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Introduction

The thesis will concern two topics of higher interest in current research. The first
part of the thesis is on the Sachdev-Ye-Kitaev(SYK) model. The SYK model at its core
is a model of a strongly interacting quantum dot with many flavors of electrons in it.
Its rich solutions are targeted at explaining several unsolved problems in contempo-
rary physics, including an elusive theory for the metallic phase of the cuprate high
temperature superconductors. The second part of the thesis will tackle the classic
problem of the Kondo effect in a modern setting of strongly interacting electrons:
Twisted bilayer graphene (TBG).

As an artistic concept to which perhaps too much meaning should not be attached,
we will see that underneath the description of both of these phenomena lies a hy-
perbolic geometry. In TBG, this will be identified in the hyperbolic Fermi surface
contours. In the SYK model, the exotic physics will be described by the breaking
of an emergent conformal symmetry, which can equivalently be described through
the holographic duality by fluctuations of an Anti de-Sitter spacetime, which is the
Lorentzian version of the Euclidean hyperbolic space.



1. INTRODUCTION

1.1. Fermions, Fermi surfaces and quasiparticles

Condensed matter physics concerns the study of the quantum properties of matter.
We know that solids are composed of atoms arranged in a crystalline structure. Their
quantum description at its core is given by the many-body Schrodinger equation of
all the electrons and ions that make up the solid, all interacting with each other. The
first simplification one can make is to observe that the ions in a solid are composed of
many protons and neutrons, and are much heavier than the electrons since 7p/m, =
2000. Then the solid’s low energy dynamics can be modeled by the motion of free
electrons and their interactions with each other through the electromagnetic force,
and with the vibrations of the lattice, known as phonons [1].

Schematically, in the language of second quantization, the Hamiltonian of the sys-
tem of electrons can be written as

g
H:ZGkCLCkJrﬁ > c;ﬂc;_ﬂckck, , (1.1)
k k,k’,q 2 2
—_———
T v

where the kinetic and potential energy terms have been separated out. In Eq. (1.1), €
refers to the dispersion of bare electrons subject to the symmetry of the lattice, and Q
is the volume of the system under consideration. For simplicity, all interactions that
the electrons are subject to are schematically represented by the constant g, which
may come from their charged interactions or with phonons or impurities etc. In a
real material, the interaction itself may have a long range (and hence a momentum
dependence), or may even face retardation effects, but these are neglected for now.

Let’s first consider the kinetic energy term, given by 7, and let us also suppose the
bare parabolic dispersion of free electrons in the Galilean continuum. Just the fact
that electrons are fermions obeying the Pauli exclusion principle means that the large
density of free electrons in a metal each fill up the energy levels one by one, and the
last few electrons to fill in would correspond to a gigantic energy scale. For example,
in copper [2] which has an electron density of 8.47 x 102 m~3, the energy of the top-
most occupied level turns out to be 7eV, which corresponds to about 81600K in units
of temperature. For reference, the surface of the sun is at a temperature of 5000K.

This mammoth Fermi energy, which represents the magnitude of the kinetic energy
in the total hamiltonian Eq. (1.1), is what is responsible in most cases to the success
of Landau’s Fermi liquid theory. Owing to the relative unimportance of the potential
energy term, to lowest approximation, electrons can be considered to be completely
non-interacting, from which weak interactions can be included perturbatively [3-5].

This can be understood mathematically using the language of Green’s functions.
Typically, the Green’s function for free fermions has the defining feature of having
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a pole whenever the frequency matches the energy of an excitation:

1
G(k,w)= ———. (1.2)
w+in—eg
The physically accessible information here is the spectral function, which is the neg-
ative imaginary part of the self energy. As a function of frequency, this has a delta
function peak at w = €.

