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CHAPTER

Kummer theory for products of
one-dimensional tori

This Chapter is based on the joint work with Antonella Perucca [PP23]], and its main focus
is to investigate Kummer theory for products of one-dimensional tori defined over number
fields. Our main result is the following:

Theorem 3.0.1. Let T be a finite product of one-dimensional tori defined over a number
field K, and fix a finitely generated subgroup G of T(K). If n, N are positive integers
such that n divides N, then there is an explicit finite procedure to determine whether
T is split over K(T[N], %G) and to compute the degree of this field over K and over
K(T[NJ).

To prove this theorem we fully describe the procedure mentioned in the statement, see
Section [3.2] for the case of a single one-dimensional torus and Section [3.3|for the general
case. Then in Section[3.4) we prove the following result:

Theorem 3.0.2. Let T be a finite product of one-dimensional tori defined over Q, and
fix a finitely generated subgroup G of T(Q). There exists an explicit finite procedure
to compute at once the degree of all extensions Q(T[N], 2G)/Q(T[N)), for all n,N
positive integers such that n divides N.

The above result is stated over Q for simplicity, however one may generalize it to
those number fields such that the analogous computations are feasible. For example, by
Theorem [2.0.1] we have the following:



46 3. KUMMER THEORY FOR PRODUCTS OF ONE-DIMENSIONAL TORI

Remark 3.0.3. In Theorem [3.0.1] we may compute at once the degree of the torsion-
Kummer extensions for all n and NV if the splitting field of 7" is multiquadratic.

Finally, in Section [3.5] we present various examples of computations of the degree
of torsion-Kummer extensions. Notice that the results about one-dimensional tori from
Sections and may be used to study further arithmetic problems.

The challenge is to study Kummer theory for all tori, and in this Chapter settle a first
important case in higher-dimension.

3.1 Torsion fields of one-dimensional tori

Fix a number field K and some algebraic closure K. Let 7" be a non-split one-dimensional
torus over K with splitting field L, and call T'(K) the group of K -points. Every such torus
is defined by the equation 2 — dy? = 1 for some d € K* which is not a square and its
splitting field is L = K (v/d), see for example [Vos98, §4.9]. Over L the above equation
becomes (z + v/dy)(x — v/dy) = 1 thus for every field L C F' C K the map

T(F) = F*  (z,y) — 2 +Vdy (3.1)

is a bijection (the image of T'(K') consists of the elements of L™ whose L/K-norm is 1).
The multiplication of K * induces a group law for 7', namely we have

(1, 91) * (x2,92) = (x122 + dy1Y2, T1Y2 + T2y1) - (3.2)

For every positive integer N we let (; € K be a root of unity of order N and write

un = (Cn). Moreover, we call T[N] C T'(K) the group of points of order dividing N.
By (B.1) we have the following group isomorphism:

C+¢t C—C_l)
2 7 9v/d /-

We set Qn := Q({n) and call Q; the largest totally real subfield of Q. Moreover,
we use the notation K := K ((y) and K := K-Q};. We call K (T[N]) the smallest ex-
tension of K over which the points of T'[N] are defined. We write Ko, K, for the union
of the fields Kom, Ky and we similarly define K (7'[2°°]) and K (T'[c0]). We clearly have
K(T[1]) = K(T[2]) = K. If N is odd, then we have K (T[2N]) = K(T[N]) hence to
study the torsion fields we may suppose that either N is odd or 4 | N.

uv = TINL ¢ ( (3.3)

Proposition 3.1.1. Let N, M > 3 with M | N. Then we have

-1
_ o+ CM—CM _ gt
K(T[N]) = KN(i\/& ) — K- K(T[M]). (3.4)
In particular, K (T[N]) is at most quadratic over K; and we have L(T[N]) = Ly. Thus
L C K(T[N)) holds if and only if L C K3 or Kj; = K (for example, it holds if
G € K).
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Proof. By (3.3) we get K(T[M]) = K}, (CM \/EM ) and this implies the second equality
in (3.4). We conclude the proof of (3-4) because ({n —Cy')/(Car — €37 ) is areal number
contained in Q. If L € K}, then L C K(T[N]) holds if and only if v/d and = gN

generate the same quadratic extension over K7, that means (y — N € K ~ and hence
K = K. O

Remark 3.1.2. If 4 | N, then by (3.4) we have
K(T[N)) = K(V—-d). (3.5)

Moreover, if N is odd and w is its squarefree part, then L C K (T'[N]) holds if and only
if L C K(T[w]) because by (3.4) the degree of K (T[N])/K (T[w]) is odd.

