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1
Introduction

The thesis will concern two topics of higher interest in current research. The first

part of the thesis is on the Sachdev-Ye-Kitaev(SYK) model. The SYK model at its core

is a model of a strongly interacting quantum dot with many flavors of electrons in it.

Its rich solutions are targeted at explaining several unsolved problems in contempo-

rary physics, including an elusive theory for the metallic phase of the cuprate high

temperature superconductors. The second part of the thesis will tackle the classic

problem of the Kondo effect in a modern setting of strongly interacting electrons:

Twisted bilayer graphene (TBG).

As an artistic concept to which perhaps too much meaning should not be attached,

we will see that underneath the description of both of these phenomena lies a hy-

perbolic geometry. In TBG, this will be identified in the hyperbolic Fermi surface

contours. In the SYK model, the exotic physics will be described by the breaking

of an emergent conformal symmetry, which can equivalently be described through

the holographic duality by fluctuations of an Anti de-Sitter spacetime, which is the

Lorentzian version of the Euclidean hyperbolic space.
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1.1. Fermions, Fermi surfaces and quasiparticles
Condensed matter physics concerns the study of the quantum properties of matter.

We know that solids are composed of atoms arranged in a crystalline structure. Their

quantum description at its core is given by the many-body Schrodinger equation of

all the electrons and ions that make up the solid, all interacting with each other. The

first simplification one can make is to observe that the ions in a solid are composed of

many protons and neutrons, and are much heavier than the electrons since mp/me ≈
2000. Then the solid’s low energy dynamics can be modeled by the motion of free

electrons and their interactions with each other through the electromagnetic force,

and with the vibrations of the lattice, known as phonons [1].

Schematically, in the language of second quantization, the Hamiltonian of the sys-

tem of electrons can be written as

H =∑
k
εk c†

k ck︸ ︷︷ ︸
T

+ g

Ω

∑
k,k ′,q

c†
k+ q

2

c†
k ′− q

2

ck ck ′︸ ︷︷ ︸
V

, (1.1)

where the kinetic and potential energy terms have been separated out. In Eq. (1.1), εk

refers to the dispersion of bare electrons subject to the symmetry of the lattice, andΩ

is the volume of the system under consideration. For simplicity, all interactions that

the electrons are subject to are schematically represented by the constant g , which

may come from their charged interactions or with phonons or impurities etc. In a

real material, the interaction itself may have a long range (and hence a momentum

dependence), or may even face retardation effects, but these are neglected for now.

Let’s first consider the kinetic energy term, given by T , and let us also suppose the

bare parabolic dispersion of free electrons in the Galilean continuum. Just the fact

that electrons are fermions obeying the Pauli exclusion principle means that the large

density of free electrons in a metal each fill up the energy levels one by one, and the

last few electrons to fill in would correspond to a gigantic energy scale. For example,

in copper [2] which has an electron density of 8.47×1028m−3, the energy of the top-

most occupied level turns out to be 7eV , which corresponds to about 81600K in units

of temperature. For reference, the surface of the sun is at a temperature of 5000K .

This mammoth Fermi energy, which represents the magnitude of the kinetic energy

in the total hamiltonian Eq. (1.1), is what is responsible in most cases to the success

of Landau’s Fermi liquid theory. Owing to the relative unimportance of the potential

energy term, to lowest approximation, electrons can be considered to be completely

non-interacting, from which weak interactions can be included perturbatively [3–5].

This can be understood mathematically using the language of Green’s functions.

Typically, the Green’s function for free fermions has the defining feature of having
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a pole whenever the frequency matches the energy of an excitation:

G0(k ,ω) = 1

ω+ iη−εk
. (1.2)

The physically accessible information here is the spectral function, which is the neg-

ative imaginary part of the self energy. As a function of frequency, this has a delta

function peak at ω= εk .

When interactions are included, the Green’s functions pick up a self energy according

to the Dyson’s equation:

G(k ,ω) = 1

ω−εk −Σ(k ,ω)
(1.3)

The self-energy will have a frequency and momentum dependence, and also a real

and an imaginary part. We can expand the self-energy around a vector on the Fermi

surface, at low frequencies

Σ(k,ω) = const+k
∂Σ(k,0)

∂k

∣∣∣∣
k=kF

+ω∂Σ(kF ,ω)

∂ω

∣∣∣∣
ω=0

+·· · . (1.4)

We can use this to rewrite the Green’s function in the form

G(k,ω) = 1

ω
(
1− ∂Σ

∂ω

)
−

(
εk +k ∂Σ

∂k

)
+ iΓ

,

= Z

ω− ε̃k + i Γ̃
, (1.5)

where the quasiparticle residue is given by

Z =
(
1− ∂Σ(kF ,ω)

∂ω

∣∣∣∣
ω=0

)−1

. (1.6)

In this case, the spectral function which was a delta peak in the non-interacting

case would just be shifted to the new position ε̃k , and would be a relatively sharp

Lorentzian of width Γ̃.

The success of Fermi liquid theory can be summarised succinctly by Eq. (1.5). The

presence of weak interactions serves to simply broaden the fermion spectral func-

tions by a small amount compared to the Fermi energy, and leads to long lived quasi-

particles.

When the Taylor series expansion is valid, i.e. the self energy is analytic (Σ ∼ α+
βω+γω2+·· · ), the quasi-particle residue would be finite. With the discussion so far,

we see that quasiparticles exist ubiquitously in the low energy description of weakly

interacting systems of fermions for this simple reason.

However, this seems to not be the case in the normal state corresponding to a family

of the cuprate high-Tc superconductors such as such as YBCO (YBa2Cu3O7−x ), LSCO
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(La2−x Srx CuO4), and BSCCO(Bi2Sr2CaCu2O8+x ) among others. These compounds

are of immense practical value as they are the among highest temperature super-

conductors, whose superconducting transition temperature Tc can be controlled by

doping. The optimal doping where Tc is the highest, their normal states above Tc are

characterized by an incoherent featureless spectral function at the antinodal direc-

tions indicating that there are no quasiparticles to be observed [6, 7]. Furthermore,

this state, dubbed a strange metal, does not follow any of the phenomenological

predictions of Fermi liquid theory. It is characterized a plethora of exotic features,

the most prominent of which is a linear in temperature resistivity starting from the

highest temperatures, all the way down to the superconducting transition tempera-

ture, and further down until the lowest measurable temperatures if superconductiv-

ity is suppressed by a magnetic field [8]. There are also measured anomalies in the

frequency scaling of its optical conductivity [9, 10] and magnetotransport [11, 12]

among others. We are thus interested in scenarios where the simple quasiparticle

picture might not hold in order to better understand these "non-fermi liquids".

In order to break quasiparticles down, we need at least one of two things to happen:

either their lifetime must be much shorter than their mean energy (so they would

decay quite quickly by scattering), or the quasiparticle residue corresponding to the

pole must vanish.

