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Chapter 4

E-values for k-Sample Tests
With Exponential Families

Abstract

We develop and compare e-variables for testing whether k samples of data are drawn
from the same distribution, the alternative being that they come from different elements
of an exponential family. We consider the GRO (growth-rate optimal) e-variables for
(1) a ‘small’ null inside the same exponential family, and (2) a ‘large’ nonparametric
null, as well as (3) an e-variable arrived at by conditioning on the sum of the sufficient
statistics. (2) and (3) are efficiently computable, and extend ideas from [88] and [93]
respectively from Bernoulli to general exponential families. We provide theoretical and
simulation-based comparisons of these e-variables in terms of their logarithmic growth
rate, and find that for small effects all four e-variables behave surprisingly similarly;
for the Gaussian location and Poisson families, e-variables (1) and (3) coincide; for
Bernoulli, (1) and (2) coincide; but in general, whether (2) or (3) grows faster under
the alternative is family-dependent. We furthermore discuss algorithms for numerically
approximating (1).

4.1 Introduction

E-variables (and the value they take, the e-value) provide an alternative to p-values
that is inherently more suitable for testing under optional stopping and continuation,
and that lies at the basis of anytime-valid confidence intervals that can be monitored
continuously [42], 011 [76, [71), 46, B6]. While they have their roots in the work on
anytime-valid testing by H. Robbins and students (e.g. [28]), they have begun to be
investigated in detail for composite null hypotheses only very recently. E-variables can
be associated with a natural notion of optimality, called GRO (growth-rate optimality),

OThis chapter is based on Yunda Hao, Peter Griinwald, Tyron Lardy, Long Long, and Reuben
Adams. E-values for k-Sample Tests with Exponential Families. Sankhya A, 86(1):596-636, 2024.
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4.1. Introduction

introduced and studied in detail by [42]. GRO may be viewed as an analogue of
the uniformly most powerful test in an optional stopping context. In this paper, we
develop GRO and near-GRO e-variables for a classical statistical problem: parametric
k-sample tests. Pioneering work in this direction appears already in [93]: as we explain
in Example [9] his SPRT for a sequential test of two proportions can be re-interpreted
in terms of e-values for Bernoulli streams. Wald’s e-values are not optimal in the GRO
sense — GRO versions were derived only very recently by [88] [86], but again only
for Bernoulli streams. Here we develop e-variables for the case that the alternative is
associated with an arbitrary but fixed exponential family, M, with data in each of the
k groups sequentially sampled from a different distribution in that family. We mostly
consider tests against the null hypothesis, denoted by H(M) that states that outcomes
in all groups are i.i.d. by a single member of M. We develop the GRO e-variable Sripg
for this null hypothesis, but it is not efficiently computable in general. Therefore, we
introduce two more tractable e-variables: Sy;x and Scoxp. The former is defined as the
GRO e-variable, for the much larger null hypothesis that the k groups are i.i.d. from
an arbitrary distribution, denoted by Ho(1ID): since an e-variable relative to a null
hypothesis H, is automatically an e-variable relative to any null that is a subset of Hy,
Suix 18 automatically also an e-variable relative to Ho(M). Whenever below we refer to
‘the null’, we mean the smaller Ho(M). The use of Syx rather than Sgypg for this null,
for which it is not GRO, is justifiable by ease of computation and robustness against
misspecification of the model M. However, exactly this robustness might also cause
it to be too conservative when M is well-specified. The third e-variable we consider,
Sconp, does not have any GRO status, but is specifically tailored to Ho(M), so that it
might still be better than Syx in practice. Finally, we introduce a pseudo-e-variable
Sprseupo, Which coincides with Sgripr whenever the latter is easy to compute; in other
cases it is not a real e-variable, but it is still highly useful for our theoretical analysis.

Results Besides defining Sgipr, Swuix and Scoxp and proving that they achieve what
they purport to, we analyze their behaviour both theoretically and by simulations.
Our main theoretical results, Theorem [7] and [§] reveal some surprising facts: for
any exponential family, the four types of (pseudo-) e-variables achieve almost the
same growth rate under the alternative, hence are almost equally good, whenever the
‘distance’ between null and alternative is sufficiently small. That is, suppose that the
(shortest) ¢5-distance between the k& dimensional parameter of the alternative and the
parameter space of the null is given by §. Then for any two of the aforementioned
e-variables S,5’, we have E[log S — log S| = O(§*), where the expectation is taken
under the alternative. Here, E[log S] can be interpreted as the growth rate of S, as
explained in Section

While Syix and Sconp are efficiently computable for the families we consider, this
is generally not the case for Sgripg, since to compute it we need to have access to the
reverse information projection (RIPr; [60, 42]) of a fixed simple alternative to the
set Ho(M). In general, this is a convex combination of elements of Hy(M), which
can only be found by numerical means. Interestingly, we find that for three families,
Gaussian with fixed variance, Bernoulli and Poisson, the RIPr is attained at a single
point (i.e. a mixture putting all its mass on that point) that can be efficiently computed.
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Chapter 4. E-values for k-Sample Tests With Exponential Families

Furthermore, in these cases Sgipr coincides with one of the other e-variables (Syx
for Bernoulli, Sconp for Gaussian and Poisson). For other exponential families, for
k = 2, we approximate the RIPr and hence Sgipr using both an algorithm proposed
by Li [60] and a brute-force approach. We find that we can already get an extremely
good approximation of the RIPr with a mixture of just two components. This leads
us to conjecture that perhaps the deviation from the RIPr is just due to numerical
imprecision and that the actual RIPr really can be expressed with just two components.
The theoretical interest of such a development notwithstanding, we advise to use Sconp
or Syx rather than Sgripy for practical purposes whenever more than one component
is needed for the RIPr, as their growth rates are not much worse, and they are much
easier to compute. If furthermore robustness against misspecification of the null is
required, then Sy« is the most sensible choice.

Method: Restriction to Single Blocks and Simple Alternatives The main
interest of e-variables is in analyzing sequential, anytime-valid settings: the data arrives
in k streams corresponding to k groups, and we may want to stop or continue sampling
at will (optional stopping); for example, we only stop when the data looks sufficiently
good; or we stop unexpectedly, because we run out of money to collect new data.
Nevertheless, in this paper we focus on what happens in a single block, i.e. a vector
X* = (Xy,...,Xy), where each X denotes a single outcome in the j-th stream. By
now, there are a variety of papers (see e.g. [42] [71] [88]) that explain how e-variables
defined for such a single block can be combined by multiplication to yield e-processes (in
our context, coinciding with nonnegative supermartingales) that can be used for testing
the null with optional stopping if blocks arrive sequentially — that is, one observes one
outcome of each sample at a time. Briefly, one multiplies the e-variables and at any
time one intends to stop, one rejects the null if the product of e-values observed so-far
exceeds 1/« for pre-specified significance level . This gives an anytime-valid test at
level a:: irrespective of the stopping rule employed, the Type-I error is guaranteed to
be below «. Similarly, one can extend the method to design anytime-valid confidence
intervals by inverting such tests, as described in detail by [7I]. This is done for the
2-sample test with Bernoulli data by [86]; their inversion methods are extendable to the
general exponential family case we discuss here. Thus, we refer to the aforementioned
papers for further details and restrict ourselves here to the 1-block case. Also, [88] [87]
describe how one can adapt an e-process for data arriving in blocks to general streams
in which the k streams do not produce data points at the same rate; we briefly extend
their explanation to the present setting in Appendix [£-A] Finally, we mainly restrict to
the case of a simple alternative, i.e. a single member of the exponential family under
consideration. While this may seem like a huge restriction, extension from simple to
composite alternatives (e.g. the full family under consideration) is straightforward
using the method of miztures (i.e. Bayesian learning of the alternative over time)
and/or the plug-in method. We again refer to [42] [71] for detailed explanations, and
[88] for an explanation in the 2-sample Bernoulli case, and restrict here to the simple
alternative case: all the ‘real’ difficulty lies in dealing with composite null hypotheses,
and that, we do explicitly and exhaustively in this paper.
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4.1. Introduction

Related Work and Practical Relevance As indicated, this paper is a direct (but
far-reaching) extension of the papers [88], 86] on 2-sample testing for Bernoulli streams
as well as Wald’s [93] sequential two-sample test for proportions to streams coming from
an exponential family. There are also nonparametric sequential [59] and anytime-valid
2-sample tests [6l [68] that tackle a somewhat different problem. They work under much
weaker assumptions on the alternative (in some versions the samples could be arbitrary
high-dimensional objects such as pictures and the like). The price to pay is that they
will need a much larger sample size before a difference can be detected. Indeed, while
our main interest is theoretical (how do different e-variables compare? in what sense
are they optimal?), in settings where data are expensive, such as randomized clinical
trials, the methods we describe here can be practically very useful: they are exact
(existing methods are often based on chi-squared tests, which do not give exact Type-I
error guarantees at small sample size), they allow for optional stopping, and they need
small amounts of data due to the strong parametric assumptions for the alternative.
As a simple illustration of the practical importance of these properties, we refer to the
recent SWEPIS study [97] which was stopped early for harm. As demonstrated by [88],
if an anytime-valid two-sample test had been used in that study, substantially stronger
conclusions could have been drawn.

We also mention that k-sample tests can be viewed as independence tests (is the
outcome independent of the group it belongs to?) and as such this paper is also related
to recent papers on e-values and anytime-valid tests for conditional independence
testing [39, [75], BI]. Yet, the setting studied in those papers is quite different in that
they assume the covariates (i.e. indicator of which of the k groups the data belongs to)
to be i.i.d.

