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Chapter 4

E-values for k-Sample Tests
With Exponential Families

Abstract

筗筥 筤筥筶筥筬筯筰 筡筮筤 筣筯筭筰筡筲筥 筥笭筶筡筲筩筡筢筬筥筳 筦筯筲 筴筥筳筴筩筮筧 筷筨筥筴筨筥筲 k 筳筡筭筰筬筥筳 筯筦 筤筡筴筡 筡筲筥 筤筲筡筷筮
筦筲筯筭 筴筨筥 筳筡筭筥 筤筩筳筴筲筩筢筵筴筩筯筮第 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筢筥筩筮筧 筴筨筡筴 筴筨筥筹 筣筯筭筥 筦筲筯筭 筤筩笋筥筲筥筮筴 筥筬筥筭筥筮筴筳
筯筦 筡筮 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹笮 筗筥 筣筯筮筳筩筤筥筲 筴筨筥 筇筒筏 笨筧筲筯筷筴筨笭筲筡筴筥 筯筰筴筩筭筡筬笩 筥笭筶筡筲筩筡筢筬筥筳 筦筯筲
笨笱笩 筡 筠筳筭筡筬筬笧 筮筵筬筬 筩筮筳筩筤筥 筴筨筥 筳筡筭筥 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹第 筡筮筤 笨笲笩 筡 筠筬筡筲筧筥笧 筮筯筮筰筡筲筡筭筥筴筲筩筣
筮筵筬筬第 筡筳 筷筥筬筬 筡筳 笨笳笩 筡筮 筥笭筶筡筲筩筡筢筬筥 筡筲筲筩筶筥筤 筡筴 筢筹 筣筯筮筤筩筴筩筯筮筩筮筧 筯筮 筴筨筥 筳筵筭 筯筦 筴筨筥 筳筵笎筣筩筥筮筴
筳筴筡筴筩筳筴筩筣筳笮 笨笲笩 筡筮筤 笨笳笩 筡筲筥 筥笎筣筩筥筮筴筬筹 筣筯筭筰筵筴筡筢筬筥第 筡筮筤 筥筸筴筥筮筤 筩筤筥筡筳 筦筲筯筭 筛笸笸筝 筡筮筤 筛笹笳筝
筲筥筳筰筥筣筴筩筶筥筬筹 筦筲筯筭 筂筥筲筮筯筵筬筬筩 筴筯 筧筥筮筥筲筡筬 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳笮 筗筥 筰筲筯筶筩筤筥 筴筨筥筯筲筥筴筩筣筡筬 筡筮筤
筳筩筭筵筬筡筴筩筯筮笭筢筡筳筥筤 筣筯筭筰筡筲筩筳筯筮筳 筯筦 筴筨筥筳筥 筥笭筶筡筲筩筡筢筬筥筳 筩筮 筴筥筲筭筳 筯筦 筴筨筥筩筲 筬筯筧筡筲筩筴筨筭筩筣 筧筲筯筷筴筨
筲筡筴筥第 筡筮筤 笌筮筤 筴筨筡筴 筦筯筲 筳筭筡筬筬 筥笋筥筣筴筳 筡筬筬 筦筯筵筲 筥笭筶筡筲筩筡筢筬筥筳 筢筥筨筡筶筥 筳筵筲筰筲筩筳筩筮筧筬筹 筳筩筭筩筬筡筲筬筹笻
筦筯筲 筴筨筥 筇筡筵筳筳筩筡筮 筬筯筣筡筴筩筯筮 筡筮筤 筐筯筩筳筳筯筮 筦筡筭筩筬筩筥筳第 筥笭筶筡筲筩筡筢筬筥筳 笨笱笩 筡筮筤 笨笳笩 筣筯筩筮筣筩筤筥笻 筦筯筲
筂筥筲筮筯筵筬筬筩第 笨笱笩 筡筮筤 笨笲笩 筣筯筩筮筣筩筤筥笻 筢筵筴 筩筮 筧筥筮筥筲筡筬第 筷筨筥筴筨筥筲 笨笲笩 筯筲 笨笳笩 筧筲筯筷筳 筦筡筳筴筥筲 筵筮筤筥筲
筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筩筳 筦筡筭筩筬筹笭筤筥筰筥筮筤筥筮筴笮 筗筥 筦筵筲筴筨筥筲筭筯筲筥 筤筩筳筣筵筳筳 筡筬筧筯筲筩筴筨筭筳 筦筯筲 筮筵筭筥筲筩筣筡筬筬筹
筡筰筰筲筯筸筩筭筡筴筩筮筧 笨笱笩笮

4.1 Introduction

筅笭筶筡筲筩筡筢筬筥筳 笨筡筮筤 筴筨筥 筶筡筬筵筥 筴筨筥筹 筴筡筫筥第 筴筨筥 e-value笩 筰筲筯筶筩筤筥 筡筮 筡筬筴筥筲筮筡筴筩筶筥 筴筯 筰笭筶筡筬筵筥筳
筴筨筡筴 筩筳 筩筮筨筥筲筥筮筴筬筹 筭筯筲筥 筳筵筩筴筡筢筬筥 筦筯筲 筴筥筳筴筩筮筧 筵筮筤筥筲 筯筰筴筩筯筮筡筬 筳筴筯筰筰筩筮筧 筡筮筤 筣筯筮筴筩筮筵筡筴筩筯筮第
筡筮筤 筴筨筡筴 筬筩筥筳 筡筴 筴筨筥 筢筡筳筩筳 筯筦 anytime-valid 筣筯筮笌筤筥筮筣筥 筩筮筴筥筲筶筡筬筳 筴筨筡筴 筣筡筮 筢筥 筭筯筮筩筴筯筲筥筤
筣筯筮筴筩筮筵筯筵筳筬筹 筛笴笲第 笹笱第 笷笶第 笷笱第 笴笶第 笳笶筝笮 筗筨筩筬筥 筴筨筥筹 筨筡筶筥 筴筨筥筩筲 筲筯筯筴筳 筩筮 筴筨筥 筷筯筲筫 筯筮
筡筮筹筴筩筭筥笭筶筡筬筩筤 筴筥筳筴筩筮筧 筢筹 筈笮 筒筯筢筢筩筮筳 筡筮筤 筳筴筵筤筥筮筴筳 笨筥笮筧笮 筛笲笸筝笩第 筴筨筥筹 筨筡筶筥 筢筥筧筵筮 筴筯 筢筥
筩筮筶筥筳筴筩筧筡筴筥筤 筩筮 筤筥筴筡筩筬 筦筯筲 筣筯筭筰筯筳筩筴筥 筮筵筬筬 筨筹筰筯筴筨筥筳筥筳 筯筮筬筹 筶筥筲筹 筲筥筣筥筮筴筬筹笮 筅笭筶筡筲筩筡筢筬筥筳 筣筡筮
筢筥 筡筳筳筯筣筩筡筴筥筤 筷筩筴筨 筡 筮筡筴筵筲筡筬 筮筯筴筩筯筮 筯筦 筯筰筴筩筭筡筬筩筴筹第 筣筡筬筬筥筤 筇筒筏 笨筧筲筯筷筴筨笭筲筡筴筥 筯筰筴筩筭筡筬筩筴筹笩第

0This chapter is based on Yunda Hao, Peter Grünwald, Tyron Lardy, Long Long, and Reuben
Adams. E-values for k-Sample Tests with Exponential Families. Sankhya A, 86(1):596–636, 2024.
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4.1. Introduction

筩筮筴筲筯筤筵筣筥筤 筡筮筤 筳筴筵筤筩筥筤 筩筮 筤筥筴筡筩筬 筢筹 筛笴笲筝笮 筇筒筏 筭筡筹 筢筥 筶筩筥筷筥筤 筡筳 筡筮 筡筮筡筬筯筧筵筥 筯筦
筴筨筥 筵筮筩筦筯筲筭筬筹 筭筯筳筴 筰筯筷筥筲筦筵筬 筴筥筳筴 筩筮 筡筮 筯筰筴筩筯筮筡筬 筳筴筯筰筰筩筮筧 筣筯筮筴筥筸筴笮 等筮 筴筨筩筳 筰筡筰筥筲第 筷筥
筤筥筶筥筬筯筰 筇筒筏 筡筮筤 筮筥筡筲笭筇筒筏 筥笭筶筡筲筩筡筢筬筥筳 筦筯筲 筡 筣筬筡筳筳筩筣筡筬 筳筴筡筴筩筳筴筩筣筡筬 筰筲筯筢筬筥筭笺 筰筡筲筡筭筥筴筲筩筣
k笭筳筡筭筰筬筥 筴筥筳筴筳笮 筐筩筯筮筥筥筲筩筮筧 筷筯筲筫 筩筮 筴筨筩筳 筤筩筲筥筣筴筩筯筮 筡筰筰筥筡筲筳 筡筬筲筥筡筤筹 筩筮 筛笹笳筝笺 筡筳 筷筥 筥筸筰筬筡筩筮
筩筮 筅筸筡筭筰筬筥 笹第 筨筩筳 筓筐筒答 筦筯筲 筡 筳筥筱筵筥筮筴筩筡筬 筴筥筳筴 筯筦 筴筷筯 筰筲筯筰筯筲筴筩筯筮筳 筣筡筮 筢筥 筲筥笭筩筮筴筥筲筰筲筥筴筥筤
筩筮 筴筥筲筭筳 筯筦 筥笭筶筡筬筵筥筳 筦筯筲 筂筥筲筮筯筵筬筬筩 筳筴筲筥筡筭筳笮 筗筡筬筤笧筳 筥笭筶筡筬筵筥筳 筡筲筥 筮筯筴 筯筰筴筩筭筡筬 筩筮 筴筨筥 筇筒筏
筳筥筮筳筥 筼 筇筒筏 筶筥筲筳筩筯筮筳 筷筥筲筥 筤筥筲筩筶筥筤 筯筮筬筹 筶筥筲筹 筲筥筣筥筮筴筬筹 筢筹 筛笸笸第 笸笶筝第 筢筵筴 筡筧筡筩筮 筯筮筬筹
筦筯筲 筂筥筲筮筯筵筬筬筩 筳筴筲筥筡筭筳笮 筈筥筲筥 筷筥 筤筥筶筥筬筯筰 筥笭筶筡筲筩筡筢筬筥筳 筦筯筲 筴筨筥 筣筡筳筥 筴筨筡筴 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筩筳
筡筳筳筯筣筩筡筴筥筤 筷筩筴筨 筡筮 筡筲筢筩筴筲筡筲筹 筢筵筴 笌筸筥筤 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹第 M第 筷筩筴筨 筤筡筴筡 筩筮 筥筡筣筨 筯筦 筴筨筥
k 筧筲筯筵筰筳 筳筥筱筵筥筮筴筩筡筬筬筹 筳筡筭筰筬筥筤 筦筲筯筭 筡 筤筩笋筥筲筥筮筴 筤筩筳筴筲筩筢筵筴筩筯筮 筩筮 筴筨筡筴 筦筡筭筩筬筹笮 筗筥 筭筯筳筴筬筹
筣筯筮筳筩筤筥筲 筴筥筳筴筳 筡筧筡筩筮筳筴 筴筨筥 筮筵筬筬 筨筹筰筯筴筨筥筳筩筳第 筤筥筮筯筴筥筤 筢筹 H0笨M笩 筴筨筡筴 筳筴筡筴筥筳 筴筨筡筴 筯筵筴筣筯筭筥筳
筩筮 筡筬筬 筧筲筯筵筰筳 筡筲筥 筩笮筩笮筤笮 筢筹 筡 筳筩筮筧筬筥 筭筥筭筢筥筲 筯筦 M笮 筗筥 筤筥筶筥筬筯筰 筴筨筥 筇筒筏 筥笭筶筡筲筩筡筢筬筥 SRIPr

筦筯筲 筴筨筩筳 筮筵筬筬 筨筹筰筯筴筨筥筳筩筳第 筢筵筴 筩筴 筩筳 筮筯筴 筥笎筣筩筥筮筴筬筹 筣筯筭筰筵筴筡筢筬筥 筩筮 筧筥筮筥筲筡筬笮 答筨筥筲筥筦筯筲筥第 筷筥
筩筮筴筲筯筤筵筣筥 筴筷筯 筭筯筲筥 筴筲筡筣筴筡筢筬筥 筥笭筶筡筲筩筡筢筬筥筳笺 Smix 筡筮筤 Scond笮 答筨筥 筦筯筲筭筥筲 筩筳 筤筥笌筮筥筤 筡筳 筴筨筥
筇筒筏 筥笭筶筡筲筩筡筢筬筥第 筦筯筲 筴筨筥 筭筵筣筨 筬筡筲筧筥筲 筮筵筬筬 筨筹筰筯筴筨筥筳筩筳 筴筨筡筴 筴筨筥 k 筧筲筯筵筰筳 筡筲筥 筩笮筩笮筤笮 筦筲筯筭
筡筮 筡筲筢筩筴筲筡筲筹 筤筩筳筴筲筩筢筵筴筩筯筮第 筤筥筮筯筴筥筤 筢筹 H0笨iid笩笺 筳筩筮筣筥 筡筮 筥笭筶筡筲筩筡筢筬筥 筲筥筬筡筴筩筶筥 筴筯 筡 筮筵筬筬
筨筹筰筯筴筨筥筳筩筳 H0 筩筳 筡筵筴筯筭筡筴筩筣筡筬筬筹 筡筮 筥笭筶筡筲筩筡筢筬筥 筲筥筬筡筴筩筶筥 筴筯 筡筮筹 筮筵筬筬 筴筨筡筴 筩筳 筡 筳筵筢筳筥筴 筯筦 H0第
Smix 筩筳 筡筵筴筯筭筡筴筩筣筡筬筬筹 筡筬筳筯 筡筮 筥笭筶筡筲筩筡筢筬筥 筲筥筬筡筴筩筶筥 筴筯 H0笨M笩笮 筗筨筥筮筥筶筥筲 筢筥筬筯筷 筷筥 筲筥筦筥筲 筴筯
筠筴筨筥 筮筵筬筬笧第 筷筥 筭筥筡筮 筴筨筥 筳筭筡筬筬筥筲 H0笨M笩笮 答筨筥 筵筳筥 筯筦 Smix 筲筡筴筨筥筲 筴筨筡筮 SRIPr 筦筯筲 筴筨筩筳 筮筵筬筬第
筦筯筲 筷筨筩筣筨 筩筴 筩筳 筮筯筴 筇筒筏第 筩筳 筪筵筳筴筩笌筡筢筬筥 筢筹 筥筡筳筥 筯筦 筣筯筭筰筵筴筡筴筩筯筮 筡筮筤 筲筯筢筵筳筴筮筥筳筳 筡筧筡筩筮筳筴
筭筩筳筳筰筥筣筩笌筣筡筴筩筯筮 筯筦 筴筨筥 筭筯筤筥筬 M笮 筈筯筷筥筶筥筲第 筥筸筡筣筴筬筹 筴筨筩筳 筲筯筢筵筳筴筮筥筳筳 筭筩筧筨筴 筡筬筳筯 筣筡筵筳筥
筩筴 筴筯 筢筥 筴筯筯 筣筯筮筳筥筲筶筡筴筩筶筥 筷筨筥筮 M 筩筳 筷筥筬筬笭筳筰筥筣筩笌筥筤笮 答筨筥 筴筨筩筲筤 筥笭筶筡筲筩筡筢筬筥 筷筥 筣筯筮筳筩筤筥筲第
Scond第 筤筯筥筳 筮筯筴 筨筡筶筥 筡筮筹 筇筒筏 筳筴筡筴筵筳第 筢筵筴 筩筳 筳筰筥筣筩笌筣筡筬筬筹 筴筡筩筬筯筲筥筤 筴筯 H0笨M笩第 筳筯 筴筨筡筴 筩筴
筭筩筧筨筴 筳筴筩筬筬 筢筥 筢筥筴筴筥筲 筴筨筡筮 Smix 筩筮 筰筲筡筣筴筩筣筥笮 筆筩筮筡筬筬筹第 筷筥 筩筮筴筲筯筤筵筣筥 筡 筰筳筥筵筤筯笭筥笭筶筡筲筩筡筢筬筥
Spseudo第 筷筨筩筣筨 筣筯筩筮筣筩筤筥筳 筷筩筴筨 SRIPr 筷筨筥筮筥筶筥筲 筴筨筥 筬筡筴筴筥筲 筩筳 筥筡筳筹 筴筯 筣筯筭筰筵筴筥笻 筩筮 筯筴筨筥筲
筣筡筳筥筳 筩筴 筩筳 筮筯筴 筡 筲筥筡筬 筥笭筶筡筲筩筡筢筬筥第 筢筵筴 筩筴 筩筳 筳筴筩筬筬 筨筩筧筨筬筹 筵筳筥筦筵筬 筦筯筲 筯筵筲 筴筨筥筯筲筥筴筩筣筡筬 筡筮筡筬筹筳筩筳笮