At this point, one can mention a proposal from the past [13–16]. The marginal or

singular Fermi liquid, as the name suggests, is the most marginal way to create non-

Fermi liquid behavior. Based on purely phenomenological terms, the linear term in

the self energy is adjusted to include logarithmic corrections, which are weaker than

the next leading (quadratic) term in the Taylor expansion.

The reason for doing this is as follows. If one supposes naively that the quasiparti-

cle lifetime is the same as the scattering time that appears in the Drude model for

electrical conductivity σ= ne2τ
m , with 1

τ = Γ̃ according to Eq. (1.5), and that if one at-

tributes the temperature dependence of the dc resistivity of the normal states of the

cuprate high Tc superconductors to a T -linear inverse quasiparticle lifetime Γ̃ at zero

frequency, then based on dimensional analysis, one can expect the imaginary part of

the electron self energy to be linear in frequency at low temperature, i.e. ImΣ= πω.

Correspondingly from the Kramers-Kronig relations which are needed for reasons of

causality, the real part of the self energy can be calculated to be [17]

ReΣ=ω log

(
ω

ωc

)
. (1.7)

With this insight, we can understand the emergence of non-Fermi liquid behavior

as a non-analytic behavior in the self energy, so that the quasiparticle residue van-

ishes, as seen fromω→ 0 of Fig.1.1. This simple (albeit naive) consideration helps us
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Figure 1.1: Absence of quasiparticles in the marginal Fermi liquid.
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Figure 1.2: Absence of quasiparticles in the SYK model.

understand why the linear in T resistance of cuprates cannot come from any quasi-

particle description of the underlying electrons. Even if we try to fit a pole with the

imaginary part that is needed for the correct decay rate, causality itself would ren-

der its residue to vanish. The Green’s function would now not have poles, but rather

branch cuts on the ω axis.

The marginal Fermi liquid was constructed simply on phenomenological grounds,

but it is of interest to construct some microscopic model which helps us understand

the origin such a singular self energy. Such an example is the SYK model, whose self

energy, as we shall see goes as |ω|1/2. It can be noted at this point that other examples

of such power law self energies exist, such as near a quantum critical point in the

Hertz-Millis theory of the ferromagnetic transition of itinerant electrons in a metal

with Σ∼ω2/3 [18].

For such a quantum critical scaling, the spectral function (which is the imaginary

part of the retarded Green’s function) diverges as a power law at low energy. The

spectral function has an interpretation as the many body density of states. Specifi-

cally for the SYK model at zero temperature, the spectral function goes as |ω|−1/2. This

can be contrasted with a phenomenon one can see even for dispersive free fermions

in two dimensions, only interacting with a periodic lattice potential. Later in this the-

sis, we will see that if the band structure contains a higher order van Hove singularity,

the density of states scales as ρ(ω) ∼ω−1/4.
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1.2. The SYK model
The SYK model describes the physics of interacting fermions living on a strongly dis-

ordered quantum dot. Its simplest version can be constructed using a Hamiltonian

of N flavors of Majorana fermions interacting all-to-all with Gaussian random cou-

plings.

H = ∑
1≤i< j<k<l≤N

Ji j kl ψiψ jψkψl (1.8)

The random couplings are normally distributed, i.e〈
Ji j kl

〉= 0 (1.9)〈
J 2

i j kl

〉
= 6J 2

N 3 . (1.10)

Henceforth, we will switch to Euclidean time (and imaginary frequencies). The free

part of the Green’s function is (with the normalization
{
ψi ,ψ j

}= δi j )

G0
i j (τ) =−〈

T ψi (τ)ψ j (0)
〉

,

=−1

2
sgn(τ)δi j . (1.11)

In Fourier space,

G0(ω) =
∫

dτe iωτG0(τ) = 1

iω
. (1.12)

1.2.1. The SYK self consistent equations

We can now turn to look at the diagrams that dress the fermion Green’s functions

upon turning on interactions. The disorder average enforces that the flavors of the

four Majoranas at both the connecting vertices are identical, and simultaneously

brings out a contribution ∼ J 2

N 3 for each vertex pair. This means that in order for this

diagram to not be suppressed in the large N limit, only diagrams which have three

free intermediate lines summed over for each pair of vertices can survive. All these

constraints restrict the set of diagrams that survive at leading order in large N to be

just the melon diagrams shown in Fig. 1.3, and the Green’s function takes the form

Gi j (τ) =G(τ)δi j .

With these considerations, the Dyson’s equations can be represented as

This gives us the SYK equations:

(G(ω))−1 = iω−Σ(ω) , (1.13)

Σ(τ) = J 2 (G(τ))3 . (1.14)
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Figure 1.3: Summing the Dyson series. Figure used from Ref. [19]. The filled black dot represents the only
self energy diagram that survives in the large N limit.

These are a set of equations that must be solved self-consistently: eq.(1.13) tells

how the self-energy determines the Green’s function, and eq.(1.14) says how the self-

energy is set by the Green’s function. They are not the most trivial to solve, since one

is in real space, and the other in Fourier space.

The key to doing so is to assume that the self-energy dominates the free propagator’s

contribution at strong coupling in the IR (ω−→ 0). Then, eq.(1.13) can be written as∫
dτ′G(τ,τ′)Σ(τ′,τ′′) =−δ(τ−τ′′). (1.15)

This is solved by the ansatz

Gc (τ) = b sgn(τ)

|τ|2∆ . (1.16)

Eq. (1.16) is the form of the Green’s function of a conformal field theory (CFT), and

commutes with all the generators of the conformal transformations in 0+1 dimen-

sions [20]. The scaling dimension ∆ can be easily determined by a consistency con-

dition that τ −→ bτ should satisfy simultaneously Eq. (1.14), (which would indicate

that the self energy would need to scale as τ−6∆) and Eq. (1.15).

b1−2∆−6∆ = b−1,

=⇒ ∆= 1

4
. (1.17)

We can see again from simple dimensional analysis how the Green’s function

Eq. (1.16) scales as a function of frequency. The Fourier transformation∫ ∞

−∞
dτe iωτ sgn(τ)

|τ|2∆ ∼ |ω|2∆−1, (1.18)

yields the branch-cut propagator result of Σ(ω) ∼ |ω|1/2, as promised, and we have

with us a microscopic model for the breakdown of quasiparticles.
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1.3. Other versions of the SYK used in this thesis
It would be quite a fallacy to limit one’s understanding of the physics of the SYK

model to simply an artificial description of Majorana fermions in quantum dots -

in fact, the original UV-completion of the SYK model was described by a random

heisenberg coupled spin system [21].

Rather, its physical content describes the emergence and the weak breaking of a new

conformal symmetry in the infrared. In this section, we will describe some gener-

alizations of the SYK model to include different kinds of degrees of freedom, which

will be an emphasis of the fact that this class of models should be thought of as a

description of a new IR fixed point.

1.3.1. Complex SYK

The first generalization of the SYK fixed point that we will will consider is one that

has a UV-completion that includes a conserved U(1) charge using complex fermions.

