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ACTA ARITHMETICA
215.4 (2024)

Rational approximation with
generalised a-Liiroth expansions

by

YAN HUANG (Chongqing and Leiden) and CHARLENE KALLE (Leiden)

Abstract. For a fixed partition a, each real number = € (0, 1) can be represented by
many different generalised a-Liiroth expansions. Each such expansion produces a sequence
(Pn/qn)n>1 of rational approximations to . We study the corresponding approximation
coefficients (6, (z))n>1, which are given by

z— Pl

qn

0n () := gn

We give the cumulative distribution function and the expected average value of the 6,,, and
we identify which generalised a-Liiroth expansion has the best approximation properties.
We also analyse the structure of the set .#, of possible values that the expected average
value of #,, can take, thus answering a question from [J. Barrionuevo et al., Acta Arith.
74 (1996), 311-327].

1. Introduction. Liiroth expansions, first introduced by Liiroth [11] in
1883, are expressions for real numbers x € [0, 1] of the form

1 1 L 1
(1.1) x:dl+d1(d1_1)d2+"':Z(d"_1)£[1di(di—1)’

n>1

where d,, € N>o U {oo} for each n > 1. Since the numbers

n k
DPn,L 1
—= .= g dp — 1 | | —— , néeN,
Gnr (i )i:1 di(d; — 1)

give a sequence of rationals converging to x, one can wonder about the
rational approximation properties of Liiroth expansions. The authors of [1]
proved that for Lebesgue a.e. x € [0,1],
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Pn,L
qn,L

B i log(d(d — 1))
= d(d —1))
They further gave a multifractal analysis of the speed of convergence and
showed that the range of possible values of this rate is [log 2, c0).
Another way to express the quality of the approximations is via the
limiting behaviour of the approximation coefficients
Pn,L

1
lim —— log
n—oo n

T —

05(1‘) = Qn,L|T — , neN,

n,L
where ¢, 1, = dp, H?:_ll d;i(d; —1). In particular, for n = 1 we set q; 1, = d;. In

N 9]_’,

[2] it was shown that for Lebesgue a.e. z € [0,1], imy—o0 7 D oney 05 (z) =

$(¢(2) — 1), where ¢ is the Riemann zeta function.

In 1990 Kalpazidou, Knopfmacher and Knopfmacher [9] introduced alter-
nating Liiroth expansions, where the terms in the summation from alter-
nate in sign. It was subsequently proved in [2] that the alternating Liiroth
expansions outperform the Liiroth expansions in terms of approximation
properties. Since then both Liiroth and alternating Liiroth expansions have
been extensively studied and several generalisations have been considered.
In [2] a very general set-up is presented, of which the a-Liiroth expansions
from [12] are a specific case. The properties of such expansions were then
further discussed in [I0]. A random version of generalised Liiroth expansions
was given in [§].

In this article we consider generalised «-Liiroth expansions, of which
Liiroth expansions and alternating Liiroth expansions are specific examples.
We define these generalised a-Liiroth expansions by describing the dynam-
ical algorithms for obtaining them. It was already observed by Jager and
De Vroedt [7] that Liiroth expansions can be obtained by dynamically iter-
ating the so-called Liiroth transformation, and the same holds for all other
generalised Liiroth expansions mentioned above, as shown in [2]. The trans-
formations given below are specific instances of the ones from [2].

To each strictly decreasing sequence (tp)n>1 C (0, 1] satisfying ¢t = 1
and lim, .., t, = 0 we can associate a countable interval partition o =
{4, = (tpy1,tn] : n € N} U {Ax := {0}} of [0,1]. We call them «-Liiroth
partitions and use & to denote the class of such partitions. For each oo € &2,
set an := t, — tpa1, SO a, is the Lebesgue measure of A,. Generalised a-
Liiroth transformations T, = T, : [0,1] — [0,1], indexed by sequences
£ = (en)n>1 € {0,1}N, are then defined by setting

0 if x € Aso,
T:(z) =% (x —tpy1)/an ifz € Ay, n# 0o and g, =0,
(tn —x)/ap iteeA,, n#oo0ande, =1.
See Figure [1] for an illustration.
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Az A Ay

0 t4 ts to t1 =1

Fig. 1. A transformation T . withe1 =0,e2=1,e3=1,e4=1,5=0, ...

If we set eoo = 0, then from T, we can obtain the digit sequences (dp)n>1
and the sign sequences (sy)p>1 recursively as follows. For any = € [0, 1] and
n>1let d, = dy(v) = k and s, = s,(x) = ¢, if T""1(x) € Aj. Note that
with these definitions we get

T —td+1—s
T(zx) = (—1) —=2T-—"1
o) = ()

Hence, inverting and iterating gives
(12) & =tyris + (—1)"ag To()
=ldy+1-s; + (_1)81ad1 (td2+1—52 + (_1)82ad2T52($))

= td1+1751 + (_1)81ad1td2+1752 + (_1)81+82ad1ad2T52(x)

n—1 _.
=tldy+1-s; + -+ (—1)%i=t "ty t1-s, H ag,

n
=[] aa T2 (x)
i=1

Since T'(x) € [0,1] and a,, € (0,1) for each n, this converges and we get a
number expansion of the form

L n—1
T = Z (—1)Zi:1 Tty 15 H ad;
n>1 i=1

where Z?:1 s; = 0 and H?:1 aq, = 1. This is called a generalised a-Liiroth
expansion of x. For n € N let

n k—1
Pn _ Pnoe
(1.3) = Z S g1, 11 ea
qn Qnas e palie}

be the nth approzrimation of x. Then we define the approximation coeffi-
cients 07, by
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(1.4) 0; = 07 () == qn|z — Dol foralln e N,
dn
where ¢, = L from (|1.3]). Since we are usually interested in

tdn+1*5n Hz 1 di
the effect of the sequence ¢ for a fixed partition «, we will often keep the e

and suppress the « in the notation when no confusion can arise.

For the classical Liiroth partition ay, € &, given by the sequence (¢, )n>1
with ¢, = 1/n, Barrionuevo et al. [2] gave the cumulative distribution func-
tion of the #9%°.