Results 筂筥筳筩筤筥筳 筤筥笌筮筩筮筧 SRIPr第 Smix 筡筮筤 Scond 筡筮筤 筰筲筯筶筩筮筧 筴筨筡筴 筴筨筥筹 筡筣筨筩筥筶筥 筷筨筡筴
筴筨筥筹 筰筵筲筰筯筲筴 筴筯第 筷筥 筡筮筡筬筹筺筥 筴筨筥筩筲 筢筥筨筡筶筩筯筵筲 筢筯筴筨 筴筨筥筯筲筥筴筩筣筡筬筬筹 筡筮筤 筢筹 筳筩筭筵筬筡筴筩筯筮筳笮
筏筵筲 筭筡筩筮 筴筨筥筯筲筥筴筩筣筡筬 筲筥筳筵筬筴筳第 答筨筥筯筲筥筭 笷 筡筮筤 笸 筲筥筶筥筡筬 筳筯筭筥 筳筵筲筰筲筩筳筩筮筧 筦筡筣筴筳笺 筦筯筲
筡筮筹 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹第 筴筨筥 筦筯筵筲 筴筹筰筥筳 筯筦 笨筰筳筥筵筤筯笭笩 筥笭筶筡筲筩筡筢筬筥筳 筡筣筨筩筥筶筥 筡筬筭筯筳筴 筴筨筥
筳筡筭筥 筧筲筯筷筴筨 筲筡筴筥 筵筮筤筥筲 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥第 筨筥筮筣筥 筡筲筥 筡筬筭筯筳筴 筥筱筵筡筬筬筹 筧筯筯筤第 筷筨筥筮筥筶筥筲 筴筨筥
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筰筯筩筮筴 笨筩笮筥笮 筡 筭筩筸筴筵筲筥 筰筵筴筴筩筮筧 筡筬筬 筩筴筳 筭筡筳筳 筯筮 筴筨筡筴 筰筯筩筮筴笩 筴筨筡筴 筣筡筮 筢筥 筥笎筣筩筥筮筴筬筹 筣筯筭筰筵筴筥筤笮

笹笶



Chapter 4. E-values for k-Sample Tests With Exponential Families

筆筵筲筴筨筥筲筭筯筲筥第 筩筮 筴筨筥筳筥 筣筡筳筥筳 SRIPr 筣筯筩筮筣筩筤筥筳 筷筩筴筨 筯筮筥 筯筦 筴筨筥 筯筴筨筥筲 筥笭筶筡筲筩筡筢筬筥筳 笨Smix

筦筯筲 筂筥筲筮筯筵筬筬筩第 Scond 筦筯筲 筇筡筵筳筳筩筡筮 筡筮筤 筐筯筩筳筳筯筮笩笮 筆筯筲 筯筴筨筥筲 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳第 筦筯筲
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4.1. Introduction

Related Work and Practical Relevance 筁筳 筩筮筤筩筣筡筴筥筤第 筴筨筩筳 筰筡筰筥筲 筩筳 筡 筤筩筲筥筣筴 笨筢筵筴
筦筡筲笭筲筥筡筣筨筩筮筧笩 筥筸筴筥筮筳筩筯筮 筯筦 筴筨筥 筰筡筰筥筲筳 筛笸笸第 笸笶筝 筯筮 笲笭筳筡筭筰筬筥 筴筥筳筴筩筮筧 筦筯筲 筂筥筲筮筯筵筬筬筩 筳筴筲筥筡筭筳
筡筳 筷筥筬筬 筡筳 筗筡筬筤笧筳 筛笹笳筝 筳筥筱筵筥筮筴筩筡筬 筴筷筯笭筳筡筭筰筬筥 筴筥筳筴 筦筯筲 筰筲筯筰筯筲筴筩筯筮筳 筴筯 筳筴筲筥筡筭筳 筣筯筭筩筮筧 筦筲筯筭
筡筮 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹笮 答筨筥筲筥 筡筲筥 筡筬筳筯 nonparametric 筳筥筱筵筥筮筴筩筡筬 筛笵笹筝 筡筮筤 筡筮筹筴筩筭筥笭筶筡筬筩筤
笲笭筳筡筭筰筬筥 筴筥筳筴筳 筛笶第 笶笸筝 筴筨筡筴 筴筡筣筫筬筥 筡 筳筯筭筥筷筨筡筴 筤筩笋筥筲筥筮筴 筰筲筯筢筬筥筭笮 答筨筥筹 筷筯筲筫 筵筮筤筥筲 筭筵筣筨
筷筥筡筫筥筲 筡筳筳筵筭筰筴筩筯筮筳 筯筮 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 笨筩筮 筳筯筭筥 筶筥筲筳筩筯筮筳 筴筨筥 筳筡筭筰筬筥筳 筣筯筵筬筤 筢筥 筡筲筢筩筴筲筡筲筹
筨筩筧筨笭筤筩筭筥筮筳筩筯筮筡筬 筯筢筪筥筣筴筳 筳筵筣筨 筡筳 筰筩筣筴筵筲筥筳 筡筮筤 筴筨筥 筬筩筫筥笩笮 答筨筥 筰筲筩筣筥 筴筯 筰筡筹 筩筳 筴筨筡筴 筴筨筥筹
筷筩筬筬 筮筥筥筤 筡 筭筵筣筨 筬筡筲筧筥筲 筳筡筭筰筬筥 筳筩筺筥 筢筥筦筯筲筥 筡 筤筩笋筥筲筥筮筣筥 筣筡筮 筢筥 筤筥筴筥筣筴筥筤笮 等筮筤筥筥筤第 筷筨筩筬筥
筯筵筲 筭筡筩筮 筩筮筴筥筲筥筳筴 筩筳 筴筨筥筯筲筥筴筩筣筡筬 笨筨筯筷 筤筯 筤筩笋筥筲筥筮筴 筥笭筶筡筲筩筡筢筬筥筳 筣筯筭筰筡筲筥笿 筩筮 筷筨筡筴 筳筥筮筳筥
筡筲筥 筴筨筥筹 筯筰筴筩筭筡筬笿笩第 筩筮 筳筥筴筴筩筮筧筳 筷筨筥筲筥 筤筡筴筡 筡筲筥 筥筸筰筥筮筳筩筶筥第 筳筵筣筨 筡筳 筲筡筮筤筯筭筩筺筥筤 筣筬筩筮筩筣筡筬
筴筲筩筡筬筳第 筴筨筥 筭筥筴筨筯筤筳 筷筥 筤筥筳筣筲筩筢筥 筨筥筲筥 筣筡筮 筢筥 筰筲筡筣筴筩筣筡筬筬筹 筶筥筲筹 筵筳筥筦筵筬笺 筴筨筥筹 筡筲筥 筥筸筡筣筴
笨筥筸筩筳筴筩筮筧 筭筥筴筨筯筤筳 筡筲筥 筯筦筴筥筮 筢筡筳筥筤 筯筮 筣筨筩笭筳筱筵筡筲筥筤 筴筥筳筴筳第 筷筨筩筣筨 筤筯 筮筯筴 筧筩筶筥 筥筸筡筣筴 答筹筰筥笭等
筥筲筲筯筲 筧筵筡筲筡筮筴筥筥筳 筡筴 筳筭筡筬筬 筳筡筭筰筬筥 筳筩筺筥笩第 筴筨筥筹 筡筬筬筯筷 筦筯筲 筯筰筴筩筯筮筡筬 筳筴筯筰筰筩筮筧第 筡筮筤 筴筨筥筹 筮筥筥筤
筳筭筡筬筬 筡筭筯筵筮筴筳 筯筦 筤筡筴筡 筤筵筥 筴筯 筴筨筥 筳筴筲筯筮筧 筰筡筲筡筭筥筴筲筩筣 筡筳筳筵筭筰筴筩筯筮筳 筦筯筲 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥笮
筁筳 筡 筳筩筭筰筬筥 筩筬筬筵筳筴筲筡筴筩筯筮 筯筦 筴筨筥 筰筲筡筣筴筩筣筡筬 筩筭筰筯筲筴筡筮筣筥 筯筦 筴筨筥筳筥 筰筲筯筰筥筲筴筩筥筳第 筷筥 筲筥筦筥筲 筴筯 筴筨筥
筲筥筣筥筮筴 筓筗筅筐等筓 筳筴筵筤筹 筛笹笷筝 筷筨筩筣筨 筷筡筳 筳筴筯筰筰筥筤 筥筡筲筬筹 筦筯筲 筨筡筲筭笮 筁筳 筤筥筭筯筮筳筴筲筡筴筥筤 筢筹 筛笸笸筝第
筩筦 筡筮 筡筮筹筴筩筭筥笭筶筡筬筩筤 筴筷筯笭筳筡筭筰筬筥 筴筥筳筴 筨筡筤 筢筥筥筮 筵筳筥筤 筩筮 筴筨筡筴 筳筴筵筤筹第 筳筵筢筳筴筡筮筴筩筡筬筬筹 筳筴筲筯筮筧筥筲
筣筯筮筣筬筵筳筩筯筮筳 筣筯筵筬筤 筨筡筶筥 筢筥筥筮 筤筲筡筷筮笮

筗筥 筡筬筳筯 筭筥筮筴筩筯筮 筴筨筡筴 k笭筳筡筭筰筬筥 筴筥筳筴筳 筣筡筮 筢筥 筶筩筥筷筥筤 筡筳 筩筮筤筥筰筥筮筤筥筮筣筥 筴筥筳筴筳 笨筩筳 筴筨筥
筯筵筴筣筯筭筥 筩筮筤筥筰筥筮筤筥筮筴 筯筦 筴筨筥 筧筲筯筵筰 筩筴 筢筥筬筯筮筧筳 筴筯笿笩 筡筮筤 筡筳 筳筵筣筨 筴筨筩筳 筰筡筰筥筲 筩筳 筡筬筳筯 筲筥筬筡筴筥筤
筴筯 筲筥筣筥筮筴 筰筡筰筥筲筳 筯筮 筥笭筶筡筬筵筥筳 筡筮筤 筡筮筹筴筩筭筥笭筶筡筬筩筤 筴筥筳筴筳 筦筯筲 筣筯筮筤筩筴筩筯筮筡筬 筩筮筤筥筰筥筮筤筥筮筣筥
筴筥筳筴筩筮筧 筛笳笹第 笷笵第 笳笱筝笮 筙筥筴第 筴筨筥 筳筥筴筴筩筮筧 筳筴筵筤筩筥筤 筩筮 筴筨筯筳筥 筰筡筰筥筲筳 筩筳 筱筵筩筴筥 筤筩笋筥筲筥筮筴 筩筮 筴筨筡筴
筴筨筥筹 筡筳筳筵筭筥 筴筨筥 筣筯筶筡筲筩筡筴筥筳 笨筩笮筥笮 筩筮筤筩筣筡筴筯筲 筯筦 筷筨筩筣筨 筯筦 筴筨筥 k 筧筲筯筵筰筳 筴筨筥 筤筡筴筡 筢筥筬筯筮筧筳 筴筯笩
筴筯 筢筥 筩笮筩笮筤笮

Contents 等筮 筴筨筥 筲筥筭筡筩筮筤筥筲 筯筦 筴筨筩筳 筩筮筴筲筯筤筵筣筴筩筯筮第 筷筥 笌筸 筴筨筥 筧筥筮筥筲筡筬 筦筲筡筭筥筷筯筲筫 筡筮筤
筮筯筴筡筴筩筯筮 筡筮筤 筷筥 筢筲筩筥笍筹 筲筥筣筡筬筬 筨筯筷 筥笭筶筡筲筩筡筢筬筥筳 筡筲筥 筵筳筥筤 筩筮 筡筮 筡筮筹筴筩筭筥笭筶筡筬筩筤笯筯筰筴筩筯筮筡筬
筳筴筯筰筰筩筮筧 筳筥筴筴筩筮筧笮 等筮 筓筥筣筴筩筯筮 笴笮笲 筷筥 筤筥筳筣筲筩筢筥 筯筵筲 筦筯筵筲 笨筰筳筥筵筤筯笭笩 筥笭筶筡筲筩筡筢筬筥筳 筩筮 筤筥筴筡筩筬第
筡筮筤 筷筥 筰筲筯筶筩筤筥 筰筲筥筬筩筭筩筮筡筲筹 筲筥筳筵筬筴筳 筴筨筡筴 筣筨筡筲筡筣筴筥筲筩筺筥 筴筨筥筩筲 筢筥筨筡筶筩筯筵筲 筩筮 筴筥筲筭筳 筯筦 筧筲筯筷筴筨
筲筡筴筥笮 等筮 筓筥筣筴筩筯筮 笴笮笳 筷筥 筰筲筯筶筩筤筥 筯筵筲 筭筡筩筮 筴筨筥筯筲筥筴筩筣筡筬 筲筥筳筵筬筴筳 筷筨筩筣筨 筳筨筯筷 筴筨筡筴第 筦筯筲 筡筬筬
筲筥筧筵筬筡筲 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳第 筴筨筥 筥筸筰筥筣筴筥筤 筧筲筯筷筴筨 筯筦 筴筨筥 筦筯筵筲 筴筹筰筥筳 筯筦 筥笭筶筡筲筩筡筢筬筥筳 筩筳
筯筦 筳筵筲筰筲筩筳筩筮筧筬筹 筳筭筡筬筬 筯筲筤筥筲 δ4 筩筦 筴筨筥 筰筡筲筡筭筥筴筥筲筳 筯筦 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筡筲筥 筡筴 ℓ2笭筤筩筳筴筡筮筣筥 δ
筴筯 筴筨筥 筰筡筲筡筭筥筴筥筲 筳筰筡筣筥 筯筦 筴筨筥 筮筵筬筬笮 等筮 筓筥筣筴筩筯筮 笴笮笴 筷筥 筧筩筶筥 筭筯筲筥 筤筥筴筡筩筬筥筤 筣筯筭筰筡筲筩筳筯筮筳
筦筯筲 筡 筬筡筲筧筥 筮筵筭筢筥筲 筯筦 筳筴筡筮筤筡筲筤 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳 笨筇筡筵筳筳筩筡筮第 筂筥筲筮筯筵筬筬筩第 筐筯筩筳筳筯筮第
筥筸筰筯筮筥筮筴筩筡筬第 筧筥筯筭筥筴筲筩筣第 筢筥筴筡笩第 筩筮筣筬筵筤筩筮筧 筳筩筭筵筬筡筴筩筯筮筳 筴筨筡筴 筳筨筯筷 筷筨筡筴 筨筡筰筰筥筮筳 筩筦 δ 筧筥筴筳
筬筡筲筧筥筲笮 筓筥筣筴筩筯筮 笴笮笵 筰筲筯筶筩筤筥筳 筳筯筭筥 筡筤筤筩筴筩筯筮筡筬 筳筩筭筵筬筡筴筩筯筮筳 筡筢筯筵筴 筴筨筥 筒等筐筲笮 筁筬筬 筰筲筯筯筦筳第
筡筮筤 筳筯筭筥 筡筤筤筩筴筩筯筮筡筬 筳筩筭筵筬筡筴筩筯筮筳第 筡筲筥 筩筮 筴筨筥 筡筰筰筥筮筤筩筸笮

