL gy HE =1-27'Gy =
I — Cy." Since Cy, is a projector, its eigenvalues are 1 or
0. Because of Eq. (8), we see that Cj; has Nj; unit
eigenvalues and N — N, zero eigenvalues. Then the matrix
has r = Ny — N, unit eigenvalues and the rest are zero. We

conclude that —f + (Y — Y,) is a noncentral y* variable
with v = r degrees of freedom and noncentral parameter

Ayg = —pag Thy- (42)
That is, g is distributed as
v/4-1/2
P yi —(a—x+2)/2 —-X
(xvsa,v, ) = < 7
X 1,1 (\/Ala - (43)

'One can also simplify the expression for the variance
by noting that (T,X)?>=TyX and therefore T,XT, =
TMZTMZZFI - (TME)ZZA = TMZE’I = TM

with a =Yy —Y,, and where [ is a modified Bessel
function of the first kind. In the special case in which the
elements of the prior mean vector @ coincide with model A’s

best fit parameters 9A for the common parameters, and
vanishes for the extra B parameters, then p, = 0, so that
A4 =0, and f is a standard y? variable up to shift and
inversion, so its distribution is

(Cl _ x)v/2—le—(a—x)/2
2Y2T(v/2)

P(x;a,v) = (44)

Finally, if the prior is not negligible, then the eigenvalues
of —TX are no longer 1 or 0’s, and f# can be written as a sum
of noncentral y? variables. This sum follows a generalized
4?2 distribution, as we discuss next.

We need to find the distribution of a general quadratic
form
=X'TXx

0= (dm - um)ka(dk - uk) (45)

This can be obtained as follows (see [42,43]). The mean of

Xispu = (X) = ¢"(6 — 0) = f — u. The covariance matrix
of X is

L=(d-u-p)(d-u-p)) (40)

= ([d=-H)d=-1") (47)

Let now C be a matrix such that (Cholesky decomposition)

CCT =% (48)
and P an orthonormal matrix (i.e., PPT = I) that diago-
nalizes CTCT, i.e.

PCTC"P" = D = diag(ay, a,...a,) (49)
where the eigenvalues of CTCT a; are nonzero fori = 1...r
and zero for i = r, ..., p. The number of nonzero eigen-
values should be r = Ngp — N4. Let also define the two
vectors ¥ = P(CT)~'X and & = P(CT)~'yu. Then one can
see that Y is a vector of Gaussian variables with mean
vector £ and covariance matrix Xy = I. Therefore Q can be
written as a linear combination of noncentral, uncorrelated
y? variables,

r r
Q=XTX = a¥? = ay}(h)
i i

where y7 (1) are noncentral y* variables with one degrees of
freedom and noncentral parameter

(50)

h=2. (s1)

123522-6
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Then, in general, Q is distributed as a generalized y?
variable. The characteristic function (CF) for the general-
ized y? variable can be obtained analytically [42]

exp {it I 1f§‘§;it}
1) = T (52)
[T:(1 = 2ia;1):

However, one cannot derive analytically neither the prob-
ability density function (PDF) nor the cumulative distri-
bution function. One can numerically determine the PDF
performing an inverse Fourier transform or utilizing
existing codes (e.g. [43]).

We have shown earlier that in the limit of weak prior, the
eigenvalues are indeed unity. In this case, Q is a noncentral
variable with 1 = £7¢ and r d.o.f.s. Finally, if the eigen-
values are unity and 4 = 0, Q is a standard y? variable with
r d.o.f.s. This shows how the generalized y> distribution
reduces to one of the simpler forms.

In the case » = 1, Q is a single noncentral variable with
one d.o.f. and

A=E. (53)

In this case, the distribution of # = ay3(1) + a is obtained
from the noncentral distribution P(y3(1)) as

) = )| A - Lp(L20). s

To summarize, if one assumes a Gaussian prior and
Gaussian data with mean model linear in the parameters,
then the logarithm of the Bayes factor is a random variable
distributed like one of three kinds of y? variables (central,
noncentral, or generalized y*), depending on the mean and
width of the prior relative to the likelihood.”

