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CHAPTER

Basic notions of Kummer theory

Let K be a field and fix an algebraic closure K of K. Fix a positive integer n coprime to
the characteristic of K and let a be an element in K. We denote by (,, a fixed root of
unity of order n in K (in general the choice does not matter, but when we write ¢,, and (¢
we sometimes choose ¢, = ¢!,). If K contains the n-th roots of unity, then the extension
K ({/a)/K obtained adjoining the n-th roots of a is clearly a Galois extension as K ( {/a)
is the splitting field of " — a and is cyclic of order dividing n. Kummer theory states
that, if ¢, € K, every cyclic extension of K of order dividing n is the splitting field of
x™ — a for some element a € K*.
More generally, the following holds (see [Lan02, Sec. VI.8]):

Theorem 1.0.1. Let K be a field and n a positive integer coprime to char(K). Suppose
that K contains the n-th roots of unity. Then for an extension L/K the following are
equivalent:

(i) L/K is abelian with exponent dividing n

(ii) L = K(Y/G) for some subgroup (K*)" C G C K*
Moreover, if L] K satisfies the equivalent conditions, the bilinear map

Gal (L/K) X G/(KX)n — Un (1.1)
(0,a) — a(a)

is a perfect pairing, where « is any choice of n-th root of a. This pairing exhibits a
Pontryagin duality between Gal(L/K) as profinite group and the group G /(K*)™ en-
dowed with the discrete topology.
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We define any extension satisfying the equivalent conditions of Theorem a Kum-
mer extension.

Remark 1.0.2. If a Kummer extension L/K is finite, then the subgroup G of K* such
that L = K(3/G) is finitely generated. In this situation, the fact that (T.I) is a perfect
pairing leads to the following group isomorphism:

Gal (L) = O s

If K does not contain the n-th roots of unity, then the extension L /K where L is the
splitting field of ™ — a for some element @ € K * is in general not an abelian extension.
Indeed, L = K((,, ¥/a) is abelian over K((,), but its Galois group is a subgroup of
Z/nZ x (Z/nZ)*. In this situation, the following result by Schinzel characterises the
abelian extensions:

Theorem 1.0.3 ([Sch77, Theorem 2]). Let K be a field and n a positive integer coprime
to char(K). Let a € K*. The Galois group of the splitting field of ™ — a is abelian
if and only if there exists an element b € K> such that " = b™ where w is the largest
divisor of n such that K contains the w-th roots of unity.

In general, for any field K, any pair of positive integers n, N with n dividing N and
any finitely generated subgroup G of K* we may want to study Kummer extensions of
the form

K(Cn, VG)/K((). (12)
Notice first that, if the group G is generated by r elements, the Galois group of such

Kummer extension is a subgroup of (Z/nZ)" and hence its degree divides n". It is useful
then to look at the following diagram of field extensions:

K(Cn) K (Ga, V@)

N S

K(<N> N K(CTU (Vé)

K(Cn)
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It follows that, given the prime decomposition n = [ £™, we have:

Gal K(CNa C/a) >~ Qal K(Cnv {I/é)
K(Cn) K(Cn) N K (¢, VG)

K (¢, VG
= | I Gal m
tin <K((N) N K(em, z\/G))

(1.3)

where the last isomorphism is simply the decomposition of the Galois group into its max-
imal /-subgroups. If we want to only study the degree of the extension, it is useful to
consider the integer

n”

[K (¢, VG) : K(Cy))]
which we call the failure of maximality for the degree of the Kummer extension. Using
the same decomposition of (1.3]), we can write:

fN,n =

fxn =[] fom em - BN, €™) (1.4)
ln
where N
B(N, ™) = [K(¢n) N K (Gem, “VG) : K (Gom)).

We call the ¢-adic failure the integer fym ¢m and we call the ¢-adelic failure the integer
B(N, ¢™), which measures the so-called entanglement between the Kummer extension
and the cyclotomic extension. Clearly, both fym ¢m and B(N, £™) are powers of £.

1.1 Kummer theory for number fields

Let now K be a number field. We fix here some notation that will be used throughout
the thesis. We denote by 1 the subgroup of K™ consisting of the roots of unity. For a
positive integer n, we denote by j,, the group of n-th roots of unity in K. We also write
Moo = Up ity and, if £ is a prime number, piy = U, pem. If NV is a non-zero integer and
£ is a prime number, then we write v;(N) for the ¢-adic valuation. If « € K™ and p is a
prime of K (by which we mean a non-zero prime ideal of the ring of integers of K'), then
v, (@) is the p-adic valuation of the fractional ideal generated by «.