When interactions are included, the Green’s functions pick up a self energy according

to the Dyson’s equation:

1
Glk,w) = m (1.3)

The self-energy will have a frequency and momentum dependence, and also a real
and an imaginary part. We can expand the self-energy around a vector on the Fermi
surface, at low frequencies

02(k,0 0 (kp,
2 (k,w) =const+ k (k, 0) +wM 1.4)
Ok lk=kp 0w |y=0
We can use this to rewrite the Green’s function in the form
1
Glk,w) = )
w(l—g—i)—(ek+kg—i)+il"
Z
= (1.5)
w—€+il
where the quasiparticle residue is given by
0z (kr, -1
Z= (1 _ 9xkp, @) ) . (1.6)
ow w=0

In this case, the spectral function which was a delta peak in the non-interacting
case would just be shifted to the new position €, and would be a relatively sharp
Lorentzian of width T.

The success of Fermi liquid theory can be summarised succinctly by Eq. (1.5). The
presence of weak interactions serves to simply broaden the fermion spectral func-
tions by a small amount compared to the Fermi energy, and leads to long lived quasi-
particles.

When the Taylor series expansion is valid, i.e. the self energy is analytic (£ ~ a +
Bw +yw? +---), the quasi-particle residue would be finite. With the discussion so far,
we see that quasiparticles exist ubiquitously in the low energy description of weakly
interacting systems of fermions for this simple reason.

However, this seems to not be the case in the normal state corresponding to a family
of the cuprate high-Tc superconductors such as such as YBCO (YBa,Cu3zO7-_y), LSCO
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(Laz—Sr,CuO4), and BSCCO(Bi,SrpCaCuy0g. ) among others. These compounds
are of immense practical value as they are the among highest temperature super-
conductors, whose superconducting transition temperature T, can be controlled by
doping. The optimal doping where T is the highest, their normal states above T, are
characterized by an incoherent featureless spectral function at the antinodal direc-
tions indicating that there are no quasiparticles to be observed [6, 7]. Furthermore,
this state, dubbed a strange metal, does not follow any of the phenomenological
predictions of Fermi liquid theory. It is characterized a plethora of exotic features,
the most prominent of which is a linear in temperature resistivity starting from the
highest temperatures, all the way down to the superconducting transition tempera-
ture, and further down until the lowest measurable temperatures if superconductiv-
ity is suppressed by a magnetic field [8]. There are also measured anomalies in the
frequency scaling of its optical conductivity [9, 10] and magnetotransport [11, 12]
among others. We are thus interested in scenarios where the simple quasiparticle
picture might not hold in order to better understand these "non-fermi liquids".

In order to break quasiparticles down, we need at least one of two things to happen:
either their lifetime must be much shorter than their mean energy (so they would
decay quite quickly by scattering), or the quasiparticle residue corresponding to the
pole must vanish.

At this point, one can mention a proposal from the past [13-16]. The marginal or
singular Fermi liquid, as the name suggests, is the most marginal way to create non-
Fermi liquid behavior. Based on purely phenomenological terms, the linear term in
the self energy is adjusted to include logarithmic corrections, which are weaker than
the next leading (quadratic) term in the Taylor expansion.

The reason for doing this is as follows. If one supposes naively that the quasiparti-
cle lifetime is the same as the scattering time that appears in the Drude model for
electrical conductivity o = &27, with % =T according to Eq. (1.5), and that if one at-
tributes the temperature dependence of the dc resistivity of the normal states of the
cuprate high Tc superconductors to a T-linear inverse quasiparticle lifetime I" at zero
frequency, then based on dimensional analysis, one can expect the imaginary part of
the electron self energy to be linear in frequency at low temperature, i.e. ImX = nw.
Correspondingly from the Kramers-Kronig relations which are needed for reasons of
causality, the real part of the self energy can be calculated to be [17]

w
ReZzwlog(w—). 1.7)
c

With this insight, we can understand the emergence of non-Fermi liquid behavior
as a non-analytic behavior in the self energy, so that the quasiparticle residue van-
ishes, as seen from w — 0 of Fig.1.1. This simple (albeit naive) consideration helps us
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Marginal Fermi liquid: Yp(w) = wlogw Quasiparticle residue for the MFL

Er(w) (1 _ 02R(*~')) '
s Ow

Figure 1.1: Absence of quasiparticles in the marginal Fermi liquid.

