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Rational Approximations, 
Multidimensional Continued Fractions, 
and Lattice Reduction 

V. Berthé , K. Dajani , C. Kalle , E. Krawczyk , H. Kuru , 
and A. Thevis 

1 Introduction 

Continued fraction type expansions aim (among other properties) at providing 
increasingly good rational Diophantine approximations of real numbers. More pre-
cisely, a multidimensional continued fraction is expected to produce simultaneous 
better and better rational approximations with the same denominator . p(n)/q(n) =
(p

(n)
1 /q(n), . . . p

(n)
d /q(n))n∈N for d-tuples .α = (α1, . . . , αd) of real numbers, with 

the fractions .p(n)
i /q(n) converging to . αi for each .1 ≤ i ≤ d. 

The usual regular continued fractions are known to provide extremely good 
(and even the best) rational approximations for positive real numbers [41, 89]. The 
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situation is more complicated in higher dimension. Indeed, there is no canonical 
extension of regular continued fractions to higher dimensions (see Sect. 4.1), and the 
zoology of existing algorithms is particularly rich (see Sect. 4.5 as an illustration). 
The main advantage of most classical (unimodular) continued fractions is that they 
can be expressed as dynamical systems whose ergodic study has already been 
well understood (such as described in Sect. 4.4). Ergodic theory allows a precise 
description of the long-range statistical properties of the expansions that are pro-
duced (e.g. their mean behavior). Indeed, ergodic theory extends basic laws of large 
numbers in probability by dropping the assumption of intertemporal independence. 
Thus, it relates spatial averages .

⎰
X

f dμ to time averages . 1
n

∑
0≤i<n f ◦ T i along 

trajectories; in other words, the system has the same behavior when averaged over 
time as averaged over the whole space. 

However, the main disadvantages of these algorithms lie, firstly, in the fact 
that the behavior of the continued fraction expansion of a given d-tuple . α can 
be difficult to grasp (it might not behave in a generic way), and secondly, in the 
quality of the rational approximations that are produced. Indeed, the convergence 
of multidimensional continued fractions is governed by their (first and second) 
Lyapunov exponents (see [105]), which describe the asymptotic behavior of the 
singular values of large products of matrices, under the ergodic hypothesis. More 
precisely, their approximation exponent can be expressed as .1 − λ2

λ1
according 

to [105] (. λ1 and . λ2 being the two largest Lyapunov exponents of the associated 
dynamical system). It has to be compared with Dirichlet’s exponent .1 + 1/d (see 
Theorem 1 in Sect. 3.1). However, there is numerical evidence [38] that the second 
Lyapunov exponent is not even negative in higher dimensions for most classical 
algorithms such as the Jacobi–Perron [20, 124, 134], Brun [34–36], or Selmer [142] 
algorithms, which prevents strong convergence of these algorithms. In a nutshell, 
strong (resp. weak) convergence refers to the convergence of quantities of the 
type .|||q(n)α|||, where .||| · ||| stands for the distance to the nearest integer (resp., 
.||α − p(n)/q(n)||). In other words, these algorithms converge weakly usually, but 
they fail to have strong convergence (see Sect. 3.3 for the definitions of weak and 
strong convergence). 

In terms of the quality of rational approximations that are produced, there is 
a second strategy which relies on lattice reduction, where rational approximations 
are obtained by exhibiting short vectors in a lattice attached to some given d-tuple 
. α. Lattice reduction algorithms aim to find reduced bases of Euclidean lattices, 
formed by short and almost orthogonal vectors. The most celebrated one is the LLL 
algorithm, designed by Lenstra, Lenstra and Lovász in 1982 [108]. It relies heavily 
on the use of Gram–Schmidt orthogonalization. Its overall algorithmic structure 
is simple and yet, its general probabilistic behavior is far from being understood; 
this includes the gap between its practical performances and its proved worst-case 
estimates. Hence, although finding rational approximations works quite well in 
practice, the average behavior of such a strategy is not well understood. In particular, 
the lack of a description of reduction algorithms as dynamical systems prevents the 
use of tools from ergodic theory.
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In the expository part of the paper, we focus on the two main classes of 
algorithms that produce rational approximations as discussed above. The first type 
of algorithms can be expressed via dynamical systems defined on a compact set 
(usually of the form .[0, 1]d ). Such an algorithm associates with some given vector 
an infinite sequence of matrices, and one can consider the quality of convergence 
of this product of matrices. The most classical examples of such algorithms are the 
Jacobi–Perron [20, 68, 124, 134], the Brun [34–36], or the Selmer algorithms (the 
last of which is conjugate on the absorbing simplex to Mönkemeyer’s algorithm 
[111, 123]). They are described, e.g., in [31, 105, 138]. The second type of algorithm 
is based on lattice reduction algorithms, such as the LLL algorithm (see Sect. 5). We 
focus on these two families since they share as a common feature the fact that they 
rely on a choice of a basis of the integer lattice . Zd . 

We then illustrate in Sect. 7 the dynamical approach with the ergodic study 
of a version of the Jacobi–Perron algorithm based on the use of the nearest 
integer part for the partial quotients. One motivation for studying the nearest 
integer Jacobi–Perron algorithm is to confirm the idea that working with the 
nearest integer part improves the quality of continued fraction algorithms, such as 
indicated numerically by the experimental results from Steiner [145] (see Sect. 7.2). 
The partial quotients produced by the usual Jacobi–Perron algorithm satisfy a 
simple Markovian rule. In the case of the nearest integer Jacobi–Perron algorithm 
the description of the admissible sequences of digits is much more involved. 
Hence, a simple modification—such as changing the choice of the integer part— 
leads to much more delicate conditions for the description of the algorithm. As 
a first step toward a theoretical confirmation of the above-mentioned estimates, 
we prove the existence of a Markov partition for the nearest integer Jacobi– 
Perron algorithm and suggest a possible procedure for proving the existence of 
a finite ergodic invariant measure absolutely continuous with respect to Lebesgue 
measure. 

Let us sketch the contents of this paper. Section 2 recalls basic notions concerning 
classical continued fractions. We present their main properties that we will use as 
a guideline for possible generalizations to the higher-dimensional case. We then 
focus in Sect. 3 on the two main strategies that can be used for producing rational 
approximations in an effective way. Section 4 deals with the classical dynamical 
unimodular continued fraction algorithms. Algorithms based on the lattice reduction 
algorithms and homogeneous dynamics are considered in Sect. 5. We briefly discuss 
applications and possible ways to improve algorithms in Sect. 6. Lastly, in Sect. 7 
we focus on the nearest integer Jacobi–Perron algorithm. We describe its associated 
Markov partition and provide a strategy for proving the existence of an absolutely 
continuous invariant measure.
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2 Continued Fractions 

In this section we briefly recall the main properties of the usual regular continued 
fractions. They will serve as a guideline for the discussion on the higher-dimensional 
case. For general references on continued fractions, see, e.g., [24, 51, 74, 75, 89]. 
For any positive real number .α ∈ [0, 1], its continued fraction expansion is 

. α = 1

a1 + 1

a2 + 1

a3 + . . .

,

where the digits . an are positive integers, called partial quotients. The rational 
numbers .pn/qn, where . pn, . qn are coprime positive integers defined as 

. 
pn

qn

= 1

a1 + 1

a2 + . . . + 1

an

,

are called convergents. The sequence of rational numbers .pn/qn approximates . α up 
to an error of order .1/q2

n : one has 

. |α − pn/qn| ≤ 1

q2
n

for all n.

Dynamically, continued fraction expansions can be obtained by applying the 
Gauss map .TG : [0, 1] → [0, 1] defined by 

. TG(0) = 0 and TG(α) = {1/α} if α /= 0,

where . {·} is the fractional part of a real number. If for an .α ∈ (0, 1] we write 
.TG(α) = {1/α} = 1

α
− ⎿ 1

α
⏌ = 1

α
− a1, then .α = 1

a1+TG(α)
. Now, by setting 

. an =
|

1

T n−1
G (α)

|

for .n ≥ 1, one gets the digits in the continued fraction expansion of . α. 
For .α /∈ (0, 1], one sets .a0 = ⎿α⏌ and one considers the digits generated by 

.TG for .α − a0. Alternatively we can use the following form for .γ0 := 1/α in . R+, 
obtained by setting, for .n ≥ 0,
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. 

⌠
an = ⎿γn⏌
γn+1 = 1

γn−an
.

One then has .γn = 1
T n−1

G (α)
for all .n ≥ 1. 

Note that the Gauss map is closely related to Euclid’s algorithm: starting with two 
(coprime) positive integers .𝓁(0) and . 𝓁(1), Euclid’s algorithm works by subtracting as 
often as possible the smallest of both numbers from the largest one (that is, one 
performs the Euclidean division of the largest one by the smallest); this yields 

.𝓁(0) = 𝓁(1)⎿ 𝓁(0)

𝓁(1) ⏌ + 𝓁(2), .𝓁(1) = 𝓁(2)⎿ 𝓁(1)

𝓁(2) ⏌ + 𝓁(3), etc., until we reach . 𝓁(m+1) =
1 = gcd(𝓁(0), 𝓁(1)). By setting, for .n ∈ N, .α(n) = 𝓁(n)

𝓁(n+1) and .an = ⎿α(n)⏌, one gets 

.α(n−1) = an−1 + 1
α(n) , and 

. α(0) = 𝓁(0)

𝓁(1)
= a0 + 1

a1 + 1

a2 + 1

a3 + . . . + 1
am−1+ 1

am

.

Let us now revisit the action of the Gauss map in matricial terms. Let . α ∈ [0, 1].
For all n, we have  

. 

⎾
α

1

⏋

= αTG(α) · · · T n−1
G (α)

⎾
0 1
1 a1

⏋

· · ·
⎾

0 1
1 an

⏋ ⎾
T n

G(α)

1

⏋

= αTG(α) · · · T n−1
G (α)

⎾
pn−1 pn

qn−1 qn

⏋ ⎾
T n

G(α)

1

⏋

,

by using the classical relations between convergents and partial quotients, namely 
.q−1 = 0, .p−1 = 1, .q0 = 1, .p0 = 0, and, for all n, 

. qn+1 = an+1qn + qn−1, pn+1 = an+1pn + pn−1.

The matrix .

⎾
pn−1 pn

qn−1 qn

⏋

is a square matrix with integer entries that has determinant 

of absolute value 1, which is to say that it is unimodular. We denote the set of 
unimodular matrices by .GL(d,Z). (We also use the following standard notation: 
.GL(d,R) stands for the set of .d × d invertible matrices with real entries, . SL(d,N)

stands for the set of .d × d matrices of determinant 1 with non-negative integer 
coefficients.) Note that the entries of this matrix are even positive. To understand 
the convergence of such a sequence of matrices one can use generalizations of the 
Perron–Frobenius theorem, such as Theorem 2 below. 

Dynamically, the Gauss map . TG goes with the map
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.AG : [0, 1] → GL(2,N), α |→
⎾

0 1
1 ⎿1/α⏌

⏋

. (1) 

Such a map is called a cocycle in the terminology of (random) dynamical systems 
(see, e.g., [10, 11, 151]). Let us set .A(n) := A(T n

G)(α) for all positive n. The  
line directed by the vector .(α, 1) in . R2 belongs to the sequence of nested cones 
.A(1) · · · A(n)

R
2+, i.e., 

. (α, 1) ∈
⋂

n

A(1) · · · A(n)
R

2+ =
⋂

n

A(TG)(α) · · · A(T n
G)(α)R2+.