In this section we describe the divisibility properties of elements in K * and more in
general of finitely generated subgroups of K in terms of the divisibility parameters. If
G is a finitely generated subgroup of K, knowledge of its divisibility parameters allows
us to compute at once all the degrees of Kummer extensions K (Cy, ¥/G) /K (Cy) for all
integers n | N and the structure of their Galois groups (namely, the size of all cyclic
components), see Theorem [T.1.10}

Let a € K*. The natural notion of divisibility consists in checking whether a is a
n-th power in K for some positive integer n but, for the purpose of Kummer theory, it is
useful to consider divisibility up to roots of unity in K. Fix a prime £. If a is such that (a
is not an ¢-th power in K for any ¢ € px N e, we say that a is strongly £-indivisible.
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Proposition 1.1.1 ([DP16} Proposition 9]). Let a € K* be strongly {-indivisible and
suppose { is odd or (4 € K. For any non-negative integer m, the element a is strongly
L-indivisible in K ((pm).

Any element a € K can be written as a = (pn b*" for some non-negative integers
h and d, where (;n is a root of unity of order ¢* and b is a strongly /-indivisible element
in K*. The integers d and h are called the parameters for (-divisibility of the element
a. Notice that h is uniquely determined if we impose the restriction that either h = 0 or

h > max(0, v (#uxK) — d).

Consider now finitely many elements ay,--- ,a, € K*. We say that a1, - ,a,
are strongly {-independent if the element af* - - - a®" is strongly ¢-indivisible whenever
e1,- - , e, are integers not all divisible by ¢. Let G be a finitely generated and torsion

free subgroup of K * of rank r. The following result lets us choose a basis of G through
which we define the parameters for /-divisibility for the group.

Theorem 1.1.2 ([DP16, Theorem 14]). There is a basis {b1,--- ,b,} of G such that
b, = dei (; holds for some strongly (-independent elements By,--- , B, of K*, for
some non-negative integers di, - - - , d, and for some roots of unity (; € px of order (.

For a basis of G as in Theorem[I.1.2] we say that the tuple of non-negative integers
(dlv"' adr;hlv"' 7hr)

represents the parameters for (-divisibility for the group G. In particular, dy, - - - , d, are
the d-parameters for /-divisibility, and hq, - - - , h,. are the h-parameters for ¢-divisibility.
The d-parameters are unique up to reordering, while the h-parameters are in general not
unique, but can be made unique with additional restrictions (see [DP16, Appendix A.2]).
Moreover, for almost all primes /¢, all parameters of ¢-divisibility for the group G can be
taken to be 0, as consequence of the following result:

Theorem 1.1.3 ([PS19, Theorem 2.7]). There exists a basis of G whose elements are
strongly (-independent for all but finitely many primes £.

The following results allows us to compute the degree and the structure of the Galois
group K (Com, “VG)/K(Cm) (and hence the f-adic failure fym gm) for all positive in-
tegers m at once:

Theorem 1.1.4 ([DP16, Theorem 18]). Suppose that { is odd or {4 € K. Lett > 1
be the largest integer such that K((;) = K({p). Let M, m be positive integers with
M > max(t, m). Then we have

ve([K (Goar, VG 2 K(Cear)]) = max(0, max(h; — 6 +m — M)) + 81+ + 6y

where (dy,--+ ,dy;hy, -+, h,) are parameter for (-divisibility of G in K and 6; =
max(m — d;, 0).
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Theorem 1.1.5 (JACP™ 25| Theorem 6 and Remark 12]). Suppose that £ is odd or 4 € K.
Let t > 1 be the largest integer such that K ((y) = K((pt). Let M, m be positive integers
with M > max(t, m). There exists an algorithm to compute the structure of the Galois
group of the Kummer extension K (Cpnr, “NG) /K (Conr). This structure only depends
on the parameters for (-divisibility of G over K, and the integers m and max(M,t).
Moreover, we need to apply the algorithm above only finitely many times to compute the

structure of the Galois group of K ((ym, Z%)/K(Cgm) at once forallm > 1.

To extend Theorem [I.1.4] and Theorem to the remaining case where £ = 2 and
¢4 ¢ K, we can investigate K (Corr,”V/G) /K (Conr) by replacing the field K by K ((y).
The only case left is when M = m = 1, for which we easily conclude thanks to the
following lemma and the fact that K (+/G)/K has exponent 2.

Lemma 1.1.6 ([DP16, Lemma 19]). We have [K(vVG) : K| = e[K (¢4, VG) : K ()]
where e = 2 if G contains minus a square in K* and e = 1 otherwise.