) i
SYK: Ep(w) = |w|? Quasiparticle residue for SYK:

Ea(w) (1 e)x,,M)*‘
T w

Figure 1.2: Absence of quasiparticles in the SYK model.

understand why the linear in T resistance of cuprates cannot come from any quasi-
particle description of the underlying electrons. Even if we try to fit a pole with the
imaginary part that is needed for the correct decay rate, causality itself would ren-
der its residue to vanish. The Green’s function would now not have poles, but rather
branch cuts on the v axis.

The marginal Fermi liquid was constructed simply on phenomenological grounds,
but it is of interest to construct some microscopic model which helps us understand
the origin such a singular self energy. Such an example is the SYK model, whose self
energy, as we shall see goes as |w|"”2. It can be noted at this point that other examples
of such power law self energies exist, such as near a quantum critical point in the
Hertz-Millis theory of the ferromagnetic transition of itinerant electrons in a metal
with = ~ 0?3 [18].

For such a quantum critical scaling, the spectral function (which is the imaginary
part of the retarded Green’s function) diverges as a power law at low energy. The
spectral function has an interpretation as the many body density of states. Specifi-
cally for the SYK model at zero temperature, the spectral function goes as |w|~"/2. This
can be contrasted with a phenomenon one can see even for dispersive free fermions
in two dimensions, only interacting with a periodic lattice potential. Later in this the-
sis, we will see that if the band structure contains a higher order van Hove singularity,
the density of states scales as p(w) ~ v~/
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1.2. The SYK model

The SYK model describes the physics of interacting fermions living on a strongly dis-
ordered quantum dot. Its simplest version can be constructed using a Hamiltonian
of N flavors of Majorana fermions interacting all-to-all with Gaussian random cou-
plings.

H= Y  JijkViV ¥y (1.8)

lsi<j<k<IsN

The random couplings are normally distributed, i.e

(Jijk1)=0 (1.9)
6J2
(Fiu) = 5 (1.10)

Henceforth, we will switch to Euclidean time (and imaginary frequencies). The free
part of the Green’s function is (with the normalization {y;, v} =6;;)

Gl =—(Tyiy;0),
- —%sgn(‘r)(sij. (1.11)

In Fourier space,

Gw) = fdr et G0r) = i (1.12)
110]

1.2.1. The SYK self consistent equations

We can now turn to look at the diagrams that dress the fermion Green’s functions
upon turning on interactions. The disorder average enforces that the flavors of the
four Majoranas at both the connecting vertices are identical, and simultaneously
brings out a contribution ~ 1{]—23 for each vertex pair. This means that in order for this
diagram to not be suppressed in the large N limit, only diagrams which have three
free intermediate lines summed over for each pair of vertices can survive. All these
constraints restrict the set of diagrams that survive at leading order in large N to be
just the melon diagrams shown in Fig. 1.3, and the Green’s function takes the form
G,'j(r) = G(T)5ij.

With these considerations, the Dyson’s equations can be represented as
This gives us the SYK equations:

G) ' =iv-Z(), (1.13)
(1) = J2(G()3. (1.14)
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Figure 1.3: Summing the Dyson series. Figure used from Ref. [19]. The filled black dot represents the only
self energy diagram that survives in the large N limit.

These are a set of equations that must be solved self-consistently: eq.(1.13) tells
how the self-energy determines the Green’s function, and eq.(1.14) says how the self-
energy is set by the Green’s function. They are not the most trivial to solve, since one
is in real space, and the other in Fourier space.

The key to doing so is to assume that the self-energy dominates the free propagator’s
contribution at strong coupling in the IR (w — 0). Then, eq.(1.13) can be written as

fdr’G(r,r’)Z(r’,r”) =06 -1"). (1.15)
This is solved by the ansatz
Go(r) = 25800 (1.16)
NPT '

Eq. (1.16) is the form of the Green’s function of a conformal field theory (CFT), and
commutes with all the generators of the conformal transformations in 0 + 1 dimen-
sions [20]. The scaling dimension A can be easily determined by a consistency con-
dition that 7 — bt should satisfy simultaneously Eq. (1.14), (which would indicate
that the self energy would need to scale as 7-%*) and Eq. (1.15).

pl-2A-6A _ p-1
1

:}A:

T (1.17)

We can see again from simple dimensional analysis how the Green’s function
Eq. (1.16) scales as a function of frequency. The Fourier transformation

R . sen(T
f dre“”'gﬂ—z(A) ~ w21 (1.18)
—00

yields the branch-cut propagator result of Z(w) ~ lw|'2, as promised, and we have
with us a microscopic model for the breakdown of quasiparticles.
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1.3. Other versions of the SYK used in this thesis

It would be quite a fallacy to limit one’s understanding of the physics of the SYK
model to simply an artificial description of Majorana fermions in quantum dots -
in fact, the original UV-completion of the SYK model was described by a random
heisenberg coupled spin system [21].