One has even more: this sequence of nested cones converges to the line directed 
by . (α, 1). The  convergence is said to be weak if the angles between the (column) 
vectors of the product matrices .A(1) · · ·A(n) tend to 0 (as .n → ∞), and strong if 
the distances between the vectors tend to 0. Continued fractions can thus be seen as 
producing dynamically infinite convergent sequences of unimodular matrices. We 
revisit the notions of convergence of infinite products of matrices in Sect. 3.3 in 
more detail. 

3 On Simultaneous Approximation 

This section is devoted to simultaneous rational approximations. In Sect. 3.1 we first 
recall Dirichlet’s theorem. We then describe in Sect. 3.2 the two main strategies for 
producing such approximations that we consider in this survey. We focus on the 
quality of approximations in Sect. 3.3. 

3.1 Dirichlet’s Bound 

Let us recall Dirichlet’s theorem; it can be obtained as a direct application of the 
pigeonhole principle (see, e.g., [74]) or of Minkowski’s first theorem. 

Theorem 1 (Dirichlet’s Theorem) For any .(α1, · · · , αd) ∈ Rd and any Q, there 
exists a positive integer q with .q ≤ Qd and integers . pi such that 

. max
1≤i≤d

|qαi − pi | <
1

Q
.

Theorem 1 immediately implies that for any .(α1, · · · , αd) ∈ Rd the system of 
inequalities
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. 

|
|
|
|
pi

q
− αi

|
|
|
| <

1

q1+ 1
d

, for i = 1, 2, . . . , d,

admits infinitely many integer solutions .(p1, . . . , pd, q). 
The exponent .1 + 1/d is optimal as shown in [125], see also [41, 136]. The 

Dirichlet’s theorem provides the existence of “good” approximations. One can thus 
make an exhaustive search, though this is not an efficient algorithmic method. See 
[121, Chapter 6] for a discussion on effective methods. See also [104], where the 
computational complexity concerning simultaneous Diophantine approximations is 
investigated. When the dimension d is fixed, [104] gives algorithms which, for a 
given N , find a good rational approximation with denominator .1 ≤ q ≤ N with 
respect to a specified accuracy, or which find all best approximations (in the sense 
of Definition 1 below) located in .[1, · · · , N] in polynomial time (using methods 
based on the LLL algorithm). Note that the following problem is proved to be NP-
hard: for a given vector .α ∈ Qd , positive integer N and accuracy .s1/s2, is there an 
integer Q with .1 ≤ Q ≤ N such that .|||Qα||| ≤ s1/s2? (The distance to the nearest 
integer is expressed here with respect to the supremum norm.) In a similar flavor, 
see also [69] concerning the problem of finding integer relations, and [25]. 

Continued fractions are known to provide good (and even the best) rational 
approximations of a given real number . α in .[0, 1] (see, e.g., [41, 89]). One would 
desire to have similar algorithms yielding good rational approximations with the 
same denominator of d-tuples of positive real numbers. That is, for a given . α =
(α1, · · · , αd) ∈ [0, 1]d , one looks for sequences of positive integers .(qn)n and 
positive integer d-tuples .p(n) = (p

(n)
1 , · · · , p

(n)
d )n such that 

. lim p
(n)
i /qn = αi, i = 1, · · · , d

with a good quality of rational approximation of . α. Geometrically, this corresponds 
to looking for approximations of a line in .Rd+1 by points in .Zd+1. Dual problems 
consist of looking for small values of linear forms and small linear relations. 

More precisely, given a norm .|| · || on . Rd , let .||| · ||| stand for the distance to 
the nearest integer. The usual norms that are considered are the supremum and the 
Euclidean norm. The quality of the approximation is measured by . 1

q(n) |||q(n)α|||, 
to be compared with Dirichlet’s bound, i.e., .|||q(n)α||| has to be compared with 
.(q(n))−1/d . One can thus consider the approximation exponent 

. lim sup
n

−
log ‖α − p(n)

i

q
(n)
i

‖
log q(n)

and compare it to the Dirichlet’s bound .1 + 1/d.
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3.2 How to produce Rational Approximations 

We focus here on two main approaches for producing rational approximations. The 
first one is based on the generation of infinite convergent sequences of matrices 
obtained dynamically by iteration of a map acting on a compact space, as illustrated 
with the Gauss map .TG for usual continued fractions in Sect. 2. This will be 
discussed further in Sect. 4. The second one is based on the existence of small 
vectors picked in well chosen lattices; we will discuss it in Sect. 5. 

The first strategy associates with some element .α = (α1, · · · , αd) ∈ Rd a 
sequence of square matrices .(A(n))n∈N of size .d + 1 with integer entries. It can 
be produced for instance via a dynamical system .(X, T ) with a map A as follows 
(see also (1)): 

.T : X → X, A : X → GL(d + 1,Z), and A(n) = A(T n(x)). (2) 

If the matrices belong to .GL(d + 1,Z), then the corresponding algorithm is called 
unimodular. Matrices .A(n) play the role of partial quotients and the product matri-
ces .A(1) · · ·A(n) produce convergents. Convergents aim at providing Diophantine 
approximations (via their column vectors) of the direction .(α, 1). We write 

.A(1) · · ·A(n) =

⎡

⎢
⎢
⎢
⎢
⎣

p
(n)
1,1 · · · p

(n)
1,d+1

...
. . .

...

p
(n)
d,1 · · · p

(n)
d,d+1

q
(n)
1 · · · q

(n)
d+1

⎤

⎥
⎥
⎥
⎥
⎦

. (3) 

The last element of each column of .A(1) · · · A(n) is a denominator for the 
associated simultaneous rational approximation. The first d rows of the convergent 
matrices are meant to provide the numerators of the simultaneous approximations, 
i.e., one considers the following vector 

. 

⎛

⎝
p

(n)
j,1

q
(n)
j

, · · · ,
p

(n)
j,d

q
(n)
j

⎞

⎠ ,

whose entries are the nth convergents of . α. 
The convergence of these matrices means that they contract in the direction 

of the vector .(α, 1). We discuss more precisely their convergence in Sect. 3.3 by 
considering products .A(1) · · · A(n) as n goes to infinity. 

We now describe the second approach based on the existence of small vectors 
in well chosen lattices, as described in the seminal paper [108]. This approach 
yields a very fruitful compromise between the quality of approximation (a good 
approximation is deduced from a small vector) and the efficiency (this small vector 
is obtained in polynomial time). Let .α = (α1, · · · , αd) ∈ Rd be a vector to
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approximate. One works here again in a .d + 1-dimensional space, by introducing 
a one-parameter family of lattices .(Λt )t>0 with positive parameter t tending to 0. 
More precisely, let . Λt be the lattice generated by the columns of the matrix 

. Mt :=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1 0 · · · 0 −α1

0 1 · · · 0 −α2
...

...
. . .

...
...

0 0 · · · 1 −αd

0 0 · · · 0 t

⎤

⎥
⎥
⎥
⎥
⎥
⎦

.

Note that .det(Mt) = t , hence, the lattice . Λt changes at each step of the algorithm. 
Let us stress the fact that this strategy differs from the previous one where, in the 
unimodular case, one works with bases of the fixed lattice .Zd+1. We will take t 
small, the parameter Q of Dirichlet’s theorem being connected to t as follows: . Q =
t−

1
d+1 . 
One of the main features of the LLL algorithm is that it produces in polynomial 

time a non-zero vector .b = (b1, · · · , bd+1) of the lattice . Λt such that 

.||b||2 ≤ 2d/4 det(Mt)
1/(d+1) = 2d/4t1/(d+1). (4) 

Note that the geometry of numbers, and more precisely Minkowski’s first theorem, 
guarantees the existence of a “small” non-zero vector .x ∈ Λt , i.e., such that 

. ||x||2 ≤ √(d + 1)(d + 5)/4 (vol(Λt ))
1/(d+1) = √(d + 1)(d + 5)/4 t1/(d+1).

(5) 

Let .(ei )i=1,...,d+1 stand for the canonical basis of .Zd+1. There exist integers 
.p1, . . . , pd, q such that 

. 
b = p1e1 + p2e2 + · · · + pded + q(−α1e1 − · · · − αded + ted+1)

= (p1 − qα1)e1 + · · · + (pd − qαd)ed + qted+1.

One deduces from (4) that for all . 1 ≤ i ≤ d

. |pi − αiq| ≤ 2d/4t1/(d+1)

and 

. qt ≤ 2d/4t1/(d+1), i.e., t
1

d+1 ≤ 21/4

q1/d
.

For all i, we deduce that 

.|pi − αiq| ≤ 2(d+1)/4

q1/d
,
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with 

. |q| ≤ 2d/4t−d/(d+1) = 2d/4Qd.

The quality of approximation is the quality that is expected (according to Dirich-
let’s theorem) up to a multiplicative factor .2(d+1)/4 which depends exponentially 
on the dimension. We could have used the inequality (5) which would have given a 
different multiplicative factor, but the same quality (.q1/d ). Nevertheless, the interest 
of a lattice reduction algorithm such as the LLL algorithm is that the small vector 
that is used is found in polynomial time. 

For a given .t > 0, the smallest vector of the lattice . Λt (or a small vector in the 
sense of (5)) produces a good approximation. One can ask whether it is possible 
to devise a continued fraction algorithm from this. Note that one has to recompute 
everything from the beginning when one changes t . This will be discussed further in 
Sect. 5. Algorithms defined dynamically with maps such in (2) are on the contrary 
called memory-less (see Sect. 4). 

3.3 Convergence and Lyapunov Exponents 

One important feature of the first strategy (based on the generation of infinite 
products of matrices) from Sect. 3.2 is that we are still able to measure the quality 
of approximation that is produced in view of Dirichlet’s theorem. To do this, we 
need to measure the quality of convergence of infinite products of matrices; this can 
be done using Lyapunov exponents. One can either measure the convergence of a 
given product of matrices or consider the generic behavior of products of matrices 
generated by a dynamical system. Lyapunov exponents allow, among other things, 
the description of the growth of the logarithm of the angles between column vectors 
of products of matrices .M0 · · · Mn. 

We state now the definitions concerning convergence. The norm .‖ · ‖ refers to 
the Euclidean norm. Let .M = (Mn)n∈N be a sequence of square matrices of size d 
and let .𝓁 ∈ Rd be a non-zero vector. Let .(e1, · · · , ed) stand for the canonical basis 
of . Rd . We say that M is weakly convergent to . 𝓁 if 

. lim
n→+∞

‖
‖
‖
‖

M0 · · · Mn−1ei

‖M0 · · · Mn−1ei‖ − 𝓁

‖𝓁‖
‖
‖
‖
‖ = 0 for all i ∈ {1, . . . , d}.

We say that M is strongly convergent to . 𝓁 if 

. lim
n→+∞ d(M0 · · · Mn−1ei ,R𝓁) = 0 for all i ∈ {1, . . . , d},

where the distance . d refers to the usual associated distance of a point to a line, i.e., 
the distance between a point . x and the set . R𝓁 is the infimum of .{‖x − r𝓁‖ | r ∈ R}.
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Lastly, we say that M is exponentially convergent to . 𝓁 if there exist .C, γ > 0 such 
that 

. d(M0 · · · Mn−1ei ,R𝓁) < Ce−γ n for all n ∈ N and for all i ∈ {1, . . . , d}.

Exponential convergence is a first step in the direction of good rational approxi-
mations. The constant . γ then has to be compared with Dirichlet’s bound. 

