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Abstract In mammals, the suprachiasmatic nucleus
(SCN) orchestrates the circadian rhythms even with-
out the daily light–dark cycle (resulting in free run-
ning behavior). The SCN neurons can be organized
into two heterogeneous subgroups, namely the ven-
trolateral (VL) subgroup and the dorsomedial (DM)
subgroup, which are coupled through different neuro-
transmitters, i.e., the VL and the DM produce VIP and
AVP, respectively. Experiments have found that they
also differ in their neural amplitudes. In the present
study, we examined the effect of disparities in transmit-
ter signals released by two subgroups on the collective
behaviors of theSCNneurons, in particular the free run-
ning period and the synchronization degree. The dis-
parity of transmitter signals released by the VL and the
DM is represented by the ratio of weight parameters in
the mean-field, based on the Poincaré model. We find
that the effects depend on the difference of neuronal
amplitudes between the two subgroups. If there exists
an amplitude difference between the subpopulations,
the relationship of the free running period to the ratio
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is parabolic with a trough. Additionally, the relation
between the synchronization degree and the coupling
strength is also dependent on the ratio of weight param-
eters in the mean-field. Interestingly, when the ratio is
large, the synchronization degree shows a parabolic-
like change with the increase of the coupling strength.
Our findings shed light on the rhythmic regulations
of the SCN neurons affected by the disparities in the
strengths of transmitters released by different subpop-
ulations.

Keywords Circadian rhythms · SCN neuronal
network · Mean-field · Free running period

1 Introduction

In mammals, including humans, the suprachiasmatic
nucleus (SCN) serves as an endogenous clock regu-
lating a 24-h rhythm in behavioral and physiological
activities, adjusting it to the external light–dark cycle
[1–3]. Dysregulation of the circadian clock can lead to
health problems such as insomnia and metabolic dis-
orders [4,5], but is even a risk factor for neurodegen-
erative diseases and cancer [6,7]. A good mechanistic
understanding of the SCN is crucial to reduce negative
effects of rhythmic disorders and achieve better thera-
peutic effects for diseases [8,9].

Located in the hypothalamus above the optic chi-
asm, the SCN is comprised of about 20,000 neurons
[10]. Been observed in cell culture of the rat SCN, the
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isolated individual neuron is capable of producing cir-
cadian oscillations with intrinsic periods ranging from
20 to 28h [11,12]. The nonidentical neurons are cou-
pled through neurotransmitters to form a SCN network
in which a uniform period for the neuronal ensemble
emerges [13,14]. The neuronal ensemble in the SCN is
able to produce an endogenous rhythm that is close
to 24h, without the influence of the timing cues of
the external light–dark conditions. Here the coupling
between the neurons plays a key role in the function
of the SCN to produce such an endogenous rhythm of
approximately 24h [15–18]. The endogenous period
that is produced can be seen in the activity-rest period
of the mammals that are placed in constant dark con-
ditions, and is called the free running period (FRP).
The FRP differs among species. For instance, the FRP
is close to 24.4 h in Drosophila, close to 25.6 h in
Zebrafish, about 28h in Phaseolus, it varies from 23.5
to 24.5 h for Bat, from 23.5 to 24h for Squirrel, and
from 24.2 h to 25.1 h for people, where it should be
noted that humans are usually not recorded in constant
darkness but in constant dim light conditions [15,19–
21].

The SCN neurons are organized in multiple sub-
populations of neurons, depending on neurotransmit-
ter content and function. Anatomically, the two most
important subpopulations can be found in the Ventro-
lateral part (VL) and Dorsomedial part (DM) of the
SCN.With respect to the distinct function, the VL neu-
rons are sensitive to the input light information via
the retinohypothalamic tract (RHT) [22], whereas the
DM neurons receive the light information from the VL
region [23,24]. Therefore, the VL neurons are primar-
ily responsible for adjusting the 24-h rhythm to a new
timezone after a transatlantic flight, as these neurons
resynchronize to the shifted light–dark cycle far more
rapidly than theDMneurons [25,26]. Being involved in
the communication between the neurons in the SCN,
different substances that act as neurotransmitters are
released by the VL and the DM. In the VL part, vasoac-
tive intestinal polypeptide (VIP) is produced, while
arginine vasopressin (AVP) is produced in the DMpart.
Gamma-aminobutyric acid (GABA) is released in both
regions of the SCN [10,26–28]. VIP is considered to
mediate the synchronization between the neurons to
photic cues, whileAVP is rhythmically regulated by the
clock [29–31].On the other hand, the broadly expressed
AVP signals have been found to coordinate circadian
oscillations in the absence of VIP [32]. Although the

