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Abstract Extensive studies on selecting recombination operators adaptively, namely, adaptive operator
selection (AOS), during the search process of an evolutionary algorithm (EA), have shown that AOS is promising
for improving EA’s performance. A variety of heuristic mechanisms for AOS have been proposed in recent
decades, which usually contain two main components: the feature extraction and the policy setting. The feature
extraction refers to as extracting relevant features from the information collected during the search process. The
policy setting means to set a strategy (or policy) on how to select an operator from a pool of operators based on
the extracted feature. Both components are designed by hand in existing studies, which may not be efficient for
adapting optimization problems. In this paper, a generalized framework is proposed for learning the components
of AOS for one of the main streams of EAs, namely, differential evolution (DE). In the framework, the feature
extraction is parameterized as a deep neural network (DNN), while a Dirichlet distribution is considered to be
the policy. A reinforcement learning method, named policy gradient, is used to train the DNN. As case studies,
the proposed framework is applied to two DEs including the classic DE and a recently-proposed DE, which
result in two new algorithms named PG-DE and PG-MPEDE, respectively. Experiments on the Congress of
Evolutionary Computation (CEC) 2018 test suite show that the proposed new algorithms perform significantly
better than their counterparts. Finally, we prove theoretically that the considered classic methods are the special

cases of the proposed framework.
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1 Introduction

Optimization for derivative-free objective functions is an important research avenue. Such optimization
can be seen in a variety of scenarios, such as hyper-parameter tuning of algorithms [17] and automatic
machine learning [51]. A variety of optimization algorithms have been proposed for derivative-free
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optimization. These algorithms can be roughly categorized as surrogate model-assisted algorithms [10,18]
or evolutionary algorithms. In this paper, we focus on evolutionary algorithms.

Evolutionary computation has been a promising paradigm for derivative-free optimization due to
its advantages such as inherit parallel computing, self-organization and without requiring gradient
information and explicit forms of the objective function. In the past several decades, many evolutionary
algorithms (EAs) [11] have been proposed, such as differential evolution (DE) [6, 26], evolutionary
strategies (ES) [14, 15], particle swarm optimization (PSO) [8], estimation of distribution algorithm
(EDA) [33] and others.

Adaptive EAs have become the mainstream research direction and attracted tremendous attentions
in recent years. The adaptation in EA can be roughly categorized as either controlling the algorithm’s
parameters or selecting adaptively the recombination operators during the search process. A variety of
adaptive EAs, such as adaptive DE (e.g., JADE [50]), adaptive ES [29], hybrid ES (e.g., HSES [44]),
adaptive PSO [43] and others have been proposed. It has been well recognized that adaptive DE can
deliver competitive rankings as seen in various CEC competitions?) among these methods.

In the two categories of adaptive EA, adaptive parameter control (APC) usually refers to the adaptive
generation of EA’s parameters (such as the scaling factor F' and the crossover rate CR in DE) at each
generation. Adaptive operator selection (AOS) means adaptively selecting one recombination operator
from a pool of candidate operators at each generation. This paper focuses on AOS for DE.

Existing AOS mechanisms mainly contain two components, which we name the feature extraction
and the policy setting. The feature extraction refers to as collecting relevant information during the
optimization process and extracting features from the information. The policy setting means to develop
a policy to determine the probability of selecting each operator based on the extracted feature. Taking
SaDE [28] as an example, we see that SaDE first calculates the so-called “success rate” which is the ratio
between the number of each operator used in previous generations and the number of each operator which
can improve the quality of solutions in previous generations. The probability of selecting one operator
is the ratio between the success rate of the operator and the summation of the success rates of all the
operators. In our opinion, the number of each operator used in previous generations and the number
of each operator, which can improve the quality of solutions in the previous several generations is the
relevant information collected during the optimization process. The calculation of the success rate is the
feature extraction process, while the calculation of selection probability is the policy being set.

To the best of our knowledge, existing AOS mechanisms are all designed by hand. In this paper, inspired
by the advancement of deep learning, we propose to use the so-called learning-to-optimize technology to
learn an AOS mechanism. The underlying idea is to secure knowledge (represented by the deep neural
network, DNN) from optimizing related problems and use the knowledge to design the optimal selection
mechanism. The contributions of this paper can be summarized as follows:

e A framework based on learning-to-optimize is proposed to adaptively select recombination operators.

e A Dirichlet-based policy gradient algorithm is proposed to train the network used in the framework.

e As case studies, the framework is applied to two classical DEs, namely, classic DE and MPEDE. Two
resultant algorithms, named PG-DE and PG-MPEDE, are established, respectively.

e We prove theoretically that the newly proposed algorithm (i.e., PG-DE and PG-MPEDE) is
asymptotically identical to the classical DE (i.e., SaDE and MPEDE).

e Experiments on the CEC 2018 test suite show that the developed algorithms perform significantly
better than their counterparts and PG-MPEDE performs the best among many developed EAs.

The rest of this paper is organized as follows. In Section 2, we review the studies on AOS and the
application of learning-to-optimize on solving optimization problems. In Section 3, we briefly introduce
some preliminaries. Section 4 presents the details of the application of the proposed framework to the
two developed DEs. Experiments on the CEC 2018 test suite are presented in Section 5. In Section 6,
we conclude the paper.

1) https://2024.ieeewcci.org/program/competitions
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2 Related work

Studies on adaptive operator selection can be divided into three categories. In the first category, at each
generation, an operator is selected from a pool of operators by a fixed policy. For example, in jDEn [42],
the selection of a mutation operator is determined by both the population size and a random variable.
Silva et al. [4] proposed a refined strategy for operator selection, in which with different proportions
of maximum generations, different strategies are applied. The methods in this category consider little
information from the optimization process.

In the second category, operators used in algorithms, such as CoDE and EPSDE, are selected by
trial and error. For example, CoDE [39] first generates three trial vectors by three mutation operators
respectively and the best vector survives. EPSDE [23] first assigns the mutation operators randomly to
each individual and compares the trial vectors generated by the mutation operators with their parents.
If the trial vector is better than its parents, the mutation operator that generates the trial vector will be
inherited; otherwise will be re-initialized. Methods in this category only consider the information from
the last two populations, but ignore previous information.