4.1.1 Formal Setting

筃筯筮筳筩筤筥筲 筡 筲筥筧筵筬筡筲 筯筮筥笭筤筩筭筥筮筳筩筯筮筡筬 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹 M 笽 {Pµ 笺 µ ∈ M} 筧筩筶筥筮 筩筮 筩筴筳
筭筥筡筮笭筶筡筬筵筥 筰筡筲筡筭筥筴筥筲筩筺筡筴筩筯筮 笨筳筥筥 筥笮筧笮 筛笱笳筝 筦筯筲 筭筯筲筥 筯筮 筤筥笌筮筩筴筩筯筮筳 筡筮筤 筦筯筲 筡筬筬 筴筨筥 筰筲筯筯筦筳
筯筦 筡筬筬 筳筴筡筮筤筡筲筤 筲筥筳筵筬筴筳 筡筢筯筵筴 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳 筴筨筡筴 筡筲筥 筴筯 筦筯筬筬筯筷笩笮 筅筡筣筨 筭筥筭筢筥筲
筯筦 筴筨筥 筦筡筭筩筬筹 筩筳 筡 筤筩筳筴筲筩筢筵筴筩筯筮 筦筯筲 筳筯筭筥 筲筡筮筤筯筭 筶筡筲筩筡筢筬筥 U 第 筴筡筫筩筮筧 筶筡筬筵筥筳 筩筮 筳筯筭筥 筳筥筴
U 第 筷筩筴筨 筤筥筮筳筩筴筹 pµ;[U ] 筲筥筬筡筴筩筶筥 筴筯 筳筯筭筥 筵筮筤筥筲筬筹筩筮筧 筭筥筡筳筵筲筥 ρ[U ] 筷筨筩筣筨第 筷筩筴筨筯筵筴 筬筯筳筳 筯筦
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筧筥筮筥筲筡筬筩筴筹第 筣筡筮 筢筥 筴筡筫筥筮 筴筯 筢筥 筡 筰筲筯筢筡筢筩筬筩筴筹 筭筥筡筳筵筲筥笮 筆筯筲 筲筥筧筵筬筡筲 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳第
M 筩筳 筡筮 筯筰筥筮 筩筮筴筥筲筶筡筬 筩筮 R 筡筮筤 pµ;[U ] 筣筡筮 筢筥 筷筲筩筴筴筥筮 筡筳笺

pµ;[U ]笨U笩 笽 筥筸筰 笨λ笨µ笩 · t笨U笩 −A笨λ笨µ笩笩笩 , 笨笴笮笱笮笱笩

筷筨筥筲筥 λ笨µ笩 筭筡筰筳 筭筥筡筮笭筶筡筬筵筥 µ 筴筯 筣筡筮筯筮筩筣筡筬 筰筡筲筡筭筥筴筥筲 β笮 筗筥 筴筨筥筮 筨筡筶筥 µ 笽 EPµ 筛t笨U笩筝第
筷筨筥筲筥 t笨U笩 筩筳 筡 筭筥筡筳筵筲筡筢筬筥 筦筵筮筣筴筩筯筮 筯筦 U 筡筮筤 A笨β笩 筩筳 筴筨筥 筬筯筧笭筮筯筲筭筡筬筩筺筩筮筧 筦筡筣筴筯筲笮 答筨筥
筭筥筡筳筵筲筥 ρ[U ] 筩筮筤筵筣筥筳 筡 筣筯筲筲筥筳筰筯筮筤筩筮筧 笨筭筡筲筧筩筮筡筬笩 筭筥筡筳筵筲筥 ρ 笺笽 ρ[X] 筯筮 筴筨筥 sufficient
statistic X 笺笽 t笨U笩第 筡筮筤 筳筩筭筩筬筡筲筬筹 筴筨筥 筤筥筮筳筩筴筹 笨笴笮笱笮笱笩 筩筮筤筵筣筥筳 筡 筣筯筲筲筥筳筰筯筮筤筩筮筧 筤筥筮筳筩筴筹
pµ 笺笽 pµ;[X] 筯筮 X第 筩笮筥笮 筷筥 筨筡筶筥

pµ笨X笩 笺笽 pµ;[X]笨X笩 笽 筥筸筰 笨λ笨µ笩 ·X −A笨λ笨µ笩笩笩 . 笨笴笮笱笮笲笩

筁筬筬 筥笭筶筡筲筩筡筢筬筥筳 筴筨筡筴 筷筥 筷筩筬筬 筤筥笌筮筥 筣筡筮 筢筥 筷筲筩筴筴筥筮 筩筮 筴筥筲筭筳 筯筦 筴筨筥 筩筮筤筵筣筥筤 筭筥筡筳筵筲筥 筡筮筤
筤筥筮筳筩筴筹 筯筦 筴筨筥 筳筵笎筣筩筥筮筴 筳筴筡筴筩筳筴筩筣 筯筦 X笻 筩筮 筯筴筨筥筲 筷筯筲筤筳第 筷筥 筣筡筮 筷筩筴筨筯筵筴 筬筯筳筳 筯筦 筧筥筮筥筲筡筬筩筴筹
筡筣筴 筡筳 筩筦 筯筵筲 筦筡筭筩筬筹 筩筳 natural笮 答筨筥筲筥筦筯筲筥第 筦筲筯筭 筮筯筷 筯筮 筷筥 筳筩筭筰筬筹 筡筳筳筵筭筥 筴筨筡筴 筷筥
筯筢筳筥筲筶筥 筤筡筴筡 筩筮 筴筥筲筭筳 筯筦 筴筨筥筩筲 筳筵笎筣筩筥筮筴 筳筴筡筴筩筳筴筩筣筳 X 筲筡筴筨筥筲 筴筨筡筮 筴筨筥 筰筯筴筥筮筴筩筡筬筬筹 筭筯筲筥
笌筮筥笭筧筲筡筩筮筥筤 U 第 筡筮筤 筷筩筬筬 筢筥 筳筩筬筥筮筴 筡筢筯筵筴 U 笻 筦筯筲 筳筩筭筰筬筩筣筩筴筹 筷筥 筴筨筵筳 筡筢筢筲筥筶筩筡筴筥 pµ;[X]

筴筯 pµ 筡筮筤 ρ[X] 筴筯 ρ笮 筎筯筴筥 筴筨筡筴 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳 筡筲筥 筭筯筲筥 筵筳筵筡筬筬筹 筤筥笌筮筥筤 筷筩筴筨 筡
筣筡筲筲筩筥筲 筦筵筮筣筴筩筯筮 h笨X笩 筡筮筤 ρ 筳筥筴 筴筯 筌筥筢筥筳筧筵筥 筯筲 筣筯筵筮筴筩筮筧 筭筥筡筳筵筲筥笻 筷筥 筣筯筶筥筲 筴筨筩筳 筣筡筳筥
筢筹 筡筢筳筯筲筢筩筮筧 h 筩筮筴筯 ρ第 筷筨筩筣筨 筷筥 筤筯 筮筯筴 筲筥筱筵筩筲筥 筴筯 筢筥 筌筥筢筥筳筧筵筥 筯筲 筣筯筵筮筴筩筮筧笮

答筨筥 筤筡筴筡 筣筯筭筥筳 筩筮 筡筳 筡 筢筬筯筣筫 Xk 笽 笨X1, . . . , Xk笩 ∈ X k第 筷筨筥筲筥 X 筩筳 筴筨筥 筳筵筰筰筯筲筴 筯筦
ρ笮 答筯 筣筡筬筣筵筬筡筴筥 筯筵筲 筥笭筶筡筬筵筥筳 筷筥 筯筮筬筹 筮筥筥筤 筴筯 筫筮筯筷 Xk ∈ X k第 筡筮筤 筵筮筤筥筲 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥
筨筹筰筯筴筨筥筳筩筳第 筡筬筬 Xj 第 j 笽 笱 . . . k 筡筲筥 筤筩筳筴筲筩筢筵筴筥筤 筡筣筣筯筲筤筩筮筧 筴筯 筳筯筭筥 筥筬筥筭筥筮筴 Pµj 筯筦 M笮 等筮
筯筵筲 筭筡筩筮 筲筥筳筵筬筴筳 筷筥 筴筡筫筥 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筨筹筰筯筴筨筥筳筩筳 筴筯 筢筥 simple第 筩笮筥笮 筷筥 筡筳筳筵筭筥 筴筨筡筴
µ 笽 笨µ1, . . . , µk笩 ∈ Mk 筩筳 笌筸筥筤 筩筮 筡筤筶筡筮筣筥笮 答筨筥 筡筬筴筥筲筮筡筴筩筶筥 筨筹筰筯筴筨筥筳筩筳 筩筳 筴筨筵筳 筧筩筶筥筮 筢筹

筳筩筭筰筬筥 H1 笺 X1 ∼ Pµ1
, X2 ∼ Pµ2

, . . . , Xk ∼ Pµk 筩筮筤筥筰筥筮筤筥筮筴.

筎筯筴筥 筴筨筡筴 筷筥 筷筩筬筬 筫筥筥筰 µ 笌筸筥筤 筴筨筲筯筵筧筨筯筵筴 筴筨筥 筲筥筳筴 筯筦 筴筨筩筳 筳筥筣筴筩筯筮 筡筮筤 筓筥筣筴筩筯筮 笴笮笲笮 答筨筩筳
筩筳 筷筩筴筨筯筵筴 筬筯筳筳 筯筦 筧筥筮筥筲筡筬筩筴筹 筡筳 µ 筩筳 筤筥笌筮筥筤 筡筳 筡筮 筡筲筢筩筴筲筡筲筹 筥筬筥筭筥筮筴 筯筦 Mk第 筳筯 筴筨筡筴 筡筬筬
筲筥筳筵筬筴筳 筳筴筡筴筥筤 筦筯筲 µ 筨筯筬筤 筦筯筲 筡筮筹 筥筬筥筭筥筮筴 筯筦 Mk笮 答筨筥 筥筸筴筥筮筳筩筯筮 筴筯 筣筯筭筰筯筳筩筴筥 筡筬筴筥筲筮筡筴筩筶筥筳
筢筹 筭筥筡筮筳 筯筦 筴筨筥 筭筥筴筨筯筤 筯筦 筭筩筸筴筵筲筥筳 筯筲 筴筨筥 筰筬筵筧笭筩筮 筭筥筴筨筯筤 筩筳 筳筴筲筡筩筧筨筴筦筯筲筷筡筲筤第 筡筮筤
筤筯筮筥 筩筮 筡 筭筡筮筮筥筲 筴筨筡筴 筨筡筳 筢筥筣筯筭筥 筳筴筡筮筤筡筲筤 筦筯筲 筥笭筶筡筬筵筥 筢筡筳筥筤 筴筥筳筴筩筮筧 筛笷笱筝笮

筏筵筲 筮筵筬筬 筨筹筰筯筴筨筥筳筩筳 筩筳 筤筩筲筥筣筴筬筹 筴筡筫筥筮 筴筯 筢筥 筣筯筭筰筯筳筩筴筥第 筦筯筲 筡筳 筲筥筧筡筲筤筳 筴筨筥 筮筵筬筬第 筴筨筥
筣筯筭筰筯筳筩筴筥 筣筡筳筥 筩筳 筩筮筨筥筲筥筮筴筬筹 筶筥筲筹 筤筩笋筥筲筥筮筴 筦筲筯筭 筴筨筥 筳筩筭筰筬筥 筣筡筳筥 筛笷笱第 笴笲筝笮 等筴 筥筸筰筲筥筳筳筥筳
筴筨筡筴 筴筨筥 Xk 筡筲筥 筩筤筥筮筴筩筣筡筬筬筹 筤筩筳筴筲筩筢筵筴筥筤笮 筗筥 筳筨筡筬筬 筣筯筮筳筩筤筥筲 筶筡筲筩筯筵筳 筶筡筲筩筡筮筴筳 筯筦 筴筨筩筳 筮筵筬筬
筨筹筰筯筴筨筥筳筩筳第 筡筬筬 筣筯筭筰筯筳筩筴筥笺 筬筥筴 P 筢筥 筡 筳筥筴 筯筦 筤筩筳筴筲筩筢筵筴筩筯筮筳 筯筮 X 第 筴筨筥筮 筴筨筥 筮筵筬筬 筨筹筰筯筴筨筥筳筩筳
relative to P第 筤筥筮筯筴筥筤 H0笨P笩第 筩筳 筤筥笌筮筥筤 筡筳

筣筯筭筰筯筳筩筴筥 H0笨P笩 笺 X1 ∼ P,X2 ∼ P, . . . ,Xk ∼ P 筩笮筩笮筤笮 筦筯筲 筳筯筭筥 P ∈ P.

筏筵筲 筭筯筳筴 筩筭筰筯筲筴筡筮筴 筩筮筳筴筡筮筴筩筡筴筩筯筮 筦筯筲 筴筨筥 筮筵筬筬 筨筹筰筯筴筨筥筳筩筳 筷筩筬筬 筢筥 H0 笽 H0笨M笩 筦筯筲
筴筨筥 筳筡筭筥 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹 M 筦筲筯筭 筷筨筩筣筨 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筷筡筳 筴筡筫筥筮笻 筴筨筥筮 H0笨M笩
筩筳 筡 筯筮筥笭筤筩筭筥筮筳筩筯筮筡筬 筰筡筲筡筭筥筴筲筩筣 筦筡筭筩筬筹 筥筸筰筲筥筳筳筩筮筧 筴筨筡筴 筴筨筥 Xi 筡筲筥 筩笮筩笮筤笮 筦筲筯筭 Pµ0 筦筯筲
µ0 ∈ M笮 筓筴筩筬筬第 筷筥 筷筩筬筬 筡筬筳筯 筣筯筮筳筩筤筥筲 H0 笽 H0笨P笩 筷筨筥筲筥 P 筩筳 筴筨筥 筭筵筣筨 筬筡筲筧筥筲 筳筥筴 筯筦 all

笹笹



4.1. Introduction

筤筩筳筴筲筩筢筵筴筩筯筮筳 筯筮 X 笮 答筨筥筮 筴筨筥 筮筵筬筬 筳筩筭筰筬筹 筥筸筰筲筥筳筳筥筳 筴筨筡筴 筴筨筥 Xk 筡筲筥 筩笮筩笮筤笮笻 筷筥 筳筨筡筬筬
筡筢筢筲筥筶筩筡筴筥 筴筨筩筳 筮筵筬筬 筴筯 H0笨iid笩笮 筆筩筮筡筬筬筹 筷筥 筳筯筭筥筴筩筭筥筳 筣筯筮筳筩筤筥筲 H0 笽 H0笨M′笩 筷筨筥筲筥
M′ ⊂ M 筩筳 筡 筳筵筢筳筥筴 筯筦 Pµ ∈ M 筷筩筴筨 µ ∈ M′ 筦筯筲 筳筯筭筥 筳筵筢笭筩筮筴筥筲筶筡筬 M′ ⊂ M笮 答筨筥 筳筴筡筴筩筳筴筩筣筳
筴筨筡筴 筷筥 筵筳筥 筴筯 筧筡筩筮 筥筶筩筤筥筮筣筥 筡筧筡筩筮筳筴 筴筨筥筳筥 筮筵筬筬 筨筹筰筯筴筨筥筳筥筳 筡筲筥 筥笭筶筡筲筩筡筢筬筥筳笮

Definition 2. 筗筥 筣筡筬筬 筡筮筹 筮筯筮筮筥筧筡筴筩筶筥 筲筡筮筤筯筭 筶筡筲筩筡筢筬筥 S 筯筮 筡 筳筡筭筰筬筥 筳筰筡筣筥 笊 笨筷筨筩筣筨
筩筮 筴筨筩筳 筰筡筰筥筲 筷筩筬筬 筡筬筷筡筹筳 筢筥 笊 笽 X k笩 筡筮 e-variable relative to H0 筩筦 筩筴 筳筡筴筩筳笌筥筳

筦筯筲 筡筬筬 P ∈ H0 笺 EP 筛S筝 ≤ 笱. 笨笴笮笱笮笳笩

4.1.2 The GRO E-variable for General H0

等筮 筧筥筮筥筲筡筬第 筴筨筥筲筥 筥筸筩筳筴 筭筡筮筹 筥笭筶筡筲筩筡筢筬筥筳 筦筯筲 筴筥筳筴筩筮筧 筡筮筹 筯筦 筴筨筥 筮筵筬筬 筨筹筰筯筴筨筥筳筥筳 筩筮筴筲筯筤筵筣筥筤
筡筢筯筶筥笮 筅筡筣筨 筥笭筶筡筲筩筡筢筬筥 S 筣筡筮 筩筮 筴筵筲筮 筢筥 筡筳筳筯筣筩筡筴筥筤 筷筩筴筨 筡 筧筲筯筷筴筨 筲筡筴筥第 筤筥笌筮筥筤 筢筹
EPµ 筛筬筯筧S筝笮 筒筯筵筧筨筬筹第 筴筨筩筳 筣筡筮 筢筥 筩筮筴筥筲筰筲筥筴筥筤 筡筳 筴筨筥 笨筡筳筹筭筰筴筯筴筩筣笩 筥筸筰筯筮筥筮筴筩筡筬 筧筲筯筷筴筨 筲筡筴筥
筯筮筥 筷筯筵筬筤 筡筣筨筩筥筶筥 筢筹 筵筳筩筮筧 S 筩筮 筣筯筮筳筥筣筵筴筩筶筥 筩筮筤筥筰筥筮筤筥筮筴 筥筸筰筥筲筩筭筥筮筴筳 筡筮筤 筭筵筬筴筩筰筬筹筩筮筧
筴筨筥 筯筵筴筣筯筭筥筳 筩筦 筴筨筥 笨筳筩筭筰筬筥笩 筡筬筴筥筲筮筡筴筩筶筥 筷筡筳 筴筲筵筥 笨筳筥筥 筥笮筧笮 筛笴笲第 筓筥筣筴筩筯筮 笲笮笱筝 筯筲 筛笵笲筝笩笮
答筨筥 筇筲筯筷筴筨 筒筡筴筥 筏筰筴筩筭筡筬 笨筇筒筏笩 筥笭筶筡筲筩筡筢筬筥 筩筳 筴筨筥筮 筴筨筥 筥笭筶筡筲筩筡筢筬筥 筷筩筴筨 筴筨筥 筧筲筥筡筴筥筳筴
筧筲筯筷筴筨 筲筡筴筥 筡筭筯筮筧 筡筬筬 筥笭筶筡筲筩筡筢筬筥筳笮 答筨筥 筣筥筮筴筲筡筬 筲筥筳筵筬筴 笨答筨筥筯筲筥筭 笱笩 筯筦 筛笴笲筝 筳筴筡筴筥筳 筴筨筡筴第
筵筮筤筥筲 筶筥筲筹 筷筥筡筫 筣筯筮筤筩筴筩筯筮筳第 筇筒筏 筥笭筶筡筲筩筡筢筬筥筳 筴筡筫筥 筴筨筥 筦筯筲筭 筯筦 筬筩筫筥筬筩筨筯筯筤 筲筡筴筩筯筳 筢筥筴筷筥筥筮
筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筡筮筤 筴筨筥 reverse information projection 筛笶笰筝 筯筦 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筯筮筴筯 筴筨筥
筮筵筬筬笮 筗筥 筩筮筳筴筡筮筴筩筡筴筥 筴筨筥筩筲 答筨筥筯筲筥筭 笱 筴筯 筯筵筲 筳筥筴筴筩筮筧 筢筹 筰筲筯筶筩筤筩筮筧 筌筥筭筭筡 笶 筡筮筤 笷第 筢筯筴筨
筳筰筥筣筩筡筬 筣筡筳筥筳 筯筦 筴筨筥筩筲 答筨筥筯筲筥筭 笱笮 筂筥筦筯筲筥 筳筴筡筴筩筮筧 筴筨筥筳筥第 筷筥 筮筥筥筤 筴筯 筩筮筴筲筯筤筵筣筥 筳筯筭筥 筭筯筲筥
筮筯筴筡筴筩筯筮 筡筮筤 筤筥笌筮筩筴筩筯筮筳笮 筆筯筲 µ 笽 笨µ1, . . . , µk笩 筷筥 筵筳筥 筴筨筥 筦筯筬筬筯筷筩筮筧 筮筯筴筡筴筩筯筮笺

pµ笨Xk笩 笺笽

k∏
i=1

pµi笨Xi笩.

