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Parameter shift rules enable the estimation of the derivatives of expectation values with respect to the
dynamical evolution of a state. Thus, they provide a valuable tool in variational optimization and insight into the
dynamical behavior of quantum systems. Constructing parameter shift rules applicable to complex dynamical
generators is useful towards improving the control of analog quantum simulation devices and extending the
applicability of variational quantum simulating methods. However, parameter shift rules are typically designed
only for dynamical generators with highly degenerate or equidistant eigenvalues, such as Pauli operators,
commonplace in the construction of parametrized quantum circuits. For generators with irregularly spaced eigen-
values, effective rules have not been established. We provide insights about the optimal design of a parameter
shift rule tailored to various sorts of spectral information that may be available. The proposed method targets
the calculation of any linear combination of k th derivatives with respect to the conjugate variable of a generator
with a known spectrum, regardless of how close the eigenvalues are to each other. We discuss the optimal choice
of parameter shifts, minimizing their number and the variance of the target estimator. Furthermore, we discuss
the construction of parameter shift rules when only partial information about the generator spectrum is known.

DOI: 10.1103/PhysRevA.109.062429

I. INTRODUCTION

Many near-term quantum computing methods are based
on parametrized quantum circuits (PQCs) [1,2], sequences of
quantum gates specified by classical parameters, which are
tuned iteratively in order to address specific tasks. Examples
of these variational quantum algorithms include the quantum
approximate optimization algorithm [3] and the variational
quantum eigensolver [1,4], along with many proposed ap-
proaches to quantum machine learning. Variational algorithms
often rely on derivative estimation to guide the parameter
optimization process, leading to improved efficiency and bet-
ter outcomes [5,6]. Derivative estimation is also crucial in
scientific and engineering fields for solving differential equa-
tions, numerical integration, and precise modeling of complex
systems. It plays a key role in quantum machine learning
algorithms, like quantum neural networks and support vector
machines, enhancing their learning capabilities.

The output of a PQC provides a probabilistic result, with
the expectation value of an observable serving as an estimate.
While mean values of simple variables are found by averag-
ing measurement results, the estimation of expectation values
of multiqubit observables can be optimized through various
approaches [1,7-16]. Therefore, it is desirable to formally
approximate the derivatives of these averages as a linear com-
bination of expectation value estimates on states generated by
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different choices of the variational circuit parameters. Vari-
ous methods, such as finite differences or robust polynomial
interpolation techniques [17,18], can be used to approximate
these derivatives. However, exact derivative calculations are
challenging to implement on hardware because traditional
mathematical derivatives cannot be directly applied to quan-
tum gates, which must be unitary. This leads to the necessity
of calculating analytical derivatives using combinations of
quantum implementable operations.

Parameter shift rules (PSRs), introduced in quantum ma-
chine learning [2,5], provide a method for obtaining exact
derivatives of expectation values by evaluating parameter
shifted instances of a PQC. These rules relate derivatives of
the expectation value f(t) = (¥ (¢)| O |y (¢)) with respect to
some parameter ¢ to evaluations of the function at a set of dif-
ferent points {¢;}. The functional form of these rules depends
on the form of the generator H defining the dependence of
the state on the conjugate variable ¢, i.e., [ (t)) = e " |y).
From here on, we call the generator H a Hamiltonian. How-
ever, it should be noted that H is a generic Hermitian generator
(not necessarily representing the energy of a physical sys-
tem), and that in the definition of a variational state multiple
parametrized operations governed by different generators can
be applied in sequence.

The original two-term PSR is based on gates with two
distinct eigenvalues [5,6,19] and the PSR variations [20-22]
maintain the restriction on the number of Hamiltonian
eigenvalues. The stochastic PSR [23], as well as the general-
ized PSR [24], allow to calculate derivatives for and generator

©2024 American Physical Society
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with equidistant eigenvalues. The mentioned rules are limited
to evenly spaced parameter shifts and do not take into account
Hamilton’s eigenvalue structure. While some exploration of
different shifts exists [25] for standard PSRs, including sym-
metric and distinct shifts, to our best knowledge, no study
has been conducted on their optimal selection. However, for
quasidegenerate Hamiltonian eigenvalue structures, existing
PSRs may yield poor results, indicating the need for versatile
parameter shift selection.

In this paper, we introduce the PSR with the selection of
the shift parameters and the vector of coefficients to derive
any order derivative of the observables’ mean value and their
linear combinations. By expressing the parametrized unitary
U(t) = €™ as a sum of finite powers of the Hamiltonian H,
we reduce the problem to solving an operator equation de-
pending on the differences between the pairs of eigenvalues
of H. The problem of seeking a solution to the operator
equation is considered well posed by Hadamard if the solution
is existing, unique, and stable [26]. If the solution lacks at
least one of these three conditions, it is deemed ill posed
[27]. Generally, determining the optimal parameter shifts can
become an ill-posed problem, i.e., when some eigenvalues
are close to each other, leading to quasidegeneracies in the
distances between various pairs of eigenvalues.

In the case of a well-posed problem, we provide the explicit
solution yielding the best estimate for f’(¢) and any of its
higher derivatives f”)(t) and their linear combinations. In
the challenging scenario of an ill-posed problem, we begin by
considering the ideal situation of perfectly equidistant eigen-
values [see Fig. 1(a)]. We demonstrate that it is possible to
reduce the dimension of the system of linear equations to
transform it into a well-posed and solvable problem. The exact
solution to the problem and the optimal set of parameter shifts
are provided. Notably, this solution matches the one intu-
itively introduced in [24]; we add to this result by establishing
that this is the unique solution for such a problem. In the
scenario where the eigenvalues are not perfectly equidistant
but are slightly perturbed [see Fig. 1(b)], the provided solution
remains applicable.