In the third category, operators are selected based on the information collected during the optimization
process. For example, SaDE [28] proposes to select an operator based on the success rate, which
characterizes how well each operator performs. cDE [36] selects an operator based on how well each
operator performs. MPEDE [40] selects from a pool of three DE mutation operators. It divides
the population into four sub-populations and the first three sub-populations are assigned to the three
operators, respectively. The last sub-population is assigned to the operator with the best performance in
the previous several generations. DE-AOPS [9] first sets a candidate pool of operators and then assesses
each operator with a few budgets. The success rate is used to select half of the best operators and
the operators will survive in the candidate pool. LSAOS-DE [30] also proposes a mechanism to select
operators based on the success rate. Different from the methods in this category, it not only considers
the success rate of each operator but also considers the landscape of the objective function.

The idea of learning-to-optimize was first proposed by Andrychowicz et al. [1]. Its core idea is to
extract knowledge from existing optimization experiences to aid the optimization of new problems. The
knowledge extraction is implemented by using an intelligent agent which is represented as a DNN. In [1],
a recurrent neural network named long short-term memory (LSTM) [16] is applied to decide the descent
direction of a commonly-used stochastic gradient descent (SGD) algorithm at each iteration. It is claimed
that the learned LSTM can result in a better performance than SGD and the adaptive moment (ADAM)
algorithm [19] on training DNNs. Some studies based on learning-to-optimize are proposed afterward.
For example, Li and Malik [20] applied a reinforcement learning algorithm to learn a DNN on deciding
the direction of SGD. Wang et al. [38] used LSTM to learn the hyper-parameters of ADAM. Chen et
al. [3] applied LSTM to learn the promising sampling point for a derivative-free optimization algorithm.

The learning-to-optimize technology has also been devoted to solving combinatorial optimization
problems (COPs). In [2,5], the solution to a COP is constructed sequentially based on the DNN from
scratch. At each constructive step, an element to be filled into the solution is decided by the output of a
trained DNN. The training of the DNN is done by reinforcement learning. Besides the DNN, the graph
convolutional network (GCN [7]) and the attention model [37] have also been used in the technology for
solving COPs, especially traveling salesman problem, such as [12,21,41]. Interested readers please refer
to [13,24] for more details on learning-to-optimize for COPs.

The learning-to-optimize technology has also been studied for modifying or generating parameters in
the area of EA. These studies can be roughly grouped into two categories based on parameter type (either
structural or numerical). In the first category, the DNN is used to control the structural parameters of
EAs. For example, in DQ-HSES proposed by Zhang et al. [45,47], Q-table and deep Q-network are
applied to control the switching time for HSES [44]. In the second category, agents are used to control
the numerical parameters of EAs. For example, Sun et al. [32] and Zhang et al. [46] proposed to use the
DNN to control the algorithmic parameters of DE. Liu et al. [22] used the DNN to learn the mutation
operator and the parameters for DE. Zhang et al. [48,49] proposed a hybrid parametric model of the
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mutation operator for DE, in which neural networks decide the parameters of the adaptive mutation
operators.

3 Preliminaries

The training of neural networks in existing learning-to-optimize literature for EAs is normally realized
by modeling the evolutionary search process of EA as a Markov decision process and is carried out by
reinforcement learning (RL) algorithms, such as Q-learning and policy gradient [34] and others.

RL aims to train an agent so that it can intelligently interact with the environment. In the game
of GO [31], an agent plays intelligently according to the environmental change caused by its rival.
The interaction of agent and environment can be modeled by MDP [27], which is denoted by a tuple
{8, A, R, m,p, 1o, T}, where S C RP1 represents the state space, A C RP2 represents the action space,
R C R is the reward, 7 is the policy, p is the transition probability, ug is the distribution of the initial
state, and T is the time horizon for MDP. Here, D; and D5 represent the dimensionality of the state and
the action space, respectively.

Figure 1 shows the flowchart of a T-step MDP. At time step ¢, the agent observes state s; and
implements action a; ~ w(a¢|s;, w), where w is the parameter of the policy. After the action, the
environments return the next state based on the transition probability s;y1 ~ p(sit1]$t,a:) and the
reward r¢11. A trajectory can be generated until the time limit, which is denoted by 7 = {so, ag, $1,71,

., 87,77} in the sequel.

Mathematically, RL aims to find an optimal policy that maximizes the expectation of the cumulative
reward R(7) = Zz:ol vere+1, where v, € (0,1] is the time decay coefficient.

Many RL algorithms have been proposed in recent decades, such as Q-learning, DQN [25], policy
gradient, actor-critic and others [34]. In this section, we only introduce the policy gradient (PG). The
objective function of RL can be written as follows:

maxIE [R( maXZP (T w) (3.1)

where P(7;w) is the probability of the trajectory 7 which is defined as

T-1

P(r;w) = o [ [ p(sialar, so)m(arlsi, w).
t=0

Policy gradient, as its name suggested, uses the gradient ascent method to optimize (3.1), i.e.,

Vw ZP T;w) ZV P(r;w)R(7) = va In[P(7; w)|P(m; w)R(7)

N, —

~ Z Z wnm(al|st, w)R(r;). (3.2)
t=0

In (3.2), the expectation is approximated by Monte Carlo sampling, where {Tz}fi1 is the set of trajectories
simulated by the policy 7. In general, 7 is set as a Gaussian distribution

1 1 _
wlalsw) = — o { - Ja— o(sw) TS o - o)) . (33
(2m) % 3]}
where ¢(-, w) can be any smooth function such as a linear function or a neural network.
T p T
(20 @.

7

Figure 1 The illustration of a finite-time MDP

w,
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4 The method

This paper considers the black-box optimization problem min f(x), € Q C R", where the derivative
information of f is not available.

4.1 A brief introduction of DE

DE works by iteratively carrying out mutation, crossover and selection. At the ¢-th generation, the
current population is X' = {z!,... x4 }. For each individual @}, a trial vector v} is firstly obtained by
using mutation. Commonly-used mutation operators include

vl = wii + F- (a:fﬂ2 — mﬁs) (rand/1),

vi=al + F- (wfq —z)+ F- (mf% - wﬁg) (current-to-rand/1), (4.1)
vi=xl+ F () — )+ F- (:)3;i - :c:é) (current-to-best /1),

Vi = @y + F e (T — @) + F - (2 — @) + F - (@, — ;) (rand-to-best/2),

fﬂ- , :cii, xt,, x!, and x!, are randomly selected individuals from
1 2

where xf _ is the best solution in X?, x ;
best ’ ry? rh T

X!, and F is the scaling factor.

