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Abstract

We develop and compare e-variables for testing whether k samples of data are
drawn from the same distribution, the alternative being that they come from
different elements of an exponential family. We consider the GRO (growth-
rate optimal) e-variables for (1) a ‘small’ null inside the same exponential
family, and (2) a ‘large’ nonparametric null, as well as (3) an e-variable
arrived at by conditioning on the sum of the sufficient statistics. (2) and (3)
are efficiently computable, and extend ideas from Turner et al. (2021) and
Wald (1947) respectively from Bernoulli to general exponential families. We
provide theoretical and simulation-based comparisons of these e-variables in
terms of their logarithmic growth rate, and find that for small effects all
four e-variables behave surprisingly similarly; for the Gaussian location and
Poisson families, e-variables (1) and (3) coincide; for Bernoulli, (1) and (2)
coincide; but in general, whether (2) or (3) grows faster under the alterna-
tive is family-dependent. We furthermore discuss algorithms for numerically
approximating (1).

Mathematics Subject Classification (2010) Primary 62F03; Secondary 62L05.
Keywords and phrases. E-Values, Hypothesis Tests, k-Sample Tests, Expo-
nential Families.

1 Introduction

E-variables (and the value they take, the e-value) provide an alternative
to p-values that is inherently more suitable for testing under optional stop-
ping and continuation, and that lies at the basis of anytime-valid confidence
intervals that can be monitored continuously (Griinwald, 2023, Griinwald et
al, 2023, Henzi and Ziegels, 2022, Ramdas et al, 2022, Shafer, 2021, Vovk
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and Wang, 2021). While they have their roots in the work on anytime-valid
testing by H. Robbins and students (e.g. (Darling and Robbins, 1967)), they
have begun to be investigated in detail for composite null hypotheses only
very recently. E-variables can be associated with a natural notion of optimal-
ity, called GRO (growth-rate optimality), introduced and studied in detail
by Griinwald et al (2023). GRO may be viewed as an analogue of the uni-
formly most powerful test in an optional stopping context. In this paper, we
develop GRO and near-GRO e-variables for a classical statistical problem:
parametric k-sample tests. Pioneering work in this direction appears already
in Wald (1947): as we explain in Example 1, his SPRT for a sequential test
of two proportions can be re-interpreted in terms of e-values for Bernoulli
streams. Wald’s e-values are not optimal in the GRO sense — GRO versions
were derived only very recently by Turner and Griinwald (2022a), Turner et
al (2021), but again only for Bernoulli streams. Here we develop e-variables
for the case that the alternative is associated with an arbitrary but fixed
exponential family, M, with data in each of the k groups sequentially sam-
pled from a different distribution in that family. We mostly consider tests
against the null hypothesis, denoted by Ho(M) that states that outcomes in
all groups are i.i.d. by a single member of M. We develop the GRO e-variable
Scro(m) for this null hypothesis, but it is not efficiently computable in gen-
eral. Therefore, we introduce two more tractable e-variables: Sqpo(p) and
Sconp- The former is defined as the GRO e-variable, for the much larger null
hypothesis that the k groups are i.i.d. from an arbitrary distribution, denoted
by Ho(1ID): since an e-variable relative to a null hypothesis Hy is automat-
ically an e-variable relative to any null that is a subset of Ho, Sgro(up) 18
automatically also an e-variable relative to Ho(M). Whenever below we refer
to ‘the null’, we mean the smaller Ho(M). The use of Sgroqp) rather than
Scro(m) for this null, for which it is not GRO, is justifiable by ease of com-
putation and robustness against misspecification of the model M. However,
exactly this robustness might also cause it to be too conservative when M
is well-specified. The third e-variable we consider, Sconp, does not have any
GRO status, but is specifically tailored to Hy(M), so that it might still be
better than Sqgpo(p) in practice. Finally, we introduce a pseudo-e-variable
Spseupo(M), Which coincides with Siro(aq) whenever the latter is easy to com-
pute; in other cases it is not a real e-variable, but it is still highly useful for
our theoretical analysis.
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Results

Besides defining Sgro(a)s Sero(up) @and Scoxp and proving that they achieve
what they purport to, we analyze their behaviour both theoretically and by
simulations. Our main theoretical results, Theorem 2 and 3 reveal some
surprising facts: for any exponential family, the four types of (pseudo-) e-
variables achieve almost the same growth rate under the alternative, hence
are almost equally good, whenever the ‘distance’ between null and alternative
is sufficiently small. That is, suppose that the (shortest) fo-distance between
the k dimensional parameter of the alternative and the parameter space of
the null is given by §. Then for any two of the aforementioned e-variables
S, 5", we have E[log S —log S| = O(6*), where the expectation is taken under
the alternative. Here, E[log S] can be interpreted as the growth rate of S, as
explained in Sect. 1.1.

While Sgrop) and Sconp are efficiently computable for the families we
consider, this is generally not the case for Sgro(nrq), since to compute it we
need to have access to the reverse information projection (RIPr; (Griinwald
et al, 2023, Li, 1999)) of a fixed simple alternative to the set Ho(M). In
general, this is a convex combination of elements of Hy(M), which can only
be found by numerical means. Interestingly, we find that for three families,
Gaussian with fixed variance, Bernoulli and Poisson, the RIPr is attained
at a single point (i.e. a mixture putting all its mass on that point) that
can be efficiently computed. Furthermore, in these cases Sgro(r) coincides
with one of the other e-variables (Sgro(up) for Bernoulli, Scoxp for Gaussian
and Poisson). For other exponential families, for k = 2, we approximate the
RIPr and hence Sgro(aq) using both an algorithm proposed by Li (1999) and
a brute-force approach. We find that we can already get an extremely good
approximation of the RIPr with a mixture of just two components. This
leads us to conjecture that perhaps the deviation from the RIPr is just due
to numerical imprecision and that the actual RIPr really can be expressed
with just two components. The theoretical interest of such a development
notwithstanding, we advise to use Sconxp OF Sgro(up) Tather than Sgro(ar)
for practical purposes whenever more than one component is needed for the
RIPr, as their growth rates are not much worse, and they are much easier
to compute. If furthermore robustness against misspecification of the null is
required, then Sqgo(mp) is the most sensible choice.



E-VALUES FOR K-SAMPLE TESTS WITH EXPONENTIAL FAMILIES 599

Method: Restriction to Single Blocks and Simple Alternatives

The main interest of e-variables is in analyzing sequential, anytime-valid set-
tings: the data arrives in k streams corresponding to k groups, and we may
want to stop or continue sampling at will (optional stopping); for example,
we only stop when the data looks sufficiently good; or we stop unexpectedly,
because we run out of money to collect new data. Nevertheless, in this paper
we focus on what happens in a single block, i.e. a vector X* = (X1,..., X}),
where each X; denotes a single outcome in the j-th stream. By now, there
are a variety of papers (see e.g. Griinwald et al (2023), Ramdas et al (2022),
Turner et al (2021)) that explain how e-variables defined for such a single
block can be combined by multiplication to yield e-processes (in our context,
coinciding with nonnegative supermartingales) that can be used for testing
the null with optional stopping if blocks arrive sequentially — that is, one
observes one outcome of each sample at a time. Briefly, one multiplies the
e-variables and at any time one intends to stop, one rejects the null if the
product of e-values observed so-far exceeds 1/« for pre-specified significance
level . This gives an anytime-valid test at level a: irrespective of the stop-
ping rule employed, the Type-I error is guaranteed to be below «. Similarly,
one can extend the method to design anytime-valid confidence intervals by
inverting such tests, as described in detail by Ramdas et al (2022). This
is done for the 2-sample test with Bernoulli data by Turner and Griinwald
(2022a); their inversion methods are extendable to the general exponential
family case we discuss here. Thus, we refer to the aforementioned papers for
further details and restrict ourselves here to the 1-block case. Also, Turner
and Griinwald (2022b), Turner et al (2021) describe how one can adapt an e-
process for data arriving in blocks to general streams in which the k streams
do not produce data points at the same rate; we briefly extend their explana-
tion to the present setting in Appendix A. Finally, we mainly restrict to the
case of a simple alternative, i.e. a single member of the exponential family
under consideration. While this may seem like a huge restriction, extension
from simple to composite alternatives (e.g. the full family under considera-
tion) is straightforward using the method of miztures (i.e. Bayesian learning
of the alternative over time) and/or the plug-in method. We again refer
to Grinwald et al (2023), Ramdas et al (2022) for detailed explanations,
and Turner et al (2021) for an explanation in the 2-sample Bernoulli case,
and restrict here to the simple alternative case: all the ‘real’ difficulty lies
in dealing with composite null hypotheses, and that, we do explicitly and
exhaustively in this paper.
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Related Work and Practical Relevance