Theorem 3.1.3. Suppose that (4 ¢ K and 4 | N, and write N = wt2°, where wt is odd
and w is the squarefree part of wt. Let r > 2 be the largest integer such that QF, C K.
Ife <, then L C K(T[N]) holds if and only if L C K}, or (s € Kj,. Ife >+ 1,
then L C K(T[N]) holds if and only if L C K(T[w2r+1]) ifandonly if L C K, ., or
C4 S KJQTJA.
Proof. We make repeated use of (3.3), and by Remark we may assume ¢ = 1.
Notice that we have Qf,. = Q4w Q. Ife < r then K (T[N]) = K}, (vV—d) - Qf. =
K} (v/—d). Therefore 1fL C K or¢, € K, then L C K(T[N]), while if V/d, (4 ¢
K}, then K (Vd) # K} (vV—d) hence L ¢ K(T[N]). Now let e > r + 1. Notice
thatif L C K, ,, or (4 € wal, then L C K(T[w2"+Y]), while if Vid, (4 & K1,
then Kw2T+1(\/3) # K, 11 (vV=d) hence L ¢ K(T[w2"*!]). To conclude, suppose
that L ¢ K (T[w2"*']) and hence K N Qg = QF,.. Let K’ = K (v/—d), so we have
K' NQg= C Q;‘m because (4, (or+1 — CQ_TL ¢ K" and K’ N Qa< is at most a quadratic
extension of Q... Therefore K’ - Qe N Q2> = Qjw and, as {4 € L - K’, we deduce
that L ¢ K(T[w2*]) = K" - Qj.

[

3.2 Kummer theory for a non-split one-dimensional torus

Let T' be a non-split one-dimensional torus defined over a number field K, and call L the
splitting field. Let G be a finitely generated and torsion-free subgroup of T'(K). For all
positive integers N, n with n | N, consider the torsion-Kummer extension K (T'[N], 1 G)
which is obtained by adding to K (T'[N]) the coordinates of all points P € T'(K) such that
nP € G. We present an explicit finite procedure to compute the degree of the extension
K(T[N],2G)/K. Notice that for n = 1 we are computing the degree of K (T[N])/K,
thus we can also determine the degree of K (T'[N], LG) over K(T[N]). Also notice that
we could remove the assumption that G is torsion-free because, if the torsion subgroup
of G has order ¢, then we can reduce to the torsion-free case replacing N by lem(N, nt).

We call G’ C L* the image of G under (3.1).



48 3. KUMMER THEORY FOR PRODUCTS OF ONE-DIMENSIONAL TORI

Remark 3.2.1. We have

() o] = { PG V8 e+

Thus we may reduce to the multiplicative group (and do the computations thanks to
[DPI6]) provided that we can determine whether L C K (T'[N], %G ). We may suppose
that n is a power of 2 because, if 7 is odd, then the degree of K (T[N], LG)/K(T[N]) is
odd.

We are left to investigate the following question:
Question 3.2.2. Given N > 1andm > 0with2™ | N, do we have L C K(T[N], 7G)?

Notice that we could easily investigate Question also if G is not torsion-free,
reducing to the torsion-free case by replacing N.

Theorem 3.2.3 ([Per17, Lemmas 3.3 and 3.4]). We have L C K (3G) if and only if there
is some P € G suchthat L C K(%P) This means, identifying P with its image P’ € L*
by @.1), that /P’ € L and NL/K(\/PT) # 1. If a basis of G is given and P exists, then
we may take P to be a sum of a subset of basis elements.

Consider K’ := K(T[4]) = K(v/—d) and suppose w.l.o.g. that ¢; & K’. We call
L' = L(¢4). We let s > 2 be the largest integer satisfying Q. C K’. For s > 3, we
call Q5. the subextension of Qg of relative degree 2 which is neither Q;Z. nor Qgs—1. By
[Perl7, Theorem 2.3] we know that K (7T'[2°]) = K’ and we have either K/ N Qg =
Qo and L' = Kiy. ., = K(T[2°7]), or K'NQg = Q3. and L' = K}, ¢ K(T[2*)).