After mutation, the crossover operator is applied to the trial vectors. Commonly-used crossover is the
binomial crossover [6]. The j-th component of the obtained vector u! by crossover at the ¢-th generation
is written as

Jt _ vg7t7 if randj(()? 1) < CRor j = jrand, 49
i gt . ( . )
x/", otherwise,

Jit
i
distribution ¢(0, 1) for each j, and jyana is a random integer sampled from [1,n]. The control parameter

where x!" is the j-th component of !, rand;(0,1) is a random value sampled from the uniform
CR is called the crossover rate.
After crossover, the obtained individuals u!, ..., ul; are selected as follows:

x (4.3)

3

o {u if fut) < f(al),

x!, otherwise.
For each individual !, it is selected if its function values f(u!) is smaller than that of the current

individual f(z!).
4.2 The generalized framework

The proposed generalized framework for operator selection is summarized in Algorithm 1. In the
framework, at each generation, some observations are collected by using function ObsCollection (Line 4).
Features are then extracted from these observations by a DNN, which is named ¢ with the parameter
w (Line 5). The features are used as parameters for the policy = which is a K-dimensional probability
distribution (Line 6). 7 represents the distribution of the selection probability of operators, which takes
the output of ¢ as its parameter. A selection probability vector is then sampled from 7 (Line 6). The
mutation operator is implemented based on the sampled probability vector (Line 7), while crossover
(Crossover) and selection (Selection) are implemented sequentially (Lines 8 and 9, respectively). The
algorithm terminates when the maximum number of generations has been reached, and returns the best
solution found.

4.2.1 Model into MDP

Under the proposed generalized framework, its evolutionary process can be modeled as an MDP with the
following tuple:
e State: observations collected (i.e., &).
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e Action: the probability vector of the operator selection (i.e., p;).

e Policy: the probability distribution of the operator selection (i.e., 7).

e Reward: if ¢ = T, the reward is the negative logarithm of the best function value obtained by the
policy (i.e., —log(f*)); otherwise is zero.

As mentioned above, the policy is often set to be a Gaussian in reinforcement learning simply because
its gradient in (3.2) can be easily calculated. However, in our task, the dimension of action should be
equal to the number of candidate operators as the action is a probability vector. A natural constraint is
the summation of components of p; is 1. To accommodate the constraint, Dirichlet distribution is used
instead.

Algorithm 1  The generalized framework for operator selection for EA

Require: An objective function f, the maximum number of generations T', the parameters of the neural network w, the
population size N and K candidate operators Og = {Opk}iiﬁ

Ensure: f*.

1: Initialize X € R»*N randomly and evaluate the population;

2: Set t < 0 and f* = min{f(x!),..., f(z})};

3: while t <T do

4: & + ObsCollection(X?);
K < (&, w);
Sample a K-dimensional probability vector p; from the policy m(p|r¢);
Vt «+ Mutation(X*, pt, Ok);
Ut «+ Crossover(CR, V', X1);

9:  Xt*tl + Selection(U?, X*, f);
10: t<—t+1;
11: <« min{f*, {f()}¥ };
12: end while
13: return f*.

4.2.2  Policy gradient with Dirichlet distribution

In this subsection, the policy gradient algorithm for the Dirichlet policy is presented. We choose the

policy to be a Dirichlet distribution simply because the selection vector of the operators should be a

probability vector, i.e., the random variable p = (p1,...,px)T € RE in policy 7(p|k;) should satisfy

> pi=1and p; 20,1 < i< K. Normally-used Gaussian distribution for the policy is not applicable.
The probability density function (PDF) of a Dirichlet random variable X € RX is written as

D(a0) 17 oot
PX)=——"—""— 12", 4.4
o Hﬁmmagl 4

where oy = Zfil a; and T'(+) is the Gamma function. The Dirichlet random variable is denoted by
X ~Dir(X|aq,...,ak). Notice that the Dirichlet distribution is defined on a simplex

s—{x

Figure 2 shows four 2-D Dirichlet distributions with different parameters. From the figures, we see
that when all the a;’s are larger than one, it is concentrated; when all the «;’s are equal to one, it is
similar to a uniform distribution but constrained on a simplex; when all the «;’s are larger than zero and
smaller than one, it is dispersed; when all the «;’s are not the same, it is asymmetrical.

K
z;€1[0,1],1<i< K and le:l}.
i=1

Since there is no explicit variance parameter in the Dirichlet distribution like in Gaussian, we propose
to introduce an extra parameter. It is known that the variance and covariance of X are respectively

var(x;) = @i(ag — i) cov(x;, x;) = 70%(0(0 — )

ag(ag+1)’ ag(ag+1)
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Figure 2 (Color online) The probability density function of 2-D Dirichlet distribution with different parameters

By multiplying all a;’s with a positive number M, we see that the corresponding variance and covariance
become

Oéi(Ol(] —Oli) Oéi(a() —Oéj)

ad(Mag+1)" ad(Mag+1)’

respectively. When M — o0, var(X;) — 0 and cov(X;, X;) — 0. This implies that M can control
the variance-covariance of the Dirichlet distribution. Figure 3 shows the Dirichlet distribution with
different M.

In the classical Gaussian policy gradient method, the output of the network ¢ is the mean of Gaussian
policy (see (3.3)). Similarly, the Dirichlet policy can be written as

w(pls, w (Zz 1 (s, w)i) Y Sw)ﬁl
(pls,w) = Hfilfw » ];[ (4.5)

where s is the input of the network, ¢(s,w) € R and ¢(s,w); is its i-th element. We hence propose to
modify (4.5) as follows:

7T(p|8, ’UJ) (Ez 1 M¢(S 'LU HpM¢(s 'w)@ (46)
[T/, T(Mg(s, w)

Combining (4.6) with (3.2), we can obtain the policy gradient method for the Dirichlet policy, which
is summarized in Algorithm 2. In Algorithm 2, at each epoch, Ny trajectories are first generated by
the Dirichlet policy with the parameter w, (Line 3). The policy gradient with respect to the network
parameter w is calculated based on the trajectories (Line 4), which is then updated (Line 5). The
iteration continues until the maximum number of epochs has been reached.
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Figure 3 (Color online) The probability density function of 2-D Dirichlet distribution with different scale parameters

Algorithm 2  Policy gradient with Dirichlet distribution

Require: The initial parameters of the neural network wp, M > 0, the learning rate «, the sampling number N and the
maximum training epoch maxEpoch.

Ensure: w*.