Theorem 2 below gives a sufficient condition for the sequence of cones 
.M0 · · ·MnR

d+ to nest down to a single line as n tends to infinity for square 
matrices .Mi with non-negative entries. It can be seen as a generalization of 
the classical Perron–Frobenius theorem. This statement is particularly useful in 
the present context since multidimensional continued fraction algorithms often 
generate non-negative matrices. Hence, weak convergence is usually not an issue 
for multidimensional continued fraction algorithms. 

Theorem 2 ([64, pp. 91–95]) Let .(Mn)n be a sequence of non-negative integer 
matrices of size d. Assume that there exist a strictly positive matrix B and indices 
.j1 < k1 ≤ j2 < k2 ≤ · · · such that .B = Mj1 · · · Mk1−1 = Mj2 · · · Mk2−1 = · · · . 
Then, 

. 
⋂

n∈N
M0 · · ·Mn−1R

d+ = R+𝓁 for some positive vector 𝓁 ∈ Rd+.

Let us now focus on strong convergence by first recalling the definition of the 
Lyapunov exponents of a sequence of matrices. For a matrix M in .GL(d,R), the  
singular values .δ1, . . . , δd are the eigenvalues of the matrix .

(
tMM

)1/2. Let us order 
these (positive and real) values as .δ1 ≥ δ2 ≥ · · · ≥ δd . Given a sequence . M =
(Mn)n∈N of matrices in .GL(d,R), the  i-th Lyapunov exponent . θi is then defined as 
the limit 

. θi := lim
n→∞

1

n
log(δi(n)),

if this limit exists, with .δi(n) being the i-th singular value of .M0 · · · Mn−1. The  
Lyapunov exponents can also be defined recursively using exterior powers (see for 
example [11, Proposition 3.2.7]) by 

. θ1 + · · · + θk = lim
n→∞

1

n
log‖∧k(M0 · · · Mn−1)‖, k = 1, . . . , d,

provided that the limit exists. One has .θ1 ≥ θ2 ≥ · · · ≥ θd . A sufficient 
condition for strong convergence can then be stated as follows (see [11, Proposition 
3.4.2 (ii)] and [2]): Let .M = (Mn)n∈N be a sequence of non-negative matrices 
in .GL(d,N) for which the Lyapunov exponents exist; if . M satisfies the growth 
condition .lim supn→∞ 1

n
log‖Mn‖ ≤ 0 together with the condition .θ1 > 0 > θ2, 

then strong convergence holds.
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Lyapunov exponents can be also defined for random products of matrices, 
where the randomness can be provided by putting some distribution on the set 
of matrices or by iterating measurable dynamical systems that produce matrices 
with a cocyle map such as in (1). The first results in this direction were stated for 
sequences of independent random matrices with a given distribution function, with 
the Furstenberg–Kesten theorem (see [61, 65]); these results have then been refined 
via Kingman’s subadditive ergodic theorem and lastly via Oseledets’ multiplicative 
ergodic theorem (see for instance [10, 11, 151]) proving that the limits (involved 
in the definition of Lyapunov exponents) exist almost surely and take almost 
everywhere the same value. 

Let us give a flavor of such results. We will come back to this also in Sect. 4.4. We  
first recall a few elements from ergodic theory. The (left) shift S acts on a sequence 
.(Mn)n∈N as .S((Mn)n) = (Mn+1)n (i.e., the first term of the sequence .(Mn)n is 
deleted). Let . M be a finite set of matrices in .GL(d,Z). Let .D ⊂ MN be a closed 
shift-invariant subset of .GL(d,Z)N. A probability measure . ν on D is called shift-
invariant if .ν(S−1B) = ν(B) for every measurable set .B ⊂ D. A shift-invariant 
probability measure on D is ergodic if any shift-invariant measurable set has either 
measure 0 or 1. We have seen (see (2)) that such a set of matrices can be obtained 
by considering a measurable map T acting on some compact metric space and a 
measurable map .A : X → GL(d,Z). The sequences of matrices are then of the 
form .A(T n(x)) and one studies the existence and the almost everywhere behavior 
of limits of the form 

. lim
n→∞

1

n
log ‖A(x) · · · A(T n−1(x))‖.

Theorem 3 ([11]) Let .D ⊂ MN be a closed shift-invariant subset of . GL(d,Z)N

together with a shift-invariant measure . ν. Assume that .(D, S, ν) is ergodic. Let 
.A : D → GL(d,Z), .M = (Mn)n |→ M0. Assume that A is log-integrable, i.e., 

.

⎰

D

log max{‖A(M)‖∞, ‖A(M)−1‖∞}dν(M) < ∞. (6) 

Then the quantities . θi which are recursively defined by 

.θ1 + · · · + θk = lim
n→∞

1

n
log‖∧k(M0 · · · Mn−1)‖, k = 1, . . . , d, (7) 

exist and do not depend on . M for almost all .M ∈ D. Here, . ∧k stands for the k-fold 
wedge product.
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4 Higher-Dimensional Dynamical Continued Fractions 

We now focus on multidimensional continued fraction algorithms. Their non-
canonicity is discussed in Sect. 4.1. Section 4.2 recalls what is usually expected 
from a continued fraction algorithm. In Sect. 4.3 we focus on algorithms obtained by 
iteration of a dynamical system, which yield the so-called memory-less algorithms. 
The interest of their dynamical description is highlighted in Sect. 4.4. Lastly, we 
give examples of such algorithms in Sect. 4.5. 

4.1 Non-Canonicity in Higher Dimension 

The aim of this section is to present several facts sustaining the claim that there is 
no canonical multidimensional continued fractions algorithm. 

Firstly, (usual) continued fractions rely on Euclid’s algorithm: starting with two 
numbers, one subtracts the smallest from the largest (see Sect. 2). If we start with 
at least three numbers, it is not clear how to decide which operation has to be 
performed, hence the diversity of existing generalizations. For instance, Brun’s 
algorithm can be described as subtracting the second largest entry from the largest 
one. See Sect. 4.5 for more details. 

Moreover, the specific algebraic structure of .SL(2,N) plays an important role 
for one-dimensional continued fractions algorithms. Indeed, the matrices produced 
in the case of usual continued fractions are unimodular matrices with non-negative 
integer coefficients (see Sect. 2). The algebraic structure of .SL(2,N) is particularly 
simple: .SL(2,N) is a free and finitely generated monoid; it admits 

.

⎾
1 0
1 1

⏋

and

⎾
1 1
0 1

⏋

(8) 

as generators; any matrix in .SL(2,N) thus admits a unique decomposition in terms 
of the matrices given in (8). This decomposition is a matricial translation of Euclid’s 
algorithm, and the continued fraction expansion of . α can be recovered from the 
unique decomposition of matrices 

. (−1)n
⎾
pn+1 qn+1

pn qn

⏋

, n ≥ 0

in the free monoid .SL(2,N). This explains why most one-dimensional continued 
fraction algorithms are closely related. 

The situation is completely different for .SL(3,N) which is not finitely generated. 
Consider, e.g. the family of matrices
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. Mn :=
⎡

⎣
1 0 n

1 n − 1 0
1 1 n − 1

⎤

⎦ .

According to [131, Chap. 12] these matrices are undecomposable for . n ≥ 3: they  
are not equal to an even permutation matrix, and, for any pair of matrices . A,B ∈
SL(3,N) such that .Mn = AB, . A or . B is an even permutation matrix. 

Another approach for generalizing continued fractions could rely on properties 
of best approximation. 

Definition 1 A rational number .p/q is said to be a best approximation of a real 
number . α if every .p'/q ' with .1 ≤ q ' ≤ q, .p/q /= p'/q ' satisfies 

. |qα − p| < |q 'α − p'|.

Convergents in the continued fraction expansion of . α and best approximations 
are known to coincide [41, 89]. Nevertheless, this notion is not so satisfying for 
defining continued fractions in higher dimensions as stressed in [101, 102]. Firstly, 
best approximations depend on the choice of a norm [101], and secondly, the 
unimodularity property is lost. More precisely, one has the following. 

Definition 2 Let .α ∈ [0, 1]d . Let .|| · || be a given norm in . Rd and let .||| · ||| denote 
the distance to the nearest integer. The sequence of best approximations of . α with 
respect to the norm .|| · || is defined as the increasing sequence of non-negative 
integers .(q(n))n∈N such that .|||q(n)α||| < |||qα||| for any q with .1 ≤ q < q(n). 

The existence of an infinite sequence of best approximations can be derived in 
a classic way from Dirichlet’s theorem or from Minkowski’s first theorem. Best 
approximations fail to be unimodular [102]. More precisely, consider the square 
matrix .Mn of size .d + 1 whose rows are given by successive best approximations 
vectors .vn = (p

(n)
1 , · · · , p

(n)
d , q(n)) providing . |||q(n)α|||. Let .Dn stand for the 

determinant of this matrix. It is proved in [102] that for any norm in dimension . d ≥
2, there exists .α ∈ Rd , with .dimQ[1, α1, · · · , αd ] = d +1, such that for any positive 
integer N , there exists an n for which .Dn = Dn+1 = · · · = Dn+N = 0. Arbitrarily 
large determinants can even occur in dimension .d = 2 with the supremum norm. 
For more on best approximations and multidimensional continued fractions, see the 
survey [46]; see also [115] and Sect. 5. 

4.2 What is expected? 

We briefly recall here the main properties expected from a continued fraction 
expansion. For a general discussion on the quest for suitable higher-dimensional 
continued fractions, see [31]. See also [67] for a discussion on their limitations.
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The original motivation for multidimensional continued fractions (and in particu-
lar the Jacobi–Perron algorithm) arises from a question posed by Hermite to Jacobi 
in 1848: how to generalize continued fractions to higher dimensions in order to 
characterize algebraic irrationals as having a periodic expansion. This is still a very 
challenging problem in number theory. For more details, see, e.g., [20, 88, 138]. 
Using such a characterization, one could hope to determine fundamental units (e.g. 
of a cubic number field) and to solve Diophantine equations (as the ones described in 
Sect. 6). The formalism of multidimensional continued fractions based on the Klein 
polyhedra and sails developed in [9, 12, 95, 98] is well-suited for the detection of 
periodic expansions in terms of algebraic number fields by providing generalized 
Lagrange’s theorem. For more on the subject and its history, see, e.g., [99, 100], 
the references in [86], and the book [87], which also includes a review of various 
generalizations of continued fractions. More generally, still from an arithmetic 
viewpoint, a multidimensional continued fraction algorithm is also expected to 
detect linear relations between .1, α1, · · · , αd . 

We already discussed the fact that a continued fraction algorithm is expected 
to yield simultaneous better and better rational approximations with the same 
denominator for d-tuples .α = (α1, · · · , αd) in .[0, 1]d , in an effective way and 
with a good approximation quality. More precisely, it has to produce a sequence 
of positive integers .(q(n))n such that the distance to the nearest integer . |||q(n)α|||
converges exponentially fast to 0 with respect to .q(n), and ideally in .(q(n))− 1

d (as 
predicted by Dirichlet’s theorem). We have seen in Sect. 4.1 that the sequence of 
best approximations (see Definition 2) depends heavily on the chosen norm and that 
the associated transformations are no longer unimodular [102, 115]. However, it is 
possible to use the action of the diagonal flow on the space of unimodular lattices to 
better understand their behavior [42, 92, 106]. See also Sect. 5. 