Consider a Z-basis Py, ..., P. for G and its image under (3.1). Up to replacing this
basis of G’ in a computable way, see [DP16, Theorem 14], we may suppose that it is
of the form fiaf(;i, where the a;’s are strongly 2-independent elements of (L), the
d;’s are non-negative integers and the &;’s are roots of unity in L’ of order 2" for some
non-negative integer h; such that h; = 0 or (on4s5, ¢ L. If {4 ¢ K', then we have
Np/ i (a;) € {£1} by [Perl7, proof of Lemma 3.8].

Theorem 3.2.4 ([Perl7, Theorems 3.9 and 3.10]). With the above notation, suppose that
1 & K'. Consider the property L' C K'(T[2"], 3= G) for non-negative integers v > m.

1. IfL' = K}, = K(T[2°%1Y]), then the property holds if and only if v > s + 1 or
min({s+1}U{s+1—h,:i€I}U{d:jeJ})<m

where I consists of the indices satisfying h; # 0 and J of the indices satisfying
hj = 0and NL,/K,(aj) = —1.

2. If ' = Kb, & K(T|2°)), then the property holds if and only if there is some
J € J such that ; < m and
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hj +6; < max({v} U{h; + min(m, ;) : i ¢ J}
U{h; + min(m,d; — 1) : 3 € J})

where J is the set of indices j satisfying Ny /k(a;) = —1.
Thus L C K (T[2%°], 5% G) holds if and only if J # 0.

) 200

We conclude this section by answering Question By (33), if ¢4+ € K’ and
L ¢ K(T[N]), then 4 { N hence L C K (T[N], 7 G) holds if and only if m = 1 and
there exists P as in Theorem [3.2.3| with base field K (T'[N]). Now assume (4 & K': by
Theorem we may determine whether L € K(T'[2%], 7-G) holds for any integer
v > max(2,m), as this is equivalent to L' C K'(T[2"], 7= G).

Suppose that 4 | N, and write N = wt2”, where wt is odd and with squarefree part w.
By Remark [3.1.2] we reduce to the case ¢ = 1. If L C K (T'[4w]), then we are done. Else,
we replace K by K (T[4w]) = K}, (v/—d) and, since again ¢, ¢ K, we have reduced to
the known case where N is a power of 2.

Finally suppose that 4 { N hence m € {0, 1}. By Proposition[3.1.1 we can determine
whether L C K (T[N]). If not, then we consider the largest subfield F C K (T[N])
whose Galois group over K has exponent dividing 2, and we investigate whether L C

F(3G) with Theorem

3.3 Kummer theory for a product of one-dimensional tori

Let T = []._, T; be a finite product of one-dimensional tori defined over a number field
K,andlet L, = K (\/E) be the splitting field of T;.

Remark 3.3.1. For N = 1,2 we have K(T[N]) = K, while for N > 3 by Proposi-
tion[3. 1.1l we have

(v — (N
K(T[N]) = K7; (\/d1d2,...,\/d1d,«,71]\’>. (3.6)

We may thus compute the degree of K (T'[N])/K (this is an extension of K3, obtained
by adding square roots). Moreover, all T; are isomorphic over K (T[N]) because they are
either all split over K (T'[N]) or none is, and they are all split over K (T'[N],/dy).

We fix a finitely generated subgroup G of T'(K') and consider the group G; consisting
of the coordinates in 7; of the points in G.

Remark 3.3.2. For N > 1 the extension K (T'[N], G) /K (T[N]) is generated by square-
roots of elements of K (T'[N]). Indeed, if P = (z,y) € G;\T;[2], then by [Per17, Lemma
3.1] we have K (3 P) = K(1/2(z + 1)).

Proof of Theorem[3.0.1] Avoiding trivial cases we may suppose that either N > 3 or
N = n = 2. By Remark [3.3.3| we reduce to the case in which all G; are torsion-free.
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We then reduce to the case where the T;’s are pairwise not K -isomorphic (up to replacing
(7). Indeed, having a point in the power of a torus amounts to having a group of points on
the torus, so we may suppose that T; # T} for i # j. Moreover, if w.l.o.g. T} and 75 are
K-isomorphic, then we may replace T by T} because, if H; C T7(K) and H denotes
its isomorphic image in 75, then we have

K(T1 V], %Hl) - K(TQ[N}, %HQ) .