Contents In the remainder of this introduction, we fix the general framework and
notation and we briefly recall how e-variables are used in an anytime-valid/optional
stopping setting. In Section we describe our four (pseudo-) e-variables in detail,
and we provide preliminary results that characterize their behaviour in terms of growth
rate. In Section [£.3] we provide our main theoretical results which show that, for all
regular exponential families, the expected growth of the four types of e-variables is
of surprisingly small order 6 if the parameters of the alternative are at fo-distance &
to the parameter space of the null. In Section we give more detailed comparisons
for a large number of standard exponential families (Gaussian, Bernoulli, Poisson,
exponential, geometric, beta), including simulations that show what happens if § gets
larger. Section [£.5] provides some additional simulations about the RIPr. All proofs,
and some additional simulations, are in the appendix.

4.1.1 Formal Setting

Consider a regular one-dimensional exponential family M = {P, : u € M} given in its
mean-value parameterization (see e.g. [I3] for more on definitions and for all the proofs
of all standard results about exponential families that are to follow). Each member
of the family is a distribution for some random variable U, taking values in some set
U, with density p,.[y] relative to some underlying measure pjy; which, without loss of
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Chapter 4. E-values for k-Sample Tests With Exponential Families

generality, can be taken to be a probability measure. For regular exponential families,
M is an open interval in R and p,,[y) can be written as:

Pusiv)(U) = exp (AM(p) - t(U) — A(M(p))) (4.1.1)

where A(y) maps mean-value u to canonical parameter 3. We then have p = Ep, [t(U)],
where ¢(U) is a measurable function of U and A(/3) is the log-normalizing factor. The
measure ppy] induces a corresponding (marginal) measure p := p[x] on the sufficient
statistic X := t(U), and similarly the density induces a corresponding density
P = Puy(x] on X, i.e. we have

Pu(X) = ppuyx) (X) = exp (A(p) - X — A(Mp))) - (4.1.2)

All e-variables that we will define can be written in terms of the induced measure and
density of the sufficient statistic of X; in other words, we can without loss of generality
act as if our family is natural. Therefore, from now on we simply assume that we
observe data in terms of their sufficient statistics X rather than the potentially more
fine-grained U, and will be silent about U; for simplicity we thus abbreviate p,. x
to p, and ppx) to p. Note that exponential families are more usually defined with a
carrier function h(X) and p set to Lebesgue or counting measure; we cover this case
by absorbing h into p, which we do not require to be Lebesgue or counting.

The data comes in as a block X* = (Xy,..., X) € X*, where X is the support of
p. To calculate our e-values we only need to know X* € X*, and under the alternative
hypothesis, all X;, j =1...k are distributed according to some element P, of M. In
our main results we take the alternative hypothesis to be simple, i.e. we assume that
= (p1,...,ux) €M is fixed in advance. The alternative hypothesis is thus given by

simple Hy : X1 ~ P,

M17X2 ~ P,

gy - Xg ~ P,, independent.

Note that we will keep p fixed throughout the rest of this section and Section This
is without loss of generality as g is defined as an arbitrary element of M¥, so that all
results stated for g hold for any element of M¥. The extension to composite alternatives
by means of the method of mixtures or the plug-in method is straightforward, and
done in a manner that has become standard for e-value based testing [7T].

Our null hypothesis is directly taken to be composite, for as regards the null, the
composite case is inherently very different from the simple case [71] [42]. Tt expresses
that the X* are identically distributed. We shall consider various variants of this null
hypothesis, all composite: let P be a set of distributions on X, then the null hypothesis
relative to P, denoted Ho(P), is defined as

composite Ho(P) : X1 ~ P,Xo ~ P,..., X} ~ P i.id. for some P € P.

Our most important instantiation for the null hypothesis will be Hg = Ho(M) for
the same exponential family M from which the alternative was taken; then Hy(M)
is a one-dimensional parametric family expressing that the X; are i.i.d. from P, for
1o € M. Still, we will also consider Ho = Ho(P) where P is the much larger set of all
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4.1. Introduction

distributions on X. Then the null simply expresses that the X* are i.i.d.; we shall
abbreviate this null to Ho(1ID). Finally we sometimes consider Ho = Ho(M') where
M’ C M is asubset of P, € M with p € M for some sub-interval M C M. The statistics
that we use to gain evidence against these null hypotheses are e-variables.

Definition 2. We call any nonnegative random variable S on a sample space  (which
in this paper will always be Q = X*) an e-variable relative to H, if it satisfies

for all P € Hy : Ep[S] < 1. (4.1.3)

4.1.2 The GRO E-variable for General H,

In general, there exist many e-variables for testing any of the null hypotheses introduced
above. Each e-variable S can in turn be associated with a growth rate, defined by
Ep, [log S]. Roughly, this can be interpreted as the (asymptotic) exponential growth rate
one would achieve by using .S in consecutive independent experiments and multiplying
the outcomes if the (simple) alternative was true (see e.g. [42, Section 2.1] or [52]).
The Growth Rate Optimal (GRO) e-variable is then the e-variable with the greatest
growth rate among all e-variables. The central result (Theorem 1) of [42] states that,
under very weak conditions, GRO e-variables take the form of likelihood ratios between
the alternative and the reverse information projection [60] of the alternative onto the
null. We instantiate their Theorem 1 to our setting by providing Lemma [6] and [7} both
special cases of their Theorem 1. Before stating these, we need to introduce some more
notation and definitions. For g = (u1,. .., ug) we use the following notation:

k
pu(X¥) = [ P (X0).
i=1

Whenever in this text we refer to KL divergence D(Q||R), we refer to measures @ and
R on X*. Here @ is required to be a probability measure, while R is allowed to be a
sub-probability measure, as in [42]. A sub- probability measure R on X k is a measure
that integrates to 1 or less, i.e [ _, dR(z) < 1.

The following lemma follows as a very special case of Theorem 1 (simplest version)
of [42], when instantiated to our k-sample testing set-up:

Lemma 6. Let P be a set of probability distributions on X* and let CONV(P) be its
convex hull. Then there exists a sub-probability measure PJ with density p§ such that

D(PullPg) = ,_inf _ D(PullP). (4.1.4)

Py is called the reverse information projection (RIPr) of P, onto CONV(P).

Clearly, if P; € coNV(P) (the minimum is achieved) then P§ is a probability
measure, i.e. integrates to exactly one. We show that this happens for certain specific
exponential families in Section However, in general we can neither expect the
minimum to be achieved, nor the RIPr to integrate to one. Lemma [7] below, again a
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Chapter 4. E-values for k-Sample Tests With Exponential Families

special case of [42 Theorem 1], shows that the RIPr characterizes the GRO e-variable,
and explains the use of the term GRO in the definition below.

Definition 3. Sgro(,)P is defined as

_ pu(X")
SGRO(/J,l)P = m (415)

where p§ is the density of the RIPr of P, onto CONV(P).

Lemma 7. For every set of distributions P on X, Sgrou)P 48 an e-variable for
Ho(P). Moreover, it is the GRO (Growth-Rate-Optimal) e-variable for Ho(P), i.e. it
essentially uniquely achieves

sgp Ep, [log S]

where the supremum ranges over all e-variables for Ho(P).

Here, essential uniqueness means that any other GRO e-variable must be equal to
Saro(ut)P with probability 1 under P,. This in turn implies that the measure Py
is in fact unique, as members of regular exponential families must have full support.
Thus, once we have fixed our alternative and defined our null as Hq(P) for some
set of distributions P on X, the optimal (in the GRO sense) e-variable to use is the
Saro(ut)P e-variable as defined above.

4.2 The Four Types of E-variables

In this section, we define our four types of e-variables; the definitions can be instantiated
to any underlying 1-parameter exponential family. More precisely, we define three ‘real’
e-variables Sripr, Sconp, Syix and one ‘pseudo-e-variable’ Spepuno, @ variation of Sgipr
which for some exponential families is an e-variable, and for others is not.

4.2.1 The GRO E-variable for H((M) and the pseudo e-variable

We now consider the GRO e-variable for our main null of interest, Ho(M). In practice,
for some exponential families M, the infimum over CONV(M) in is actually
achieved for some P,= € M. In this easy case we can determine Sgipy analytically (this
happens if Sgripr = Spseupo, see below). For all other M, i.e. whenever the infimum is
not achieved at all or is in CONV(M) \ M, we do not know if Sgipr can be determined
analytically. In this hard case will numerically approximate it by Shp, as defined
below. First, for a fixed parameter po € M we define the vector (ug) as the vector
indicating the distribution on X* with all parameters equal to uo:

<:U’O> = (Mov s 7#0) € Mk (421)
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4.2. The Four Types of E-variables

Next, with W a distribution on M, we define

pw = /p%> (X*YAW (p1o0) (4.2.2)

to be the Bayesian marginal density obtained by marginalizing over distributions in
Ho(M) according to W. Clearly, if W has finite support then the corresponding
distribution Py has Py € cONV(M). We now set

S/ — pu(Xk)
P (X0)
0

where W is chosen so that pwy; 1s within a small € of achieving the minimum in ,
ie. D(Pyy,.. |l Piy,) = inf peconvim) D(Puy.,... || P)+€ for some 0 < € < e. Then, by
Corollary 2 of Griinwald et al. [42], S;p, Will not be an e-variable unless ¢ = 0, but in
each case (i.e. for each choice of M) we verify numerically that sup, ey Ep,, . [S] =
1+ ¢ for negligibly small ¢, i.e. § goes to 0 quickly as ¢ goes to 0. We return to the
details of the calculations in Section E.5