As indicated, this paper is a direct (but far-reaching) extension of the papers
Turner and Griinwald (2022a), Turner et al (2021) on 2-sample testing for
Bernoulli streams as well as Wald’s (1947) sequential two-sample test for
proportions to streams coming from an exponential family. There are also
nonparametric sequential (Lhéritier and Cazals, 2018) and anytime-valid 2-
sample tests (Balsubramani and Ramdas, 2016, Pandeva et al, 2022) that
tackle a somewhat different problem. They work under much weaker assump-
tions on the alternative (in some versions the samples could be arbitrary
high-dimensional objects such as pictures and the like). The price to pay
is that they will need a much larger sample size before a difference can be
detected. Indeed, while our main interest is theoretical (how do different e-
variables compare? in what sense are they optimal?), in settings where data
are expensive, such as randomized clinical trials, the methods we describe
here can be practically very useful: they are exact (existing methods are
often based on chi-squared tests, which do not give exact Type-I error guar-
antees at small sample size), they allow for optional stopping, and they
need small amounts of data due to the strong parametric assumptions for
the alternative. As a simple illustration of the practical importance of these
properties, we refer to the recent SWEPIS study (Wennerholm et al, 2019)
which was stopped early for harm. As demonstrated by Turner et al (2021), if
an anytime-valid two-sample test had been used in that study, substantially
stronger conclusions could have been drawn.

We also mention that k-sample tests can be viewed as independence tests
(is the outcome independent of the group it belongs to?) and as such this
paper is also related to recent papers on e-values and anytime-valid tests for
conditional independence testing (Duan et al, 2022, Griinwald et al, 2022,
Shaer et al, 2022). Yet, the setting studied in those papers is quite different
in that they assume the covariates (i.e. indicator of which of the k groups
the data belongs to) to be i.i.d.

Contents

In the remainder of this introduction, we fix the general framework and
notation and we briefly recall how e-variables are used in an anytime-
valid /optional stopping setting. In Sect.2 we describe our four (pseudo-)
e-variables in detail, and we provide preliminary results that characterize
their behaviour in terms of growth rate. In Sect.3 we provide our main
theoretical results which show that, for all regular exponential families, the
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expected growth of the four types of e-variables is of surprisingly small order
5% if the parameters of the alternative are at fo-distance § to the parameter
space of the null. In Sect.4 we give more detailed comparisons for a large
number of standard exponential families (Gaussian, Bernoulli, Poisson, expo-
nential, geometric, beta), including simulations that show what happens if §
gets larger. Section 5 provides some additional simulations about the RIPr.
All proofs, and some additional simulations, are in the appendix.

1.1 Formal Setting Consider a regular one-dimensional exponential
family M = {P, : p € M} given in its mean-value parameterization (see e.g.
(Barndorff-Nielsen, 1978) for more on definitions and for all the proofs of all
standard results about exponential families that are to follow). Each member
of the family is a distribution for some random variable U, taking values in
some set U, with density p, ) relative to some underlying measure p)
which, without loss of generality, can be taken to be a probability measure.
For regular exponential families, M is an open interval in R and p,, ) can be
written as:

Puv)(U) = exp (A(p) - H(U) — A(A()) , (1.1)

where A(4) maps mean-value p to canonical parameter 5. We then have
p = Ep [t(U)], where t(U) is a measurable function of U and A(f) is the
log-normalizing factor. The measure pj;;) induces a corresponding (marginal)
measure p = px] on the sufficient statistic X := t(U), and similarly the
density (1.1) induces a corresponding density p, := p,,, (x] on X, i.e. we have

Pul(X) = Py (X) = exp (A(p) - X — A(A(n))) - (1.2)

All e-variables that we will define can be written in terms of the induced
measure and density of the sufficient statistic of X; in other words, we can
without loss of generality act as if our family is natural. Therefore, from
now on we simply assume that we observe data in terms of their sufficient
statistics X rather than the potentially more fine-grained U, and will be
silent about U; for simplicity we thus abbreviate p,(x] to p, and pix) to p.
Note that exponential families are more usually defined with a carrier func-
tion h(X) and p set to Lebesgue or counting measure; we cover this case by
absorbing h into p, which we do not require to be Lebesgue or counting.
The data comes in as a block X* = (X1,..., X3) € X*, where X is the
support of p. To calculate our e-values we only need to know X* € X* and
under the alternative hypothesis, all X, j = 1...k are distributed according
to some element P, of M. In our main results we take the alternative
hypothesis to be simple, i.e. we assume that p = (u1,...,ux) € MF is fixed
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in advance. The alternative hypothesis is thus given by
simple Hy : X4 ~ P,,, Xo ~ Py,,..., X}, ~ P,, independent.

Note that we will keep p fixed throughout the rest of this section and
Sect. 2. This is without loss of generality as p is defined as an arbitrary
element of M¥, so that all results stated for p hold for any element of M¥. The
extension to composite alternatives by means of the method of mixtures
or the plug-in method is straightforward, and done in a manner that has
become standard for e-value based testing (Ramdas et al, 2022).

Our null hypothesis is directly taken to be composite, for as regards
the null, the composite case is inherently very different from the simple
case (Griinwald et al, 2023, Ramdas et al, 2022). It expresses that the X*
are identically distributed. We shall consider various variants of this null
hypothesis, all composite: let P be a set of distributions on &', then the null
hypothesis relative to P, denoted Ho(P), is defined as

composite Ho(P) : X1 ~ P, X9 ~ P,..., X} ~ P 1ii.d. for some P € P.

Our most important instantiation for the null hypothesis will be Hy =
Ho(M) for the same exponential family M from which the alternative was
taken; then Hy(M) is a one-dimensional parametric family expressing that
the X; are i.i.d. from P, for po € M. Still, we will also consider Hy = Ho(P)
where P is the much larger set of all distributions on X. Then the null sim-
ply expresses that the X* are i.i.d.; we shall abbreviate this null to Hq(1ID).
Finally we sometimes consider Hy = Ho(M’) where M' C M is a subset of
P, € M with p € M for some sub-interval M C M. The statistics that we use
to gain evidence against these null hypotheses are e-variables.

Definition 1 We call any nonnegative random variable S on a sample space
2 (which in this paper will always be 2 = X*) an e-variable relative to Hy
if it satisfies

for all P € Hy: Ep[S] < 1. (1.3)

1.2 The GRO FE-variable for General Hy In general, there exist many
e-variables for testing any of the null hypotheses introduced above. Each
e-variable S can in turn be associated with a growth rate, defined by
Ep, [log S]. Roughly, this can be interpreted as the (asymptotic) exponen-
tial growth rate one would achieve by using S in consecutive independent
experiments and multiplying the outcomes if the (simple) alternative was
true (see e.g. Griinwald et al, 2023 Section 2.1) or Kelly (1956).
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The Growth Rate Optimal (GRO) e-variable is then the e-variable with
the greatest growth rate among all e-variables. The central result (Theorem
1) of Griinwald et al (2023) states that, under very weak conditions, GRO
e-variables take the form of likelihood ratios between the alternative and
the reverse information projection (Li, 1999) of the alternative onto the
null. We instantiate their Theorem 1 to our setting by providing Lemma 1
and 2, both special cases of their Theorem 1. Before stating these, we need
to introduce some more notation and definitions. For g = (u1, ..., ug) we
use the following notation:

k
pu(X%) = [ e (50):
i=1

Whenever in this text we refer to KL divergence D(Q||R), we refer to mea-
sures @ and R on X*. Here @ is required to be a probability measure, while
R is allowed to be a sub-probability measure, as in (Griinwald et al, 2023).
A sub- probability measure R on X* is a measure that integrates to 1 or
less, i.e [, dR(z) < 1.