For the case N = n = 2 see Remark [3.3.2] while for N > 3 we reduce to a single one-
dimensional torus over K (T[N]) by Remark[3.3.1] and then we refer to Section[3.2] [

Remark 3.3.3. If G, has a torsion group of order ¢;, then we may reduce to the case
where G is torsion-free provided that we work over the torsion field

K(T1 lem(N, nt1)], .. ., Tp[lem(N, ntr)]) . (3.7)

For N > 3 this field is
Vs, i,
1cm(N,nt1,...,nt,,)( 16425 .- 1 T’W)

K-‘r

while for N = n = 21itis

K+ (Ctl — G CtT*Cf:l)
lem(2tq,...,2¢,) \/a PR \/a 3

so the degree of this torsion field is computable, similarly to Remark[3.3.1]

Remark 3.3.4. For every i, let n; be a positive integer dividing N, and call n their
least common multiple. Then the compositum of the fields K (T;[N], =-G;) equals

K(T[N], %G’ ), where G’ is any finitely generated subgroup of T'(K) whose points have
coordinates in 7; that form the group G} = *G;.

3.4 Products of one-dimensional tori defined over Q

This section is devoted to the proof of Theorem We write T = [[;_, T}, where T;
is given by the equation 22 — d;y? = 1 for some squarefree d; € Q. By Theoremm
we can deal with finitely many pairs (IV,n) so we may suppose N > 3 and we apply
Remark [3.3.1]to work with Ty over Q(T'[N]).

Remark 3.4.1. We may compute at once the degree of Q(T[N]) for all N > 1, where
w.l.0.g. Nisoddor4 | N. Indeed, by we have

QITIND = Q% (V=di.....,v~d) (3.8)
if 4 | N since ((v — Cy') - vV—1 € Qf, and

QTIND = Q% (V=pdi.....v/~pd;) (3.9)
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if V is odd and it has some prime divisor p = 3 mod 4, since ((y — (y') - v—p € Q.
Else, we have

[Q(T[N]) : QF] = 2[Q% (Vdida, ..., \/did,) : QF]. (3.10)

d
exponents over Q differ by a factor 2. Thus the former field is not contained in a compos-

itum of the latter with a multiquadratic field. We conclude by Lemma[3.4.2]

—1
Indeed, in this last case the field Q7 ( <N\;£1N ) has degree 2 over the field Qf; and their

Lemma 3.4.2. Ifc,cy,...,c, are rational numbers, then there is an explicit finite pro-
cedure to compute at once the degree of Qi (\/c1, .. .,+/cn)/QN for all N > 1 and to
determine those N > 1 such that \/c € QL (\/C1, . - -, \/Cn)-

Proof. The second assertion follows from the first (appliedto ¢y, ...,c, and ¢, ¢y, ..., cp
respectively). For the first assertion suppose w.l.o.g. that the degree of Q( /¢y, ..., /cn)
is 2. Then we may compute the requested degree for all V as

on
#{Ig{l,...,n} : Hieﬂ/ae@}}.

(3.11)

Given a squarefree positive integer z, it is a standard fact (see for example [Was97, Ch.
2]) that \/z € Qp if and only if m, | N, where m, = zif z = 1 (mod 4) and m, = 4z
otherwise. Therefore we can compute the denominator of (3.1T)) at once for all N. O

We work now over the base field K = Q(v/d1da, . . .,v/d1d,). AseachT; is split over
L= K(J/dy) =Q(\di,...,\/d,), the torus T over the field K is isomorphic to T} and
has splitting field L. The image of the group G under this isomorphism is generated by
points of the form

-
(xj, yj\)é?) where (z;,y;) € T;(Q) forsomej e {l,...,r}.

We may suppose that the image of G is torsion free up to replacing N by lem (N, nt),
where ¢ is the order of its torsion subgroup (notice that ¢ | 24 because L is multiquadratic).
Calling G’ the image of this group in Ly, by Theorem we may compute the degree
of all extensions Ly (¥/G’)/ Ly at once.