筗筨筥筮筥筶筥筲 筩筮 筴筨筩筳 筴筥筸筴 筷筥 筲筥筦筥筲 筴筯 筋筌 筤筩筶筥筲筧筥筮筣筥 D笨Q∥R笩第 筷筥 筲筥筦筥筲 筴筯 筭筥筡筳筵筲筥筳 Q 筡筮筤
R 筯筮 X k笮 筈筥筲筥 Q 筩筳 筲筥筱筵筩筲筥筤 筴筯 筢筥 筡 筰筲筯筢筡筢筩筬筩筴筹 筭筥筡筳筵筲筥第 筷筨筩筬筥 R 筩筳 筡筬筬筯筷筥筤 筴筯 筢筥 筡
筳筵筢笭筰筲筯筢筡筢筩筬筩筴筹 筭筥筡筳筵筲筥第 筡筳 筩筮 筛笴笲筝笮 筁 sub- 筰筲筯筢筡筢筩筬筩筴筹 筭筥筡筳筵筲筥 R 筯筮 X k 筩筳 筡 筭筥筡筳筵筲筥
筴筨筡筴 筩筮筴筥筧筲筡筴筥筳 筴筯 笱 筯筲 筬筥筳筳第 筩笮筥

∫
x∈X dR笨x笩 ≤ 笱笮

答筨筥 筦筯筬筬筯筷筩筮筧 筬筥筭筭筡 筦筯筬筬筯筷筳 筡筳 筡 筶筥筲筹 筳筰筥筣筩筡筬 筣筡筳筥 筯筦 答筨筥筯筲筥筭 笱 笨筳筩筭筰筬筥筳筴 筶筥筲筳筩筯筮笩
筯筦 筛笴笲筝第 筷筨筥筮 筩筮筳筴筡筮筴筩筡筴筥筤 筴筯 筯筵筲 k笭筳筡筭筰筬筥 筴筥筳筴筩筮筧 筳筥筴笭筵筰笺

Lemma 6. Let P be a set of probability distributions on X k and let conv笨P笩 be its
convex hull. Then there exists a sub-probability measure P ∗

0 with density p∗0 such that

D笨Pµ∥P ∗
0 笩 笽 筩筮筦

P∈conv(P)
D笨Pµ∥P 笩. 笨笴笮笱笮笴笩

P ∗
0 is called the 筲筥筶筥筲筳筥 筩筮筦筯筲筭筡筴筩筯筮 筰筲筯筪筥筣筴筩筯筮 笨筒等筐筲笩 of Pµ onto conv笨P笩.

筃筬筥筡筲筬筹第 筩筦 P ∗
0 ∈ conv笨P笩 笨筴筨筥 筭筩筮筩筭筵筭 筩筳 筡筣筨筩筥筶筥筤笩 筴筨筥筮 P ∗

0 筩筳 筡 筰筲筯筢筡筢筩筬筩筴筹
筭筥筡筳筵筲筥第 筩笮筥笮 筩筮筴筥筧筲筡筴筥筳 筴筯 筥筸筡筣筴筬筹 筯筮筥笮 筗筥 筳筨筯筷 筴筨筡筴 筴筨筩筳 筨筡筰筰筥筮筳 筦筯筲 筣筥筲筴筡筩筮 筳筰筥筣筩笌筣
筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳 筩筮 筓筥筣筴筩筯筮 笴笮笴笮 筈筯筷筥筶筥筲第 筩筮 筧筥筮筥筲筡筬 筷筥 筣筡筮 筮筥筩筴筨筥筲 筥筸筰筥筣筴 筴筨筥
筭筩筮筩筭筵筭 筴筯 筢筥 筡筣筨筩筥筶筥筤第 筮筯筲 筴筨筥 筒等筐筲 筴筯 筩筮筴筥筧筲筡筴筥 筴筯 筯筮筥笮 筌筥筭筭筡 笷 筢筥筬筯筷第 筡筧筡筩筮 筡

笱笰笰
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筳筰筥筣筩筡筬 筣筡筳筥 筯筦 筛笴笲第 答筨筥筯筲筥筭 笱筝第 筳筨筯筷筳 筴筨筡筴 筴筨筥 筒等筐筲 筣筨筡筲筡筣筴筥筲筩筺筥筳 筴筨筥 筇筒筏 筥笭筶筡筲筩筡筢筬筥第
筡筮筤 筥筸筰筬筡筩筮筳 筴筨筥 筵筳筥 筯筦 筴筨筥 筴筥筲筭 gro 筩筮 筴筨筥 筤筥笌筮筩筴筩筯筮 筢筥筬筯筷笮

Definition 3. SGRO(µ1)P 筩筳 筤筥笌筮筥筤 筡筳

SGRO(µ1)P 笺笽
pµ笨Xk笩

p∗0笨Xk笩
笨笴笮笱笮笵笩

筷筨筥筲筥 p∗0 筩筳 筴筨筥 筤筥筮筳筩筴筹 筯筦 筴筨筥 筒等筐筲 筯筦 Pµ 筯筮筴筯 conv笨P笩笮

Lemma 7. For every set of distributions P on X , SGRO(µ1)P is an e-variable for
H0笨P笩. Moreover, it is the GRO 笨筇筲筯筷筴筨笭筒筡筴筥笭筏筰筴筩筭筡筬笩 e-variable for H0笨P笩, i.e. it
essentially uniquely achieves

筳筵筰
S

EPµ 筛筬筯筧S筝

where the supremum ranges over all e-variables for H0笨P笩.

筈筥筲筥第 筥筳筳筥筮筴筩筡筬 筵筮筩筱筵筥筮筥筳筳 筭筥筡筮筳 筴筨筡筴 筡筮筹 筯筴筨筥筲 筇筒筏 筥笭筶筡筲筩筡筢筬筥 筭筵筳筴 筢筥 筥筱筵筡筬 筴筯
SGRO(µ1)P 筷筩筴筨 筰筲筯筢筡筢筩筬筩筴筹 笱 筵筮筤筥筲 Pµ笮 答筨筩筳 筩筮 筴筵筲筮 筩筭筰筬筩筥筳 筴筨筡筴 筴筨筥 筭筥筡筳筵筲筥 P ∗

0

筩筳 筩筮 筦筡筣筴 筵筮筩筱筵筥第 筡筳 筭筥筭筢筥筲筳 筯筦 筲筥筧筵筬筡筲 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳 筭筵筳筴 筨筡筶筥 筦筵筬筬 筳筵筰筰筯筲筴笮
答筨筵筳第 筯筮筣筥 筷筥 筨筡筶筥 笌筸筥筤 筯筵筲 筡筬筴筥筲筮筡筴筩筶筥 筡筮筤 筤筥笌筮筥筤 筯筵筲 筮筵筬筬 筡筳 H0笨P笩 筦筯筲 筳筯筭筥
筳筥筴 筯筦 筤筩筳筴筲筩筢筵筴筩筯筮筳 P 筯筮 X 第 筴筨筥 筯筰筴筩筭筡筬 笨筩筮 筴筨筥 筇筒筏 筳筥筮筳筥笩 筥笭筶筡筲筩筡筢筬筥 筴筯 筵筳筥 筩筳 筴筨筥
SGRO(µ1)P 筥笭筶筡筲筩筡筢筬筥 筡筳 筤筥笌筮筥筤 筡筢筯筶筥笮

4.2 The Four Types of E-variables

等筮 筴筨筩筳 筳筥筣筴筩筯筮第 筷筥 筤筥笌筮筥 筯筵筲 筦筯筵筲 筴筹筰筥筳 筯筦 筥笭筶筡筲筩筡筢筬筥筳笻 筴筨筥 筤筥笌筮筩筴筩筯筮筳 筣筡筮 筢筥 筩筮筳筴筡筮筴筩筡筴筥筤
筴筯 筡筮筹 筵筮筤筥筲筬筹筩筮筧 笱笭筰筡筲筡筭筥筴筥筲 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹笮 筍筯筲筥 筰筲筥筣筩筳筥筬筹第 筷筥 筤筥笌筮筥 筴筨筲筥筥 筠筲筥筡筬笧
筥笭筶筡筲筩筡筢筬筥筳 SRIPr, Scond, Smix 筡筮筤 筯筮筥 筠筰筳筥筵筤筯笭筥笭筶筡筲筩筡筢筬筥笧 Spseudo第 筡 筶筡筲筩筡筴筩筯筮 筯筦 SRIPr

筷筨筩筣筨 筦筯筲 筳筯筭筥 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳 筩筳 筡筮 筥笭筶筡筲筩筡筢筬筥第 筡筮筤 筦筯筲 筯筴筨筥筲筳 筩筳 筮筯筴笮

4.2.1 The GRO E-variable for H0(M) and the pseudo e-variable

筗筥 筮筯筷 筣筯筮筳筩筤筥筲 筴筨筥 筇筒筏 筥笭筶筡筲筩筡筢筬筥 筦筯筲 筯筵筲 筭筡筩筮 筮筵筬筬 筯筦 筩筮筴筥筲筥筳筴第 H0笨M笩笮 等筮 筰筲筡筣筴筩筣筥第
筦筯筲 筳筯筭筥 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳 M第 筴筨筥 筩筮笌筭筵筭 筯筶筥筲 conv笨M笩 筩筮 笨笴笮笱笮笴笩 筩筳 筡筣筴筵筡筬筬筹
筡筣筨筩筥筶筥筤 筦筯筲 筳筯筭筥 Pµ∗

0
∈ M笮 等筮 筴筨筩筳 easy 筣筡筳筥 筷筥 筣筡筮 筤筥筴筥筲筭筩筮筥 SRIPr 筡筮筡筬筹筴筩筣筡筬筬筹 笨筴筨筩筳

筨筡筰筰筥筮筳 筩筦 SRIPr 笽 Spseudo第 筳筥筥 筢筥筬筯筷笩笮 筆筯筲 筡筬筬 筯筴筨筥筲 M第 筩笮筥笮 筷筨筥筮筥筶筥筲 筴筨筥 筩筮笌筭筵筭 筩筳
筮筯筴 筡筣筨筩筥筶筥筤 筡筴 筡筬筬 筯筲 筩筳 筩筮 conv笨M笩 \M第 筷筥 筤筯 筮筯筴 筫筮筯筷 筩筦 SRIPr 筣筡筮 筢筥 筤筥筴筥筲筭筩筮筥筤
筡筮筡筬筹筴筩筣筡筬筬筹笮 等筮 筴筨筩筳 hard 筣筡筳筥 筷筩筬筬 筮筵筭筥筲筩筣筡筬筬筹 筡筰筰筲筯筸筩筭筡筴筥 筩筴 筢筹 S′

RIPr 筡筳 筤筥笌筮筥筤
筢筥筬筯筷笮 筆筩筲筳筴第 筦筯筲 筡 笌筸筥筤 筰筡筲筡筭筥筴筥筲 µ0 ∈ M 筷筥 筤筥笌筮筥 筴筨筥 筶筥筣筴筯筲 ⟨µ0⟩ 筡筳 筴筨筥 筶筥筣筴筯筲
筩筮筤筩筣筡筴筩筮筧 筴筨筥 筤筩筳筴筲筩筢筵筴筩筯筮 筯筮 X k 筷筩筴筨 筡筬筬 筰筡筲筡筭筥筴筥筲筳 筥筱筵筡筬 筴筯 µ0笺

⟨µ0⟩ 笺笽 笨µ0, . . . , µ0笩 ∈ Mk 笨笴笮笲笮笱笩

笱笰笱



4.2. The Four Types of E-variables

筎筥筸筴第 筷筩筴筨 W 筡 筤筩筳筴筲筩筢筵筴筩筯筮 筯筮 M第 筷筥 筤筥笌筮筥

pW 笺笽

∫
p⟨µ0⟩笨X

k笩dW 笨µ0笩 笨笴笮笲笮笲笩

筴筯 筢筥 筴筨筥 筂筡筹筥筳筩筡筮 筭筡筲筧筩筮筡筬 筤筥筮筳筩筴筹 筯筢筴筡筩筮筥筤 筢筹 筭筡筲筧筩筮筡筬筩筺筩筮筧 筯筶筥筲 筤筩筳筴筲筩筢筵筴筩筯筮筳 筩筮
H0笨M笩 筡筣筣筯筲筤筩筮筧 筴筯 W 笮 筃筬筥筡筲筬筹第 筩筦 W 筨筡筳 笌筮筩筴筥 筳筵筰筰筯筲筴 筴筨筥筮 筴筨筥 筣筯筲筲筥筳筰筯筮筤筩筮筧
筤筩筳筴筲筩筢筵筴筩筯筮 PW 筨筡筳 PW ∈ conv笨M笩笮 筗筥 筮筯筷 筳筥筴

S′
RIPr 笺笽

pµ笨Xk笩

pW ′
0
笨Xk笩

筷筨筥筲筥 W ′
0 筩筳 筣筨筯筳筥筮 筳筯 筴筨筡筴 pW ′

0
筩筳 筷筩筴筨筩筮 筡 筳筭筡筬筬 ϵ 筯筦 筡筣筨筩筥筶筩筮筧 筴筨筥 筭筩筮筩筭筵筭 筩筮 笨笴笮笱笮笴笩第

筩笮筥笮 D笨Pµ1,...,µk∥P ′
W0

笩 笽 筩筮筦P∈conv(M)D笨Pµ1,...,µk∥P 笩笫ϵ′ 筦筯筲 筳筯筭筥 笰 ≤ ϵ′ < ϵ笮 答筨筥筮第 筢筹
筃筯筲筯筬筬筡筲筹 笲 筯筦 筇筲筿筵筮筷筡筬筤 筥筴 筡筬笮 筛笴笲筝第 S′

RIPr 筷筩筬筬 not 筢筥 筡筮 筥笭筶筡筲筩筡筢筬筥 筵筮筬筥筳筳 ϵ′ 笽 笰第 筢筵筴 筩筮
筥筡筣筨 筣筡筳筥 笨筩笮筥笮 筦筯筲 筥筡筣筨 筣筨筯筩筣筥 筯筦 M笩 筷筥 筶筥筲筩筦筹 筮筵筭筥筲筩筣筡筬筬筹 筴筨筡筴 筳筵筰µ0∈M EPµ0,...,µ0 筛S筝 笽
笱 笫 δ 筦筯筲 筮筥筧筬筩筧筩筢筬筹 筳筭筡筬筬 δ第 筩笮筥笮 δ 筧筯筥筳 筴筯 笰 筱筵筩筣筫筬筹 筡筳 ϵ′ 筧筯筥筳 筴筯 笰笮 筗筥 筲筥筴筵筲筮 筴筯 筴筨筥
筤筥筴筡筩筬筳 筯筦 筴筨筥 筣筡筬筣筵筬筡筴筩筯筮筳 筩筮 筓筥筣筴筩筯筮 笴笮笵笮

筗筥 筮筯筷 筣筯筮筳筩筤筥筲 筴筨筥 筠筥筡筳筹笧 筣筡筳筥 筩筮 筷筨筩筣筨 P ∗
0 笽 P⟨µ∗

0⟩ 筦筯筲 筳筯筭筥 µ∗
0 ∈ M笮 筃筬筥筡筲筬筹第 筷筥

筭筵筳筴 筨筡筶筥 µ∗
0 笺笽 筡筲筧 筭筩筮µ0∈MD笨Pµ∥P⟨µ0⟩笩笮 筁筮 筥筡筳筹 筣筡筬筣筵筬筡筴筩筯筮 筳筨筯筷筳 筴筨筡筴 筴筨筥筮

µ∗
0 笽

笱

k

k∑
i=1

µi. 笨笴笮笲笮笳笩

Definition 4. Spseudo 筩筳 筤筥笌筮筥筤 筡筳

Spseudo 笺笽
pµ笨Xk笩

p⟨µ∗
0⟩笨X

k笩
.