interaction between the neurons within the SCN is
mainly achieved by these neurotransmitters [33,34],
the exact mechanisms of coupling is still not under-
stood.

Next to synchronization between the neurons and
neuronal subpopulations, neural amplitudes are also
important for proper clock function. The amplitude of
the rhythmic SCN ensemble output is of utmost impor-
tance to impose a healthy rhythm on the rest of the
body. A reduction in rhythmic amplitude can lead to
the deterioration of rhythm, causing sleep problems
and even disease [35]. It is suggested that the lower
amplitudes of the SCN neuronal activities from aged
animals are related to the decline in their overt rhythms
[36,37]. Not much is known about the amplitude in the
different subregions of the SCN. A previous study has
reported that the amplitudes of the clock gene expres-
sion of Period2 in the VL part is smaller than that in the
DM part [38]. Others addressed that the amplitude was
independent of which part the SCN neuron belonged
to [39,40]. Moreover, a damped oscillator (zero intrin-
sic amplitude) driven by noise can act similar to a self-
sustained oscillator so that it becomes difficult to deter-
mine whether an oscillator is self-sustained or damped
[41].

In the SCN network, each neuron has an impact on
the other neurons in the network by producing the neu-
rotransmitters mentioned before [42]. In addition, each
neuron is under influence of the other neurons in the
network by its absorbing capacity of neurotransmitters.
The absorbing capacity (which we shall call coupling
strength) modifies circadian properties of the neuron,
such as amplitude and phase of operation [43–45]. For
simplicity, we will use the frequently used mean-field
coupling paradigm. Each neuron releases transmitters
and thus contributes to the mean-field by its weight
parameter, and is influenced by the mean-field through
its coupling strength. The different subpopulations of
neurons show differences in their contribution weights
and coupling strengths. For example, the VL neurons
produce VIP which is received by the DM neurons.
It has been found that the dispersion in the coupling
affects the length of the endogenous period of the SCN,
and through this the FRP. Typically, the FRP decreases
with the increase of the dispersion of coupling strength
[17]. More recently, it has been found that the disper-
sion of coupling strengths increases the FRP in the
presence of a negative relationship between the cou-
pling strength and natural period for each neuron [18].
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However, it remains unclear whether the disparities of
strengths of transmitters released by the nonidentical
SCN subpopulations affect the FRP.

In the current study, a modified Poincaré model is
proposed to examine the effect of disparities of weight
parameters in the mean-field on the FRP. Specially, the
SCN neurons are coupled through the mean-field of
the transmitters, thus they can be regarded as a fully
connected network. For simplicity, we assume that the
absorbing ability is identical but the contribution differs
for the SCN neurons. In Sec. 2, the Poincaré model is
introduced to describe the nonidentical neuronal oscil-
lators of the SCN. Simulation results are shown about
the relationship of the FRP and the synchronization to
the dispersion in Sec. 3. Theoretical analyses are given
to confirm the simulation results in Sec. 4. The conclu-
sions and discussions are presented in Sec. 5.

2 Description of model

Several models have been introduced to describe the
circadian oscillators, including theGoodwinmodel and
the Poincarémodel [46,47]. In the Goodwinmodel, the
rhythmic expression of core clock gene is simulated by
a transcriptional feedback loop [43,45], while in the
Poincaré model, the rhythmicity of the clock gene is
abstracted by the amplitude-phase oscillation (r, θ) that
transforms intuitively from the polar coordinates to the
Cartesian coordinates (x, y) [48].