This will be appropriately called the "complex-SYK" model [22, 23]. The hamiltonian

will be written as

H = 1

(2N )3/2

N∑
i j kl=1

Ji j ;kl c†
i c†

j ck cl −µ
N∑

i=1
c†

i ci . (1.19)

In this UV hamiltonian, the total charge is simply given by

Q = 1

N

∑
i

〈
c†

i ci

〉
. (1.20)

At µ= 0, the model is at half filling, and Q = 1
2 in this notation.

Similar to the Majorana SYK, this model also permits a conformally invariant IR, with

exactly the same scaling dimension δ = 1
4 . The infrared for the µ = 0 case of the

complex SYK model is indistinguishable from the Majorana SYK model in terms of

the effective G −Σ theory, in that the Green’s functions are identical in the two cases.

At finite µ, the effect of having a finite amount of charge is also indirectly felt by the

infrared Green’s functions, in the form of G(τ = 0−) = Q. This is shown in Fig. 1.4

by the asymmetry between |G(τ= 0−)| and
∣∣G(τ= 0+)

∣∣. The Schwinger-Dyson equa-

tions in this case become [22]

G(iωn) = 1

iωn +µ−Σ(ωn)
(1.21a)

Σ(τ) =−J 2G2(τ)G(−τ) (1.21b)

For a solution of these equations to exist, one needs that Σ(ωn → 0) = µ, and at low

energy and low temperatures it is solved by the same power law form. Then in that
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Figure 1.4: Imaginary time solutions to the Schwinger-Dyson equations for the complex SYK model
Eq. (1.24d). Left: Asymmetry at τ = 0 in the case of a non-zero chemical potential, which measures the
total charge. Right: Power law solution for G(ωn ) at low temperatures and low frequencies with the same
scaling dimension as the Majorana SYK case, even with a finite chemical potential.

case, indeed one finds that there is a scaling solution to Eqs. (1.21b) with the expo-

nent 2∆−1, with ∆= 1
4 as before.

1.3.2. Yukawa-SYK model

The SYK model can also be generalized to include bosonic degrees of freedom. The

Yukawa SYK (YSYK) model can be thought of as a zero dimensional analogue of the

electron-phonon coupling Hamiltonian. This has been the subject of intense theo-

retical study in recent years [24–32]. The model also allows for a generalization into

higher dimension for a recently proposed universal theory of strange metals [33–38]

by being able to have a controlled large-N limit overcoming previous challenges [39].

The Hamiltonian for the Yukawa SYK is very reminiscent of the Fröhlich or the

Bardeen-Pines Hamiltonian for the electron-phonon interaction and can be written

as

HY −SY K =−µ
N∑

i=1

∑
σ

c†
i ,σci ,σ+

M∑
k=1

1

2

(
π2

k +ω2
0φ

2
k

)+ p
2

N

∑
i , j ,k

∑
σ

gi j k c†
i ,σc j ,σφk . (1.22)

The are N flavors of fermions, and M flavors of bosons, and we are interested in the

regime when both N →∞, M →∞, κ= M
N held constant.

In the absence of time reversal symmetry, for the Hamiltonian to be hermitian, the

couplings gi j ,k have to satisfy

g j i ,k = g∗
i j ,k , (1.23)

and are drawn from the Gaussian unitary ensemble (GUE). At zero temperature, the

low energy theory in this case is completely akin to the conventional SYK non-Fermi
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liquid, and develops an emergent conformal symmetry, with a scaling dimension set

by κ. The Schwinger-Dyson equations in this case read

Σ(τ) = κg 2 G(τ)D(τ) (1.24a)

Π(τ) ==−2g 2 G(τ)G(−τ) (1.24b)

G(iωn) = 1

iωn +µ−Σ(iωn)
(1.24c)

D(iνn) = 1

ν2
n +ω2

0 −Π(iνn)
. (1.24d)

The model is self-tuning to criticality [24], i.e the bosons modes soften in the infrared.

This is the condition that at zero temperature, Π(ω= 0) =ω2
0. In the infrared, we can

obtain a non-Fermi liquid solution by making use of the zero-temperature conformal

ansatz

G(τ) = b
sgn(τ)

|τ|2∆ f
, (1.25)

D(τ) = d
1

|τ|2∆b
. (1.26)

For κ= 1, we obtain the scaling dimensions ∆ f = 0.420374, and ∆b = 0.159252.

At finite temperature, the model exhibits a rich phase diagram first outlined in

Ref. [24]. For g < 1, the highest temperatures are characterized by a limit of free

fermions, where G(ωn) → 1
iωn

, and the low temperature phase is the finite temper-

ature version of the non-Fermi liquid described above. The g > 1 regime is charac-

terized by a novel impurity like phase at intermediate and high temperature. This is

shown pictorially in Fig. 1.5.

In the presence of time reversal symmetry(TRS), the couplings in Eq. (1.22) are fur-

ther constrained to be completely real, and gi j ,k have to be drawn from the Gaussian

orthogonal ensemble (GOE). This changes the ground state quite starkly, and the sys-

tem is now described by a superconducting state. The reason for the reappearance

of superconductivity on restoration of TRS can be most easily understood in analogy

with the BCS case with s− wave pairing. There, the electrons choose to pair with zero

center of mass momentum, i.e. the state on the Fermi surface with momentum k
pairs with its time reversal partner: the state with momentum −k . The statement of

TRS is that E(k) = E(−k), so both states required for pairing lie on the Fermi surface.

It is obvious then that the breaking of TRS will lead to a reduction of phase space for

pairing, and hence diminishing superconductivity.

As an aside, another loose argument for this is that the broken time reversal symme-

try can be thought of as introducing an artificial magnetic field, and the introduction

of a magnetic field is the canonical way to suppress superconductivity.
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Figure 1.5: Phase diagram of the Yukawa SYK model. Figure used from Ref. [24].

Coming back to the Yukawa SYK model, the restoration of TRS introduces a form of

strong coupling superconductivity at low temperatures, and the equations of mo-

tion become the quantum critical Eliashberg equations [40–43]. This is a model of

superconductivity betrothed to a quantum critical point, and is expected to be of

importance in the study of the cuprate superconductors. In this case, the non-Fermi

liquid metallic phase becomes difficult to observe as it competes with the supercon-

ducting phase. The reason for this is that the temperature scale in which non-fermi

liquid effects set in is parametrically the same as that at which superconductivity sets

in, but however there might be a numerical prefactor which separates the two. How-

ever, one may interpolate between the TRS preserving and TRS breaking situations

by linearly interpolating between the GOE and GUE ensembles, which has the effect

of lowering Tc from its maximum value.

In Chapter 3 of this thesis, we will explore what happens when we couple two quan-

tum critical superconductors through a weak link as is done conventionally [44] and

calculate the resulting Josephson current. We will see that this very coupling will be

responsible for a wormhole-like state on the dual gravitational side.

1.3.3. b-SYK

Given the importance of the SYK model, attempts have been made in order to realise

it in an experimental situation. A comprehensive list of these attempts is provided in

the recent review [45].