Rather, its physical content describes the emergence and the weak breaking of a new
conformal symmetry in the infrared. In this section, we will describe some gener-
alizations of the SYK model to include different kinds of degrees of freedom, which
will be an emphasis of the fact that this class of models should be thought of as a
description of a new IR fixed point.

1.3.1. Complex SYK

The first generalization of the SYK fixed point that we will will consider is one that
has a UV-completion that includes a conserved U(1) charge using complex fermions.
This will be appropriately called the "complex-SYK" model [22, 23]. The hamiltonian
will be written as

1 N N
H=——0f Jijrcicle.c, —uY cle.. (1.19)
(2N)*2 ij%:l k¢ 504 ”i:zi i7i

In this UV hamiltonian, the total charge is simply given by
1
— T
- N;<Ci ¢ ) (1.20)
At p =0, the model is at half filling, and Q = % in this notation.

Similar to the Majorana SYK, this model also permits a conformally invariant IR, with

exactly the same scaling dimension 6§ = i. The infrared for the p = 0 case of the
complex SYK model is indistinguishable from the Majorana SYK model in terms of

the effective G — X theory, in that the Green’s functions are identical in the two cases.

At finite y, the effect of having a finite amount of charge is also indirectly felt by the
infrared Green’s functions, in the form of G(r = 07) = Q. This is shown in Fig. 1.4
by the asymmetry between |G(t =07)| and |G(‘L’ =0%) | The Schwinger-Dyson equa-
tions in this case become [22]

o 1
Gliwy) = fon T g (1.21a)

>1) = —J2G*(1)G(-1) (1.21b)

For a solution of these equations to exist, one needs that X(w, — 0) = u, and at low
energy and low temperatures it is solved by the same power law form. Then in that
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Q=G(r=07)=086, p=0.1 B =15000.0, p=0.1, J=1.0

exact numerics

~ Power law with slope —1

T em e om 0 o
T/8 wn

Figure 1.4: Imaginary time solutions to the Schwinger-Dyson equations for the complex SYK model
Eq. (1.24d). Left: Asymmetry at 7 = 0 in the case of a non-zero chemical potential, which measures the
total charge. Right: Power law solution for G(wy) at low temperatures and low frequencies with the same
scaling dimension as the Majorana SYK case, even with a finite chemical potential.

case, indeed one ﬁnds that there is a scaling solution to Egs. (1.21b) with the expo-
nent 2A—1, with A = as before.

1.3.2. Yukawa-SYK model

The SYK model can also be generalized to include bosonic degrees of freedom. The
Yukawa SYK (YSYK) model can be thought of as a zero dimensional analogue of the
electron-phonon coupling Hamiltonian. This has been the subject of intense theo-
retical study in recent years [24-32]. The model also allows for a generalization into
higher dimension for a recently proposed universal theory of strange metals [33-38]
by being able to have a controlled large-N limit overcoming previous challenges [39].

The Hamiltonian for the Yukawa SYK is very reminiscent of the Frohlich or the
Bardeen-Pines Hamiltonian for the electron-phonon interaction and can be written
as

2

M
1
Hy-syx=-H) ; PP (} + wp) + Zk; 8ijkCl o C;gbp (122)
i=1 k=1 L],
The are N flavors of fermions, and M flavors of bosons, and we are interested in the
regime when both N — oo, M — oo, x = 1\_1\//1 held constant.