The Bayes’ distributions can now be employed to build
our FB method, i.e. to test the hypothesis that, given that
model M is true, the data are consistent with M rather than
with an alternative M’. Since a p-value test can only reject
hypotheses, and not assess whether they are true, we need
to make two tests when comparing A versus B. In the first,
we assume A to be true, so that the null hypothesis is H:
(A is true), and we either reject or nonreject A’; in the
second test, we assume B to be true, so Hy: (B is true), and
again we can reject or nonreject B. Together, the two tests

*Clearly, the logarithm of the evidence is also a y? variable,
now with N — N, d.o.f.s. One could also envisage a frequentist
test based on the evidence of a single model, without comparing it
to an alternative. In this paper, however, we explore only
the properties of Bayes’ ratio.

*In this paper, we will adopt the terminology commonly used by
in cosmological statistical data analysis for frequentist hypothesis
testing, replacing the terms Type I/I error with the expressions like
“rejecting” or “not rejecting the null hypothesis” H.

can produce four distinct outcomes: reject both models,
reject neither of them, reject only A or only B. One can
consider both one-tailed tests, as commonly done for
likelihood ratio tests, or two-tailed tests, as is typically
the case for y? tests. In this second case, the point of view is
that too good fits are rejected because incompatible with the
assumed data uncertainties. Here, however, we only discuss
one-tailed tests for simplicity. The entire procedure will be
illustrated below in Secs. VI and VIIL.

IV. FISHER APPROXIMATION

In many realistic applications, parameters do not enter
linearly in the likelihood. The fitting function f can
however be linearized near the best fit as

0 = Wloa+ Yo (0,00 (59)

0,=0,

The Fisher matrix for Gaussian data with parameters only
in the mean vector f; is then

of of ;
Fop= =520 =4 . 56
@ <aea i aaﬁ)g - (56)
Then we see that we can identify
of (x;)
= . 57
9at =30, s, (57)

We can then use a Fisher matrix approximation to obtain
the matrix L

Laﬁ' = gaizzjlgﬂj (58)

and the problem is reduced to the one of the previous
sections. Whether this approximation is acceptable, how-
ever, should be analyzed on a case-by-case basis. We apply
this Fisher approximation in Sec. VIIL

V. A FREQUENTIST
MODEL-COMPARISON TEST

The use of the f distribution to see whether models A or
B are compatible with the data is an absolute test of
compatibility of data with models (goodness of fit). But we
can also directly compare A with B and see which one is to
be considered a better fit to the data (model comparison).
The result of this model comparison will be a statement
about which model better explains the data, even if both
are, on absolute terms, unacceptable fits. These two tools,
together, form the content of our FB method.

In Bayesian context, b = ¢#/? is not a random variable.
Its value expresses the odds ratio of A versus B, i.e. the ratio
of the probabilities that, given the observed data D, the
model A or the model B is to be preferred,
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P(A)
b(D) = &> = P(B)

(59)
The value of f is then compared to an empirical scale (the
Jeffreys scale or one of its variants) to convert the number
into an expression of ordinary language. The conditioning
over D will be implicit in the following.

Alternatively, we can also convert b into the probability
of A given that the possible models are only A or B as
follows (the subscript b here stands for Bayesian)

Ry(A)=P(A]AorB) = ”<A;?j$;)r3>>
__PA) b — (142 (60)

P(A)+P(B) 1+b

In this way, Bayes’ ratio can be interpreted as the
probability of “event” A within a set of possible disjoint
events composed only by A and B. This probability over the
space of events is well normalized: in fact, one also has

R,(B) = P(B|AorB) = —1-R,(A)  (61)

P
P(A)+P(B)

Following this point of view, the Jeffreys scale can be
replaced by ordinary probability thresholds. For instance
we can accept model A versus B at 68% CL if

b
Ry(A) =1~ 2 068

(62)
or b>2.125 (“barely worth mentioning” in Jeffreys’
language), at 95% CL if b > 19 (“strong”) and at 99.7%
if b > 332 (“decisive”). Naturally, if there are other models
to consider, and not just A and B (as is almost always the
case), then this scale is hardly meaningful because it
depends on the arbitrary number of models we decide to
include. The main problem, however, as we already
emphasized, is that R, depends on the prior also in the
limit of weak priors