The following lemma follows as a very special case of Theorem 1 (simplest
version) of Griinwald et al (2023), when instantiated to our k-sample testing
set-up:

Lemma 1 Let P be a set of probability distributions on X* and let CONV(P)
be its convex hull. Then there exists a sub-probability measure Py with density
po such that

DPAIF) = ,_inf  D(P[P). (1.4)
Py is called the reverse information projection (RIPr) of P, onto CONV(P).
Clearly, if Pj € coNV(P) (the minimum is achieved) then Fj is a probabil-
ity measure, i.e. integrates to exactly one. We show that this happens for
certain specific exponential families in Sect.4. However, in general we can
neither expect the minimum to be achieved, nor the RIPr to integrate to
one. Lemma 2 below, again a special case of (Griinwald et al, 2023, Theorem
1), shows that the RIPr characterizes the GRO e-variable, and explains the
use of the term GRO in the definition below.
Definition 2 Sggo(p) is defined as

pu(X*
Scro(P) = pg((Xk‘)) (1.5)
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where p{ is the density of the RIPr of P, onto CONV(P).

Lemma 2 For every set of distributions P on X, Sgro(p) @5 an e-variable
for Ho(P). Moreover, it is the GRO (Growth-Rate-Optimal) e-variable for
Ho(P), i.e. it essentially uniquely achieves

sup Ep, [log 5]
S

where the supremum ranges over all e-variables for Ho(P).

Here, essential uniqueness means that any other GRO e-variable must
be equal to Sgro(p) with probability 1 under P,. This in turn implies that
the measure Fj is in fact unique, as members of regular exponential families
must have full support. Thus, once we have fixed our alternative and defined
our null as Hy(P) for some set of distributions P on X, the optimal (in the
GRO sense) e-variable to use is the Sgpo(p) e-variable as defined above.

2 The Four Types of E-variables

In this section, we define our four types of e-variables; the definitions can be
instantiated to any underlying 1-parameter exponential family. More pre-
cisely, we define three ‘real’ e-variables Sgro(rm)s Sconn, Sero(p) and one
‘pseudo-e-variable’ Spgpupo(a), @ variation of Sgro(ag) Which for some expo-
nential families is an e-variable, and for others is not.

2.1 The GRO E-variable for Ho(M) and the pseudo e-variable We
now consider the GRO e-variable for our main null of interest, Ho(M).
In practice, for some exponential families M, the infimum over CONV(M)
in (1.4) is actually achieved for some P,: € M. In this easy case we can
determine Sgpo(aq) analytically (this happens if Sgro(at) = Sespupo(m)s See
below). For all other M, i.e. whenever the infimum is not achieved at all or is
in CONV(M)\ M, we do not know if Siro(aq) can be determined analytically.
In this hard case will numerically approximate it by éRO( M) 88 defined
below. First, for a fixed parameter g € M we define the vector (1) as the
vector indicating the distribution on X'* with all parameters equal to pg:

(1o} == (o, - - , o) € M. (2.1)

Next, with W a distribution on M, we define

pw = /p(u0>(Xk)dW(M0) (2.2)
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to be the Bayesian marginal density obtained by marginalizing over distri-
butions in Hy(M) according to W. Clearly, if W has finite support then the
corresponding distribution Py has Py € CONV(M). We now set

! ._ pu(Xk)
RO (X

where W is chosen so that pyy; is within a small € of achieving the minimum

n (1. 4) i.e. D(Py, .l Py,) = infpeconvimy D(Pu ... | P) + € for some
O < € < e. Then, by Corollary 2 of Griinwald et al (2023), SCRO(M) will not
be an e-variable unless ¢ = 0, but in each case (i.e. for each choice of M)
we verify numerically that sup, cyEp, . [S] =1+ 0 for negligibly small
J, i.e. & goes to 0 quickly as € goes to 0. We return to the details of the
calculations in Sect. 5.

We now consider the ‘easy’ case in which Fj = P, for some p; € M.
Clearly, we must have p := argmin,,ex D(Py[|P,,)). An easy calculation
shows that then

k
Z (2.3)

?r'\}—‘

Definition 3 Spgzupo(r) is defined as

S _ pu(XP)
PSEUDO(M) +— W

Spseupo(Mm) 18 N0t always a real e-variable relative to Ho(M), which explains
the name ‘pseudo’. Still, it will be very useful as an auxiliary tool in Theo-
rem 2 and derivations. Note that, if it is an e-variable then we know that it
is equal to Sgro(m):

Proposition 1 Spguipo(a) 8 an e-variable for M iff Spspupo(m) = Saro(M)-
The proposition above does not give any easily verifiable condition to check
whether Spspino(am) 18 an e-variable or not. The following proposition does
provide a condition which is sometimes easy to check (and which we will
heavily employ below). With p§ as in (2.3), define

ZVAR Py g [X] — kvarp, [X].
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Proposition 2 If f(ug) > 0, then Spspupo(m) 8 mot an e-variable. If
f(uiy) < 0, then there exists an interval M C M with pfy in the interior of M
50 that Spspupo(m) 15 an e-variable for Ho(M'), where M' = {P,, : p € M'}.
2.2  The GRO E-variable for Ho(1ID) Recall that we defined Ho(1ID)
as the set of distributions under which X;, j =1,...k, are i.i.d. from some
arbitrary distribution on X. By the defining property of e-variables, i.e.
expected value bounded by one under the null (1.3), it should be clear that
any e-variable for H(11D) is also an e-variable for Hy(M), since Ho(M) C
Ho(11D). In particular, we can also use the GRO e-variable for H(1ID) in our
setting with exponential families. It turns out that this e-variable, which we
will denote as Sqro (i), has a simple form that is generically easy to compute.
We now show this:
Theorem 1 The minimum KL divergence inf pcoony(r,un)) D(PullP) as in
Lemma 1 is achieved by the distribution Py on Xk with density

b Bk |
po(@®) =TT 7 > o).
j=1" =1

Hence, Scro(mn), as defined below, is the GRO e-variable for Ho(11D).
Definition 4 Sqgo(p) is defined as

x|

pu(Xk)
: |
EE o)
=1

7

[1

=1

SGRO(HD) = (

The proof of Theorem 1 extends an argument of Turner et al (2021) for the
2-sample Bernoulli case to the general k-sample case. The argument used
in the proof does not actually require the alternative to equal the product
distribution of k independent elements of an exponential family — it could
be given by the product of k£ arbitrary distributions. However, we state the
result only for the former case, as that is the setting we are interested in
here.

2.3 The Conditional E-variable Sconp ~ So far, we have defined e-
variables as likelihood ratios between P, and cleverly chosen elements of
either Ho(M) or Ho(11D). We now do things differently by not considering
the full original data X, ... X}, but instead conditioning on the sum of the
sufficient statistics, i.e. Z = Zle X;. It turns out that doing so actually
collapses Hp(M) to a single distribution, so that the null becomes simple.
That is, the distribution of X* | Z is the same under all elements of Ho(M),
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as we will prove in Proposition 3. This means that instead of using a likeli-
hood ratio of the original data, we can use a likelihood ratio conditional on
Z, which ‘automatically’ gives an e-variable.

Definition 5 Setting Z to be the random variable Z := Zle X, Sconp 18
defined as

pu (X1 2)
Pluoy (XE1 | Z)

Sconp 1=

with pp € M and (X) the sufficient statistic as in (1.2).

Proposition 3 For all p' = (i}, ..., u,) € M¥, we have that py (z*~1 | Z =
z) depends on p' only through \; := A1) = A(py.), j = 1,... k=1, i.e. it can
be written as a function of (A1, ..., A\g—1). As a special case, for all jio, gy € M,
it holds that pwU)(xk | Z) = p<%>(:z:k | Z). As a direct consequence, Sconp 18
an e-variable for Ho(M),

Example 1 [The Bernoulli Model] If M is the Bernoulli model and k =
2, then the conditional e-variable reduces to a ratio between the conditional
probability of (X1, Xs) € {0, 1}? given their sum Z € {0, 1,2}. Clearly, for all
:ullvf'bé eM=(0,1), we havepﬂllvu/z((()?()) | Z=0)= pﬂllaﬂlz((l’ N[z=2)=1,
S0 Sconp = 1 whenever Z = 0 or Z = 2, irrespective of the alternative: data
with the same outcome in both groups is effectively ignored. A non-sequential
version of Scoxp for the Bernoulli model was analyzed earlier in great detail
by Adams (2020).