THEOREM 1.1 (|2, Theorem 4|). For any ¢ € {0,1}, z € (0,1] and
Lebesgue a.e. x € [0,1] the limit
<n<N:o*
lim #{1<n<N:0""(2) < z}
N—o0 N

exists and equals

[1/2]+1—€|1/2) 1

Iy elz) = T '
L () kZ; k—ep_q Ll/ZJﬁLl*ng/zJ

Note that in [2] the intervals in ay, are labelled starting with index 2, so
ar = {(%,-5] : n > 2} U{0}. Accordingly, the sequences (d,,), (,) and
(sn) are also defined slightly differently. We have adapted the statement of
Theorem [L1] above to fit our notation.

If we write 0 and 1 for the infinite sequences of 0’s and 1’s, respectively,

then Theorem [I.1] in particular gives

(1.5)

/2141 . bz .
F. o(2) = 24— F. 1(z) = -
0, 0(2) 2 F T a1 o Fai(?) 2 =1 [1/7]

Moreover, it was shown in [2] that F,,, 5(2) < Fu, (2) < F,, 1(2) for any
e € {0, 1}N.
In this paper we will prove that for any a € &2, ¢ € {0,1}", 2z € (0,1]
and Lebesgue a.e. x € [0, 1] the limit
lim #{1<n<N:6(x) <z}
N—oo N

exists. Denote this limit by F, c(z) or simply by F,(z), and let
(1.6) M. =Mye:= | (1—Foc)d),
[0,1]

where we use \ to denote Lebesgue measure. Then (1.6 gives the formula for
M. which is the expected average value corresponding tothe cumulative distri—
bution function F.. So for Lebesgue a.e. z € [0, 1], M, = lim,, 00 + Sy 05 (x)
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is the average value of the sequence {6 (z)} 2. Let
M= My = {M, : e €{0,1}"}
be the set of all possible values that M. can take. In [2] it was shown that
M,, 1 < Mgy, e <M,,  for each ¢ € {0, 1}".
Our first main result generalises Theorem to arbitrary partitions
a € Z. 1t also implies that the alternating map T, 1 always enjoys the best

approximation properties and it gives some first information on the structure

of A,.
THEOREM 1.2. Given a partition a € P, for any e € {0,1} and z€(0,1]
and Lebesque a.e. x € [0, 1] the limit

. AE
lim #{1<n<N:6(x) <z}
N—o0 N

exists and equals

F.(z) := Z min {an, th+1-c, 2}

n>1
Furthermore, Mg > My and
(1.7) A= U Mo M)
£k=0we{0,1}*

After establishing (|1.7) we give several results that describe the structure
of .# in more detail under various conditions. A partial summary of these
results is given in the following theorem.

THEOREM 1.3. Let a € & be such that p := lim,_o0 tpy1/tn € [0,1]
exists.

(i) If 0 < p < 1/2, then A is a Cantor set.
(i) If 1/2 < p < 1, then A is a finite union of closed intervals.

Additionally, in case (i) we have expressions for the Hausdorff dimension
and packing dimension of .# respectively, and in case (ii) we obtain a con-
dition under which for each interior point M of .# there are uncountably
many ¢ € {0,1}" with M. = M. Besides Theorem we also identify
several cases where .# is a homogeneous Cantor set.

One particular case that is not covered by Theorem is when p = 1.
This includes the classical Liiroth partition ay, for which the authors of [2]
asked whether ./, could be a fractal set inside the interval [M,,, 1, M, 3]
(see [2, Remark 2, p. 323]). In this article we make some general remarks for
p =1, and in particular for the Liiroth partition aj we obtain the following
answer.
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THEOREM 1.4. The set #,, is the union of eight disjoint closed subin-
tervals of equal length. Furthermore, for any interior point M of #,, there
exist uncountably many € € {0,1}N such that M. = M.

In case limy, o0 tp+1/ty exists and equals 1/2, various outcomes are pos-
sible and we discuss some of them below (see Propositions and [3.7(iii)
for details). In particular, we discuss the partition {(27", 2~ (=D}, 5, U {0}
for which t,41/t, = 1/2 for each n. We also provide some examples where
limy, 00 tyt1/tn does not exist.

The paper is organised as follows. In the next section we recall some basic
notation and prove Theorem In Section B we study the structure of .#
in more detail. We obtain various results that together give Theorem [I.3] In
that section we also give the fractal dimension of .# in case .# is a Cantor
set. In Section {4] we prove Theorem and we also present three examples
for which lim,, 0 t5 41/, does not exist.

2. Proof of Theorem We first introduce some notation. Let {0, 1}
be the set of all infinite sequences (g;) = €1e3... with g; € {0,1} for all i > 1.
By a word we mean a finite string of digits over {0,1}. Denote by {0,1}*
the set of all finite words including the empty word €. For any w € {0,1}*
we denote by |w| the length of w, where |¢| = 0. For any N > 0, {0,1}"
denotes the set of all words of length N. For two words w,n € {0,1}* we
write wn € {0, 1}* for their concatenation. Similarly, for a word w = w1 ... wy,
and a sequence £ = £1€3 ... We Use We = Wy ... wWne1€2 ... € {0, 1} to denote
their concatenation. We use square brackets to denote cylinder sets, i.e., for
aword w=w...w; € {0,1}¥, k>0, we write

w] = {we : e € {0,1}N}.
On {0, 1} we can define the metric d by setting d(e,n) = 0 if € = n and
d(€7 77) — 9~ min {k>1: e 7Nk }

otherwise. Cylinder sets are open and closed in the corresponding topology.

Since the generalised a-Liiroth transformations are a particular type of
generalised Liiroth transformations from [2], it follows from [2, Theorem 1]
that for any o € & the maps T, . are measure preserving and ergodic with
respect to Lebesgue measure, from which one can deduce among other things
that for Lebesgue a.e. x € [0,1] the sequence {7} (%) }n>0 is uniformly dis-
tributed within the interval [0, 1] and that the digits dy,ds, ... are indepen-
dent and identically distributed random variables with respect to Lebesgue
measure and A(d, = k) = ai. The next proposition gives the cumulative
distribution function of the 6,° by using the above properties.

PROPOSITION 2.1. Given a partition o € 2, for any ¢ € {0,1} and
€ (0,1] the limit
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lim #{1<n<N:6(x) <z}
N—oo N

exists and equals F.(z) for Lebesque a.e. x € [0,1], where

(2.1) Fo(z) = min{an, tni1-c,z}.
n>1

Proof. For any x € [0, 1] we find by (1.2)) that

n—1 n

n—1 n .

