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We obtain large deviations for a class of non-square integrable dependent random vari-
ables in the domain of attraction of an a-stable law, a € (0, 1)U (1, 2]. This class includes
ergodic sums of observables in the domain of attraction of an a-stable law driven by
Gibbs—Markov maps.
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1. Introduction

The purpose of this work is to obtain large deviations (LDs) for a class of dependent
random variables satisfying a-stable limit laws, o € (0,1) U (1,2]. In particular,
we obtain stable large deviations for a class of deterministic dynamical systems
(including Gibbs—Markov maps, see Sec. LT] for details). As far as we are aware,
this is the first stable LD result for dynamical systems.

We start by recalling the statement of LDs for real-valued i.i.d. random variables
(Xi)i>1 characterized by stable laws with index a € (0,2]; for the a = 2 case, we
still assume that the variance is infinite. Suppose that

P(X1 >2) =plx)z” (14 0(1)), P(X;<—z)=qgl(z)z”*(1+o0(1)), (1.1)

as © — 00, where ¢ is a slowly varying function and p,q > 0 with p + ¢ = 1. Then
the sequence (X;);>1 satisfies the following convergence result in distribution:

(Sn - bn)/an —d Yaa (12)

fCorresponding author.
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where S,, = Y, X;, the limit random variable Y, is an a-stable law (with the

parameters «, p and q),

nl(ay) if a €(0,2),

31 Foll)) = nl(ay) if =2 forl(z):=1+ /1+1 @du (1.3)
and
0 if a € (0,1),
by, = ¢ nE(X7) if v € (1, 2], (1.4)

nE(X1lx,<a,}) fa=1

is the centering sequence. It is known that in the i.i.d. setup, (1) and (2] are
equivalent.

We recall that when o = 2, up to redefining X; as X; —E(X1) and rescaling a,,
by a constant, the limit random variable Y» is the standard Gaussian. Let ®(z) =
—L_¢72"/2(1 4 (1)) be the distribution function of the standard Gaussian. Let

V2T

o?(z) = E((X1 — E(X1))?1{x,—E(x,)|<z}) be the truncated variance of X;. One
can easily verify that no?(a,) = a2 (1 + o(1)) = nf(a,)(1 + o(1)).

With these specified, we recall the precise statement for large deviations for i.i.d.
sequences.

Theorem 1.1. Assume (LI) with o € (0,2]. Let N : N — Ry be so that N(n)/
an, — 00, as n — oo. Then the following hold as n — oo:
If a € (0,2), then

P(S, — b, > N) =nP(X; > N)(1+0(1)),
P(S, — b, < —N) =nP(X; < —=N)(1+o(1)).
If a =2, then
P(S, —b, > N) = (@ ( ) + nP(X; > N)) (14 0(1)), (1.6)

and a similar statement holds for P(S,, — b, < —N).

N
an

Theorem [Tl for o € (0,1)U(1,2) has been known since the works of [9] [I7] [I8].
The more difficult (general) case o = 1 has only very recently been dealt with
in [4, Theorem 2.1]. The statement for o = 2 is contained in [19]: see [5] Theorem
2.1], contained within [I9, Theorem 6]. We remark that [3, Condition 2.4 of Theorem
2.1] in Theorem [I1] holds as soon as P(X; > z) ~ ¢P(X; < —x) for some ¢ > 0
and a? = no?(ay,): see [5, Examples 2.2 and A.10].

Remark 1.2. To illustrate the role of ®, we can take for example £(x) = 1, so
{(z) =logx, and N ~ a,log N. Then the term with ®(N/a,,) dominates the other
term nP(X; > N) by approximately a factor log N.
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We are mainly interested in obtaining a version of Theorem [[T] for a class of
deterministic dynamical systems. We postpone the case o« = 1 to later work.

A version of Theorem [[T] for a class of dependent random variables satisfying
certain clustering and limit conditions has been obtained in [I6]. To our knowledge,
this is the only previous work in which a version “close” to the general form of
Theorem [II] for dependent random variables has been considered; by “close”, we
mean that (CA]) is shown to hold in a certain range of N/a, — oo as opposed
to the whole region of n and N so that N/a, — oo. It is not clear to us how to
verify the limit conditions in [I6] Theorem 3.1] for the class of dynamical systems
considered here and in this work, we use a different method of proof.

The somewhat related problem of stable local large deviations (LLDs)® for deter-
ministic dynamical systems (including the Gibbs—Markov maps) has been treated
in [I5]. An optimal LLD has been very recently obtained in [13] for (much more
challenging) dynamical systems (with very heavy dependencies) of physical interest
known as the Lorentz gases. We note that stable LLD does not imply stable LD.
Even for ii.d. random variables, in the generality of (], stable LLD does not
imply® Theorem [Tt though under ideal smoothness of the tail probabilities (IT]),
this is in fact possible (see [4, Theorem 2.4]). For deterministic dynamical systems,
the transition from the stable LLD obtained in [I3] [I5] to a version of Theorem [Tl
seems impossible. As we shall explain in the sequel, obtaining a version of Theo-
rem [Tl for dynamical systems is in many respects much more delicate than stable
LLD. In this paper, we restrict ourselves to the class of dynamical systems treated
in [I5].

Throughout the rest of the paper, we let N : N — R, be so that N(n) — oo as
n — oo and N(n)/a, — oo as n — oo.

We state the main result and refer to Theorem [B.1] below for a more general
version.

Theorem 1.3. Let (T, i) be a probability-preserving mizing Gibbs—Markov map.
Let v : Q — R be a measurable observable with fQ v2dp = oo and suppose that v
satisfies (L)) (with p instead of P). Assume further that v is locally Lipschitz and
satisfies a “nice” technical condition (more precisely, 1)) stated in Sec. E)).
Write v, = Z?:_OI voT7 for the ergodic sum of v. Assume that v, satisfies (L2))
(with v, instead of Sy) with a, and b, as in (L3) and (T4).
Let 6 > 0 be arbitrarily small and set

(logz)é(x)z™ if o € (0,1),
D(z) = {x““” if € (1,2].

aA stable LLD result is concerned with bounds on P(S, — b, € (N — h, N + h)), for h > 0, as
N/an — oo.

b As shown in [ [6], under () with o € (0,2) (see also [I5] for a different proof and for the case
a = 2), for any h > 0, there exists C' > 0 so that P(S, — bn € (x — h,xz + h)) < C’% 1€£||§||)0 , for
all n > 1 and for all x € R.

2450023-3



Stoch. Dyn. 2024.24. Downloaded from www.worldscientific.com
by daliaterhesiu on 10/04/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

J. Imbierski & D. Terhesiu

Take any N = N(n) such that N/a, — oo. Then, for « € (0,1) U (1,2), the
following holds as n — oo:

[i(vn > N) = np(v > N)| = O(D(N)) + o(nf(N)N~%),

and a similar statement holds for u(v, < —N).
Also, for a =2, as n — o0,

(s > N) — np(v > N)| = O(D(N)) + O(nlog NN~2) + O(né(N)N~2),
and a similar statement holds for u(v, < —N).

The corollary below gives the range of N = N(n) for which u(v, > N) ~
nu(v > N) holds when o € (0,1) U (1,2). However, in the case a = 2, note
that if £ = 1 then the asymptotic equality fails (see Remark [[2)). For o € (1,2),
the probability that v, > N is equivalent to the probability that there is
exactly one jump larger than N, i.e. there exists exactly one j = 0,...,n — 1
so that voT7 > N.

Corollary 1.4. Assume the setup of Theorem Bl Then p(v, > N) ~ nu(v > N)
holds in the following cases:

o for a € (0,1) and N € (an,e™), with a small and independent of n;
e for a € (1,2) and N € (a,,n'/%) for any § > 0.

While in this work we focus on observables taking the values in R, we believe that
at the expense of cumbersome notation throughout, Theorem [[3] can be extended
to R%valued observables.

Although the proof of Theorem [[L3] below is quite technical, the main steps can
be summarized as follows:

1. Rephrase Theorem [I1] for o« € (0,1) U (1,2) (and (L8) for o = 2) for i.i.d.
sequences in terms of the characteristic functions: see Sec.

2. Decompose the Fourier transform (analog of characteristic function) for the
ergodic sum v,, = Z;l;()l voT7 into the characteristic function of an i.i.d. sequence
and “some good” quantities: see Secs. Bl and

3. Estimate the various integrals appearing (from the “good” quantities) in the
analytic expression of p(v, — b, > x) via the “modulus of continuity”-type
arguments (in the sense of [10, Chap. 1]): see Sec.

4. Put items 1 and 3 together to conclude.

Notation. We use “big O” and < notation interchangeably, writing b, = O(cy,)
or b, < ¢, if there are constants C' > 0, ng > 1 such that b,, < C¢, for all n > ng.
As usual, b, = o(c,) means that lim, o by/c, = 0 and b, ~ ¢, means that
limy, 00 b /e = 1.

2450023-4
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2. Rephrasing Theorem [I.1] in Terms of Characteristic Functions

We start with a general lemma, valid whenever N(n) — oo as n — oo.

Lemma 2.1. Let (Z,)nen be a sequence of random variables andY another random
variable, defined on the same probability space but independent of all the Z,,. Assume
that there exist two sequences N = N(n) and hy = hy () such that P(|Y| > hy) =
o(P(Z, > N)) and P(Z,, > N £ hy) =P(Z,, > N)(1 +o(1)) as n — oo.

Then for Z, = Z, + Y, we have
P(Z, > N)=P(Z, > N)(1+0(1)) asn — oc.

Proof. Since Z,, and Y are independent, we have (for h = hyy))
P(Z,>N+h)=P(Z,>N+h,|Y|>h)+P(Z,>N+h,|Y|<h)
<P(|Y| > h) +P(Z, > N).
Therefore,
P(Z, > N)>P(Z, > N +h) —P(|Y| > h) =P(Z, > N)(1+ o(1)).
For the other inequality, we have
P(Z,<N—-h)=P(Z,<N-h|Y|>h)+P(Z, <N —h,|Y|<h)
<P(Y|> h) + P(Z, < N).
Therefore,
P(Z,>N)=1-P(Z,<N)<1-P(Z, <N —h)+P([Y| > h)
=P(Z,>N—-h)+P(Y]| >h)=P(Z, > N)(1 +o(1)).