In the absence of time reversal symmetry, for the Hamiltonian to be hermitian, the
couplings g; ; r have to satisfy

8jik=8ijk (1.23)
and are drawn from the Gaussian unitary ensemble (GUE). At zero temperature, the
low energy theory in this case is completely akin to the conventional SYK non-Fermi
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liquid, and develops an emergent conformal symmetry, with a scaling dimension set
by k. The Schwinger-Dyson equations in this case read
(1) =xg*G)D(1) (1.24a)
(1) = = -2g° G(1)G(~71) (1.24b)
1
G(i = 1.24
Fn) = o+ i~ i) (12409
, 1
D(ivy) = > (1.244d)

V4 +wi —TI(iv,)

The model is self-tuning to criticality [24], i.e the bosons modes soften in the infrared.
This is the condition that at zero temperature, I1(w = 0) = w%. In the infrared, we can
obtain a non-Fermiliquid solution by making use of the zero-temperature conformal

ansatz
sgn(7)
Gr)=b——, 1.25
@ =b 55 (1.25)

For x = 1, we obtain the scaling dimensions Ay = 0.420374, and Ap, = 0.159252.

At finite temperature, the model exhibits a rich phase diagram first outlined in
Ref. [24]. For g < 1, the highest temperatures are characterized by a limit of free
fermions, where G(w,,) — ﬁ, and the low temperature phase is the finite temper-
ature version of the non-Fermi liquid described above. The g > 1 regime is charac-
terized by a novel impurity like phase at intermediate and high temperature. This is
shown pictorially in Fig. 1.5.

In the presence of time reversal symmetry(TRS), the couplings in Eq. (1.22) are fur-
ther constrained to be completely real, and g;  x have to be drawn from the Gaussian
orthogonal ensemble (GOE). This changes the ground state quite starkly, and the sys-
tem is now described by a superconducting state. The reason for the reappearance
of superconductivity on restoration of TRS can be most easily understood in analogy
with the BCS case with s— wave pairing. There, the electrons choose to pair with zero
center of mass momentum, i.e. the state on the Fermi surface with momentum k
pairs with its time reversal partner: the state with momentum —k. The statement of
TRS is that E(k) = E(—k), so both states required for pairing lie on the Fermi surface.
It is obvious then that the breaking of TRS will lead to a reduction of phase space for
pairing, and hence diminishing superconductivity.

As an aside, another loose argument for this is that the broken time reversal symme-
try can be thought of as introducing an artificial magnetic field, and the introduction
of a magnetic field is the canonical way to suppress superconductivity.



1.3. OTHER VERSIONS OF THE SYK USED IN THIS THESIS

11

T/w(}

Quantum critical:
Impurity-like NFL

Free fermions

1/10f

Quantum ecritical:

[ SYK-NFL
1 9

Figure 1.5: Phase diagram of the Yukawa SYK model. Figure used from Ref. [24].

Coming back to the Yukawa SYK model, the restoration of TRS introduces a form of
strong coupling superconductivity at low temperatures, and the equations of mo-
tion become the quantum critical Eliashberg equations [40-43]. This is a model of
superconductivity betrothed to a quantum critical point, and is expected to be of
importance in the study of the cuprate superconductors. In this case, the non-Fermi
liquid metallic phase becomes difficult to observe as it competes with the supercon-
ducting phase. The reason for this is that the temperature scale in which non-fermi
liquid effects set in is parametrically the same as that at which superconductivity sets
in, but however there might be a numerical prefactor which separates the two. How-
ever, one may interpolate between the TRS preserving and TRS breaking situations
by linearly interpolating between the GOE and GUE ensembles, which has the effect
of lowering T, from its maximum value.

In Chapter 3 of this thesis, we will explore what happens when we couple two quan-
tum critical superconductors through a weak link as is done conventionally [44] and
calculate the resulting Josephson current. We will see that this very coupling will be
responsible for a wormhole-like state on the dual gravitational side.

1.3.3. b-SYK

Given the importance of the SYK model, attempts have been made in order to realise
it in an experimental situation. A comprehensive list of these attempts is provided in
the recent review [45].