Spseudo 筩筳 筮筯筴 筡筬筷筡筹筳 筡 筲筥筡筬 筥笭筶筡筲筩筡筢筬筥 筲筥筬筡筴筩筶筥 筴筯 H0笨M笩第 筷筨筩筣筨 筥筸筰筬筡筩筮筳 筴筨筥 筮筡筭筥
筠筰筳筥筵筤筯笧笮 筓筴筩筬筬第 筩筴 筷筩筬筬 筢筥 筶筥筲筹 筵筳筥筦筵筬 筡筳 筡筮 筡筵筸筩筬筩筡筲筹 筴筯筯筬 筩筮 答筨筥筯筲筥筭 笷 筡筮筤 筤筥筲筩筶筡筴筩筯筮筳笮
筎筯筴筥 筴筨筡筴第 筩筦 筩筴 筩筳 筡筮 筥笭筶筡筲筩筡筢筬筥 筴筨筥筮 筷筥 筫筮筯筷 筴筨筡筴 筩筴 筩筳 筥筱筵筡筬 筴筯 SRIPr笺

Proposition 10. Spseudo is an e-variable for M iff Spseudo 笽 SRIPr.

答筨筥 筰筲筯筰筯筳筩筴筩筯筮 筡筢筯筶筥 筤筯筥筳 筮筯筴 筧筩筶筥 筡筮筹 筥筡筳筩筬筹 筶筥筲筩笌筡筢筬筥 筣筯筮筤筩筴筩筯筮 筴筯 筣筨筥筣筫 筷筨筥筴筨筥筲
Spseudo 筩筳 筡筮 筥笭筶筡筲筩筡筢筬筥 筯筲 筮筯筴笮 答筨筥 筦筯筬筬筯筷筩筮筧 筰筲筯筰筯筳筩筴筩筯筮 筤筯筥筳 筰筲筯筶筩筤筥 筡 筣筯筮筤筩筴筩筯筮
筷筨筩筣筨 筩筳 筳筯筭筥筴筩筭筥筳 筥筡筳筹 筴筯 筣筨筥筣筫 笨筡筮筤 筷筨筩筣筨 筷筥 筷筩筬筬 筨筥筡筶筩筬筹 筥筭筰筬筯筹 筢筥筬筯筷笩笮 筗筩筴筨 µ∗

0

筡筳 筩筮 笨笴笮笲笮笳笩第 筤筥笌筮筥

f笨µ0笩 笺笽

k∑
i=1

varPµi+µ0−µ∗0
筛X筝 − kvarPµ0 筛X筝.

Proposition 11. If f笨µ∗
0笩 > 笰, then Spseudo is not an e-variable. If f笨µ∗

0笩 < 笰, then
there exists an interval M′ ⊂ M with µ∗

0 in the interior of M′ so that Spseudo is an
e-variable for H0笨M′笩, where M′ 笽 {Pµ 笺 µ ∈ M′}.

笱笰笲



Chapter 4. E-values for k-Sample Tests With Exponential Families

4.2.2 The GRO E-variable for H0(iid)

筒筥筣筡筬筬 筴筨筡筴 筷筥 筤筥笌筮筥筤 H0笨iid笩 筡筳 筴筨筥 筳筥筴 筯筦 筤筩筳筴筲筩筢筵筴筩筯筮筳 筵筮筤筥筲 筷筨筩筣筨 Xj 第 j 笽 笱, . . . k第
筡筲筥 筩笮筩笮筤笮 筦筲筯筭 筳筯筭筥 筡筲筢筩筴筲筡筲筹 筤筩筳筴筲筩筢筵筴筩筯筮 筯筮 X 笮 筂筹 筴筨筥 筤筥笌筮筩筮筧 筰筲筯筰筥筲筴筹 筯筦 筥笭筶筡筲筩筡筢筬筥筳第
筩笮筥笮 筥筸筰筥筣筴筥筤 筶筡筬筵筥 筢筯筵筮筤筥筤 筢筹 筯筮筥 筵筮筤筥筲 筴筨筥 筮筵筬筬 笨笴笮笱笮笳笩第 筩筴 筳筨筯筵筬筤 筢筥 筣筬筥筡筲 筴筨筡筴
筡筮筹 筥笭筶筡筲筩筡筢筬筥 筦筯筲 H0笨iid笩 筩筳 筡筬筳筯 筡筮 筥笭筶筡筲筩筡筢筬筥 筦筯筲 H0笨M笩第 筳筩筮筣筥 H0笨M笩 ⊂ H0笨iid笩笮
等筮 筰筡筲筴筩筣筵筬筡筲第 筷筥 筣筡筮 筡筬筳筯 筵筳筥 筴筨筥 筇筒筏 筥笭筶筡筲筩筡筢筬筥 筦筯筲 H0笨iid笩 筩筮 筯筵筲 筳筥筴筴筩筮筧 筷筩筴筨
筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳笮 等筴 筴筵筲筮筳 筯筵筴 筴筨筡筴 筴筨筩筳 筥笭筶筡筲筩筡筢筬筥第 筷筨筩筣筨 筷筥 筷筩筬筬 筤筥筮筯筴筥 筡筳 Smix第
筨筡筳 筡 筳筩筭筰筬筥 筦筯筲筭 筴筨筡筴 筩筳 筧筥筮筥筲筩筣筡筬筬筹 筥筡筳筹 筴筯 筣筯筭筰筵筴筥笮 筗筥 筮筯筷 筳筨筯筷 筴筨筩筳笺

Theorem 6. The minimum KL divergence 筩筮筦P∈conv(H0(iid))D笨Pµ∥P 笩 as in Lemma 6

is achieved by the distribution P ∗
0 on X k with density

p∗0笨xk笩 笽

k∏
j=1

笱

k

k∑
i=1

pµi笨xj笩.

Hence, Smix, as defined below, is the GRO e-variable for H0笨iid笩.

Definition 5. Smix 筩筳 筤筥笌筮筥筤 筡筳

Smix 笺笽
pµ笨Xk笩

k∏
j=1

(
1
k

k∑
i=1

pµi笨Xj笩

) .
答筨筥 筰筲筯筯筦 筯筦 答筨筥筯筲筥筭 笶 筥筸筴筥筮筤筳 筡筮 筡筲筧筵筭筥筮筴 筯筦 筛笸笸筝 筦筯筲 筴筨筥 笲笭筳筡筭筰筬筥 筂筥筲筮筯筵筬筬筩

筣筡筳筥 筴筯 筴筨筥 筧筥筮筥筲筡筬 k笭筳筡筭筰筬筥 筣筡筳筥笮 答筨筥 筡筲筧筵筭筥筮筴 筵筳筥筤 筩筮 筴筨筥 筰筲筯筯筦 筤筯筥筳 筮筯筴 筡筣筴筵筡筬筬筹
筲筥筱筵筩筲筥 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筴筯 筥筱筵筡筬 筴筨筥 筰筲筯筤筵筣筴 筤筩筳筴筲筩筢筵筴筩筯筮 筯筦 k 筩筮筤筥筰筥筮筤筥筮筴 筥筬筥筭筥筮筴筳 筯筦
筡筮 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹 筼 筩筴 筣筯筵筬筤 筢筥 筧筩筶筥筮 筢筹 筴筨筥 筰筲筯筤筵筣筴 筯筦 k 筡筲筢筩筴筲筡筲筹 筤筩筳筴筲筩筢筵筴筩筯筮筳笮
筈筯筷筥筶筥筲第 筷筥 筳筴筡筴筥 筴筨筥 筲筥筳筵筬筴 筯筮筬筹 筦筯筲 筴筨筥 筦筯筲筭筥筲 筣筡筳筥第 筡筳 筴筨筡筴 筩筳 筴筨筥 筳筥筴筴筩筮筧 筷筥 筡筲筥
筩筮筴筥筲筥筳筴筥筤 筩筮 筨筥筲筥笮

4.2.3 The Conditional E-variable Scond

筓筯 筦筡筲第 筷筥 筨筡筶筥 筤筥笌筮筥筤 筥笭筶筡筲筩筡筢筬筥筳 筡筳 筬筩筫筥筬筩筨筯筯筤 筲筡筴筩筯筳 筢筥筴筷筥筥筮 Pµ 筡筮筤 筣筬筥筶筥筲筬筹 筣筨筯筳筥筮
筥筬筥筭筥筮筴筳 筯筦 筥筩筴筨筥筲 H0笨M笩 筯筲 H0笨iid笩笮 筗筥 筮筯筷 筤筯 筴筨筩筮筧筳 筤筩笋筥筲筥筮筴筬筹 筢筹 筮筯筴 筣筯筮筳筩筤筥筲筩筮筧
筴筨筥 筦筵筬筬 筯筲筩筧筩筮筡筬 筤筡筴筡 X1, . . . Xk第 筢筵筴 筩筮筳筴筥筡筤 筣筯筮筤筩筴筩筯筮筩筮筧 筯筮 筴筨筥 筳筵筭 筯筦 筴筨筥 筳筵笎筣筩筥筮筴
筳筴筡筴筩筳筴筩筣筳第 筩笮筥笮 Z 笽

∑k
i=1Xi笮 等筴 筴筵筲筮筳 筯筵筴 筴筨筡筴 筤筯筩筮筧 筳筯 筡筣筴筵筡筬筬筹 筣筯筬筬筡筰筳筥筳 H0笨M笩 筴筯

筡 筳筩筮筧筬筥 筤筩筳筴筲筩筢筵筴筩筯筮第 筳筯 筴筨筡筴 筴筨筥 筮筵筬筬 筢筥筣筯筭筥筳 筳筩筭筰筬筥笮 答筨筡筴 筩筳第 筴筨筥 筤筩筳筴筲筩筢筵筴筩筯筮 筯筦
Xk | Z 筩筳 筴筨筥 筳筡筭筥 筵筮筤筥筲 筡筬筬 筥筬筥筭筥筮筴筳 筯筦 H0笨M笩第 筡筳 筷筥 筷筩筬筬 筰筲筯筶筥 筩筮 筐筲筯筰筯筳筩筴筩筯筮 笱笲笮
答筨筩筳 筭筥筡筮筳 筴筨筡筴 筩筮筳筴筥筡筤 筯筦 筵筳筩筮筧 筡 筬筩筫筥筬筩筨筯筯筤 筲筡筴筩筯 筯筦 筴筨筥 筯筲筩筧筩筮筡筬 筤筡筴筡第 筷筥 筣筡筮 筵筳筥 筡
筬筩筫筥筬筩筨筯筯筤 筲筡筴筩筯 筣筯筮筤筩筴筩筯筮筡筬 筯筮 Z第 筷筨筩筣筨 筠筡筵筴筯筭筡筴筩筣筡筬筬筹笧 筧筩筶筥筳 筡筮 筥笭筶筡筲筩筡筢筬筥笮

Definition 6. 筓筥筴筴筩筮筧 Z 筴筯 筢筥 筴筨筥 筲筡筮筤筯筭 筶筡筲筩筡筢筬筥 Z 笺笽
∑k
i=1Xi第 Scond 筩筳 筤筥笌筮筥筤 筡筳

Scond 笺笽
pµ
(
Xk−1 | Z

)
p⟨µ0⟩ 笨Xk−1 | Z笩

,

笱笰笳
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筷筩筴筨 µ0 ∈ M 筡筮筤 笨X笩 筴筨筥 筳筵笎筣筩筥筮筴 筳筴筡筴筩筳筴筩筣 筡筳 筩筮 笨笴笮笱笮笲笩笮

Proposition 12. For all µ′ 笽 笨µ′
1, . . . , µ

′
k笩 ∈ Mk , we have that pµ′笨xk−1 | Z 笽 z笩

depends on µ′ only through λj 笺笽 λ笨µ′
j笩 − λ笨µ′

k笩, j 笽 笱, . . . k − 笱, i.e. it can be written
as a function of 笨λ1, . . . , λk−1笩. As a special case, for all µ0, µ

′
0 ∈ M, it holds that

p⟨µ0⟩笨x
k | Z笩 笽 p⟨µ′

0⟩笨x
k | Z笩. As a direct consequence, Scond is an e-variable for

H0笨M笩,

Example 9. [The Bernoulli Model] 等筦 M 筩筳 筴筨筥 筂筥筲筮筯筵筬筬筩 筭筯筤筥筬 筡筮筤 k 笽 笲第 筴筨筥筮
筴筨筥 筣筯筮筤筩筴筩筯筮筡筬 筥笭筶筡筲筩筡筢筬筥 筲筥筤筵筣筥筳 筴筯 筡 筲筡筴筩筯 筢筥筴筷筥筥筮 筴筨筥 筣筯筮筤筩筴筩筯筮筡筬 筰筲筯筢筡筢筩筬筩筴筹 筯筦
笨X1, X2笩 ∈ {笰, 笱}2 筧筩筶筥筮 筴筨筥筩筲 筳筵筭 Z ∈ {笰, 笱, 笲}笮 筃筬筥筡筲筬筹第 筦筯筲 筡筬筬 µ′

1, µ
′
2 ∈ M 笽 笨笰, 笱笩第 筷筥

筨筡筶筥 pµ′
1,µ

′
2
笨笨笰, 笰笩 | Z 笽 笰笩 笽 pµ′

1,µ
′
2
笨笨笱, 笱笩 | Z 笽 笲笩 笽 笱第 筳筯 Scond 笽 笱 筷筨筥筮筥筶筥筲 Z 笽 笰

筯筲 Z 笽 笲第 筩筲筲筥筳筰筥筣筴筩筶筥 筯筦 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥笺 筤筡筴筡 筷筩筴筨 筴筨筥 筳筡筭筥 筯筵筴筣筯筭筥 筩筮 筢筯筴筨 筧筲筯筵筰筳
筩筳 筥笋筥筣筴筩筶筥筬筹 筩筧筮筯筲筥筤笮 筁 筮筯筮笭筳筥筱筵筥筮筴筩筡筬 筶筥筲筳筩筯筮 筯筦 Scond 筦筯筲 筴筨筥 筂筥筲筮筯筵筬筬筩 筭筯筤筥筬 筷筡筳
筡筮筡筬筹筺筥筤 筥筡筲筬筩筥筲 筩筮 筧筲筥筡筴 筤筥筴筡筩筬 筢筹 筛笱筝笮

筆筵筲筴筨筥筲筭筯筲筥第 筦筯筲 筡筮筹 c ∈ R第 筷筥 筨筡筶筥 筴筨筡筴 Mc 笺笽 {笨µ′
1, µ

′
2笩 笺 λ笨µ1笩−λ笨µ2笩 笽 c} 筩筳 筴筨筥

筬筩筮筥 筯筦 筤筩筳筴筲筩筢筵筴筩筯筮筳 筷筩筴筨筩筮 M2 筷筩筴筨 筴筨筥 筳筡筭筥 筯筤筤筳 筲筡筴筩筯 筬筯筧笨µ1笨笱−µ2笩/笨笨笱−µ1笩µ2笩笩 笽 c笮
答筨筥 筳筥筱筵筥筮筴筩筡筬 筰筲筯筢筡筢筩筬筩筴筹 筲筡筴筩筯 筴筥筳筴 筯筦 筴筷筯 筰筲筯筰筯筲筴筩筯筮筳 筦筲筯筭 筛笹笳筝 筷筡筳 筢筡筳筥筤 筯筮 笌筸筩筮筧 筡
c 筦筯筲 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 笨筶筩筥筷筩筮筧 筩筴 筡筳 筡 筮筯筴筩筯筮 筯筦 筠筥笋筥筣筴 筳筩筺筥笧笩 筡筮筤 筡筮筡筬筹筺筩筮筧 筳筥筱筵筥筮筣筥筳
筯筦 筰筡筩筲筥筤 筤筡筴筡 X(1), X(2), . . . 筷筩筴筨 X(i) 笽 笨Xi,1, Xi,2笩 筢筹 筴筨筥 筰筲筯筤筵筣筴 筯筦 筣筯筮筤筩筴筩筯筮筡筬
筰筲筯筢筡筢筩筬筩筴筩筥筳

pc笨X(i) | Z(i)笩

p0笨X(i) | Z(i)笩
笽 Scond笨Xi笩,

筴筨筵筳 筥笋筥筣筴筩筶筥筬筹 筵筳筩筮筧 Scond 笨筨筥筲筥第 筷筥 筡筢筵筳筥 筮筯筴筡筴筩筯筮 筳筬筩筧筨筴筬筹第 筷筲筩筴筩筮筧 pc笨x | z笩 筷筨筥筮
筷筥 筭筥筡筮 pµ′