We will here first specifically mention Ref. [46] using graphene flakes (more will be

said about graphene in Sec. 1.5 below). It is well known in graphene that the presence
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of a strong magnetic field induces the formation of Landau levels, the lowest of which

is pinned to zero energy. This completely flat band quenches the kinetic energy in

Eq. 1.1. The wavefunctions have non-trivial quantum geometry still and instead of

being localized, are extended throughout the surface of the graphene. There is a

zero mode generated for every quantum of flux that penetrates the sample, as is well

known from the theory of the quantum hall effect.

The effects of the coulomb interaction projected onto the degenerate states of the

flat band, next nearest neighbor hoppings and random onsite disorder all contribute

to make the effective interactions seem almost completely random.

To provide evidence that the Hamiltonian thus generated is SYK like, the authors of

Ref. [46] took recourse to random matrix theory. They first calculated the coupling

constants of the projected graphene Hamiltonian by explicit numerical diagonaliza-

tion as a function of flux. They observed with increasing flux that as a new zero mode

was added, the distribution of couplings changed random matrix universality class,

in close analogy to the Altland-Zirnbauer classification for non-interacting Hamilto-

nians [47–49], and this matches perfectly with the random matrix classes as a func-

tion of the number of fermions in the SYK model [50–52].

A similar idea was used by Fremling and Fritz [53] to propose an experimental re-

alization of a Majorana version of the SYK model. They consider the Kitaev hon-

eycomb model of spins [54], which is believed to be realized in many spin liquid

candidates including the iridates like Na2IrO3, H3LiIr2O6 and more prominently in

α−RuCl3 [55, 56]. The low energy theory of the Kitaev honey comb model exhibits

deconfinement of the spins into Majorana fermions. Fremling and Fritz noted that

an analogue of a strong magnetic field creating flat Landau levels could be simulated

by application of triaxial strain, and the remnant interactions in these materials, for

instance the heisenberg interaction, projected onto these Majorana zero modes re-

sulted in an SYK-like interaction.

The catch, however, is that unlike the complex fermion case in the graphene flakes,

these residual interactions are only non-vanishing for pairs of Majoranas on opposite

sublattices of the bipartite honeycomb lattice(see Fig.1.6). This leads to the emer-

gence of the so-called bipartite SYK model (b-SYK), whose Hamiltonian is given by

Hb−SY K = 1

4

NA∑
i , j=1

NB∑
α,β=1

Ji jαβψ
A
i ψ

A
j ψ

B
αψ

B
β . (1.27)

Again, the couplings have some sense of Gaussianity:〈
Ji jαβ Ji ′ j ′α′β′

〉= J 2

2
p

NA NB
3 δi ,i ′δ j , j ′δα,α′δβ,β′ (1.28)

Here, NA and NB are the number of sites in the A− and B− sublattice respectively,

and need not be the same in a disordered system.
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Figure 1.6: Schematic of the b-SYK model. There are 2 sets of Majorana fermions living on each of the
two bipartite lattices of the honeycomb lattice. The interactions of the model are such that the Majoranas
do not interact within a set, but every pair of Majorana degrees of freedom in each set interacts with a
Gaussian random coupling with every pair of Majoranas on the other set. Figure from Ref. [57].

Although the new model in eq. 1.27 contains only 3/8 of the non-zero couplings as the

full all-to-all SYK model, it still shows an emergent conformal symmetry at low en-

ergy, with a different tunable conformal dimension for the Majoranas in each set [57].

Such generalizations of the SYK model created by repeated pruning of the fully con-

nected graph of couplings falls into the family of the so called "sparse SYK" mod-

els [58–61].

1.4. Holographic dual of the SYK model and N−AdS2

spacetime
The correct path integral representation of the SYK effective action is given in terms

of a two-time formalism, and the time-translation invariant solution Eq.(1.16) only

represents the classical saddle. The disorder averaged path integral can be written as

S =− logdet
(
∂τ+Σ(τ,τ′)

)−∫
dτdτ′G(τ,τ′)Σ(τ,τ′)+ J 2

4
G(τ,τ′)4. (1.29)

Without imposing time-translation symmetry, the saddle point equations would be

Eq. (1.15) and the self energy equation Eq. (1.14) rewritten to be

Σ(τ,τ′) = J 2 [
G(τ,τ′)

]3 . (1.30)

It was observed that these set of equations in the fully conformal limit possessed an

additional emergent symmetry of time reparametrizations [19, 22, 62]. This means
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that for every solution G(τ,τ′),Σ(τ,τ′) that solves Eqs. (1.15) and (1.30), one can get

yet another solution by picking an arbitrary function f (σ) to obtain another function

pair of functions G̃(σ,σ′), Σ̃(σ,σ′) such that

G(τ,τ′) = 1∣∣ f ′(σ) f ′(σ′)
∣∣∆ G̃(σ,σ′) (1.31)

Σ(τ,τ′) = 1∣∣ f ′(σ) f ′(σ′)
∣∣1−∆ Σ̃(σ,σ′) (1.32)

that also satisfies the same equations Eqs. (1.15) and (1.30).

It turns out that starting from the conformal solution Eq. (1.16)

Gc (τ,τ′) = b
sgn(τ−τ′)
|τ−τ′|

2∆

, (1.33)

and picking a function from the SL(2,R) group i.e. τ= f (σ) = aσ+b
cσ+d with ad −bc = 1,

leaves the saddle point solution invariant, i.e. Gc (τ,τ′) = G̃c (σ,σ′).

For any other choice of the function f , we get new solutions to the saddle point equa-

tions , in fact infinitely many of them. This is an artifact of the far infrared limit, and

the physical solution is determined by the function that minimizes the UV iω term

that has been neglected in the full action. This turns out to be the zero temperature

scaling solution that we have written down. This is a motivation for an effective field

theory for fluctuations around the SYK far infrared conformal fixed point - we simply

write down an action with the fewest number of derivatives that vanishes for f (τ) in

the SL(2,R) group. This is termed the Schwarzian action [19, 62]

S =αs

∫
dτ { f (τ),τ}, { f (τ),τ} = f ′′′

f ′ − 3

2

(
f ′′

f ′

)2

, (1.34)

and is the correct low energy theory of the breaking of conformal symmetry in the

SYK model. The constant αs in front is non-universal and can be fixed from either

thermodynamics or the numerical evaluation of the four point function in the full

UV-complete theory.

We will consider one special choice of time reparametrization: τ = f (σ) = tan πσ
β .

Written in this way, it is clear that the coordinate σ represents a circle from 0 to β in

imaginary time. Hence the propagator that we must obtain on using this in Eq. (1.32)

should represent the Green’s function of the IR limit of the SYK model when it is put

at a finite temperature β. Doing the algebra, we see that

G̃(σ,σ′) =
(
π

β

)2 (
sec

(
πσ

β

)
sec

(
πσ′

β

))2∆

b
sgn(σ−σ′)∣∣∣tan

(
πσ
β

)
− tan

(
πσ′
β

)∣∣∣2∆

= b
sgn(σ−σ′)∣∣∣πβ sin
(
π
β (σ−σ′)

)∣∣∣2∆
, (1.35)
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where we used in the last step that cos x cos y(tan x−tan y) = sin x cos y −cos x sin y =
sin

(
x − y

)
. This particular choice of the function f is not in the SL(2,R) group, and

will contribute non-trivially to the action in eq. (1.34). The Schwarzian derivative

itself for this case can be calculated to be 2π2

β2 , and that is equal to the finite temper-

ature correction to the free energy. This directly implies that the low temperature

entropy will be of the linear Sommerfeld form.