© = tasis oo+ (CDZE0 [T agta, g, + (1) [ ag, 72 (@)
i=1 =1

for any n > 1. Combining this with (1.3)) and (1.4) we obtain

= LT ().
tdn+1—5n

Pn
€r— —

0: () = qn
(z) "

Note that 05 (z) < zif and only if T2 (z) < td";%z. Since T (z) € [0, 1],

this automatically holds for all n such that td";%z > 1. We denote

(2.2) Ny = {n: In - z} and Ny := {n S > z}.
tn-i—l—an tn—i—l—an

Then 65 (x) < z for all n with d,, € Nj. On the other hand, for n with
dn € Na, we have T]'(z) < td";%z if and only if

t _
T Yz) e Ag, NTE < [o, Zdntlosn z>)
adn

Hence,
(23) #{1<n<N:6;(2) <z}
=#{1<n<N:T"Yz) € Ay, k€ N1}
+#{1 <n<N:T'V'(z) e A mT;1<[0, MZ» ke NQ}.

ay

Since )\(Ak ﬂTE_l([O, tkt}%z))) =aqay - tktl%z = tgy1-¢,2 for any k € No,
and for Lebesgue a.e. © € [0,1] the sequence {T7*(z)}n>0 is uniformly dis-

tributed in [0, 1], we see that for those z, the frequencies of both terms of

(2.3)) exist and equal

. #{1<n<N:TP(z) € Ap, k€ N} _
W R Ep

kENy keNy
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and
o L Sn SN @) € 4T[O, i)Y, k€ Np)
N—o0 N

= Z Uht1—e, 2-

kEN,
This implies that

F.(2) = Z an + Z tntl—e, 2
neN neN2
By (2.2)), we have min {ay, th+1-¢, 2} =a, for n € Ny and min {ay,, t,41-¢, 2}
=tpt1-e,2 forn € No. m

For any fixed «, recall from (1.6 that we have defined

M.= | (1-F)d\x and .# ={M.:ec{0,1}"}.
[0.1]

Since for Lebesgue a.e. z € [0,1], M = limp—oo = > 05(2) is the av-
erage value of the sequence {65(z)},>1, we would like to describe the ap-
proximation properties of the generalised a-Liiroth expansion by M, for all
e € {0, 1}, The next lemma states that for any a € 2 the quality of approx-
imation of the generalised a-Liiroth expansions produced by the function 73
is better than that of T, thus extending the result from [2, Corollary 2|. In
general, for any w € {0,1}*, T,,; produces the best quality of approxima-
tion expansion among all € € [w]| and T, 5 produces the worst one, which is
important in studying the structure of .#,.

LEMMA 2.2. Given an o € & and a wordw € {0,1}*, for any e € {0, 1}
we have M7 < M, < M_5. In particular, for w = € we have M7 < Mj.

To prove Lemma [2.2] we introduce some notation and give more details
about F.(z). Given a € 2, for any ¢ € {0, 1} we denote

(2.4) for(z) :=min{apn, tht1-c, 2}

By we have F.(2) = >, 51 7" (2).

Given two sequences €1, 3 € {0, I}N with the first x entries the same, to
compare the approximation quality of 7;, and 7., we only need to consider
those entries with index bigger than . For all & > 0, ¢ € {0,1}" and
z € (0,1] define

a
Ni™ = N;"(z) = {n >1: —n o z},
tn+n+1—en

a
N3™ = N3"(2) := {n >1:—n > z}.
t/~e+n+1f€n
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Note that for the sets N1 and Ny in (2.2)) we have Ny = Nf’o and Ny = N,
For any w € {0,1}", k > 0, and € € {0, 1}, from the proof of Proposition
it follows that

Pl =Y 104 Yttt Y teoneiest
n=1 neNy" neNS"

Since the sequence (ty,)n>1 is strictly decreasing and

Gn Qan
>

tn+1—an o tn—i—l’
we see that N?’R C Ny and N3"° CNS’”. Since also Nf’”\N?’”:NS’”\NS’”,
we obtain
(2.5)  Fue(2) — Fup(2)

= Z Qptn T Z thtntl—en? — Z thtn+12

neNSFH\NO# neNg" RENO™
= E (an+n - tn+n+1z) + § (tﬁJrnJrlfsn - t/@+n+1)z-
neENSF\NO# neN;™"

Similarly,
(2.6)  Fi(2) — Fue(z)
= Z (an—i-n - tn—i—n—i—l—anz) + Z (tn-l—n - t/{—&-n—l—l—an)z‘

nENDF\NE* neNy
We will use these two equations to prove Lemma
Proof of Lemma[2.3. First we need to prove that

My—My= | 1-F)d - | 1-F)dx= | (F - Fy)dx > 0.
[0,1] [0,1] [0,1]

By (2.5) with xk =0 and € = 1, we get
Fi(z) — Fy(2) = Z (an —tny12) + Z —tnt1)2

neN; O\N° neNL®

Since ap /tp+1 > z for any n € Nli’0 \ N?’O, for any z € (0, 1] we obtain

Set zo = 3t and fixa § € (0,5 ) Then for any z € [z9 — 6, z0 + ] we have
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le N21’0, and hence

S Z (anz) dA(z) > S a1z d\(z) = 2a1200 > 0.
[0,1} nENQI’O [20—5,Z0+5]

So we have proved Mg > Mj.

Fixe € {0,1}N, k > 0and w € {0, 1}*. As in the proof of My > M, to get
M,; < My,e < Mg it is enough to show that F,5(z) < Fe(z) < F,i(z) for
any z € (0,1]. The first inequality follows immediately from by noting
that axsn — tupnt12z > 0 for all n € N7™ \ N?’“, and tyini1—e, — toint1 €
{0, a4} for all n. The second inequality follows similarly from (2.6)). =

For each word w € {0,1}* set
(27) IOJ = [ wi?Mw(_)]'

From Lemma [2.2| we know that the intervals I, are well-defined for each w
and A(I.) > 0. We are now ready to prove Theorem [1.2]

Proof of Theorem , For any ¢ € {0, 1} by Lemma we have M. €
I, ¢, for each n > 1. Hence,

///gﬁ U L.