In this article, we select the Poincarémodel as it pro-
vides a more straightforward way for theoretical anal-
ysis. The evolution equations of N neuronal oscillators
can be written as [3,18,49–53],

ẋi = γ xi (ai − ri ) − ωi yi + gF,

ẏi = γ yi (ai − ri ) + ωi xi , i = 1, 2, ..., N ,
(1)

where xi and yi represent the temporal horizontal and
vertical coordinate values for the i th oscillator. ωi and
ai are the natural frequency and intrinsic amplitude of
oscillator i , characterizing the period and amplitude
of rhythmic clock gene expression of a single cell. γ is
the relaxation parameter representing the rigidity to the
external amplitude disturbance. ri stands for the cou-

pled amplitude with ri =
√
x2i + y2i . For i = 1, ..., N1,

oscillator i belongs to the VL population, while for
i = N1 + 1, ..., N , oscillator i belongs to the DM pop-
ulation. The oscillators are coupled through the mean-
field term gF , where F denotes themean-field of trans-

Fig. 1 Scheme of the heterogeneity on neuronal amplitudes and
strength of transmitters released by two subgroups. In the mean-
field F , va (or vb) determines the strength of transmitters released
by the VL (or the DM) neuron, k represents the ratio of weight
parameter va to vb, with a k < 1 and b k > 1. The thickness of
the solid arrow represents the magnitude of v. The light (or dark)
green solid circle represents transmitter released by the VL (or
the DM) neuron. The amplitude of curve in the empty circle rep-
resents the intrinsic amplitude. The dashed arrow represents the
identical sensibility, i.e., the coupling strength g of the individual
neuron to F

mitters released by the SCN neurons and g is the global
coupling strength representing the sensitivity to F . F
is given by:

F = 1

N

N∑
i=1

vi xi , (2)

where 1
N

∑N
i=1 vi = 1. vi is the contribution weight

for oscillator i in the mean-field, which denotes the
strength of transmitters released by oscillator i . vi dif-
fers between neuronal types since the VL and DM
oscillators release VIP and AVP respectively. For sim-
plicity, we set the values of vi to be the same within
the VL or the DM, but differ between the two sub-
groups. Therefore, the weight parameters are vi = va
for i = 1, ..., N1 and vi = vb for i = N1 + 1, ..., N
in the mean-field. In the present study, we assume that
N1 = N

2 , and define k = va
vb

as the ratio for measuring
the disparities of vi between the VL and the DM. Cor-
respondingly, when vb �= 0, we obtain va = 2k

k+1 and

vb = 2
k+1 , k ∈ (0,∞). If k = 1, the values of vi are

equal between the VL neurons and the DM neurons,
i.e., no disparity. If k �= 1, the disparity emerges as
indicated in Fig. 1.

To characterize the difference in intrinsic ampli-
tudes between the VL and the DM subpopulations,
we set ai = A1 for i = 1, ..., N1 and ai = A2 for
i = N1 + 1, ..., N . Ā = A1+A2

2 is the mean intrin-

sic amplitude and δ = A2−A1
2 denotes the difference

of intrinsic amplitudes between the VL and the DM
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neurons. It can be seen that δ = A2 − Ā = Ā − A1.
Because the results are symmetric for positive and neg-
ative values of δ, we set δ � 0. If δ = 0 the amplitudes
of two populations are equivalent, and if δ > 0 the
VL oscillators rotate with lower amplitudes. However,
we can generalize this for lower amplitude oscillatory
rhythms in the DM. Note that throughout the article,
the heterogeneity between the VL and the DM lies in
the difference of the intrinsic amplitudes as well as
ratio k of the weight parameters in the mean-field, as
depicted in Fig. 1. The natural frequency of oscillators
ωi in the SCN neurons satisfies a normal distribution
N

(
ω̄, σ 2

)
, where σ = 0.005. In numerical simula-

tions, other parameter values are employed as Ref. [3],
i.e., γ = 1h−1, Ā = 1, and ω̄ = 2π

24 h
−1.