From a dynamical viewpoint, continued fraction algorithms are also expected 
to have reasonable ergodic properties such as the ones described in Sect. 4.4. For  
instance, we would like to have control over the (almost sure) behaviors concerning 
the growth of the convergents, the distribution of the partial quotients, or the speed 
of convergence via Lyapunov exponents. Famous examples of algorithms expressed 
dynamically as piecewise linear fractional transformations are the Jacobi–Perron, 
Brun or Selmer algorithms. Their description is the object of Sects. 4.3 and 4.5 
below. 

4.3 Dynamical Continued Fraction Algorithms 

We recall here the main concepts related to dynamical continued fraction algo-
rithms, expanding the brief description from Sect. 3.2. This dynamical formalism 
covers the most classical multidimensional continued fraction algorithms discussed 
in the classical references [31, 138, 146]; see also [105] for results concerning their 
Lyapunov exponents.



126 V. Berthé et al.

We consider here algorithms that produce the sequence of matrices .(A(n))n∈N in 
a dynamical way. We take mostly a measure-theoretical viewpoint: the algorithms 
will be defined almost everywhere with respect to the Lebesgue measure on .[0, 1]d . 
We focus on the unimodular case, since this allows a geometric interpretation in 
terms of bases of the integer lattice .Zd+1. 

Let .X ⊂ [0, 1]d . (Usually X is simply .[0, 1]d but some algorithms can be also 
defined on sets of the form .{x = (x1, · · · , xd) ∈ [0, 1]d | 0 ≤ x1 ≤ · · · ≤ xd ≤ 1}.) 
A d-dimensional unimodular continued fraction map over X is given by measurable 
maps 

. T : X → X, A : X → GL(d + 1,Z), θ : X → R

such that for a.e. .α ∈ X: 

.

⎾
α

1

⏋

= θ(α)A(α)

⎾
T (α)

1

⏋

. (9) 

The maps A and T play the main role in the algorithm; the role played by the map 
. θ is minor: it serves as a renormalization. 

The associated continued fraction algorithm consists of iteratively applying the 
map T to a vector .α ∈ X. This yields a sequence of matrices .(A(T n(α)))n≥1, called 
the continued fraction expansion of . α. 

One has 

. 

⎾
α

1

⏋

= θ(α)θ(T (α)) . . . θ(T n−1(α))A(α)A(T (α)) . . . A(T n−1(α))

⎾
T n(α)

1

⏋

.

Such an algorithm is said to be “without memory.” Indeed, the .(n + 1)-th step of  
the algorithm depends only on the map T and on the value .T n(α). This is in contrast 
with the algorithms based on lattice reduction that we will discuss in Sect. 5. 

In most classical examples of such algorithms the continued fraction map T 
is piecewise continuous, or even a piecewise homography (see Sect. 4.5). Further, 
many of them are positive, that is, all the matrices appearing as the images of the 
map A are non-negative. 

We illustrate this formalism with the regular continued fraction case. Here . θ is 
the identity. Indeed considering 

. 

⎾
α

1

⏋

= αTG(α) · · · T n−1
G (α)

⎾
0 1
1 a1

⏋

· · ·
⎾

0 1
1 an

⏋ ⎾
T n

G(α)

1

⏋

= αTG(α) · · · T n−1
G (α)

⎾
pn−1 pn

qn−1 qn

⏋ ⎾
T n

G(α)

1

⏋

,

one gets
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. α TG(α) · · · T n−1
G (α) = |qn−1α − pn−1|,

where .pn/qn stands for the n-th convergent of . α, and . TG stands for the Gauss map. 
We see with this example that the map . θ , which allows the renormalization with 
respect to the last coordinate (set to 1), is of an arithmetic nature, in the sense that the 
multiplicative cocycle associated with . θ , i.e., .θ(T n−1

G (α)) · · · θ(TG(α))θ(α), yields 
the arithmetic quantity .|qn−1α − pn−1|. 

We now revisit this formalism more geometrically in terms of lattice bases 
following [31]. One approximates the vectorial line in .Rd+1 directed by the non-
zero vector .(α, 1) by a sequence of integer lattice bases .(b(n))n∈N of .Zd+1, namely 
the .d + 1 columns of the matrices .A(α) · · · A(T n−1(α)). The lattice bases generate 
cones that are expected to converge toward the line directed by .(α, 1). Moreover, 
if the algorithm is positive, then these cones are nested and .(α, 1) belongs to the 
positive cone generated by the vectors .b(n)

i , .i = 1, . . . , d + 1, i.e., 

. (α, 1) ∈
⎧
⎨

⎩

⎲

1≤i≤d+1

λib
(n)
i | λi ≥ 0 for all i = 1, · · · , d + 1

⎫
⎬

⎭
.

In fact, (9) implies that the coefficients .(λi)1≤i≤d+1 are proportional to the vector 
.(T n(α), 1). 

The algorithm thus produces a sequence of bases of the lattice .Zd+1 that all 
determine a homogeneous cone in .Rd+1 that contains the ray .{λ(α, 1) | λ ≥ 0}. 
This is the viewpoint developed for instance in [31]; in fact, the algorithms there are 
designed in this way. 

We recall that the continued fraction map T acts on parameters . α living in 
an ambient d-dimensional space. In view of what precedes, it is also natural to 
start directly with a general line .𝓁 = (𝓁1, · · · , 𝓁d+1) in .Rd+1 and to have an 
algorithm with such a line as an input. But then, there is no canonical way to 
“projectivize” the algorithm, i.e., to go from the line . 𝓁 to a d-dimensional vector 
. α working in a compact set X on which a dynamical system T acts. One can set, 
e.g., .αi = 𝓁i/𝓁d+1 for .i = 1, · · · , d (e.g., if the line belongs to the positive cone 
of .Rd+1 and if .𝓁d+1 is the largest entry). Usual ways to go from some . 𝓁 ∈ Rd+1+
to some .α ∈ [0, 1]d consists in setting .𝓁d+1 = 1, and working with entries 
.𝓁i ∈ [0, 1]d for .1 ≤ i ≤ d, or else, in working with the simplex .

∑d+1
i=1 𝓁i = 1, 

with .𝓁i ≥ 0 for all i. See for instance [138] for more details. One can also choose 
to work directly on the projective space .P(Rd) by associating with each element 
.[y1 : y2 : · · · : yd−1 : yd ] the representative defined by .max yi = 1 and by working 
with projectivizations of matrices in .GL(d,Z). This possibility of having different 
choices for a same piecewise .d + 1-dimensional linear map explains the abundance 
of existing algorithms (as illustrated in Sect. 4.5). 

Let us discuss now the possible steps of the algorithms, i.e., the operations that 
can be performed on the bases together with the choices allowed for partial quotient 
matrices . A(n). An algorithm is said to be  additive if all the matrices belong to a finite
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set, i.e., the map A from (2) takes finitely many values. The terminologies additive 
vs. multiplicative or division vs. subtractive algorithm are also commonly used; see, 
e.g., [31] where an algorithm is said to be subtractive if .c(n) = 1 in (10), and additive 
if .c(n) is chosen as the maximal possible number allowing the line to stay within the 
positive cone generated by the convergent vectors .b(n)

i for .i = 1, . . . , d. 
As an illustration, the additive version of the Gauss map is given by the Farey 

map 

. x |→

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x

1 − x
for 0 ≤ x ≤ 1/2,

1 − x

x
for 1/2 ≤ x ≤ 1.

Dynamically, this creates non-trivial changes; indeed, the Gauss map is known to 
have a finite ergodic invariant measure (see (11) below), which is not the case for the 
Farey map. More generally, additive and multiplicative versions for a same type of 
rule can lead to very distinct behaviors. See for instance [31], where it is shown that 
the multiplicative form of Selmer’s algorithm is not an acceleration of its additive 
version. The underlying cause of this is the fact that the group of matrices generated 
by positive transvections and permutations is not commutative. 

One convenient way to get an additive algorithm is to restrict the range of the 
map A to the set of elementary and permutation matrices with entries in .{0, 1}. 
A matrix is called elementary if it has 1’s on the diagonal, one entry equal to 1 
elsewhere, and all other entries equal to 0. In geometric terms (still following the 
geometric formalism from [31]) the allowed operations on the bases at each step n 
are of elementary types (they correspond to integer transvections): for every n, there 
exist .i /= j (with .i, j depending on n) and .c(n) ∈ N such that 

.b(n+1)
i = b(n)

i + c(n)b(n)
j , b(n+1)

k = b(n)
k for k /= i. (10) 

This restriction is not a severe one and most of the algorithms discussed in the 
present survey enter this framework, by allowing also permutation rules between 
the vectors. Algorithms for which the choice of the coefficients .i, j and .c(n) depend 
only on the cofactors of . 𝓁 with respect to .b(n), i.e., the integers .a(n)

i such that 

. 𝓁 = a
(n)
1 b(n)

1 + · · · + a
(n)
d+1b(n)

d+1,

are called vectorial in [31]. They are memory-less algorithms. In particular, with 
the notation of (2), if, for some . α the matrix .A(α) is equal to an elementary matrix, 
then the entries of the vector .(T (α), 1) are obtained (modulo the renormalization 
produced by the map . θ ) by subtracting an entry from another one; it is obtained by 
performing subtractions.
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4.4 The Effectiveness of Ergodic Theory 

Having an underlying dynamical system offers a wide range of mathematical tools, 
including ergodic theory and thermodynamic formalism via transfer operators. 
Ergodic theorems describe the limiting behavior of ergodic sums of the form 
.
1
n

∑n−1
k=0 f ◦ T k . In probabilistic terms, the random variables .f ◦ T n satisfy the 

strong law of large numbers under the ergodic hypothesis on T . Ergodic sums 
.
1
n

∑n−1
k=0 f ◦ T k allow the expression of a wide set of algorithmic and arithmetic 

parameters, and ergodic theorems allow the understanding of their mean behaviors. 
Besides ergodic theory, transfer operators provide a description of the evolution 
of probability density functions, by transporting the action of the map T from 
a dynamical system to the densities. If initial conditions .(xi) for trajectories are 
distributed according to a probability density function, then the new collection 
of points .(T (xi)) is distributed according to a new probability density function, 
obtained by applying a transfer operator. 

Ergodic theory has been quite an effective tool in understanding the typical 
behavior of various expansions of numbers and their quality of approximation. 
To name a few, we mention .β-expansions, Lüroth series and multidimensional 
continued fractions. 

We first illustrate it with the Gauss map. For general ergodic aspects of the Gauss 
map, see, e.g., [24, 51, 57]. The statistics of occurrences of partial quotients in 
continued fraction expansions are deduced from the ergodic theorem applied to the 
Gauss map, and having an ergodic absolutely continuous invariant measure (a so-
called a.c.i.m.) then provides metric results that hold almost everywhere with respect 
to the Lebesgue measure. 

To explain this in more detail, let us recall basic ergodic properties of the Gauss 
map. See also Sect. 3.3 where first definitions have been given for shift spaces. We 
endow the dynamical system .([0, 1], TG) with a structure of a measure-theoretic 
dynamical system. A measure-theoretic dynamical system is defined as a system 
.(X, T , μ,B), where . μ is a probability measure defined on the .σ -algebra . B of 
subsets of X, and .T : X → X is a measurable map which preserves the measure . μ, 
i.e. .μ(T −1(B)) = μ(B) for all .B ∈ B. In this case one also says that the measure 
. μ is T -invariant. Here, we endow .([0, 1], TG) with the Gauss measure .μG which 
is a Borel probability measure absolutely continuous with respect to the Lebesgue 
measure defined via the following density function 

.μG = 1

log 2

⎰
1

1 + α
dα. (11) 

One checks that this measure is .TG-invariant. The Gauss map is ergodic with respect 
to the Gauss measure, that is, every Borel subset B of .[0, 1] such that . T −1

G (B) = B

has either zero or full measure. This implies that almost all orbits are dense in .[0, 1]. 
Ergodicity yields furthermore the following striking convergence result. Indeed, 

measure-theoretic ergodic dynamical systems satisfy Birkhoff’s ergodic theorem,
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also called individual ergodic theorem, which relates spatial means to temporal 
means. 