We now consider the ‘easy’ case in which Fj = P, for some pg € M. Clearly, we

must have pg := argmin, ey D(Pp||P,,)). An easy calculation shows that then

k
Z Lh;.- (4.2.3)

el

o =

Definition 4. Spqzupo is defined as

S S o = p“(Xk)
PSEUD! T .
Pug) (XF)

Shseupo 18 not always a real e-variable relative to Ho(M), which explains the name
pseudo’. Still, it will be very useful as an auxiliary tool in Theorem [7] and derivations.
Note that, if it is an e-variable then we know that it is equal to Sgipg:

‘

Proposition 10. Spspupo 98 an e-variable for M iff Spsrupo = SRIPR-

The proposition above does not give any easily verifiable condition to check whether
Shseupo 18 an e-variable or not. The following proposition does provide a condition
which is sometimes easy to check (and which we will heavily employ below). With

as in (4.2.3), define
k
fpo) == ZVARP‘Li+u07“6 [X] - kvarp,, [X].
i=1

Proposition 11. If f(ul) > 0, then Spseupo @ not an e-variable. If f(us) < 0, then
there exists an interval M C M with pf in the interior of M so that Spspupo S an

e-variable for Ho(M'), where M' ={P, : p e M'}.
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Chapter 4. E-values for k-Sample Tests With Exponential Families

4.2.2 The GRO E-variable for H,(11D)

Recall that we defined #H(1ID) as the set of distributions under which X;, j =1,...k,
are i.i.d. from some arbitrary distribution on X. By the defining property of e-variables,
i.e. expected value bounded by one under the null , it should be clear that
any e-variable for Ho(1ID) is also an e-variable for Ho(M), since Ho(M) C Ho(1ID).
In particular, we can also use the GRO e-variable for Ho(1ID) in our setting with
exponential families. It turns out that this e-variable, which we will denote as Syx,
has a simple form that is generically easy to compute. We now show this:

Theorem 6. The minimum KL divergence inf peconv(#o(in)) D(PullP) as in Lemma@
is achieved by the distribution P§ on X* with density

k k
.k 1
Po(xk) = H % me(xj)-
j=1"i=1

Hence, Syix, as defined below, is the GRO e-variable for Hoy(1ID).

Definition 5. Sy;x is defined as

S e pu(X*) .
jlill (i ;: Pus (Xj)>

The proof of Theorem [f] extends an argument of [88] for the 2-sample Bernoulli
case to the general k-sample case. The argument used in the proof does not actually
require the alternative to equal the product distribution of k& independent elements of
an exponential family — it could be given by the product of k arbitrary distributions.
However, we state the result only for the former case, as that is the setting we are
interested in here.

4.2.3 The Conditional E-variable S.ona

So far, we have defined e-variables as likelihood ratios between P, and cleverly chosen
elements of either Ho(M) or Ho(1ID). We now do things differently by not considering
the full original data X1i,... Xy, but instead conditioning on the sum of the sufficient
statistics, i.e. Z = Zle X;. It turns out that doing so actually collapses Ho(M) to
a single distribution, so that the null becomes simple. That is, the distribution of
X*| Z is the same under all elements of H(M), as we will prove in Proposition
This means that instead of using a likelihood ratio of the original data, we can use a
likelihood ratio conditional on Z, which ‘automatically’ gives an e-variable.

Definition 6. Setting Z to be the random variable Z := Zle X, Sconp is defined as

Pu (Xk_l | Z)
Doy (XL Z)7

SCOND L
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4.3. Growth Rate Comparison of Our E-variables

with o € M and (X) the sufficient statistic as in (4.1.2)).

Proposition 12. For all p' = (y},...,p1s) € M¥ | we have that p, (x*~1 | Z = 2)
depends on p' only through A; == A(uj) — Muy,), j=1,...k =1, d.e. it can be written
as a function of (A1,...,Ax—1). As a special case, for all po,uy € M, it holds that
Pl (2" | Z) = p<%>(x’“ | Z). As a direct consequence, Scoxp @S an e-variable for

HO(M);

Example 9. [The Bernoulli Model] If M is the Bernoulli model and k = 2, then
the conditional e-variable reduces to a ratio between the conditional probability of
(X1, X2) € {0,1}? given their sum Z € {0,1,2}. Clearly, for all u},ub € M= (0,1), we
have p, i, ((0,0) [ Z =0) = pur 0 ((1,1) | Z =2) =1, 50 Scoxp = 1 whenever Z = 0
or Z = 2, irrespective of the alternative: data with the same outcome in both groups
is effectively ignored. A non-sequential version of S¢oyp for the Bernoulli model was
analyzed earlier in great detail by [1].

Furthermore, for any ¢ € R, we have that M. := {(u], #5) : A(1) — A(p2) = ¢} is the
line of distributions within M? with the same odds ratio log (g1 (1—p2)/((1—p1)uz2)) = c.
The sequential probability ratio test of two proportions from [93] was based on fixing a
¢ for the alternative (viewing it as a notion of ‘effect size’) and analyzing sequences
of paired data X(1), X(a),... with X4y = (X;1, Xi2) by the product of conditional
probabilities

pe(Xay | Z(s))

po(X¢iy | Zi))
thus effectively using Sconp (here, we abuse notation slightly, writing p.(z | z) when
we mean pys . (v | z) for any pf, uh € Mc). Tt is, however, important to note that this
product was not used for an anytime-valid test but rather for a classical sequential test
with a fixed stopping rule especially designed to optimize power.

= SCOND(Xi)u

4.3 Growth Rate Comparison of Our E-variables

Above we provided several recipes for constructing e-variables S = S* whose definition
implicitly depended on the chosen alternative pu. To compare these, we define, for any
non-negative random variables S1* and S%, S = S5 to mean that for all p € M*, it
holds that Ep, [log S{'] > Ep, [log S5]. We write S}* - S if S}* = Sy and there exists
p € M* for which equality does not hold. From now on we suppress the dependency
on p again, i.e. we write S instead of S¥. We trivially have, for every underlying
exponential family M,

SPSEUDO t SRIPR t SMIX and SRIPR t SCOND- (4~3-1)

We proceed with Theorem [7| and |8 below (proofs in the Appendix). These results go
beyond the qualitative assessment above, by numerically bounding the difference in
growth rate between Spspupo and Syx (and, because Sgripr must lie in between them,
also between these two and Sgipr) and Spsgupo and Sconp respectively. Theorem and
are asymptotic (in terms of difference between mean-value parameters) in nature. To
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Chapter 4. E-values for k-Sample Tests With Exponential Families

give more precise statements rather than asymptotics we need to distinguish between
individual exponential families; this is done in the next section.

To state the theorems, we need a notion of effect size, or discrepancy between the
null and the alternative. So far, we have taken the alternative to be fixed and given
by w, but effect sizes are usually defined with the null hypothesis as starting point.
To this end, note that each P, € Ho(M) corresponds to a whole set of alternatives
for which P, is the closest point in KL within the null. This set of alternatives
is parameterized by M*) (o) = {1}, ... S, €M %Zle W = po}, as in . We
can re-parameterize this set as follows, using the special notation (ug) as given by
. Let A be the set of unit vectors in R* whose entries sum to 0, i.e. « € A iff

\/Zle a? =1 and Zle a; = 0. Clearly p € M¥) (1) if and only if 1, ..., pux €M
and g = (uo) + da for some scalar § > 0 and « € A. We can think of § as expressing
the magnitude of an effect and o as its direction. Note that, if £ = 2, then there
are only two directions, A = {a;,a_;} with a; = (1/v/2,-1/v/2) and a_; = —ay,
corresponding to positive and negative effects: we have 11 — 1o = V26 if & = a1 and
p1 — pe = —V/2- 8 if @ = a_y, as illustrated later on in Figure Also note that, for
general k, in the theorem below, we can simply interpret § as the Euclidean distance
between p and (ug).

Theorem 7. Fiz some pg € M, some a € A and let p = {po) + dax for § > 0 such that
e Mk (o). The difference in growth rate between Spspupo and Syix is given by

EP‘L [10g Spseupo — log SMIX] = % / (ch(((z))))dp(x) a0 (54) =0 (54) ) (4.3.2)

k
where f,(8) = S0 puovses () = 3 pp, () and fI is the second derivative of fr, s0
i=1

that f5(0) = kpp,(x) and (with some calculation) f./(0) = dd—;pu(x) | =10 -

As is implicit in the O(-)-notation, the expectation on the left is well-defined and
finite and the integral in the middle equation is finite as well. The theorem implies that
for general exponential families, Syx is surprisingly close (O(6%)) to the optimal Sripr
in the GRO sense, whenever the distance ¢ between H; and Ho(M) is small. This
means that, whenever Sripr # Spseupo (80 Smripr is hard to compute and Spsgupo is not
an e-variable), we might consider using Syx instead: it will be more robust (since it is
an e-variable for the much larger hypothesis H(1ID)) and it will only be slightly worse
in terms of growth rate.