This situation reflects a realistic scenario where eigenval-
ues are not precisely known and their values may be affected
by estimation errors and measurement noise. We quantify the
distance between the obtained solution and the optimal one as
a function of the magnitude of the perturbation. We examine
the scenario of equidistant sets of eigenvalues [see Fig. 1(c)].
This situation corresponds to cases where different sets of ex-
periments are conducted to estimate the eigenvalues. Finally,
we consider the ill-posed problem case with no structure in
the eigenvalues [see Fig. 1(d)]. We demonstrate how to solve
such an ill-posed problem using the regularization method
[27]. Introducing a regularization parameter allows us to find
an approximate solution for the operator equation which can
be asymptotically reconducted to the true one. This offers a
recipe to determine the best coefficients and parameter shifts
numerically even for complex, ill-posed problems. Hence,
our paper comprehensively covers all Hamiltonian eigenvalue
structures.

The paper is organized as follows: In Sec. II we define
the problem of determining general parameter shift rules. We
defer to Appendix A for a brief overview of established PSRs.
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FIG. 1. Different cases of the eigenvalue structures: (a) the
equidistant eigenvalues (n =5), (b) the equidistant eigenvalues
(solid lines) and perturbed eigenvalues (dashed lines), (c) the equidis-
tant eigenvalues (solid lines) and sets of eigenvalues close to the
equidistant positions (dashed lines), and (d) n eigenvalues with no
structure.

In Sec. III, we delve into the general parameter shift rule and
derive the optimal coefficient for a well-posed problem. In
Sec. IV, we explore the ill-posed problem, examining cases
such as equidistant eigenvalues of the Hamiltonian, equidis-
tant eigenvalues except for one, slightly perturbed equidistant
eigenvalues, and highly nonequidistant eigenvalues forming
equidistant sets. In Sec. V, we present a phase-shift selection
method for an ill-posed problem as defined by Hadamard,
specifically for eigenvalues with no discernible structure. We
conclude the main text in Sec. VI with a discussion. Addition-
ally, in the Appendixes we provide technical details for some
derivations.

II. BACKGROUND

Let |i) denote the quantum state in the Hilbert space.
Consider the unitary operator U (¢), defined by a Hamiltonian
H and a parameter 7. The eigenvalues of U(r) are expressed
as {exp(iA;1)};_, with real-valued {1;}’_,, we have arranged
the indices j in nondecreasing order. We aim to determine
the mean value of a measurable observable C defined as
follows:

fO) = @luo'cumy). (D
The expectation value f(z) can be expressed as a finite-term

Fourier series

F@&)=ao+ Y ajcos (Qut) + by sin (1), 2)
=1
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where we have m unique positive differences {2}, =
{|)\., — )‘-k|’ ],k S [1, I’l], )‘j > )\-k}

For functions f(t) with a single frequency 2, = Q (i.e., U
has two eigenvalues), the derivative can be computed via the
parameter shift rule [5,6,19]:

ofn @

ot ~ 2sin (Qe¢)) )

Lf(@1) — f(=¢1)],

t=0

where ¢; € (0, 7). An overview of some variations of the
PSRs is provided in Appendix A.

In [24], the general parameter shift rules are introduced
for the scenario of evenly spaced parameter shifts ¢; = (2j —
) /2n (¢p; = jm /n), where j € [1, n] is considered to recon-
struct odd (even) functions:

2n . i
/ (2j— D= (—1)/!
0) = - ,
7O ]Xl:f< 2n )4n sin® (¥L07)
2n—1

jr\ (=1
+Zf< >25m 2z @

2n

O (0)

The selection of parameter shifts depends on various fac-
tors, including the specific problem being solved, the available
resources, and the desired accuracy. Parameter shifts may be
chosen based on mathematical considerations or analytical
insights into the problem structure. In other cases, numeri-
cal methods or optimization techniques can be employed to
find optimal parameter shift values that minimize errors or
enhance efficiency. Further, we present an optimal parameter
shift selection method designed to accommodate any structure
within the Hamiltonian system.

III. PSR FOR A WELL-POSED PROBLEM

Any function from H can be expressed as a finite sum of H
powers (see Appendix B), namely,

n—1
= Z ax(t)H",
k=0

where the coefficients are |a(t)) = A~ |e(t)), with A be-
ing the n x n Vandermonde matrix containing the vector *,
and (k|e(t)) = . Subsequently, we can reformulate (1) as
follows:

®)

F@t) = Tr[le(®)) (e (A~ CAT'],
where (C); = (Y| H'CH' |y).

(6)

1 1
eitand eitand2
R e~ ihand e~ a2
E, (¢/¢x) =
eitan-1méi eiHu-1mb2
e a-1m$1 e~ iha-1.m$2

The PSRs establish connections between derivatives of a
quantum function and the function’s evaluations at distinct
points. In this paper, we introduce the PSR:

8f(t)

= Z bo()f(t + ¢0), (7)

with the shift parameters ¢ =

ficients b(¢) = (b ()},
PSR (7) as follows:

{¢. ), and the vector of coef-
. Utilizing (6), we can rewrite the

le'(t))(e(t)] — le(®))(e'(t)] = be(dj) le(t+¢:)) (e(t+:)l .
x=1
(®)

This is equivalent to solving the following system of equations
Vk,l € 1,n:

m
Z b, ((Z)eﬁ()nk =Mt RO =)

x=1

i = Apel T = ©)

where we used the notation {(k, [)]e(t)) = e!*~*)_Since the

latter equation must be satisfied for every ¢, the compatibility
equation reads as

Y b ()T =iy = M), Yk L eTn.

x=1

(10)

This system is highly nonlinear in the  but it is nevertheless
linear in the b’s.

Consider Hermitian metric spaces U and V. The contin-
uous one-to-one operator £ from U to V corresponds to
the m x m matrix Em(d;) with elements given by Eq ;. =
ettan®s k[ €1, n. Here, the distance between two eigenval-
ues is defined as ;) = Ak — A, k, [ = 1, n. The function fi,,

represents the m x 1 vector with elements 1(A; — A;). Thus,
(10) in operator form can be expressed as
En($)ou(@) =, beU, peV. (11)

In this section, we assume that the phases are selected in
such a way that the problem is well posed by Hadamard.
The constraints on them we observe further. Then we can
determine the vector of solutions of (11) as follows:

bu(P) = E; () m-

By applying Cramer’s rule, we can express each element of
b, (¢) in closed form:

(12)

be($) = det[E,(¢/¢o)] - [det (6], (13)
where we introduce the notation
0 e 1
ill«(l,z) eira.dm
_iﬂ(1,2) e . Pm B aEm(d_;) (14)
: E 0y . :0’
iM(n—l,n) eiHo—1.mPm x
_iM(n—l,n) g*iIl(n—],n)(ZJm
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that is, the matrix E,,(¢) with the x column substituted by
the u,, vector and not depending on ¢,. The determinants
are not equal to zero if the matrix does not have identical
columns or rows or if it lacks entirely zero columns or rows. In
this regard, we establish that ¢; # ¢, + 27 ¢, where ¢ € Z,
and all distances ;) must be distinct. This implies that
the equidistant n-eigenvalue problem is ill posed according
to Hadamard. The resolution to this issue will be presented in
the next section.