This finishes the proof. O

For t € R, let U(t) = E(e!*1) be the characteristic function of Xj. In this
section, we translate Theorem [Tl for o« € (0,1) U (1,2] into a statement on the
characteristic function ¥(¢). Such a translation is captured in Eq. 21I) below, which
is the starting point for the dynamic setting. Since o # 1, with no loss of generality
we can assume that b, = 0. For o € (0, 1) this is given, while for a € (1,2], we
simply replace X7 by X7 — E(X7).

Proposition 2.2. Assume the setup of Theorem [[1] with o # 1. Let Y be an L?
random wvariable, independent of S, (for each n), with real-valued, even and C?
characteristic function 1y, supported in [—¢, €| for some® small € > 0.

°The existence of such a random variable Y on the same probability space and with charac-
teristic function vy follows from, for instance, |8, Proposition 3.8; 1Tl Proof of Theorem 3;
Footnote 1].
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Take any N = N(n) such that a, = o(N(n)) and let g(n) be so that nN =
o(g(n)). Then:

(1) If a« € (0,1) U (1,2), then the first asymptotic equivalence in (D) holds if and
only if

[ (e vy (o PO | — x> ),
h 2.1)
(i) zf . 2(,>Otﬁen (CB) holds if and only if
’/ SN it (N, (1) 2D ;n‘I’( )it & (%)’
=0 <n]P’(X1 > N)+ o <év—n)> (2.2)

as n — oQ.

Remark 2.3. (a) The second asymptotic equivalence in ([LH]) can be dealt with in
the same way using the fact that P(S,, < —N) = P(-S,, > N).
(b) If the random variables X; are Z-valued (so, S, is Z-valued), then one could

exploit a simpler formula, bypassing the presence of ¥y in the statement of
Proposition 22 Indeed,

P(S, > N) = Sy = e (¢
SN =Y S ==Y o [
>N >N
Proof. To start with, recall the inversion formulas
T e~ itN _ o—it(N+g(n))

. 1
P(X;, € (N,N +g(n)]) = Tlgréo 3 ), 7 U(t)dt

and

P(Sn € (N,N +g(n)]) = lim ——

1 T _—itN _ _—it(N+g(n))
/ c c U (t)"dt,
T—o0 27

o it

for any choice of g(n). We want to allow that N(n),g(n) — oo and obtain the
desired formula for P(S,, > N). Recall that nN = o(g(n)) and compute that

1 1+o0(1)
P(Xy > N +g(n)) =pl(N + g(n —
( 1> g( )) p ( g( ))g(n)a (1+ g?:;))
(PN g
_ ( s ) (P(X; > N)).

2450023-6
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Since N = 0(N+Tg("))

P(S, > N +g(n)) < ni:P <|Xj| > N+Tg(n)) = o(nP(X; > N)).
j=0

Thus, given the choice of g(n), we have P(X; € (N, N+g(n)]) =P(X; > N)(1—0(1))
and

P(S, € (N,N +g(n)]) =P(S, > N) —P(S,, > N + g(n))
=P(S, > N) —o(nP(X; > N)).

Therefore, as n — oo,

RS> ) = i o [ =

1 T o—itN _ ,—it(N+g(n))
/’ U(t)"dt + o(nP(X, > N)) (2.3)

and

1 T _—itN _ _—it(N+g(n))
M&>Nﬁ:mp—/ c c

T—00 210 | o 7 U(t)dt + o(P(X; > N)). (2.4)

Next, we argue that one can adjust the domain of integration in (Z3]). Let S, =
S, + Y, where Y is as in the statement, i.e. an L? random variable, independent
of S,,, with real-valued, even and C? Fourier transform vy, supported in [—e, €] for
some small € > 0.

The analogs of (24)) and 23]) are

1 1 € —itN _ _—it(N+g(n))
Mm+Y>Np:+d)/e ¢

Py ()W (t)dt  (2.5)

27 e it
and
(S Ve 1 € p—itN _ e*it(Nng(n)) v J
n = — - )W (t)"dt
(So+v>N =g [ . Uy (0 U(1)
Y
+0<TL]P <X1+E>N)>. (26)

To compare the tails of X7 and X7 +Y, and of S,, and S, =S, + Y, we will use
Lemma [ZJ] several times, making different choices for Z,, appearing in that lemma.

a+d

The case o € (0,1) U (1,2). Take § € (0,2 — ). Choose hy = N7=z = o(N), so
P(X; > N+hy) =P(X; > N)(1+0(1)). Because Y is L?, the tail P(|Y| > hy) =
o(hy?) = o(N=*7%) = o(((N)N~%) = o(P(X; > N)). Therefore, Lemma ] for
Zn, = X1 gives

P(X1 > N)=P(X;+Y > N)(1+o(1))

B 1 +0<1) /E e—itN _e—it(N-H](n))
N 27 it

by U (2.7)

—€

Next, we want to obtain a version with S,, in ([2.6)).

2450023-7
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From (1) to &I)). If S, satisfies (L), i.e. P(S,, > N) =nP(X; > N)(1+ o(1)),
then the previous computation and choice of hy give also P(S,, > N + hy) =
P(S,, > N)(14o0(1)) and P(|Y| > hn) = o(P(X; > N)) = o(P(S,, > N)). Therefore,
Lemma ZIl for Z, = S, and S, = S,, + Y gives

P(S, > N) =P(S, > N)(1 + o(1)).
From (ZI) to (LH). Note that (X1 > hy) < P(|Y] > hy) = o(P(X; > N)).

If @2I) holds, then using (28), and also ([27) together with (Z3]), we obtain
that P(S,, > N) = nP(X; > N)(1 + o(1)). Again using Lemma 21l with Z,, = S,,,

S,=S,—Y and hy = N = o(N), we can conclude that
P(S, > N) =P(S, > N)(1 + o(1)). (2.8)
Hence, after subtracting (Z3]) from (Z8]) and apply (7)) and (2.8)), we obtain that
[P(S, > N) —nP(X; > N)|
_ 1"‘27;(1) ’/_Z(e—itN — e HINFIM) Yy (8)

+o(nP(X; > N)) = o(nP(X1 > N)),

U(t)™ —nW(t)
1t

dt

as n, N — oo, so that a,, = o(N).

Next we made the adjustments for the case o = 2. Let m(NN) be so that
P(]Y|>N) = m(N)N~2. So, m(N) = o(¢(N)). The choice of m(N) ensures that
there is a function m(N) — oo such that also m(N)?m(N/m(N)) = o(¢(N)). Now
take hy = N/m(N) = o(N),soP(X; > N+hy) =P(X; > N)(1+0(1)). Moreover,

P(|Y|/n > hy) <P(|Y| > hy) < N72m(N)?*m(N/m(N))
= o(N"2((N)) = o(P(X; > N)).

By the same argument used in obtaining (1), P(X; +Y > N) = P(X; > N)
(I4+0(1)) and

P(X; > N) =

€ o—itN _ ,—it(N+g(n))
”O(l)/ N T Y d (2.9)

2 it

—€

The same choice of hy gives P(S,, > N + hy) =P(S, > N)(1 +o(1)) and P(]Y| >
hn) = o(P(X; > N)) = o(P(S, > N)). Therefore, Lemma 1] gives P(S,, >
N)=P(S, > N)(1 + o(1)). Combining these estimates with ([2.6]) gives

P(S, > N) = by ()T dt + o(nP(X > N)).

14+ 0(1) € g—itN _ efit(Nng(n))
2 / it

—€

(2.10)

2450023-8
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Now we insert the tail (8], subtract ®(N/a,) and ZJ) n times. This gives
‘/ —itN efzt(Nng(n))),l/) ( ) ( ) n\IJ( )dtf ) <£>’

(e =8 (1)

as required. For the converse, (@) follows directly from the above formula together

with (29) and 2I0). O

it

For use below in the setup of dependent random variables (arising in the con-
text of dynamical systems), we record the following consequence of the proof of
Proposition

Proposition 2.4. Let (v7);>0 be a sequence of random variables, not necessarily
independent, but identically distributed, on some probability space (S0, ). Suppose
that vj satisfies (L)) (with v7 instead of X; and p instead of P) and write v, =
Z] 0 Lvi. Assume that vy, satisfies ([L2) with v, instead of S, and a, and b, as
in (L3) and (TF).

LetY be an L? random variable, independent of v, (for each n), with real-valued,
even and C? Fourier transform 1y, supported in [—¢, €] for some? small € > 0.

Take any N = N(n) such that a, = o(N(n)) and let g(n) = N(n)'T with
€o > 0.

Moreover, suppose that there exists W (N, n) so that nP(X1 > N) = O(W (N, n))
and so that:

(i) if « € (0,1)U(1,2), as n — oo,

€ itvy, ito?
‘/ (e—itN . e—it(N+g(n)))wy<t)Eu(e ton) — nE, (e to”y

it

dt

= O<W<N7 n)),

(2.11)

(i) f a =2, asn — oo,

€ itvy, itv®
‘/ (=it _ e—it(N+g(n)))wy(t)Eu(€ ) - nEu (™) & (ﬁ)‘

it A,

= O(W(N,n))+o <<I> (%)) (2.12)
Then:
(i) if a € (0,1)U(1,2), as n — oo,

(v > N) = np(W® > N)| = O(W(N,n)); (2.13)

d1n the dynamical setting, € will be fixed at Fact 341

2450023-9
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(i) if a =2, as n — oo,

(vn > N) = np(e® > N)| = O(W/(N,n)) + o (é (ﬁ» (2.14)

Qnp

Proof. First, note that the only place where we required independence inside the
proof of Proposition [2.2] was where we translated the content of Theorem [I.I] with
a # linterms of | [ (e7 "V —e (N Fa(m) )y (1) Mdﬂ. As explained below,
the same proof (for the converse part) with W(¢)™ replaced by E, (") yields the
conclusion of the current proposition.

First, by the same argument as the one used in obtaining (Z3) and 24), we
have

1 T e~ itN _ o—it(N+g(n)) y 0
(v, > N) = Tl% 7 /T - E,(e""")dt + o(nu(v” > N))
N —it(N+g(n))

and p(v® > N) = limy o0 5 fTT e - E,(e™")dt. Also, analogously

to (m) and (IE), M(’UO +Y > N) — % fje efithe;Zt(N+g(n))wy@)Eu(eitvo)dt’
1 € o—itN _ efit(NJrg(n)) ito
plon+Y >N = o [ - Uy (DB, (")

+o(nu(v® > N))
and
(s +Y > N) —np(® > N)| — o(nu(v® > N))
O(W(N,n)) if o€ (0,1)U(1,2),

O(W(N,n)) + o (@ (ﬁ» ifa—2.