Theorem m is remarkably similar to the next theorem, which involves Scoxp rather
than Syux. To state it, we first set X (zF71, 2) := 2z — Zf;ll z;, and we denote the
marginal distribution of Z = Zle X; under P, as Pz}, noting that its density p,,.[z]
is given by

Puiz)(2) = /c( )p” (xk_l,xk) dp(xk_l), (4.3.3)
z
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4.4. Growth Rate Comparison for Specific Exponential Families

where p is extended to the product measure of p on X*~1 and
Clz) = {a" et 1. X;(a"1 2) e X}. (4.3.4)

Theorem 8. Fir some pg € M, @ € A and let p = (o) + dax for & > 0 such that
e M(k) (10). The difference in growth rate between Spspupo and Sconp 1S given by

Ep, [log S —log S _L (@O -6 §Y) =0(s*
PM[Og PSEUDO 0og COND]_8 9.(0) dp[z](z) +O( )—O( ), (4.3.5)

where g.(8) 1= Plug)+as:z](2) and ppz) denotes the measure on Z induced by the product
measure of p on X*; an explicit expresszon for g2(0) is

k

/C P () LI o) — 1(p10)) dpla),

j=1
where I(p) denotes the Fisher information for p and I'(u) is its first derivative.

Again, the expectation on the left is well-defined and finite and the integral on the
right is finite. Comparing Theorem [§|to Theorem [7] we see that f,(0), the sum of k
identical densities evaluated at x, is replaced by g.(0), the density of the sum of k i.i.d.
random variables evaluated at z.

Corollary 6. With the definitions as in the two theorems above, the growth-rate
difference Ep, [log Scoxp — log Swix] can be written as

L ([ SO (42(0)’ o
S(L n0) /zgzw)d”[Z]‘”)”“"(M—O(é‘*)- (4.3.5)

4.4 Growth Rate Comparison for Specific Exponential
Families

We will now establish more precise relations between the four (pseudo-) e-variables
in k-sample tests for several standard exponential families, namely those listed in
Table and a few related ones, as listed at the end of this section. For each family
M under consideration, we give proofs for which different e-variables are the same,
ie. S =29’ where S,5" € {Sripr, Scoxps Smixs Spseupo }- Whenever we can prove that
Sripr # S for another e-variable S € {Scoxp, Sux}, we can infer that Sgipr = S
because Sgripr is the GRO e-variable for Ho(M). Whenever both Scoxp and Sy are
not equal to Sgipr, we will investigate via simulation whether Sy ;x = Sconp Or vice
versa — our theoretical results do not extend to this case. All simulations are carried
out for the case k = 2 in the paper. Theorem [7] and Theorem [ show that in the
neighborhood of § =0 (p1, ..., u all close together), the difference Ep, [log S — log S’
is of order 6* when S, S’ € {Sripr; Spseupos Swixs Sconn }. Hence in the figures we will
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Chapter 4. E-values for k-Sample Tests With Exponential Families

show (Ep, [log S —log 5'])*/4, since then we expect the distances to increase linearly as
we move away from the diagonal, making the figures more informative.

Our findings, proofs as well as simulations, are summarised in Table For each
exponential family, we list the rank of the (pseudo-)e-variables when compared with
the order ‘>". The ranks that are written in black are proven in Appendix [£.D} while
the ranks in blue are merely conjectures based on our simulations as stated above. The
results of the simulations on which these conjectures are based are given in Figure [£.1]
Furthermore, the rank of Spgeupo is colored red whenever it is not an e-variable for
that model, as shown in the Appendix. Note that whenever any of the e-variables
have the same rank, they must be equal p-almost everywhere, by strict concavity
of the logarithm together with full support of the distributions in the exponential
family. For example, the results in the table reflect that for the Bernoulli family,
we have shown that Spsgipo = Sripr = Swix and that Spegupo = Sconp. Also, for
the geometric family and beta with free § and fixed «, we have proved that Spspupo
is not an e-variable, that Sgipr # Swix and that Sgripr # Sconp, SO that it follows
from that Spspupo = SRIPR, SRIPR = Swix and Sripr > Sconp. Then the findings
of the simulations shown in Figure [{.1a] suggest that Syix = Sconp for beta with free
8 and fixed a and in Figure [L.1D] suggest that Sconp > Swix for geometric family, but
these are not proven. Figure [4.1d shows that Syx = Scoxp for Gaussians with free
variance and fixed mean. Finally, Figure shows that for the exponential, there
is no clear relation between Syx and Sconp. That is, Syx grows faster than Sconp for
some i1, ..., 1r €M, and slower for others, which is indicated by rank (3) — (4) in the
table.

Exponential Family Spseupo ORIPR  Swix Sconp
Bernoulli (1) (1) (1) (2)
Gaussian with free mean and fixed variance (1) (1) (2) (1)
Poisson (1) (1) (2) (1)
beta with free 8 and fixed « (1) (2) (3) (4)
geometric (1) (2) (4) (3)
Gaussian with free variance and fixed mean (1) (2) (3) (4)
Exponential (1) 2 B-@ -4

Table 4.1: The ranks of the four different e-variables when compared with the relation ‘>’.
The ranks in black are proved in Appendix [£.D] while the ranks in blue are conjectures based
on the simulations in Figure I} The rank of Spseupo is denoted in red whenever it is not an
e-variable, as shown in Appendix

Finally, we note that for each family listed in the table, the results must extend to
any other family that becomes identical to it if we reduce it to the natural form .
For example, the family of Pareto distributions with fixed minimum parameter v can
be reduced to that of the exponential distributions: if U ~ Pareto(v, «), then we can
do a transformation X = ¢(U) with ¢(U) = log(U/v), and then X ~ Exp(«). Thus, the
k-sample problem for U with the Pareto(v, «) distributions, with « as free parameter, is
equivalent to the k-sample problem for X with the exponential distributions; the e-value
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Figure 4.1: A comparison of Syix and Sconp for four exponential families. We evaluated
the expected growth difference on a grid of 50 x 50 alternatives (u1, u2), equally spaced in
the standard parameterization (explaining the nonlinear scaling on the depicted mean-value
parameterization). On the left are the corresponding heatmaps. On the right are diagonal
‘slices’ of these heatmaps: the red curve corresponds to the main diagonal (top left - bottom
right), the blue curve corresponds to the diagonal starting from the second tick mark (10th
discretization point) top left until the second tick mark bottom right. These slices are
symmetric around 0, their value only depending on & =| u1 — po | /vV2 =| w1 — p | -v/2, where
1o = (11 + p2)/2 and ¢ is as in Theoremm

108



Chapter 4. E-values for k-Sample Tests With Exponential Families

Sripr Obtained with a particular alternative in the Pareto setting for observation U
coincides with Sripg for the corresponding alternative in the exponential setting for
observation X = t(U), and the same holds for Sy;x and Sconp. Therefore, the ordering
for Pareto must be the same as the ordering for exponential in Table Similarly,
the e-variables for the log-normal distributions (with free mean or variance) can be
reduced to the two corresponding normal distribution e-variables.

4.5 Simulations to Approximate the RIPr

Because of its growth optimality property, we may sometimes still want to use the GRO
e-variable Sgipg, even in cases where it is not equal to the easily calculable Spspypo. To
this end we need to approximate it numerically. The goal of this section is twofold: first,
we want to illustrate that this is feasible in principle; second, we show that this raises
interesting additional questions for future work. Thus, below we consider in more detail
simulations to approximate Sgipy for the exponential families with Sgripr # Spssupo
that we considered before, i.e. beta, geometric, exponential and Gaussian with free
variance; for simplicity we only consider the case k = 2. In Appendix [£.E| we provide
some graphs illustrating the RIPr probability densities for particular choices of pq, ps;
here, we focus on how to approximate them, taking our findings for & = 2 as suggestive
for what happens with larger k.

4.5.1 Approximating the RIPr via Li’s Algorithm

[60] provides an algorithm for approximating the RIPr of distribution @ with density ¢
onto the convex hull CONV(P) of a set of distributions P (where each P € P has density
p) arbitrarily well in terms of KL divergence. At the m-th step, this algorithm outputs a
finite mixture P(,,y € CONV(P) of at most m elements of P. For m > 1, these mixtures
are determined by iteratively setting P,,) := aP(,_1) + (1 — a)P’, where a € [0, 1]
and P’ € P are chosen so as to minimize KL divergence D(Q|laP(,—1) + (1 — a)P’).
Here, P(y) is defined as the single element of PP that minimizes D(Q||Py). It is thus a
greedy algorithm, but Li shows that, under some regularity conditions on P, it holds
that D(Q||Pm)) — infpeconvpy D(Q||P). That is, P, approximates the RIPr in
terms of KL divergence. This suggests, but is not in itself sufficient to prove, that
suppep Epq(X)/pm)(X)] — 1, ie. that the likelihood ratio actually tends to an
e-variable.

We numerically investigated whether this holds for our familiar setting with k = 2,
Q is equal to P, for some p = (u1, p2) € M?, and P = Ho(M). To this end, we applied
Li’s algorithm to a wide variety of values (u1, u2) for the beta, exponential, geometric
and Gaussian with free variance. In all these cases, after at most m = 15 iterations, we
found that sup, en Ep,, ., [Pu1,us (X15 X2)/q(m) (X1, X2)] was bounded by 1.005: Li’s
algorithm convergences quite fast; see Appendix [£.E] for a graphical depiction of the
convergence and design choices in the simulation.

(note that, since we have proved that Sgripr = Seseupo for Bernoulli, Poisson and
Gaussian with free mean, there is no need to approximate Sgipg for those families).
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4.5.2 Approximating the RIPr via Brute Force

While Li’s algorithm converges quite fast, it is still highly suboptimal at iteration
m = 2, due to its being greedy. This motivated us to investigate how ‘close’ we
can get to an e-variable by using a mixture of just two components. Thus, we set
pa(z®) == apyu) (@) + (1 — @)ppu,) (2¥) and, for various choices of p = (u1, p2),
considered

pu(XF)

Sappr A (XF) (4.5.1)
as an approximate e-variable, for the specific values of a € [0,1] and g1, 02 that
minimize

5;134 EPWO) [SAPPR]'

(in practice, we maximize po over a discretization of M with 1000 equally spaced grid
points and minimize «, o1, to2 over a grid with 100 equally sized grid points, with left-
and right- end points of the grids over M determined by trial and error).