Furthermore, for any ¢ € R, we have that M, := {(p}, 1h) : A1) —
A(po) = ¢} is the line of distributions within M? with the same odds ratio
log(p1 (1 —p2)/((1—p1)p2)) = c. The sequential probability ratio test of two
proportions from Wald (1947) was based on fixing a ¢ for the alternative
(viewing it as a notion of ‘effect size’) and analyzing sequences of paired
data X(1), X(9),... with X5y = (Xi1,Xi2) by the product of conditional
probabilities

pe(X@i) [ Z@)
po(X(i) ‘ Z(i)) = SCOND(XZ)7
thus effectively using Scoxp (here, we abuse notation slightly, writing p.(x | z)
when we mean p,; .. (x| 2) for any pf, s € Mc). It is, however, important
to note that this product was not used for an anytime-valid test but rather
for a classical sequential test with a fixed stopping rule especially designed
to optimize power.
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3 Growth Rate Comparison of Our E-variables

Above we provided several recipes for constructing e-variables S = S* whose
definition implicitly depended on the chosen alternative . To compare these,
we define, for any non-negative random variables S}" and S%, St = S to
mean that for all g € M¥, it holds that Ep, [log S'] > Ep, [log S4']. We write
St - SEif St = Sy and there exists p € MF for which equality does not
hold. From now on we suppress the dependency on p again, i.e. we write S
instead of S*. We trivially have, for every underlying exponential family M,

SPSEUDO(M) = SGRO(M) = SGRO(HD) and SGRO(M) = Sconp- (3.1)

We proceed with Theorem 2 and 3 below (proofs in the Appendix). These
results go beyond the qualitative assessment above, by numerically bounding
the difference in growth rate between Spgpupo(a) and Sgroam) (and, because
Scro(m) must lie in between them, also between these two and Sgro(ar))
and Spspupo(m) and Sconp respectively. Theorem 2 and 3 are asymptotic (in
terms of difference between mean-value parameters) in nature. To give more
precise statements rather than asymptotics we need to distinguish between
individual exponential families; this is done in the next section.

To state the theorems, we need a notion of effect size, or discrepancy
between the null and the alternative. So far, we have taken the alternative
to be fixed and given by u, but effect sizes are usually defined with the null
hypothesis as starting point. To this end, note that each P, € Ho(M)
corresponds to a whole set of alternatives for which P, is the closest point
in KL within the null. This set of alternatives is parameterized by M*) (1) =
{Wh, ..., eM: %Zle [: = po}, as in (2.3). We can re-parameterize this
set as follows, using the special notation (o) as given by (2.1). Let A be the

set of unit vectors in R* whose entries sum to 0, i.e. o € A iff 1/ Z?:l a? =1

and Z§:1 aj = 0. Clearly p € M) (uo) if and only if p1, ..., up € Mand p =
(o) + dax for some scalar § > 0 and a € A. We can think of § as expressing
the magnitude of an effect and a as its direction. Note that, if & = 2, then
there are only two directions, A = {ai,a_1} with a1 = (1/v2,—1/V2)
and a_1 = —aj, corresponding to positive and negative effects: we have
1 — o = V2.6 if a = aq and 1 — po = —V/2-6if a = a_1, as illustrated
later on in Fig. 1. Also note that, for general k, in the theorem below, we
can simply interpret § as the Euclidean distance between p and (p).

Theorem 2 Fiz some py € M, some a € A and let p = (o) + da for § >0
such that p € M) (p0). The difference in growth rate between Spspupo(rm) and
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Scro(p) 18 given by

L [ (f2(0)° 4 s
Ep, [10g Sesuuno(Mm) — 108 SGRO(IID)] =3 / de(l‘) 6" 4o (5 )

=0 (6", (3.2)

k
where f.(§) = Zle Puo+sa; () = Y pu,(x) and f) is the second deriva-
i=1
tive of fr, so that fy(0) = kpy,(z) and (with some calculation) f;'(0) =
ddezpu(JU) |u=po-

As is implicit in the O(:)-notation, the expectation on the left is well-
defined and finite and the integral in the middle equation is finite as well.
The theorem implies that for general exponential families, Sqgro(p) is sur-
prisingly close (O(6%)) to the optimal Scro(m) 10 the GRO sense, whenever
the distance § between H; and Ho(M) is small. This means that, whenever
Scro(M) F Seseupo(M) (80 Sero(ay is hard to compute and Spspupo(m) 18
not an e-variable), we might consider using Sggpo(p) instead: it will be more
robust (since it is an e-variable for the much larger hypothesis Hy(1ID)) and
it will only be slightly worse in terms of growth rate.

Theorem 2 is remarkably similar to the next theorem, which involves
Sconp rather than Sgpomp). To state it, we first set Xp(zh1,2) == 2 —
Zf’;l x;, and we denote the marginal distribution of Z = Zle X; under P,

as P,,.(7), noting that its density p,,.[7 is given by

Pui) = [ ow (k) dota ), (33)

where p is extended to the product measure of p on X*~! and

C(z) := {ajk_l e Xkl X(ab 1t 2) € X} . (3.4)

Theorem 3 Fiz some pg € M, a € A and let p = {(po) + da for § > 0
such that p € M%) (). The difference in growth rate between Spseupo(M)
and Sconp 1S given by

1 (9;’(0))2 4 4
Ep, [l0g Spspuno(r) — 108 Sconn] = 2 dem(?«‘) 16" +0(07)

= 0(8%), (3.5)
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Table 1: The ranks of the four different e-variables when compared with the
relation ‘>’. The ranks in black are proved in Appendix 6, while the ranks
in blue are conjectures based on the simulations in Figure 1. The rank of
Spseupo(Mm) 18 denoted in red whenever it is not an e-variable, as shown in
Appendix 6

Exponential Family SPSEUDO(M) SGRO(M) SGRO(IID) Sconp
Bernoulli (1) (1) (1) (2)
Gaussian with free mean (1) (1) (2) (1)
and fixed variance

Poisson (1) (1) (2) (1)
beta with free 3 and fixed (1) (2) (3) (4)

a

geometric (1) (2) (4) (3)
Gaussian with free vari- (1) (2) (3) (4)
ance and fixed mean

Exponential (1) (2) (3)-(4) (3)-(4)

where g.(8) 1= Piuy)+asiz)(2) and pjz) denotes the measure on Z induced by
the product measure of p on X*.

Again, the expectation on the left is well-defined and finite and the integral
on the right is finite. Comparing Theorem 3 to Theorem 2, we see that
f2(0), the sum of k identical densities evaluated at z, is replaced by g.(0),
the density of the sum of k i.i.d. random variables evaluated at z.
Corollary 1 With the definitions as in the two theorems above, the growth-
rate difference Ep, [Iog Sconp — log SGRO(HD)] can be written as

1 (f2(0))? (92(0))° _
5 (/z ot - [y “’) el =o0n. 6o

4 Growth Rate Comparison for Specific Exponential
Families

We will now establish more precise relations between the four (pseudo-
) e-variables in k-sample tests for several standard exponential families,
namely those listed in Table 1 and a few related ones, as listed at the
end of this section. For each family M under consideration, we give
proofs for which different e-variables are the same, i.e. S = S’, where
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S, 5" € {Saro(M)» Sconns Saro(im)s Seseupo(m) - Whenever we can prove that
Scro(m) 7 S for another e-variable S € {Sconn, Sgro(in) }, We can infer that
Scro(m) = S because Sgro(u) is the GRO e-variable for Ho(M). Whenever
both Sconp and Sgro(p) are not equal to Sgro(a), we will investigate via
simulation whether Sqro(ip) = Sconp Or vice versa — our theoretical results
do not extend to this case. All simulations are carried out for the case k = 2
in the paper. Theorem 2 and Theorem 3 show that in the neighborhood of
6 =0 (p1,. .., all close together), the difference Ep, [log S — log S'] is of
order §* when S, 5" € {Saro(M)s Spseubo(M)s Saro(up)s Sconn }- Hence in the
figures we will show (Ep, [log S — log S'])1/4, since then we expect the dis-
tances to increase linearly as we move away from the diagonal, making the
figures more informative.