We will here first specifically mention Ref. [46] using graphene flakes (more will be
said about graphene in Sec. 1.5 below). It is well known in graphene that the presence
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of a strong magnetic field induces the formation of Landau levels, the lowest of which
is pinned to zero energy. This completely flat band quenches the kinetic energy in
Eq. 1.1. The wavefunctions have non-trivial quantum geometry still and instead of
being localized, are extended throughout the surface of the graphene. There is a
zero mode generated for every quantum of flux that penetrates the sample, as is well
known from the theory of the quantum hall effect.

The effects of the coulomb interaction projected onto the degenerate states of the
flat band, next nearest neighbor hoppings and random onsite disorder all contribute
to make the effective interactions seem almost completely random.

To provide evidence that the Hamiltonian thus generated is SYK like, the authors of
Ref. [46] took recourse to random matrix theory. They first calculated the coupling
constants of the projected graphene Hamiltonian by explicit numerical diagonaliza-
tion as a function of flux. They observed with increasing flux that as a new zero mode
was added, the distribution of couplings changed random matrix universality class,
in close analogy to the Altland-Zirnbauer classification for non-interacting Hamilto-
nians [47-49], and this matches perfectly with the random matrix classes as a func-
tion of the number of fermions in the SYK model [50-52].

A similar idea was used by Fremling and Fritz [53] to propose an experimental re-
alization of a Majorana version of the SYK model. They consider the Kitaev hon-
eycomb model of spins [54], which is believed to be realized in many spin liquid
candidates including the iridates like NayIrO3, H3Lilr,Og and more prominently in
a —RuCls [55, 56]. The low energy theory of the Kitaev honey comb model exhibits
deconfinement of the spins into Majorana fermions. Fremling and Fritz noted that
an analogue of a strong magnetic field creating flat Landau levels could be simulated
by application of triaxial strain, and the remnant interactions in these materials, for
instance the heisenberg interaction, projected onto these Majorana zero modes re-
sulted in an SYK-like interaction.

The catch, however, is that unlike the complex fermion case in the graphene flakes,
these residual interactions are only non-vanishing for pairs of Majoranas on opposite
sublattices of the bipartite honeycomb lattice(see Fig.1.6). This leads to the emer-
gence of the so-called bipartite SYK model (b-SYK), whose Hamiltonian is given by

134 & A A B B
Hp_syk = 1 Z Z JijapV¥i V¥ YaVp- (1.27)
i,j=la,p=1
Again, the couplings have some sense of Gaussianity:
}'2
<]ijaﬁ ]i’j/(x’ﬂ/> = 2—\/m3 6i,i’6j,j’6a,a’5ﬁ,ﬁ’ (1.28)

Here, Ny and Np are the number of sites in the A— and B— sublattice respectively,
and need not be the same in a disordered system.
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A B

Figure 1.6: Schematic of the b-SYK model. There are 2 sets of Majorana fermions living on each of the
two bipartite lattices of the honeycomb lattice. The interactions of the model are such that the Majoranas
do not interact within a set, but every pair of Majorana degrees of freedom in each set interacts with a
Gaussian random coupling with every pair of Majoranas on the other set. Figure from Ref. [57].

Although the new model in eq. 1.27 contains only 3/8 of the non-zero couplings as the
full all-to-all SYK model, it still shows an emergent conformal symmetry at low en-
ergy, with a different tunable conformal dimension for the Majoranas in each set [57].
Such generalizations of the SYK model created by repeated pruning of the fully con-
nected graph of couplings falls into the family of the so called "sparse SYK" mod-
els [58-61].

1.4. Holographic dual of the SYK model and N-AdS,
spacetime

The correct path integral representation of the SYK effective action is given in terms
of a two-time formalism, and the time-translation invariant solution Eq.(1.16) only
represents the classical saddle. The disorder averaged path integral can be written as

2
S=-logdet(d; +=(7,7")) - f drdt' G, t)2(1,7') + ]ZG(T,T,)4. (1.29)

Without imposing time-translation symmetry, the saddle point equations would be
Eq. (1.15) and the self energy equation Eq. (1.14) rewritten to be

2,7) = J? [Gr, )], (1.30)

It was observed that these set of equations in the fully conformal limit possessed an
additional emergent symmetry of time reparametrizations [19, 22, 62]. This means
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that for every solution G(r,7’),2(7,7’) that solves Egs. (1.15) and (1.30), one can get
yet another solution by picking an arbitrary function f (o) to obtain another function
pair of functions G(o,0"), (0, 0") such that

—————G(0,0) (1.31)
|f"(0) (0"

1
| fon]' ™

that also satisfies the same equations Eqgs. (1.15) and (1.30).