Notice that K (T1[N]) = Q(T[N]) for N > 3. By the above discussion and by
Remark[3.2.1] to conclude the proof of Theorem3.0.2]it suffices to answer Question[3.2.7]
for T3 over the field K for every /N and m at once.

We first determine those N > 3 such that v/d; € Q(T'[N]), where without loss of
generality N is odd or 4 | N. By Remark the suitable IV are those for which d; is
the squarefree part of:

* asubproduct of (—d;) - - - (—d,) times a positive divisor of IV (respectively, an odd

positive divisor of N) if 8 | NV (respectively, if 4 | N but 8 { N);
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* a subproduct of (—pdy)---(—pd,) times a positive divisor of N congruent to
1 mod 4, if N is odd and p | N holds for some prime number p = 3 mod 4;

* a subproduct of (didz) - - - (did,) times a positive divisor of IV, if all primes p | N
are such that p = 1 mod 4.

We now determine those N > 3 such that \/d; € Q(T[N], 1G), where w.lL.o.g. N
is odd or 4 | N. By Remark this field is the extension of Q(7'[N]) obtained by
adding, for every generator (ap, by,) of G, the element \/2(a, + 1). Recall that a;, € Q,
so by Remark [3.4.T|we can apply Lemma [3.4.2]to find the suitable V. Notice that, if all
prime divisors of IV are congruent to 1 mod 4, then the condition is

Vi € Q}(\/dldz, o didy, \2(an + 1)).

Finally, suppose that m > 2 hence 4 | N. We first determine whether \/d; €
Q(T[N]), and we reduce to the case \/d; ¢ Q(T[N]). If 8 | N, then we also have
Vdi ¢ Q(T[2°°N]), as for every positive integer ¢ the maximal field of exponent 2 over
Q contained in Q(T'[2¢N]) is the same. If 8 1 N, then v/d; € Q(T[2°°N]) is equivalent
to v/di € Q(T[2N]) (because 8 | 2N) and hence to Q(v/d1, T[N]) = Q(T[2N]), so we
can determine by Lemma which N satisfy this condition.

Consider the multiquadratic field L = Q(y/dy, . .., +/d,.) and its extensions L. We
apply Lemma over L to find, for all N such that 4 | N, appropriate generators
for the subgroup of L* corresponding to G' (we use below the notation of the lemma).
Lemma [3.4.3| provides a finite partition of the integers IV for which the divisibility para-
meters of the group G’ in Ly stay the same in each subset of the partition. Therefore we
need to apply Theorem [3.2.4/over Q(T'[N]) only for finitely many N.

Consider the case v/d; € Q(T[2N]) and hence 8 N and m = 2. We can apply
Theoremm (1) to T} over Q(T'[N]), noticing that s = 2 because v/d; ¢ Q(T[N]).
Thus v/d; € Q(T[N], 1G) holds if and only if

min({3} U{3—h;:iel}U{d:jeJ})<2. (3.12)

Now consider the remaining case v/d; ¢ Q(T[2°°N]). Recall that the 2-adic valu-
ation v of N is at least m. Applying Theorem (2) to Ty over Q(T'[N]) we have
Vdi € Q(T[N], 7G) if and only if J # () and (v, m) satisfies, for some j € .J, the two
conditions J; < m and

hj +6; < max({v} U{h; + min(m, ;) : i ¢ J}
U{h; + min(m,d; — 1) : i € J}).

If m > max{d;}, then the second condition does not depend on 1 and we only need to
check it for v < max{h; 4+ 6;}. If m is small and fixed, then for each j we check the
first condition, and then we check the second condition for v < h; 4 ;. This leaves only
finitely many pairs (v, m) to be checked.

This concludes the investigation of Question[3.2.2]and also the proof of Theorem[3.0.2]



3.4. PRODUCTS OF ONE-DIMENSIONAL TORI DEFINED OVER QQ 53

Lemma 3.4.3. Let L be a multiquadratic number field, and let H be a torsion-free sub-
group of L*. We may compute at once, for all N > 1 such that 4 | N, a Z-basis of H
whose elements are of the form §ia?5i, where &; € us, 0; > 0, and where the elements
a; € LY are strongly 2-independent. Moreover, we may suppose that the order of &;
equals 2" where h; = 0 or (yni+s;, ¢ L. There is a finite partition of the integers N
such that &;, 9;, a; are the same for all N in each subset of the partition.