Theorem 4 (Birkhoff’s Ergodic Theorem) Let .(X, T , μ,B) be an ergodic 
measure-theoretic dynamical system. Let .f ∈ L1(X,R). Then the sequence 
.( 1

n

∑n−1
k=0 f ◦ T k)n≥0 converges a.e. to .

⎰
X

f dμ: 

. ∀f ∈ L1(X,R) ,
1

n

n−1⎲

k=0

f ◦ T k μ−a.e.−−−−→
n→∞

⎰

X

f dμ .

For example in the case of continued fractions, using this theorem one is able to 
describe the distribution of the digits. 

Theorem 5 For a.e. .α ∈ [0, 1] the digit j occurs in the continued fraction 
expansion of . α with density .

1

log 2
(2 log(1 + j) − log j − log(2 + j)). 

One can even show that the digits have the mixing property; one can as well give a 
short and elegant proof of Lévy’s theorem which states that 

. lim
n→∞

1

n
log qn(α) = π2

12 log 2
(12) 

for Lebesgue almost every point . α. With the help of a dynamical construction called 
the natural extension (which is basically a way to make the dynamics invertible), 
one can describe the asymptotic behavior of the approximation coefficients 

. Θn(α) = q2
n |α − pn

qn

|.

As an illustration, we mention the ergodic proof of Bosma, Jager and Wiedijk [26] 
of the famous Doeblin-Lenstra conjecture which says that for almost all . α the limit 

. lim
n→∞

1

n
#{1 ≤ j ≤ n | Θj(α) ≤ z} , where 0 ≤ z ≤ 1,

exists and equals the distribution function .F(z) given by 

.F(z) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

z

log 2
0 ≤ z ≤ 1

2 ,

1

log 2
(1 − z + log 2z) 1

2 ≤ z ≤ 1.

(13) 

In [77], Jager used ergodic tools to describe the simultaneous distribution of two 
consecutive . Θ’s by determining for almost all . α the exact value of
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. lim
n→∞

1

n
#{1 ≤ j ≤ n : Θj−1(α) ≤ z1, Θj (α) ≤ z2}, where 0 ≤ z1, z2 ≤ 1.

As a third example we mention that it can be proven with the help of ergodic 
theory that for each real irrational number . α and each integer .n ≥ 1 one has 

. min(Θn−1,Θn,Θn+1) <
1

/
a2
n+1 + 4

(14) 

and 

. max(Θn−1,Θn,Θn+1) >
1

/
a2
n+1 + 4

. (15) 

For a generalization of these results in the setting of best approximations, see [42, 
43], and also Sect. 5. Inequality (14) is a generalization of a result by Borel [30], 
which states that 

. min(Θn−1,Θn,Θn+1) <
1√
5

.

A great number of people independently found (14), see for example [28, 122, 
143]. Inequality (15) is due to Tong [149]. In fact, ergodic theoretic methods yield 
easy proofs of generalizations of a great number of classical results by Fujiwara, 
Segre and others like LeVeque, Szüzs, and Segre; see [51, 78] for more results and 
details. 

In a different direction, ergodic theoretic methods can also be used to prove 
(generalizations of) Lochs’ theorem which compares the amount of information 
given by the digits of different types of number expansions. The original statement 
of Lochs [109] compared the regular continued fraction digits to decimal digits. 
More precisely, for an .α ∈ (0, 1), let .(ak)k≥1 denote its regular continued fraction 
digits and .(dk)k≥1 its decimal digits and, for each . n ≥ 1, let .mn(α) denote the largest 
number of digits . ak that can be determined from knowing .d1, . . . , dn. Then Lochs 
proved the following statement. 

Theorem 6 For a.e. .α ∈ (0, 1), .limn→∞ mn(α)
n

= 6 log 2 log 10
π2 . 

Lochs’ theorem was placed in a dynamical setting in [18] and developed further 
in [48]. It became apparent that the number . 6 log 2 log 10

π2 is related to the measure-

theoretic entropies .h(TG) = π2

6 log 2 and .h(T10) = log 10 of the transformations 
.TG and .T10(x) = 10x (mod 1) that generate regular continued fractions and 
decimal expansions, respectively. See also [23, 110] for similar results for other 
types of expansions. Later Lochs’ theorem was extended and generalized in several 
directions, e.g., in [97] for random dynamical systems and in [17] to include systems 
with zero entropy.
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Let us consider now the case of multidimensional continued fraction algorithms. 
For a general description of their ergodic properties, see [138]. A first step in the 
ergodic study of a continued fraction algorithm consists of proving the existence of 
an a.c.i.m. (absolutely continuous invariant measure), playing a similar role as the 
Gauss measure defined in (11). Note that a very efficient way to find a.c.i.m.’s for 
continued fraction transformations is via the natural extensions; see, e.g., [6, 7, 13, 
55, 93]. 

Let us take a closer look at the convergence properties from a dynamical 
viewpoint. The a.e. exponential (strong) convergence of the Brun [60, 113, 139] 
and Jacobi–Perron algorithm [14] (see also [105, 137]) holds in dimension .d = 2: 
there exists .δ > 0 s.t. for a.e. .(α1, α2), there exists .n0 = n0(α, β) s.t. for all . n ≥ n0

. |α1 − p
(n)
1 /q(n)| <

1

(q(n))1+δ
, |α2 − p

(n)
2 /q(n)| <

1

(q(n))1+δ
,

where .p(n)
1 , p

(n)
2 , q(n) are given by the Brun (resp. Jacobi–Perron) algorithm. 

We have seen already in Sect. 3.3 that the quality of rational approximations 
provided by continued fraction algorithms obtained dynamically by an iteration 
of a map can be expressed in terms of the two first Lyapunov exponents . λ2 and 
. λ1: the coefficient . δ corresponds to .−λ2/λ1. There is, in fact, a strong link with 
the uniform approximation exponent .η∗

A(α) (whose definition is recalled below) as 
shown in [105]; see also [70, Theorem 1], [15, Proposition 4] and [38, Section 2]. 
One considers as in (2) the maps .T : X → X, .A : X → GL(d + 1,Z). For fixed 
.α ∈ X and .i ∈ {1, . . . , d + 1}, we have  

. η∗
A(α, i) =

sup

⌠

δ > 0 : ∃ n0 = n0(α, i, δ) ∈ N s. t. ∀ n ≥ n0,

‖
‖
‖
‖α − p(n)

i

q
(n)
i

‖
‖
‖
‖ < (q

(n)
i )−δ

⎫

,

where .‖ · ‖ is an arbitrary norm in . Rd . The quantity 

. η∗
A(α) = min

1≤i≤d+1
η∗

A(α, i)

is called the uniform approximation exponent for . α using the algorithm A. Now,  
following [105, Theorem 4.1], we consider a d-dimensional multidimensional 
continued fraction algorithm A satisfying some mild ergodic conditions (called (H1) 
to (H5) in [105]). Let . η∗

A be the uniform approximation exponent of A. We have  
.λ1(A) > λ2(A) and 

.η∗
A(α) = 1 − λ2(A)

λ1(A)
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holds for almost all .α ∈ X. In particular, if .λ2(A) < 0 then A is a.e. strongly 
convergent. Lyapunov exponents of classical algorithms such as the Jacobi–Perron 
algorithm or the Brun algorithm have been thoroughly studied in [14, 32]; see also 
[63] for results on the simplicity of the Lyapunov spectrum. 

The computation of Lyapunov exponents is a challenging problem. For numerical 
results, see [38]. In practice, ergodic theorems provide efficient ways of estimating 
Lyapunov exponents numerically by following trajectories and then taking averages 
over truncated trajectories. This has been developed, e.g., in [29, 72] for continued 
fractions or in [157] for interval exchanges. Transfer operators are efficient ways 
to reach them, such as developed, e.g., in [81, 128], by getting in some cases 
exact computations for the top Lyapunov exponents of random products of matrices 
using transfer operators. Indeed, transfer operators come with the analogue of 
Perron–Frobenius theory for non-negative matrices. They are well suited to provide 
approximations by working in finite dimension, for instance by truncating Taylor 
expansions of analytic functions [49, 107]. See also [144] for lower and upper 
bounds for the Lyapunov exponents for random products of square matrices with 
determinant 1 having real and non-negative entries. 

4.5 Classical Examples 

With this section we want to illustrate the variety of continued fractions algorithms 
defined according to the formalism of Sect. 4.4, as well as to focus on two classical 
algorithms, namely the Brun and the Jacobi–Perron algorithms. 

Consider algorithms based on elementary matrices, i.e., on subtractions, such 
as described in Sect. 4.4. In order to stress the simple rules that govern them, 
we express them in dimension .d + 1 = 3. We thus start with parameters . 𝓁 =
(𝓁1, 𝓁2, 𝓁3) ∈ R3+. We have to decide which number has to be subtracted, and with 
respect to which number it has to be done. Usually numbers .𝓁1, 𝓁2, 𝓁3 are sorted 
in increasing (or decreasing) order. We stress the subtraction rule but it is usually 
preceded and followed by a sorting operation. 

For Jacobi–Perron, we subtract the second entry from the other ones, with the 
entries being ordered in such a way that the first entry is the largest one (but with no 
further order restriction on the two other entries). For Brun, we subtract the second 
largest from the largest one. For Poincaré, we subtract the second largest entry from 
the largest one, the third largest from the second largest, etc. For Selmer, we subtract 
the smallest (positive) entry from the largest one. For the fully subtractive algorithm, 
we subtract the smallest (positive entry) from all the larger ones. 

We also recall that given an algorithm described at the level of a .d + 1-
dimensional space, there exist several possible projectivizations. This is the case 
of the various forms taken by the Brun algorithm. In particular, the Brun algo-
rithm is also called modified Jacobi–Perron algorithm: the modified Jacobi–Perron 
algorithm introduced by Podsypanin in [127] is a two-point extension of the Brun 
algorithm.
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Consider now the Jacobi–Perron algorithm (that will be handled in more details 
with respect to the nearest integer part in Sect. 7). The linear form of the Jacobi– 
Perron algorithm is defined on .{(y0, y1, y2) ∈ R3 \ {0} : y0 ≥ y1, y2 ≥ 0} by 

. (y0, y1, y2) |→ (y1, y2 − ⎿y2/y1⏌y1, y0 − ⎿y0/y1⏌y1).

If we set 

. x1 := y1/y0, x2 := y2/y0,

we recover its projective version defined on .[0, 1]2 as 

. (x1, x2) |→ ({x2/x1}, {1/x1}) .