The solution (13) is exact when m = n(n — 1) 4+ 1. This
number is obtained by counting every ), k # [. The k =1
case always yields the same equation ), by(¢) = 0. This
automatically yields a PSR for the derivatives of arbitrary
order without increasing the number of function evaluations.
The following theorem holds.

Theorem III.1. Letn be the number of distinct, not equidis-
tant, eigenvalues of H. Let ¢; eR"withm=nn—1)+1
and ¢; # +¢; + 2mwc, ¢ € Z,Vi, j € 1, m. Then, the following
parameter shift rule,

arf(t)
arr

m

S BP@fe+ ). p=1. (5)

x=1

holds if, and only if, the vector b, ((5) satisfies

Bgo) - T lp=o ﬁ(%)‘
b ($) = . (16)
B(¢o) B¢y V()

where the vectors forming E,, ((1; ) are denoted as

v(¢i) = (1
0" f(t)

Proof. The proof relies on the ability to express =
similarly to the decomposition in (7). An equation akin to (9)
can be formulated, with the left-hand side featuring the term
[i(Ax — A;)]P. Solving this equation leads to the deduction of
(16).

The latter statement can be generalized. Specifically, any
linear combination of high-order derivatives can be similarly
expressed as follows:

eﬁu(lz)(bi e—ﬁM(12)¢i

e_ﬁﬂ(n—l,n)‘bi ), (A7)

m—1

D aifP) = b(@)ft +¢,), where

x=0

- B1D(0) gy >
B(do) e Y@t B(dn)

() =

(18)

holds. Even though it is not generalizable for any other al-
gebraic expression F = F(f, f’, f”...) involving nonlinear
terms, we can always rewrite it as products of functions we
can compute.

Theorem III.1 works for any shift vector & such that the
problem (12) is well posed.

The variance of the estimate of the derivative %f) is
WP\ N~ oz a0z
ol | = | = 2 n@e’ ol (19)
x=1
where we assumed that the variances o[ f (t —l—Aqu)] are not
dependent on the phase and are equal to o[f(#)]. Cheby-
shev’s inequality can be written

P

af(t) af/(t,\é) 2f (O] = 5 -
ot o ‘>V<T;bx<¢), (20)

where v > 0 is a real number. For the probability n € (0, 1),
we get

R A () :
= —= b 21
v ( , ; X(¢)) Q1)

and the confidence interval for the estimate of the derivative is

af(t af, ¢) _ of
f()—vg f(,<1>)< f()+v.
ot ot ot
To minimize the variance (19), we need to minimize the
sum of squared coefficients b,(¢). The latter problem is equiv-
alent to solving the following system of equations:

(22)

> detlEn($/¢x)] (det[E,v(d?/asx)]

x=1

 det[E($/0)]

7 det[E, ()] | =0, 23
SelE. O] et }(¢)]> (23)

where we introduce the notations det[E, ((f) /o) =
9 delEn 9/ der[g’;fj’/ 9l and det[Ey(&)] = 2dellEn ()] det{[’if‘f’(‘z’)]. Solving this system
of equations with respect to all ¢,, y € 1, m, one can find the
optimal é minimizing the variance (19). ]

IV. PSR FOR SPECIFIC EIGENVALUE STRUCTURES

If the problem (11) is ill posed, the solution (12) is unstable
or even may not exist. Therefore, it is necessary to establish
conditions on the phases and eigenvalues to ensure the solv-
ability of the problem.

Let us first look for a set of parameter shifts such that the
vectors (17) forming the matrix Em(J)) would be orthogonal
to each other. In this case, the inversion of E,,(¢) is equal to
its Hermitian conjugation.

Further, we use the fact that ;) = —pq x) holds, so we
introduce the notation ¢ ), t < p, Vt, p € 1,n. We impose

the orthogonality condition on the columns of E,,(¢), namely,
U*(¢;)v(¢i) = 0. We get

1+2 Z cos(ip®i;) =0, Vo ¢;€d, (24

t,p=Lt<p

062429-4
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where we use the notation ®;; = ¢; — ¢;. The latter condition
can be rewritten as follows:

142 ZCOS (,u,(],p)q),‘j) +2 Z COS(M(zyp)quj) + ...

p=2 p=3

+2 Z cos (,u(,,,z,p)fbij) + 2 cos(i(n—1,mPij) = 0.
p=m—1

(25)

To solve the latter equation, we need to make some assump-
tions on the eigenvalue distances ji, ). Below, we first discuss

J

1 1
100 o100
Ey(§)=| 8 e ian
o i-DAG - DA

Here fi,,- is a vector of all unique distances (i, i = 1, n.
In this case, the condition (25) can be reduced to

n—1

142 cos(kAd;;) = 0. (27)
k=1
The Dirichlet kernel is defined as follows:
" sin[(n+ 1)x
D,(x)=1+2 Zcos (kx) = M (28)
— sin (zx)
2t

where its zeros are at the points x, = t € 7. Hence, the

condition (27) can be rewritten as

2n+1"

D,_1(A®;;) = 0. (29)

Then Vi, j = [1,2n — 1],i < j and we have a system of equa-
tions
2w

Q= —""— ti€Z.
T @2n—-1A /

(30)

tij,
To solve it we first consider the case of equidistant parameter
shifts ¢;, Vj. From (30) we can conclude
21 j
2n— 1A’

One can see that if j = 2n — 1 holds, then ¢, = —27 /A,
and exp jA¢y,—1 = 1. Then the matrix (26) reduces to

¢; = Vj=[1,2n—1]. 31)

1 1 1 1
e—it e—2ir e—3ir . 1
gir eZit eSir . 1
672ir 6741'1 efﬁit 1
Egn_lz eZit e4ir e6it 110 (32)
e—(n.—l)ir e—Z(n.—l)ir e—3(r;—l)ir . 1
e(n—l)ir eZ(n—l)ir eS(n—l)ir

the equidistant Hamiltonian eigenvalues case, moving on to
the perturbed case in the following subsection.