Consider now, for a prime ¢ and positive integers m, N such that " | N, extensions
of the form

(K (Com, “VG) N K(Cn))/ K (Gom) (1.5)

and their degree, which we called the ¢-adic failure and we denoted by B(N, ™). This
extension is a finite Kummer extension over K ((ym ), and therefore by Remark there
exists a subgroup Hy ¢ of G such that:

K(Gem, VG N K((n) = K(Comy *V/Huom). (1.6)
Remark 1.1.7. By Theorem[I.0.3| we have
K (G, VG N K (Cn) = K(Ger)
for all primes £ such that £ { #pux, as the field K (Com, “V/G) N K((y) is an abelian

extension of K, obtained as the splitting field over K of a finite family of polynomials of

the form z¢" — ¢.

For the finitely many primes dividing #px we may use the following:

Theorem 1.1.8 ([PST21) Proposition 3.2 and Lemma 3.4]). There exists a computable
integer Ny depending on ¢, K and G such that, for every m > tg := vy(Ng) and N > 1
with {™ | N, we have

K (Cen, VG NE(Cx) = (K (Cutor “VG) N K (Cgoa(v,ni)) (Gom)
and hence
B(N, (™) = B(ged(N, No), (") and Hpy gm = Hy, 0.

The following Proposition allows us to explicitly determine the groups Hy ¢m:
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Proposition 1.1.9. Let t = vo(#nx ), and let o« € K*. For a prime ¢, write « = (gn Bed,
where 5 € K* is strongly {-indivisible, d and h are the parameters for ¢ divisibility of o
and either h = 0 ort — d < h < t. We define s to be the non-negative integer such that
/B € K (o) and /B ¢ K (1ioo). Then, for every positive integer m the following
holds:

K (Cpmsn), if1<m<d:
K (Com, Comen T N/B), ifd<m<d+s;
K (G, /@) 0 K () = § GV,
K (Cpprars V/B), ifd+s<m<h+d+s;
K(CZ?H, Z{/B)7 lf‘m> h+d+5.

Proof. If m < d, the statement is clear as K( “y/a) = K((m+r). Ifd < m < d+ s,
then:

K(Com, “Na) = K(Com, Coman " V/B)

is contained in K (poo) asm — d < s. If m > d + s, then

K(Gom, Vo) =K (cem, TN Corare JB)

The element (pnia+s 5/B is contained in K (fioo), but (pnsatess ©v/B is not, as
“*V/B ¢ K(poo). This implies that K (Com, ‘o) N K (poo) is generated over K (¢, ) by

Con+a+s ZVB.
O

Theoremimplies that, for the primes ¢ | #px, we are able compute the ¢-adelic
failure B(N, ¢™) and the structure of the Galois group of the extension for all pairs
(m, N) such that /™ | N by computing them only for the finitely many pairs (m, V) with
m < tp and N | Ny. To compute the group structure of the Galois group of the extension
for a pair (m, N) we apply Theoremwith the group Hy ¢ using the identity (T.6).
We can therefore conclude:

Theorem 1.1.10. Let K be a number field and let G be a finitely generated and torsion
free subgroup of K*. Then the structure of the Galois group (and in particular of the
degree) of the Kummer extension K (Cy, V/G) /K (Cy) can be computed for all positive
integers n, N withn | N at once.

Proof. If G has rank 7, Theoremm implies that fym gm = £™" for almost all primes
£. The computation of the degree is then an easy consequence of formula (T.4), Theorem
[[.T-4 and Theorem [I.T.8] The structure of the Galois group can be determined applying
Theorem to the extensions:

K(C@"‘? K%) K(Cf"% ! \/@)

K((em, VG NK(N)  K(Comy “/Hyem)

using the parameters for ¢-divisibility of G over the field K ((ym, *y/Hy ¢m ). For al-
most all primes ¢, Theorem and [ACP™25, Remark 13] imply that such group is
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isomorphic to (Z/¢™Z)". Using Theorem for the remaining primes, we may then
reduce to finitely many computations. O

The computation of fx, can be made very explicit when K is QQ or a quadratic
number field (see [PST20|] and [HPST21]). More specifically, algorithms can be described
to compute fx ,, for all n, N with n | N at once, where the output is an explicit formula
with a finite case distinction. The algorithm for K = Q was implemented in SageMath
(see [Tro19])

1.2 Kummer theory for algebraic groups

Let A be a connected commutative algebraic group over a number field K, and let o €
A(K). Fix an algebraic closure K of K. For a positive integer N we denote by [N] the
multiplication by N endomorphism of A and by A[N] the subgroup of N-torsion points
of A(K), which is isomorphic to (Z/NZ)®, where b is the first Betti number of A. We
denote by K (A[N]) the smallest extension of K on which the N-th torsion points are
defined, and by K (3;a) the smallest extension of K on which all points 3 € A(K) such
that N3 = « are defined. Clearly, K(A[N]) C K(x). The analogue of Kummer
extensions defined in the setting of fields at the beginning of this chapter are then field
extensions of the form

K (zlvo‘> /K (A[N)). (1.7)

To study such extensions, we rely on Galois representations. We recall the construction
of torsion and Kummer representations attached to A/K and « (see for example [LP21]]
and [LT22]).