R, = (1 + e—ﬂ/Z)—l _ (1 + e—(xi—xﬁwﬁ—m/z)A

-1
= (1 4 ([ EallPy e—%(xé—)ri))

|PallFg
For instance, let us assume that model B is identical to
model A except for an additional parameter that has an
uncertainty op and a prior with a very large uncertainty
opp — oo. Then, if both models have a diagonal Fisher
matrix, we can write Fp = F405° and P = P,05%, and
one gets '

(63)

2
Ry(A)~ 1 — ("—B> NG 51 (64)

OpB

This shows that model A is always favored in this limit,
regardless of its quality. That is, the addition of a parameter
with a very weak prior, maybe because B is a new model
with little experimental history, is discarded a priori. This
carries the risk of artificially enhancing trust on established
models when confronted with unbeaten paths (see the
Appendix for an example).

In the frequentist interpretation, the Bayesian odds ratio
should be replaced by the ratio of the distributions of
when assuming either A or B. We can then form the
frequentist (subscript f) analog of R, as

 Pa(auf +a) + Pplagh + a)

and of course its complement, R;(B) = 1—R;(A). We
denoted with P(ay + a) a distribution (y* or otherwise)
for the variable y> = ay,f + a with M = A, B. Since in the
weak prior limit ayf+a = y; —x3. we see that Ry,
contrary to R,,, becomes independent of the prior. A value
of Ry(A) larger than 1/2 means that A is favored with
respect to B; viceversa, R;(A) < 1/2 means that B is
favored. However, here we encounter the same caveat as in
the Bayesian case, namely, that R, can be directly com-
pared to a Gaussian scale only if the models A and B are
exhaustive of the model landscape.

VI. APPLICATIONS: POLYNOMIAL FITS

Now that we know the distribution of the statistic 5, we
can form an analytical p-value test. Let us assume as null
hypothesis H,: model A is better than B in explaining the
data, and as alternative hypothesis H;: model B is better
than A. We can then find a specific value of f§ from a given
dataset and compare it to the f distribution.

As a first illustration of the method, we define two
models: model A (a straight line f = a + bx) and model B
(a quadratic function f = a + bx + cx?, with the same a, b
as for model A). We take as prior for a, b, ¢ a Gaussian with
mean a = 1, b = 1 and two values of ¢, and diagonal prior
covariance with a very broad variance, op = 10 for each
parameter (to be compared to uncertainties between 0.1 and
1 for the three parameters). Then we generate many sets of
Gaussian data points distributed around model A with a
given data covariance matrix X (we put for simplicity
X = I, but we tested also correlated cases). Every time a
dataset is generated, the best fit parameters a, b,¢ are
obtained by fitting first with a straight line and then with a
quadratic function, and the resulting f is calculated. This
gives the distribution of f assuming A is correct. Then we
repeat generating many datasets around model B (with the
same prior and data covariance matrix), and obtain the
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distribution of # when B is assumed correct. The parameter
¢ 1s a measure of how different the two models are, and
therefore of how much the two distributions overlap.
Putting as means a = b = 1, we find the distributions as
in Figs. 1 (with ¢ = 1) and 2 (with ¢ = 0.6).

We now assume that the data give a particular value of f3,
say ff = f;. As illustrated in the figures, there are four
possibilities: A is rejected (f;), B is rejected (f3;), both
models are rejected (f3,), neither model is rejected (5 in
Fig. 2). In this last case, Fig. 2, if the data give f = 0, i.e.
equal evidences for the two models, the Bayesian test

would be inconclusive, while here we see that A is rejected
but B is not. In terms of p-values, we obtain p ~ 1077 for 3,
assuming A is true; we obtain p ~ 1076 for 5 assuming B
is true; and we obtain p = 0.00063(0.0017) for f#, assum-
ing A (respectively B). Notice that the p-values are
obtained integrating the distribution in the interval
(—o0, ;) when assuming A, and in the interval (f;, o)
when assuming B.