The simulation results, for k& = 2 and particular values of 1, us and the exponential
families for which approximation makes sense (i.e. Sripr 7 Spseupo) are presented in
Table We tried, and obtained similar results, for many more parameter values;
one more parameter pair for each family is given in Table [£-3]in Appendix [{.E] The
term sup,, e B Plug) [Sappr] is remarkably close to 1 for all of these families. Corollary
2 of Griinwald et al. [42] implies that if the supremum is exactly 1, i.e. Syppr is an
e-variable, then S,ppr must also be the GRO e-variable relative to P,,. This leads us
to speculate that perhaps all the exceedance beyond 1 is due to discretization and
numerical error, and the following might (or might not — we found no way of either
proving or disproving the claim) be the case:

Conjecture For k = 2, the RIPr, i.e. the distribution achieving

i D(P,
QGCQNI&I’;I-LIO(M)) (MlaMQHQ)

can be written as a mixture of just two elements of Ho(M).

4.6 Conclusion and Future Work

In this paper, we introduced and analysed four types of e-variables for testing whether
k groups of data are distributed according to the same element of an exponential family.
These four e-variables include: the GRO e-variable (Sgipg), a conditional e-variable
(Sconp), & mixture e-variable (Syx), and a pseudo-e-variable (Spspupo). We compared
the growth rate of the e-variables under a simple alternative where each of the k
groups has a different, but fixed, distribution in the same exponential family. We have
shown that for any two of the e-variables S, S’ € {Sripr, Scoxn, Smix, Seseuno }, we have
E[log S —log S"] = O(6%) if the ¢y distance between the parameters of this alternative
distribution and the parameter space of the null is given by §. This shows that when
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Distributions (g, p2) a (11, fo2) sup Exy, Xon Py g [Sarer]
Ho €
beta (0.5,0.25) 0.22 (0.24, 0.81) 1.0052
Exponential (0.5,0.25) 0.56 (0.35, 0.51) 1.0000

Gaussian with free variance

and fixed mean (0.5,0.25) 0.37 (0.5, 0.5) 1.0000
Exponential (2, %) 0.51 (0.62, 0.31) 1.0047
geometric (2.5) 047 (1.84,2.97) 1.0008

Gaussian with free variance 0 5
and fixed mean (2,2) 008 (3.64,2.73) 1.0002

Table 4.2: For given values of u = (u1,p2), we show «,po1 and poe for the
corresponding two-component mixture appg, (X1)Puo: (X2) + (1 — @)Pugs (X1)Puys (X2) arrived
at by brute-force minimization of the KL divergence as in Section [£.5.2] and we show how
close the corresponding likelihood ratio Siper is to being an e-variable

the effect size is small, all the e-variables behave surprisingly similar. For more general
effect sizes, we know that Siipr has the highest growth rate by definition. Calculating
Sripr involves computing the reverse information projection of the alternative on the
null, which is generally a hard problem. However, we proved that there are exponential
families for which one of the following holds Spsgupo = SriPr, Scono = SRIPr O
Swuix = Sripr, Which considerably simplifies the problem. If one is interested in testing
an exponential family for which is not the case, there are algorithms to estimate the
reverse information projection. We have numerically verified that approximations of
the reverse information projection also lead to approximations of Sripgr. However,
the use of Sconp Or Syix might still be preferred over Sripg due to the computational
advantage. Our simulations show that depends on the specific exponential family which
of them is preferable over the other, and that sometimes there is even no clear order.
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Appendix 4.A Application in Practice: k£ Separate
I.I.D. Data Streams

In the simplest practical applications, we observe one block at a time, i.e. at time n,
we have observed X(yy,..., X(y), where each X ;) = (X 1,...,X; ) is a block, i.e. a
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vector with one outcome for each of the k groups. This is a rather restrictive setup, but
we can easily extend it to blocks of data in which each group has a different number
of outcomes. For example, if data comes in blocks with m; outcomes in group j, for
j =1... k, X(z) = (XZ'$171, e 7Xi’1’m1,Xi’2’17 e 7Xi,2,m27 e 7Xi,k,17 e 7Xi,k,mk,)7 we
can re-organize this having &’ = Z?Zl m; groups, having 1 outcome in each group,
and having an alternative in which the first m; entries of the outcome vector share
the same mean p) = ... = p;,, = p1; the next my entries share the same mean
Moy o1 = -+ = Moy 4m, = M2, and so on.

Even more generally though, we will be confronted with k separate i.i.d streams
and data in each stream may arrive at a different rate. We can still handle this case by
pre-determining a multiplicity mq, ..., my for each stream. As data comes in, we fill
virtual ‘blocks’ with m; outcomes for group j, j =1...k. Once a (number of) virtual
block(s) has been filled entirely, the analysis can be performed as usual, restricted
to the filled blocks. That is, if for some integer B we have observed Bm; outcomes
in stream j, for all j = 1...k, but for some j, we have not yet observed (B + 1)m;
outcomes, and we decide to stop the analysis and calculate the evidence against the
null, then we output the product of e-variables for the first B blocks and ignore any
additional data for the time being. Importantly, if we find out, while analyzing the
streams, that some streams are providing data at a much faster rate than others,
we may adapt myq, ..., m, dynamically: whenever a virtual block has been finished,
we may decide on alternative multiplicities for the next block; see [88] for a detailed
description for the case that k = 2.

Appendix 4.B Proofs for Section 4.2

In the proofs we freely use, without specific mention, basic facts about derivatives of
(log-) densities of exponential families. These can all be found in, for example, [13].

4.B.1 Proof of Proposition

Proof. Since Sripr was already shown to be an E-variable in Lemma 7] the ‘if” part of
the statement holds. The ‘only-if’ part follows directly from Corollary 2 to Theorem 1
in [42], which states that there can be at most one E-variable of the form p,, (X*)/r(X*)
where 7 is a probability density for X*. O
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4.B.2 Proof of Proposition

Proof. Define g(uo) := Ep,, , [Sesuuvo] and B(p;) := A (M) + Apo) — AMpg))-

“ l ] -l 5

zlp% Xi)

exp (A(pa)y — A (A1)
MOZ/ A uo)))' \ d

0 Ny — A ()
() + A3i) = M(15)) = A (Awo) = A (o) + A (A1) dp(y)
exp (4 (A1) = A (A1) — 4 (Apo))) exp (Bl1w)

[ exp (A0 + A) = N5)) y ~ Bl do)

= H exp (A (M) — A (Mui)) — A (Mpo))) exp (B(ps)) - 1

k k
=exp <kA Am5) = D> AN ) = kA (o)) + > B(m)) : (4B.1)
i=1 i=1
Taking first and second derivatives with respect to pg, we find
d d (<
— - — B(p;) — kA (A 4.B.2
T 0(bo) = glm) - - (2_: (i) — RA( <u0>>> (4B

and

d2 d d (&
duzg(uo) <duog(“°)> T <; B(pi) — kA (A(uo))>
2 k:
o) o (Z B() - kA (/\(uo)))
Ho \;

k 2

=g (o) (Z(Ni + po — o) — k/m) (4.B.3)
(ZVAR Ptz |X] = kVARE, [X])

_g MO (ZVAR Pitno— 2% ] - kVARPuo [X]> = Q(MO) : f(MO)'
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where the second equality holds by ([£.B.2), (d/dA(1)) A(A(1)) = Ep,[X] and (d?/dA(1)*) A(N(1))

VARp, [X]. is continuous with respect to ug. Therefore, if f(ug) > 0 holds,
it means that there exists an interval M* C M with u§ in the interior of M* on
which is strictly convex. Then there must exist a point uj € M* satisfying
IEP(%) [Spseuno) > Ep%) [Spseuno] = 1, i.e. Spspupo 18 not an E-variable. Conversely,

f(1$) < 0 means that there exists an interval M* C M with pf in the interior of M*, on
which (4.B.1]) is strictly concave. The result follows. O

4.B.3 Proof of Theorem |§|

To prepare for the proof of Theorem |§|, let us first recall Young’s inequality [99]:

Lemma 8. [Young’s inequality] Let p, g be positive real numbers satisfying %—l—% =1.

. . r q
Then if a,b are nonnegative real numbers, ab < & + 2.
b ) P q

The proof of Theorem |§| follows exactly the same argument as the one used by [88§]
to prove this statement in the special case that M is the Bernoulli model.