A. Equidistant eigenvalues

Observing that M(l, 2) = lA, M1,3) = 2A, and H(l,n) =
(n— 1A, as well as pp4) =2A and pe, = (n—2)A, it
is evident that ¢ , = (p —t)A for t < p. In this scenario,
some rows of the matrix E,, coincide, rendering it singular.
Consequently, the problem (11) becomes ill posed.

Since we are interested in the inversion of the matrix
E, ((5), we exclude all the similar rows, reducing the matrix
to a smaller size E»,_; ((5) one, which is nonsingular:

1
1A% 1
G A S VY B (26)
i1 (1)
{
2

where we used the notation t = Let us normalize the

latter matrix, introducing
Eryi = Epy1 /v 20— 1,
fon—1 = fian—1/~/2n — 1.

This matrix is unitary since its rows and columns are orthonor-
mal. Then its inverse matrix is £], _, and the solution of (12)
is the following:

bon-1(t, A) = E5,_ fion-1.

Since we know the form of the matrix (32) explicitly, we can
write the solution:

2n-1)*

(33)

(34)

M a1 T
> 27sin ((j+1)7)
j=0
n—1
> 2/sin ((j+1)27)
j=0
n—1
by-1(t, A) = —zii ;}2’ sin ((j+1)37) (35)
n—1
2/sin((j+1)(2n—2)7)
Jj=0
0

Therefore, we have derived the explicit solution to our
problem in the case of equidistant eigenvalues and parameter
shifts. However, can the system (30) be solved without im-
posing the latter constraint? The general solution is presented
in Appendix C. We have shown that due to the periodicity of
the complex exponent, using this solution renders the matrix
E,,— singular in all cases except for equidistant phases.

In the scenario of equidistant eigenvalues, the number of
unique distances (i, ) Teduces to 2n — 1, and only equidistant
parameter shifts, as defined by (31), ensure the nonsingularity
of E»,—1. Under these conditions, the system (11) possesses a

062429-5
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unique solution (35). To calculate the derivative of the func-
tion, one requires 2n — 2 parameter shifts, where n represents
the number of eigenvalues.

B. Equidistant eigenvalues except one

Let us assume that all eigenvalues {A;}?_, are equidistant,
with the distance between every neighboring one denoted
by A, such that u(2,3) =1A, pue4 =2A, and pe, =
(n — 2)A. The first eigenvalue is distinct from all the others,
where Ma1,2) = Al, H1,3) = Al + A, M(1,4) = Al + ZA, and
H(iny = A1+ (n — 2)A. Then, (25) is reduced to

n—2
14+ 2cos(A®;;) +2 Z{cos(kAdDij)
k=1
+ cos[(A} 4+ kA)D;;]} = 0. (36)

According to the definition of the Dirichlet and the conjugate
Dirichlet kernels, the above expression can be reformulated as

[1+ cos(A;®;)IDy—2(AD;;) + 5 cos(A D)
X sin(A1d>,»j)L~)n_2(ACI>,-j). (37)

The general solution to the latter expression can be found in
the form A ®;; = f(n, A®;;), where f(-) is a combination
of trigonometric functions. One can see that in this case A
is different for every ®;;; however, the distance must be the
same Vi, j pairs of phases.

For example, one of the solutions to the latter equation has
the following form:

. — 27Tlij
YT 2n=3)A’

Qn—-3)( (1 21y -
Al = ——= t — — 1)l
I o (co <2 <cos <3 —. +(=1)

Tt
X CSC +mc)A, ceZ, (38)
2n—13

meaning equidistant phases and the distance of the out eigen-
value scale with n > 2. However, it is not possible to find all
the parameter shifts since A; is dependent on #; which is
different for every ®;;. This is contradictory to the fact that
A1 must be constant.

We can conclude that in the case of all equidistant eigen-
values except one, the orthogonality condition on the vectors
forming the matrix E, is not fulfilled. That means that
the orthogonality property is a specific feature of equidis-
tant eigenvalue systems. This result can be readily extended
to the case of multiple eigenvalues that do not form an
equidistant set.

tij € 7,

C. Perturbed equidistant eigenvalues

An equidistant eigenvalue scenario is a theoretical as-
sumption that does not align with any realistic scenarios.
Nevertheless, the eigenvalues can be in proximity to the ideal
equidistant positions. The number of parameter shifts remains
equal to m, and the exact solution in the well-posed case
is given by (13). However, we may question whether it is
still possible to utilize the equidistant solution as a good

2 4 6 8 70"

FIG. 2. The distance D(n) defined in (41) from n € [1, 10] for
different parameters « and B.

approximation for (13) when the eigenvalues are close to an
equidistant configuration. This issue can be addressed using
perturbation theory [28].

We consider another set of eigenvalues {¢;
equidistant, such that

Gi—ri= A

n
i=1°

that are not

Viel,n, (39

defining the shift of {¢;}!_; eigenvalues from the equidistant
{A;}7_,. Then the distances between the new set of eigenvalues
are defined as

iy = A+ A, (40)
where we used the notation A; ; = A; — A;. Similarly to the
previous section, we define the Elgf )((]3) matrix with elements
given by Eq 1y x = efwn®s k| e[1,n] and the ,uf,f) vector of

differences between the eigenvalues. We can always assume
that A;; <€, e =max (A;;), Vi, j e 1,m. If e ~ A the set
LJ

{¢i}, is highly distant from the equidistant set {A;}7_,. If
A; ; are different Vi, j € [1, m], then all the rows of E'!) are
different and the matrix is nonsingular. If the problem is well
posed, we use the results of Sec. III and, in general, we cannot
connect it to the solution of the equidistant set {A;}7_,.