There is a remarkable connection between SYK systems and black holes in general

relativity though a holographic duality. In some aspects, the behavior of the two par-

allel each other. The rest of this section is dedicated to explaining how this can be.

The Schwarzian action is also the minimal action that describes the propagation of a

boundary graviton in a 2 dimensional nearly Anti de Sitter spacetime (N -AdS2) [45,

63]. The reasoning is the following. In Euclidean signature, this is just a hyperbolic

space with the metric

d s2 = d t 2 +d z2

z2 . (1.36)

When one wants to study a finite part of the space, we want to cut it off along a

boundary curve specified by t (u), z(u), where the affine parameter u is a local time

coordinate on this curve. Staying ε away from the boundary at z = 0 of and studying

only curves of a fixed length, leaves still a choice of t (u) being arbitrary, and differ-

ent choices should correspond to different boundary curves. However, AdS2 being a

maximally symmetric space has SL(2,R) as an isometry, and different curves gener-

ated by

t̃ (u) = at (u)+b

ct (u)+d
, ad −bc = 1. (1.37)

all map on to each other, and other choices of reparametrizations of t (u) correspond

to fluctuations of the boundary spacetime, hence describing a boundary graviton.

It turns out that just simple AdS2 spacetime is non-dynamical, in that the Einstein-

Hilbert action is identically zero for all metric configurations since gravity in two di-

mensions is topological. To have a meaningful gravity theory, one needs to look at

nearly AdS2 or N −AdS2 spaces, which are described by dilatonic theories of gravity,

called the Jackiw-Teitelboim (JT) gravity [64, 65] with the action

S =− 1

16πG

[∫
d 2xφ

p
g (R +2)+2

∫
∂M

φbK

]
(1.38)

with a dynamical dilaton field φ that acts as an effective Newton’s constant.

From similar arguments made for the SYK case, with the reparametrization symme-

try acting in this case as eq. (1.37), the low energy effective action describing the

propagation of the boundary graviton of this nearly AdS2 space will once again be

exactly the Schwarzian action.
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We will take a moment to show how an N -AdS2 space can come from a reduction

from a higher dimensional space. In the process, we will uncover intuition for the

role played by black holes in AdS2 in regards to their dual field theories being at

finite temperature.

According to the holographic duality [66–69], there is a dictionary that maps confor-

mal field theories to spacetime geometries. The precise statement of this duality is

that the partition functions of the boundary CFT and the bulk geometry are equal to

each other. When we want to describe the boundary theory at a finite temperature,

it has to it an associated entropy, simply from the fundamental laws of thermody-

namics. The empty AdS metric described in Eq. (1.36) does not have any entropy at

all. Its is known from the work of Bekenstein [70], that the only what that spacetime

geometry can have either an entropy or a temperature is if it had a black hole in it.

The entropy then is proportional to the area of the black hole’s event horizon, and

the temperature is given by the Hawking temperature.

We shall briefly sketch how this works in practice by considering an explicit exam-

ple [22, 71, 72]. Let us consider the Reissner-Nordstrom(RN) metric for planar black

holes in asymptotic AdSd+2. The metric from the solutions of Einstein’s equations is

given by

d s2 = r 2

R2

(− f d t 2 +d x2)+ R2

r 2

dr 2

f
, (1.39)

where R is the radius of AdSd+2, and with the emblackening factor

f = 1+ Θ2

r 2d
−

(
r d+1

0 + Θ2

r d−1
0

)
1

r d+1
. (1.40)

The quantity Θ is proportional to the charge in the boundary theory, but we will not

write it explicitly here for simplicity, for our current purposes we can just treat it as a

constant. The black hole horizon is where the metric component g t t vanishes, and

hence f = 0 implies that the horizon is at r = r0 in these coordinates.

The Hawking temperature is determined by the surface gravity, which is the amount

of acceleration a body needs to be at rest just near the horizon. For this Reissner

Nordstrom metric in Eq. 1.39, it is given by [22, 71]

T = (d +1)r0

4πR2

(
1− (d −1)Θ2

(d +1)r 2d
0

)
. (1.41)

We can observe that the Hawking temperature is zero when the horizon is at a posi-

tion r0 = r∗, such that

Θ2 = d +1

d −1
r 2d
? . (1.42)
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At exactly this location of the horizon, we can look at the near horizon limit of

Eq. (1.40), buy expanding

r = r∗+ 1

ζ
(1.43)

for leading order in ζ. The metric that we arrive at then is

d s2 = R2
2
−d t 2 +dζ2

ζ2︸ ︷︷ ︸
AdS2

+ r 2∗d x2

R2︸ ︷︷ ︸
Rd

, (1.44)

and we see that the metric has factorized into AdS2 ×Rd . We have also expressed an

effective AdS2 radius in terms of the radius of the full AdSd+2 space as R2
2 = R2

d(d+1) .

This can be compared with Eq. 1.36, only here we have the Minkowski signature.

When the position of the horizon moves slightly away from r0 = r∗,, the boundary

field theory would be at a finite temperature. We can repeat the procedure sketched

above to see what would happen to the near horizon geometry in that case.

We parameterize the small shifts in the following way, First we move the Reissner

Nordstrom horizon (which is always at r = r0) a small distance away from where it

was :

r0 − r∗ = 1

ζ0
, (1.45)

and then we restrict r to be near the horizon

r − r∗ = 1

ζ
. (1.46)

In practical terms, this is convenient to do by starting with Eq. (1.39), expanding r

and r0 about r∗ using the parameterizations in Eqs.(1.46) and (1.45) up to second

order each, and then taking the limit r∗ → ∞. We arrive then with the following

elegant result

d s2 = R2
2

ζ2

−
(

1− ζ2

ζ2
0

)
d t 2 + dζ2(

1− ζ2

ζ2
0

)
+ r 2∗

R2 d x2 . (1.47)

This represents a black hole in AdS2 with an emblackening factor such that the hori-

zon is at ζ= ζ0. Furthermore, this metric has a Hawking temperature of T = 1
2πζ0

. We

can see that in order to have finite temperature in the boundary, we need to have a

black hole in the bulk AdS2.

Black holes have yet another property. They are the fastest scramblers of quantum

information. [73–78]. The notion of quantum chaos is connected to the growth of a
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out of time ordered correlators. This is a measure of the failure of two operators to

commute with each other.

In classical mechanics, the amount of chaos in a system is quantified by the Lya-

punov exponent. It is a measure of how quickly two trajectories that are close to-

gether at the start can diverge as the system evolves under its chaotic dynamics.{
x(t ), p(0)

}= δx(t )

δx(0)
,

= eλL t . (1.48)

In quantum mechanics, we have a quantity that grows as the squared commutator.