Let us stress some differences between Brun’s and Jacobi–Perron’s rule. The 
Brun algorithm is a space-ordering algorithm according to the terminology intro-
duced in [71]. (Note that it is called ordered Jacobi–Perron in [70].) Furthermore, 
each step of the Brun algorithm produces only one digit. This helps in computing 
the natural extension and the invariant measure of the Brun algorithm (see, e.g., 
[7]). Contrary to the Brun algorithm, the role played by . y1 and . y2 (in the description 
above) is not determined by a comparison between both parameters in the Jacobi– 
Perron case; this might explain the fact that an explicit expression of the natural 
extension of this algorithm is still not known. Nevertheless, the framework of 
S-expansions and the so-called techniques of Insertion and Singularization (see 
[75]) allow one to relate both algorithms as shown in [140]; see also [141]. 
Both algorithms (Brun and Jacobi–Perron) are known to have an invariant ergodic 
probability measure equivalent to the Lebesgue measure (an a.c.i.m.); see for 
instance [135] and [138]. However, this measure is not known explicitly for Jacobi– 
Perron (the density of the measure is shown to be a piecewise analytic function in 
[32]), whereas it is known explicitly for Brun [7, 60]. Note that the Brun algorithm 
can be considered as an additive algorithm [27], where it is proved that partial 
quotients tend to be equal to 1. Lastly, let us quote [119] for Borel-Bernstein type 
theorems on the growth of partial quotients. 

5 Lattice Reduction and Rational Approximations 

We now focus on the second approach discussed in Sect. 3.2 based on lattice 
reduction. Lattice reduction methods induce indeed a particularly fruitful way of 
exhibiting good simultaneous approximations, or else small values for linear forms. 
Algorithms based on lattice reduction theory are based on the following idea: lattice 
reduction algorithms do not produce a priori the smallest vector of a lattice, but 
a reasonably small vector. That is, a vector that is small enough for guarantying 
Diophantine approximation properties that can be compared with Dirichlet’s quality
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up to an approximation factor exponential in the dimension. We can thus consider 
these algorithms as providing effective versions of Dirichlet’s theorem, yielding a 
satisfying compromise between efficient computation and sharpness of the obtained 
bounds, that is, between algorithmic issues and Diophantine quality. 

The range of applications of lattice reduction is quite wide for the following 
reasons. Firstly, lattice reduction algorithms play a central algorithmic role in 
cryptology, computer algebra, integer linear programming and algorithmic number 
theory. Secondly, they are particularly versatile in terms both of existing variants 
and algebraic contexts where they can be developed, see, e.g., [40, 62, 117]. Thirdly, 
they are efficient: LLL has a polynomial runtime with respect to the dimension. In 
particular, in the present context, they produce efficient gcd algorithms (see, e.g., 
[73]), and there exist promising attempts in order to devise continued fractions upon 
them (see [21, 37, 106]). However, there remains much to understand concerning 
their executions and the geometry of the outputs [120, 155]. 

Lattice reduction is based on the following elementary basis transformations: 
they can be described in terms of size reduction (the vector . bi of the basis 
.(b1, . . . , bd+1) is replaced by .bi − λbj with .1 ≤ j < i), and of exchange steps, 
also called swaps (one exchanges . bi and .bi+1). These operations are decided with 
respect to the Gram–Schmidt orthogonalization of the basis . b. 

More precisely, let .(b∗
i ) stand for the basis obtained via the Gram–Schmidt 

orthogonalization from the basis .(b1, . . . , bd+1), i.e., . b∗
i is the orthogonal projection 

of . bi on the orthogonal of the space generated by .bi , · · · , bi−1. One writes . b∗
i =

bi −∑i−1
k=1 μikb∗

k with .μik = 〈bi,b∗
k 〉

〈b∗
k,b∗

k 〉 for .k ≤ i − 1. A basis .(b1, · · · , bd) is said to 

be LLL-reduced if

. .|μik| ≤ 1/2 for all .i, k with .1 ≤ i ≤ d + 1 and .k ≤ i − 1 (the basis is said 
proper).

. .3/4‖b∗
i ‖ ≤ ‖μi+1,ib∗

i + b∗
i+1‖ for all i (this condition is called Lovasz’ 

condition). 

The factor .3/4 can be replaced by a parameter t with .3/4 < t < 1. The LLL 
algorithm consists of two steps.

. First, make the basis proper by replacing . bi by .bi − ‖μij‖bj , for .j < i, where 
.‖μij‖ stands for the distance to the nearest integer.

. If for some i, Lovasz’ condition is not satisfied, then swap . bi and .bi+1 and go 
the previous step. 

Recall that we have sketched the basic strategy underlying the use of lattice 
reduction in this framework in Sect. 3.2. One starts with the lattice . Λt generated 
by the columns of the matrix
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. Mt :=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1 0 · · · 0 −α1

0 1 · · · 0 −α2
...

...
. . .

...
...

0 0 · · · 1 −αd

0 0 · · · 0 t

⎤

⎥
⎥
⎥
⎥
⎥
⎦

.

Note that .det(Mt) = t , hence, the lattice . Λt changes at each step of the algorithm. 
One lets t tend to 0. Let us stress the fact that this strategy differs from the one 
discussed in Sect. 4.5 where one worked with bases of the fixed lattice .Zd+1. 

Lattice reduction algorithms such as LLL then perform a succession of permu-
tations and subtractions on the matrix . Mt , i.e., they multiply the matrix .Mt by 
elementary matrices and permutation matrices. This is a common feature between 
unimodular continued fraction algorithms and algorithms based on lattice reduction, 
namely that they are made of a succession of permutations and subtractions. The 
decisions are taken for classical unimodular continued fractions by comparing 
entries, whereas lattice reduction involves quadratic comparisons in the sense that 
they depend on the Gram–Schmidt orthogonalization. 

Lattice reduction provides best approximations of a real number, see [121, 
p.226,267], and for a survey on the overall strategy for getting constructive type 
results in Diophantine approximation based on LLL, see [121, p. 222]. Nevertheless, 
note that even in dimension 2, when using the Gauss algorithm whose efficiency has 
been largely proved, one has “little control on the convergent which is returned; in 
particular, this is not the largest convergent with denominator less than .2

√
C/3”, as 

quoted in [121, p.226 Example 1]; here the bound .2
√

C/3 comes from Theorem 7 
of [121, Chapter 6]. 

As an illustration of the efficiency of lattice reduction in algorithmic num-
ber theory, see, e.g., [129] where algorithms for solving the dual problems of 
approximating linear forms and of simultaneous approximation in number fields 
are developed by applying the LLL algorithm. A system of independent units of full 
rank is generated in any algebraic number field, which also leads to an algorithmic 
generalization of Lagrange’s theorem. 

Several attempts already exist in order to use lattice reduction to get simultaneous 
approximations. Let us quote [58, 59, 82–84, 103, 104] for strongly convergent 
algorithms; however they do not present the same advantages as more classical 
memory-less algorithms. Let us quote also [104] and [106] based on Minkowski 
lattice reduction; this approach is not effective, but it produces best approximations. 
This study is also extended in [66], [46] and [92]. 

Some approaches are built specifically upon LLL; see [21, 37]. In [37] an iterated 
LLL algorithm is designed that is obtained by decreasing the parameter t from the 
lattice . Λt , by dividing it by a given constant (including also experimental data). In 
[21], the conditions that occur in LLL are proved to be linear in the parameter t 
(tending to 0). The idea at step k is to consider the smallest parameter . tk for which 
.Λtk is reduced, and then perform a reduction with .tk − ε.
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An efficient way to input some dynamics with this reduction viewpoint is to rely 
on homogeneous dynamics with the (left) action of the diagonal flow .(gt ) defined 
by 

. 

⎾
et Id 0

0 e−dt

⏋

on the space of unimodular lattices, i.e., on the homogeneous space . SL(d +
1,R)/SL(d +1,Z). This is a very fruitful way to combine lattice reduction with the 
strength of dynamical methods such as highlighted in the survey [46]. This amounts 
to changing the parameter t . See in particular [92] for a strongly convergent multi-
dimensional continued fraction algorithm with effective hyperbolicity estimates. 

This is particularly relevant for continued fractions defined in terms of best 
approximations. In [42, 43], Levy’s result about the almost sure growth rate of 
the denominators of the convergents from (12) is extended to the best Diophantine 
approximations (see Definition 2). The value of the limit is given by an integral over 
a codimension one submanifold in the space of lattices . SL(d +1,R)/SL(d +1,Z).

An analogue of the Doeblin-Lenstra discussed in Sect. 4.4 is also given in [43]. As 
highlighted in [43], the section is provided by lattices whose first two minima of 
lattices are equal and the first return map of the geodesic flow in the transversal 
plays the role of an invertible extension of the missing Gauss map. The main 
idea is to relate shortest and so-called minimal vectors of the lattice . Λt with best 
approximations (see [46, Lemma 8]) together with a suitable choice of a norm (see 
[46, Section 3.2] and [45]). 

6 Some Applications of Continued Fractions 

In this section we give a diverse range of applications of continued fractions in 
arithmetics, cryptography and symbolic dynamics. We then propose possible hints 
for improvements of dynamical unimodular continued fraction algorithms. 

We start with arithmetical applications. Continued fractions play an important 
role in the arithmetic of algebraic curves. The relation between the geometry of 
the plane quartic model of an elliptic curve, given by the equation . y2 = x4 −6ax2 −
8bx + c, and the continued fraction of y with respect to the .x−1-adic valuation is 
given in [8] and [1]. The given elliptic curve has two rational points at infinity, 
call them P and O, such that O is the origin of the Mordell-Weil group of the 
elliptic curve. Then the order of the image of P in the Jacobian (called the infinity 
divisor of the curve) is finite if and only if the continued fraction of y is periodic. 
Moreover, the order depends on the period of the continued fraction. This result 
has been generalized for the hyperelliptic curves in [126]. The torsion order of the 
infinity divisor is given as the sum of the degrees of all partial fractions from 0 
to the period of the continued fraction of y in [8, 130, 150]. Furthermore, thanks 
to the periodic continued fraction of y, for a given even degree hyperelliptic curve
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.y2 = f (x), the Pell equation for f is proved to have a non-trivial solution, i.e., there 
exist .p, q in .k[x], p not a constant, such that .p2 − q2f = 1, in [8, 126]. 

Cryptography is another field where continued fractions occur in various places. 
First of all, continued fractions can be used in cryptanalysis, e.g., to attack the 
RSA cryptosystem. This cryptosystem is based on the mathematical problem of 
factoring a natural number that is a product of two large prime numbers. It is an 
asymmetric cryptosystem, i.e., a publicly known key is used for encryption and a 
secret key is used for decryption. If the secret key is chosen too small, one can use 
continued fraction expansions to efficiently compute the private key and break the 
cryptosystem. This attack is known as Wiener’s attack (see [152]). 

Continued fractions can be used to directly factorize integers. The continued 
fraction factorization method (CFRAC) and Shanks’s square forms factorization 
(SQUFOF) are two such algorithms. For example, the main idea behind the CFRAC 
algorithm is to compute the continued fraction expansion of . 

√
n, where n is the 

number we want to factorize. This continued fraction expansion is then used to 
obtain a factor dividing n. However, these factorization algorithms are not efficient 
enough to factorize numbers in the magnitude of RSA parameters. 