£=0we{0,1}*

For the other direction, first note that for any x > 0 and w € {0,1}" we
have I,0 = [M o1, M 5], and M7 > M7 by Lemma Similarly, I, =
[M,i, M,5) and M5 < M,5. So, for d = 0,1 the intervals I,4 are both
subintervals of I, and I, shares the left endpoint with I, and I, shares
the right endpoint with I,. Now, let M € ()72, Uwe{ovl}ﬁ I,. Then for each
k > 0 there is a collection of words w € {0,1}" such that M € I,. Let
A, be the union of the cylinder sets given by these words. Then A, is a
compact subset of {0,1}N and A,, .1 C A, for each n > 0. Hence, Mo An is
a non-empty compact set, which means that there is a sequence ¢ € {0, 1}N
for which M = M.. Thus,

///:ﬁ U L.

k=0we{0,1}*
Combining this with Proposition 2.I] and Lemma 2.2 completes the proof.

3. Structure of .#Z. In this section we will study .# in detail and
give the proof of Theorem [I.3] We first compare the size of the subintervals
I, and I, for any w,n € {0,1}" with n > 0. The next lemma says that
the length of I, and thus the value of M o1 — M, 15, only depends on the
length |w| of w.
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LEMMA 3.1. Let a € & and n > 0. Then for any w,n € {0,1}" we have
)‘(Iw) = )‘(I’V]) and Mw(ﬁ - Mwl(] = Mn()i - Mnl()'

Proof. Take w € {0,1}". By (2.7)) we have

ML) = My = M1 = | (Fu1 = Fug) d
[0,1]
From (2.5) with € = 1 it follows that for any w € {0,1}" with n > 0, we
have
Fi(z) — Flo(z) = Z (@ntn = tngns12) + Z On4nZ-
neNLM\NO" neN;™

We see that F,; — F,5 only depends on n = |w|, hence so does A(I,). The
remaining result follows from M o7 — M, 15 = A(Iw) — A(Lw1) — A(Lwp). =

By (1.7), .# can be obtained by successively removing a sequence of
open intervals from [Mj, Mg]. For any I, with w € {0,1}* we have either
IoNnIl, =0or IyoNI, #0 (see Figure , depending on whether M5 <

MUJOI or Mwlﬁ Z Mwoi.
1
M 1 w M5
le IwO
M, 1 M,15 M 01 M5

M1 MwOi Mwl() Mw()
(b) Mwl() Z MwOi

Fig. 2. The interval I, and its offsprings I,0, lw1

Lemma [3.1] implies that for a given a € & we can define a function
G : Z>p — [0,1] by setting
G(n) = MwOI - Mwlf) = S (leﬁ - FwOI) dA
[0,1]
= | (= Fddr— 30§ (i = £ dx
[0,1] k>n+20,1]

for any w € {0,1}". The sign of G(n) will determine the structure of .Z.
This means that in the (n + 1)th level of the construction of .#, the basic
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intervals are disjoint if G(n) > 0, and they overlap if G(n) < 0. The following
proposition covers the case where the intervals I, eventually overlap. Write
I(n) := (1) for any w € {0,1}".

PROPOSITION 3.2. Let o € & and assume that there is an N, > 0 such
that G(n) <0 for alln > N,. Then there are finitely many closed intervals
Ji,...,Jrg, K € N, such that # = Ule Ji. If moreover there exists an

N} > N, such that (( )1) € (\f 1) for alln > N}, then for all interior

points M of M there are uncountably many e € {0, 1} such that M = M..

Proof. Note that for each n > 0 the set Uwe{O,l}" 1, is a union of at
most 2" closed disjoint intervals. The assumption about N, implies that
I, = I,0UI, for all w e {0,1}* with |w| > N,, and thus

-0 U - U &

n=0we{0,1}" we{0,1}Na

This gives the first part of the statement.
To obtain the second part, for each n > N} consider the maps

Thi: [0, I(—rrz(i)l)} — [0, 1], T I(?(;)l)x,

Tho: [1 - 1(7[1(@1) 1} 0,1, x> I(?(;)l)m - I(?(;)l) +1.
For x € [0,1], let & = (g,)n>1 € {0, 1} be such that
(3.1) TP (@) = Taggne, 0+ 0 Toytgres (1) € [0, 1]

I(n)

for all n. Note that 1 — Tn=T) < ](( )) since I([é )1) > 1 for all n > N1 This

means the following;:

o If T 1z)<1- %, then ¢, = 1.

o If T 1(z) > % then &, = 0.

e I(Ni+n I(Ny+n
o If T/ (z) e [1- 1(1&/1+n—)1)’ 1(15/;+n—)1)

], then &, can be 0 or 1.

The condition that (I(n) T € (\/52_1, 1) for all n > N} implies that
I _ _
7 (1 (n) \ _I(n-1) 1<\£ 1<I(n+l).
’ In-1)

I(n) 2 I(n)
By symmetry we also get T}, ( (75”)1)) >1— I(ITEZ)U for all n > N1. Since

(Tz )1) > 1 for all n, this implies that if T~ (z) & [1—1(175@1), I(n 0 ]U{O 1},
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then there is a £ > 1 such that

I(n+k) I(n+k)
CIn+k—1)In+k—-1)]
From this we can deduce (basically as in [4, Theorem 3|) that for each
x € (0,1) there exist uncountably many sequences ¢ = (,)n,>1 € {0, 1}V
satisfying .