Given a system, we can define it using two general operators Ŵ and V̂ that are con-

structed using its degrees of freedom. It can be written as [76]

C (t ) =
〈[

Ŵ (t ),V̂ (0)
]
[W (t ),V (0)]†

〉
β

. (1.49)

Initially at time t = 0, the operators are far away, in the sense that they have no over-

lap. They only have support on different states in the Hilbert space. The squared

commutator measures the failure of these to commute at a later time t .

Expanding the squared commutator results in four terms, two of which are normal

time ordered, and two of which are out of time ordered. The part of the squared com-

mutator that grows over time are really the out of time ordered ones, appropriately

regularized [79] is called the OTOC, and is the quantity that grows exponentially in a

chaotic system. For the SYK model, this property can be used to define the quantum

Lyapunov exponent as [19].

OTOC(t ) = 1

N 2

〈
ψi (t )ψ j (0)ψi (t )ψ j (0)

〉
∼ 1

N
eλL t . (1.50)

It was found that the OTOC defined in this way placed a bound on the Lyapunov

exponent [73]. The bound can be stated as follows - at a finite temperature T ,

λL ≤ 2πT . (1.51)

Black holes are known to saturate this bound, and this property is known as fast

scrambling. They do so in the following way [74, 75]. In a spacetime with two bound-

aries [80] where general relativity applies, dropping particles into the space from one

boundary causes a shockwave to propagate in the bulk, the proper energy of which

grows exponentially with time, at a rate given by the maximal Lyapunov exponent.

The Lyapunov exponent can be calculated for the SYK model by evaluating the four

point function in Eq. (1.50), and in the deep infrared, it can also be shown to sat-

urate the chaos bound Eq. 1.51. This can be traced back to both systems having a
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Schwarzian mode [19]. The fact that the chaos bound is saturated by both the SYK

model and the black hole geometry adds to the evidence that the two models possess

a duality of some kind. We will study what happens to the Lyapunov exponent in the

b-SYK model of Sec. 1.3.3 in chapter 2.

We complete the circle by returning to the cuprates. The superconducting transition

temperature in these materials by a semi-empirical law to inverse the relaxation time

of their normal state just above Tc . Ref. [81] argues that the propensity of these ma-

terials to dissipate energy at a rate which exactly turns out to be λ−1
L in appropriate

units after adding in the missing ħ and kB is what renders them with their high Tc .

Having understood the components of the SYK model in sufficient detail, we will

now move to yet another scenario where we have an instance of strongly interact-

ing quantum matter, but with its physics instead being engendered by a completely

different kind of hidden hyperbolic geometry.

1.5. Graphene and its bilayers
Graphene is a single sheet of carbon atoms arranged in a hexagonal lattice [82]. Its

electronic properties can be described by a simple tight binding model which ac-

counts for electrons hopping between nearest neighbors in its two sublattices, with

its Hamiltonian given by

H =−t
∑
〈i , j 〉

a†
i b j +h.c, (1.52)

and can be diagonalized in terms of two component wavefunctions

Ψi =
(

ai

bi

)
. (1.53)

to obtain a spectrum given by

E(k) =±
√√√√1+4cos

(
3kx a

2

)
cos

(p
3ky a

2

)
+4cos2

(p
3ky a

2

)
(1.54)

The dispersion in Eq. (1.54) shows interesting features at the K ,K ′ and the M points

of the Brillouin zone( see Fig. 1.7).

The K point and its time reversed partner K ′ points are referred to as Dirac points.

This is because the gap between the two bands closes at these points, and the dis-

persion is linear. Indeed, the low energy Hamiltonian close to for momenta p close

to the K point can be represented as

H = vF p ·σ. (1.55)
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Figure 1.7: Left: Schematic hexagonal lattice of graphene showing carbon atoms in the A(red) and B(blue)
sublattices. Right: Dispersion with zoom near the band-touching Dirac point (this panel taken from
Ref. [82]).

The Dirac matrices in two dimensions are simply the 2x2 Pauli matrices given by σ.

The corresponding dispersion E(p) = vF
∣∣p

∣∣ is dubbed a Dirac cone, because it looks

like a causal light cone from special relativity, just with an effective speed of light vF .

Graphene also has an interesting saddle-like dispersion near its M point. This can be

seen in Figs.1.8 and 1.7. Since first derivatives vanish at a saddle point by definition,

the dispersion is most faithfully captured by a Taylor expansion up to second order,

with the expansion coefficients in the two principal directions having opposite sign:

E = Ev +αp2
x −βp2

y α,β> 0, (1.56)

where Ev is the energy at the saddle point, also known as the van Hove energy. Then,

we can find the density of states:

ρ(E) =
∫ dpy

2π

dpx

2π
δ(E −Ep ) (1.57)

where we use the formula

δ(g (x)) =∑
i

δ(x −xi )∣∣g ′(xi )
∣∣ (1.58)

where xi are the roots of the function g (x). Here we have g (px ) = E −Ev +βp2
y −αp2

x ,

and g ′(px ) =−2αpx . We obtain the roots of g (px ) as

p±
x =±

√
(E −Ev )+βp2

y

α
(1.59)

which gives, defining Ẽ = E −Ev

ρ(E) =
∫ dpy

2π

∫ ∞

−∞
dpx

2π

δ(px −p+
x )+δ(px −p−

x )

2
√
αβ

√
Ẽ
β +p2

y

(1.60)
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Figure 1.8: Right: Energy contours of graphene showing the brilluoin zone in black dashed lines. The
highlighted contour in blue is at the van Hove energy. Left: The corresponding Brillouin zone marking the
positions of the high symmetry points. (The left panel has been taken from Ref [82]).

A note has to be made here about the range of py , which comes from the condition

when px has a solution, which is when E −Ev +βp2
y > 0.

range of py =
all, E > Ev

p2
y >

∣∣∣ E−Ev
β

∣∣∣, E < Ev
(1.61)

Introducing a cutoff for py asΛ, for E > Ev ,

ρ(E) = 2√
αβ

∫ ∞

0

dpy

(2π)2

1√
Ẽ
β +p2

y

= 1

2π2
√
αβ

log

∣∣∣∣∣ 2Λ
√
βp

E −Ev

∣∣∣∣∣
= 1

4π2
√
αβ

log

∣∣∣∣ Λ̃

E −Ev

∣∣∣∣ (1.62)

with Λ̃ = 4Λ2β. The density of states is symmetric about the van Hove energy, and

we obtain exactly the same expression for E < Ev .
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1.6. The concept of a higher order van Hove singu-
larity

The hyperbolic geometry of the Fermi surface near the van hove energy and its en-

hanced density of states can be understood quite intuitively by means of Fig. 1.9a.

Much like the SYK model, the enhanced DoS is not from a degeneracy, but the ability

to pack energy levels densely close together at low energy. More and more states can

be fit into the corner created by the touching Fermi surfaces at the van hove energy,

leading to the diverging density of states.