The collective rhythm of the population is measured
by the macroscopic order parameter,

R =
〈∣∣∣∣∣∣

1

N

N∑
j=1

eiθ j

∣∣∣∣∣∣

〉
, (3)

where 〈·〉 denotes the time average, θ j = arctan
y j
x j

rep-
resents the phase of oscillator j . R ∈ [0, 1], in which
R = 0 describes the incoherence among all oscillators
(no synchronization) and R = 1 describes the stable
synchronous state for whole population (perfect syn-
chronization). In order to monitor the changes in syn-
chronization between the VL and the DM subregions,
the inter-group synchronization degree RV D is calcu-
lated by:

RV D = 1

N1(N − N1)

N1∑
j=1

N∑
l=1+N1

R jl , (4)

where R jl = 〈∣∣ 1
2 (e

iθ j + eiθl )
∣∣〉 denotes the phase syn-

chronization between oscillator j and oscillator l.
Therefore, RV D is attained by averaging the degrees
of synchronization between all pairs of oscillators
between the VL and the DM.

3 Simulation results

The numerical simulations of the model were per-
formedwith a network size of N = 200 neuronal oscil-
lators. Since the fourth-order Runge–Kutta method
provides higher accuracy than the Euler method, it
was adopted for numerical simulations with time incre-
ments of 0.01 h. The initial 2, 000, 000 time steps

Fig. 2 Temporal evolution of two oscillators from the VL and
the DM with selected value of k, respectively, marked by the
variable xi in (a–c) and the phase θi in (d–f). The difference
of the intrinsic amplitude is δ = 0.9, and the coupling strength
is g = 0.15. Note that in the Poincaré model, the unit of xi is
expressed by a.u. since it is an abstracted variable

(20, 000 h) were neglected as to avoid the effect of
transients. Initial values for variables xi and yi were
selected randomly from a uniform distribution between
0 and 1.

Figure 2 illustratively displays the temporal evolu-
tion of the oscillators affected by the ratio k, includ-
ing the evolution for the oscillating variables x (a-c)
and for the phases θ (d-f). Larger values of k indicate
that the VL neurons have larger weight parameters in
the mean-field, which means that the strength of trans-
mitters released by the VL is larger. In Fig. 2a and
d, it is easy to see that when no dispersion emerges
in the weight parameters, the whole network is uni-
formly coupled and perfectly synchronized. In Fig. 2b
and e, when the weight va of the VL neurons is 50
times larger than vb of the DM neurons, the neurons
are well synchronized but the phase difference between
two subgroups emerges. In (c) and (f), when the ratio
k increases to 150, the DM neurons are running out
of synchronization with the VL neurons because the
period of both populations differs. Thus, the notewor-
thy change of synchronization between two subgroups
is attributed to the disparities of v.
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Fig. 3 The relationship of the FRP to the key parameter k. The
coupling strengths are set to be g = 0.10 in (a), and g = 0.15 in
(b). The deviation for the distribution of the nature frequency is
σ = 0.005, and δ is the difference in the intrinsic amplitudes. The
vertical line (grey) marks off the valley value of the FRP under
numerical simulation. Note that for δ = 0.75 and 1.00, some
values of the FRP are not available because the neurons start to
lose synchronization, which causes the FRP rhythm generated
by the SCN network to become instable

Fig. 4 The relationship of the synchronization degree R to the
key parameter k. The coupling strengths are set to a g = 0.10,
and b g = 0.15. Other parameters are adopted as the same in
Fig. 3. Note that the vertical line (grey) marks off the k value at
which the FRP becomes instable (see Fig. 3) because the periods
of some neurons start to become inconsistent and different from
the periods of other neurons, thus the uniform rhythm of the
whole SCN is lost

In Fig. 3, we examine the relationship of the FRP
to the ratio k. The FRP is the free-running period of
the animal that is dictated by the neuronal activity of
the SCN as a whole, which again depends strongly on
the synchronization of the neurons in the SCN. Only
if the neurons are well synchronized, the SCN is able
to produce a rhythm and cause the animal to free-run
(have a FRP). It is visible that the results are affected by
the difference δ in intrinsic amplitudes. If there are no
difference in intrinsic amplitudes, the value of the FRP
is independent of k, which turns out to be a constant
around 24.46 h in (a) and 25.07 h in (b). If the difference