In Figs. 3 and 4 we illustrate the model comparison test
for the same settings as the previous figures. Clearly, f,
favors B, 5 favors A, while f,, f, are noncommittal. If we

0.30
Il )Model A: Numerical
0951 — Model A : Analytical Model A
' 1 Model B : Numerical
—— Model B : Analytical
0.20 ¢ B Ba
= | |
B—: 0.15¢ : :
1 1
0.10 | I
| |
| |
0.05 | Model B : I
| |
|
1 ]
0.00 Ty ~30 20 ~10 0

FIG. 1.

B

Distribution of £ assuming model A, a straight line with two parameters (right) or model B, a quadratic polynomial with three

parameters (left), with ¢ = 1. The prior has been taken to be very broad. The histograms have been obtained by a numerical simulation.
Here and in the subsequent similar plots, the red and green curves are the y” analytical results. If an experiment finds a value j3;, A is
rejected; if it finds f3,, both A and B are rejected; if it finds S5, B is rejected.

0.30 g g
I /odel A: Numerical
0951 —— Model A : Analytical Model A
’ [ Model B : Numerical
—— Model B : Analytical
0.20 ¢ Bo
— i
x I I
-y 0.15 :
1
0.10¢ :
Model B !
0.05 | I
1
0.00 15 ~10 —5 0 5

B

FIG. 2. Same as the previous plot, but for two models that are closer (¢ = 0.6). If an experiment finds a value f as marked by the
dashed vertical line, neither model can be rejected to a high significance.
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FIG. 3. For the same settings as in Fig. 1, here we plot R,
(theoretical distribution: red line; numerical distribution: green
line) and R, (blue line) versus fj.

1.0 L — Bayesian
[ — FB numerical
t — FB analytical
081
06F
< [
S
04r
02f
00} — ]
-5 0 5

FIG. 4. For the same settings as in Fig. 2, here R (theoretical
distribution: red line; numerical distribution: green line) and R,
(blue line) are shown versus f.

had obtained the value # = 0 for the case of Fig. 3, then the
Bayesian model comparison would have been inconclu-
sive, while in our FB test it would have been quite in favor
of B because essentially incompatible with the data, as can
be seen in Fig. 2.

Plots (1-4) represent therefore a full analysis of the
models. The p-value test gives the absolute quality of the
fits, while the probability ratio R, expresses the relative
advantage of a model over another one, regardless of
whether they are a good fit or not.

Further, in Fig. 5 we show how the noncentral y?
distribution reproduces the numerical distribution in the
same case as Fig. 2 but now with a tight prior (6p = 1). Since
the prior is strong and centered on model A parameters, the
range of f that favors model B is now much reduced with
respect to Fig. 2. Finally, in Fig. 6, we modified model B to a
cubic function (f = a + bx + cx> + dx3), and the corre-
sponding numerical distribution was generated as described
earlier. In this case, however, the analytical distribution takes
the shape of a generalized »°.

VII. APPLICATIONS: SUPERNOVAE

In this section, we apply the FB approach to real
supernovae data. We have used supernovae data from
the Union2.0 catalog [44], which consists of a total of
557 supernovae observations. The models we are compar-
ing are ACDM and wCDM.

The absolute magnitude of a supernova can be related to
the luminosity distance using the equation

u=>5log(d)+25=m—-M (66)
Here, apparent magnitudes (M) and absolute magnitudes
(m) are the observables for a supernova, and the luminosity

0.30
H VModel A: Numerical
0951 — Model A : Analytical Model A
' [ Model B : Numerical
—— Model B : Analytical
0.20
g.} 0.15
0.10
Model B
0.05
0.00 —50 —40 —30 —20 —10 0
g
FIG. 5. Same as Fig. 2, but for a strong prior op = 1.
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)
& 0.15
0.10
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8

FIG. 6. Distribution of f with modified model B, a cubic function, with ¢ = 0.04 and d = 0.06. The prior used here is 6p = 0.5. In this

case, the distribution is a generalized y>.

distance d; is measured in Mpc. The luminosity distance
d; can be given as (we assume flat space and adopt units
such that ¢ = 1)

dL(Z):(1+z)AZ dz7'

Hy E@Z)’

(67)

where E%(z) = Q,,(1 + z)* + Q, for ACDM and E*(z) =
Q,,(1+2)3 + Qg (1 + 2)>0+¥) for wCDM and where H,
is the Hubble constant, w the dark energy equation of state,
and Q,,, Q,, Q,, the present matter, cosmological constant,
and dark energy density parameters, respectively.