Let us consider the case when € << A. We can assume
that {¢;}7_, is € perturbed from {A;}7_,. We use the same
technique as in the previous section, to reduce the dimen-
sion of the problem: Ez(i)_] (¢)b(2f1)_l () = ugi)_l, considering
the same set of phases J) We approximate E;gil@) with a
nonsingular matrix E>p_1 = Exp_y + €Ry,_1, that is, an ¢ per-
turbation of Ej,_;. Selecting € ~ O(W), o, B > 1, the
distance between the solution b(fn)_] (qg ) for the {£;}7_ system
and the solution (35) for equidistant {A;}}"_, is (see the detailed
analyses in Appendix D)

D(n) = || — by 1 (z, A2 ~ 0( (41)

In Fig. 2, the distance (41) between the equidistant solution
and the perturbed one is shown from n € [1, 10]. We assume
that A = 1. For different selections of parameters o and g,
the decay is slightly changing. However, for any n, one can
select the minimal numbers to maximize €, which increases
the robustness of the method. For example, for n = 3, we can
select « =3, B =1, to get for € = 6.5 x 10~ the distance
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(41) equal to 4.2 x 1072, For n = 5 we can get the distance
5.1 x 1072 for € ~ 1.9 x 107 selecting « =2 and 8 = 1.
For n =10 the distance 2.4 x 1072 can be achieved only
for small perturbations € ~ x3 x 107, We observe that with
the increase in the dimensionality of the system, the size
of the perturbation that can be tolerated to use the solution
for the unperturbed system decreases. This is an expected
result, as the number of differences in eigenvalues increases
with the dimensionality growth. We see that the choice of
solution according to the structure of the system’s eigenvalues
significantly influences the estimation result. It is important
to consider the eigenvalue structure and take into account
the possible statistical errors in the estimation of eigenvalues,
even if the system is theoretically equidistant.

D. Eigenvalues forming equidistant sets

In the case of having L realizations of the Hamiltonian, the
sets of eigenvalues ({A;}?_; ). can be regarded as perturbations
of each other. Let us postulate that it is possible to orga-
nize all eigenvalues from the L realizations into n equidistant
sets, with median values denoted as A;, where i € [1, n]. The
distance between the median values of any two neighboring
clusters is given by

Haivy = [Ai — A | ® A, Viel,n. (42)
We demand the width of every set to be ¢; << A, Vi € [1, n].
Let us consider the median eigenvalues. For the set of equidis-
tant A;, i = [1, n] the solution of the problem (11) is given by
(35).

We sort the eigenvalues into equidistant groups in such a
way that from every set, only one eigenvalue is picked. The
eigenvalues in every group are denoted as A, ;, VI € 1,L, i €
[1, n], where the first index is the number of the group and the
second is the number of the eigenvalue. The distance between
any eigenvalue in one set and its median is

[Ari — Ail = Ari < & (43)

Then the collection of eigenvalues {A;, i}1_, is slightly shifted
from the central set {A;}7_,, but not more than the width &;
according to (43).

First, we consider the case when we picked the shift from
the median collection of eigenvalues in such a way that the
new collection {A; ;}7_, is equidistant too. That means that

|Ari — Apizil = A, Vie [l n]. (44
For these n eigenvalues, the solution of the reduced prob-
lem (11) is by,_1 (7, A;) and is given by (35). If A = A the
solutions from the median set and from the shifted set are
coincident.

However, if we sort the real data, we see that the eigenval-
ues are slightly not equidistant, corresponding to the case of
perturbed equidistant eigenvalues, considered in the previous
section. One has to do the same analysis, taking into account
the amount of perturbation from the equidistant positions,
corresponding to L realizations.

V. GENERAL SOLUTION OF THE ILL POSED
PSR PROBLEM

In this section, we solve the problem (11) being ill posed
by Hadamard. As we mentioned, it can happen for multiple
reasons. First, the eigenvalues of the Hamiltonian can be close
to each other, such that different 1t ,) would be equal. This
leads to singularity in the matrix E,, (hereafter, we omit the m
index, assuming all matrices in this section are of size m x m).
Secondly, we explore the solution to (11) in the scenario
where the operators E and the functions u are not precisely
known, but rather approximations £; and fi; are available.
In this context, the index [ € 1, L, where L > 0, denotes the
realization number. The approximates E; and fi; are defined
on a probability space (€2, A, P) and are close to E and p in
some probabilistic sense. Here, fi; € V, and the operator E, is
continuous for all w € Q.

Due to the sensitivity of 5((5) = El_' ((j;)ﬂl to fluctuations
in empirical data, it cannot serve as a reliable approximation
of b((ﬁ ). To elaborate further, minor deviations in the values of
fu; from p have the capacity to lead to substantial variations in
b. This indicates that the inverse operator El’l may not exhibit
continuity, rendering the problem ill posed.

In our specific case, pu is a (m x 1) vector. If E is an
m x m matrix and detE # 0 [or rank (E) = m] then E~!
exists. However, the problem can still be ill posed. One can
define an orthogonal transformation b = Vb* and u =Vu*
such that E will be represented in a diagonal form (/y, ..., I,),
where {[;}7 | are the eigenvalues of E. When some differences
Ik, p) between the eigenvalues of the Hamiltonian are equal,
the rank (E) = r < m and then the m — r eigenvalues /; of the
matrix E are zero. Then the matrix is not invertible. Let /; = 0,
i=1,randl; # 0fori € r + 1, m. For given approximations
E; and f; such that

|E,—E| <& £&>0,
l —ull <8, 8>0, (45)

the eigenvalues ILier+1,mof E; may be close to zero for a
sufficiently small &. Then b} = 1} /I; may be large for a small
perturbation of £; and f;. This implies that the solution of the
system of linear equations (11) is unstable.

In this case, we use the regularization technique introduced
in [27] that entails the stabilization of solutions by limiting the
set of feasible solutions D € U to a compact set D*, due to the
subsequent lemma.

Lemma V.I. The inverse operator E~! is continuous on
the set N* = ED* if the continuous one-to-one operator E is
defined on the compact D* € D C U.

The reduction of solutions is facilitated by the stabilizing
functional, defined on D. It is worth noting that the regu-
larization method bears similarity to the Lagrange method,
as we seek a solution b that minimizes a functional Q(B) :
|E;b — | < &, where & > 0.