δ in amplitudes is not zero betweenVL andDM,we see
that the free running period (FRP) is not constant any
longer for all ratios k between the transmission weights
of both subgroups. A parabolic change in FRP with a
trough emerges when k becomes larger. If the ampli-
tude difference δ becomes larger, the trough value of
the FRP becomes increasingly smaller. These troughs
occur at different values for k. The trough of the FRP
is around k = 1.5, 3 and 7 for the following values of
δ = 0.25, 0.50 and 0.75, respectively. If the difference
δ = 1.00, i.e., the VL oscillators are damped, the FRP
decreases continuously as k increases until the running
periods of some neurons become inconsistent. Then the
synchronization between neurons becomes lost and the
SCN rhythm is lost. In this case, at around k = 22 the
periods of the individual neurons start to become dis-
persed, resulting in the unavailability of the FRP.

To examine quantitatively how the disparities in
strength of transmitters released by both subgroups
affect the synchronization of the SCN, Fig. 4 shows
the relationship of the synchronization degree R to the
ratio k. R plays a key role for the rhythm robustness
in the SCN. In the panel (a) or (b), the synchronization
degree R holds a constant value 1 if δ = 0, i.e., there
are no amplitude difference between two subgroups. In
this case, the ratio of weight parameters in the mean-
field does not influence the synchronization degree. If
the difference δ emerges in intrinsic amplitudes, the
synchronization degree R starts to decline with the
increase of k. Moreover, the degree R decreases more
rapidly for larger values of δ. This means that if the
amplitude difference δ is larger, the synchronization
between the neurons decreases more rapidly when the
ratio between the transmission weights increases, i.e.,
when theweights of one subgroup (VL) becomes larger
than the other subgroup (DM). Comparing (a) and (b),
an interesting result is observed from δ = 0.75, i.e.,
the decline in synchronization degree R is actually less
for the smaller value of coupling strength g. The results
indicate that for larger values of k, a worse synchronous
state emerges when the coupling strength g is larger.

In order to explore the interesting results shown in
Fig. 4 in detail, we examine the relationship of the
synchronization degree R to coupling strength g with
selected values of the ratio k and amplitude difference
δ in Fig. 5. If there are no difference in amplitudes, R
increases monotonically with the increase of g when
g is small, and roughly becomes a constant when g is
large. If the difference δ emerges in intrinsic ampli-
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Fig. 5 The effect of the ratio k on the relationship of the syn-
chronization degree R to the coupling strength g. The insets of
a and b are zooms of R around 1. Other parameters are adopted
as the same in Fig. 4

tudes, the relationship of R to g is parabolic with a
peak value. As seen in panel (a) or (b), when the weight
parameter of the VL is the same as or about 10 times
larger than that of the DM, R first increases with the
increase of g and then slightly decreases with g exceed-
ing a certain value gc. Typically, gc is around 0.08 if
the amplitude difference δ = 0.25, 0.50 and 0.75. If
the amplitude difference δ = 1.00, gc is approximately
0.04 in (a) and 0.10 in (b). With extreme large k values,
i.e., the DM neurons release very few transmitters, it
can be found that the relationship of R to g is simi-
larly parabolic in (c) or (d). Note that when the ratio
k = 103, the value of R fluctuates around 0.5 if the VL
oscillators are damped (Fig. 5d). In this case, no signif-
icant change occurs in the synchronization degree with
the increase of g.