G(r,7) =

Sr,1) = S(o,0") (1.32)

It turns out that starting from the conformal solution Eq. (1.16)

sgn(r—1)%

Gc(1,7)=b , (1.33)

lT—7/|

and picking a function from the SL(2,R) group i.e. 7 = f(0) = Zg—:g with ad-bc=1,

leaves the saddle point solution invariant, i.e. G.(r,7’) = G.(g,0").

For any other choice of the function f, we get new solutions to the saddle point equa-
tions , in fact infinitely many of them. This is an artifact of the far infrared limit, and
the physical solution is determined by the function that minimizes the UV iw term
that has been neglected in the full action. This turns out to be the zero temperature
scaling solution that we have written down. This is a motivation for an effective field
theory for fluctuations around the SYK far infrared conformal fixed point - we simply
write down an action with the fewest number of derivatives that vanishes for f(7) in
the SL(2,R) group. This is termed the Schwarzian action [19, 62]
" 12
§= asfdr{f(r),r}, (f,7) = ’;—, - g (%) ,

and is the correct low energy theory of the breaking of conformal symmetry in the
SYK model. The constant a; in front is non-universal and can be fixed from either
thermodynamics or the numerical evaluation of the four point function in the full
UV-complete theory.

(1.34)

We will consider one special choice of time reparametrization: 7 = f(0) = tan ”7‘7
Written in this way, it is clear that the coordinate o represents a circle from 0 to  in
imaginary time. Hence the propagator that we must obtain on using this in Eq. (1.32)
should represent the Green’s function of the IR limit of the SYK model when it is put
at a finite temperature . Doing the algebra, we see that

2 7\ 24 o
G(o,a')=(z) (sec(n—a)sec(ﬂ—a)) b sgno - o)

p p p ‘tan(%) —tan(’%/)‘m

b sgn(o —o’)

gl

(1.35)
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where we used in the last step that cos xcos y(tan x—tan y) = sinxcos y—cosxsiny =
sin(x — y). This particular choice of the function f is not in the SL(2,R) group, and
will contribute non-trivially to the action in eq. (1.34). The Schwarzian derivative
itself for this case can be calculated to be @, and that is equal to the finite temper-
ature correction to the free energy. This directly implies that the low temperature
entropy will be of the linear Sommerfeld form.

There is a remarkable connection between SYK systems and black holes in general
relativity though a holographic duality. In some aspects, the behavior of the two par-
allel each other. The rest of this section is dedicated to explaining how this can be.

The Schwarzian action is also the minimal action that describes the propagation of a
boundary graviton in a 2 dimensional nearly Anti de Sitter spacetime (N-AdS>) [45,
63]. The reasoning is the following. In Euclidean signature, this is just a hyperbolic
space with the metric
dt* +dz?
ds* = ———".

5 (1.36)

Z

When one wants to study a finite part of the space, we want to cut it off along a
boundary curve specified by #(u), z(1), where the affine parameter u is a local time
coordinate on this curve. Staying € away from the boundary at z = 0 of and studying
only curves of a fixed length, leaves still a choice of #(u) being arbitrary, and differ-
ent choices should correspond to different boundary curves. However, AdS; being a
maximally symmetric space has SL(2,R) as an isometry, and different curves gener-
ated by

- atw+b

t(u) = ctrd’ ad—bc=1. (1.37)

all map on to each other, and other choices of reparametrizations of ¢(u) correspond
to fluctuations of the boundary spacetime, hence describing a boundary graviton.