Now, if we let M € I, for some w € {0,1}N61v and M is an interior
point of .#, then from the above we know that there are uncountably many
sequences ¢ € {0, 1} such that M = M. This gives the result. =

T ) e (1

Recall that a Cantor setin R is a non-empty compact set that has neither
interior nor isolated points. A Cantor set is called homogeneous if it can be
obtained in the following way. Let (ny)r>1 be a sequence of integers greater
than 1 and (ci)r>1 be a sequence of real numbers satisfying 0 < ngep, < 1
for all k& > 1. Recursively construct a sequence of intervals as follows. Start
with an interval I C R and set I, = I, called the level 0 interval. If for some
k > 0 we have obtained the collection of H§:1 n; disjoint closed intervals of
level k (set H?:l nj = 1), then we obtain the collection of level k+1 intervals
by dividing each level k interval I;, ;, into njy; disjoint intervals of equal
length Hfill c;, labelled I i1, -, Lij. ijny,, from left to right, in such a
way that I;, 1 and I;, 4, share the common left endpoint, Iil---iknk+1 and
I;, . ;, share the common right endpoint, and the distances between I;, _;, ;
and I; j+1) are the same for all 1 < j < ngyy — 1. The set

# = U %

k>141..4p

10k (

is called a homogeneous Cantor set (see e.g. [6]). The Hausdorff dimension
of a homogeneous Cantor set with sequences (ng)r>1 and (cg)r>1 is given by

3.2) dimy () = lim inf 208" k)
k—oo —log(cy---cx)

1 .
3.3) dimp (%) = limsup og(m1 - Mi+1)

(

(see [5, Lemma 2.2]), and its packing dimension is given by
( k—oo —log(cr---cp) 4 log ngiq
(

see [0, Theorem 3.1]).
The following result concerns the case where .# is a Cantor set.

PROPOSITION 3.3. Let a€ . If there is an Ny € Z>¢ such that G(n) > 0
for all n > N, then # is a Cantor set with

. . klog?2 . . klog2
34) d =1 f——A———  d =1 _
(34) dimu(A) =B int gy ) =Bnse = )

In particular, if No, =0, then .4 is a homogeneous Cantor set.
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Proof. The set . is a homogeneous Cantor set for N, = 0, which follows
from the construction of .# as described in the proof of Theorem (see
Figure |2| for an illustration). Note that n; = 2 for all k£ > 1 since I, has two
disjoint subintervals 1,0 and I, for all w € {0,1}*. The sequence (c)x>1 is
given by ¢ = % for all £ > 1. By , we have

. . —klog2 . klog?2
) = O g 10y~ N Tog(1(0)) — og(1(R)
= liminf %
k—oo —log(I(k))’
where the last equality follows since limg_,o I(k) = 0. The packing dimen-
sion follows similarly from .

For N, > 0, note that for any word 1 € {0, 1}V the set

N U &

n=0we{0,1}"

is a homogeneous Cantor set. Since a finite union of Cantor sets is again a
Cantor set, we see that

2= U N U &

ne{0,1}Na n=0we{0,1}»

is also a Cantor set. We get

. . ~ .. klog 2
dimg(.#)= max dim I,) =lminf —————.
()= max,, H(Qowe{LaJl}n w) = limint s

By the same argument we get the packing dimension of .Z. u

Propositions [3.2] and [3.3] show that to determine the structure of . it is
useful to consider the function G in more detail. Recall that

Gn)= | (fosr—fap)dr— DV (F =

[0,1] k>n+210,1]

We study the integrals S[o 1}(f,§ — f2)dA for k > n+ 1. By (2.4) we have

(35 ﬁwz{% = ﬁwz{% o/t <

tk+12 if ak/tkﬂ > z, tkz if ak/tk > z.

It is easy to see that
a a a a
ko TF 1 and < R

0< = .
tr ag + tk+1 tk tk-i—l
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Then we need to compare the values of ay/tx+1 and 1. For those k such that
ag/tk+1 > 1, which is equivalent to 0 < tg41/tx < 1/2, by (3.5)) we have

V== | (th—tip)zdA2)+ | (4 —ti12) dA(2)
[0,1] [0,ar /t%] lak /tk,1]
_ ﬁ _ tht10; o — ﬁ AR thg10;
2t Qti F tr 2 Qtz
. 4 e W thp _tiﬂ
o, 2 T2 2 ot
Similarly, for those k with ay/tx+1 < 1, which implies 1/2 < tg41/tx < 1,
we have

{(ft-ar= | t—tizdAx)+ | (an—tenz) dA(2)

[0,1] [0,ak/tk] [ak/tk,ak /tri1]
_ e 4 af e _ ap  a
2ty Th+1 tr 2tk41 2tp41 2ty
2
_ T T
2tp41 2t 2 2

To simplify the notation, we set for k > 1,

(36)  g(k):== | (ff — f)dA

[0,1]
e ther  thea i< et <1
_ )22 7 2 U= == >9
- 2 t 3t 3t o1 t
k _ k41 k+1 _ Ol 1 k+1
s 2t T2 2 if 5 < i <L

So, for any given a € & we see that for any n > 0,

oo
(3.7) Gn)=gn+1)— Y g(k).
k=n+2
By the above discussion, in the (n + 1)th level of the construction of .#,
we see gaps as in Figure [J[a) if G(n) > 0, and overlaps as in Figure [2|(b) if
G(n) < 0. We will use this and to describe the structure of .#, further
under some additional restrictions below. For each n > 1 set

Pn ‘= 75n+1/tn'

According to the two cases of g in (3.6)), we will split the discussion of the
structure of .Z, into two subsections: (i) 1/2 < p < 1; (ii) 0 < p < 1/2 (see

Propositions and for details).

3.1. v € & with 1/2 < p,, < 1 for all large enough n. In this section
we assume that o € &, where
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P = {a € & : there is an N, > 0 such that
1/2 < ppy1 < 1for all n > N, }.

By (3.6) and (3.7) we have
t2 t2 3t 3t
(38) G(n) _ n+1 _ n+2 n+2 _ n+1
2th12 2tnt 2 2
_ i ( th thin 4 3tk _3tk>
Wo 211 2t 2 2
t t 3t
_ tntl Pn+1ln4-2 4 3ty — n+1
20n+1 2
B Z Z Pkfkﬂ
k= n+2 k=n+2
p 3 = 1 2
= < "+1 + 3pn41 — )tn+1 - Z ( - b
210n+1 2 k=n+2 2pk 2
Pn+1 3
+3 _2
<2/0n+1 Pt =3
k—1
1 pi
- Z <2Pk_2 H Pi |tnt1
k=n+2 i=n+1
for all n > N,.
We first prove the following technical lemma.
LEMMA 3.4. Let o € Y1 with
7 2
Spt+1 = sup pr <1— _Pni1 for allm > N,.

3
k>nt1 8ppy1 +4

Then A is a finite union of disjoint closed intervals.

Proof. By Proposition we only need to prove G(n) < 0 for all large
enough n. First we will prove that G(n) is always monotonic with respect
to pi for all n > N, and k > n + 2. Then we use this in to prove that
G(n) < 0 for all large n.