Proof. We first show that Sy;x as defined in the theorem statement is an E-variable.

k
For this, we set pj(X) = £ > pp,(X). We have:
=1

Pus (X1) P, (Xk)
B i) =Brier, [ B [ ] B
We also have
1 Puy (X1) 1 P (Xk)
“Ex. . Rty oot “Ex THEATR]
R [paxn]* TR [pmxk)
1 X X
=-Exp,, %17()+-~-+?k7() —1. (4.B.5)
%;me{) %;pm(X)

We need to show that (4.B.4) < 1, for which we can use (4.B.5). Stated more simply, it
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k k
is sufficient to prove [] r; < 1 with % i<l € R*. But this is easily established:
i=1 i=1

k—1
k k—1 k—1 3
1 E Ty = k-1 : 721:1 i + Tk > 7Zi:1 i Tk%
k = k k—1 k k—1

> <T1 s TQ) ‘ f[ f[ 2 (4.B.6)

. . 3 . . . 1 e k-_l
where the first inequality holds because of Young’s inequality, by setting 5=
1

k-1
z,aP = %, b1 :=ry in Lemma The other inequalities are established in the

Q|-

e

E oy k
same way. It follows that [] rF <1 and further [Irm <1

i=1 i=1

This shows that Syx is a e-variable. It remains to show that Syux is indeed the GRO
e-variable relative to Ho(IID); once we have shown this, it follows by Lemma 2 that it
is the unique such e-variable and therefore by Lemma 1 that Fj achieves the minimum
in Lemma 1. Since we already know that Sy is an e-variable, the fact that it is the
GRO e-variable relative to Ho(11D) follows immediately from Corollary 2 of Theorem 1
in [42], which states that there can be at most one e-variable of form p,, (X*)/r(X*)
where r is a probability density. Since Syux is such an e-variable, Lemma 1 gives that
it must be the GRO e-variable. O

4.B.4 Proof of Proposition

Proof. The observed values of Xl,Xg, .. Xk are denoted as ¥ ( =x1,...,x). With
Xp(zF=1 2) = 2 — Zkfll x; and C(z) as in and py;[z) (z) and p(z"1) as in
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(4.3.3), we get:

.Tk
Pu (xk_1|Z = Z) = pzjz[i] (2)

exp (3 s — AN )

i=1

/klec< o r <k§ (Mpa)ys — A R)) + Mp) Xy, 2)) = A(Muk)))) dp(y*1)

i=1

Appendix 4.C Proofs for Section 4.3

4.C.1 Proof of Theorem

Proof. We prove the theorem using an elaborate Taylor expansion of F'(9), defined
below, around § = 0. We first calculate the first four derivatives of F(§). Thus we

k
define and derive, with p; = po + ;0 and f,(6) = > p,, (y) defined as in the theorem
i=1
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statement,

F(9) ::EP<“,0>+Q5 [log Spseupo — 1og Shux]

k k
1
=Ep, |log]] (k ZPM&')) — log Py (X*)
j=1 i=1

=Ep, Zlogfx z:logpu0 (X;)| —klogk

k
S Exen,, [log fx(8) —logp,, (X)) — klogk
j=1
Fi(6) Fa(9)

® /eX fy(0)log fy(0)dp(y) + (— /eX Jy(6)logpy, (y)dp(y)) —klogk, (4.C.1)

where we define F;(d) to be equal to the leftmost term in (4.C.1) and F»(d) to be equal
to the second, and (a) and (b) both hold provided that

forall j € {1,...,k}: Ex,~p,, (| log fx,; (6) = log pu, (X;) |] < o0 (4.C.2)

is finite. In the online supplementary material we verify that this condition, as well
as a plethora of related finiteness-of-expectation-of-absolute-value conditions hold for
all ¢ sufficiently close to 0. Together these not just imply (a) and (b), but also (c)
that we can freely exchange integration over y and differentiation over § for all such
0 when computing the first k& derivatives of F;(d) and F»(d), for any finite k£ and (d)
that all these derivatives are finite for ¢ in a compact interval including 0 (since the
details are straightforward but quite tedious and long-winded we deferred these to the
supplementary material). Thus, using (c), we will freely differentiate under the integral
sign in the remainder of the proof below, and using (d), we will be able to conclude
that the final result is finite.

For each derivative, we first compute the derivative of F;(J) and then that of F»(d).

6) = [ £i0)dptw) + [ 1360108 £,5)dp(w) =

F5(9) :*/f{,@) log pus (y)dp(y) = 0, so F'(0) = F{(0) + F5(0) =0,  (4.C.3)
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4.C. Proofs for Section

where the above formulas hold since f.(0) = 0 for all € X, which can be obtained by

del‘ﬂ d/’[/J )

Jj=1 A

APy () o dpy 1y ()
'(0) =—£2 —2(0) = =£o a; =0, 4.C.4
2(0) o ; 5() o ;; ( )

where we used that all ;; are equal to pp at § = 0. We turn to the second derivatives:

(s 2
F/(5) = / F7(0)dp(y) + / (f;’@ log £,(5) + (J;gy(( 5))) ) do(y)

/ 5 2
-/ (f{/(5) s ,06) + L0 )dp@)

Ho=[ (f;'m) s ,00) + ) ) dplw):

= / f/(0)1og pu, (y)dp(y) + (f1/(0)log k) dp(y) (4.C.5)

yeXx

_ / (£7/(0) log py, (1)) dp(y),

where [ f;/(0)dp(y) = 0 because [ f,(6)dp(y) = k, in which k is a constant that does
not depend on §. Then FY(4) is given by

F(0) = — / [y (8)log pu, (y)dp(y) 5 F5'(0) = — / £,/ (0)log pu, (y)dp(y), so
F"(0) =F/'(0) + FJ(0) = 0. (4.C.6)
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Chapter 4. E-values for k-Sample Tests With Exponential Families

Now we compute the third derivative of F(J), denoted as F®)(§).

SYF (S " § 5 3
ﬂm)/@%)%m+%%w+%U&ﬁ$((»%M)

FP(0) = [ 19(0)10g £,0)dp)
= [ 50008, )dp(w) + [ 1(0)log kdp(y) (1.C.7)
= / £9(0) log pp, (y)dp(y)
F¥(5) =—/f(3) (9) log puq (y)dp(y)
0 = [ 19001081, (5)dp(w). s0 FO(0) = FIP(0) + K (0) =0,
which holds since f/(0) = 0 and [ £,(0)dp(y) = k.

The fourth derivative of F'(d) can be computed as follows:
(3) ’
(4) sy _ 4 y (6)fy(6)
F14 (6) —/ (fgs )(5) log f,,(0) + fy(‘”) dp(y)
(1520 £306) + (£/(6)2) £4(8) = £1(0) (£5(9))”
s 2
(f4(9))

- / 3 (£,(0)£1(8)” - £11(6) = 2 (£9)" - £,(6)
(£,(6))*

@) gy 3(f1(0))°
Hoo= [ <f§4)(0)10gfy(0)+ 1) ot

dp(y) ; (4.C.8)

2
3 (£7(0
/ £59(0)log pu, (y)dp(y) + log k F9(0)dp(y) + / — o
yeX yeX

/f 0) log pu, (y)dp(y )+/€X 3(?;(((;))))61/)(1/),
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4.C. Proofs for Section

and F2(4)(5) can be computed by

FY(6) = - / £ (8)log py (v)dp(y), ESV(0) = - / F59(0)log pyo (1)dp(y). s0

P00 =k o)+ 100 = [T 0 -0

Based on the above derivatives, we can now do a fourth-order Taylor expansion of F(§)
around 0 = 0, which gives:

1
]EPM [log SPSEUDO - log SMI)(] :EF(LL) (0)(54 + 0(54)

L)t

S/yEX F ) 40 (5Y).
k k 2

where f,(0) = > Puo(y) = kpu,(y) and f{;’(O) = (;C@) : ddTﬁpﬂ(y) |lp=po=

2
ﬁp# ¥) lp=po- O

4.C.2 Proof of Theorem

Proof. We obtain the result using an even more involved Taylor expansion than in
the previous theorem. As in that theorem, we will freely differentiate (with respect
to ¢) under the integral sign — that this is allowed is again verified in the online
supplementary material.

Let p, o, C(2), p(z*~1), P, etc. be as in the theorem statement. We have:

f((S) = IEPM [log Spseupo — log SCOND]
Xk Xk—l 7
=Ep, |log Pu ( ])C — log Pu ( k71| )
Pluoy (XF) Pluoy (XF71] 2)

k k kY do(zk—1
log Pu (X ) _log Pu (X ) +1log fC(z)pH (‘T ) G

Plugy (XF) Plugy (XF) IC(z)p(uo> (k) dp(x*~1)

=D (Pluoytas 21| Puo):12]) -

:]EPI-L

We will prove the result by doing a Taylor expansion for f(J) around 6 = 0. It is obvious
that f(0) =0 and the first derivative f/(0) = 0 since f(0) is the minimum of f(¢) over
an open set, and f(9) is differentiable. We proceed to compute the second derivative
of f(§), using the notation g.(8) = p(.y)+as;z)(#) as in the theorem statement, with
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Chapter 4. E-values for k-Sample Tests With Exponential Families

g. and g7 denoting first and second derivatives.