For every integer N, we fix a basis {t{', - , )’} of A[N] such that Nt} = th
whenever N | M. Similarly, we fix a set of points {8~ }nez., € A(K) such that
B! = aand NBM = gM/N whenever N | M.

We denote by 7 the IN-forsion representation:

/N

7n : Gg — Aut(A[N])

given by the natural Z/NZ-linear Galois action of Gk on A[N]. Since we fixed a basis
for A[N], the Galois group of K(A[N])/K can be identified with the image of 7, and
hence with a subgroup of GL,(Z/NZ).

We denote by x the N-Kummer representation:
RN : GK(A[N]) — A[N}
o= o(BY) - Y.

Notice that this definition does not depend on the choice of 3V, as ¢ is the identity on
K (A[N]). Again, the Galois group of K (3 )/ K (A[N]) can be identified with the image
of ky, and hence with a subgroup of (Z/NZ)®. 1t is then clear that the degree of the
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extension (T.7) is bounded by N?, and hence we may define the failure of maximality for
the degree of the extension as the integer

Nb
T #Im(ry)

We define the adelic Tate module of A, denoted by T'(A), as the projective limit over
N of the groups A[N], which is isomorphic to 7b. We denote by Kiors the compositum
of all K(A[N]) and by Kyum the compositum of all K(3;«). By taking the inverse
limit over N for 7 and xp, we obtain the adelic torsion representation 7o, : Gxg —
Aut(T(A)) and the adelic Kummer representation koo : Gg,,,. — T(A).

We can therefore identify the Galois group of the extension Kios/K with Im(7)
and hence with a subgroup of GLb(Z), and the Galois group of the extension Kyum /Kiors
with Im (k. ) and hence with a subgroup of ZV.

fn:

Remark 1.2.1 ([LT22, Remark 2.6]). The following diagram shows that the Galois group
of Ktors(%a)/Kmrs is isomorphic to the Galois group of K(%a)/Ktors N K(%a), and
hence is a subgroup of Im(ky ).

(%)

AN

Ktors K(

Ktors N

)

2z~

K(xa)

K(A[N])
We have therefore that
Nb
| 1
# Gal (Ktors(ﬁa)/Ktors)
and, if Im (ko) is an open subgroup of T'(A),

fn [ T(A) = (koo )]

Theorem 1.2.2 ([Ber88, Theorem 1]). Let A be the product of an abelian variety by a
torus. Assume that o € A(K) is such that the set of its multiples Zc is Zariski dense in
A. Then Im(k o) is open in T(A), and hence [y is uniformly bounded in N.

With the extra condition for the Endg (A)-module of geometric torsion points
A(F)tors to be injective, the following theorem gives a criterion to decide whether
Im(koo) is an open subgroup of T'(A), and if this is the case gives a bound for its in-

dex.
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Theorem 1.2.3 ([Tro23al Theorem 5.4]). Let A be a connected commutative algebraic
group over a number field K. Let a € A(K) be such that Zo is Zariski dense in A and
letT := {B € AK) | 3n € Zz1 : nB € (a)}. Assume that A(K )ors is an injective
Endg (A)-module. Suppose that there exist positive integers d,n, m such that:

1. d(F N A(K)) - <O(> + A(K)tors;
2. n- H'(Im(7s), A(K )tors) = 05

3. the subring of End(A(K )tors) generated by Im (7o) contains m - End(A(K )tors)-
Then Im (ko ) contains (dnm, - Z,)°.

Theorem [I.2.3] can be applied in the case A is an elliptic curve. In this case, explicit
values of d, n, m can be found, and hence the bound is explicit:

Corollary 1.2.4 ([Tro23a, Theorem 5.11]). Let A be an elliptic curve over a number field
K andlet oo € A(K) is given in terms of a basis of A(K)/A(K )tors- Then there exists an
effectively computable positive constant ¢ such that the index of Im(k) in T'(A) divides
c. In particular, fx divides c for any integer N.