1: Set e + 0 ;
2: while e < maxEpoch do
3 Generate Ng trajectories {TZ}Z L (7 = {s(')7 ab, siyri, s%, r%}) by the Dirichlet policy with parameter we;
4 A Zz 1 t 0 ! Vo 1n7r(at|st,w)R(Tl)

5: Wet1  We + al oy

6 e+—e+1;

7: end while

8: return w* < WmaxEpoch-

4.3 Case studies

As case studies, the framework is applied to classic DE and MPEDE [40], i.e., the selection mechanism
proposed in the framework is embedded within classic DE and replaced that in MPEDE. The resultant
algorithms, named PG-DE and PG-MPEDE, are summarized in Algorithms 3 and 4, respectively.

In PG-DE, in the first L generations, the selection probability vector p; = [p},...,pK] € RX is set
to be 1/K for each operator and m; = [n},...,n] records the number of the operators used in the
t-th generation (Line 9). Candidate operators are then assigned to the individuals randomly according
to the selection probability p; (Line 11), while the control parameters for the operators are fixed to be
F =0.5 and CR = 0.9. After the assignment the mutation and crossover are sequentially implemented
to generate a set of trial vectors U* = {ul}}¥, (Line 13). Here, we use s¥ to record the number of the
k-th operator that succeeds in improving the functlon value, which is increased by one if it is successful
(Line 17). After L generations, the information in recent L generations is collected (Line 6) and the

probability for operator selection is calculated by (4.6) (Line 7). The algorithm terminates until the
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maximal number of generations are reached.

In PG-MPEDE, the population is divided into four sub-populations based on a set of the parameter
{\r}i_, (Line 3). The first three sub-populations use the first two mutation operators as shown in (4.1),
and the following mutation operator, named current-to-pbest/1:

vi=xl +F- (w;best —xl)+ F - (xl — L) (current-to-pbest/1), (4.7
where wgbest is one of the top 100p% best solutions in the current population, and wil and wﬁg are
randomly selected individuals from the current population.

In this paper we set A\, = 0.2, k = 1,...,3 and Ay = 0.4. Individuals in the fourth sub-population
are assigned to the three operators according to an initial probability vector pg = [0.3,0.3,0.4] (Line 4).
When one individual is assigned with the k-th operator, the individual can be regarded as merging into
the k-th sub-population (Line 5), the size of the k-th sub-population is then increased by one (Line 6).
For each sub-population, PG-MPEDE uses the following adaptive parameter control mechanism (Line 12)
to control F' and CR, i.e., F is sampled from a Cauchy distribution and CR is sampled from a Gaussian
distribution. U}, = {uf k}f\fl is obtained by implementing the k-th mutation operator and then crossover
(see (4.2)) on X} = {mfk}fvz’cl (Line 14). The selection operation is implemented from Line 17 to Line 26.
Like in PG-DE, sF records the number of the k-th operator that succeeds in improving the function value
(Line 22). Meanwhile, Spj, and Scr,x are used to record the F' and CR values that succeed in improving
the function value (Line 23). For every L generations, the information will be collected (Line 28) and
(4.6) will be used to sample the probability vector p; (Line 30). Finally, the median of the Cauchy
distribution and mean of the Gaussian distribution are updated in Lines 32 and 33, where mean[l is the
Lehmer mean which is defined as

_ D sz

meany, (x)

Algorithm 3 PG-DE

Require: An objective function f, the maximum number of generations T', the learning period L, the parameters of neural
network w, the candidate operators {OPk}f:1 and the population size N;

Ensure: f*;

1: Initialize X© randomly; Set t < 0;

2: f* < min{f(z!)|i=1,...,N};

3: while t < T do

4 Set s; € R2K 0

5 if t > L then
6: Set s8¢ + (Zt71 sk STl pk 1<k < K);

7
8

j=t—L S5 2aj=t—L ">
Sample p; = [p},...,pK] from 7(p | s¢,w) and compute n¥ « |[Npf| k=1,..., K;

: else
9: Setpf:l/Kandnf%Lprj,k:l,...,K;
10: end if

11: For each operator OPy,1 < k < K, assign LprJ individuals to it randomly;
12: fori=1— N do

13: Generate a trial vector 'u,ﬁ by using OPj, where OPy, is the operator assigned to :c’zS and the binomial crossover
stated in (4.2);

14: if f(x!) < f(u!) then

15: w§+1 — wg;

16: else

17: Tl sfi — s]:i +1;

18: end if

19: end for

20:  tt+1;

21:  f* <« min{f* f(=}) |i=1,...,N}
22: end while

23: return f*.
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Algorithm 4 PG-MPEDE

Require: An objective function f, the maximum number of generations 7', the learning period L, the network parameter
w, the candidate operators O3 = {OPk}i:1 and the population size N;
Ensure: f*;
1: Initialize X randomly; Set ¢t + 0 and f* + min{f(2?) |i=1,...,N};
2: Initialize Ag, set N < |[NAg|, k=1,...,4;

3: Randomly divide X* into four sub-populations as Xt = {z’z5 k}N’“

i=1’
4: Initialize py = {pf}izl and assign individuals to the candidate operators according to p¢;
5: Merge individuals in Xfl to the k-th sub-population if an individual is assigned with OPy;
6: Set Ni < Ny + [pF x NaJ|, k=1,...,3;
7: Set pucr,, < 0.5, pp, < 05, k=1,...,3;
8: while t <T do
9 sF+0,k=1,...,3;
% Generate Offsprings
10: for k=1— 3 do

11: fori=1— Ni do
12: Fi,k eC(,qu,O.l), CRi’k (—N(/LCRk,O.l);
13: end for
14: Obtain U} = {u! k}i\f:kl by using OP}, and binomial crossover operator on X} = {x! k}ﬁ&l;
15: Set SF,k — @7SCF7{,I¢ <~ 0; ’
16: end for
% Selection
17: for k=1— 3 do
18: fori=1— Ni do
19: if f("ﬂﬁ,k) < f(uf,k) then
20: ch:zl — mfk,
21: else
22: mle — “’E,k* sk sk 4+ 1;
23: Scr.k < Scr,k U{CRi 1}, Skk < Sk U{Fit};
24: end if
25: end for
26: end for

% Calculate Selection Probability and Assign Individuals
27:  if mod(¢,L) == 0 and t > 0 then

28: st {25 LS DX Ne¥i_ys

29: Randomly divide the whole population X* into X} according to [N x Ap],1 <k <4

30: Sample p; from 7(p | 8¢, w) and assign individuals of X to mutation operators randomly according to p¢;
31: Merge the individuals of X}i into the first three sub-populations;

32: Set N + N X A + |pF x NaJ,k=1,...,3;

33: end if

34: Set pp, + (1 —c)pp, +c-meanL(Sp), k=1,2,3;
35:  Set pucr,, + (1 —c)ucr, +c-mean(Scr,k), k =1,2,3;
36: f*emin{f*,f(wg)\i:l,...,N},tetJrl;

37: end while

38: return f*.