By the derivative of G(n) with respect to py for any k > n + 2 is
given by

SIICTETES o I

a
I j=k+1i=k+1

where Hf:k—kl p; = 1. Since the map = — % — 22 is decreasing on [1/2,1],
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we have

k—1 00 j—1
oG 1 7 tn 1
> Pz<+2pk—4 > (Hm)) 3
i=n+1

2
Opr P =kl Nimkt 1
k—1 [e's)
> H Pi(p]%+29k—4zsk> 5
i=n+1 =0
k—1
1 7 tntl
1=n+1 pk k

where the second inequality follows from Sk > pn for all m > k 4+ 1. By
calculation we find that = >0if s <1— 5 e + 1> Which means that G( ) is

increasing as a function of Pk Since k is taken arbitrarily, we obtain 2 87;@ >0
for all k > n + 2. This together with p > 1/2 for all k > n + 2 gives
k—1

6 = (5" s smn-3- 3 (5% T o))
n) = - P =5 P pi|tni1
21 2 2 Koo N2k 2 S A
1 P21 3 S 1 St \ kn—2
< - +3pnt1— 5 —Pns1 - Spil
(2pn+1 2 g k:zn+2 25,41 2 ) "t
'tn—‘rl
1 Pl 3 1 1 snp
= - 3pni1— = — - tni1 <0,
<2pn+1 5 +9Pn+1 5 Pt 2Sn+1+2+ 5 ntl S

where the first inequality follows by the increasing property of G(n) with
respect to pg for all £ > n 4+ 2 and (s,)n>1 is a decreasing sequence. Fur-
thermore, the last inequality follows from

1 3 1 1
- _ Pn+l 43— < + Sn+1
2pn+1 2 2pn+1 28n+1 2 2

for all pp41, Sn+1 € [1/2,1]. This completes the proof. =
In case (pp)n>1 converges to a limit p # 1, we have the following result.

PROPOSITION 3.5. Let o € &1, Assume furthermore that p = lim, 00 pn
exists and 1/2 < p < 1. Then Ay is a finite union of disjoint closed intervals.

Proof. Similar to the proof of Lemma by (3.8)) it is enough to show
that

1 0> 3 >
- n+1+3pn+1_§_ Z <2,0k_> H pi <0

2pn+1 2 k= i=n+1

for all large enough n.
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First we consider 1/2 < p < 1. Since limy, o0 pp, = p, for any 0 < § < 1
there exists an N5 > N, such that max{1/2,p — 40} < p, < p+ 0 for all
n > Ng. So, for all n > Ns we have

k—1
1 prg 3 <« (1
_ 3 _2_ — .
2pn+l 9 + 9Pn+1 2 Z 2 H Pi

ko \ 2Pk i=n+1

1 (p+0)? 3

<2(p+5) 5 +3(p+9) 3
- 1 (p+ 5)2> k—n—1

-y - (p—a8)F "
k:n+2<2(p + 5) 2
1 (p+96)? 3
“2(p+9) ;T3 -3

_( 1 _(,0+<5)2> p—23
2(p+9) 2 )1-(p-9)

20t =T+ 9 —5p+ 1
200+ 0)(1—p+0)
4p° —9p% +12p — 1 — 4p6% + 3pd — 263 + 582 + 36
' 2(p+0)(1—p+9) ’
where the first inequality follows since x +— i — §+3$—% is increasing while
x> ﬁ — % is decreasing on [1/2, 1]. Note that 2p* —7p3 +9p> —5p+1 < 0
for all p € (1/2,1). As p > 4p> — 9p® + 12p — 1 is increasing on on [1/2, 1],
we have
4p% —9p% +12p — 1 — 4p62 + 3p6 — 26% + 562 + 36
2(p+0)(1 = p+9)
6 — 4p6% + 3pd — 26% + 562 + 35 6+ 3pd + 562 + 36
2(p+0)(1—p+9) 2(p+8)(1—p+9)
< L7 .
200+ 90)(L—p+9)
Hence, for a fixed p we can choose a sufficiently small § > 0 such that
2p —Tp% +9p% —5p+1 < —175. Then

k—1
1 o 3 <« (1 n
— 3 _2_ =k A
2pn+1 9 + Pn+1 2 Z 2 I[ Pi

+9

k=n+2 2pk i=n+1
20t — 73 +9p% —5p+ 1 176 <0
2(p+ 1)(2— p) 200 +8)1—p+06)

for all n > Nj.
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For p = 1/2 there exists an N} € N such that 1/2 < p,41 < 0.55 for all
n > Né. Then for a fixed n > NO%, we have s,41 < 0.55. Furthermore,
P24 - 7-0.552

_ e o S 0.6027... > 5,
83, +4° " 8-055+4 o

since 1 — 875111 ; 1s decreasing on [0.5,0.55]. So, by Lemma it follows
that G(n) >0 for alln > N1 u
3.2. a € & with 0 < p, <1/2 for all large enough n. We denote
Py = {a € P : there exists an N, > 0 such that
0 < ppnt1 < 1/2 for all n > N,}.

Fix an a € &5. By (3.6) and (3.7) for n > N, we have

t t t2 = [t t t
(39) G(n): nt+l  ‘nt+2  'n42 Z (k‘ k+1 k+1)

2 2 2ty 11 pols 2 2 2t
tnt1 2 — t% 1
n n+ +
- —tny +
2 2tn+1 Z
1 Prt = tz+1
— (== _ Mntl )y Zktl
<2 Pn+1 9 n+1 + Z 2
k=n+2

1 pz e P k
_ n+1 k )
- (2 — Pn+1 — 9 + Z ? H pz>tn+1~

k=n+2 = i=n+1
Recall that s,, = supy,, pr. Set

my, = inf pg.
k>n

The following lemma gives sufficient conditions for G(n) > 0 and G(n) <0,
respectively.

LEMMA 3.6. Let a € &5 and n > Ng.