Apart from cryptanalysis, there is a connection between stream ciphers and 
continued fraction expansions. Stream ciphers are symmetric cryptosystems, i.e., 
the same key is used for encryption and decryption. A stream cipher generates a 
pseudorandom bit string. To encrypt a message, each bit of the pseudorandom bit 
string is combined with a bit of the secret message (e.g., with the XOR operation). 
Niederreiter uses continued fraction expansions of generating functions to analyze 
the randomness of pseudorandom sequences (see [118]). In [85], Kane constructs 
a stream cipher using continued fractions. The cryptosystem KronCrypt is a block 
cipher that is based on a constructive proof of Kronecker’s approximation theorem 
(see [56]). Block ciphers encrypt blocks of the secret message, instead of generating 
a bit string that is combined with the secret message bitwise. KronCrypt has the 
structure of a Feistel cipher with key-dependent S-boxes. The continued fraction 
expansion is used for the key generation. 

A rather indirect connection to cryptography is the shared interest in lattice 
reduction algorithms in the setting of post-quantum cryptography. As described 
in Sect. 5, these algorithms compute relatively short vectors of lattices. Various 
cryptosystems such as Frodo, Dilithium, and Kyber are based on the problem of 
finding short vectors in lattices. Hence, the study of lattice reduction algorithms 
such as the LLL algorithm is important for the security analysis of lattice-based 
cryptosystems. 

We also note that due to its simplicity, the Brun algorithm appears in various 
application fields in cryptography and beyond. See [54], where efficient exponenti-
ation using addition chains is used. Note that continued fractions were already used 
for addition chains; see, e.g., [16]. See also the survey [154] for application of lattice 
reduction and of the Brun algorithm in wireless communications and statistical 
signal processing.
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We now consider some applications in (symbolic) dynamics with the seminal 
example of Sturmian dynamical systems, introduced by Morse and Hedlund in 
[114]. There is an impressive literature devoted to their study and to their possible 
generalizations in word combinatorics, and in digital geometry [133]. This is due to 
several factors. They provide symbolic codings for the simplest arithmetic systems, 
namely the irrational translations on the circle, they also code discrete lines and 
are unidimensional models of quasicrystals [22]. Moreover, the scale invariance 
of Sturmian dynamical systems allows their description using a renormalization 
scheme governed by usual continued fractions via the geodesic flow acting on the 
modular surface. More generally, renormalization schemes can often be interpreted 
as continued fractions [156]; a striking illustration comes from the study of interval 
exchanges in relation with the Teichmüller flow, through the work, among others, of 
Veech, Masur, Yoccoz, and Avila. 

Similarly as for continued fractions, there is no canonical generalization of Stur-
mian words. Episturmian words, also called Arnoux-Rauzy words, have attracted 
a lot of attention in this direction. See in particular [4, 5, 44] for the study of 
associated continued fractions on the Rauzy gasket. More generally, it has been 
a long-standing problem to find good symbolic codings for translations on the d-
dimensional torus that enjoy the beautiful properties of Sturmian sequences. This 
is the object of [39] which defines symbolic codings of toral translations based on 
exponentially convergent multidimensional continued fraction algorithms, leading 
to renormalization schemes. However these results rely on the positiveness of the 
second Lyapunov exponent, and they thus hold only in small dimensions. 

We end this section by discussing possible ways to improve existing continued 
fractions algorithms. Indeed, in view of the non-positivity of the second Lyapunov 
exponent, there is a need to design strongly convergent continued fractions algo-
rithms in high dimensions. In fact, positivity of the second Lyapunov exponent has 
only been proved in dimension .d = 2 for classical algorithms, and .d = 3 for the 
Brun algorithm. One natural approach for the design of continued fractions consists 
in trying to derive continued fraction algorithms from lattice reduction algorithms 
using the fact that they compute short vectors and that they reach Dirichlet’s 
bound (up to a constant depending exponentially on the dimension). The design of 
continued fractions will go along with the dynamical modeling of lattice reduction 
algorithms (and more specifically LLL) for their probabilistic analysis. There is also 
a need to improve existing algorithms of a dynamical nature by taking advantage of 
their dynamical properties. 

For other types of number expansions, in particular for .β-expansions, it turned 
out to be very fruitful to introduce a random dynamical system to produce the 
expansions. Where a deterministic system is defined as a pair . (X, T ), a  random 
dynamical system makes use of a family of transformations .(Ti : X → X)i∈I (for 
some index set I ) all defined on the same domain X, where each map is chosen with 
a certain probability. One then studies the compositions of the form 

.Tin ◦ · · · ◦ Ti1(x), ij ∈ I,
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instead of . T n(x). For .β-expansions, i.e., expansions of real numbers x of the 
form .

∑
k≥1

bk

βk , with .β > 1 a non-integer and each . bi an integer between 0 
and . β, a corresponding random dynamical system was first introduced in [52]. 
Applications of random .β-expansions with respect to rational approximations of 
real numbers were then described by Daubechies et al. [47], see also [50, 90], 
in relation to analog-to-digital conversion and in [79, 80] in relation to random 
number generation. Random one-dimensional continued fraction algorithms and 
their invariant measures were studied in [33, 53, 91, 94, 147]. Often, in terms of 
dynamics and the corresponding approximation properties, such a random system 
performs comparably to the best performing deterministic system present in the 
family .(Ti : X → X)i∈I , but with the added flexibility that real numbers now have 
many different expansions assigned to them. Even though it is not quite clear at 
the moment whether placing multidimensional continued fraction algorithms in a 
random framework could yield similar advantages, it might be of interest to study 
this further. 

7 Improving Jacobi–Perron Algorithm 

In 1981, both Ito and Tanaka in [148] and Nakada in [116] introduced the notion 
of .α-continued fractions for .α ∈ [1/2, 1]. This was done by replacing .⎿ 1

x
⏌ in the 

definition of the Gauss map .TG by .⎿ 1
x

+ 1 − α⏌ in [148] and by .⎿ 1
|x| + 1 − α⏌ in 

[116]. For the setup of Nakada, the sequence of the convergents of the corresponding 
.α-continued fraction of a point form a subsequence of its regular sequence of 
convergents, and hence provide better approximations. In particular, for . α ∈
[ 1

2 ,
√

5−1
2 ], all the corresponding .α-continued fraction algorithms are isomorphic 

and provide better approximations than the ones given by the regular continued 
fractions. See in particular [96] for results on the entropy. One can use a similar 
idea to improve the convergence properties of the Jacobi–Perron algorithm. To keep 
the exposition simple, we will consider the nearest integer case, corresponding to 
.α = 1

2 , and we will not take absolute values inside the floor function (so the digits 
generated could be negative). 

It is well known that when it comes to convergence speed, in one dimension the 
nearest integer algorithm performs best, see, e.g., [19]. For further results on nearest 
integer continued fractions see [3, 76, 153]. Dynamically the algorithm is given 
by the map .T (x) = 1

x
− ||| 1

x
|||, where .||| · ||| denotes the distance to the nearest 

integer as before. The map is well defined on the interval .[− 1
2 , 1

2 ]. The possible 
continued fraction digits for this algorithm are all integers n with .|n| ≥ 2. In higher 
dimensions a nearest integer version of the Jacobi–Perron algorithm has attracted 
some attention. See Sect. 7.2 for numerical values for the nearest integer Jacobi– 
Perron algorithm from [145]. We also recall that the Markov conditions on the digits 
produced by the classical Jacobi–Perron algorithm have a very simple form and that
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the piecewise analyticity of the density of its invariant measure has been proved in 
[32]. 

7.1 First Dynamical Properties of the Algorithm 

Let .d ≥ 2. The definition of the d-dimensional nearest integer Jacobi–Perron map 
(NIJP) on .C = ⎾− 1

2 , 1
2

⏋d is given by 

. T0(x1, . . . , xd) =
⎛

x2

x1
−
|

x2

x1
+ 1

2

|

, . . . ,
xd

x1
−
|

xd

x1
+ 1

2

|

,
1

x1
−
|

1

x1
+ 1

2

|⎞

and can be used to create for each d-tuple .(x1, . . . , xd) ∈ C a sequence of continued 
fraction approximations with the same denominator. 

The matrix version of . T0 is therefore defined on 

. Λ = {(y0, y1, . . . , yd) ∈ Rd+1 \ {0} : y0 ≥ y1, · · · , yd ≥ 0}

as 

. (y0, y1, . . . , yd) |→
⎛
y1, y2−

|y2

y1
+1

2

|
y1, . . . , yd−

|yd

y1
+1

2

|
y1, y0−

|y0

y1
+1

2

|
y1

⎞
,

and we have 

. 
t (y0, y1, . . . , yd) = tA0(y0, y1, . . . , yd)·
t
⎛
y1, y2 −

|y2

y1
+ 1

2

|
y1, . . . , yd −

|yd

y1
+ 1

2

|
y1, y0 −

|y0

y1
+ 1

2

|
y1

⎞

with 

. 
tA0(y0, y1, . . . , yd) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎿ 1
y1

+ 1
2⏌ 1 ⎿ y2

y1
+ 1

2⏌ · · · ⎿ yd

y1
+ 1

2⏌
0 0 1 · · · 0
...

...
. . .

. . .
...

0 0 · · · · · · 1
1 0 · · · · · · 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Iterates of . T0 then produce a matrix
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. 

⎡

⎢
⎢
⎢
⎢
⎣

q
(n)
0 p

(n)
0,1 · · · p

(n)
0,d

q
(n)
1 p

(n)
1,1 · · · p

(n)
1,d

...
...

. . .
...

q
(n)
d p

(n)
d,1 · · · p

(n)
d,d

⎤

⎥
⎥
⎥
⎥
⎦

.

Note that this is not exactly the same matrix as in (3). This is mainly due to the fact 
that we use a different normalization for technical reasons: the largest coordinate is 
the first one (namely . y0), and not the last one, as before when working with vectors 
of the form . (α, 1). The .q

(n)
i are thus given here in the first column. 

For .x = (x1, . . . , xd) ∈ C = ⎾− 1
2 , 1

2

⏋d , set  

. a = a(x) =
|
|
|
|

|
|
|
|

|
|
|
|

1

x1

|
|
|
|

|
|
|
|

|
|
|
| , b(i) = b(i)(x) =

|
|
|
|

|
|
|
|

|
|
|
|
xi

x1

|
|
|
|

|
|
|
|

|
|
|
| , 2 ≤ i ≤ d.

The functions a and .b(i) are piecewise constant on C. To be precise, for each .x ∈ C, 
it holds that .a(x) = k, .k ∈ Z, if and only if . 2

2k+1 < x1 ≤ 2
2k−1 , and, for each 

.2 ≤ i ≤ d, it holds that .b(i)(x) = k if and only if 

. 

⎧
⎨

⎩

x1

⎛
k − 1

2

⎞
≤ x2 < x1

⎛
k + 1

2

⎞
, if x1 > 0,

x1

⎛
k + 1

2

⎞
< x2 ≤ x1

⎛
k − 1

2

⎞
, if x1 < 0.

Hence, if we let 

. Ca,b2,...,bd
=
{

x ∈ C : a(x) = a, b(i)(x) = bi, 2 ≤ i ≤ d
}

,

then the collection .C = {Ca,b2,...,bd
} yields a partition of C, the elements of which 

are called the cylinder sets of . T0. Figure 1 shows the partition . C of C for .d = 2. 
Note that .Ca,b2,...,bd

/= ∅ if and only if .|a| ≥ 2 and .0 ≤ |bi | ≤ ⎾ a
2 ⏋ for each 

.2 ≤ i ≤ d. This implies that for the linear version of the NIJP algorithm not all 
matrices of the form 

.A0 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a 0 0 · · · 0 1
1 0 0 · · · 0 0
b2 1 0 · · · 0 0
b3 0 1 · · · 0 0
...

...
...

. . .
...