Qn

It remains to argue that (v, +Y > N) = u(v, > N)(1+0(1)). If a € (0,1) U

(1,2), we proceed as in obtaining (Z8), by applying Lemma 2] with Z, = S,,,
S, =85,—Y and hy = N = o(N). If @« = 2, we proceed as in the argument
used in obtaining (2I0) with the same choice of hx as there (and S,, replaced by

Up). O

3. Abstract Setup for Dynamical Systems

Let T : Q@ — Q be a measure-preserving map on a probability space (£, u). Let
v : © — R be a measurable observable with [, v?*du = oo. We fix o € (0,1) U (1, 2]
throughout and assume

(HL) p(v>z) =pl(z)z=*(1+0(1), plv<—z)=qgl(z)z™*(1+o(1)),
as x — 00, where ¢ is slowly varying and p+ ¢ = 1.
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Recall £ and ¢ from (L3). Throughout, we shall work with

¢ ifae(0,1)U(1,2),
o =

. 3.1
{ if o= 2. 3.1)

Let R : L' — L' be the transfer operator for T defined via the formula
Jo Rfgdp = [, fgoTdu. Givent € R, define the perturbed operator R(t) : L' — L*

by R(t)f = R(e""f).

We assume that there is a Banach space B C L% containing the constant
functions, with norm || - || satisfying |¢|e < ||¢|| for ¢ € B, such that we have the
following:

(H2) There exist € > 0, C' > 0 such that for all |¢|, |h| € Be(0):
(i) |R@)|| < C for a € (0,1)U(1,2] and ||R/(t)| < C for a € (1,2];
(ii) if o € (0,1), then || R(t + h) — R(t)|| < Clh|*¢(57);
(iti) if o € (1,2], then ||R(t 4+ h) — R(t) — ihR'(0)|| < C|h|(|t|* ~* 4 |n]*' 1)
for any o’ € (1, @);
(iv) if a € (1,2], then |R'(t +h) — R'(t)|| < C|h|* "o p)-

Ttem (iii) may be not as natural as an estimate on |[|[R(t + h) — R(t) — ihR'(t)]],
but it is what is required in the proofs (it is crucial for the proofs of items (ii) and
(iii) of Proposition BI0), and its validity is checked in Sec.Hl Since R(0) = R and
B contains constant functions, 1 is an eigenvalue of R(0). We assume the following:

(H3) The eigenvalue 1 is simple, and the remainder of the spectrum of R(0) : B — B
is contained in a disk of radius less than 1.

Throughout, write v,, = Z;l;()l voT7. Tt is known, see [2], that under hypotheses
(H1)—(H3), distributional convergence (v, — by,)/a, —4 Yo to an a-stable random
variable Y, holds. Here, a,, and b,, are defined in (I3)) and (4.

With no loss of generality, when « € (1, 2] we assume fQ vdp = 0. Hence, b, =0
for a € (0,1) U (1,2]. With this specified, we state the main result in the abstract
setup.

Theorem 3.1. Suppose that (H1)—(H3) hold. Let 6 > 0 be arbitrarily small and set

(logz)l(x)x= if a € (0,1),
D(z) =
x—(@=9) if € (1,2].
Take N = N(n) such that N/a,, — co. Then, as n — oc:

(i) ifa € (0,1)U(1,2), then |u(vy, > N)—nu(v > N)| = O(D(N))+o(nl(N)N—%)
and a similar statement holds for p(v, < —N);

(ii) if o = 2, then |p(v, > N) —nu(v > N)| = O(D(N)) + O(nlog NN~2) +
O(nl(NYN~2) and a similar statement holds for (v, < —N).

2450023-11
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3.1. Strategy of the proof

In the proof below of Theorem B.Il we shall proceed by reasoning as in Sec. 2]
proving the statement on the right tail. More precisely, as in Sec. 2 we shall work
with the inversion formula for distribution functions.

As recalled in Sec. B2 below, the relevant characteristic function E,, (") of the
partial sum of dependent quantities {vo 77} j>0 decomposes into the characteristic
function of the partial sum of i.i.d. random variables {0;};>0, which we refer to as
U(t)™ (see Sec.[B2Z2l), and “some other” quantities.

Asrecalled in Sec.B.2Z2 E,(e") = E,, ("% ) = U(t) for all t. This together with
a fact recorded inside the proof of Proposition [Z2] namely 21) (with X; = 0;),
ensures that given € > 0 small enough,

€ g—itN _ efit(NnLg(n))

(v > N)(1+o(1)) = 2i lim Dy (T, (3.2)

T n—oo [, it
where Wy is as in the statement of Proposition 2.2
By Proposition 24 (with v/ = v o T7) and ([3.2), the conclusion of Theorem B.1]

follows once we show that for some € > 0,

/e (e—itN B @_it(N'H](n)))wy(t) Eu(eitvni)t_ n‘I’(f) dt (33)

—€

is O(D(N)) + o(nly(N)N~*) when « € (0,1) U (1,2) and, respectively,

it

€ . ) itvn\ U
/ (=N — e—zt(N+g(n)))wy(t) E,(e') —n¥(t) dt (3.4)
is O(D(N)) 4+ O(nlog NN~2) + O(nf(N)N~2) if o = 2. Here, we have used that
®(N/a,) < (N/ap)~? < nl(N)N~2.

Writing E,, (e ) = U(¢)"+(E, (e"*»)—¥(¢)") and using the “rewrite” recorded
in Proposition 2.2 Eqgs. (33]) and (34]) follow as soon as we show that

‘/e (efitN N e—it(NnLg(n)))wy(t) E#(eitvni)t— \P(t)n dt’ (3'5)

is O(D(N)) + o(nly(N)N~%) when o € (0,1) U (1,2) and

‘/e (eJtN _ efit(Nﬁ»g(n)))qﬁY(t)Eu(eitUn) — ()"

g dt — ®(N/ay,)

(3.6)

is O(D(N)) + O(nlog NN 2 ) + O(né(N)N~2) if @ = 2.

Slnce E,.( eitvn) = fQ t)"1du, we take the next subsection to decompose
fQ "1du mto \I/( )" and “good” quantities. The idea is to isolate ¥(¢)™ in the
expression of fQ t)™1du so as to be able to use the equivalent of ([2.1]).

The meaning of “good” quantities will become clear in Sec. B3] below, where
we complete the proof of Theorem Bl At this stage, we can point out that the

2450023-12
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proof uses a “modulus of continuity” argument (and also a derivative in the case
a € (1,2]). Although this type of argument has some similarity with the ones used
in [I5], the current arguments are much more delicate. To carry out a “modulus
of continuity”-type argument, it is crucial that we obtain enough decay in ¢ in the
expression of [, R(t)"1dy — W(t)™. This is necessary to counteract the effect of the
division by ¢ in the integrand in (33]). The details are postponed to Sec.

3.2. Decomposin R(t)™1dp into ¥(t)™ and “good” quantities
P 9 Ja 1 g q

The main result of this section is Proposition 310 stated at the end of this subsec-
tion.

We first recall some general facts under (H1)—(H3), some of them being recently
clarified in [15] Sec. 3.2].

By (H2) and (H3), there exist ¢ > 0 and a continuous family A(¢) of simple
eigenvalues of R(t) for |t| < 3e with A\(0) = 1. The associated spectral projections
P(t), |t| < 3e, form a continuous family of bounded linear operators on B. Moreover,
there exist a continuous family of linear operators Q(t) on B and the constants
C >0, dp € (0,1) such that for [¢| < 3,

R(t) = AO)P(t) + Q) and [[Q(H)"]| < Ty (3.7)

Let ((t) = % be the normalized eigenvector corresponding to A(t).

Lemma 3.2. Assume (H2). There exists € > 0 such that the properties of R(t)
listed in (H2) are inherited by P(t), Q(t), A(t) and {(t) for all |t],|t + h| < 3e.

Lemma holds with a simplified version of (H2)(iii) obtained by moving
ihR'(0) to the other side of the <-sign; namely, for a € (1, 2],

|R(t+ h) — R(t)| < |h|. (3.8)

The full strength of (H2)(iii) is exploited in Lemma B3] below.

3.2.1. A consequence of (H2)(iii) for the operators P and Q

Lemma 3.3. Let o € (1,2]. There exists C > 0 so that the following hold for all
[t], ]t + h| € Bsc(0) and for any o/ € (1,a):

(i) ||P(t+h)—P(t)—ihP'(0)|| < C|A|(|t]* ~* +|h|* ). A similar statement holds
)

for C(0) = Tz o
(i) Q¢+ ) — Q1) ~ h@Q(0)]| < Clh(~ ~ + Al )

Proof. (i) Recall that A(t) is an isolated eigenvalue in the spectrum of R(t) for
every |t| < 3e. Hence, for any & € (0, 3¢), P(t) = 5= flgfl‘zg(ng(t))’ldg and

2mi

2450023-13
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thus, P'(t) = 5 ‘57”:5(5fR(t))*lR’(t)(ﬁfR(t))*ldg. With these specified,

270
we see that

2mi(P(t + h) — P(t))

— /|§16(§ — R(t+h)) Y (R(t +h) — R(t))(€ — R(t)) " ‘d¢
= /lg_l_g(g - R(t + h))_l(R(t + h) — R(t) _ ZhR/(O))(é. B R(t))_ldé-

—H’h/ (€= R(t+h)"'R(0)(€ — R(t))"'dé = I(t,h) + J(t, h).
le=1|=0
By (H2)(iii), [[I(t,h)| < |h|(|t|*' =1 + |h|*' 1), for any o/ € (1, ). Also,

s =ih [ (€= RO)T RO~ RO) e
dil [ (= RO+ 1) - (€~ RO) RO - RO) e
le—1]=5
=i [ (€~ RO) RO - RO) g
E—1]=5
i [ (€= R R (€~ RO) TR O)( - BE®) e
le-1|=5

dih [ (€= RO RO - BE) - (€ RO) e
le-1|=5

= ih(2mi) P'(0) + ih(J1(t, h) + Ja(t, h)).

By 38), i.e. the simplified version of (H2)(iii), we have ||R(t+h)— R(0)|| < [|R(t)—
R(O)[[+|[R(t+h) = R({)|| < [¢| +[h| and thus, {|Ji (&, R[], [[J2(¢, R)|| < [R|([E]+[A])-

Altogether, P(t + h)— P(t)—ihP'(0)= (2mi) " 1(t,h) + (2mi) " h(J1(t,h) +
Ja(t, h)) and each term satisfies the claimed estimate, concluding the proof of the
statement on P(t).