/ / z 6 / / z 6

£0) = [ a-@1ox =S doin(e) + [ a2(0ania(e) = [ o1(0)108 G oz (o)
" 1 z 6 ; 6 2

f(9) Z/gz(5) log Sg]ZEO;d/)[Z](Z)ﬂL/(ggz((;)) dpz)(2),

where in the first line, the second equality follows since the second term does not change
if we interchanging differentiation and integration and the fact that [ g.(0)dz =1 is
constant in 6. We obtain

17(0) :/(ggzz((oo)))dp[z](z), (4.C.9)

and, with zj, set to Xy (2"~1, 2) and recalling that u = (uo) + @ and p; = po + 0,

d -
020 = [ Lepuyas(e)dp(at )
C(z) do

k

_ "y dp#j (x]) 2kl
—/C(Z)Z T pee) e dpar)

J=Lie Lk

k

dpy, () du, ,

:/ Zp,uh--wﬂj—l,M+1,~-7Hk (xlv R S ER Y B I Ik)%di(;dp(xk 1)
C(z) j,l Hj

o dl
/ ZPM ngu? (xj)ajdp(xk_l)
C(z ,u]

/c . Zpu — 11 (y)) asdp(a* 1)

where I(p;) is the Fisher information. The final equality follows because, with
A(u;) the canonical parameter corresponding to p;, we have dA(y;)/dp; = I(k;)
and dA(B)/dB) |s=x(u,)= 1; see e.g. [35, Chapter 18]. Now

k
- /c( pr () (I(po); — ol (o)) ydp(a™ ™)

k
:/C( | Doy (2 Zaz]ajdp (4.C.10)
z j=1

—I(po) - /C .

zjadp(x (4.C.11)

IIMw
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4.C. Proofs for Section

k
where the second equality follows from Y a; = 0. Because X* i.i.d. ~ P,, under Py,
j=1
and the integral in (4.C.10) is over a set of exchangeable sequences, (For understanding
the statement, we can consider the simple case k = 2, X; and X5 can be exchangeable
because they are ‘symmetric’ for given C(z).) we must have that (4.C.10) remains
valid if we re-order the a;’s in round-robin fashion, i.e. for all 7 = 1..k, we have, with

Qji = Q(j4+i—1) mod k>
k
92(0) = I(po) - /C( )pw(,)(xk) Z:z:jozj,idp(xkfl).

k
Summing these k equations we get, using that Y «; = 0, that kg, (0) = 0 so that
i=1
9.(0) = 0. From (4.C.9) we now see that
71(0) =0,

Now we compute the third derivative of f(8), denoted as f©)(§):

00s)— [ (o100 0 , 90)0L(0)
196 = [ (5907105 20 1+ DL 5

9:(0 g-
§)g. (8 Ik
+/( 92 (0)g. ((Z(((S)) (92(9)) >dpm(z)

So since ¢ (0) = 0 we must also have

F9(0) =0

The fourth derivative of f(d) is now computed as follows:

(3) Lt
f(4)(5):/ <gg4)(5)10g gz(é) +gz (6) gz<5)>dp[z](z)

9:(0) 9-(0)
(95766 - 9106) + (92(8))?) 9-(8) — 9(8) - (4£(6))*
+ /3 : 0-0)° dp(z)(2)-

Then

7 2
F9(0) = / ?’(;’:(((()))))dp[z](z) >0

We now have all ingredients for a fourth-order Taylor expansion of f(4) around § = 0,
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Chapter 4. E-values for k-Sample Tests With Exponential Families

which gives:

1 (0))?
]EPH [log Seseuno — 10g SCOND] = 3 / (%;((O)))dp[z] (2) - ' +o (54)

which is what we had to prove. O

Appendix 4.D Proofs for Section 4.4

In this section, we prove all the statements in Table

4.D.1 Bernoulli Family

We prove that for M equal to the Bernoulli family, we have Spsguno = SrRiPr = Saix >

SG()ND .

Proof. We set pu§ =+ > pi.

= = SPSEUDO (4'D'2)

where the third equality holds since X; € {0,1}. So Spspupo is an E-variable and
Spseupo = Sripr according to Theorem Then the claim follows using
together with the fact that when Z =0 or Z = 2, we have Scoxp = 1, while this is not
true for the other e-variables, so that Scoxp # SriPr = Spsrupo = Swix- Lhe result then

follows from (4.3.1)). O

4.D.2 Poisson and Gaussian Family With Free Mean and Fixed
Variance

We prove that for M equal to the family of Gaussian distributions with free mean and
fixed variance 2, we have Spseuno = SrRiPr = Sconn > Swix. The proof that the same
holds for M equal to the family of Poisson distributions is omitted, as it is completely
analogous.
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4.D. Proofs for Section

Proof. Note that if we let Z := ’?:1 X;, then we have that Z ~ N(Ele wi, ko?) if
X* ~ P,. Let ug be given by (4.2.3)) relative to fixed alternative P, as in the definition
of Spseupo underneath . Since kugy = Zle i, we have that Z has the same
distribution for X* ~ Py sy This can be used to write

pu (X* | 2) pu (X*) Py (2) _ Pu (X*)

Seonn = _ _ . |
COND Pug) (X’C | Z) Dug) (Xk) p“(Z) Pz (Xk) PSEUDO

Therefore, Spspupo is also an e-variable, so we derive that Spspupo = Sripr by Theorem
Furthermore, we have that the denominator of Sy;x is given by a different distribution
than D(uz)> SO that Syix # Sripr = Spseupo = Sconp- The result then follows from
(14.3.1).

O

4.D.3 The Families for Which Spseudo Is Not an E-variable

Here, we prove that Spspupo is not an e-variable for M equal to the family of beta
distributions with free 5 and fixed cv. It then follows from that Spszupo = SRIPk-
also gives Sgripr = Swix and Sripr = Sconp. The same is true for M equal to
the family of geometric distributions and the family of Gaussian distributions with
free variance and fixed mean, as the proof that Spgupo is not an e-variable is entirely
analogous to the proof for the beta distributions given below. In all of these cases, one
easily shows by simulation that in general, Sgipr 7# Swuix and Sripr # Sconp, SO then

SRIPR = Symx and SRIPR b SCOND follow.

Proof. First, let Qo g represent a beta distribution in its standard parameterization,
so that its density is given by

F(O{ + /6) ua—l

Gop(u) = T(a)T(3) (1-w’',  a,B>0uel01]

To simplify the proof, we assume « = 1 here. Then

1+ 8) _ 1 1
q1,5(u) NG (1—w) T, &P Blog(l —u) —log 3
where the first equality holds since I'(1 4+ ) = ST'(8). Comparing this to (4.1.1]), we
see that /3 is the canonical parameter corresponding to the family {Q1,5 : 8 > 0}, and
we have

M) =B, tu) =log(1 — u), A(ﬁ)=log%-

To prove the statement, according to Proposition we just need to show, for any
11, ..., p that are not all equal to each other, that, with X = ¢(U) = log(1 — U) and
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k
w =+ Z ; defined as in (4.2.3), we have

ZVARP — kVARp, [X] > 0. (4.D.3)

Straightforward calculation gives

d? 1 1. : 1
VARp, [X] = VARq, , [X] = 727, (log B—) =5 in particular VARP, . [X] = B
4 4 4
(4.D.4)
where f3; corresponds to fi;, i.e. Eqg, , [(X)] = pi. We also have:
e 1
Epgg [(X)] = :u'Ek) = P Zﬂi = % ZEP,Hi [(X)] . (4D5)
i=1 i=1

k
; — d 1y _ 1 1 _ 1 1
While Epﬁ [(X)] = 17 (1og ;) = —7;, therefore = E > We obtain, together

B
with (4.D.4) and (4.D.5| , that
k By LA 2
> varp, [(X)] - kVARp,. [(X)] = > BE k (k > ﬁ) : (4.D.6)
i=1 i=1 7" i=1""

Jensen’s inequality now gives that (4.D.6]) is strictly positive, whenever at least one of
the p; is not equal to pf, which is what we had to show. O

Appendix 4.E Graphical Depiction of RIPr-Approximation
and Convergence of Li’s Algorithm

0.004 —
N _n Eﬁl‘igi 2 1.0100
— Pu; (2= =
E 0.003 — pw; (the RIProf Py, ,,) % 1.0075
5 )
9] <
= 0.002 s 1.0050
© Q.
> w
o 0.001 é £1.0025
0.000_, ) - - - i 1.0000
0.0 0.5 1.0 1.5 2.0 2.5 0 20 40 60 80 100
X n

Figure 4.2: Exponential distribution. On the right, n represents number of iterations with
Li’s algorithm, starting at iteration 2
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0.041 — Pu (H1=1/6) —_
a) — Py, (12=1/10) g
& 0.034 — Pw; (the RIProfPy,,) | & 1.04
Y )
g £
30.021 3
S W 1.02
- En_l

0.001 1.00

00 02 04 06 08 10 0 20 40 60 80 100

X n

Figure 4.3: beta with free 8 and fixed . On the right, n represents number of iterations
with Li’s algorithm, starting at iteration 2

0.5q ¢ @ py (U1 =5) —

o Py, (2 =2) g 1.03
e pu; (the RIPFOf Py, ) | 8
%)

¢ 1.024
&
w

x <1.01
0 38 0. *

0.0 "0-..!‘.fj.'-l;tt..t:.so:ooo'oo-&ooa 1.00+, . . y y .
6 5 10 15 20 25 0 20 40 60 80 100
X n

Figure 4.4: geometric distribution. On the right, n represents number of iterations with
Li’s algorithm, starting at iteration 3

We illustrate RIPr-approximation and convergence of Li’s algorithm with four
distributions: exponential, beta with free 5 and fixed «, geometric and Gaussian with
free variance and fixed mean, each with one particular (randomly chosen) setting
of the parameters. The pictures on the left in Figure .2} give the probability
density functions (for geometric distributions, discrete probability mass functions)
after n = 100 iterations of Li’s algorithm. The pictures on the right illustrate the
speed of convergence of Li’s algorithm. The pictures on the right do not show the
first (or the first two, for geometric and Gaussian with free variance) iteration(s),
since the worst-case expectation sup,, cy[Sripr] is invariably incomparably larger in
these initial steps. We empirically find that Li’s algorithm converges quite fast for
computing the true Sgipr. In each step of Li’s algorithm, we searched for the best
mixture weight a in P,y over a uniformly spaced grid of 100 points in [0, 1], and for
the novel component P’ = P,/ ,» by searching for x in a grid of 100 equally spaced
points inside the parameter space M where the left- and right- endpoints of the grid
were determined by trial and error. While with this ad-hoc discretization strategy we
obviously cannot guarantee any formal approximation results, in practice it invariably

worked well: in all cases, we found that ng([ ]Ep“0 o [Sripr] < 1.005 after 15 iterations.
Mo !
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o
o
o

SR
é — p::; (the RIPr of Py, 1) %

45 0.041 W 1.04
v s
3 <
Q.