...

bd 0 0 · · · 1 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(16) 

are allowed. It needs to hold that .|a| ≥ 2 and .0 ≤ |bi | ≤ ⎾ a
2 ⏋ for each .2 ≤ i ≤ d, 

but there are more restrictions. Below we describe these restrictions in detail for the 
case .d = 2 by showing that in this case . T0 admits a Markov partition, i.e., there
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Fig. 1 The cylinder sets of the NIJP. The colors just serve to distinguish the different cylinder sets 

Fig. 2 The Markov partition 
for the NIJP map for . d = 2

−1 
2 

1 
2 

− 1 
2 

1 
2 

1 1 
1 

1 

1 
22 

2 

2 

2 

33 
3 

3 

3 
4 4 

4 

4 

4 

exists a finite collection .P of polygonal subsets of .[− 1 1 2, that have the property2 2 
that for any set .P ∩ A with .P ∈ P and .A ∈ C, there exist .P 

] 
1, . . . , PN ∈ P such that 

.T0(P ∩ A) = ⋃N 
Pi 1 i up to sets of zero Lebesgue measure. Figure 2 shows the 20= 

sets that are in .P for the map .T0. 

Theorem 7 Let .d = 2. Let . P be the collection of disjoint subsets of C bounded by 
the ten lines .x1 = 0, .x2 = 0, .x2 = ±x1, .x2 = ±2x1, .x2 = ±1 ± 2x1. Then . P is a 
Markov partition for . T0. 

Proof To show that . P from Fig. 2 is a Markov partition, we need to consider the 
image under . T0 of all sets .P ∩ Ca,b for .P ∈ P and the cylinder set .Ca,b ∈ C. Due  
to symmetry, it is enough to only consider the sets in the first quadrant. We label
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2,0 1 

2,0 1 

2,1 1 

2,1 1 

3,0 1 

3,1 1 

3,1 1 

3,1 1 
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3 

1 

5,
2 

1 

4,1 1 

4,2 
1 

7,
3 

1 

8,
3 

1 

0 1 
2 

1 
2 

Fig. 3 The black lines indicate the boundaries of cylinder sets. The blue lines indicate the 
boundaries of the Markov partition elements. The colors of the polygons indicate the different 
types of sets .Ca,b,P according to their images under the NIJP map. Sets with the same color have 
the same type  

the sets of . P by .Ei, Fi,Gi,Hi, Ji , .1 ≤ i ≤ 4, as shown in Fig. 2 and use .Ca,b,P to 
denote the set .P ∩ Ca,b with .P ∈ P and .Ca,b ∈ C. Figure 3 shows several of these 
sets in the first quadrant. Based on the images of the sets .Ca,b,P we distinguish 15 
types, indicated by the different colors in Fig. 3. Hence, to prove that . T0 admits a 
Markov partition for .d = 2 we need to compute the image under . T0 of each of these 
types of sets. We describe what happens to the set .C2,0,H1 . 

On .C2,0,H1 the map . T0 is given by .T0(x1, x2) = ( x2
x1

, 1
x1

− 2). The boundary of 
.C2,0,H1 is the union of three sets (we take all intervals open, because the endpoints 
of the intervals have no impact on the Lebesgue measure of the sets):
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Table 1 Images of the sets .Ca,b,P for .a, b ≥ 0 and .P ∈ P under . T0

.Ca,b,P . T (Ca,b,P )

Type 1 .C2,0,H1 , .C3,1,F1 . E1 ∪ F1 ∪ G1

Type 2 .C2,0,J1 . H1 ∪ J1

Type 3 .C2,1,J1 . E2 ∪ F2 ∪ G2 ∪ H2 ∪ J2

Type 4 .C2,1,G1 , .C4,2,E1 . E1

Type 5 .Ca,0,H1 for .a ≥ 3, .Ca,1,F1 for .a ≥ 4, . 
⋃

i=1,4(Ei ∪ Fi ∪ Gi ∪ Hi ∪ Ji)

.Ca,2,E1 for . a ≥ 6

Type 6 .C3,1,H1 , .C4,2,F1 . E2 ∪ F2 ∪ G2 ∪ H2 ∪ J2 ∪ H3 ∪ J3

Type 7 .C3,1,J1 . E3 ∪ F3 ∪ G3

Type 8 .C3,1,G1 . H1 ∪ J1 ∪ E4 ∪ F4 ∪ H4

Type 9 .C3,2,G1 , .C2k−1,k,E1 for .k ≥ 3 . G2 ∪ J2

Type 10 .Ca,1,H1 for .a ≥ 4, .Ca,2,F1 for .a ≥ 5 . 
⋃

i=2,3(Ei ∪ Fi ∪ Gi ∪ Hi ∪ Ji)

Type 11 .C4,2,G1 . F3 ∪ G3

Type 12 .C5,2,E1 . E1 ∪ F1 ∪ G1 ∪ H1 ∪ J1 ∪ E4 ∪ F4 ∪ H4

Type 13 .C2k,k,E1 for .k ≥ 3 . E1 ∪ E2 ∪ F2 ∪ G2 ∪ H2 ∪ J2 ∪ F3 ∪
G3 ∪ H3 ∪ J3

Type 14 .C2k+1,k,E1 for .k ≥ 3 . C \ (G4 ∪ J4)

Type 15 .Ca,b,E1 for .b ≥ 3 and .a ≥ 2b + 2 C 

. 

∂1 =
⌠

(x1, x2) ∈ C : x2 = 0, x1 ∈
⎛

2

5
,

1

2

⎞⎫

,

∂2 =
⌠

(x1, x2) ∈ C : x1 = 2

5
, x2 ∈

⎛

0,
1

5

⎞⎫

,

∂3 =
⌠

(x1, x2) ∈ C : x1 ∈
⎛

2

5
,

1

2

⎞

, x2 = 1 − 2x1

⎫

.

Then 

. 

T0(∂1) =
⌠

(x1, x2) ∈ C : x1 = 0, x2 ∈
⎛

0,
1

2

⎞⎫

,

T0(∂2) =
⌠

(x1, x2) ∈ C : x2 = 1

2
, x1 ∈

⎛

0,
1

2

⎞⎫

,

T0(∂3) =
⌠

(x1, x2) ∈ C : x2 = x1, x1 ∈
⎛

0,
1

2

⎞⎫

.

From this we can conclude that .T0(C2,0,H1) = E1 ∪F1 ∪G1. A similar computation 
can be done for each of the sets .Ca,b,P . Table 1 lists the images of each type of 
set .Ca,b,P in the first quadrant. See also Fig. 4. By symmetry, similar results are 
obtained for sets .Ca,b,P in the other quadrants, from which we can deduce that the 
collection . P is a Markov partition for . T0 with .d = 2.
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(a) (b) (c) (d) (e) (f) (g) 

(h) (i) (j) (k) (l) (m) (n) 

(o) 

Fig. 4 The images of the sets from Fig. 3. (a) type 1 (b) type 2. (c) type 3. (d) type 4. (e) type 5. 
(f) type 6. (g) type 7. (h) type 8. (i) type 9. (j) type 10. (k) type 11. (l) type 12. (m) type 13. (n) 
type 14. (o) type 15 

From Table 1 we can deduce the restrictions that apply to applications of the 
matrices from (16). For example, from the first two lines we read that the digit 
.(2, 0) can only be followed by a digit .(a, b) with .a, b ≥ 0. Some restrictions are 
more complicated to describe and carry further. For example, the digit .(3, 2) can be 
followed by the digits .(−2, 0), .(−2,−1), .(−3,−1), .(−3,−2) and .(−4,−2). The  
digit .(−2, 0) can in principle be followed by any digit .(a, b) with .a, b ≤ 0, but if  
one sees .(3, 2) followed by .(−2, 0), then this can only be followed by those digit 
.(a, b) with .a, b ≤ 0 such that .Ca,b ∈ H3 ∪ J3. Knowing which sequences of digits 
are allowed tells us which matrix products involving matrices of the form (16) we 
have to analyze in order to obtaining numerical information about the approximation 
properties of the nearest integer Jacobi–Perron algorithm. Giving a fuller description 
of the allowed digit sequences from the results in Table 1 would be a first step in  
this direction. 

Having a Markov partition can also help in finding invariant measures for the 
dynamical system given by . T0. Here we describe a different approach that might lead 
to an invariant measure that is absolutely continuous with respect to the Lebesgue 
measure. To prove the existence of an a.c.i.m., we follow the book of Schweiger 
[138, Chapter 4], where he analyzed the ergodic properties of the Jacobi–Perron 
algorithm (see also [14, 112]). The analysis is similar; we will be brief. First 
notice that only cylinders of type 15 are full, i.e., .T0([a, b)]) = C up to sets of 
zero Lebesgue measure. All other types are non-full. However, after at most three 
iterations, any non-full cylinder is mapped to a region containing at least a fixed 
positive proportion, say q, of full cylinders. This implies that every non-full cylinder 
can be written as a countable union of disjoint full cylinders of higher rank (i.e., 
where more digits are specified), so that the collection of full cylinders generate
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the Borel .σ -algebra. This then allows one to define a jump transformation with 
full cylinders and satisfying the conditions of Rényi [132] (see also Theorem 8 in 
[138]). From this one concludes that the jump transformation admits an absolutely 
continuous invariant ergodic measure. Then, Theorem 11 (see also Theorem 18) 
of [138] implies that . T0 admits a finite absolutely continuous invariant ergodic 
measure. 

7.2 Experimental Data 

We now provide some experimental data due to Steiner [145] indicating a better 
behavior of the nearest integer Jacobi–Perron algorithm in terms of Lyapunov 
exponents than of its usual version. 

For the nearest integer Jacobi–Perron algorithm (on the left) and the usual 
Jacobi–Perron algorithm (on the right), one gets the following experimental data: 
the usual Jacobi-Perron algorithm stops being strongly convergent in dimension 
10, while the nearest integer Jacobi-Perron algorithm is strongly convergent up to 
dimension 13. 

d .λ1 .λ2 . 1 − λ2
λ1

d = 2  1.72241 .−0.691444 1.40144 

d = 3  1.72394 .−0.388217 1.22520 

d = 4  1.72400 .−0.24779 1.14372 

d = 5  1.72408 .−0.16873 1.09786 

d = 6  1.72417 .−0.11892 1.06897 

d = 7  1.72413 .−0.08522 1.049430 

d = 8  1.72417 .−0.06122 1.03551 

d = 9  1.72409 .−0.04347 1.02522 

d = 10  1.72414 .−0.02995 1.01737 

d = 11  1.72413 .−0.01939 1.01125 

d = 12  1.72414 .−0.01102 1.00640 

d = 13  1.72409 .−0.00425 1.00247 

d = 14  1.72414 .0.001304 0.99924 

d .λ1 .λ2 . 1 − λ2
λ1

d = 2 1.20052 .−0.448404 1.37351 

d = 3 1.18560 .−0.227877 1.19220 

d = 4 1.17295 .−0.13064 1.11138 

d = 5 1.16579 .−0.07882 1.067614 

d = 6 1.16224 .−0.04798 1.041279 

d = 7 1.16068 .−0.028202 1.02430 

d = 8 1.15992 .−0.014708 1.01268 

d = 9 1.15956 .−0.00505 1.004358 

d = 10  1.159476 0.00217 0.99813 

d = 11  1.159360 0.00776 0.993308 

d = 12  1.159364 0.01221 0.98946 

d = 13  1.159401 0.01586 0.986320 

d = 14 1.15930 0.01889 0.983705 
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