Additionally, we examine whether the parabolic
changes of R in Fig. 5 derive from the synchronization
degree of oscillators within the group or the synchro-
nization degree between groups, namely RV L , RDM

and RV D (Fig. 6).We select the case in which δ = 0.75
or 1.00 to be a clear example. The ratio is set to k = 1
and 10, i.e., there is no heterogeneity in the strengths of
transmitters released by two subgroups or the strength
of transmitters released by the VL neuron is larger than
that of the DMneuron. In (a-d), it is visible that the syn-

Fig. 6 The relationship of respective synchronization degrees
R, RV L , RDM and RV D to the coupling strength g. The ratio is
set to k = 1 in (a) and (c), k = 10 in (b) and (d). The difference
of intrinsic amplitudes is set to δ = 0.75 in (a) and (b), δ = 1.00
in (c) and (d). R accounts for the global synchronization degree,
RV L (or RDM ) represents the synchronization degree of the VL
(or the DM) neurons, and RV D characterizes that between the
VL and the DM neurons

chronization degree RV L is around1within theVLsub-
group where the neurons have smaller intrinsic ampli-
tudes. On the other hand, the synchronization degree
RDM within the DM subgroup, in which the neurons
have larger intrinsic amplitudes, increases with the ris-
ing coupling strength g when g is a small term, and
approximates to 1 when g is large. Furthermore, in (a-
d) the synchronization degree RV D displays parabolic
changes and approaches to the values of R with the
increase of g. For a focused value of g, the value of RV D

is visibly smaller than 1. Therefore, when the strength
of transmitter signals released by the VL subgroup is
larger than that of the DM subgroup, the global syn-
chronization is improved by the enhancement of RDM

and RV D , while for larger values of g, it is weakened
mainly due to the decrease of RV D between two sub-
groups.

4 Analytical results

For simplicity of theoretical analysis, Eq. (1) can be
transformed to polar coordinates by xi = ri cos θi and
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yi = ri sin θi . Taken γ = 1 into account, the dynamics
of the amplitude r and the phase δ for oscillator i take
the form:

ṙi = ri (ai − ri ) + g

N

N∑
j=1

v j r j cos θ j cos θi ,

θ̇i = ωi − g

ri N

N∑
j=1

v j r j sin θ j sin θi ,

(5)

for i = 1, ..., N . According to the definition of the
mean-field F , a new parameter is introduced as

Fre
iφ = 1

N

N∑
j=1

v j r j e
iθ j , (6)

where θ j (t) and r j (t) are the phase and the amplitude
of oscillator j , φ(t) and Fr (t) are the phase and the
amplitude of the mean-field, respectively. Considering
the definitions provided by Eq. (6), we obtain

Fr cosφ = 1

N

N∑
j=1

v j r j cos θ j , (7)

the dynamical equations, Eq. (5) can be reduced to

ṙi = ri (ai − ri ) + gFr cos (θi − φ) ,

θ̇i = ωi − gFr
ri

sin (θi − φ) ,
(8)

where (θi − φ) is the phase difference between the indi-
vidual oscillator i and the mean-field. As illustrated in
Fig. 7, the values of sin (θi − φ) split into two clusters
if δ > 0, which correspond to theVL neuron oscillators
and the DM neuron oscillators, respectively.

In the following, we set a reference rotating frame,
ψ(t) = ψ(0) + 
t , being 
 the mean frequency.
Imposing that all oscillators are frequency locked,
φ̇ = 
 can be derived. For the simplicity of the anal-
ysis, we set φ − 
t ≡ 0. Through the transformation
ϑi = θi − 
t , Eq. (8) becomes:

ṙi = ri (ai − ri ) + gFr cosϑi ,

ϑ̇i = (ωi − 
) − gFr
ri

sin ϑi ,
(9)

in which ϑi denotes the phase difference between
oscillator i and the mean-field. On the condition that
sin ϑi ∈ [−1, 1], |ωi − 
| ≤ gFr

ri
, ṙi = 0 and ϑ̇i = 0

are obtained for stationary solutions. Based on the first
equation of Eq. (9),

cosϑi = ri (ri − ai )

gFr
. (10)

Fig. 7 The evolutionary of sin (θi − φ) versus the ratio k for
the chosen values of δ. The Red (or blue) dot accounts for the
sine value of the phase difference between the VL oscillators (or
the DM oscillators) and the mean-field. The coupling strength is
g = 0.15