Our findings, proofs as well as simulations, are summarised in Table 1.
For each exponential family, we list the rank of the (pseudo-)e-variables when
compared with the order ‘>’. The ranks that are written in black are proven
in Appendix D, while the ranks in blue are merely conjectures based on our
simulations as stated above. The results of the simulations on which these
conjectures are based are given in Fig. 1. Furthermore, the rank of Spspypo(a)
is colored red whenever it is not an e-variable for that model, as shown in the
Appendix. Note that whenever any of the e-variables have the same rank,
they must be equal p-almost everywhere, by strict concavity of the logarithm
together with full support of the distributions in the exponential family. For
example, the results in the table reflect that for the Bernoulli family, we
have shown that SPSEUDO(M) = Paro(M) = PGro(1ID) and that SPSEUDO(M) ~
Sconp- Also, for the geometric family and beta with free 8 and fixed «a, we
have proved that Spspypo(a) 1S not an e-variable, that Sgroa) # Saro(n)
and that Sgroam) # Sconn, 50 that it follows from (3.1) that Sppupo(a) =
SGRO(M), SGR.O(M) > SGRO(HD) and SGR,O(M) > Sconp- Then the findings of the
simulations shown in Fig. la suggest that Scroup) > Sconp for beta with
free 5 and fixed  and in Fig. 1b suggest that Scoxp = Sgro(ip) for geometric
family, but these are not proven. Figure 1c shows that Sgroam) = Sconp for
Gaussians with free variance and fixed mean. Finally, Fig. 1d shows that for
the exponential, there is no clear relation between Sgpo(p) and Sconp. That
18, Sero(up) grows faster than Sconp for some py, ..., ui € M, and slower for
others, which is indicated by rank (3) — (4) in the table.

Finally, we note that for each family listed in the table, the results must
extend to any other family that becomes identical to it if we reduce it to
the natural form (1.2). For example, the family of Pareto distributions with
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Figure 1: A comparison of Sgroup) and Sconp for four exponential families.
We evaluated the expected growth difference on a grid of 50 x 50 alterna-
tives (1, p2), equally spaced in the standard parameterization (explaining
the nonlinear scaling on the depicted mean-value parameterization). On the
left are the corresponding heatmaps. On the right are diagonal ‘slices’ of
these heatmaps: the red curve corresponds to the main diagonal (top left -
bottom right), the blue curve corresponds to the diagonal starting from the
second tick mark (10th discretization point) top left until the second tick
mark bottom right. These slices are symmetric around 0, their value only
depending on § =| pu1 — p2 | /V2 =| 1 — 5 | V2, where pg = (1 + p2)/2

and ¢ is as in Theorem 2

— g =60.02
— ug =50.03

— ug =60.02
— pg =50.03

1= Hg

(d) Exponential
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fixed minimum parameter v can be reduced to that of the exponential dis-
tributions: if U ~ Pareto(v, o), then we can do a transformation X = ¢(U)
with ¢(U) = log(U/v), and then X ~ Exp(«). Thus, the k-sample problem
for U with the Pareto(v, «) distributions, with « as free parameter, is equiv-
alent to the k-sample problem for X with the exponential distributions; the
e-value Sgpo(aq) Obtained with a particular alternative in the Pareto setting
for observation U coincides with Sgpo(aq) for the corresponding alternative
in the exponential setting for observation X = ¢(U), and the same holds
for Sgro(up) and Scoxp. Therefore, the ordering for Pareto must be the same
as the ordering for exponential in Table 1. Similarly, the e-variables for the
log-normal distributions (with free mean or variance) can be reduced to the
two corresponding normal distribution e-variables.

5 Simulations to Approximate the RIPr

Because of its growth optimality property, we may sometimes still want
to use the GRO e-variable Sqpo(a), €ven in cases where it is not equal
to the easily calculable Spgpypo(a)- To this end we need to approximate it
numerically. The goal of this section is twofold: first, we want to illustrate
that this is feasible in principle; second, we show that this raises interest-
ing additional questions for future work. Thus, below we consider in more
detail simulations to approximate Sgro(aq) for the exponential families with
Scro(M) 7 Sespupo(m) that we considered before, i.e. beta, geometric, expo-
nential and Gaussian with free variance; for simplicity we only consider the
case k = 2. In Appendix E we provide some graphs illustrating the RIPr
probability densities for particular choices of 1, ue; here, we focus on how
to approximate them, taking our findings for £ = 2 as suggestive for what
happens with larger k.

5.1 Approzimating the RIPr via Li’s Algorithm — Li (1999) provides
an algorithm for approximating the RIPr of distribution @ with density
q onto the convex hull CONV(P) of a set of distributions P (where each
P € P has density p) arbitrarily well in terms of KL divergence. At the m-
th step, this algorithm outputs a finite mixture P,,) € CONV(P) of at most
m elements of P. For m > 1, these mixtures are determined by iteratively
setting P,y := aP(,_1)+(1—a)P’, where a € [0,1] and P’ € P are chosen so
as to minimize KL divergence D(Q| P, 1)+ (1—a) P"). Here, Py is defined
as the single element of P that minimizes D(Q||FP(y)). It is thus a greedy
algorithm, but Li shows that, under some regularity conditions on P, it holds
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that D(Q||Pyny) — inf peconvipy D(Q||P). That is, P, approximates the
RIPr in terms of KL divergence. This suggests, but is not in itself sufficient
to prove, that suppep Ep[q(X)/pim)(X)] — 1, i.e. that the likelihood ratio
actually tends to an e-variable.

We numerically investigated whether this holds for our familiar set-
ting with k = 2, Q is equal to P, for some p = (u1,p2) € M?, and
P = Ho(M). To this end, we applied Li’s algorithm to a wide variety
of values (p1,p2) for the beta, exponential, geometric and Gaussian with
free variance. In all these cases, after at most m = 15 iterations, we found
that sup,, ew Ep, .. [Py o (X1, X2) /q(m) (X1, X2)] was bounded by 1.005: Li’s
algorithm convergences quite fast; see Appendix E for a graphical depiction
of the convergence and design choices in the simulation.

(note that, since we have proved that Sgro(am) = Sespupo(a) for Bernoulli,
Poisson and Gaussian with free mean, there is no need to approximate
Scro(m) for those families).

5.2 Approximating the RIPr via Brute Force  While Li’s algorithm
converges quite fast, it is still highly suboptimal at iteration m = 2, due
to its being greedy. This motivated us to investigate how ‘close’ we can
get to an e-variable by using a mixture of just two components. Thus, we
set pa(z¥) = ap<#01>(ack) + (1 - a)p<u02>(xk) and, for various choices of
p = (p1, p2), considered

Sappr 1= Py (Xk)
pa(XF)

as an approximate e-variable, for the specific values of « € [0, 1] and o1, pro2
that minimize

(5.1)

sup EPM” [SAPPR]-
o €M

(in practice, we maximize po over a discretization of M with 1000 equally
spaced grid points and minimize «, p1, to2 over a grid with 100 equally sized
grid points, with left- and right- end points of the grids over M determined
by trial and error). The simulation results, for £ = 2 and particular values
of p1, no and the exponential families for which approximation makes sense
(i-e. Saro(M) 7 Seseupo(m)) are presented in Table 2. We tried, and obtained
similar results, for many more parameter values; one more parameter pair for
each family is given in Table 3 in Appendix E. The term sup,, cy Ep, , [Sarrr]
is remarkably close to 1 for all of these families. Corollary 2 of Griinwald et al
(2023) implies that if the supremum is exactly 1, i.e. Syppr is an e-variable,
then Syppr must also be the GRO e-variable relative to P,,. This leads us to
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speculate that perhaps all the exceedance beyond 1 is due to discretization
and numerical error, and the following might (or might not — we found no
way of either proving or disproving the claim) be the case:

Conjecture

For k = 2, the RIPr, i.e. the distribution achieving

I D(P,
QECOI\{{/I(ISD(M)) ( Nl,thQ)

can be written as a mixture of just two elements of Ho(M).