Proof. As 4 | N, we may suppose w.l.o.g. that (4 € L. Notice that, up to refining
the partition in the end, the condition on the parameters h; can be easily dealt with: if
Coni+s; € Ly, then we can change a; by a root of unity to ensure h; = 0. It suffices
to determine &;, &;, a; for N odd because these objects are the same for 2" N (strongly
2-independent elements in L are still strongly 2-independent in Lom n by [DP16| Pro-
position 9]).

By [DP16), Theorem 14] we may determine the requested basis for N = 1, calling
Aq,..., A, the involved strongly 2-independent elements. Consider the finite set S con-
sisting of the 2%-th roots of

G [T AT (3.13)
I3
where I C {1,...,r} and a, b, ¢; are non-negative integers such that b € {0,1,2,3} and

a and ¢; satisfy the following restrictions:
e a <3andc¢; < aforalli,ifb=0;
e a+b<6and0 < a—¢ <3foralli,ifd+#D0.

We define a partition of the integers IV such that the elements belonging to the same
subset of the partition have the same intersection S N L (we can determine this intersec-
tion for all NV as seen in Sections and . Notice that {15 ¢ Ly and that no product
[I;c; Ai for any non-empty J C {1,...,7} has a 16-th root in Lo, by Theorem
Thus if for some element of the form (3.13)) we have a — ¢; > 3 for some ¢ € I, then its
2%-th root is not in L,. Moreover, if ¢; > a for some i, we can reduce to the product
over I \ {i}. If b = 0, then increasing a and all ¢; by the same amount does not change
SN Ly. Ifb# 0, the root of (3.13) is equal to

Coa+s H 2a7c</fTi'
I

If this element belongs to Ly for some N, then Ly (I]; >~ V/A;) = Ln((aate) is an
extension of degree at most 2°@*:(¢=¢) of I, hence a + b < 3 + max;(a — ¢;) < 6.
Therefore we can lift the restrictions above without changing the defined partition.

In each subset of the partition we may use the same &;, d;, a;, thus we only need to
apply [DP16l Theorem 14] over Ly for finitely many N. Indeed, the algorithm from
[DP16, Theorem 14] only involves elements of S N Ly, and it applies with exactly the
same steps for N, N’ satisfying S N Ly = S N Ly, leading to the same a; and the same
parameters J; and h;. O
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3.5 Examples

Example 3.5.1. Consider the torus 7" over Q given by x? + 5y? = 1. The splitting field
L = Q(+/—5) is not contained in

o) =af (£ ) =g (V5 2LV

The point P = (4, 3) corresponds to P/ = — (2= F) € L*. Since VP’ ¢ L, The-

orem-rmphes L ¢ Q(T[10], 2 P) hence by Remark-the degree of Q(T'[10], 1 P)
is 4. Alternatively, one may compute that Q(7[10]) has degree 4 and notice by Re-

mark [3.3.2]that Q(T[10], 1 P) = Q(T[10], 2V/5) = Q(T'[10]).

Example 3.5.2. Let K = Q4 and consider the torus 2 — 2y? = 1 over K whose splitting
field is L = Qg. The point P = (3,2) corresponds to P/ = (1 + \f) and we have
VP € Land Ny /i (14+/2) = —1soby Theoremwe get L C K(3P). The point
Q = (2, %) corresponds to Q' = 2472 and we have \/Q' ¢ Q(f) because 63 4 28v/2
is not a square in Z[v/2], so by Theoremwe get L Z K(3Q).

In the following examples we consider a torus 7' = T} x T, over a number field K,
where for i = 1, 2 the torus Tj is defined by 22 — d;y?> = 1 forsome d; € K. For N > 3

by we have
K(T[N]) = K(T1[N],\/dids) .