To move one step further, some mild approxima-
tions are assumed, r1 ≈ ... ≈ rN1 = ra and rN1+1 ≈
... ≈ rN = rb, where ra and rb refer to the mean
coupled amplitude for the VL and the DM, respec-
tively. According to Eq. (10), the values of cosϑi can
be approximated to an average cosϑa for the VL oscil-
lators and cosϑb for the DM oscillators. From Eq. (7),
the general expression of Fr is simplified as

Fr = 1

N

⎡
⎣

N1∑
j=1

vi ri cosϑi +
N∑

j=N1+1

vi ri cosϑi

⎤
⎦

≈ k

k + 1
ra cosϑa + 1

k + 1
rb cosϑb.

(11)

Substituting Eq. (10) into Eq. (11) yields

Fr ≈
√
kr2a (ra − A1) + r2b (rb − A2)

g(k + 1)
. (12)

It is found in Eq. (12) that for k 
 1, kr2a (ra−A1)

g(k+1) is a
very small term, thus the value of Fr depends mainly
on the ratio k and the mean amplitude rb of the DM

subgroup. For k � 1,
r2b (rb−A2)

g(k+1) is a very small term,
thus the value of Fr depends mainly on the ratio k and
the mean amplitude ra of the VL subgroup.

Back to the dynamic of the population, given
by Eq. (9), the average coupling frequency can be
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expressed as


 = ω̄i − gkFr
(k + 1)ra

sin ϑa − gFr
(k + 1)rb

sin ϑb, (13)

In the case of δ = 0, two subgroups show no hetero-
geneity in neither coupled amplitudes nor phases, thus
sin ϑa and sin ϑb are around 0, while cosϑa and cosϑb

are around 1. FromEq. (9), the solutions for amplitudes
and frequency are

ra = rb = Ā + g,


 = ω̄i .
(14)

Consequently, the effective frequency 
 remains
unchanged along with the variation of k. On the other
hand, for δ > 0, we consider the cases in which k 
 1,
k ≈ 1 and k � 1.

When k 
 1, Eq. (12) is altered to be

Fr ≈ rb

√
rb − A2

g(k + 1)
. (15)

The phase difference between the VL oscillator (or the
DM oscillator) and the mean-field is a small term at
k 
 1, therefore cosϑa ≈ 1 and cosϑb ≈ 1. By
substituting Eq. (15) into Eq. (10), the solutions for the
amplitudes are

ra ≈
A1 +

√
A2
1 + 4grb

k+1

2
,

rb ≈ A2 + g

k + 1
,

(16)

where A1 = Ā − Āδ, A2 = Ā + Āδ. Note that the
negative solution for R1 is discarded. An example in
Fig. 8 illustrates the comparison between the numer-
ical simulations and the theoretical results of average
coupled amplitudes at k = 0.01.

As shown in Fig. 7, sin ϑa < 0 and sin ϑb ≈ 0 can
be obtained when k 
 1. Substituting Eq. (16) into
Eq. (15),

Fr ≈ rb
k + 1

. (17)

Thus Eq. (13) is rewritten as


 ≈ ω̄i − gkrb
(k + 1)2ra

sin ϑa . (18)

Since k
(k+1)2

increases constantly at k 
 1,
 increases
gradually due to the rising k, which leads to the reduc-
tion of the FRP.Moreover, the larger frequency
 emer-
fges at larger values of rb

ra
, which results from the larger

Fig. 8 The comparison between numerical simulations and the-
oretical results of average coupled amplitudes ra for the VL and
rb for the DMwhen k = 0.01. The intrinsic amplitude dispersion
δ is set from 0.0 to 1.0 with �δ = 0.1. The coupling strength is
g = 0.10 in (a) and g = 0.15 in (b)

difference in intrinsic amplitudes between two sub-
groups.

For the case k ≈ 1, we consider the ratio to be
k = 1 + ε, in which ε > 0 represents a small positive
number. Therefore Eq. (13) becomes


 = ω̄i − gFr

[
1 + ε

(2 + ε)ra
sin ϑa + 1

(2 + ε)rb
sin ϑb

]
.