The statement on ((t) = T If((f))lld#

follows directly from the definition and the

statement on P(¢).

(ii) We shall use that Q(t) = R(¢t)(I — P(t)) (here, I is the identity operator). So,
Q'(t) = (R(t)(I — P(t))) = R'(t)(I — P(t)) — R(t)P'(t) and thus,

Q'(0) = R'(0) = R(0)P'(0) = R'(0)P(0). (3.9)

2450023-14



Stoch. Dyn. 2024.24. Downloaded from www.worldscientific.com
by daliaterhesiu on 10/04/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Stable LD for dynamical systems

With this specified, we compute that
Qt+h)—Q()
= R(t +h) — R(t) + R(t)P(t) — R(t + h)P(t + h)
= R(t+h)— R(t)+ R(t)(P(t) — P(t+h)) — (R(t+h) — R(t))P(t + h)
= (R(t+ h) — R(t) —ihR'(0)) — R(t)(P(t + h) — P(t) — ihP'(0))
— (R(t+h) — R(t) — ihR'(0))P(t + h)
+1ihR'(0) — ihR(t)P'(0) — ihR'(0)P(t + h).
Using (H2)(iii) and item (i) above,
1Q(t + h) — Q(t) — ih(R'(0) — R(t)P'(0) + R'(0)P(t + h))|
<RI 4 R,
for any o/ € (1, ). But, by (H2)(iii) and (3.9),
ih(R'(0) — R(t)P'(0) — R'(0)P(t + h))
= ih(R'(0) — R(0)P’(0) — R'(0)P(0)) + D(t, h)
=ihQ'(0) + D(t, h),

where || D(t, h)|| < |h|(Jt| + |h])- O

3.2.2. Some properties of A\ and details on ¥

Let ¥(¢) be the characteristic function of the i.i.d. random variables 9, :  — R so
that ©; and v o TV have the same distribution.
Similarly to v, we take [, 0;du =0 (when « > 1). Since 0; satisfies (H1),

1= 0(t) = calo (%) 17 (14 o(1)) as ¢ — 0. (3.10)

Equation [B.I0) has been established in [7, [12] (see also [2] Theorem 5.1]). Also, as
established in these works (in particular, [2]) and clarified in [I5] Lemma 2.1], we
have the following.

Fact 3.4. There exist constants €, ¢ > 0, such that
o 1
[P (t)] < expl —cl|t|“ m for all t € Bs.(0).

Throughout the rest of this paper, we fix € so that both Fact B4 and Eq. (B.1)
hold.
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It is known that there exists C' > 0 so that for all [¢[, |t + h| € Bs.(0),

|W(t+h) — W(t)| < Cth(lhl) € O.1) (3.11)
C|hl, ae(1,2).

Furthermore, if @ € (1,2], then ¥ is differentiable and writing ¥’ for its
derivative,

(1) < Oty (| |) e, (3.12)

for some C' > 0. For a precise reference for the validity of B11]) and (312), see, for
instance, [15, Lemma 2.2].

Lemma 3.5. Let V(t)

= A(t) — U(t). There exist C,C" so that the following hold
for all |t], |t + h| € Bse(0):

(i) If o € (0,1), then V()| < CJtf*U(g)? and [V(t+ h) — V()] < C'[h]*

ESEs

If a € (1,2], then |V (t)| < C|t|* and |V (t + h) — V()| < C'|h|(]t] + |h]).
(i) If a € (1,2], then V is differentiable and writing V' for its derivative, |V’ (t)| <
Clt] and |[V'(t+h)=V'(t)| < C|h|“/_1€(ﬁ)(|t|+|h|)—|—C’|h|,for any o’ € (1, a).

Before proceeding to the proof, we note that Lemma together with (B.I0)
and (3I2) implies that

1= A(t) = calo <| |) [t]“(1+0(1)) and for a € (1,2],
(3.13)
N ()] < Ot (| |) o1,

for some C' > 0.

Proof. Proof of Lemma Write

A = [ RO = [ Red+ [ (R = RO - 0)dn

= / ey + / (B(t) = R(0))(C(t) = €(0))dpu = W(t) + V(¢).
Q Q

This gives the (well-known) decomposition of A into ¥ and V in the statement of
the lemma. We still need to clarify the properties of V.

Since B C L, item (i) for the case a € (0, 1) follows immediately from (H2)(ii)
and Lemma 32 The second part of item (i) for the case a € (1, 2] follows similarly
using that by B38), ||R(t+ h) — R(0)|| < [t| + |A|.
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For item (ii), we first note that

V(1) = / (R() = RO (@) + / R(1)(C(t) - ¢(0))d.

Lemma 32 and the fact together with ||R(t) — R(0)|| < |¢| imply that [V'(¢)] < |¢|.
Next, compute that

V'(t+h)—V'(t)

= [ B+ ) = RO+ Wi+ [ (RO = RONC 1) = O

Q

n / (Rt + 1) — RUB)(C(E) — C(0))dp + / Rt + h)(C(t+h) — C()dp
Q Q
= Il(t, h) + Ig(t, h) + I3(t, h) + I4(t, h)

Recall |R'(t)],|¢'(t)] < 1 and ||R(t + h) — R(0)]] < [¢t| 4 |h|. These together with
(H2)(iv) and Lemma give that |Ix(t,h)l], [14(t, h)| < |h|0‘_1€0(‘%|)(|t| + |h|).
Regarding I, compute that

Li(t,h) = ih /Q R'(0)¢'(t + h)dp + /Q(R(t +h) — R(t) —ihR'(0))¢'(t + h)du

— i /Q R(0)¢'(0)dp + ih /Q RO)(C(t+h) — ¢'(0))du
+ /Q(R(t +h) — R(t) — ithR'(0))'(t + h)dp.
Similarly,

Li(t,h) = ih /Q R(0)C' (0)dy + ih / (R'(t+ h) — R'(0))C'(0)dp

Q
* /Q R/(t+h)(C(t+h) = ((t) = ih¢'(0)dp.
By (H2)(iii), (H2)(iv) and Lemma [3.2]
(e, 1) =it | BOC O] < bl + |1 ),

for any o € (1, ). By (H2)(iv) (together with Lemma [B2]) and Lemma B23(i),

hlt = ih/ R/(0)¢/(0)dpe| < [RJ(t*" " + [B]*' 1),
Q
for any o/ € (1, «). Hence,
|Il(t7h) + I4(t,h)| < |h| + |h|(|t|a’_1 + |h|a/_1),
for any o/ € (1,«), ending the proof. .
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For use in the proofs to follow, we recall one more property of A, when « € (1, 2J;
this is a refined version of the continuity properties recorded in Lemma B2l (This
type of estimate appears inside [I5, Proof of Theorem 3.2]).

Lemma 3.6. If « € (1,2], then there exists C > 0 so that for all t,t + h € Bs.(0)
with |h| < 4,
1
A+ 1) = A0 < G + o ()
[t + |A]

A similar statement holds for W.

Proof. By the mean value theorem, A\(t+h)— A(t) = hA'(¢*), for some t* € [t,t+h]
and the conclusion follows. O

3.2.3. A first decomposition of fQ ) dp into U ()™ and “good” quantities
Lemma 3.7. Let
V(t,n) = /Q R(t)"1dp — W ()" — /Q Q(t)"1dp.
The following hold for all n > 1 and all |t|,|h] € B(0) with |h| < [t]/2:
(i) If a €(0,1), then

I (W( ) e (%)) W,
[V (t+h,n)—V(t,n)| < <|h|a < >+n|h|“£<| |)|t|“£<|t|)> [T ()"

h]
(ii) If a € (1,2], then for any o € (1, @),
’ (t,n) —itA(t /P 1du’ < (|t|a + nlt]?)| T (t)".

(iii) If a € (1,2], then for any o’ € (1,a),

V(t+h,n) —V(t,n)— ih)\(t)"/ P’(O)ldu’
Q

< (= ninlll =00 () 1wte

1|

(iv) Ifa € (1,2], then V is differentiable in t and writing V’(t, n) for its derivative,

V't n) — A)" /

Q

< (1o () e e () ) e

2450023-18
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and

V'(t+ h,n) — V'(t,n) — ihnA(t)" "IN (t) P (0 )1du’

<l () o |+n<|t||h|aleo (57) + 101 lwcor

2
2a—1 a—1 -
(m it () + eIl 00 ()

Rl <H>> W (8)"] + n¥e[2* ] (H) w0
Proof. By (3.1,

| roran— [ aridn

= A\(t)" /QP(t)ldu

—_

— A" /Q PO)Ldp+ A(D)" /Q (P(t) — P(0))1dp

— W)+ AD)" — T+ AD)" / (P(t) = P(O)1d

Hence,
V(t,n) = (A0)" = ¥()") + A#)" /Q(P(t) — P(0))1du
= A(t,n) + B(t,n). (3.14)
Throughout the rest of the proof we will use that by Lemma B8] [A(¢)"] < [ (¢)"].
Item (i). Note that by Lemma B2 and (H2)(ii), |B(t,n)| < |t|0‘€(|t‘)|\lf(t)"|. Next,
using Lemma B2 and (H2)(ii),

B0+ o) = Blel < i ) 107+ NG+ =20 e ()

It

Note that A(t+h)" —A(t)™ = (A(t+h) —A(1)) Z"il A(t+h)I\(¢)"~9. This together
with Lemma B2 implies that |A(t 4+ k)™ — A(¢)" | < n|h|“€(|h‘ )| W (t)™|. Hence,

\B(t + h,n) — B(t,n)| < |h|ae<|h|) (n|t|a£ (I |> +1) 1T(t)"].

It remains to deal with A(¢t,n) in BI4). Given V(¢) = \(t) — ¥ (t) as in Lemma B.5]
A(t,n) = V(t) Z":Ol A(t)7W(t)"=7=1. This together with the properties of V
in Lemma BE(i) implies that |A(¢,n)| < n|t|2“€(|t‘) | (¢)"]. To deal with the
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continuity properties of A(t,n), we first compute that

(At +h)" =W+ h)") = (AB)" =¥ (@)")

n-l n—1
=V(E+h) Y AE+RYUE+R)" I V() Y A e
=0 o
(V4 )~ V(D) SO AG R Ry
j=0

Z (t+h)7 — X)) W (t 4 h)" 71

+V(t) i/\( (Wt + h)" I —w()nITL), (3.15)

Using ([BI3), we compute that
|A(t + h,n) — A(t,n)| < I + I + I3,

where

n—1

L= |V(t+h) = V()Y IAE+ R [+ h)" 7

1 1
< n|h|"‘€< )|t|“€< )|\I/(t+h)"|,
|hl It]

= V()] Z IA(t 4+ h)T — N(t)? || @ (t + h)" I

< |h|aé< ! ) |t|2~¢ ( ! )2 |U(t+ h)"|
n )
|h 2|

where we have used again Lemmas and [3.5 and

= [V(t IZ:IA [t +h) I — ()"

< |h|ae< ! ) e ( ! ) ()"
n 9
7 7

where we have used (BI1]) as well.