Example 3.5.3. If d; =5, d> = 13, and K = Q, then by Remark the tori T} and Ty
are isomorphic and not split over F = Q(T[8]) = Q4 (v/—5,v/—13). We call L the split-
ting field of T over F. To study Q(T'[8], £ P) for the point P = ((2227, 957); (497, 130))

in T(Q) we replace P by the group H C Tl(F) generated by P; = ( @, 957) and

Py = (%27, 12?7\/\/?3). We check with Theorem that T3 is split over F(L+H). We
have {4 ¢ F(T1[2°°]), and the points Py, P, correspond to al®, a3, where a; = 1+2‘5,

2+‘/ﬁ are strongly 2-independent over F'(1/5), and Npsp(ar) = Ny p(ag) = —1:
we conclude because 9 = 2 < 3, 0; = 4, and h;y = hy = 0, so that Ay + J9 <
hi +min(3,46; — 1).

ag =

Example 3.54. Letd, = 3,d> =7, K = Q, and consider the point P = ((7,4); (3, %))
in T(Q). We have FF = Q(T[6]) = Q(v—1,v21) and F(3P) = F(v/2) by Re-
mark The degree of /(4 P)/F is the same as that of L( VH)/L, where L = F(1/3)
and H is generated by @ = 7 + 4v/3 and b = (4 + /7)/3. The degree is 9 because
a,b,ab, ab? are not cubes in L*. We conclude that Q(T'[6], £ P) is a number field of
degree 72.

Example 3.5.5. Letd; = —2,dy = —3, K = Q, and consider P = ((—Z,5); (13, 1))
in T(Q). By Remarkwe have Q(T'[98]) = Qfy(+v/14,v/6) hence by Remark
we get Q(T[98], 1 P) = Qi (V14, V6, \/13/3), which is a number field of degree 168.
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Finally, we give two examples where we apply the procedure seen in Section 3.4]

Example 3.5.6. Consider the torus 7" over Q defined by x? — 3y? = 1 with splitting
field L = Q(+/3), and the point P = (7,4). We determine those N, n such that L C
Q(T[N], £P), withn | N and w.l.o.g. n = 2™. Notice first that L C Q(T'[N]) holds
if and only if 12 | N. Therefore for m = 0, 1 the suitable N are the multiples of 12, as
Q(T[N]) = Q(T[N], 3P). If m > 2, we show that the suitable N are the multiples of
12 or of 8. Suppose in fact that L Z Q(T'[N]) i.e. 12 { N. The point P corresponds to a2,
where a = 2 + /3 € L* is strongly 2-independent in L. If 8 | N, then a = (%)2 €
L is the square of an element with norm —1 over Q(7T'[N]), while a is not a fourth power
in Ly for any N by Theorembecause ¢4 ¢ Land \/a ¢ Ly. Asseenin Section
we must have L ¢ Q(T'[2°°N]) hence we apply Theorem[3.2.4](2): if 8 t N, then J = ()
and hence L ¢ Q(T'[N],1P); if 8 | N, then m and the 2-adic valuation v of N satisfy
the given conditions hence L C Q(T[N], 7= P).

Example 3.5.7. Consider the torus T = T3 x Ty over Q, where T} is defined by 22 —
2y? = 1 and T by 2® — 3y®> = 1. Also consider the point P = ((2,%);(7,4)) in
T(Q). By Remark we replace P by the group H C Ti(Q(+/6)) generated by
P = (2,%) and Pg = (7 21/6). We thus determine the positive integers N,n with
n | N and w.l.o.g. n = 2™ such that the splitting field L = Q(+/2,/3) is contained in
Q(T[N], £H). Clearly 2 € Q(T[N]) holds if and only if 8 | N or 12 | N, and we
have /2 € Q(T'[N],3H) = Q(T[N],v14) if and only if 8 | N or 12 | N or 28 | N.
Now suppose m > 2 and V2 ¢ Q(T'[N], 3H). Hence we only need to consider m = 2
and N divisible by 4 and not by 8,12,28. The point P; corresponds to some ¢ € L*
that is not plus or minus a square and that is a square in Ly if and only if v/7 € Ly
(i.e.28 | Nor2l | N),as = 4‘[ (2\[“) The point P, corresponds to b* for
b= ‘[ f € L* thatis not a square in L by Theorem-because ¢ ¢ Q(V3),
v’ € Q(\f) and b ¢ Q((4,V/3). Moreover ab € LY is not a square, else (for some
possibly larger N) a and ab but not b would be squares. Since v/2 € Q(T[2N])\Q(T'[N])
we only need to check (3.12)), which is not satisfied as I = J = (), so we find no further
suitable N. We conclude that L C Q(T[N], L&) holds if and only if 8 | N, or 12 | N, or
we have 2 | nand 28 | N.