(19)

As shown in Fig. 7, we have sin ϑa < 0, sin ϑb >

0 and |sin ϑa | > |sin ϑb| for k = 1 + ε. Based on
Eq. (19), 1+ε

(2+ε)ra
increases and 1

(2+ε)rb
decreases with

the increase of ε. Therefore, the frequency
 continues
to increase with the increase of ε, which leads to the
decrease of the FRP.

When k � 1, Eq. (12) can be approximated by

Fr ≈ ra

√
k(ra − A1)

g(k + 1)
. (20)

Thus when the oscillators are fully synchronous, by
substituting Eq. (20) into Eq. (13), we have


 ≈ ω̄i − √
g (ra − A1)

(
k

k + 1

) 3
2

sin ϑa . (21)

Since sin ϑa → 0 with k → ∞ (see Fig. 7), the fre-
quency 
 decreases and approximates to ω̄i until the
oscillators are out of synchronization. As a result, a
valley value of the free running period occurs at k > 1,
which fits the numerical simulations shown in Fig. 3.

5 Conclusion and discussion

The circadian properties of the SCN are affected by
the inter-cellular coupling through neurotransmitters,
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such as VIP produced by the VL and AVP produced
by the DM [27,28]. In this article, we examine whether
the disparities in strength of transmitters released by
the VL and the DM neurons affect the free running
period (FRP), which is a measure for the period of
the rhythm. Based on the Poincaré model, we char-
acterize the disparity as the ratio of weight parameters
in the mean-field between two subgroups. It is found
that the effects depend on the difference in intrinsic
amplitudes between the VL and the DM. In detail, the
relationship between the FRP and the ratio is parabolic
with a trough if a moderate difference in amplitude is
present. Furthermore, the disparities appear to be cru-
cial for the global synchronization of the neurons in
the SCN. The synchronization degree of the SCN neu-
rons are important for the rhythm robustness. For the
SCN to be responsive to external changes, the neurons
are only loosely synchronized [13,54–56].Our analysis
shows that this can only be accomplished if theVL neu-
rons have a lower amplitude rhythm but a larger weight
parameter than the DM neurons. Moreover, this global
synchronization also depends on the global coupling
strength of the neurons, which shows a parabolic-like
change with a maximum at a certain global coupling
strength value.

To evaluate our method, the effect of disparities in
transmitter signals released by two subgroups is also
examined using the Goodwin model, with the limita-
tion of ratio k from 10−1 to 101 (see the Supplemen-
tary Material). It turns out that the numerical results
are qualitatively consistent with those based on the
Poincaré model. In the Goodwin model, differences
in coupled amplitudes are much smaller between two
subgroups, which can already lead to changes in the
rhythmic behaviors of the SCN neurons, namely the
FRP and the synchronization.

The disparities in strengths of transmitters released
by the VL and the DM subgroups have been studied
in previous works [42,57]. An experimental study has
reported that the FRP is lengthened whenAVP released
by the dorsal part of theSCNreduces,which also causes
the heterogeneity in the contributions [58]. On the other
hand, our results suggest that if the disparities between
the VL and the DM are larger, the FRP is larger. There-
fore, the heterogeneity may partially contribute to the
variation found between species. Although not much
is known about amplitude differences in the different
regions of the SCN, it is unlikely that the actual ampli-
tude differences are substantial. In Ref. [38], the ampli-

tude of rhythms in the dispersed VL part of the rat SCN
is nearly half of that of the DM part. If the difference
in amplitudes is small, it implies that the FRP and the
synchronization changes slightly with the ratio of dis-
parities. For this the interaction of transmitters and the
contribution of GABA are needed to understand the
generation of such disparities in the releasing strengths
of transmitters [59–61].

The Poincaré model is a general model that studies
the circadian oscillationswithout quantitatively consid-
ering the biochemical process of neuronal transcription
or firing. Therefore, it is often applied to explain the rel-
ative differences such as phases, periods and connec-
tions between the SCN neurons. Our findings show an
inspiration for future experiments and studies on the
rhythmic regulation of different transmitters released
by the SCN subpopulations.
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