In this paper, to find the solution of (11) we propose to
use the extension of the regularization method from a deter-
ministic operator equation to the case of stochastic ill-posed
problems. The function that minimizes the functional

Ry (fu, b) = | Eib — 5 + ¥ QUb) (46)
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in a set D of functions b € U is taken as an approximate solu-
tion of (11). The parameter y > 0 is called the regularization
parameter and 2() is a stabilizing functional that satisfies the
following conditions.

(1) (b) is defined on the set D.

(2) Q2(b) assumes real non-negative values and is lower
semicontinuous on D.

(3) All sets M, = {b: Q(b) < c} are compactin U.

Theorems V.1 and V.2 [29,30] provide the theoretical back-
ground of the statistical regularization method for the case
of an accurately given operator E, and Theorem V.3 [31]
provide the background for the case of an inaccurately given
operator E.

Theorem V.1. If, for each [, a positive y = y(I) is chosen
such that y — 0 as / — oo, then for any positive « and 8
there will be a number N = N(«, 8) such that, for all [ > N,
the elements 57 that minimize the functional (46) satisfy the
inequality

Ploy (. b) > a} < P{py (. w) > By}, (47

where b is the precise solution of (11) with the right-hand side
w, and p(f, &) = |If — gll.
For our concrete case, all spaces are Hilbert ones.
Theorem V.2. Let U be a Hilbert space, let E be a linear op-
erator, and let Q(b) = ||b||2U. Then, V&, there exists a number
[(€) such that Vk > k(£), and the inequality

P16 — bl > &} < 2P{pp(fu. w) > (/2)y}  (48)

holds.

Theorem V.3. Let U and V be normed spaces. For any § >
0 and any constants ¢, ¢; > 0, there exists a number yy > 0
such that Vy > yy:

Plw: ||13y—b||U>§}<P{w:M>cl}

VY
+P{a): I —ET cz}, (49)
Y
where
IE; — E|| = sup 156~ EBlly (50
geD \/W

These theorems imply that the minimization of (46) is a
stable problem, i.e., close functions j; and p (and close oper-
ators E; and E) correspond to close (in a probabilistic sense)
regularized solutions 5 and b that minimize the functionals
R, ({11, b) and R, (u, b), respectively.

For the Hilbert spaces U and V, the solution of (11) with
Qb)) = ||b||%, has a simple form

b =1+ EE)TE/ u, (51)
where [ is an identity operator.

The stability of the approximation b” to b is ensured by
an appropriate choice of y. For selection of the regularization

parameter see [32-34]. For example, the mismatch method
[32] determines y from the equality

IEB” — pully = £(1) + n(l, b),
I —wlly <EWD),  Eb—Eblly < n(l,b), (52)

where &([) and n(l, b) are known estimates of the data error.
The stochastic analog of the mismatch method is the dis-
crepancy method [35,36]. If the operator is defined precisely
(n(l, b) = 0), then the choice of y from (52) provides a rate
of convergence of the regularized estimate b to b that is no
better than O(£'/?) (see [33]).

Using the form of the regularized solution (51), we can
write

Bl(@)= > I+ E BE@)E ()i, (53)
Jri=1
an approximate solution of (11). Here we omit the index /,

meaning we treat one experimental realization of £ and /.
Similarly to Sec. III, we minimize the variance

8. 9) N
o? . =o2[f<r>1;<bi”<¢>)2, (54)

solving the problem min é > (13;” ((5))2. Using the expression
x=1

(53) for the regularized solution, we get the system of equa-

tions

m m m
NS I+ EEENY 1+ ETEYY
=1

x=1 ji=1

" (OET = JET\
X — ] iy — — | Eypdiy

o [ OF N
+ E}; <B_¢y> (Sp,y)(yl + ETE)[,tlEtTY>AS =0. (55
vp

Solving this system of equations with respect to all ¢y, y €
1, m, one can find the optimal ¢§ minimizing the variance (54).

VI. DISCUSSION AND CONCLUSION

We propose a method for optimal parameter selection in
parameter shift rules, which takes into account the eigenvalue
structure of the dynamical generator. Our method is suitable
for big Hamiltonian systems with known eigenvalues. Depen-
dent on the distance between the eigenvalues and the precision
of the eigenvalue estimates, the problem can be well or ill
posed by Hadamard, which makes it nontrivial for optimiza-
tion in the case when some distances are close to each other.

In the case of a well-posed problem, an explicit solution
is proposed, and the recipe for finding the optimal phases
is provided. For the ill-posed problem arising, for example,
when the eigenvalues of the Hamiltonian are close to each
other and the distances between them can coincide, we find
the explicit solution as well. We show that it is unique and
that the phases must be picked equidistantly. We observe
the realistic case of slightly perturbed equidistant eigenvalues
arising in practice and the case of equidistant clusters formed
by the different realizations of the Hamiltonian. We provide
the regularized solution for the ill-posed problem that does
not have a particular eigenvalue structure.
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In addition to a full reconstruction of the derivative, the
presented approach offers parameter shift rules for derivatives
of arbitrary order and any linear combination of them.
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APPENDIX A: OVERVIEW OF KNOWN
PARAMETER SHIFT RULES

In [21], the latter rule is generalized to gates with eigenval-
ues {—1, 0, 1}, resulting in m = 2 frequencies:
af )
ot

=y1(f(¢1) — f(=¢1) — y2(f(¢2) — f(—¢2)),
0

t=

(AL)

where ¢, ¢ € (0, ), and y; » are the corresponding coeffi-
cients. In [21] ¢ 2 =7/2 F /4 and y1, = (V2 £ 1)/242
are studied. On the other hand, in [37], for the same eigenval-
ues, the following rule is introduced:

af ()

A2
at |,_o (A2)

1

= -,
where f{ is the measured energy when replacing the gate
U (t) in question by U (t + 7 /2) exp(Fwim /411p), and Iy is
the projector onto the zero eigenspace of the generator of U.
In the context of the perturbed quantum evolution denoted as
Up(t) = exp[i(tH + F)], the stochastic parameter shift rule
is presented in [23] as follows:

af ()

Q 1
2 =g | o= renan @)

1=¢o
Here, fi(t) represents the measured energy in the state
prepared by a modified circuit that divides Up(rg) into
Urp(r¢o) and Up[(1 — r)¢p], interleaving these two gates with
Ur—o(Z£¢p). These results were further developed to introduce
the Nyquist shift rule in [38]. Additionally, a PSR for higher-
order derivatives, which is based on iteratively applying the
original rule, has been proposed in [20].