Now, we can formulate the likelihood Eq. (3) for our
analysis as

1
L= Mexp |:_ E (mdata - 510%10“’2 + a)izi_jl (mdala

where d; = Hyd,, the indexes i, j run over the data points,
and o = 5log;y Hy + 25 — M. We can marginalize over o
and the new likelihood can be written as

1
L=M"exp {—5 (Myaa = 5108104} ) K7 (Mgaa = Sl0g 0d} ) ;
(69)
where

-1, y-1
UpX Uny,;

K;jl = Z;j‘ - (70)

with

wp={1,1,1...}

— -1, E -1
SO—u,»Zl-j Ltj— Zij
i

(71)

(72)

Note that the matrix K~! is singular, so one cannot invert it
to obtain K. This causes no problem, however, since we
only need K~!. Bayes’ ratio was computed for the data
using this likelihood and two different priors: a strong prior
case, in which the variances were set at aém = 0.005 and

02 = 0.08, and a weak prior case, with ngm =0.5 and

o2, = 8. We obtained a value of By, = 0.79 for strong
priors and 4., = 4.30 for weak priors (see Figs. 7 and 8).
In standard Bayesian analysis, a f,, value of 0.79 for
strong priors would be considered “barely worth mention-
ing” evidence in favor of ACDM, while a value of 4.30 for
weak priors would be deemed “‘substantial” evidence. Our
method aligns with the standard test in the case of strong
priors. However, we contend that in the case of weak priors,
both models should be regarded on a similar footing,
contrary to what the standard test suggests.

For the $ distribution, first, a model was supposed to be
true; let us say ACDM. Subsequently, a synthetic dataset
was created by selecting random u values from a multi-
variate Gaussian distribution assuming ACDM. The mean
of this distribution was determined using Eq. (67), and the
covariance matrix was taken from the Union2.0 catalogue.
From Eq. (69), a likelihood and, consequently, f are
computed for this simulated dataset. This procedure was
repeated 100000 times, resulting in a distribution of f
values denoted as P(f). A similar procedure is then
replicated, assuming the wCDM model to be true.
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1.2} Wl ACDM : Numerical
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FIG. 7. Distribution of f for supernovae Ia. For this simulation, a strong prior configuration was employed with afzm = 0.005 and

ol = 0.08.
1.0 |
- BData 1
Il ACDM : Numerical |
0.8 — ACDM : Analytical
1 wCDM : Numerical

wCDM : Analytical

FIG. 8.

Our analytical approach works for linear models, but the
parameters enter the models ACDM and wCDM in a
nonlinear way. Linearization of our models can be done
by approximating them by first-order Taylor expansion at
the parameter best-fit values Eq. (55),

od; R
0, — 0.
aei gi:éi( 1 l)

ACETACIIEEDY (73)

where 6; are (Q,,) and (Q,,,w) for ACDM and wCDM,
respectively. This is a good approximation: the relative
error between dj ., [Eq. (67)] and dj ..« [Eq. (73)] for
both ACDM and wCDM models is less 1% for z < 2.5.

Similar to Fig. 7, but for weak priors: o5 = 0.5 and o3, = 8.

In this scenario, where we have two linear models with the
number of parameters Nycpy = 1 and N,cpm = 2, the
analytical approximation of the f distribution can be repre-
sented by a noncentral y* distribution with v = N,,cpm —
Nacpm = 1 degrees of freedom and noncentrality parameter
A. This analytical distribution is shown in Figs. 7 and 8.