Item (ii). We continue from BI4). First, |A(t,n)| < n|V(t)||¥(¢)"] and using
Lemma B5(i) (the statement on V for the case a € (1,2]), |A(t,n)| < n|t|?|¥(t)"|.
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Next, we rewrite B(t,n) in a convenient way,

B(t,n) = itA(t)" /

P'(0)1dp + A1) / (P(t) — P(0) — itP'(0))1dp.
Q

Q

By Lemma B3(i), A1) [,,(P(t) — P(0) — itP'(0))1du| < |t|*'[¥(t)"] for any o’ €
(1, ), and the conclusion follows.

Item (iii). We start from ([B14). First,
|A(t + h,n) — A(t,n)| < [A(E+h)" = XE)™| + [T+ h)" — V()"
L nfA(t+h) = MO | +n|Y(t+ h) — W (L)|[E(t)"]

) o,

< n|h|[t|* <|t|

where we have used Lemma
It remains to deal with B defined in ([3.14),

B(t + h,n) — B(t,n)

— A" /Q(P(t 1+ h) — P(t))1dp + (At +B)" — A®)™)

« /Q(P(t + 1) — P(0))1dp
— it hon) + ot ).

First, by Lemmas and [3.6]

1

| Ja(t, h,n)| < n|A(E 4+ h) — MO ||t + k| < nlh||H*C <H

JLICR
Now

Jy(t, h,m) = iRA()" /

P'(0)1dp + A1) / (P(t+ h) — P(t) — ihP'(0))1dp.
Q

Q

Using Lemma B.3[i), we obtain that for any o’ € (1, ),

Ji(t, h,n) —ihA(f)"/ P'(O)ldu‘ < [RI(H* 7+ (R0,
Q

ending the proof of (iii).
Item (iv). Differentiating in (314,

V' (t,n) = n(A®)" "IN () — U)W (1)) + n A" N (2) /S (P() = P(O))dy

A" /Q P/(t)1dp = Ao(t,n) + Ay (t,n) + As(t, n). (3.16)
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Recalling from Lemma B8 that V(¢) = A(t) — ¥(¢), we compute that

Ag(t,n) = nX (E)A®)" ™ = W) 1) + 0@ ()" (N () — U'(1))
— X (MO — T + W)V (). (3.17)

It follows from Eq. (313) and Lemma [35]i) and (ii) that
1
Ao(t,m)] < nlt]* 6o (m) AV O] + V(1) (0)")

1
< 2t (m) ()] + e[ (0)".

Regarding Aj, using Eq. 3I3) (statement on the derivative) and Lemma [3.2]
we obtain |A1(t,n)| < n|t|0‘€0(ﬁ)|\11(t)"|. For As, write

As(tn) = ()" /Q P'(0)1du + A(t)" /Q (P'(t) — P'(0))1dy
A" /Q P/O)1dy + ALt ). (3.18)

By Lemma B2 and (H2)(iv), |AL(t,n)| < |t|0‘_1€0(ﬁ)|\11(t)"|. Thus,

1
]

As(t,n) — A(E)" /Q P’(O)ldu‘ < [t* e ( ) [ ().

Putting together the estimates for Ag, A; and As,

V' (t,n) — At)" /

P’(O)ldu’
Q

< (e () + bl ) 1900+ bt () 1o

] ]

sl () e

1 1
< <|t|"‘_1€0 (H) + nft] +n2[t|* T ey (m)) [T ()",
as claimed.

We continue with the continuity properties of 1% studying each term in (BI4).
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Term Ay in (BI0). Using the expression (BI7), we compute that
[Ao(t + hyn) — Ao(t,n)|
LN (t+h) = N[O V()]
AnN @A+ )" =T+ 2" = (A" = ()" )|
AUt +h)" T =TV + 0[OV (E 4+ h) = V(#)]
=1 (t,h,n) + Iz(t, h,n) + I3(t, h,n) + I4(t, h,n).

By Lemma BI(ii), Ii(t,h,n) < n|h|0‘/_1€0(|1ﬂ)(|t| + [R)E ) +
n|h| W () .

By Lemma (statement on W), Lemma BI(ii) and BI2), I3(t, h,n) <
2]t oty (17 1012~ (0] < 2Bt I L W (E)).

We continue with I5. First, recalling Eq. (312) and using Lemmas B3] and [3.6]

[A(E+R)" =W (E+R)") = (A" = ¥ (@)")]
< nfV(t+h) = VO[CE)" 7 +n?[VOIIME+ ) — AT )"
+n?[V(O)I[W(t+h) — W) e ()"
< nfhl(t] + [RDI@)" ] + n? (Al (87 + B2

1 n—1
By Eqs. (BI9) and BI3),

o 1 n—

2
(o7 1 n—
sl (o) 0O

Finally, by Lemma and (H2)(iv), [N(t + h) — N (t)] < h* 1 (1/|Rh|). This
together with Lemma B5(i) gives that I (¢, h,n) < n2|h|0‘_1|t|2€0(wllh‘)|\lf(t)"|.
Putting together the estimates for Iy, I3, Is and I, we obtain

|A0(t + h,’fl) - AO(tvn”

< <nlhl°‘1£o ( . ) (It + |h]) +n|h|> W ()"

[R]
+(#mw*%(i)uﬁ+ﬁMWW%<—i—j)w@w*|
7 TEN
1 2
+n3|h|t]* Ly <7> W ()" . (3.20)
UERD
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Term A; in (3I0). Here we have
Al(t + h7 ?’L) - Al (tv ?’L)

=nA)" "IN (1) /Q(P(t +h) — P(t))ldp

O+ R = ARV (@) /Q (P(t+ 1) — P(0))1dp

FnA( 4 )L+ B) — N (1) / (P(t+ h) — P(0))1dy
Q
:Jl(t,h,n)—l—Jg(t,h,n)+J3(t,h,n).
By Lemma and arguments similar to the ones used in estimating Ay
above, |Ja(t, h,n)| < n?|h||t]>*~ 1o ( 2lw(t)?| and |J3(t,h,n)| < mnlh|*?

Co(mIEl[w (2)"].
Finally, for any o/ € (1, «),

1
AT

Ji(t, hyn) = ihnA(t)" N (t) /

P (0)1dp + nA(t)" 1N (t) / (P(t+h)
Q

Q
— P(t) — ihP'(0))1dp

— ihnA()" N (1 A P'(0)1du + O(nl At} 2w (1)")),

where in the last line we have used Eq. (313]) and Lemma [3.3(1).
Altogether,

‘Al(t +h,n) — Ay (t,n) —ihn ()" N (t) /

P’(O)ldu‘
Q

2
e o 1
< <n|h||t|a a2 2| [t2e <|t|+|h|)

+n|h|*" <ﬁ> |t|> |W(t)™]. (3.21)

Term A, in ([3I6). Here, we use the definition of A} in (I8). By Lemmas
and [3.0]

|A%(t + h’n) - A%@ﬂ”)l
KA+ R)" = A" NP @O + IO [I|1P'(E+ h) = P'(#)]|

<l o () 10" e () e

The second statement of item (iv) follows by putting together the estimate on
A} with Eqgs. (3.20) and (BZI). More precisely, putting all these together (recorded
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in the order Ap, Ay and As) and recalling (B:21]),

V't + h,n) = V'(t,n) — ihn/\(t)"_lx\’(t)/ P’(o)um‘
Q

<l (g ) 1wter]

1 , 1
+n (|t||h|o‘ —1¢, <|h|) + |h| + [t]* +O‘_2|h|€o (H)) [ ()"
2
n (1121 hlt (#) TR (i)
oE 7

1 1 2
+ht0‘€( ) U ()™ + n3[t|?>|h|e <7) U ()"
IRl to ( o |h|>|<>| P hlto ( ) v

Using that |h| < |t|/2, we can ignore the term |t|0‘,+“_2|h|€0(ﬁ). More precisely,
we see that for any € > 0,

1 ’ 1
|t|o¢ "+a— 2|h|£0 ( ) — |t||t|a +o¢—3|h|2—o¢—e€0 ( ) |h|o¢ 1+e

1| 1|

/ 1
< |t||t|a 7175€0 <|t|> |h|a 1+e.

Since o > 1 and € > 0 are arbitrarily small, [¢|* ~1~ EEo(il) o(1) as [t| — 0. Also,
|h|* =1 < |h|* Yo (). Thus,

, 1 1 1
e *“m%( )<< l1AI"= <—) < JHl[A 6 < )
i 0 0

Item (iv) follows. |

3.2.4. Properties of Q(t)"

Lemma 3.8. Forn > 1, consider the operator W (t,n) = Q(t)™ — Q(0)™. Let §p be
as in BO). Let |t],|h| € Bc(0). The following hold for some §y < 61 < 62 < 1 and
for some C',C" > 0:

(i) If a € (0,1), then
1
1

(i) If a € (1,2], then for any o € (1,a),
|(W(t+ h,n) = W(t,n) — ihQ(0)"'Q'(0)) 1||

(W (t,n)] <C 5"|t|0‘€< ) Wt + h,n)—W(t,n)| < C”5”|h|0‘€< ! )

R

< C'SHIR|(HY 7 + (B + Cnlh|(1t] + [R).
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(iii) If a € (1,2], then W is differentiable and noticing W'(t,n) = (Q(¢)"™)’,

IW/(t + hm) =W (6 m) | = [(Q(t+ 1)) = Q)™ < C"67 B o (ﬁ)

Proof. Compute that

W (t,n)| = Z_: IR 1(Q(t) — QUO)IIIQO)" =,

Jj=0

n—1

IW (¢ +h,n) = Wt n)| < Y IQE+ W) II(Q(E +h) — QEDIIIQE)™ 1|

=0

and

n—1 ) .