APPENDIX B: HAMILTONIAN WITH FINITE NUMBER
OF EIGENVALUES

Suppose a Hamiltonian H has n distinct eigenvalues A=
{A;}7_,. Then, one can write the characteristic polynomial of
its matrix as

pH) =[] —xuD) =0. (B1)

i=1

This means that there exist only n — 1 nontrivial powers of H,
since one can write

n—1

H" == (=1)'S;()H"", (B2)
i=1

where the term S;(%) is the symmetric polynomial of degree
i that contains all the possible combinations of elements of x
(of degree 1). For example, if n = 3 and i = 2:

Sy = Ahr + Az + dohs. (B3)

The fact that there are only finite number of powers means
that any function of H can be written as follows:

n—1

fH)=> cH = (H)c. (B4)

i=0

To determine the form of the vector c;, one can project (B4)
onto the eigenstates of H. Schematically, we can write it as
follows:

IFG)) = AR) |e) = le) = AT R IF ) (B5)

In the above expression, the vector |f (X)) contains the
f(x;),VA; € A and A is the n x n Vandermonde matrix con-
taining the A. The explicit form of this square matrix is

Suc1-i(%))
er):j (k — )‘j) .

This is the element that belongs to i th row and j th column.

The %, denotes the set of A that does not include the single
element A ;. Then the coefficients in (B4) are the following:

(AN = (=D (B6)

e Suii(A)
a(f)= (=Y
; [Tiez, (k= %))

Let us consider the function f(H) = exp(—1iHt). Based on
the previous results, the coefficients in the decomposition (B4)
are the following:

- Sn—l— (X) —iA
— (—1)! pAj it
cple) = (=1) ; —eri_,-(k — )\j)e

This implies that the coefficients of the derivative of f(H)
with respect to # can be written in a closed form as follows:

f@p. (BT

(B8)

Su1-p( A

—i(jt+5)
e iHiITS) (B9)
erx,(k_)‘j)

n
ple) = (=1’ Y
j=1

APPENDIX C: NONEQUIDISTANT PHASES

We want to solve the system of equations

T
¢ — Pj = —tij,

A f,‘jGZ, Vl,]:[l,Zn—l],

i< j.

(ChH

Let us observe an example of n = 3. Then m = 5 and we can
always select ¢5 = 0 without loss of generality. From (C1) we
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can immediately conclude

1 = —1
1 = —l15,
A 5

¢$3 = i(hs +c€), Ps= i(ﬁs + c3€).

T
= —(¢ €),
b2 A(15-|-Cl)

(C2)

However, we can also see that

T T T
¢ = Nl ¢3 = K(lzs +bi€), ¢a= Z(QS + bae)
(C3)
and
T T T
o3 = Zt35, Oy = Z(lss +a€), ¢a= Klzts (C4)

hold. Here we denoted 1, = cj€, 113 = 26,14 = C3€, 13 =
b€, tha = bye, t34 = aj€, and € > 0 is a constant. The con-
stants can be easily found:

1 1

¢ = —(trs —t15), 2= —(t35 —115),
€ €
1 1

= E(MS —ti5), b= g(l35 — bs),

1 1
by = E(t45 —hs), a1 = E(l45 —13s). (©5)

1 1
1D p1A126)
e8¢ p—iA126

O (A) —
E, (¢) =
e(nfl)iAqﬂ eiArz,n—1¢l

e~ (n—DiAG| ,—iAy 161

The vector of distances is defined as follows:

0
AV
p) = pu® i A2

=1+ A, (DY)

_An,nfl

We can always assume that A; ; < €, e =max(A;;),Vi, j €

1, m.If e ~ A the set {¢; }i_, is highly distant f]rom the equidis-
tant set {A;}7_,. If A; ; are different Vi, j € 1, m, then all the
rows of E(¢) are different and the matrix is nonsingular. If the
problem is well posed, according to (12) the solution for the
system {¢;}7_, is

bO@) = (E9) ™ ($n® (D5)

102 o1 A 1262

e 1892 p—1A 1262

e(nfl)ﬁAqb eﬁAn,n—l (033

e~ (= DiAGs p—iA 162

Selecting any t15 < tys < t35 < t45, one gets the following so-
lutions:

t t 1
= —f S = —TF S = —F s
1 Al (03} NG &3 NG
t
4 A @5 (Co)
One can see that Eq. (C1) is solvable. The solution is
t
¢ = Zl,"z,l,l, ¢2—1 =0, Vie[l,2n—-2]. (C7)

However, due to periodicity of the complex exponent, we
get singular matrix Ezn,l(qg) for all choices of (C7) except
the equidistant phases one. The latter example can be easily
generalized to any value of 7.

APPENDIX D: PERTURBED EQUIDISTANT
EIGENVALUES

Let {A;}7_, be equidistant eigenvalues with u;; = A. We
consider another set of eigenvalues {{;}7 |, that are not
equidistant, such that

G—A=A;, Viel n. (D1)

Here A; defines the shift of the new set of eigenvalues from
the equidistant one. Then the distances between the new set of
eigenvalues are defined as

Rijp=C—¢ = —rj+A—A;=A+A;; (D2)

where we used the notation A; ; = A; — A;. We can define
the matrix:

1

1 Abm p1 AL 2¢m
e 1APm o=1A128n
(D3)
e(nfl)ﬁA¢m eiArz,n—1¢1n

P Lt LI M VAV

(

and, in general, we cannot connect it to the solution of the
equidistant set {A;}7_,.

Let us consider the case when € << A. In this case, we can
assume that {;}7_, is € perturbed from {A;}]_,.