4.4 Relationship between the proposed algorithms and classical DEs

We first present the following theorem.

Theorem 4.1. Assume p(X) is a d-dimensional Dirichlet distribution with parameters Moy + 1,
ooy Mag+ 1, where a; >0, i =1,...,d. For all 6 > 0, we have

lim P{||X — m(X =
aim {Il m(X)|[2 > 6} =0,
where m(X) is the mode of p(X).

Proof.  Please see Appendices A-C. O

In SaDE, the success rate of each operator S;,i = 1,..., K is computed at each generation by taking
the ratio between the success number of the i-th operator (denoted by s;) and the number of the operator
that has been used in the previous several generations (denoted by n;). The success rate is then used to
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construct the selection probability as

i=1,..., K.

Note that the mode of a Dirichlet distribution X ~ Dir(X | aq,...,ak) is

a;—1 a; —1 ag —1
7 Y R ¢ )
i i — K s i — K dim i — K

This indicates that the selection probability of the candidate operators in SaDE is the mode of the
Dirichlet distribution with parameters S; +1,..., Sk + 1.

Notice that in PG-DE, after obtaining the parameters of the Dirichlet distribution (i.e., ¢(s, w)), we
see that the selection probability is sampled from the Dirichlet distribution. Theorem 4.1 shows that
when M is large, the sampled point is close to its mode. Note that the mode of the Dirichlet distribution
used in PG-DE (i.e., (4.6)) is

_[_o(s,w) P(s,w)k
2je(sw); T3 b(s w);

Therefore, taking ¢(s,w); to be S; indicates that PG-DE degenerates to SaDE when M is large enough.
In consideration of MPEDE, the improvement of each operator S; = Afs

at each generation, where n; denotes the number of each operator that has been used in the previous

m(X) (4.8)

,i=1,...,K is computed

several generations and A f; denotes the function value improvement. The improvement is then used to
construct the selection probability as

Zi S; ’
The operator with the largest p; will be assigned to the fourth sub-population. This indicates that it is
the index, which corresponds to the maximum component of the mode of Dir(S; +1,...,Sk + 1) that is
assigned to the selected operator.

Different from MPEDE, individuals in the fourth sub-population are assigned according to the sampled
probability from Dir(M¢(s,w)1 +1,..., M¢(s,w)x + 1) in PG-MPEDE. Thus we can conclude that if

we take ¢(s, w); to be S;, the selection probability p;,i = 1,..., K of PG-MPEDE is the same as MPEDE
when M is large enough.

Di = iZl,...,K.

4.5 Training the neural network

It is proved that SaDE is a specific case of PG-DE. Specifically, taking ¢(s, w); to be S;,i =1,..., K, we
see that PG-DE degenerates to SaDE when the scale parameter M — +o00. SaDE can thus be regarded
as a prior knowledge, or expert experience, for the learning of the neural network ¢.

Since the selection mechanism of SaDE is considered to be a prior knowledge, it should be made usable.
In other words, the output of the network ¢(s,w) shall be close to the success rate S = [S1,...,Sk] in
SaDE. Each element S; in S is a ratio, which can be denoted by 7. Algorithm 5 summarizes the training
procedure. The procedure is composed of two phases including the supervised learning phase and the
reinforcement learning phase. In the supervised learning phase, the ratio, i.e., the division between two
positive numbers is to be learned by ¢ (Line 4 to Line 10). To learn the division operation, we randomly
generate a set of positive number b; € (0, 1] and a; € (0,b;],i=1,..., Np (Line 3). The generated data,
ie., ; = [a;,b)" and y; = a;/b;, i = 1,..., Np, are used as the training data (Line 4). With these
data, the network parameter w is updated in Line 8. The learned parameter w is used as initialization
for the reinforcement learning phase. The algorithm with neural network is applied to generate a set of
trajectories in Line 16. According to the definition, the cumulative reward R(7;) is calculated in Line 17,
where we minus the known global minima f,. Finally, the policy gradient is used to update the parameter
in Line 19.
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Algorithm 5 The training algorithm for the parameter of ¢

Require: A set of training functions { fm %:1 and its optimal values {f, %:1, the learning rates o and 3, the batch

size B, the maximum number of epochs maxEpoch, the number of sampling ngy, the maximum number of epochs of
supervised learning L*P the number of data in supervised learning Np and an optimization algorithm A.
Ensure: w*.
: Initialize randomly the network weight wo;
. Set | + 0;
: Randomly generate a set of positive number b; € (0,1] and a; € (0,b;], i =1,...,Np;
: Generate data {x; = [a;,b;]T,y; = ai/bi}ﬁszl;
: % The supervised-learning phase
while [ < L°P do
Randomly select B data pairs {x;,, y;, }ﬁzl;
Update w41 < w; — & 37 _y Vallo(@;,, wi) — 5, [1%
l+—1+1;
10: end while
11: % The reinforcement-learning phase
12: Set e < 0, wp + wy;
13: while e < maxEpoch do
14: for m=1— M do

15: fori:1—>nRL do

16: Run the algorithm A on the function f,, for T steps to obtain the best solution ff’m and a trajectory
Tism = {80, @, mo @11 s ST}

17: Set R(7i,m) < —log(f!,, — f);

18: end for

19: Update wey1 < we + 83 Zz:ol Vw In ﬂ(ai,m|s§7m, w)R(Ti,m);

20: e+ e+1;

21:  end for

22: end while
23: Return w* < WyaxEpoch-

5 Experimental results

The CEC 2018 test suite? is used to evaluate the proposed algorithms. The test suite contains 29 test
functions with 10D, 30D, 50D and 100D. These functions are divided into four categories: F; and Fj are
uni-modal functions, Fy—F7 are multi-modal functions, Fj1—F5y are hybrid functions, and Fy1—F3g are
composition functions. In this paper, the test functions are roughly divided into three groups by merging
the first two categories into one, since uni-modal functions and multi-modal functions are relatively simple
functions®). We name the three categories as

S1={F1,F5—Fio}, So={Fi1—F} and S3={Fs—Fs}.