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

(a) conventional van Hove singularity, Eq. (1.56)

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

(b) higher order van hove singularity

Figure 1.9: Hyperbolic geometry of the energy contours near a van Hove singularity. In each case, the
limiting curve for E = 0, which is here the van Hove energy, is shown by an orange line.

Near a conventional logarithmic van hove singularity, the contours of equal energy

form hyperbolae in momentum space. This is easily visible in the topology change of

the Fermi surface, as it crosses the van hove energy. At exactly the van hove energy,

the Fermi surface is made of the asymptotes of the hyperbola, which are two lines

meeting at a point. This can be generalized in many ways, the most obvious of which

is to have a Fermi surface composed of the intersection of two parabolae with a quar-

tic dispersion(see Fig. 1.9b). This also has a direct effect in the type of singularity in

the density of states: in this case being a power law ρ(E) ∼ |E |−1/4 [83, 84]. These can

be neatly classified by a recently developed catastrophe theory formalism [85–87].

The higher order van hove singularity appears in many physical systems, such as the

cuprates [88–90], in twisted bilayer graphene and other transition metal dichalco-

genide bilayers. The difference however between the cuprates and monolayer

graphene as compared to the moire materials is that, while in monolayer graphene

and the cuprates the van hove singularity (higher order or otherwise) is far away from

the Fermi energy (eV scale) meaning that they are relatively difficult to reach in ex-

periments, whereas they are close to the Fermi energy (meV scale) in the moire ma-

terials. Accordingly, they will also have strong effects on measurable properties, as

we shall see in the next section.
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1.7. Enhanced interactions near van hove points - to-
wards Twisted Bilayer graphene

Graphene is known to not be superconducting at charge neutrality owing to it being

a bad metal [91], i.e having a low density of states at the Dirac point. This can be

understood in the following cartoon like picture. Assuming, BCS theory of supercon-

ductivity holds, the superconducting transition temperature is obtained by solving

the linearized gap equation to be

Tc =ω0 exp

{
− 1

gρ(EF )

}
, (1.63)

where g is a parameter characterizing electron-electron attraction, ω0 is a UV cutoff

(usually taken to be the Debye frequency) and ρ(EF ) is the density of states at the

Fermi energy. The vanishing density of states of the Dirac cone implies an negative

infinity in the exponential in Eq. (1.63), meaning no superconductivity at any finite

temperature.

Thus it came as a surprise when twisted bilayer graphene was observed to be super-

conducting in some recent landmark experiments [92–95]. But we will argue here

that with the considerations of the enhanced DoS coming from the van hove singu-

larity, now quite close to the Fermi level, that it should not be so surprising at all.

This is a part of a general phenomenon in which interactions get enhanced by the hy-

perbolic geometry in the Fermi surface. A rigorous argument for breakdown of Fermi

liquid theory has been addressed in the seminal works of Shankar and Polchinksi in

Refs. [96–98] by considering the renormalization effects of interactions upon scaling

momenta in the low energy effective theory towards the Fermi surface, but we shall

sketch a caricature of it below that captures the essence of the argument without all

of its sophisticated machinery.

Consider the particle-hole bubble shown in Fig. 1.10. This diagram - the polarization

bubble - arises in many different contexts. In linear response theory, this is the lead-

ing diagram corresponding to the charge susceptibilityχ(q, iωn), and is related to the

dielectric constant [99]. Another context where it can appear is as a sub-diagram in

the leading contribution to decay of quasiparticles in the self energy of an interacting

Fermi gas [18], where the full self energy is

Σ(k,εn) = g 2
∫

d q T
∑
ωn

Π(q ,ωn)G0(k +q , iεn + iωn), (1.64)

and g is the simplified contact interaction coefficient in Eq. (1.1).

The evaluation of the bubble diagram gives us:

χ0(q, iωn) = T
∑
εn

∫
dk G0(k +q,εn +ωn)G0(k,εn) (1.65)
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k, iϵn

k + q, iϵn + iωn

Figure 1.10: Polarization bubble diagramΠ(q, iωn ): This shows up in charge susceptibility, self energy due
to fermion-fermion interactions, phonon self energy among others

We can first study the long wavelength static limit q −→ 0,ωn = 0. Then,

χ0(q −→ 0,ωn = 0) = T
∑
εn

∫
dk G0(k,εn)G0(k,εn)

=
∫

dk

[
T

∑
εn

(
1

iεn −Ek

)2
]

. (1.66)

This contour integral is trivial to do if one remembers that

T
∑
εn

1

iεn −Ek
= nF (Ek ) , (1.67)

with nF (E) being the Fermi-Dirac function. Then we see that

χ0(q −→ 0,ωn = 0) =
∫

dk
d

dEk
(nF (Ek )) (1.68)

=−
∫

dk δ(Ek −EF ) =−ρ(EF ) . (1.69)

We have used also that at zero temperature,

d

dEk
(nF (Ek )) =−δ(Ek −EF ) . (1.70)

It’s straightforward to generalize to the case of finite q as well using the partial frac-
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tions trick:

χ0(q,ωn = 0) = T
∑
εn

∫
dk G0(k +q,εn)G0(k,εn) ,

=
∫

dk T
∑
εn

1

iεn −εk+q
· 1

iεn −εk
,

=
∫

dk
1

εk+q −εk
T

∑
εn

(
1

iεn −εk+q
− 1

iεn −εk

)
,

=
∫

d d k

(2π)d

nF (εk+q )−nF (εk )

εk+q −εk
. (1.71)

For the k2 dispersions in 1,2 and 3 dimensions, it is also possible to evaluate these

integrals exactly in the static response limit (i.e. at ω = 0) [100], and we present just

the result below:

1. The susceptibility is a constant in the limit of vanishing wave-vector: i.e. a very

slowly spatially varying external field.

χ0(q −→ 0,ω= 0) =−ρ(εF ) . (1.72)

2. For finite q, there is a log-singularity at q = 2kF in the susceptibility, which is a

branch cut in the complex plane.

χ0(q,ω= 0) =−ρ(εF )F (
q

2kF
) , (1.73)

F (x) = 1

2
+ 1−x2

4x
log

∣∣∣∣1+x

1−x

∣∣∣∣ (1.74)

Thus one can clearly see the vital effect the density of states has on the interaction

corrections to the Fermi gas. In a high carrier density metal in three dimensions like

bulk copper, ρ(EF ) can be taken to be more or less a constant, and weak interactions

can be treated perturbatively to just give small corrections to the non-interacting

theory. However, when the Fermi energy is close to a van-Hove singularity, the diver-

gence in the density of states makes the effective interaction strength large, leading

to instabilities and the breakdown of quasiparticles and Fermi liquid theory.

We have spelled out the calculation of the charge susceptibility which arises from

the particle-hole bubble in Fig. 1.10, but the exact same enhancement effect from

the density of states at the Fermi level also shows up in other physical effects, such as

in spin-spin correlation functions, or in the particle-particle bubble for the suscepti-

bility towards pairing in the theory of superconductivity [101].