Q™Y =>_Q®yQMe®m "

§=0
Using these equations, as well as ||Q(t + h) — Q(¢)|| < |t| + |h| (which follows
from (B8)) and ||Q"(t)]] < C6y from B, we have

[Qt + h) = QO)|| < &g (|¢] + [h]). (3.22)

Items (i) and (iii). They are included in [I5, Proof of Lemma 3.7]; the claimed

estimates follow directly from the previous three displayed formulas, Eq. 7)),
assumptions (H2)(i) and (H2)(iv), respectively, and Lemma 321

Item (ii). Note that W(t + h,n) — W(t,n) — ih(Q(0)") = Qt + h)" — Q)™ —
ih(Q0)")".

Take M € N such that QM (¢)|| < €6} < L in @0).
We will need a two-step induction argument, first for n < M, and then for n > M.

Step 1: n < M. Take the induction hypothesis: for any o/ € (1, «), there is Ci,qg > 0
such that

Q(t+h)" — Q)" —ihQ(0)"~'Q'(0) — i(Q(0)Q'(0) + Q'(0)Q(0)) z_: Q(0)
j=0
< Cinan|R|(C7 T (1Y 7+ 1R + (1t + [AD), (3.23)

for C from (B1). We will first prove this statement by induction but only for
1 < n < M. Afterward, we explain how to adjust the induction for n > M and
with a new uniform constant C‘ind instead of Ci,qC™. It is very likely that the second
term n|h|(|t] + |h|) can be improved but this estimate suffices for the proof of the
main result.

Since Q(0)1 = R(0)(I — P(0))1 = 0, we have "= Q(0)’1 = 0 and ndj < 0}
for some &1 € (do, 1), item (ii) follows.
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We show that ([B:23]) holds using an induction argument. A straightforward (but
lengthy) calculation verifies the statement for n = 2. To see this, compute that

Q(t+1)* — Q(t)*
= QU+ W)(Q(t + k) — QD) + (Q(t + h) — Q(NQ(L)
= QU+ W)(Q(t +h) — Q(t) — hQ'(0))
+(Q(t+h) — Q(t) — ihQ'(0)Q(L) +ihQ(t + H)Q'(0) +ihQ (0)Q(1).
So,
(Q(t + k)2 = Q(1)*) — hQ(0)Q(0) — ihQ (0)Q(0)
= QU+ W)(Q(t +h) — Q(t) — hQ'(0)) + (Q(t + h) — Q(t) — ihQ'(0) Q)

+ih(Q(t + k) — Q0)Q(0) + ih@Q (0)(Q(1) — Q(0)).

Using Lemma B3(ii), (H2)(iii) and Lemma B2
QU + h)? — Q(1)* — ihQ(0)Q'(0) — ihQ (0)Q(V)|
< 280 B (161 =+ A1) + [R(Je] + 1A,

for any o € (1,a). This verifies the statement for n = 2. To make the assump-
tion ([B23]) more clear, we also record for n = 3,

Q(t+h)® —Q(t)°
= Q(t +h)*(Q(t +h) — Q1) + (Q(t + h)* = Q) Q)
= Q(t +h)*(Q(t + h) — Q(t) = hQ'(0)) + (Q(t + h)* — Q(t)* — ihQ(0)Q'(0)
—ihQ'(0)Q(0)Q(t) +ihQ(t + h)*Q'(0) +ih(Q(0)Q'(0) + Q'(0)Q(0)Q(?).
So,
Qt +h)® = Q(1)° — ihQ(0)*Q'(0) + ih(Q(0)Q"(0) + Q'(0)Q(0))Q(0)
= Q(t +h)*(Q(t +h) — Q(t) — ihQ'(0)) + (Q(t + h)* — Q(t)* — ihQ(0)Q'(0)
—ihQ'(0)Q(0)Q(t) +ih(Q(t + h)* — Q(0)*)Q'(0) + ih(Q(0)Q'(0)
+Q'(0)Q(0))(Q(t) — Q(0))
=L+ L+I+]1,

Using the same estimates as for n = 2, we have |I| < 62|h|(Jt|* ~*+]h|* ~1). Using
the statement on n = 2 and the fact that |Q(t)|| < do, |I2| < 262|h|(Jt]* " +
Sol ™ 71) + [RI(t] + [h]), |13 < &3IRI(|t] + [R]) (using also @22) and |L| <
|h|(|t| + |h]). Thus,

I + I + Is + Iy| < 362|R|(|t|* =" 4 || =Y) + (1 + 6o0)|R|(t] + |h)).

Since 1 + dg < 3, the statement for n = 3 is verified.
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The general case n > 1 follows by induction, assuming the statement that ([3:23])

holds for n, and we want to prove the hypothesis for n 4+ 1. Note that
Q(t +h)"™ — Q)"+
= QU+ h)"(Q(t+h) — Q) + (R +h)" —Q()")Q(t)
=Q(t+h)"(Q(t+h) — Q(t) — ihQ'(0))

+ (Q(f +h)" = Q)" —ihQ(0)" Q' (0) — ih(Q(0)Q'(0)

n—1

+Q(0)Q(0)) Y Q(O)j) Q(t) +ihQ(t + h)"Q'(0) +ihQ(0)" ' Q'(0)Q(1)

Jj=0

n—1

+ih(Q(0)Q'(0) + Q'(0)Q(0)) Y~ Q(0Y Q(1).

§=0
Thus,

Q(t+ )" = Q)" —ihQ(0)"Q'(0) — #(Q(0)Q'(0)

+Q'(0)Q(0)) > Q(0)Q(0)

Jj=0

=Q(t+h)"(Q(t+h) — Q) — ihQ'(0)) + (Q(t +h)" = Q)"

—ihQ(0)"~'Q(0) — ih(Q(0)Q"(0) + Q'(0)Q(0)) i Q(O)J) Q(t)

=0

FIR(QU+ )" — Q0))Q/(0) + R(QU)Q(0) + @ (0)Q(0))
<Y QY@ - QW)

=J1+ Jo+ J3s + Js.
Now, |J1| < &5 |h|(|t]* ~* 4 |h|*'~1). Using B23) and @),
| Jo| < CCinanl Bl (C™a7 (11 71+ [BI* 1) + ([t + [A]))- (3.24)

Using B22), |J3| < 5§||(|¢]+ |R]). Since [|Q(t) — Q(0)]| < [t and || 3275 Q(0)7]| =
O(1), we get |Jy| < |h|(|t] + |h]). The statement on n + 1 follows by adding these
estimates.

Step 2: n > M. Next, we will do the induction in steps of M iterations. That is,
we consider

R() = RM(t) = XM () P() + QY (1) = ABP(1) + Q(t),
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and recall that ||Q| < % by the choice of M. The reason why the previous induction
is of no use for all n is due to the factor C™, of which we have no control. But using
steps of M iterations, C' can be replaced by %, so if we use the induction hypothesis:
for any o/ € (1, ), there is Cing > 0 such that

n

Qt+h)™ — Q)" —ihQ(0)"Q'(0) — ih(Q(0)Q'(0) + Q'(0)Q(0)) > ~ Q(0)!

J

Il
o

< CinanB|(S5 (1% 71 + [BI* ) + (It + [AD)), (3.25)

for do := 5}/ M, the above induction proof works. Apart from M-dependent con-
stants, the estimates of Jy, J3 and Jy still hold. This gives the required result for
all n = ng + jM and j > 0 (where the initial step j = 0 follows from the first
induction for 1 < ny < M). O

3.2.5. A final form of the decomposition of fQ R(t)™1dy into W(t)"
and “good” quantities

To simplify the statement of Lemmas [3.7] and further, we record the following
facts. We recall that we assume [, vdpu = 0 (when o > 1).

Lemma 3.9. Let (Q(0)*) = (Q(t)")'|;=0, n > 1. Then,
/P’(O)ldu:O and /(Q(O)")’ldu:/Q(O)"‘lQ’(O)ldu:O.
Q Q Q

Proof. As in the proof of Lemma [3.3]

PI(0)1 = —— (€ — R(0)) T R(0)(€ — R(0))“1d.
2w Jjg-11=

But (§—R(0))711 = (£—1)~! for all £ # 1. Since we also know that R'(0)1 = iR(0)v,
using Fubini’s theorem we obtain that

2m’/ﬂp’(0)1du = i/s2/g—1|—5(€ 17 = R(0)) " R(0)vdédp
= _ 1)1 - —j—1 j v
- /5—1|—5<€ Y Jz::og /QR(O) R(0)vdp dg
=1 1! 3 —j-1 Ity
- /£1|_5<€ 2 ;5 /QR(O) dpdg

. -1 o i1 _
z/g_ll_é(ﬁ )Y e /deudé 0,

Jj=0

concluding the argument for the first part of the statement.
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Next, recall that (Q(t)")' = Y7=) Q(t)Q'(t)Q(t)" 7. Hence,

/Q (QUO)"Y 1y = /Q g Q0 Q' (0)Q(0)" 7 1dp.

Since Q(0)1 =0, Q(0)" 711 =0, for all j < n — 1. Thus,

/ (Q(0)")"1dp = / Q0)" Q' (0)1dp.
Q Q

Recall from ([B9) that Q'(0)1 = —R(0)P’(0)1. As a consequence,

@Oy 1=~ [ QRO ©)104
Q Q
— _/ R(0)"~*(I — P(0))R(0)P'(0)1du
Q
- / R(0)" P'(0)1dy: + / R(0)"1P(0)R(0)P'(0)1dy
Q Q
_ —/ P’(O)ldu—i—/ R(0)P'(0)1dp = 0,
Q Q
which ends the proof. O

Putting together the last three lemmas, we obtain the following.

Proposition 3.10. Suppose that (H1)-(H3) hold. Let U(t,n) = [, R(t)"1dpu —
U(t)™. Then the following hold for alln > 1 and all |t|,|h| € Be(0) with |h| < |t|/2:

U] < (cow () + nle=e (H')Q) W),
|U(t+ h,n) —Ul(t,n)| < (|h|aé <|h|) +n|h|*¢ (|h|> [t|*¢ (|t|>> |W(t)"].

(ii) If a € (1,2], the following hold for any o' € (1, a):

(i) For o € (0,1),

[U(t,n)| < (1t1* + nlt]*)[¥(t)"]
and
Ut + h,n) = U(t,n)] < [h][t] = [@(6)"| + n|hl|t].