5.1 Training details

In our experiments, an MLP with two hidden layers is used for PG-DE. The numbers of hidden units are
36 and 100, respectively, and the activation functions are the hyperbolic tangent function and sigmoid
function, respectively. For PG-MPEDE, an MLP with four hidden layers is used, the numbers of hidden
units are 16, 32, 16 and 8, respectively; the activation function for the first three layers is tangent, while
the last layer is sigmoid. Here, we show the hyper-parameters used in Algorithm 5. 7' = W, where
D is the dimension of the test problems, and N is the population size. Learning rates a = 0.01 and
B = 0.01, the batch size B = 64, the maximum number of epochs maxEpoch = 100, the number of
sampling nry, = 10, the maximum number of epochs of supervised learning L*P = 50,000 and the number
of data in supervised learning Np = 10,000.

2) https://github.com/P-N-Suganthan/CEC2018
3) According to the results of CEC competitions, most algorithms can find the global optimum of the functions in the
first two categories.
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5.2 PG-DE

Four candidate operators are used in PG-DE, including rand/1, current-to-rand/1, rand-to-best/2 and
current-to-best /1. The first three operators are used in SaDE. The operator current-to-best/1 is a widely
used operator in DE studies.

We train the two neural networks for 10D and 30D functions, respectively. For each dimension, the
first neural network is trained on Fj, and the network is tested on S; except F5. The second neural
network is trained on Fj5, and the network is tested on Sy except Fi5. We compare PG-DE with SaDE,
and the two algorithms are run 51 times. The medians and standard deviations of error values (i.e.,
the difference between the obtained optimum and the known global optimum) averaged over 51 runs are
summarized in Table 1. The Wilcoxon rank sum hypothesis test is also taken between PG-DE and SaDE
at a significance level of 5%, where 1/§ means SaDE performs significantly better/worse than PG-DE, and
~ means that there is no significant difference between the two algorithms. The results of the hypothesis
test are summarized in the last line of Table 1. Meanwhile, BM is used as a metric, which records the
number of functions for which an algorithm obtains the best median value. The larger BM is, the better
performance an algorithm has.

From the table, we can see that for 10D test functions, PG-DE performs better on seven functions and
worse on four functions than SaDE. For 30D test functions, PG-DE performs better on 11 functions and
worse on eight functions than SaDE. PG-DE has larger BM values than SaDE. Note that the parameters
in PG-DE are fixed (F = 0.5, CR = 0.9), while SaDE adaptively controls these parameters. Thus we
may conclude that the trained networks can help select better operators than the classic heuristic design.

5.3 PG-MPEDE

For PG-MPEDE, all the test functions in 10D and 30D of the CEC 2018 test suite are considered. The
training functions are similar to that in PG-DE. The first network is trained on Fj, and tested on other
functions in S;. The second network is trained on F}s5, and tested on other functions in S3. The third
network is trained on Fb5, and tested on other functions in S3. The statistical results are summarized in
Table 2. The table shows that for 10D test functions, PG-MPEDE performs significantly better on 23
functions and worse on only one function than MPEDE. For 30D test functions, PG-MPEDE performs
significantly better on nine functions and worse on seven functions than MPEDE. From the observations,
we may conclude that the trained networks can significantly improve the performance of MPEDE.

5.4 Comparison results with developed EAs

To further verify the performance of PG-MPEDE, it is compared with some developed EAs. The
compared algorithms are grouped into three categories.

e DEs with AOS, including SaDE [28], ¢cDE [36], CoDE [39] and MPEDE [40]. These algorithms all
use the AOS mechanism.

e DEs with APC, including JADE [50], which is a DE with an adaptive parameter control
mechanism.

e Other EA, including HSES [44], which is the winning algorithm in the CEC 2018 competition.
The average performance score (APS) [35] is used as a metric for algorithm comparison. APS is defined
as follows. Assuming the comparison of M algorithms Ay,..., Ay on L test functions Fi, ..., Fp, based
on the error values obtained by them for several runs. For each algorithm A,,, m € {1,..., M}, if
A, 5 e {l,...,M}\ {m} outperforms A,, on the I-th function Fj, [ € {1,...,L} with statistical
significance, then 5£n’j is set to be 1, otherwise 5fn) ; is set as 0. The performance score of the algorithm
A, on the function Fj is defined as

PSi(Ap) = > 8

Jje{1,...,M}I\{m}
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Table 3 The APS values obtained by PG-MPEDE, ¢cDE, MPEDE, HSES, CoDE, JADE and SaDE

Dimensions PG-MPEDE cDE MPEDE HSES CoDE JADE SaDE
10D 1.2069 2.4138 3.1379 2.8966 0.7241 2.7931 2.2414
30D 1.6207 3.5862 1.2759 0.7931 2.3448 2.4138 4.1379

Average 1.4138 3.0000 2.2069 1.8448 1.5345 2.6035 3.1897

PSj(A,,) presents the number of algorithms which outperform A,, on function F;. The APS of the
algorithm A,, is taken as the average of PS;(A,,) over [

L
1
APS(An) = 7 > PSi(Ap).
=1

Thus the smaller the APS value is, the better performance an algorithm has.

The APS values obtained by PG-MPEDE, ¢cDE, MPEDE, HSES, CoDE, JADE and SaDE are
summarized in Table 3. The table shows that PG-MPEDE obtains the smallest average APS value,
which implies that PG-MPEDE can perform competitively among these developed EAs.

5.5 Time complexity

The CPU time of MPEDE and PG-MPEDE for running F;—F3( once is shown in Table 4. It is seen that
PG-MPEDE requires a little bit more time than MPEDE, which implies that the trained network can
adaptively select the operators without sacrificing too much complexity.

5.6 Ablation study

In the training algorithm (Algorithm 5), the supervised learning phase is used to learn from expert
experiences. In this subsection, we study the effect of supervised learning. We train two networks for
PG-DE on F5 with 10D with and without supervised learning (SL), respectively. The two PG-DEs (with
and without supervised learning) are tested on the test function group S; with 10D. The experimental
results are summarized in Table 5. It is seen that PG-DE with supervised learning performs better on
four functions and worse on one function. Thus we may conclude that supervised learning improves the
efficiency of network training.