1,µ
′
2
笨x | z笩 筦筯筲 筡筮筹 µ′

1, µ
′
2 ∈ Mc笩笮 等筴 筩筳第 筨筯筷筥筶筥筲第 筩筭筰筯筲筴筡筮筴 筴筯 筮筯筴筥 筴筨筡筴 筴筨筩筳

筰筲筯筤筵筣筴 筷筡筳 筮筯筴 筵筳筥筤 筦筯筲 筡筮 筡筮筹筴筩筭筥笭筶筡筬筩筤 筴筥筳筴 筢筵筴 筲筡筴筨筥筲 筦筯筲 筡 筣筬筡筳筳筩筣筡筬 筳筥筱筵筥筮筴筩筡筬 筴筥筳筴
筷筩筴筨 筡 笌筸筥筤 筳筴筯筰筰筩筮筧 筲筵筬筥 筥筳筰筥筣筩筡筬筬筹 筤筥筳筩筧筮筥筤 筴筯 筯筰筴筩筭筩筺筥 筰筯筷筥筲笮

4.3 Growth Rate Comparison of Our E-variables

筁筢筯筶筥 筷筥 筰筲筯筶筩筤筥筤 筳筥筶筥筲筡筬 筲筥筣筩筰筥筳 筦筯筲 筣筯筮筳筴筲筵筣筴筩筮筧 筥笭筶筡筲筩筡筢筬筥筳 S 笽 Sµ 筷筨筯筳筥 筤筥笌筮筩筴筩筯筮
筩筭筰筬筩筣筩筴筬筹 筤筥筰筥筮筤筥筤 筯筮 筴筨筥 筣筨筯筳筥筮 筡筬筴筥筲筮筡筴筩筶筥 µ笮 答筯 筣筯筭筰筡筲筥 筴筨筥筳筥第 筷筥 筤筥笌筮筥第 筦筯筲 筡筮筹
筮筯筮笭筮筥筧筡筴筩筶筥 筲筡筮筤筯筭 筶筡筲筩筡筢筬筥筳 Sµ

1 筡筮筤 Sµ
2 第 Sµ

1 ⪰ Sµ
2 筴筯 筭筥筡筮 筴筨筡筴 筦筯筲 筡筬筬 µ ∈ Mk第 筩筴

筨筯筬筤筳 筴筨筡筴 EPµ 筛筬筯筧Sµ
1 筝 ≥ EPµ 筛筬筯筧Sµ

2 筝笮 筗筥 筷筲筩筴筥 Sµ
1 ≻ Sµ

2 筩筦 Sµ
1 ⪰ S2 筡筮筤 筴筨筥筲筥 筥筸筩筳筴筳

µ ∈ Mk 筦筯筲 筷筨筩筣筨 筥筱筵筡筬筩筴筹 筤筯筥筳 筮筯筴 筨筯筬筤笮 筆筲筯筭 筮筯筷 筯筮 筷筥 筳筵筰筰筲筥筳筳 筴筨筥 筤筥筰筥筮筤筥筮筣筹
筯筮 µ 筡筧筡筩筮第 筩笮筥笮 筷筥 筷筲筩筴筥 S 筩筮筳筴筥筡筤 筯筦 Sµ笮 筗筥 筴筲筩筶筩筡筬筬筹 筨筡筶筥第 筦筯筲 筥筶筥筲筹 筵筮筤筥筲筬筹筩筮筧
筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹 M第

Spseudo ⪰ SRIPr ⪰ Smix 筡筮筤 SRIPr ⪰ Scond. 笨笴笮笳笮笱笩

筗筥 筰筲筯筣筥筥筤 筷筩筴筨 答筨筥筯筲筥筭 笷 筡筮筤 笸 筢筥筬筯筷 笨筰筲筯筯筦筳 筩筮 筴筨筥 筁筰筰筥筮筤筩筸笩笮 答筨筥筳筥 筲筥筳筵筬筴筳 筧筯
筢筥筹筯筮筤 筴筨筥 筱筵筡筬筩筴筡筴筩筶筥 筡筳筳筥筳筳筭筥筮筴 筡筢筯筶筥第 筢筹 筮筵筭筥筲筩筣筡筬筬筹 筢筯筵筮筤筩筮筧 筴筨筥 筤筩笋筥筲筥筮筣筥 筩筮
筧筲筯筷筴筨 筲筡筴筥 筢筥筴筷筥筥筮 Spseudo 筡筮筤 Smix 笨筡筮筤第 筢筥筣筡筵筳筥 SRIPr 筭筵筳筴 筬筩筥 筩筮 筢筥筴筷筥筥筮 筴筨筥筭第
筡筬筳筯 筢筥筴筷筥筥筮 筴筨筥筳筥 筴筷筯 筡筮筤 SRIPr笩 筡筮筤 Spseudo 筡筮筤 Scond 筲筥筳筰筥筣筴筩筶筥筬筹笮 答筨筥筯筲筥筭 笷 筡筮筤
笸 筡筲筥 筡筳筹筭筰筴筯筴筩筣 笨筩筮 筴筥筲筭筳 筯筦 筤筩笋筥筲筥筮筣筥 筢筥筴筷筥筥筮 筭筥筡筮笭筶筡筬筵筥 筰筡筲筡筭筥筴筥筲筳笩 筩筮 筮筡筴筵筲筥笮 答筯

笱笰笴
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筧筩筶筥 筭筯筲筥 筰筲筥筣筩筳筥 筳筴筡筴筥筭筥筮筴筳 筲筡筴筨筥筲 筴筨筡筮 筡筳筹筭筰筴筯筴筩筣筳 筷筥 筮筥筥筤 筴筯 筤筩筳筴筩筮筧筵筩筳筨 筢筥筴筷筥筥筮
筩筮筤筩筶筩筤筵筡筬 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳笻 筴筨筩筳 筩筳 筤筯筮筥 筩筮 筴筨筥 筮筥筸筴 筳筥筣筴筩筯筮笮

答筯 筳筴筡筴筥 筴筨筥 筴筨筥筯筲筥筭筳第 筷筥 筮筥筥筤 筡 筮筯筴筩筯筮 筯筦 筥笋筥筣筴 筳筩筺筥第 筯筲 筤筩筳筣筲筥筰筡筮筣筹 筢筥筴筷筥筥筮 筴筨筥
筮筵筬筬 筡筮筤 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥笮 筓筯 筦筡筲第 筷筥 筨筡筶筥 筴筡筫筥筮 筴筨筥 筡筬筴筥筲筮筡筴筩筶筥 筴筯 筢筥 笌筸筥筤 筡筮筤 筧筩筶筥筮
筢筹 µ第 筢筵筴 筥笋筥筣筴 筳筩筺筥筳 筡筲筥 筵筳筵筡筬筬筹 筤筥笌筮筥筤 筷筩筴筨 筴筨筥 筮筵筬筬 筨筹筰筯筴筨筥筳筩筳 筡筳 筳筴筡筲筴筩筮筧 筰筯筩筮筴笮
答筯 筴筨筩筳 筥筮筤第 筮筯筴筥 筴筨筡筴 筥筡筣筨 P⟨µ0⟩ ∈ H0笨M笩 筣筯筲筲筥筳筰筯筮筤筳 筴筯 筡 筷筨筯筬筥 筳筥筴 筯筦 筡筬筴筥筲筮筡筴筩筶筥筳
筦筯筲 筷筨筩筣筨 P⟨µ0⟩ 筩筳 筴筨筥 筣筬筯筳筥筳筴 筰筯筩筮筴 筩筮 筋筌 筷筩筴筨筩筮 筴筨筥 筮筵筬筬笮 答筨筩筳 筳筥筴 筯筦 筡筬筴筥筲筮筡筴筩筶筥筳

筩筳 筰筡筲筡筭筥筴筥筲筩筺筥筤 筢筹 M(k)笨µ0笩 笽 {µ′
1, . . . , µ

′
k ∈ M 笺 1

k

∑k
i=1 µ

′
i 笽 µ0}第 筡筳 筩筮 笨笴笮笲笮笳笩笮 筗筥

筣筡筮 筲筥笭筰筡筲筡筭筥筴筥筲筩筺筥 筴筨筩筳 筳筥筴 筡筳 筦筯筬筬筯筷筳第 筵筳筩筮筧 筴筨筥 筳筰筥筣筩筡筬 筮筯筴筡筴筩筯筮 ⟨µ0⟩ 筡筳 筧筩筶筥筮 筢筹
笨笴笮笲笮笱笩笮 筌筥筴 A 筢筥 筴筨筥 筳筥筴 筯筦 筵筮筩筴 筶筥筣筴筯筲筳 筩筮 Rk 筷筨筯筳筥 筥筮筴筲筩筥筳 筳筵筭 筴筯 笰第 筩笮筥笮 α ∈ A 筩笋√∑k

j=1 α
2
j 笽 笱 筡筮筤

∑k
j=1 αj 笽 笰笮 筃筬筥筡筲筬筹 µ ∈ M(k)笨µ0笩 筩筦 筡筮筤 筯筮筬筹 筩筦 µ1, . . . , µk ∈ M

筡筮筤 µ 笽 ⟨µ0⟩ 笫 δα 筦筯筲 筳筯筭筥 筳筣筡筬筡筲 δ ≥ 笰 筡筮筤 α ∈ A笮 筗筥 筣筡筮 筴筨筩筮筫 筯筦 δ 筡筳 筥筸筰筲筥筳筳筩筮筧
筴筨筥 筭筡筧筮筩筴筵筤筥 筯筦 筡筮 筥笋筥筣筴 筡筮筤 α 筡筳 筩筴筳 筤筩筲筥筣筴筩筯筮笮 筎筯筴筥 筴筨筡筴第 筩筦 k 笽 笲第 筴筨筥筮 筴筨筥筲筥
筡筲筥 筯筮筬筹 筴筷筯 筤筩筲筥筣筴筩筯筮筳第 A 笽 {a1,a−1} 筷筩筴筨 a1 笽 笨笱/

√
笲,−笱/

√
笲笩 筡筮筤 a−1 笽 −a1第

筣筯筲筲筥筳筰筯筮筤筩筮筧 筴筯 筰筯筳筩筴筩筶筥 筡筮筤 筮筥筧筡筴筩筶筥 筥笋筥筣筴筳笺 筷筥 筨筡筶筥 µ1 − µ2 笽
√

笲 · δ 筩筦 α 笽 a1 筡筮筤
µ1 − µ2 笽 −

√
笲 · δ 筩筦 α 笽 a−1第 筡筳 筩筬筬筵筳筴筲筡筴筥筤 筬筡筴筥筲 筯筮 筩筮 筆筩筧筵筲筥 笴笮笱笮 筁筬筳筯 筮筯筴筥 筴筨筡筴第 筦筯筲

筧筥筮筥筲筡筬 k第 筩筮 筴筨筥 筴筨筥筯筲筥筭 筢筥筬筯筷第 筷筥 筣筡筮 筳筩筭筰筬筹 筩筮筴筥筲筰筲筥筴 δ 筡筳 筴筨筥 筅筵筣筬筩筤筥筡筮 筤筩筳筴筡筮筣筥
筢筥筴筷筥筥筮 µ 筡筮筤 ⟨µ0⟩笮

Theorem 7. Fix some µ0 ∈ M, some α ∈ A and let µ 笽 ⟨µ0⟩ 笫 δα for δ ≥ 笰 such that
µ ∈ M(k)笨µ0笩. The difference in growth rate between Spseudo and Smix is given by

EPµ 筛筬筯筧Spseudo − 筬筯筧Smix筝 笽
笱

笸

∫
x

笨f ′′x 笨笰笩笩
2

fx笨笰笩
dρ笨x笩 · δ4 笫 o

(
δ4
)

笽 O
(
δ4
)
, 笨笴笮笳笮笲笩

where fx笨δ笩 笽
∑k
i=1 pµ0+δαi笨x笩 笽

k∑
i=1

pµi笨x笩 and f ′′x is the second derivative of fx, so

that fx笨笰笩 笽 kpµ0
笨x笩 and (with some calculation) f ′′x 笨笰笩 笽 d2

dµ2 pµ笨x笩 |µ=µ0
.
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筴筨筡筮 Smix笮 答筯 筳筴筡筴筥 筩筴第 筷筥 笌筲筳筴 筳筥筴 Xk笨xk−1, z笩 笺笽 z −

∑k−1
i=1 xi第 筡筮筤 筷筥 筤筥筮筯筴筥 筴筨筥

筭筡筲筧筩筮筡筬 筤筩筳筴筲筩筢筵筴筩筯筮 筯筦 Z 笽
∑k
i=1Xi 筵筮筤筥筲 Pµ 筡筳 Pµ;[Z]第 筮筯筴筩筮筧 筴筨筡筴 筩筴筳 筤筥筮筳筩筴筹 pµ;[Z]

筩筳 筧筩筶筥筮 筢筹

pµ;[Z]笨z笩 笽

∫
C(z)

pµ
(
xk−1, xk

)
dρ笨xk−1笩, 笨笴笮笳笮笳笩
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筷筨筥筲筥 ρ 筩筳 筥筸筴筥筮筤筥筤 筴筯 筴筨筥 筰筲筯筤筵筣筴 筭筥筡筳筵筲筥 筯筦 ρ 筯筮 X k−1 筡筮筤

C笨z笩 笺笽
{
xk−1 ∈ X k−1 笺 Xi笨x

k−1, z笩 ∈ X
}
. 笨笴笮笳笮笴笩

Theorem 8. Fix some µ0 ∈ M, α ∈ A and let µ 笽 ⟨µ0⟩ 笫 δα for δ ≥ 笰 such that
µ ∈ M(k)笨µ0笩. The difference in growth rate between Spseudo and Scond is given by

EPµ 筛筬筯筧Spseudo − 筬筯筧Scond筝 笽
笱

笸

∫
z

笨g′′z 笨笰笩笩
2

gz笨笰笩
dρ[Z]笨z笩 · δ4 笫 o

(
δ4
)

笽 O笨δ4笩, 笨笴笮笳笮笵笩

where gz笨δ笩 笺笽 p⟨µ0⟩+αδ;[Z]笨z笩 and ρ[Z] denotes the measure on Z induced by the product

measure of ρ on X k; an explicit expression for g′′z 笨笰笩 is∫
C(z)

p⟨µ0⟩
(
xk
) k∑
j=1

筛I ′笨µ0笩笨xj − µ0笩 − I笨µ0笩筝 dρ笨xk−1笩,

where I笨µ笩 denotes the Fisher information for µ and I ′笨µ笩 is its first derivative.

筁筧筡筩筮第 筴筨筥 筥筸筰筥筣筴筡筴筩筯筮 筯筮 筴筨筥 筬筥筦筴 筩筳 筷筥筬筬笭筤筥笌筮筥筤 筡筮筤 笌筮筩筴筥 筡筮筤 筴筨筥 筩筮筴筥筧筲筡筬 筯筮 筴筨筥
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筩筤筥筮筴筩筣筡筬 筤筥筮筳筩筴筩筥筳 筥筶筡筬筵筡筴筥筤 筡筴 x第 筩筳 筲筥筰筬筡筣筥筤 筢筹 gz笨笰笩第 筴筨筥 筤筥筮筳筩筴筹 筯筦 筴筨筥 筳筵筭 筯筦 k 筩笮筩笮筤笮
筲筡筮筤筯筭 筶筡筲筩筡筢筬筥筳 筥筶筡筬筵筡筴筥筤 筡筴 z笮

Corollary 6. With the definitions as in the two theorems above, the growth-rate
difference EPµ 筛筬筯筧Scond − 筬筯筧Smix筝 can be written as

笱

笸

(∫
x

笨f ′′x 笨笰笩笩
2

fx笨笰笩
dρ笨x笩 −

∫
z

笨g′′z 笨笰笩笩
2

gz笨笰笩
dρ[Z]笨z笩

)
· δ4 笫 o

(
δ4
)

笽 O
(
δ4
)
. 笨笴笮笳笮笶笩
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筳筯筭筥 µ1, . . . , µk ∈ M第 筡筮筤 筳筬筯筷筥筲 筦筯筲 筯筴筨筥筲筳第 筷筨筩筣筨 筩筳 筩筮筤筩筣筡筴筥筤 筢筹 筲筡筮筫 笨笳笩 − 笨笴笩 筩筮 筴筨筥
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筢筥筴筡 筷筩筴筨 筦筲筥筥 β 筡筮筤 笌筸筥筤 α 笨笱笩 笨笲笩 笨笳笩 笨笴笩
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Table 4.1: The ranks of the four different e-variables when compared with the relation ‘≻’.
The ranks in black are proved in Appendix 4.D, while the ranks in blue are conjectures based
on the simulations in Figure 4.1. The rank of Spseudo is denoted in red whenever it is not an
e-variable, as shown in Appendix 4.D
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4.4. Growth Rate Comparison for Specific Exponential Families

(a) beta with free β and fixed α

(b) geometric

(c) Gaussian with free variance and fixed mean

(d) Exponential

Figure 4.1: A comparison of Smix and Scond for four exponential families. We evaluated
the expected growth difference on a grid of 50× 50 alternatives (µ1, µ2), equally spaced in
the standard parameterization (explaining the nonlinear scaling on the depicted mean-value
parameterization). On the left are the corresponding heatmaps. On the right are diagonal
‘slices’ of these heatmaps: the red curve corresponds to the main diagonal (top left - bottom
right), the blue curve corresponds to the diagonal starting from the second tick mark (10th
discretization point) top left until the second tick mark bottom right. These slices are
symmetric around 0, their value only depending on δ =| µ1 −µ2 | /

√
2 =| µ1 −µ∗

0 | ·
√
2, where

µ∗
0 = (µ1 + µ2)/2 and δ is as in Theorem 7
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4.6. Conclusion and Future Work

4.5.2 Approximating the RIPr via Brute Force

筗筨筩筬筥 筌筩笧筳 筡筬筧筯筲筩筴筨筭 筣筯筮筶筥筲筧筥筳 筱筵筩筴筥 筦筡筳筴第 筩筴 筩筳 筳筴筩筬筬 筨筩筧筨筬筹 筳筵筢筯筰筴筩筭筡筬 筡筴 筩筴筥筲筡筴筩筯筮
m 笽 笲第 筤筵筥 筴筯 筩筴筳 筢筥筩筮筧 筧筲筥筥筤筹笮 答筨筩筳 筭筯筴筩筶筡筴筥筤 筵筳 筴筯 筩筮筶筥筳筴筩筧筡筴筥 筨筯筷 筠筣筬筯筳筥笧 筷筥
筣筡筮 筧筥筴 筴筯 筡筮 筥笭筶筡筲筩筡筢筬筥 筢筹 筵筳筩筮筧 筡 筭筩筸筴筵筲筥 筯筦 筪筵筳筴 筴筷筯 筣筯筭筰筯筮筥筮筴筳笮 答筨筵筳第 筷筥 筳筥筴
pA笨xk笩 笺笽 αp⟨µ01⟩笨x

k笩 笫 笨笱 − α笩p⟨µ02⟩笨x
k笩 筡筮筤第 筦筯筲 筶筡筲筩筯筵筳 筣筨筯筩筣筥筳 筯筦 µ 笽 笨µ1, µ2笩第

筣筯筮筳筩筤筥筲筥筤

Sappr 笺笽
pµ笨Xk笩

pA笨Xk笩
笨笴笮笵笮笱笩

筡筳 筡筮 筡筰筰筲筯筸筩筭筡筴筥 筥笭筶筡筲筩筡筢筬筥第 筦筯筲 筴筨筥 筳筰筥筣筩笌筣 筶筡筬筵筥筳 筯筦 α ∈ 筛笰, 笱筝 筡筮筤 µ01, µ02 筴筨筡筴
筭筩筮筩筭筩筺筥

筳筵筰
µ0∈M

EP⟨µ0⟩ 筛Sappr筝.