The best-fit value of the additional parameter in the
wCDM model (W = —1.15) is very close to the value for the
ACDM model (w = —1), making both distributions very
similar to each other. This close alignment between the
distributions makes it challenging to conclusively comment
on the accuracy of either cosmological model at present.
However, we anticipate that future supernovae observa-
tions, with reduced observational uncertainties, will enable
a more distinct separation between two distributions.
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FIG.9. Similar to Fig. 7, but now with the supernovae covariance reduced by a factor of 20 (i.e., C;;/20). The two distributions are
now quite different, and it would be possible to clearly differentiate the two competing models.
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FIG. 10. Dependence of f on different priors. The Gaussian variance of priors for each f is taken as o—ém =nx0.005 and

6% = n x 0.08, where n = prior broadness.

As a purely illustrative example, if the SN magnitude
uncertainties are decreased by a factor of 20, the new
Paa = —2.98 would imply that wCDM is more likely to be
the true model of the Universe than ACDM (see Fig. 9).
Finally, Fig. 10 highlights how the value of f depends on
the prior width. Relying on the Jeffreys scale in such cases
might result in inaccurate predictions for the correct
cosmological model.

VIII. CONCLUSIONS

The decisive role of statistics in testing physical models
cannot be overestimated, especially in view of the very

abundant data that are expected to be generated by current
and future experiments. Having a number of alternative
and complementary tools at our disposal to compare
theoretical models is therefore a pressing issue. In this
paper we argued that some shortcomings of standard
Bayesian analysis can be overcome in the framework of
a mixed frequentist/Bayesian approach, denoted as FB
method, in which Bayes’ ratio is employed as a frequentist
statistic (see also [37] for a similar point of view). In
particular, we have emphasized the dependence of Bayes’
ratio on the prior, even in the limit of weak priors, and
have shown that this issue is solved in our mixed
approach.
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The frequentist distribution of Bayes’ factor can be
employed both as a quality-of-fit test and as model com-
parison, thereby producing an exhaustive overview of com-
peting models. We also found the analytical expression of
such distribution in the case of correlated Gaussian data with
linear nested models and arbitrary Gaussian priors, and
shown that it provides a good approximation also in a realistic
setting of interest to cosmology. In such case, the FB method
can be carried out without the need of data simulations.

In the case of non-Gaussian posteriors, the analytical
results presented in this work are generally not applicable.
Recent advances in simulation-based inference and emula-
tors may, however, warrant an extension of the present
method beyond the Gaussian approximation while still
benefiting from its insight and fast applicability. Such an
extension could involve building an emulator for the non-
Gaussian correction to the FB distribution that learns from a
(potentially small) number of simulations for which the
Bayes factor is known exactly (e.g., computed using nested
samplers such as PolyChord [45] or Nautilus [46], or
simulation-based methods, such as the one proposed in [47].)
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APPENDIX: A SIMPLE EXAMPLE

Figure 11 shows an extremely simple example of how
misleading weak priors can be. Here, model A is a

T e S R

model A [ }

model B ]

1 " " " L " " " L " " " 1

0o 2 4 6 8

FIG. 11. This plot appear to show that model B is a better model
than A in explaining the data. However, if the extra B parameter
has an extremely weak prior, Bayes’ factor b would strongly
favor model A.

horizontal straight line y = a with just a as free parameter,
while model B is a general straight line y = a + bx with
two free parameters. The data points have been created
by sampling a Gaussian distribution around the line

y =1+ 0.6x, with uncertainty /1/2. The blue dashed
line is the best fit for model A, while the continuous
orange line is the best fit for B. The Gaussian prior
standard deviation for the common parameter a is 10,
while for the extra parameter b is huge, 10°. Clearly,
model B appears strongly favored by this dataset.
However, the very weak prior shifts f to roughly 9.8,
which corresponds to a Bayes’ ratio =130, well into the
“decisive” range in favor of model A of the Jeffreys scale.
So a pure Bayesian analysis of this simple case would
produce the puzzling result that model A is to be much
preferred over B. Bayes’ factor becomes smaller than
unity (i.e., model B is favored) only if the prior uncer-
tainty on b is smaller than 7000.
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