5.7 Optimization curves

In this subsection, we show the optimization curves, i.e., the obtained fitness value against the number
of fitness evaluations, of the proposed methods and traditional methods on the CEC 2018 test suite.
The curves obtained by PG-DE and SaDE on Fg, Fi; in 10D and Fg, Fy5 in 30D, and PG-MPEDE and
MPEDE on F3, Fy; in 10D and Fig, Fi7 in 30D averaged over five runs are shown in Figure 4. In the
figure, the z-axis is the ratio between the number of fitness evaluations consumed so far (i.e., FEs) and the
maximum number of fitness evaluations (i.e., maxNFEs), while the y-axis represents the function value
obtained at the ratio. The sub-figures in the first row show the optimization curves of PG-DE and SaDE,
while the sub-figures in the second row show those of PG-MPEDE and MPEDE. The names of sub-figures
are defined by the rule “Algorithm-Dimension-Function index”. For example, PG-DE (SaDE)-10D-Fg
represents the obtained optimization curves of Fg in 10D optimized by PG-DE and SaDE.

Table 4 The CPU time costs of MPEDE and PG-MPEDE

Method 10D 30D
MPEDE 17.44s 217.24s
PG-MPEDE 18.36s 247.72s
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Table 5 Results obtained by PG-DE without SL and PG-DE with SL on 10D test functions over 51 runs

10D
PG-DE without SL PG-DE with SL
Mean std Mean std
" 0.00E+00~ 0.00E+4-00 0.00E+4-00 0.00E+00
F3 0.00E+00~ 0.00E+4-00 0.00E+400 0.00E+00
Fy 3.51E+007 1.28E+00 3.97E4-00 1.45E+00
Fs 9.03E+008 6.48E+400 4.38E+4-00 3.74E400
Fs 0.00E+00~ 4.97E—08 0.00E+4-00 4.97E—08
Fr7 2.45E4018 2.55E+00 2.25E4+01 2.84E+00
Fg 8.23E+008 5.49E4-00 5.23E4-00 5.06E+00
Fy 0.00E+007~ 0.00E+-00 0.00E4-00 0.00E4-00
Fio 3.51E4-028 3.69E4-02 1.99E4-02 2.93E+02
BM 5 8
b~ /8 1/4/4

From the figures, we see that on most problems, PG-DE can obtain better function values than SaDE,
while PG-MPEDE can obtain better function values than MPEDE. Furthermore, it may be concluded
that PG-DE and PG-MPEDE converge faster than their counterparts.

5.8 Visualizing the selection probabilities of the operators

In this subsection, the selection probability calculated by the trained deep neural networks for each
operator is shown against the generations. We test PG-DE on Fi, Fi1, Foy in 10D, on Fy in 30D, and test
PG-MPEDE on Fg, F1; in 10D. The selection probability of each operator at each generation is shown
in Figure 5. (a)—(d) in Figure 5 show the selection probabilities of the four operators, including rand/1,
current-to-rand/1, rand-to-best/2 and current-to-best/1, in PG-DE, while (e)—(f) in Figure 5 show the
selection probabilities of the other three operators including rand/1, current-to-rand/1 and current-
to-pbest/1, in PG-MPEDE. The name of the sub-figure is defined by the rule “Algorithm-Dimension-
Function index”. For example, PG-DE-10D-F} represents the operator selection probability of PG-DE
on the optimizing function F} in 10D.

From the figures, we see that the predicted selection probabilities of the operators by the trained
network are much different for different problems. Furthermore, it is observed that the selection
probability varies at different generations, which implies that it is difficult to design the mechanism for
selecting operators manually. The experiment shows that by employing deep neural networks, a complex
mechanism for operator selection can be learned, which can successfully improve the performance of DEs.

6 Conclusion

In this paper, we develop a learning-based adaptive operator selection mechanism. A deep neural network
is used to extract relevant features during the search process and a Dirichlet policy is learned to determine
the probability of operator selection. Furthermore, a scale parameter is introduced to control the variance
of the Dirichlet distribution. A reinforcement learning method taking the Dirichlet distribution as policy
is proposed to train the deep neural network. Furthermore, expert knowledge is learned by a supervised
learning phase, which has been verified to be capable of improving the performance of the learned neural
network. After training, we see that the obtained algorithms are tested on the CEC 2018 test suite.
In comparison with well-developed EAs, we find that it is competitive and has gained the best average
performance. The experimental results show that the obtained algorithms (PG-DE and PG-MPEDE)
can perform better than their counterparts. Theoretical analysis show that the proposed algorithms (i.e.,
PG-DE and PG-MPEDE) are identical to classical DEs (i.e., SaDE and MPEDE) asymptotically.
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Appendix A SaDE

SaDE [28] is the first of several adaptive DEs, which use online information to guide the selection of
mutation operators. The core idea of SaDE is recording the number of successful operators in the
previous several generations and is using the information to select an operator for the next generation.
We denote by nj the number of the k-th operator that has been used in previous L generations, and s
is the number of the k-th operator succeeding in improving the function value. In the ¢-th generation,
SaDE first calculates the success rate for each operator,

Sk = ok +e,
N
and then the probability
Sk
- Al
Pe=sg (A1)

is calculated for selecting the k-th operator. SaDE is summarized in Algorithm 6. In Line 8, the selection
probability p¥ is calculated by (A.1). In Line 15, the operator is assigned to each individual according
to the probability pF. In Line 16, the scaling factor F is generated from a fixed Gaussian distribution.
Binomial crossover is used in SaDE. For the crossover rate, in Line 20, CR,,, records the median of
memory of CR (i.e., CRMemory,,) for the k-th operator. CRMemory,, records the CR values, which can
succeed in improving the function value in the previous L generations (for the first L generation, CR,,,
is initialized as 0.5). In Line 25, the crossover rates are generated from a Gaussian distribution whose
mean is CR,,,. Then the offspring U = {u!}Y, is generated by the selected operator and parameters
in Line 28. Finally, better individuals can survive.