6 Conclusion and Future Work

In this paper, we introduced and analysed four types of e-variables for test-
ing whether k groups of data are distributed according to the same ele-
ment of an exponential family. These four e-variables include: the GRO
e-variable (Sgro(aq)), @ conditional e-variable (Sconp), a mixture e-variable
(Sero(up)); and a pseudo-e-variable (Spspupo(ar)). We compared the growth
rate of the e-variables under a simple alternative where each of the
k groups has a different, but fixed, distribution in the same exponen-
tial family. We have shown that for any two of the e-variables S,S’ €
{SGRO(M)7 Sconn; Sero(1)s SPSEUDO(M)}7 we have Eflog S —log §'] = O(6?) if
the ¢ distance between the parameters of this alternative distribution and
the parameter space of the null is given by J. This shows that when the effect
size is small, all the e-variables behave surprisingly similar. For more general
effect sizes, we know that Supo () has the highest growth rate by definition.
Calculating Sqgro(aq) involves computing the reverse information projection
of the alternative on the null, which is generally a hard problem. However,
we proved that there are exponential families for which one of the follow-
ing holds SPSEUDO(M) = SGR,O(M)’ Sconp = SGR,O(M) or SGR.O(IID) = SGR,O(M)a
which considerably simplifies the problem. If one is interested in testing an
exponential family for which is not the case, there are algorithms to esti-
mate the reverse information projection. We have numerically verified that
approximations of the reverse information projection also lead to approx-
imations of Sgro(r). However, the use of Sconp Or Sgrop) might still be
preferred over Sgro(a) due to the computational advantage. Our simula-
tions show that depends on the specific exponential family which of them
is preferable over the other, and that sometimes there is even no clear
order.
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A Application in Practice: k Separate 1.I.D. Data Streams

In the simplest practical applications, we observe one block at a time, i.e. at
time n, we have observed X(y), ..., X(y), where each Xy = (Xi1,..., Xix)
is a block, i.e. a vector with one outcome for each of the k£ groups. This is
a rather restrictive setup, but we can easily extend it to blocks of data
in which each group has a different number of outcomes. For example,
if data comes in blocks with m; outcomes in group j, for j = 1...k,
X(z) = (Xi,l,la e 7Xi,1,m1,Xi,2,17 ey X@me e 7Xi,k,1a e aXi,k:,mk)a we can
re-organize this having k' = Z?Zl m; groups, having 1 outcome in each
group, and having an alternative in which the first m entries of the out-
come vector share the same mean pj = ... = 7, = u1; the next my entries
share the same mean p;, | = ... = ), 1, = p2, and so on.

Even more generally though, we will be confronted with k separate i.i.d
streams and data in each stream may arrive at a different rate. We can
still handle this case by pre-determining a multiplicity myq, ..., my for each
stream. As data comes in, we fill virtual ‘blocks’ with m; outcomes for group
j, j = 1...k. Once a (number of) virtual block(s) has been filled entirely,
the analysis can be performed as usual, restricted to the filled blocks. That
is, if for some integer B we have observed Bm; outcomes in stream j, for all
j =1...k, but for some j, we have not yet observed (B + 1)m; outcomes,
and we decide to stop the analysis and calculate the evidence against the
null, then we output the product of e-variables for the first B blocks and
ignore any additional data for the time being. Importantly, if we find out,
while analyzing the streams, that some streams are providing data at a much
faster rate than others, we may adapt my, ..., m; dynamically: whenever a
virtual block has been finished, we may decide on alternative multiplicities
for the next block; see Turner et al (2021) for a detailed description for the
case that k = 2.

B Proofs for Sect. 2

In the proofs we freely use, without specific mention, basic facts about deriva-
tives of (log-) densities of exponential families. These can all be found in, for
example, Barndorff-Nielsen (1978).

B.1 Proof of Proposition 1
Proof Since Sgro(nm) was already shown to be an E-variable in Lemma 2,
the ‘if” part of the statement holds. The ‘only-if’ part follows directly from
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Corollary 2 to Theorem 1 in (Griinwald et al, 2023), which states that there

can be at most one E-variable of the form p, (X*)/r(X*) where r is a prob-

ability density for X*. O
B.2 Proof of Proposition 2

P(mo{)Deﬁne 9(po) =By, ) [Sespuvorn] and B(us) == A(A(ps) + Apo)—

A(pg))-

i= 1p“0 i=1

-5 105 - Mo [
(

I

i
— —

exp (A(po)y — A (Mpo))) -

exp((A(pi) + A(po) — Apo))y — A(A (i) — A(A(ko))
(AM(k0)))dp(y)

exp (A (M(pg)) — A(A(pi) — A(Mpo))) exp (B (i)

I
=t

—.

@
I
—

- / exp (A(p) + o) — Auid)) y — Blyus)) dp(y)

= Hexp (A ko)) — AA(pi) = A(Mpo))) exp (B(pi)) - 1

Taking first and second derivatives with respect to g, we find

=1

k
dzog(ﬂo) = 9(po) - dZo (Z B(pi) — kA (Muo))) (B.2)
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and

d? d d (<
a9 (ko) = (Cmg w) ) - g (; B(pi) — kA ()\(#0)))

+ 9(uo) - CZLO (Z B(us) — kA <A<uo>>)
=1

k 2
=9(ko) <Z(/~Li + po = pg) — km)

=1

k
0) (Z VARP, {0 [X] — kVARp,, [X])

—g(110) (Zm 1—kVARp%[X1>=g<uo>-f<uo>.
(B.3)

where the second equality holds by (B.2), (d/dA(u))A(A(i)) = Ep,[X] and
(d?/d\(1)*)A(X(p)) = VARp,[X]. (B.3) is continuous with respect to po.
Therefore, if f(ug) > 0 holds, it means that there exists an interval M* C M
with £ in the interior of M* on which (B.1) is strictly convex. Then there must
exist a point uf, € M* satisfying I[Ep%> [Seseuno(m)] > Ep,.) [Sessupo(m)] =
1, i.e. Spspupo(m) 18 not an E-variable. Conversely, f(u5) < 0 means that
there exists an interval M* C M with g in the interior of M*, on which (B.1)
is strictly concave. The result follows. O

B.3 Proof of Theorem 1

To prepare for the proof of Theorem 1, let us first recall Young’s [1912]
inequality:

Lemma 3 [Young’s inequality] Let p, g be positive real numbers satisfying
L1 — 1 Then if a,b are nonnegative real numbers, ab < %p + &,

The proof of Theorem 1 follows exactly the same argument as the one used
by Turner et al (2021) to prove this statement in the special case that M is
the Bernoulli model.
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Proof We first show that Sigo(up) as defined in the theorem statement is an

k
E-variable. For this, we set pj(X) = + > pu. (X). We have:
i=1

P (X1) P (X)
We also have
1 pﬂl(Xl):| 1 |:puk<Xk):|
_ i~ + o4 —E L~ o
fo b {P(’S(Xl) ko | ps(X)
1 X X
—EEXN » ]‘]Z/"‘l( ) e iﬂk( ) -1 (B5)

We need to show that (B.4) < 1, for which we can use (B.5). Stated more

k k
simply, it is sufficient to prove [[ r; <1 with % S r; <1, 7, € RT. But this
i=1 i=1
is easily established:

_9 lf;—2i B ko
= k .Zz:lr _|_T]f1 ,r_]:
k-1 k-2 k-1

k—
k—2 =,

D il Ti ok

> (k: 9 ) Te 1Tk

2 k k
1+ 1ro\* 1 1
(M) =10 mo

where the first inequality holds because of Young’s inequality, by setting
k=1,
1% = %,% = %,ap = %,bq := 1, in Lemma 3. The other inequalities
k1
are established in the same way. It follows that [[r} < 1 and further
i=1
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k

[[ 7 < 1. This shows that Sgroamp) is an e-variable. It remains to show
i=1

that Sgro(p) is indeed the GRO e-variable relative to Ho(11D); once we have
shown this, it follows by Lemma 2 that it is the unique such e-variable
and therefore by Lemma 1 that Fj achieves the minimum in Lemma 1.
Since we already know that Sgro(p) is an e-variable, the fact that it is the
GRO e-variable relative to Ho(11D) follows immediately from Corollary 2
of Theorem 1 in Griinwald et al (2023), which states that there can be at
most one e-variable of form p,, (X*)/r(X") where r is a probability density.
Since Sgro(up) is such an e-variable, Lemma 1 gives that it must be the GRO
e-variable. O

B.4 Proof of Proposition 3

Proof The observed values of X1, Xo, ..., X}, are denoted as ¥ (:= z1,...,zp).
With X (2%, 2) == 2z — Zf:_ll r; and C(z) as in (3.4) and p,.(z (2) and
p(xF=1) as in (3.3), we get:

(Ek
o (#7117 =) = pi'i[; <Z>

k
- (; (Aui)s — A(A(m))))

k—1

/ 0 (] (M) = A1) + A8 X0 (51, 20) = A0 ) =)
yk—lec(z) i=1

oxp (A= + T () = A ))e))

k—1
/ exp (Amk)z + 5 ) - A(uk»@h) dp(y*1)
yk=lee(z) =1

k-1
oo (' () = M) )

k—1 ’
/ exp < > (A(wi) = >‘(l¢k))l]'i> dp(y*—1)
yk—lec(z)

i=1

C Proofs for Section 3

C.1 Proof of Theorem 2
Proof We prove the theorem using an elaborate Taylor expansion of F(4),
defined below, around § = 0. We first calculate the first four derivatives of

k
F(0). Thus we define and derive, with p; = po + ;0 and fy(0) = > pp, (y)
i=1
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defined as in the theorem statement,