(1) If pny1 < /24 1T7in — 1, then G(n) >0
(il) If pry1 > /2 + 125 — 1, then G(n) <0

Proof. By (3.9) and the definition of m,, we have
1 p2 1 > mk
G(n) > (2 — Pntl — n2+ + Z ;)tn—H
k=3

1 P%-i-l m;
=(=- - t
(2 Pn+1 9 + 201 — my) n+1
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for all n > N,. Hence, G(n) > 0if pp41 < /2 + 1Zin — 1. Similarly, for all
n > Ng,

1 p2 1 83
Gn)< |- .o ° t
(n) = <2 Pn+1 9 + 2(1 — Sn) n+1,

which implies that G(n) < 0 if p,41 > m —1. =

Next we use this lemma to describe the structure of .#Z with o € %5.

PROPOSITION 3.7. Let o € Ps.

(i) If there is an N} > Ny, such that 0 < ppy1 < V2 =1 for alln > N},
then A is a Cantor set. In particular, A is a homogeneous Cantor set
if N} =0.

(ii) If p = limy, 00 pp exists and p € (0,1/2), then A is a Cantor set.

(iii) Assume that lim,_ o pp, = 1/2.
(a) If there is an N2 € N such that (Pn)n>n2 C (0,1/2) is an increas-
ing sequence, then A is a Cantor set. In particular, if (Pn)n>1
is an increasing sequence with p, # 1/2 for any n, then 4 is a
homogeneous Cantor set.
(b) If there is an N3 € N such that p, = 1/2 for alln > N3, then A
s a finite union of closed intervals.

In all the above cases, if M is a Cantor set, the Hausdorff and packing
dimensions of M are given by (3.4).

Proof. For (i), from (3.9) we see that

1 Pt -
Gn)=|{=- — )t E = >0
(n) (2 Pn+1 9 ) n+1+k - 2%,
=n

if % — Pnal— piz“ > 0. Note that this is the case for all p,, 1 € (0,v/2—1]. If
it holds for all n > 0, we get a homogeneous Cantor set by Proposition [3.3
On the other hand, if it is only true for all large enough n, then we get a
Cantor set. The fractal dimensions are then given by .

For (ii), by the assumption it follows that m, < p < 1/2 for all n > N,,

and limy, oo My = p. Themap f:z+— /2 + %—1—1‘ is strictly decreasing
on [0,1/2] with f(1/2) = 0. Thus f(p) > 0 for any fixed p € (0,1/2). Hence,
as limy, o0 pp = limy, soo My, = p, there is a large enough N, > N, such that

Pnt+1 — My < f(p) < f(mn)

for all n > N,. This implies that p,11 < /2 + mi_ 1 for all n > Np.

1—-mn

Then Lemma [3.6(i) and Proposition [3.3] give the result.
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We now turn to (iii). First we assume that (pp)n>1 C (0,1/2) is increas-

ing. Since p,, = tpi+1/tn < 1/2, we have a,, = t,, — tp41 > tpt1, and thus
tn = D pen @k > D ey tr- By (3.9) it follows that

I -
G(n)><2_/0n_2> Z i + Z T

k=n+1 k=n-+1
oo
1 L
= = pn— 2Rt
> (5-m-5+%)n
k=n-+1
oo
1 1
> Z |:<2_pn>_2(pk_pn)]tka
k=n+1

where the last inequality follows from p, < 1/2 for all n. Since (pn)n>1 is
an increasing sequence with lim,, o pn, = 1/2, we have 1/2 — p,, > pp — pn
for any k > n. From this and the above inequality we see that G(n) > 0
for all n > 0, which makes .# a homogeneous Cantor set. If (p),>n2 is an
increasing sequence, then we see from the previous part that G(n_) > 0 for
all n > N2, and hence ./ is a Cantor set by Proposition In both cases,
the Hausdorff and packing dimensions of .# are given by .

Finally, if there is an N2 > 0 such that p,+1 = 1/2 for all n > N3, then
G(n) =0 for all n > N2. This implies that for each n > N2 we get

U I, = U I,.
wef0,1}n we 0,1}V

So we have proved the result. =

Proof of Theorem[1.3 This follows by the combined results of Proposi-
tions 3.0l and B.71 =

As an example, let us consider a partition that frequently occurs in con-
nection with generalised Liiroth transformations (see e.g. [3]).

EXAMPLE 3.8. Let o = {(1/2",1/2"7 1] : n € N} U {0}. Then a,, = 1/2"
and t, = 1/2""! and hence p, = 1/2 for all n € N. This means that we
are in the setting of Proposition iii)(b). In fact, we immediately see that
G(n) = 0 for all n > 0, so .# is an interval. Next we give the boundary
points of .#. For any ¢ € {0,1}" and z € (0, 1], by the proof of Proposition
2.1l we have

z 1
(3.10) Foz)= > et > o
n:z<1/2¢n n:z>1/2n

From Lemma the right boundary point is Mg and the left one is Mj.
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Then by and we obtain
1
My= | (1-F)dx= | ( Z;) =1- | 2d\(2) = 5.

[0,1] [0,1] n=1 [0,1]
On the other hand,

F ) Y A ifz<1/2,
() —
! YOk > 12

so that
[e.e] oo 1
M= | (1—Z2n 1)d)\( )+ (1—22n> dX(z)
[0,1/2] n=1 (1/2,1] n=1
= | (1-22)dr\z) =1/4.
[0,1/2]
Hence,

M = [Mi, M) = [1/4,1/2].

Let M € .# . If M is not an endpoint of any interval I, with w € {0,1}*, then
there is a unique € such that M = M.. If M is an endpoint of an interval I,
then there are precisely two sequences €1 and €3 with M = M., = M,,, one
ending in 0 and the other one ending in 1.

4. The Liiroth partition and other examples. The results from the
previous section do not describe the set .# for all possible partitions oo € &2
for which p = lim,,_, py, exists. For p = 1/2, what is not covered is the case
where there are infinitely many n such that p, < 1/2 and (py)n>1 is not
increasing.

Another case that is not addressed is when lim,, .~ p, = 1. Since in this
case

1 P24 3 3
4.1 lim — ol 43 —— ==
(4.1) nﬁoo<2pn+1 9 + 3pn+1 5~ 9
we see from (3.8)) that the structure of .# depends on the limiting behaviour
of

1 o k
(2pk+1 - k2+1) [Tz pi _ pr(1— P%H)

Gh - en=pp)

Ly = ke N.