1478 Zhang H T et al. Sci China Math  June 2024 Vol. 67 No.6

Algorithm 6 SaDE

Require: An objective function f, the maximum number of generations 7', the learning period L, the candidate operators
{OP;}{_, and population size N;
Ensure: X7T, f*;

1: Initialize X0 € RN = {20 € R¥}N | randomly; Set ¢ +— 0;
2: Initialize CRy,, k=1,...,4;
3 f* «min{f(x?) |i=1,...,N}
4: while t <T do
5. sk 0,k=1,...,4;
6: % Calculate probability p¢ j
7 if t > L then
8: Calculate pf by (A1), k=1,...,4;
9: else
10: Initialize selection probability pf for the k-th operator, k =1,...,4;
11: nf%Npr,k:l,...A;
12: end if
13: % Assign mutation operator and parameter for each individual
14: fori=1— N do
15: Assign mutation operator according to p,’f for xﬁ;
16: F; + N(0.5,0.3);
17: end for
18: if t > L then
19: fork=1—4do
20: CRm,, < median(CRMemoryy,);
21: end for
22: end if
23: fori=1— N do
24: if a:f is assigned with the k-th operator then
25: CR; < N(CRm,,,0.1);
26: end if
27: end for
28: Generate U? by selected mutation operator and crossover operator;
29: fori=1— N do
30: if f(x!) < f(u!) then
31: mf'H — xt;
32: else
33: mﬁ"'l — ul;
34: if 'u,ﬁ is generated by the k-th operator then
35: sf — sf +1;
36: Store CR; into CRMemory;
37: end if
38: end if
39: end for

40: tt+1;
41:  f* «min{f(xf) |i=1,...,N}
42: end while

Appendix B MPEDE

MPEDE [40] is one of the state-of-the-art DEs with AOS. In MPEDE, both the AOS and the APC
mechanisms are used. The AOS implemented in MPEDE can be described as follows. The whole
population is divided into four sub-populations. The first three sub-populations are assigned to three
different mutation operators, and the last sub-population is regarded as the “reward sub-population”,
which will be assigned to the mutation operator that has the best performance in the previous several
generations. The performance of each operator is measured as follows. Denote by nj the number of the
k-th operator that has been used in previous L generations and by A f; the function improvement of the
k-th operator. Then the “reward sub-population” will be assigned to the operator with the maximum
value A fi /ng.
The APC mechanism is similar to that in JADE [50]:

prp=(1—c¢) pp+c-meang(Sp), pcr = (1—c¢)- pcr + c¢-means(Scr),
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FNC(N’Fvol), CRNN(/LCR,O]-)&

where Sr and Scg are the vectors recording successful parameters, and mean;, and mean 4 are the Lehmer
mean operator and the average mean operator, respectively.

MPEDE is summarized in Algorithm 7. In Lines 10 and 11, the parameters are generated for each
sub-population and offsprings are generated in Line 14. Binomial crossover is used in MPEDE. From
Line 19 to Line 23, the selection process is implemented, in the meantime, the success parameters and the
improvement of the function value are updated. AOS mechanism is then implemented in Line 28, and for
every L generation, the “best” operator is regarded as the operator with the maximum average function
value improvement. In Line 31, the last sub-population is assigned to the “best” operator. Finally, in
Lines 32 and 33, ur and pcr are updated.

Algorithm 7 MPEDE

Require: An objective function f, the maximum number of generations 7', the learning period L, the candidate operators
{OPk}zzl and population size N;
Ensure: X7, f*;

1: Initialize X0 € RN = {z9 € R‘i}f\[:l randomly; Set t <+ 0;
2: f* < min{f(xl)|i=1,...,N};

3: Initialize A\, and N <~ N - A, k=1,...,4;

4: Randomly divide the X9 into Xg, k=1,...,4 according to their sizes Ny;
5: Randomly select a sub-population Xg — Xg U Xg, k=1,2,3 and Ny < Ni + Ny;
6: pcRr,, < 0.5, up, < 0.5, Afp 0, k=1,...,3;

7: while t < T do

8: for k=1— 3 do

9: for i =1— Ni do

10: Fi < C(ur,,0.1);

11: CRj i < N(ucr,,,0.1);

12: end for

13: Sp,k «— 0, SCR,k <~ 0;

14: Obtain U} by Mutation and Crossover on X};

15: end for

16: for k=1— 3 do

17: fori=1— NP, do

18: if f("ﬂf,k) < f(uﬁ,k) then

19: ch:zl — mfk,

20: else

21: mf';l — u;k;

22; Ay Afi+ f(@l,) — fut )

23: Store CRiyk into SCR,kv store Fi,k into SF,M
24: end if

25: end for

26: end for

27:  if mod(¢,L) == 0 then

28: Jj <+~ argmaxk{% | k=1,2,3};

29: Af+0,k=1,23;
30: end if
31: X! X!UX] and Nj « Nj + Nu;

32: pur, < (1 =c)ur, +c-meanL(Sgy), k=1,2,3;

33: pcr,, < (1 —c)ucr,, +c-mean(Scrx), k =1,2,3;
34:  f*+ min{f(xl)|i=1,...,N}

35: t<—t+1;
36: end while

Appendix C Proof of Theorem 4.1

Proof of Theorem 4.1.  In the proof, we use || - || to represent the Ly norm || - ||. We denote by X; the
i-th component of X, and by p(X;) and var(X;) the mean and variance of X;, respectively. It holds that

PUX 01> 0= [ pxax
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X — (X2
</ e ST
X = (X) | >6 0

I X —p(X)[|>0

o 52
d
X, — p(X))?
:Z/ MP(XLH-,Xd)Xm“'dXd
— JRIx... xR

_ >, var(X;)
92 '

Let o denote the ), a;. As known, the variance var(X;) of Dirichlet distribution with parameters

Moy +1,...,Mag + 1 is (M(%Z;Zr(%f(‘}\;ifiaiz)_l) Thus when M — +oo, we have w — 0.
Meanwhile, p(X) of Dirichlet distribution with parameters May, ..., May is [%g;i}i, cee %331;] The
mode is m(X) = [%3;,, vl =[5k, 54, e, when M — +o00, m(X) — u(X). We define the
space S = {X|| X — u(X)|| + ||m(X) — u(X)|| > 6}. It holds that
P(||X —m(X)[| > §)
S P(IX — p(X)[[ + [[m(X) — w(X)[| > 6)
—/ p(X)dX
X - 2+ ||m(X X)||? 2| X — (X)) - [|m(X) — u(X
[ DO ) =P e [ 2= b0 n0) =00
X - 2+ X)|? 2| X — (X)) - [[m(X) — u(X
o [ VX OO ) = OO ) [ 21X =M ) =00
Rd 6 Rd 6
. X; — u(X)|]? 2| X — (X)) - X)— (X
_ T [ ) OO g [ 2O )~ OO, )
R R

Since when M — +oo, m(X) — u(X), we have

i - <
i P(IX =m(X)[| > 8) <0

As P(||X —m(X)]|| > ) is a probability, i.e., P(]| X —m(X)|| > ¢) > 0, then we accomplish the proof. O