(i) If a € (1,2], then U is differentiable in t and writing U’ (t,n) for its derivative,

o— 1 [0 1 n
U'(t,n) < <|t| A (m) +nlt| + n?[t|* T <|t|>> | ()"
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and

|U/(t + h,’fl) - Ul(tvn”

< =t (G ) 10+ (Il 6o () a1 ) o

2 <|t|2 hlto <H> 1P IR <W)+|h||t| t (H)) w ()"

1 2
T3P Rl (m) ()",

Proof. In the notation of Lemmas 3.7 and 3.8,
Ult,n) = / R()™ dp — U(0)™ = V(t,n) + / W (t,n)1dy,
Q Q
since W(t,n)1 = Q(t)"1 — Q(0)"1 = Q(t)"1 (because Q(0)"1 =0 for all n > 1).
Item (i). It follows immediately from Lemmas B7(i) and B.8[i).
Item (ii). By Lemma 3.9

P(0)1dy = /

Q Q
Using also Lemma BX7((ii),

Ut m)| << (|81 + nlt) @ ()",

(Q(O)")'1dy = /2 Q(0)"1Q'(0)1dy = 0.

which proves the first statement of item (ii).
We already know that [, Q(0)"'Q'(0)ldy = 0. This together with
Lemma B:§[(ii) (and recalling h| < |¢|/2) implies that

/ (W (¢ + hym) — W (£, m))Ldpa| << 87 [RI[E" " + nlh]le].
Q

Combining this with Lemma [B7(iii),
Ut +h,n) = Utn)| < ([RIH* =+ nlhl[t]* e (1/[E)2@)"| + |kl
< [B[[E*THE@)"] +nlhl]t],
which proves the second statement of item (ii).

Item (iii). It follows immediately from Lemmas B.7)iv) and B[iii) and the fact
that [, P’(0)1dp = 0. O

3.3. Proof of Theorem [3.1]

As already mentioned in the paragraph after the statement of Theorem Bl it
suffices to show that (3H) and (B:6) hold. In the notation of Proposition BI0,
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E,(en) = [ R(t)"1dp = U(t,n) + ¥(¢)" and the LHS of Eq. B3), for o €
(0,1 U ( 2), becomes

’/ —itN efzt(NJrg(n)))w ()U( )dt

=O(D(N)) 4+ o(nlo(N)N~), (3.26)
where (in the notation of Theorem B.1)),
log NO(N)N™* if a € (0,1),
Doy = [N 0.1
N—(a=9) if a € (1,2].

Similarly, for o = 2, Eq. (8.6) becomes

’/_E —itN _ —zt(N+q(n)))¢Y() <t )dt

= O(D(N)) + O(nlog NN~2) + O(nd(N)N~2). (3.27)

In what follows, we show that (320) and (B27) hold by showing that for o €
(0,1 U (1,2),

‘ [ E eithpy(t)@dt' — O(D(N)) + o(nfo(N)N~), (3.28)
and for oo = 2,
’/6 e“wa(t)Wdt’ = O(D(N)) + O(nlog NN~?)

+O(nd(N)N~2). (3.29)
A similar argument shows that for « € (0,1) U (1,2),

[ sy 0] = oo+ g+ (AL L0D)

nlog(N + g(n))
+O< N+ 9(n))? )

and a corresponding statement for o = 2, concluding the proof of Theorem [3.1]

The validity of Egs. (828) and ([3.29) will be shown via a “modulus of continuity”
argument. To carry out such an argument, it is crucial that we have enough decay
in ¢t in the expression of U(t,n) so as to counteract the effect of the division by ¢ in
the integrand of ([B.28)). Proposition BI0 tracks this type of decay in ¢ (along with
finer continuity properties in h) and it is in this sense that we call U(t,n) a “good
quantity”.

Before embarking on the final calculations, we need to recall one more technical
lemma too.
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Lemma 3.11 ([I5, Lemma 2.3]). Let L : (0,00) — (0,00) be a slowly varying
function. For all B > 0, there exists C > 0 so that for alln > 1,

/6 OL(1/4)|W ()" |dt < CLSTZ,).
0 an

We can now proceed to the following.

Proof of Eq. (3:28). The case a € (0,1). Set f(t,n) = wy(t)w and
K(n,N) = [ e N f(¢,n)dt. To be able to apply the modulus of continuity argu-

—€
ment, we need to split the domain of integration (as to be able to deal with the

1

difference coming from ; — ﬁ) For this purpose, write
N

27

€

. e_ith(t,n)dtJr/ e N f(t,n)dt

27
N

K(n,N) = / e N f(t,n)dt Jr/
_2m e
= Ko(n,N)+ K~ (n,N) + K" (n,N).
By Proposition BI0(i), |f(t,n)] < (n|t|20‘_1€(ﬁ)2 + |t|0‘_1€(ﬁ))|\lf(t)"|. Thus,
we compute (using Karamata’s Theorem) that

2y

|Ko(n, N)| <</N t“‘lé(l/t)dt—i—n/ 27 1p(1 /)t
0 0

<K N7%(N) 4+ nl(N)2N72% = o(nN~*L(N)).

We estimate KT (via modulus of continuity), the estimate for K~ is similar.
With the change of variable t — ¢t — /N,

e+m/N
K*(n,N) = — /

N e UNf (t — %,n) dt.

Summing the two expressions of KT,
2m4m

e+m/N ] - ~ ] -
2K+(7L,N):—/E e N f (tfﬁ,n) dth/%r e N f (tfﬁ,n> dt

n fz eV (f(tm) = £ (1= om)) dt = Ky + Ko + Ko,

~
Since the integrands of K; and Ky are bounded, |Ki|,|K2| = o(nN~*¢(N)).
We continue with K3, computing that

s < /; o—itN <¢y(t) e (t— %)) U(tt,n)dt

CuN 71) U(t,n)fU(tf%,n)
+ /246 ’L/)y(t N ; dt
N
© _an 77) T 1 1 gl 2 3
t—— U (t—— - — dt| = K K K.
+/2NWe wy( N ( nn><t t— % 3RS
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Since 9y is Lipschitz and |f(¢,n)| < (n|t|?**~ 16(‘%) + |t|0"1£(%))|\1/( ),

1< —/ ta’lﬁ(l/t)dtJr%/ 120=10(1 /t)2dt
27
~N

< UN) | nlN) _

o+ Ty = o(nN TN,

So far, all the terms are as good as desired. The loss in the statement comes
from treating the remaining integrals K3 and K3. By Proposition BI0(i),

Ut + h,n) —U(t,n)] < <|h|"‘£ <|h|) + n|h|*¢ (|h|) [t]>¢ (Itl» [ ()"

Taking h = /N,

ON) (1. nl(N) / »
Ki|l < —— [ —dt T L(L/) W () |dt
13 < g [ o T [, e

< (N)log N n L(N)

T e n/%r t* (1 /1)U (t)"|dt. (3.30)

The second term is unproblematic. By Lemma B.11] with 3=« — 1 and L = ¢,
n/ L1 /1) | (1) |dt < na, “l(an) < 1.
27
N

Hence, K2 < M.

For K3, we use again that |U(t,n)/t| < nlt|**~ 16(‘%) + [t]* 15(%‘) and that
|l _

FTTE

| < % #%. So, by Karamata’s Theorem,
3 L[ ass no [ a2 2
|K5| <« N/z t é(l/t)dt—i—N/Z t 0(1/t) dt
¥ ¥
((N)?
<<_£( )+ nt(N)

No N2a

ending the argument for the case o € (0,1).

The case a € (1,2]. Set M(n,N) = [°, €_itN’(/Jy(t)%dt.
Since the boundary terms gives

<K N™(N)+ o(nN~“¢(N)),

_ —itN (t n) 1 ‘ —itN U/(t,’fl)
M(n,N)—ZN/ O e+ o [y ()
1 ‘ —itN U(t,TL)
— v t dt
R A 2
= LM, N) + —My(n, N) + — My (n, N) (3.31)
— iN 1", iN 2(1, iN 3\n, . .

Throughout the rest of the proof, we take o’ close to o (i.e. a — o is posi—
tive but as small as we want). By Proposition BI(ii), |U(t,n)| < nlt|* + [¢|*".
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By Proposition BI0(iii), |U'(t,n)| < (n|t| + [t|*~ 150(‘%) + n2|t|0‘+1£0(%))|\11( )"
Hence, integrating by parts once more,

U( U’
’NM1nN’<<—/|1/J w2l t”)dt+—/|wy LA GIOl (tn)|dt

NQ/ [ (t) |Utn)|dt< ]z; 0<n£§[7(iV)) (3.32)

where we used that if o« = 2, we assumed infinite variance, so ¢o(N) — oo. Here,
we have also used that 1y is C? (with bounded first and second derivatives).
Next, we estimate Mo, M3 via the modulus of continuity argument similarly to
the proof in the case a € (0, 1) above.
Regarding Mo,

2 27

Mz(n,N) _ :’_ﬂ —thw () /<i n)dt—i-/__w —thw () /(z n)dt

+7 /27r e_itN’l/)y(t)

= MJ(n,N) + M, (n, N) + M (n,N). (3.33)

dt

U'(t,n)
t

Next,

4
4

1
M2 (n,N) <<n/ 1dt+/ t* 24y (Z) dt +n?
0 0

n  Lo(N)  n?l(N) n
<<N+NO‘_1 Noat —O( >+0

N

M~ S
4

~

Q

~

o

N— —
. ~ | —
N———

QU

~

Similarly to the argument used above for the case a € (0,1) (in estimating
K+, K7, it suffices to estimate M5 (n, N). Set g(t,n) = by (£) < (z’") and compute
that

2w+

N . N .
2M2+(7L,N):—/ ethNg<tf%,n) dt+/2 ethNg<tf%,n) dt
¢ ~

+ f; e N (g(t,n) -9 (t - %,n)) dt

N

= Mj + M3 + M. (3.34)

The estimates for M4 and M3 go similarly to the estimate for M3 (n, N) above and

give [M}] = O(%) = o( 3800 and [M3] = o(%eX)).
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Regarding M3, recalling that vy is bounded, we compute that

|M2|<</ (t) - wy(t——)]Mdt

) e —v - g,

wy(t*%

R L (0| =

Since 1y is Lipschitz, recalling that |U'(t,n)/t] < (n + [t|*™ 260(”') +
n2|t|*lo( ‘tl))|\IJ(t)”| (and also using Lemma [B.1T] with 5 € {a —2,a}, and L = {),
we get

dt = Ly + Ly + Ls.

+ +
Zm\ Z‘m\
a Bl a

i
N

n 1
L < —/ )" |dt < _nﬁ (3.35)

where we have used that a% ~ nfy(ay).
By Proposition BI0(iii),

|U/(t =+ h,TL) - U/(ta TL)|

< lhl*=to () oo

. 1 .
n (|t||h|a " (W) ; |h|) ()"
2 (2 tpnige (L) 5 pimieteo (L) + o (£)) 1w
°\Ji G 1

1 )2|w<t>"|.