Set R := limsup Ly, and 7 := liminf L. Then > 72 1(% — 7) Hf r}+1 pi s

divergent if » > 1. This would imply that G(n) < 0 for all n large enough, so
that .# would become a finite union of closed intervals by Proposition

On the other hand, ) 2 1(2pk - 7) Hf 71+1 pi is convergent if R < 1, so
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there exists an Ni € N such that
o0

1 P 1

= _ Ik <

2 <2pk 2)1—[ Pi=3
k=n+2 i=n-+1

for all n > Ng. By , there exists an N with

o sz+1

2pn1 2
for all n > N. Thus for R < 1, G(n) > 0 for all n > max {Ng, N}. Propo-
sition [3.3] implies that .# would be a Cantor set in this case. Finally, if
r = R =1 we cannot give a general result on the structure of .#. Note that
the Liiroth partition ay, = {(T%H, %} }n>1 U {0} falls in this last category as
then p, = ;27 for all n > 1, and thus B
_ @) 0-)) RGP - k)Y
(- (59)?) (k+1)2((k+1)3 — k3)

as k — oo. Nonetheless, we have the following result for ay,.

3
+3Pn+1—521

PROPOSITION 4.1. .#,, is the union of eight disjoint closed intervals.

Proof. For ap we have p; = % and p,, = 17 > % for all n > 1. Comput-
ing the function g in (3.6|) yields g(1) = % and
(n) n+1 n 3 1 1
n)= — —_ — =
g o2 2n+ 12 2n(n+1)  202(n+1)2
. 2_ .
for n > 2. Using the fact that Zk21 2k2(1i+1)2 =5 9 we obtain
1 1 9-—7n2 1 21-—2x2
G(0)=g¢(1) — —_— == —=——>0.
(0)=9(1) ;2k2(/€+1)2 3776 TR 12
And for n > 1 we get
1 1
G(n) = 2 2~ Z 2 2
2(n+1)%(n+2) P 2k%(k+ 1)
B 1 1 1
2(n+1)2(n+2)2 2(n+2)2(n+3)?2 2(n+3)%(n+4)?
1
> G
k>n+4 2k (k - 1)
~ —nt =203 +27n% + 1160 + 124 3 1
2+ 1)2(n 4 2)2(n + 3)2(n + 4)?

2 2°
k>n+4 2k (k + 1)

One can show that —n* — 2n3 4+27n2 +116n 4+ 124 < 0 for all n > 7. Hence,
G(n) < 0 for all n > 7. The values of G(n) for 1 < n < 6 can be calculated
separately:
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119 — 1272 237 — 872
11843 — 120072 5921 — 60072
= 4 =
G3) 7200 <0, G4 3600 <0,
290131 — 2940072 1160549 — 11760072
Go) = 176400 <0, G(6)= 705600

From the above calculation and (1.7)) we can deduce that

so ./ consists of eight closed intervals. m

Proof of Theorem[I.4 Proposition [4.1|gives the first part of the theorem.
For the second part, take n and w € {0,1}"; by Lemma and (2.7) we
have

1
I(n) = A(Lw) = S (Fui — Fup) dA = Z WL 12
[0,1] k>n+1

One can check that

I(n) o
lim —————=1-—1i =1.
nooo I(n — 1) n1—>rgon2n+1 <Zk2 k+1 )
Thus there exists a large N such that
I(n) S V5 —1
Iln—-1)— 2
for all n > N. The result then follows from Proposition [3.2] =

A geometrical construction of .Z with a = ay, is plotted in Figure

Fig. 3. Left: the first four levels of .#. Right: the first four levels of I1;.

We finish by giving some examples of partitions for which lim, . pn
does not exist to illustrate that in this case several different situations can
occur.

EXAMPLE 4.2. Let a = {4, = (tn+1,tn) : m € N} U{Ax = {0}} be such
that

2777.
if n=2(m+1) and m > 0.

S ifn=2m+1and m >0,
t, = 3
5.2m
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Then p, = &+ = 3 forn =2m+1, and p, = t’zil 3 forn=2(m+1).

tn
So

t 3 t 5
liminf 2 =2 and lim sup ntl _ 2
n—oo  ty ) n—00 n 6

In other words, lim,_ s % does not exist. By (3.8]) for n = 2m we have

5 9 9 3\1 25 3\ — 3
6= (§50+32)3 (5 2) X 5o

k=m

(93,5 s\ 1
S \5 2 12 25)2m  300-2m
Similarly, for n = 2m + 1 we find that
4
Gn) = ~757m
Hence, in this case .# = [Mz, Mj].
EXAMPLE 4.3. Let o = {A,, = (tnt1,tn] : m € N} U{Ax = {0}}, where
; ._{1 forn=2m+ 1 and m > 0,
n =

<0

3m

ﬁ for n =2(m + 1) and m > 0.

Then p,, = trz:l =2l forn =2m+1, and p, = t’;zl = 20 for n = 2(m +1).

So, lim,, 00 t"t—:l does not exist. By (3.8]) for n = 2m we have
20 212 63 3\ 1 402 63\ — 21
G S et T kN e
(n) (21 240 " 40 2)3m+<2.632 80)240.%

k=m
212 20 <1
() X 5
2-40° 21/, 3

=m+1
841

= >0

40320 - 3™ e

while for n = 2m + 1 we get

12391
=——— <0.
G = = 305100 - 3m

In this case we cannot say what the structure of .# will be, but we do note

that even for tj—zl > 1 one can have G(n) > 0.

EXAMPLE 4.4. Let a = {Ay, = (tp+1,tn] : n € N} U {Ax = {0}}, where

4% for n =2m + 1 and m > 0,
for n =2(m + 1) and m > 0.

ty = 1
3.4m
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Then p,, = t’zil =1 forn=2m+1, and p, = t’gzl =3 for n =2(m+1).
So, limy, 00 % does not exist. By (3.6 and (3.7) for n = 2m we have

1 1 1\ 1 2 9 9 3\« 1
= — 1— _— = _— _— — _— = _—
G 2( 3 9>4m <3 3278 2) 2 30

k=m

_ (5 1\l _,
~\27 216 ) 4m ’
while for n = 2m + 1 we get

2 9 9 3\ 1 1 11 1
= —_— — _— — _— = 1———— _—
(3 32 78 2)3.4m 2< 3 9> 2. I

G(n

~—

(L os\1
- \432 54 )4m
Also in this case it is not clear what the structure of .Z is.
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