笨筩筮 筰筲筡筣筴筩筣筥第 筷筥 筭筡筸筩筭筩筺筥 µ0 筯筶筥筲 筡 筤筩筳筣筲筥筴筩筺筡筴筩筯筮 筯筦 M 筷筩筴筨 笱笰笰笰 筥筱筵筡筬筬筹 筳筰筡筣筥筤 筧筲筩筤
筰筯筩筮筴筳 筡筮筤 筭筩筮筩筭筩筺筥 α, µ01, µ02 筯筶筥筲 筡 筧筲筩筤 筷筩筴筨 笱笰笰 筥筱筵筡筬筬筹 筳筩筺筥筤 筧筲筩筤 筰筯筩筮筴筳第 筷筩筴筨 筬筥筦筴笭
筡筮筤 筲筩筧筨筴笭 筥筮筤 筰筯筩筮筴筳 筯筦 筴筨筥 筧筲筩筤筳 筯筶筥筲 M 筤筥筴筥筲筭筩筮筥筤 筢筹 筴筲筩筡筬 筡筮筤 筥筲筲筯筲笩笮

答筨筥 筳筩筭筵筬筡筴筩筯筮 筲筥筳筵筬筴筳第 筦筯筲 k 笽 笲 筡筮筤 筰筡筲筴筩筣筵筬筡筲 筶筡筬筵筥筳 筯筦 µ1, µ2 筡筮筤 筴筨筥 筥筸筰筯筮筥筮筴筩筡筬
筦筡筭筩筬筩筥筳 筦筯筲 筷筨筩筣筨 筡筰筰筲筯筸筩筭筡筴筩筯筮 筭筡筫筥筳 筳筥筮筳筥 笨筩笮筥笮 SRIPr ̸笽 Spseudo笩 筡筲筥 筰筲筥筳筥筮筴筥筤 筩筮
答筡筢筬筥 笴笮笲笮 筗筥 筴筲筩筥筤第 筡筮筤 筯筢筴筡筩筮筥筤 筳筩筭筩筬筡筲 筲筥筳筵筬筴筳第 筦筯筲 筭筡筮筹 筭筯筲筥 筰筡筲筡筭筥筴筥筲 筶筡筬筵筥筳笻
筯筮筥 筭筯筲筥 筰筡筲筡筭筥筴筥筲 筰筡筩筲 筦筯筲 筥筡筣筨 筦筡筭筩筬筹 筩筳 筧筩筶筥筮 筩筮 答筡筢筬筥 笴笮笳 筩筮 筁筰筰筥筮筤筩筸 笴笮筅笮 答筨筥
筴筥筲筭 筳筵筰µ0∈M EP⟨µ0⟩ 筛Sappr筝 筩筳 筲筥筭筡筲筫筡筢筬筹 筣筬筯筳筥 筴筯 笱 筦筯筲 筡筬筬 筯筦 筴筨筥筳筥 筦筡筭筩筬筩筥筳笮 筃筯筲筯筬筬筡筲筹
笲 筯筦 筇筲筿筵筮筷筡筬筤 筥筴 筡筬笮 筛笴笲筝 筩筭筰筬筩筥筳 筴筨筡筴 筩筦 筴筨筥 筳筵筰筲筥筭筵筭 is 筥筸筡筣筴筬筹 笱第 筩笮筥笮 Sappr 筩筳 筡筮
筥笭筶筡筲筩筡筢筬筥第 筴筨筥筮 Sappr 筭筵筳筴 筡筬筳筯 筢筥 筴筨筥 筇筒筏 筥笭筶筡筲筩筡筢筬筥 筲筥筬筡筴筩筶筥 筴筯 Pµ笮 答筨筩筳 筬筥筡筤筳 筵筳
筴筯 筳筰筥筣筵筬筡筴筥 筴筨筡筴 筰筥筲筨筡筰筳 筡筬筬 筴筨筥 筥筸筣筥筥筤筡筮筣筥 筢筥筹筯筮筤 笱 筩筳 筤筵筥 筴筯 筤筩筳筣筲筥筴筩筺筡筴筩筯筮 筡筮筤
筮筵筭筥筲筩筣筡筬 筥筲筲筯筲第 筡筮筤 筴筨筥 筦筯筬筬筯筷筩筮筧 筭筩筧筨筴 笨筯筲 筭筩筧筨筴 筮筯筴 筼 筷筥 筦筯筵筮筤 筮筯 筷筡筹 筯筦 筥筩筴筨筥筲
筰筲筯筶筩筮筧 筯筲 筤筩筳筰筲筯筶筩筮筧 筴筨筥 筣筬筡筩筭笩 筢筥 筴筨筥 筣筡筳筥笺

Conjecture 筆筯筲 k 笽 笲第 筴筨筥 筒等筐筲第 筩笮筥笮 筴筨筥 筤筩筳筴筲筩筢筵筴筩筯筮 筡筣筨筩筥筶筩筮筧

筭筩筮
Q∈conv(H0(M))

D笨Pµ1,µ2
∥Q笩

筣筡筮 筢筥 筷筲筩筴筴筥筮 筡筳 筡 筭筩筸筴筵筲筥 筯筦 筪筵筳筴 筴筷筯 筥筬筥筭筥筮筴筳 筯筦 H0笨M笩笮

4.6 Conclusion and Future Work

等筮 筴筨筩筳 筰筡筰筥筲第 筷筥 筩筮筴筲筯筤筵筣筥筤 筡筮筤 筡筮筡筬筹筳筥筤 筦筯筵筲 筴筹筰筥筳 筯筦 筥笭筶筡筲筩筡筢筬筥筳 筦筯筲 筴筥筳筴筩筮筧 筷筨筥筴筨筥筲
k 筧筲筯筵筰筳 筯筦 筤筡筴筡 筡筲筥 筤筩筳筴筲筩筢筵筴筥筤 筡筣筣筯筲筤筩筮筧 筴筯 筴筨筥 筳筡筭筥 筥筬筥筭筥筮筴 筯筦 筡筮 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹笮
答筨筥筳筥 筦筯筵筲 筥笭筶筡筲筩筡筢筬筥筳 筩筮筣筬筵筤筥笺 筴筨筥 筇筒筏 筥笭筶筡筲筩筡筢筬筥 笨SRIPr笩第 筡 筣筯筮筤筩筴筩筯筮筡筬 筥笭筶筡筲筩筡筢筬筥
笨Scond笩第 筡 筭筩筸筴筵筲筥 筥笭筶筡筲筩筡筢筬筥 笨Smix笩第 筡筮筤 筡 筰筳筥筵筤筯笭筥笭筶筡筲筩筡筢筬筥 笨Spseudo笩笮 筗筥 筣筯筭筰筡筲筥筤
筴筨筥 筧筲筯筷筴筨 筲筡筴筥 筯筦 筴筨筥 筥笭筶筡筲筩筡筢筬筥筳 筵筮筤筥筲 筡 筳筩筭筰筬筥 筡筬筴筥筲筮筡筴筩筶筥 筷筨筥筲筥 筥筡筣筨 筯筦 筴筨筥 k
筧筲筯筵筰筳 筨筡筳 筡 筤筩笋筥筲筥筮筴第 筢筵筴 笌筸筥筤第 筤筩筳筴筲筩筢筵筴筩筯筮 筩筮 筴筨筥 筳筡筭筥 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹笮 筗筥 筨筡筶筥
筳筨筯筷筮 筴筨筡筴 筦筯筲 筡筮筹 筴筷筯 筯筦 筴筨筥 筥笭筶筡筲筩筡筢筬筥筳 S, S′ ∈ {SRIPr, Scond, Smix, Spseudo}第 筷筥 筨筡筶筥
E筛筬筯筧S − 筬筯筧S′筝 笽 O笨δ4笩 筩筦 筴筨筥 ℓ2 筤筩筳筴筡筮筣筥 筢筥筴筷筥筥筮 筴筨筥 筰筡筲筡筭筥筴筥筲筳 筯筦 筴筨筩筳 筡筬筴筥筲筮筡筴筩筶筥
筤筩筳筴筲筩筢筵筴筩筯筮 筡筮筤 筴筨筥 筰筡筲筡筭筥筴筥筲 筳筰筡筣筥 筯筦 筴筨筥 筮筵筬筬 筩筳 筧筩筶筥筮 筢筹 δ笮 答筨筩筳 筳筨筯筷筳 筴筨筡筴 筷筨筥筮

笱笱笰



Chapter 4. E-values for k-Sample Tests With Exponential Families

筄筩筳筴筲筩筢筵筴筩筯筮筳 笨µ1, µ2笩 α 笨µ01, µ02笩 筳筵筰
µ0∈M

EX1,X2∼Pµ0,µ0 筛Sappr筝

筢筥筴筡 笨笰.笵, 笰.笲笵笩 笰.笲笲 笨笰笮笲笴第 笰笮笸笱笩 笱笮笰笰笵笲
筅筸筰筯筮筥筮筴筩筡筬 笨笰.笵, 笰.笲笵笩 笰笮笵笶 笨笰笮笳笵第 笰笮笵笱笩 笱笮笰笰笰笰

筇筡筵筳筳筩筡筮 筷筩筴筨 筦筲筥筥 筶筡筲筩筡筮筣筥
筡筮筤 笌筸筥筤 筭筥筡筮

笨笰.笵, 笰.笲笵笩 笰笮笳笷 笨笰笮笵第 笰笮笵笩 笱笮笰笰笰笰

筅筸筰筯筮筥筮筴筩筡筬 笨 10
3 ,

5
4 笩 笰笮笵笱 笨笰笮笶笲第 笰笮笳笱笩 笱笮笰笰笴笷

筧筥筯筭筥筴筲筩筣 笨 10
3 ,

5
4 笩 笰笮笴笷 笨笱笮笸笴第 笲笮笹笷笩 笱笮笰笰笰笸

筇筡筵筳筳筩筡筮 筷筩筴筨 筦筲筥筥 筶筡筲筩筡筮筣筥
筡筮筤 笌筸筥筤 筭筥筡筮

笨 10
3 ,

5
4 笩 笰笮笰笸 笨笳笮笶笴第 笲笮笷笳笩 笱笮笰笰笰笲

Table 4.2: For given values of µ = (µ1, µ2), we show α, µ01 and µ02 for the
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4.B. Proofs for Section 4.2
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4.B.2 Proof of Proposition 11
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Appendix 4.C Proofs for Section 4.3
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筌筥筴 µ第 α, C笨z笩, ρ笨xk−1笩, Pµ 筥筴筣笮 筢筥 筡筳 筩筮 筴筨筥 筴筨筥筯筲筥筭 筳筴筡筴筥筭筥筮筴笮 筗筥 筨筡筶筥笺

f笨δ笩 笺笽 EPµ 筛筬筯筧Spseudo − 筬筯筧Scond筝

笽EPµ

[
筬筯筧

pµ
(
Xk
)
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p⟨µ0⟩ 笨Xk笩
− 筬筯筧

pµ
(
Xk
)
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笱笲笱
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Appendix 4.D Proofs for Section 4.4
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4.D.1 Bernoulli Family
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k∏
j=1

pµ∗
0
笨Xj笩

笽 Spseudo 笨笴笮筄笮笲笩
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4.D.2 Poisson and Gaussian Family With Free Mean and Fixed
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Appendix 4.E Graphical Depiction of RIPr-Approximation
and Convergence of Li’s Algorithm
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Figure 4.2: Exponential distribution. On the right, n represents number of iterations with
Li’s algorithm, starting at iteration 2
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Figure 4.3: beta with free β and fixed α. On the right, n represents number of iterations
with Li’s algorithm, starting at iteration 2
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Figure 4.4: geometric distribution. On the right, n represents number of iterations with
Li’s algorithm, starting at iteration 3
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Figure 4.5: Gaussian with free variance and fixed mean. On the right, n represents number
of iterations with Li’s algorithm, starting at iteration 3
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Table 4.3: Analogue of Table 4.2 for µ1, µ2 corresponding to the parameters used in
Figures 4.2–4.5
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Theorem 2

等筮 筴筨筥 筰筡筰筥筲第 筮筯筴筡筴筩筯筮 筩筳 筡筳 筦筯筬筬筯筷筳笺

µj 笽 µ0 笫 δαj

λ笨µj笩 笽 筮筡筴笮 筰筡筲筡筭笮 λ 筣筯筲筲筥筳筰筯筮筤筩筮筧 筴筯 筭筥筡筮 µ 笽 µj

pµ笨y笩 笽 eλ(µ)y−A(λ(µ))

fy笨δ笩 笽

k∑
j=1

pµi笨y笩.

笱笲笷
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筁筳 筴筨筩筳 筷筩筬筬 筳筩筭筰筬筩筦筹 筴筨筥 筮筯筴筡筴筩筯筮 筦筯筲 筴筨筥 筤筥筲筩筶筡筴筩筶筥筳第 筷筥 筷筲筩筴筥 gy笨λ笩 笽 eλy−A(λ)第 筳筯
筴筨筡筴

fy笨δ笩 笽

k∑
j=1

gy笨λ笨µj笩笩 筡筮筤 pµ0笨y笩 笽 gy笨λ笨µ0笩笩. 笨笴笮筅笮笱笩

答筯 筳筴筲筥筳筳 筤筥筰筥筮筤筥筮筣筥 筯筮 δ第 筷筥 筷筲筩筴筥 µj笨δ笩 筩筮筳筴筥筡筤 筯筦 µj 筩筮 筴筨筥 筦筯筬筬筯筷筩筮筧笮

Step 1 筗筥 笌筲筳筴 筥筳筴筡筢筬筩筳筨 筴筨筥 笌筮筩筴筥筮筥筳筳 筣筯筮筤筩筴筩筯筮 笨笴笮筃笮笲笩笮 筗筥 筮筯筴筥 筴筨筡筴

筬筯筧

k∑
j=1

gy笨λ笨µj笨δ笩笩笩 ≤ 筬筯筧笨筭筡筸
j
gy笨λ笨µj笨δ笩笩笩k笩

笽 筭筡筸
j

筬筯筧笨gy笨λ笨µj笨δ笩笩笩笩 笫 筬筯筧 k

≤ 筭筡筸
j

筬筯筧笨筭筡筸{gy笨λ笨µj笨δ笩笩笩, 笱}笩 笫 筬筯筧 k

≤
∑
j

筬筯筧笨筭筡筸{gy笨λ笨µj笨δ笩笩笩, 笱}笩 笫 筬筯筧 k

≤
∑
j

|λ笨µj笨δ笩笩y − 筬筯筧A笨λ笨µj笨δ笩笩笩| 笫 筬筯筧 k.