£ 0.021 w02
] X g
< ®© 3
=} En.l

0.001 1.00

-20 -10 0 10 20 0 20 40 60 80 100
X n

Figure 4.5: Gaussian with free variance and fixed mean. On the right, n represents number
of iterations with Li’s algorithm, starting at iteration 3

Distributions (p1, p2) (fo15 pio2) — sup Ex, x,~p,, 0 [5]
o €M
beta (3,%) 057 (0.12,0.16) 1.00071
geometric (5,2) 0.39 (2.52,4.21) 1.00035
Exponential (3,5) 053 (0.13,0.51) 1.00083
Gaussian with free variance
o ed e (2,6) 041 (5.82,3.36) 1.00035

Table 4.3: Analogue of Table for pi,pe corresponding to the parameters used in

Figures

For comparison, we show the best approximation that can be obtained by brute-force
combining of just two components, for the same parameter values, in Table [4.3]

Supplementary Material
In this supplement we verify that all conditions are met for the implicit use of Fubini’s

theorem and differentiation under the integral sign in the proofs of Theorem 2 and 3,
and that all derivatives of interest are bounded.

Theorem 2

In the paper, notation is as follows:

tj = o + 0y
A(p;) = nat. param. A corresponding to mean p = p;

pu(y) = M y—AMA(w))

k
fy(6) = me (y)-
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Algorithm

As this will simplify the notation for the derivatives, we write g,(\) = e =4 g0
that

Zgy N7 ) and Puo (y) = gy()‘(ﬂo))~ (4.E.1)

To stress dependence on 4, we write u;(d) instead of p; in the following.
Step 1 We first establish the finiteness condition (4.C.2)). We note that

logzgy(A(w@))) < log(max g, (A1 (9)))k)

= maxlog(g, (A(1(9)))) + logk
< maxlog(max{gy (A(1;(9))), 1}) +log k

< Z log(max{g, (A(11;(9))), 1}) + log k
< Z [A(125(0))y — log A(A(1(6)))] + log k.

and

k
Z )+ log k

??'M—‘

k
1og > gy (A (
j=1

=

%Zloggywmm +logh

E

=2 3 A Oy = A 0) + g

Putting these together, we see that

|log fy ()] <
maX{ZI/\(w@))y—A(/\( 3(0)))] +logk,

< Z [A(13(6))y — A(A(;(6)))| + log K, (4.E.2)

A(A(1(9)))) + log k

T =
M?r

and, more trivially,

|1og g, (A(10))] < [A(po)y — A(A(po)] - (4.E.3)
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We know that A(p;(6)) and A(A(u;(0))) are smooth, hence finite functions for 1, (4)
in the interior of the mean-value parameter space M (see [I3, Chapter 9, Theorem 9.1
and Eq. (2)]). Since M is open and for all j = 1.k, p;(0) = uo € M, it follows that
|log f(y)(6) — log gy (A(o))| can be written as a smooth, in particular finite function
of |y| for all § in a compact subset of R with 0 in its interior. Since |y| < 1+ y? has
finite expectation under all P, with p € M, finiteness of follows by .

Step 2 We now proceed to establish that we can differentiate with respect to ¢ for §
in a compact subset of R with 0 in its interior. The proof will make use of (4.E.2) and
(4.E.3)). We denote derivatives of functions f, and g, as

S ds S ds
gy(\) = @gy()\) and /() = @fy(f;)
We will argue that, for any s € N, the family {dd—(;fy((S) log fy(6) — fy(0) log gy (A(po)) :
d € A} is uniformly integrable for any compact A C R, so that we are allowed to

interchange differentiation and integration [see e.g. 98 Chapter A16].

Using standard results for exponential families, we have, for A in the interior of the
canonical parameter space,

g N = (y — (X)) gy (V)
g2 V) = =I(Ngy(N) + (y — (X)) g, (M),

where p(\) denotes the mean-value parameter corresponding to A and I(\) the
corresponding Fisher information.

Continuing this using the fact that (d*/dA*)A(X) is continuous for all s, gives

S

95T () = gy(A) -y s (N) with By s(A) = >~ hyy (A (y = p(N)* (4.E.4)
t=1
for some smooth functions hy; 4, hj2 4], - - -5 his,s) Of A (we do not need to know precise

definitions of these functions). Similarly

F (8 Zgy Ay 8)) - (M((9)))

where A(p;(0)) = d%)\(uj(d)). We know that X (i;(d)) and further derivatives are
smooth functions for 1;(d) in the interior of the mean-value parameter space M (see [13}
Chapter 9, Theorem 9.1 and Eq. (2)]). Since this space is open and for all j = 1..k,
1i(0) = po €M, it follows that A'(u,(0)) are smooth functions of § for § in a compact
subset of R with 0 in its interior. Thus, analogously to what we did above with g(*),
we get that

f(s Z Z gyt) Tt,s(lij) (4E5)
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Algorithm

for some smooth functions r; s, the details of which we do not need to know. In
particular this gives, with

b = 109

that

)| < 25 9y A5 (0)) - (s Myt (A (9)) - 75 (113 (8))1)
- 22 9y (A5 (9)))

<X Z [yt (A5 (9)) 0,5 (11 (0))]-

Inspecting the proof in the main text, we informally note that all terms without
logarithms in the first four derivatives of Fy(d) and F;(J) can be written as products
£,8) 65 (8) - b7 (6) for the b we just bounded in terms of polynomials in |y;
similarly, the terms involving logarithms can be bounded in terms of such polynomials

as well using (4.E.2)) and (4.E.3)), suggesting that all terms inside all integrals can be
such bounded. This is indeed the case: formalizing the reasoning, we see that

s 2
/((isgfy((s) log £, (6) —fy((S)loggy()\(uO))) dp(y) =
2
/ (fﬁ(logfy(é)loggyu D+ 03w b0 ~b§fu><5>> doly)

= /(f;s)(log fy(8) —log gy (A(1o)))) )2+ ( ZC . b(sl) e bgf“(é))
+ £,(8) f5 (log £,(8) — log g, (A Zc b“l ) oo by (8)dp(y).

By (4.E.2) and (4.E.3) and the bound on |bz(f)| given above, all the terms within the

integral can be bounded by polynomials in y (or |y|), so the integral is given by linear
functions of moments of p and P,. Therefore, using also that p is itself a probability
measure and a member of the exponential family under consideration (equal to P,
with A(p) = 0), the integral can be uniformly bounded over § in a compact subset
of the mean-value parameter space. It follows that the family {% fy(9)log fy(0) —
fy(0)log gy(A(p0)) : 0 € A} is uniformly integrable [see e.g. 98, Chapter 13.3], so
integration and differentiation may be interchanged freely [see e.g.[08, Chapter A16].
It also follows that the quantity on the right-hand side in the theorem statement is
bounded.

Theorem 3

As in the proof of Theorem 3, let f(J) = Ep, [log % — log %]
HO HO
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To validate the proof in the main text we merely need to show that f(d) is finite,
and that we can interchange differentiation and expectation with respect to § in a
compact interval containing § = 0. Thus, we want to show that, for any s € N, we

have that
as & pu(xh) pu(X* | 2) )}
) =L lo Lad —lo Lol .
a5 [d65< B oy (X 18 5 X[ 2)

To show this, first note that both Ep, [log m(i)(()?“)} and Ep, [bg % | Z] are

KL divergences between members of exponential families (the fact that conditioning on
a sum of sufficient statistics results in a new, derived full exponential family is shown
by, for example, [19]), which are finite as long as ¢ is in a sufficiently small interval
containig 0 in its interior (since then p is in the interior of the mean-value parameter
space). This already shows that f(¢) is finite, and it also allows us to rewrite

) L (X5) pa(X* | 2)
1) = Er, {log p<uo><Xk>} ~Er. {log Dy (X ZJ |

Furthermore, [19, Theorem 2.2] in combination with Theorem 9.1. and Chapter 9,
Eq.2. of [I3] shows that for any full exponential family, for any finite ¥ > 0, the
k-th derivative of the KL divergence with respect to its first argument, given in the
mean-value parameterization, exists, is finite, and can be obtained by differentiating
under the integral sign, at any p in the interior of the mean-value parameter space.
We are therefore allowed to interchange expectation and differentiation for such terms
separately for all § in any compact interval containing 0. Thus, starting with the
previous display, we can write

ds ds pu(XP) } d* { pu(X¥ | Z) ]
§) = —Ep |log 222 ) | _ =" R, |log 2AZ 120
a5+ 1) = g5 [ gP(#o)(Xk) b gP(uo)(Xk | Z)

ds P (Xk) s P (Xk‘Z)
_Ep“ |: logﬂi _EP,,, lo e

dés p(uo)(Xk) dés p(ug}(Xk ‘ Z)

as pu(XF) s pu(X*) Pui(2)(Z)
:EPM|: log —"——~| —Ep, log —H# /4 log — 22| =

do® 7 Py (XF) dos 7 pug) (XF) Pluoyi2)(Z)

ds pu(X*) ] [ s pu(XF) ] [ds Puiz)(Z)

E log =2 | _E log —£ +E log —HZ12)_
P LMS ® Doy (XF) P (46578 pugy (XF) P 1465 pluoyiz1(2)

ds Pui(z)(Z) }
=FE log ——————|,
e [CMS Pz (Z)

where in the last line we use that all involved terms are finite. This is what we had to
show.
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4.5. Graphical Depiction of RIPr-Approximation and Convergence of Li’s
Algorithm
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