Having understood the crucial role that van Hove points can play in enhancing cor-

relations between electrons, we will argue that both conventional and more exotic
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(a) Untwisted AA stacked graphene bilayer (b) Relative twist of 6.40◦ with 2892 atoms in the unit
cell.

Figure 1.11: Moire pattern in twisted bilayer graphene. Large twist angle shown for ease of illustration. In
realistic samples, much smaller twists under 2◦ are seen, with up to ∼ 10000 carbon atoms in the unit cell
at the magic angle. (Image generated using the Wolfram demonstrations project [102]).

higher order van Hove singularities play an important role in the twisted bilayer

graphene (TBG).

As the name suggests, twisted bilayer graphene is made of two layers of mono layer

graphene, at a relative angle to each other. The relative misalignment between the

layers originating from the twist leads to the formation of a Moire pattern.

The Moire pattern forms a larger superlattice as is easily visible in Fig. 1.11a. From

simple geometric arguments, the lattice constant for the Moire superlattice can be

expressed in terms of the lattice constant of graphene for a twist angle θ as [103]

Lθ =
p

3a

2sin
(
θ
2

)
≈

p
3a

θ
, for small twist angles. (1.75)

Consequently, the gigantic real space superlattice implies a tiny reciprocal lattice,

dubbed the Moire (or mini) Brillouin zone (MBZ). This fact has a far reaching con-

sequence for the low energy band structure of TBG, shown in pictorially in Fig. 1.13.

Since the moire lattice is also hexagonal, it must also have an effective Dirac cone

in its spectrum. If we restrict our attention only to the low energy bands, we can

look simply at what happens to the Dirac cone at the K and K′ points of each indi-

vidual monolayer. These form the corners of the MBZ. The smallness of the MBZ
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Figure 1.12: Illustration of the formation of the Moire Brillouin zone. Starting from AA stacking, one layer
is rotated relative to the other layer by a small angle. It is easy to see from this figure that if k was the
wavevector of the K point of the Brillouin zone of monolayer graphene, then the size of the mini Brillouin
zone is kθ.

means that there will be significant overlap in the two lowest energy bands, and the

hybridization caused by the interlayer hopping will lead to a level repulsion, similar

to the formation of the bonding and antibonding orbitals in molecular orbital theory

description of the hydrogen molecule. This is shown pictorially in Fig. 1.13.

Figure 1.13: Illustration of the formation of the flat bands: When the two Dirac cones from each layer are
close together, there’s a significant overlap in their wavefunction, and hybridization effects can be large
enough to render the bottom band almost completely flat.

This simple effective continuum model was first described by Bistritzer and Macdon-

ald in their seminal work in Ref. [103]. Their key finding was that at some "magic"

angle, the bonding orbital thus formed experiences such a degree of energy lowering

that the lowest band becomes almost completely flat. For twisted bilayer graphene,

this angle is roughly 1.05◦. In other words, this is the angle at which the effective

Dirac velocity of the cone corresponding to hexagonal lattice of the bilayer system

vanishes.
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Furthermore, the flat band thus formed for small twist angles is not completely flat,

but has features at the scale of meV, including van Hove singularities. Unlike the case

of the square lattice or mono layer graphene, which have vHS at high energies in the

eV scale, these low energy vHs in TBG are very close to the Fermi level, and will play

an important role in the low energy physics of the material. At exactly the magic

angle, we even observe a higher order vHS, and the role it plays in the ability of the

system to screen the spin of magnetic impurities will be the subject of Chapter 4.

1.8. This thesis
In the introduction, we have explored two very different electronic systems, and un-

covered clandestine hyperbolic geometries in each of them.

1.8.1. Chapter 2 - Chaos in the bipartite Sachdev-Ye-Kitaev
model

This chapter studies the scrambling dynamics of the b-SYK model by calculation of

its Lyapunov exponent, both in the fully conformal limit and at intermediate and

weak coupling as the population ratios of the A and B Majoranas are changed. The

population imbalance endows the A and B Majoranas with separate conformal di-

mensions, but the analysis presented determines the model as a whole to have one

unique exponent. This is understood in terms of scattering pathways of the A and

the B Majoranas mixing with each other and the model always picking the scattering

pathway with the fastest rate. Furthermore, although the model saturates the chaos

bound presented in the seminal work of Ref. [73] in the conformal limit, it was ob-

served that even the corrections to the Lyapunov exponent at intermediate coupling

in the b-SYK model is uninfluenced by perturbations to the conformal dimension of

the A and B fermions, which is a surprising result. This chapter has been published

in Ref. [104].

1.8.2. Chapter 3 - Wormholes in the Yukawa-Sachdev-Ye-Kitaev
model

In this chapter, we study a model of two YSYK dots coupled with a tunneling inter-

action λ. In the weak tunneling limit, the quantum state of the system is well ap-

proximated by the thermo-field double (TFD) state. This makes the system dual to

an eternal traversable wormhole, along the lines of Ref. [80, 105]. In the TRS broken

non-superconducting state, we indeed find a first order transition of the system from

the two black holes phase to a wormhole phase, with a clear signature in the scaling

of the boson and fermion Green’s functions. Furthermore, we find that the worm-
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hole phase survives the competition from superconducting order, which arises upon

the restoration of TRS. On the gravitational side, superconductivity is described by

scalar hair. Our key finding is that the system in the superconducting state remains a

traversable wormhole for the fermionic excitations, but not for the scalar hair. Addi-

tionally, since the system on the field theory side represents two coupled supercon-

ductors, we investigate the Josephson effect that arises from twisting the phase of the

two sides relative to one another. This chapter is still a manuscript under prepara-

tion.

1.8.3. Chapter 4 - The Kondo effect in Twisted bilayer graphene

This chapter concerns the fate of dilute magnetic impurities embedded in twisted

bilayer graphene. The density of states profile of twisted bilayer graphene has both

a dirac cone and a van Hove singularity in it, the location of which moves closer to-

wards the Fermi energy upon changing the twist angle between the layers closer and

closer to 1.05◦. In a metal with a constant density of states and a large carrier density,

the magnetic moment of the impurity gets strongly screened by the conduction elec-

trons in a phenomenon called the Kondo effect for temperatures below a character-

istic scale called the Kondo temperature. This is not seen in monolayer graphene ow-

ing to the low density of states of the Dirac cone in similar spirit to Eq. 1.63. The chap-

ter first addresses the modeling of the low energy band structure of twisted graphene

using the continuum Bistritzer-MacDonald model [103], presents a method to ac-

curately determine the positions and nature of the van Hove singularities close to

the Fermi level, and then presents numerical renormalization group results for the

impurity entropy and spectral function at finite temperature for this version of the

Kondo problem. The key prediction is a revival of the Kondo effect at the lowest en-

ergy scales at exactly the magic angle of twisted bilayer graphene. The results of this

chapter have been published in Ref. [106] and further studies confirming the pre-

diction using more sophisticated models have appeared from other groups since in

Ref. [107].