F(0) ::EP(;LO>+116 [log SPSEUDO(M) — log SGRO(IID)}

k k
1
=Ep, |log]] (k > pu (Xj)> — 10g Py (X)
| =1\ =l

= .
=Ep, Zlog fx, () = Zlogpm(Xj) — klogk
J=1 j=1

k
O S By p, llog fx(6) — logpy (X)] ~ klogk

j=1
FlJ(fS) F»(5)
(2/ £4(8) log £, (8)dp(y) + (—/ fy(9) logpuu(y)dp(y)> —klogk,
yeEX yex

(C.1)

where we define Fi(§) to be equal to the leftmost term in (C.1) and F5(6)
to be equal to the second, and (a) and (b) both hold provided that

forall 7 € {1,...,k}: Ex,~p,, [ log fx,;(6) —logpu,(X;) |] <oo (C.2)

is finite. In the online supplementary material we verify that this condition,
as well as a plethora of related finiteness-of-expectation-of-absolute-value
conditions hold for all § sufficiently close to 0. Together these not just imply
(a) and (b), but also (¢) that we can freely exchange integration over y and
differentiation over ¢§ for all such § when computing the first k derivatives of
F1(6) and F»(0), for any finite k£ and (d) that all these derivatives are finite
for ¢ in a compact interval including 0 (since the details are straightforward
but quite tedious and long-winded we deferred these to the supplementary
material). Thus, using (c), we will freely differentiate under the integral sign
in the remainder of the proof below, and using (d), we will be able to conclude
that the final result is finite.
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For each derivative, we first compute the derivative of Fj(J) and then
that of F»(4).

) = [ £i0)dp(w) + [ 13160108 £,0)dp(w) =

Fi(6) = - / £1(6) 108 puy (9)dp(y) = 0, s0 F'(0) = F{(0) + F}(0) =0,
(C.3)

where the above formulas hold since f.(0) = 0 for all z € X', which can be
obtained by

167y = 30 ol s )

= dpuj
Lo AP (@) = dy dpp, ()
Jo(0) = T3 O = TR = e =0, (C4)

where we used that all u; are equal to pp at 6 = 0. We turn to the second
derivatives:

(5 2
Ho) = [ 1aw + [ (f{,’(5) s ,(0) + ) ) o)
[ (£(0)°

)N 2
o= [ <f;/<o> log £,(0) + (";fy(fg)) ) do(y):

- / £7/(0) 10g py (v)dp(y) + / () og k) dpty)  (CH
ye

= / (f;,(()) log Puo (y)) dp(y)a
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where [ f;/(6)dp(y) = 0 because [ f,(6)dp(y) = k, in which k is a constant
that does not depend on d. Then FY(d) is given by

FU(6) = - / £1(8) log py (v)dply) ; FL(0) = / £7(0) log ppy (9)dp(y), 0
F"(0) =F{(0) + Fy(0) = 0. (C.6)

Now we compute the third derivative of F/(d), denoted as F(3)(§).

" ’ " 3
FO(5) = /<f<5>()1ngy(5)+fyi>£,)<5>+zfy<> (i}f(g (£4(8)) > ao0)

FO0) = [ £570)1og £,0)dp(y)
/ £52(0) log puuo (v)dp(y / £52(0)log kdp(y) (C.7)
= [ 157 ©0)1og s (5)do(y)
FO0) = [ 186) 0gpi (0)do(v)

FPO) == [ 170) g, (0)dp(y), so F(0) = F(0) + FY (0) =0,

which holds since f;(0) = 0 and [ f,(0)dp(y) = k.

The fourth derivative of F'(§) can be computed as follows:

(3) /
o) = [ (f;4><6> log £,(6) + “‘””) dply)

1,(0)
e (17 @£0) + (1)) £,6) - 1) (7,0)* o)
(1,(6))? Y
3 (O @) fE) = 2(50) KO
/ o doly):  (CH)
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1" 2
F{Y(0) = / <f§4) (0) log f,(0) + 3(;(((?)))> dp(y)

= / £59(0)log py, (w)dp(y) +logk | f5(0)dp(y)

yeX
(F1(0))?
*fm 7,0 W)

1 2
= / £59(0) log pu, (v)dp(y) + / X?’(;’((g)))dp(y),
ye Yy

and F2(4) (6) can be computed by

F2(4)(5) _— / £9(8)log pp (1) dp(y).
/ F39(0) log pp, (y)dp(y), so

FW0) =F™M(0) + £V (0) = / 3y (0)° f;((g))) dp(y) > 0.
Y

Based on the above derivatives, we can now do a fourth-order Taylor expan-
sion of F'(0) around § = 0, which gives:

Ep, [log SPSEUDO(M) — log SGRO(IID)] F® (0)54 + 0(54)

4!
" 2
Ry
ye )

where f,(0) = S8 pu,(y) = kpp,(y) and f1/(0) = (

<
I~
-

d2
04?) : dePu(y)
d2
r— Wpu(y) [r— 0
C.2 Proof of Theorem 3
Proof We obtain the result using an even more involved Taylor expansion
than in the previous theorem. As in that theorem, we will freely differentiate

(with respect to ) under the integral sign — that this is allowed is again
verified in the online supplementary material.
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Let p, o, C(2), p(x¥~1), P, etc. be as in the theorem statement. We have:

f(0) = Ep, [log SPSEUDO(M) — log SCOND]

Xk X117z
=Ep, |log p“( lz — log pu( k_1| )
) (X ) p(uo> (X | Z)
B log Pu (Xk) lo pu( k) log fC(z)p# (.CC )dp(xkil)
p— P _—
" (o) (X*) (noy (X*) Jez) Ptuoy (%) dp(a*~1)

=D (Piuo)+asz) | Puoyilz)) -

We will prove the result by doing a Taylor expansion for f(d) around 6 = 0.
It is obvious that f(0) = 0 and the first derivative f’(0) = 0 since f(0)
is the minimum of f(d) over an open set, and f(d) is differentiable. We
proceed to compute the second derivative of f(0), using the notation g,(0) =
Puo)+asi[z](#) as in the theorem statement, with g, and g7 denoting first and
second derivatives.

/ / < 5 /
7) = [ a0 =S doin() + [ gti0)doia (2
(51100 820
~ [ 0108 0 o 2)
iz 2 z 5 ; 5 2
7'6) = [ st 1o =S doz()+ [ dpizo)

where in the first line, the second equality follows since the second term does
not change if we interchanging differentiation and integration and the fact
that [ g.(6)dz =1 is constant in §. We obtain

/ 2
7o) = [ ), (©9)

and, with z, set to Xj(v¥71,2) and recalling that p = (1) + ad and p; =
Mo + Oéj(s,

/ - i k k—1
0) = [ 5Pyt
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k

:/C Z H pui(ii)dp“glng)dp(xkl)

() j=1ie{1,..k}\j

/()E p,u17 S — 15415 Mk(azl,...,J;j_l,xj+1,...,a:k)
C(z

% dp#y(x]) d:“’]d ( )

duj 5
dlogp dlogpy, (z;) _

C(z :uJ

/C ) Zm — T () o)

where I(p;) is the Fisher information. The final equality follows because,
with A(;) the canonical parameter corresponding to pj, we have dA(u;)/
dpj = I(py) and dA(B)/dB |s=x(u,)= Hj; see e.g. Griinwald (2007)[Chapter
18]. Now

0= " i) H ) — o) (e
z)] 1
k
_ / Py @) (110) 3 ey dp(at 1) (C.10)
C(z) =1
k
=100)- [ ) Yot ) 1)
C(2) j=1
k
where the second equality follows from > a; = 0. Because X* i.i.d. ~ P,
j=1

under P,y and the integral in (C.10) is over a set of exchangeable sequences,
(For understanding the statement, we can consider the simple case k = 2, X
and X5 can be exchangeable because they are ‘symmetric’ for given C(z).)
we must have that (C.10) remains valid if we re-order the «;’s in round-robin
fashion, i.e. for all ¢ = 1..k, we have, with a;; = (j1i—1) mod k>

k
g;(O) = I(NO) : /C( )pgm)(ﬂﬁk) Z.Ijaj,idp(l‘kfl).
z =
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k
Summing these k equations we get, using that > «; = 0, that kg, (0) = 0 so
i=1
that ¢2(0) = 0. From (C.9) we now see that

£7(0) = 0.