筡筮筤

筬筯筧

k∑
j=1

gy笨λ笨µj笨δ笩笩笩 笽 筬筯筧
笱

k

k∑
j=1

gy笨λ笨µj笨δ笩笩笩 笫 筬筯筧 k

≥ 笱

k

k∑
j=1

筬筯筧 gy笨λ笨µj笨δ笩笩笩 笫 筬筯筧 k

笽
笱

k

k∑
j=1

λ笨µj笨δ笩笩y −A笨λ笨µj笨δ笩笩笩 笫 筬筯筧 k.

筐筵筴筴筩筮筧 筴筨筥筳筥 筴筯筧筥筴筨筥筲第 筷筥 筳筥筥 筴筨筡筴

| 筬筯筧 fy笨δ笩| ≤

筭筡筸

∑
j

|λ笨µj笨δ笩笩y −A笨λ笨µj笨δ笩笩笩| 笫 筬筯筧 k,

∣∣∣∣∣∣笱k
k∑
j=1

笨λ笨µj笨δ笩笩y −A笨λ笨µj笨δ笩笩笩笩 笫 筬筯筧 k

∣∣∣∣∣∣


≤
∑
j

|λ笨µj笨δ笩笩y −A笨λ笨µj笨δ笩笩笩| 笫 筬筯筧 k, 笨笴笮筅笮笲笩

筡筮筤第 筭筯筲筥 筴筲筩筶筩筡筬筬筹第

| 筬筯筧 gy笨λ笨µ0笩笩| ≤ |λ笨µ0笩y −A笨λ笨µ0笩| . 笨笴笮筅笮笳笩

笱笲笸
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筗筥 筫筮筯筷 筴筨筡筴 λ笨µj笨δ笩笩 筡筮筤 A笨λ笨µj笨δ笩笩笩 筡筲筥 筳筭筯筯筴筨第 筨筥筮筣筥 笌筮筩筴筥 筦筵筮筣筴筩筯筮筳 筦筯筲 µj笨δ笩
筩筮 筴筨筥 筩筮筴筥筲筩筯筲 筯筦 筴筨筥 筭筥筡筮笭筶筡筬筵筥 筰筡筲筡筭筥筴筥筲 筳筰筡筣筥 M 笨筳筥筥 筛笱笳第 筃筨筡筰筴筥筲 笹第 答筨筥筯筲筥筭 笹笮笱
筡筮筤 筅筱笮 笨笲笩筝笩笮 筓筩筮筣筥 M 筩筳 筯筰筥筮 筡筮筤 筦筯筲 筡筬筬 j 笽 笱..k第 µj笨笰笩 笽 µ0 ∈ M第 筩筴 筦筯筬筬筯筷筳 筴筨筡筴
| 筬筯筧 f笨y笩笨δ笩 − 筬筯筧 gy笨λ笨µ0笩笩| 筣筡筮 筢筥 筷筲筩筴筴筥筮 筡筳 筡 筳筭筯筯筴筨第 筩筮 筰筡筲筴筩筣筵筬筡筲 笌筮筩筴筥 筦筵筮筣筴筩筯筮
筯筦 |y| 筦筯筲 筡筬筬 δ 筩筮 筡 筣筯筭筰筡筣筴 筳筵筢筳筥筴 筯筦 R 筷筩筴筨 笰 筩筮 筩筴筳 筩筮筴筥筲筩筯筲笮 筓筩筮筣筥 |y| ≤ 笱 笫 y2 筨筡筳
笌筮筩筴筥 筥筸筰筥筣筴筡筴筩筯筮 筵筮筤筥筲 筡筬筬 Pµ 筷筩筴筨 µ ∈ M第 笌筮筩筴筥筮筥筳筳 筯筦 笨笴笮筃笮笲笩 筦筯筬筬筯筷筳 筢筹 笨笴笮筅笮笱笩笮

Step 2 筗筥 筮筯筷 筰筲筯筣筥筥筤 筴筯 筥筳筴筡筢筬筩筳筨 筴筨筡筴 筷筥 筣筡筮 筤筩笋筥筲筥筮筴筩筡筴筥 筷筩筴筨 筲筥筳筰筥筣筴 筴筯 δ 筦筯筲 δ
筩筮 筡 筣筯筭筰筡筣筴 筳筵筢筳筥筴 筯筦 R 筷筩筴筨 笰 筩筮 筩筴筳 筩筮筴筥筲筩筯筲笮 答筨筥 筰筲筯筯筦 筷筩筬筬 筭筡筫筥 筵筳筥 筯筦 笨笴笮筅笮笲笩 筡筮筤
笨笴笮筅笮笳笩笮 筗筥 筤筥筮筯筴筥 筤筥筲筩筶筡筴筩筶筥筳 筯筦 筦筵筮筣筴筩筯筮筳 fy 筡筮筤 gy 筡筳

gsy笨λ笩 笽
筤s

筤λs
gy笨λ笩 筡筮筤 fsy 笨δ笩 笽

筤s

筤δs
fy笨δ笩.

筗筥 筷筩筬筬 筡筲筧筵筥 筴筨筡筴第 筦筯筲 筡筮筹 s ∈ N第 筴筨筥 筦筡筭筩筬筹 { ds

dδs fy笨δ笩 筬筯筧 fy笨δ笩 − fy笨δ笩 筬筯筧 gy笨λ笨µ0笩笩 笺
δ ∈ 笁} 筩筳 筵筮筩筦筯筲筭筬筹 筩筮筴筥筧筲筡筢筬筥 筦筯筲 筡筮筹 筣筯筭筰筡筣筴 笁 ⊂ R第 筳筯 筴筨筡筴 筷筥 筡筲筥 筡筬筬筯筷筥筤 筴筯
筩筮筴筥筲筣筨筡筮筧筥 筤筩笋筥筲筥筮筴筩筡筴筩筯筮 筡筮筤 筩筮筴筥筧筲筡筴筩筯筮 筛筳筥筥 筥笮筧笮 笹笸第 筃筨筡筰筴筥筲 筁笱笶筝笮

筕筳筩筮筧 筳筴筡筮筤筡筲筤 筲筥筳筵筬筴筳 筦筯筲 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筩筥筳第 筷筥 筨筡筶筥第 筦筯筲 λ 筩筮 筴筨筥 筩筮筴筥筲筩筯筲 筯筦 筴筨筥
筣筡筮筯筮筩筣筡筬 筰筡筲筡筭筥筴筥筲 筳筰筡筣筥第

g(1)y 笨λ笩 笽 笨y − µ笨λ笩笩gy笨λ笩

g(2)y 笨λ笩 笽 −I笨λ笩gy笨λ笩 笫 笨y − µ笨λ笩笩2gy笨λ笩,

筷筨筥筲筥 µ笨λ笩 筤筥筮筯筴筥筳 筴筨筥 筭筥筡筮笭筶筡筬筵筥 筰筡筲筡筭筥筴筥筲 筣筯筲筲筥筳筰筯筮筤筩筮筧 筴筯 λ 筡筮筤 I笨λ笩 筴筨筥
筣筯筲筲筥筳筰筯筮筤筩筮筧 筆筩筳筨筥筲 筩筮筦筯筲筭筡筴筩筯筮笮

筃筯筮筴筩筮筵筩筮筧 筴筨筩筳 筵筳筩筮筧 筴筨筥 筦筡筣筴 筴筨筡筴 笨ds/dλs笩A笨λ笩 筩筳 筣筯筮筴筩筮筵筯筵筳 筦筯筲 筡筬筬 s第 筧筩筶筥筳

g(s)y 笨λ笩 笽 gy笨λ笩 · hy,s笨λ笩 筷筩筴筨 hy,s笨λ笩 笽

s∑
t=1

h[t,s]笨λ笩笨y − µ笨λ笩笩t 笨笴笮筅笮笴笩

筦筯筲 筳筯筭筥 筳筭筯筯筴筨 筦筵筮筣筴筩筯筮筳 h[1,s], h[2,s], . . . , h[s,s] 筯筦 λ 笨筷筥 筤筯 筮筯筴 筮筥筥筤 筴筯 筫筮筯筷 筰筲筥筣筩筳筥
筤筥笌筮筩筴筩筯筮筳 筯筦 筴筨筥筳筥 筦筵筮筣筴筩筯筮筳笩笮 筓筩筭筩筬筡筲筬筹

f (1)y 笨δ笩 笽
∑
j

g(1)y 笨λµj(δ)笩 · 笨λ笨µj笨δ笩笩笩
′

筷筨筥筲筥 λ笨µj笨δ笩笩
′ 笽 d

dδλ笨µj笨δ笩笩笮 筗筥 筫筮筯筷 筴筨筡筴 λ′笨µj笨δ笩笩 筡筮筤 筦筵筲筴筨筥筲 筤筥筲筩筶筡筴筩筶筥筳 筡筲筥
筳筭筯筯筴筨 筦筵筮筣筴筩筯筮筳 筦筯筲 µj笨δ笩 筩筮 筴筨筥 筩筮筴筥筲筩筯筲 筯筦 筴筨筥 筭筥筡筮笭筶筡筬筵筥 筰筡筲筡筭筥筴筥筲 筳筰筡筣筥 M 笨筳筥筥 筛笱笳第
筃筨筡筰筴筥筲 笹第 答筨筥筯筲筥筭 笹笮笱 筡筮筤 筅筱笮 笨笲笩筝笩笮 筓筩筮筣筥 筴筨筩筳 筳筰筡筣筥 筩筳 筯筰筥筮 筡筮筤 筦筯筲 筡筬筬 j 笽 笱..k第
µj笨笰笩 笽 µ0 ∈ M第 筩筴 筦筯筬筬筯筷筳 筴筨筡筴 λ′笨µj笨δ笩笩 筡筲筥 筳筭筯筯筴筨 筦筵筮筣筴筩筯筮筳 筯筦 δ 筦筯筲 δ 筩筮 筡 筣筯筭筰筡筣筴
筳筵筢筳筥筴 筯筦 R 筷筩筴筨 笰 筩筮 筩筴筳 筩筮筴筥筲筩筯筲笮 答筨筵筳第 筡筮筡筬筯筧筯筵筳筬筹 筴筯 筷筨筡筴 筷筥 筤筩筤 筡筢筯筶筥 筷筩筴筨 g(s)第
筷筥 筧筥筴 筴筨筡筴

f (s)y 笨δ笩 笽
∑
j

s∑
t=1

g(t)y 笨λ笨µj笨δ笩笩笩 · rt,s笨µj笩 笨笴笮筅笮笵笩

笱笲笹
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筦筯筲 筳筯筭筥 筳筭筯筯筴筨 筦筵筮筣筴筩筯筮筳 rt,s第 筴筨筥 筤筥筴筡筩筬筳 筯筦 筷筨筩筣筨 筷筥 筤筯 筮筯筴 筮筥筥筤 筴筯 筫筮筯筷笮 等筮
筰筡筲筴筩筣筵筬筡筲 筴筨筩筳 筧筩筶筥筳第 筷筩筴筨

b(s)y 笺笽
f
(s)
y 笨δ笩

fy笨δ笩

筴筨筡筴 ∣∣∣b(s)y ∣∣∣ ≤ ∑
j gy笨λ笨µj笨δ笩笩笩 · 笨

∑s
t=1 |hy,t笨λ笨µj笨δ笩笩笩 · rt,s笨µj笨δ笩笩|笩∑
j gy笨λ笨µj笨δ笩笩笩

≤
∑
j

s∑
t=1

|hy,t笨λ笨µj笨δ笩笩笩 · rt,s笨µj笨δ笩笩|.

等筮筳筰筥筣筴筩筮筧 筴筨筥 筰筲筯筯筦 筩筮 筴筨筥 筭筡筩筮 筴筥筸筴第 筷筥 筩筮筦筯筲筭筡筬筬筹 筮筯筴筥 筴筨筡筴 筡筬筬 筴筥筲筭筳 筷筩筴筨筯筵筴
筬筯筧筡筲筩筴筨筭筳 筩筮 筴筨筥 笌筲筳筴 筦筯筵筲 筤筥筲筩筶筡筴筩筶筥筳 筯筦 F0笨δ笩 筡筮筤 F1笨δ笩 筣筡筮 筢筥 筷筲筩筴筴筥筮 筡筳 筰筲筯筤筵筣筴筳

fy笨δ笩 · b(s1)y 笨δ笩 · . . . · b(su)y 笨δ笩 筦筯筲 筴筨筥 b
(s)
y 筷筥 筪筵筳筴 筢筯筵筮筤筥筤 筩筮 筴筥筲筭筳 筯筦 筰筯筬筹筮筯筭筩筡筬筳 筩筮 |y|笻

筳筩筭筩筬筡筲筬筹第 筴筨筥 筴筥筲筭筳 筩筮筶筯筬筶筩筮筧 筬筯筧筡筲筩筴筨筭筳 筣筡筮 筢筥 筢筯筵筮筤筥筤 筩筮 筴筥筲筭筳 筯筦 筳筵筣筨 筰筯筬筹筮筯筭筩筡筬筳
筡筳 筷筥筬筬 筵筳筩筮筧 笨笴笮筅笮笲笩 筡筮筤 笨笴笮筅笮笳笩第 筳筵筧筧筥筳筴筩筮筧 筴筨筡筴 筡筬筬 筴筥筲筭筳 筩筮筳筩筤筥 筡筬筬 筩筮筴筥筧筲筡筬筳 筣筡筮 筢筥
筳筵筣筨 筢筯筵筮筤筥筤笮 答筨筩筳 筩筳 筩筮筤筥筥筤 筴筨筥 筣筡筳筥笺 筦筯筲筭筡筬筩筺筩筮筧 筴筨筥 筲筥筡筳筯筮筩筮筧第 筷筥 筳筥筥 筴筨筡筴∫ (

筤s

筤δs
fy笨δ笩 筬筯筧 fy笨δ笩 − fy笨δ笩 筬筯筧 gy笨λ笨µ0笩笩

)2

dρ笨y笩 笽

∫ (
f (s)y 笨筬筯筧 fy笨δ笩 − 筬筯筧 gy笨λ笨µ0笩笩笩 笫 fy笨δ笩

∑
u

cu · b(s2)y 笨δ笩 · . . . · b(su)y 笨δ笩

)2

dρ笨y笩

笽

∫
笨f (s)y 笨筬筯筧 fy笨δ笩 − 筬筯筧 gy笨λ笨µ0笩笩笩笩2 笫

(
fy笨δ笩

∑
u

cu · b(s1)y 笨δ笩 · . . . · b(su)y 笨δ笩

)2

笫 fy笨δ笩f (s)y 笨筬筯筧 fy笨δ笩 − 筬筯筧 gy笨λ笨µ0笩笩笩
∑
u

cu · b(s1)y 笨δ笩 · . . . · b(su)y 笨δ笩dρ笨y笩.

筂筹 笨笴笮筅笮笲笩 筡筮筤 笨笴笮筅笮笳笩 筡筮筤 筴筨筥 筢筯筵筮筤 筯筮 |b(s)y | 筧筩筶筥筮 筡筢筯筶筥第 筡筬筬 筴筨筥 筴筥筲筭筳 筷筩筴筨筩筮 筴筨筥
筩筮筴筥筧筲筡筬 筣筡筮 筢筥 筢筯筵筮筤筥筤 筢筹 筰筯筬筹筮筯筭筩筡筬筳 筩筮 y 笨筯筲 |y|笩第 筳筯 筴筨筥 筩筮筴筥筧筲筡筬 筩筳 筧筩筶筥筮 筢筹 筬筩筮筥筡筲
筦筵筮筣筴筩筯筮筳 筯筦 筭筯筭筥筮筴筳 筯筦 ρ 筡筮筤 Pµ笮 答筨筥筲筥筦筯筲筥第 筵筳筩筮筧 筡筬筳筯 筴筨筡筴 ρ 筩筳 筩筴筳筥筬筦 筡 筰筲筯筢筡筢筩筬筩筴筹
筭筥筡筳筵筲筥 筡筮筤 筡 筭筥筭筢筥筲 筯筦 筴筨筥 筥筸筰筯筮筥筮筴筩筡筬 筦筡筭筩筬筹 筵筮筤筥筲 筣筯筮筳筩筤筥筲筡筴筩筯筮 笨筥筱筵筡筬 筴筯 Pµ
筷筩筴筨 λ笨µ笩 笽 笰笩第 筴筨筥 筩筮筴筥筧筲筡筬 筣筡筮 筢筥 筵筮筩筦筯筲筭筬筹 筢筯筵筮筤筥筤 筯筶筥筲 δ 筩筮 筡 筣筯筭筰筡筣筴 筳筵筢筳筥筴
筯筦 筴筨筥 筭筥筡筮笭筶筡筬筵筥 筰筡筲筡筭筥筴筥筲 筳筰筡筣筥笮 等筴 筦筯筬筬筯筷筳 筴筨筡筴 筴筨筥 筦筡筭筩筬筹 { ds

dδs fy笨δ笩 筬筯筧 fy笨δ笩 −
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4.5. Graphical Depiction of RIPr-Approximation and Convergence of Li’s
Algorithm
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