+ n3|t|2Y| h| o (Ifl

Using this estimate with h = 7 /N and recalling that | ()| < e=¢t"to(1/1),
GOIN) (<1 nbo(N) [< o n o1
Ly, < o1 /24 Edt+ N1 |, [ ()" |dt + N o gdt
N N N
n2€O(N) ‘ 200—2 1 n n2£0 (N) ‘ n
+ W /2]\7;15 Lo (;) |\If(t) |dt + W /21\7; t|\I/(t) |dt

a—1 n® [ 20—1 1) n
t Lo [ (t)" |dt+ﬁ 2ﬂt Lo n | W ()" |dt.
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By Lemma B.1T] with 8 = a — 1, and, respectively, 8 = 2o — 2 and L = £,
¢ 1 lo(an, 1
/ =1, <_> |0 ()" |dt < 222 blan) -,

2z t a%

o n
. (3.36)
¢ 1 a 1
200—2 n 0\tn %
/2i t 4y <¥> [T ()" |dt < e < -y o for any §* > 0
N
and using that a% ~ nfy(a,),
2
¢ _ 1 fo(an)2 1
2o (<) ()" |dt =. 3.37
[t () e < gt < (3.37)
Also, by Lemma BT with § =1 and L =1,
€ 1 1 1
/ Ut < — < < for any 6* > 0. (3.38)
27
N

n2/a—o6*

ag  (nlo(an))*«
Using the same computation as in (338), [z, |¥(¢)"|dt < a, . These estimates
N
together with (3.36)-B.38) (after a change of variables t — o /a,,) imply that
nly(N) 1 n nlog N N log N4o(N)
Na'—1 an N Na—1
n2ly(N) 1 n?1  n2(N) 1 nd 1

Na—1 p2-1/a—6* " N p No—1 p2/a—5" + N n2

log N4y(N) nlog N nly(N)
O<W tO\l—F ) el yot )
<nand a% ~ nly(ay). The argu-

Here, we have used that n2,1"/2a,5* <N, —7a
ment for estimating L3 goes similarly to the argument used for K3 in (3.30) (inside
the proof for the case a € (0, 1) above) Recall that |U'(t,n)] < ([t]* 1o ( ﬁ‘ )+nlt|+

P2+ ()W (6" and |4 —

L3<<N/ t* 3€0< )dt+—/ —dt+—/ - 1£0< )|\I/()|dt

lo(N) +nlogN n
No-1 N N’

where we have used (3.30). Putting all the above together and recalling (3.34]),
1 log N4o(N log N lo(N
— Ma(n, N)‘ 0 (LO()> +0 (" o8 ) +o (” o )). (3.39)

Ly <

+

. Hence, using Karamata’s Theorem,

<

iN N N2 Ne
It remains to estimate Ms(n, N) in B3T)). We use the modulus of continuity
argument again. Similarly to (333),

27 27

MmNy = [ e (T gy / ey UM g

2
N

2m

" / ey ()T gy = M, )+ M (0, N) + M (V).

2
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Recall that by Proposition BI0(ii), [U(t, n)| < ([t}* + nlt|?)| ()|, for any o/ €
(1,a). An easy computation shows that |[M9(n, N)| = O(N*=*) 4+ O(nN~1') =
O(N'=") 4 o(nly(N)N*~1), where we note that if & = 2, we assumed infinite
variance, so £o(N) — oo.

Similarly to the argument used for [B33)), it suffices to estimate M; (n, N).
Compute that

| M| < /7 |wy<t> — iy (tf %)] W(ttién)'dt
T
oo R Tl = s s

Clearly, S; <« nN~! = 0(%@).
It remains to estimate Sy and S3. By Proposition BI0(ii), for any o’ € (1, «),

U (t+hyn) = Ut n)| < R[> @)™ + nlb]|].
Taking h = 7/N,

1 /< n [€ 1 nlog N
S — ¢ 3dt + — tdt )
) K N/%T + N/%T <yoTt N

Finally, recall again that by Proposition BIii), |U(t,n)| < [¢|* + nlt|?, for
any o € (1, «). Hence,

I n [ 1 nlog N
S3<<N/z_ﬂt dt+N/2_ﬂt dt < sy +
N N
Thus,
O(W) +0< Na-1 if a € (1,2),
M| = o1\ o(nt) +logN)\
Ne'-1 N -
The integral |M5| can be estimated similarly and gives similar estimates.
Altogether,
1 lo(N
: O(Na/)+o<n§[(a)) if o € (1,2),
=4 (to(N) + log N)
¢ n(to + log .
O(Na,)+0< e ) if a =2.

The conclusion follows from the previously displayed equation together

with [B39) and (B32) (and recalling (B31)), and also by recalling that
log N4o(N) < N%, for any &y arbitrarily small. O
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4. Applications
4.1. Gibbs—Markov maps

Roughly speaking, Gibbs—Markov maps are infinite-branch uniformly expanding
maps with bounded distortion and big images. We recall the definitions in more
detail.

Let (2, 1) be a probability space with an at most countable measurable partition
{Q;}, and let T': Q@ — Q be an ergodic measure-preserving transformation. Define
s(y,y") to be the least integer n > 0 such that 7"y and T"y’ lie in distinct partition
elements. Assuming that s(y,y’) = oo if and only if y = ¥/, one obtains that
do(y,y') = 05" is a metric for 0 € (0,1).

Let g = ngT : 0 — R. We say that T" is a Gibbs—Markov map if:

e T'(€;) is a union of partition elements and T'|o, : ; — T'(£;) is a measurable
bijection for each j > 1;

o inf; u(T(£2;)) > 0;

e there are constants C' > 0, 6 € (0, 1) such that |logg(y) —logg(y')| < Cdo(y,y")
for all y,y’' € Q;, j > 1.

For the background on Gibbs—Markov maps, see, for instance, [I, Chap. 4;[2].
Given [ : Q — R, let

[f(y) = f¥)]
D;f= sup —=< " |flo=supD,f.
! v,y €Q;,y#Y’ do(y,y') i j>1 ’

We let the Banach space By C L°° consist of functions f : @ — R such that
|flo < oo with the norm || f]lo = |f|oo + |f]o < o00.

Proposition 4.1. Assume T is a mizing Gibbs—Markov map and let v : Q@ — R
with |, v2idp = 0o and |v|g < co. Assume moreover that there exists C > 0 so that

lvla,lo < C’irj;f(|v|gj|) for all §2;. (4.1)

Fiz o € (0,1) U (1,2] and assume that the tails of v satisfy (H1). Then, the
conditions (H1)—(H3) are satisfied with the Banach space B = By.

Proof. Condition (H1) is an assumption on v and condition (H3) is well known
(see [T, Chap. 4;[2]). Conditions (H2)(i) and (ii) are again well known and condition
(H2)(iv) has been verified in [I5, Proof of Proposition 3.10].

It remains to verify (H2)(ii). First note that

IR(t+ h) = R(t) = hR'(0)]| < [ R(e"*(e™" =1 = ihw))|| + [ R(ihv(e™™ —1))]|.

Let ¢ € {v(e™ —1),e® (e —1—ihv)} and recall that ¢ satisfies assumption ().
As shown in [I4], Proof of Proposition 12.1], under (&I), there exists C' > 0 so that
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for all f € By,
RGN < CIFIIDlLr -

Since we know v satisfies (H1), we have for any o’ € (1, a),
[o(e™ — 1)l p1gey < [t* ™" and e — 1 —ihv||p1g, < B

Thus, ||R(e (e —1 —ihw)| < |h]*" and ||R(ihv(e™™ —1))|| < |h|[t]* L. 0

4.2. Non-Markov, erpanding interval maps (also known
as AFU maps)

Let = [0,1] with measurable partition {I} consisting of open intervals. A map
T :Q — Qis called AFU if T|; is C? and strictly monotone for each I, and

(A) (Adler’s condition) T"/(T")? is bounded on |JI.
(F) (Finite images) The set of images {T'I} is finite.
(U) (Uniform expansion) There exists p > 1 such that [T/| > p on |J 1.

Such maps have been introduced in dynamics in [21] (see also [3]). Since AFU
maps are not necessarily Markov, Holder spaces are not preserved by the transfer
operator of T and it is standard to consider the space of bounded variation functions.
Accordingly, we define the Banach space B =BV C L to consist of the functions
f:Q — R such that Var(f) < co with the norm || f|| = |f|e + Var(f), where

k
Var(f) = inf  sup Y |g(y:) — g(yi1)l,
9~ f 0=yo<-<yp=1 i—1
where g ~ f, if f and ¢ differ on a null set, denotes the variation of the (equivalence
class) of f. Also, we let Var;(f) denote the variation of f on I.
We suppose that T : Q — € is topologically mixing. Then, there is a unique
absolutely continuous T-invariant probability measure p, and p is mixing.

Proposition 4.2. Assume T is a topologically mizing AFU map and letv : Q — R
with [, v*dp = co and sup; Vary(v) < oo. Fiz a € (0,1)U(1,2] and assume that the
tails of v satisfy (H1). Then the conditions (H1)—(H3) are satisfied with the Banach
space B = BV.

Proof. Condition (H1) is an assumption and condition (H3) is well known for
mixing AFU maps (see [21I]). Apart from (H2)(iii), the remaining items of (H2)
have been clarified in [I5, Proof of Proposition 3.11].

The verification of (H2)(iii) is similar to the one in Proposition 1] with the
only change that assumption (I is replaced by sup; Var;(v) < oco. The assump-
tion sup; Varr(v) < oo ensures that Vary(e®’) < |t| Vary(v) < [t| and similarly,
Var;(e?"”) < |h|. Using this and proceeding as in [I5, Proof of Proposition 3.11],
we obtain that for ¢ = v(e™ — 1), we have that |R(of)|| < C||fI6]l L1 (-
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A similar calculation which we sketch below gives the same estimate for ¢ = eV

(™ — 1~ ihu). Compute that [|R(e™ (¢ — 1 — ihu) f)]| = S1 + S + Ss, where

Sy = Z“U) sup [ — 1 —ihv|sup | f| < [l — 1 — ihv| 11(,),
7 I I

So =y p(l) sup e |(Var(e™”) +|h| Vary(v) sup |f| < |hl,
I

S3 = Z“U) Sl;.p e (e — 1 —ihv)| Var (f) < || — 1 — ihvl|p1 (-
1

From here onward, the proof goes exactly the same as in Proposition E1} O
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