Now we compute the third derivative of f(), denoted as f©)(4):
@ (5) = [ (g® 9:(0) . 9:()g: (5)>
7906) = [ (o010 2500 + O 4y

297(8)g.(6)g-(8) — (9.(6))?
</ ( (0.0 ) dninte)

So since ¢, (0) = 0 we must also have

73 0) =o.

The fourth derivative of f(§) is now computed as follows:

(3) L
01 (w0 £ )

9-(9)
(9700) - 92(0)+(92(9))?) 9-(8) = 92(6) - (4(9))
+ [ 67 i)

Then

" 2
190 = [ 2= i) >0

We now have all ingredients for a fourth-order Taylor expansion of f(d)
around ¢ = 0, which gives:

L [ (g2(0))° 4 4
Ep, [IOg Spseupo(M) — 108 SCOND] = 8/ 4.(0) dpiz)(z) -0~ +o (5 )

which is what we had to prove. O

D Proofs for Section 4

In this section, we prove all the statements in Table 1.
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D.1 Bernoulli Family
We prove that for M equal to the Bernoulli family, we have Spspipoam) =
SGR,O(M) = SGR.O(IID) > Sconp-

k
Proof We set ufy = % >
i=1

Saro(ip) = Pu (X _ P (XH) (D.1)
(1 (2 5 (15 o))
(X e(X)) SU&
j=1 i=1
= pl‘(Xk)

, 1((ué)"j(lws)l’xi)
= kpu(iX”) = SPSEUDO(M) (D-Q)
/_l;[lpu’é (X])

where the third equality holds since X; € {0,1}. So Spspupo(my is an E-
variable and Spspupo(m) = Scro(m) according to Theorem 1. Then the claim
follows using (3.1) together with the fact that when Z = 0 or Z = 2, we

have Sconp = 1, while this is not true for the other e-variables, so that
Sconn # Sro(M) = Seseuno(M) = Scro(up)- Lhe result then follows from
(3.1). O

D.2 Poisson and Gaussian Family With Free Mean and Fixed
Variance

We prove that for M equal to the family of Gaussian distributions with
free mean and fixed variance o2, we have Spseupo(M) = Saro(M) = Sconp =
Sero(up)- The proof that the same holds for M equal to the family of Poisson

distributions is omitted, as it is completely analogous.

Proof Note that if we let Z := Zi-c:l X;, then we have that Z ~
N(E i ko?) if XF ~ P,. Let p be given by (2.3) relative to fixed
alternative P, as in the definition of Spgzypo(ar) underneath (2.3). Since

kg = Z,’f:l i, we have that Z has the same distribution for X* ~ Py
This can be used to write

Sconp = Pu (Xk | Z) _ Pu (Xk) p(ui‘))(z) _ Du (Xk) =9 M
= _ _ e
Pus) (XFE | Z) Pluz) (XF) pu(Z) Plue) (XF) PSEUDO(M)
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Therefore, Spgpino(am) 18 also an e-variable, so we derive that Spspypom) =
Scro(m) by Theorem 1. Furthermore, we have that the denominator of
Scro(mp) 18 given by a different distribution than p,., so that Sgromp) 7#
Sero(M) = Seseuno(Mm) = Sconp- The result then follows from (3.1). O
D.3 The Families for Which Syseudom) Is Not an E-variable
Here, we prove that Spspupo(am) 18 not an e-variable for M equal to the
family of beta distributions with free § and fixed a. It then follows from
(3.1) that Spspupo(m) = Saro(m)- (3.1) also gives Sarom) = Scro(un) and
Sero(M) = Sconp- The same is true for M equal to the family of geometric
distributions and the family of Gaussian distributions with free variance
and fixed mean, as the proof that Spspino(aq) 1 not an e-variable is entirely
analogous to the proof for the beta distributions given below. In all of these
cases, one easily shows by simulation that in general, Scroam) # Saro(up)
and Sgro(m) 7 Sconn, 80 then Scroam) = Sceron) and Sgro(m) > Sconp
follow.
Proof First, let (), g represent a beta distribution in its standard parame-
terization, so that its density is given by

F(O‘—i_ﬁ) a—1

Gop(u) = Wu (1—wu) 1, a, > 0;u € [0,1].

To simplify the proof, we assume o = 1 here. Then

o) = TEER @ = e (los(t 1) - o

where the first equality holds since I'(1 + ) = I'(3). Comparing this to
(1.1), we see that (3 is the canonical parameter corresponding to the family
{Q15: B> 0}, and we have

A = B, tu) =log(1 = w),  A(9) = log 5.

To prove the statement, according to Proposition 2, we just need to show, for
any fi1,. .., that are not all equal to each other, that, with X = ¢(U) =

k
log(1 — U) and iy = + > p; defined as in (2.3), we have
i=1

k
ZVARPM [X] — kVARP,, [X] > 0. (D.3)
i=1
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Straightforward calculation gives

d? 1 1
VARp, [X]=VARq, , [X]= 25, (10g ﬁ-) = 7 in particular
1
VARp,. [X]| = — (D.4)
0 (50)2

where 3; corresponds to p;, i.e. Eq, , [(X)] = pi. We also have:

k
Ep,, [(X)] = i = 7 Z i %2 (D.5)

k
While Ep, [(X)] = d%i(log %) = —i, therefore 510 = %E ﬁi We obtain,
together with (D.4) and (D.5), that

: 1 1)
;VARPM (X)) = kvarp, [(X)] =3 aE F (kz @) . (D6)

Jensen’s inequality now gives that (D.6) is strictly positive, whenever at least
one of the p; is not equal to pf, which is what we had to show. O

E Graphical Depiction of RIPr-Approximation
and Convergence of Li’s Algorithm

We illustrate RIPr-approximation and convergence of Li’s algorithm with
four distributions: exponential, beta with free § and fixed «, geometric and

0.004 —
L _ z“' :ﬁtl;g)’ 2 1.0100
0 0.003 b 2 5
& — pw; (the RIProf Py, ) % 1.0075
5 )
(4] £
50002 : 1.0050
© -
> w
20,001 % £1.0025
=] Enfx
0.000 1.0000{ "~
00 05 10 15 20 25 0 20 40 60 80 100
X n

Figure 2: Exponential distribution. On the right, n represents number of
iterations with Li’s algorithm, starting at iteration 2
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0.04 — Pu (k1 =1/6) —_
a — P (12=1/10) s
< 0.03 — pu; (theRIProfp, ) | & 1.04
o )
g £
30.02 E
g w 1.02
2o.o1 ® £
=} EQ.:L
0.00 1.001 : : : : :
00 02 04 06 08 1.0 0 20 40 60 80 100
X n

Figure 3: beta with free 8 and fixed . On the right, n represents number
of iterations with Li’s algorithm, starting at iteration 2

0311 o Py (1 =5) _

041 : o Py, (2 =2) s 103
& ; e pw; (the RIPOf Py,) | 8
o L] v

> = 1.02
© 0.2 u}l

£01{ ey 5 s1.01
"*."18:3- Ed
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Figure 4: geometric distribution. On the right, n represents number of iter-
ations with Li’s algorithm, starting at iteration 3
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Figure 5: Gaussian with free variance and fixed mean. On the right, n rep-
resents number of iterations with Li’s algorithm, starting at iteration 3
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Gaussian with free variance and fixed mean, each with one particular (ran-
domly chosen) setting of the parameters. The pictures on the left in Figs. 2—5
give the probability density functions (for geometric distributions, discrete
probability mass functions) after n = 100 iterations of Li’s algorithm. The
pictures on the right illustrate the speed of convergence of Li’s algorithm.
The pictures on the right do not show the first (or the first two, for geo-
metric and Gaussian with free variance) iteration(s), since the worst-case
expectation sup,, ew[Sero(m)] 18 invariably incomparably larger in these ini-
tial steps. We empirically find that Li’s algorithm converges quite fast for
computing the true Sgro(a)- In each step of Li’s algorithm, we searched for
the best mixture weight a in P, over a uniformly spaced grid of 100 points
in [0, 1], and for the novel component P’ = P, by searching for x/ in a
grid of 100 equally spaced points inside the parameter space M where the left-
and right- endpoints of the grid were determined by trial and error. While
with this ad-hoc discretization strategy we obviously cannot guarantee any
formal approximation results, in practice it invariably worked well: in all

cases, we found that nggEPMO o [Sarom)] < 1.005 after 15 iterations. For
Ko o

comparison, we show the best approximation that can be obtained by brute-
force combining of just two components, for the same parameter values, in

Table 3.
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