Using the small angle approximation, the truncation error
for the exponential function in the complex plane is

A2 P2
lexp (LA jor) — (1 + 14 jdu)| < % (D6)
Then, one can write
lexp (1A j¢r) — (1 + iegy)]
62¢2
< lexp (iegy) — (1 + iegy)| < —= (D7)

2

We can conclude that for sufficiently small € the matrix
E(®) can be singular. The singularity arises due to the close-
ness of the distances to each other. So we reduce E¢) to
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Ez(z)_l (that is, nonsingular) in the same manner as we did for E*) corresponding to the perfectly equidistant set of eigenvalues

and take the upper bound for all A;; to be e:

1 1 1
i1 pictr i picer o1 0bn pictn
o~ 1AD1 p—iedy e 1Ah p—iedy e 1An p—1€y
ES @) = 9
1= DiAg) yice) 1A yice: 1= 1)iAG yicd,
e~ (n=DiAd ,—iep)  ,—(1=1)iA}; ,—ied) e~ (=il ,—iedy
Let us define a shifted nonsingular matrix E»,_1, where we assume equidistant phases ¢; = —%j, jell,2n—1]
defined in (31):
Erii = Exp1 + €Ryyy, (D9)
0 0 0 i 0
pret? pret 2 P19 1
Ry, 1 =1 pre AN pre AN Pon_re AP O e |
Prei=DAR p i DAG: o 1€ DAD2 1
[
Then the perturbation of the equidistant problem Finally, we can conclude
E (’\)_ br,—1(0) = /1(’\)_ is the following: . .
2t ] lb(e) — bO)|| = e(IF] + [IRIDIIDO)]|. (D15)
(Ez(il L+ eRzn_l)bZn_l (€) = (,19”[1 + e?), Let us calculate the latter distance for the case of the /- norm.
Rop_i It is known that
Ry | = —— | 1
! V 2n—1 2n—1 2
Fy = e (D10) IRl < IRIe = | D0 1RGP | (D16)
V=1 i.j=1
and the matrices £ ii (2:\1)_ | are defined in (33). Further we where |R||F is the Frobenius norm. Since we know the form

2n—1°
omit the indices 2n — 1 and () for briefness.
Differentiating by € (we suppose that this derivative exists),
one can derive

Eb(e) + Rb(e) + eRb(e) = F. (D11)
For € = 0 we get the following expression:
EB(0) + Rb(0) = F —> b(0) = E~'(7 — Rb(0)), (D12)

where b(0) is the solution (35) of the nonperturbed equidistant
problem. Using the Taylor expansion

b(g) = b(0) + £b(0) + o(e), (D13)

we can write

llb(e) — bO)]
160

B
IE]

<k~0wn
<KE) =+
1]

) +o(e), (D14)

where k(E) = |[E"'|||E|| > 1is the condition number. In the
case of equidistant eigenvalues and phases the matrix E is
unitary and its norm is equal to 1. Then k(E) = 1 holds.

of the matrix, we can immediately write

&)
3
|
—
(ST

1
2n—1 2

~ T
IRl = |16, =—
j=1

j=1
_ 2w /n(4n—1) (D17)
A SB2n—1)
Moreover, we can write
2n—1
Fla= | Y B2 =1. (D18)
i=1
The I, norm of (35) is
2
A 2n—2 [ n—1 A
16(0)||> = o Z Zzz sin ((j 4 Dkt) | . (D19)
k=1 j=0
We can upper bound it as
b, < 2214 (D20)
S
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Then (D15) can be bounded by

27 Jn@n =17\ 22" — 1)A
R e e o21)

Now we know the deviation of the solution b(0) for the equidistant problem {A;}?_; from its perturbed version solution
b(e). However, to what extent is the perturbed model (D9) close to the true one (D3) for a nonequidistant {¢;}7_; but close-to-
equidistant case?

The distance between the solution is

157 = bO)I| < 16 = b(e)]| + Ib(e) = bO)], (D22)

where b¢) is the solution for the system {;}"_,. We can write

169 = bl = [ (B35) ™ (351 + Bana) = Boue)™ (15 + D) | < NESL) ™ = B (1RS ] + €l71)-

(D23)
Using the inequality |[A~! — B~!|| < ||B — A|||A~"||||B~"||, we can write
-1 A — A -1 A _
[(E2) ™ = B | < B3y = Eant [ (B3 ) ™ 1) ™I (D24)
The I, norms of the inverse matrices are
_ -1

ICESS. ) M2 = omax ((E)1) )

I(E2)"" 2 = Omax (E2e-1)™"), (D25)

where o4 (-) represents the largest singular value of the corresponding matrices. The /;-norm distance between Ez(,fll and
EZn—l is

2n—1
A A 2
”Ez(i)—l - EZ"*I)HQ = Z ((Ez(fl)—l)[j - (E2"*1)U)
N ij=1
2n—2 k 2 kT 2
<) e2ﬂ<fA><kr><eﬂZ’e - (1 + ﬁ%)) + e—2ﬂ<m><kr>(e—ﬂ2’f - (1 - ﬁXe>>
N Jik=1
26272 | 32 4€272 1672€2 (n — 1)%(4n — 3)
< k2 cos (2(jA)(kT)) < —1)*@2n—-1@n—-3)= )
- ij:l €08 (A ANKD)) € 7 (n = 1720 = 1)(én = 3) = —7— o2
(D26)
Then (D24) can be rewritten as
1 . _ 1672€% (n — 1)*(4n — 3) -1 A _
IES ) = B!, < A2 =1 Omax (Ess) 1) )Omax (Eau ) ™). (D27)

The distance between the solution is

1672€% (n — 1)*(4n — 3) _ A
3

1€ = bO)Il2 < omax((Ex,1) 1)amax(<ézn1)—')( n(n—1)+ e)

3A2 2n—1)
2w /n(dn— 1D\ 202" - DA
xe(1+—” S )) ( )A (D28)
AJ32n—-1)) V2n—1
Since onm[(Ez(fl)_1 )y~ 1~ Umax[(Ez,,,l)’l] ~ €(+/2n — 1)1, hold, and we select € as
1
€~ 0(2“"nf‘)’ a,B>1, (D29)
we can write
1
16€ — b(O) > ~ O(W>’ o« B >1, (D30)

that tends to zero while n — 0.
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