It turns out that just simple AdS, spacetime is non-dynamical, in that the Einstein-
Hilbert action is identically zero for all metric configurations since gravity in two di-
mensions is topological. To have a meaningful gravity theory, one needs to look at
nearly AdS, or N— AdS, spaces, which are described by dilatonic theories of gravity,
called the Jackiw-Teitelboim (JT) gravity [64, 65] with the action

1 2
= fd x¢\/§(R+2)+2faM(,bbK] (1.38)

with a dynamical dilaton field ¢ that acts as an effective Newton’s constant.
From similar arguments made for the SYK case, with the reparametrization symme-
try acting in this case as eq. (1.37), the low energy effective action describing the

propagation of the boundary graviton of this nearly AdS, space will once again be
exactly the Schwarzian action.
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We will take a moment to show how an N-AdS, space can come from a reduction
from a higher dimensional space. In the process, we will uncover intuition for the
role played by black holes in AdS; in regards to their dual field theories being at
finite temperature.

According to the holographic duality [66-69], there is a dictionary that maps confor-
mal field theories to spacetime geometries. The precise statement of this duality is
that the partition functions of the boundary CFT and the bulk geometry are equal to
each other. When we want to describe the boundary theory at a finite temperature,
it has to it an associated entropy, simply from the fundamental laws of thermody-
namics. The empty AdS metric described in Eq. (1.36) does not have any entropy at
all. Its is known from the work of Bekenstein [70], that the only what that spacetime
geometry can have either an entropy or a temperature is if it had a black hole in it.
The entropy then is proportional to the area of the black hole’s event horizon, and
the temperature is given by the Hawking temperature.

We shall briefly sketch how this works in practice by considering an explicit exam-
ple [22, 71, 72]. Let us consider the Reissner-Nordstrom(RN) metric for planar black
holes in asymptotic AdS 2. The metric from the solutions of Einstein’s equations is
given by

2 2 7.2
r R° dr
ds* = — (= fdt* + dx*) + — —, 1.39
R (1.39)
where R is the radius of AdS;,, and with the emblackening factor
0 d+1 e° 1
f:1+r2—d—(r0 +r(‘)’l‘1 T (1.40)

The quantity © is proportional to the charge in the boundary theory, but we will not
write it explicitly here for simplicity, for our current purposes we can just treat it as a
constant. The black hole horizon is where the metric component g;; vanishes, and
hence f = 0 implies that the horizon is at r = r( in these coordinates.

The Hawking temperature is determined by the surface gravity, which is the amount
of acceleration a body needs to be at rest just near the horizon. For this Reissner
Nordstrom metric in Eq. 1.39, it is given by [22, 71]

(d-1)0?

(d+1rg
T= -
(d+1r2d

47 R?

(1.41)

We can observe that the Hawking temperature is zero when the horizon is at a posi-
tion rg = r4, such that

2 d+1 5y

= ﬂ?’* . (142)
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At exactly this location of the horizon, we can look at the near horizon limit of
Eq. (1.40), buy expanding

1
F=ry+— (1.43)
¢

for leading order in {. The metric that we arrive at then is

,—dt? +d(? . r2dx?

2
ds“=R; I R (1.44)
N——
AdS, R4

and we see that the metric has factorized into AdS; x R?. We have also expressed an
2
effective AdS, radius in terms of the radius of the full AdS;., space as R% = %.

This can be compared with Eq. 1.36, only here we have the Minkowski signature.

When the position of the horizon moves slightly away from ry = r.,, the boundary
field theory would be at a finite temperature. We can repeat the procedure sketched
above to see what would happen to the near horizon geometry in that case.

We parameterize the small shifts in the following way, First we move the Reissner
Nordstrom horizon (which is always at r = ry) a small distance away from where it
was :

1
ro— 7T« =—, (1.45)
Co

and then we restrict r to be near the horizon

r—re=-—. (1.46)
¢
In practical terms, this is convenient to do by starting with Eq. (1.39), expanding r
and ro about r. using the parameterizations in Eqs.(1.46) and (1.45) up to second
order each, and then taking the limit . — co. We arrive then with the following
elegant result

R? 2 A2 2
dszzc—g - 1—2—2)dt2+ ¢ +%de. (1.47)
0 _g
)

This represents a black hole in AdS, with an emblackening factor such that the hori-
zon is at { = (. Furthermore, this metric has a Hawking temperature of T = ﬁ We
can see that in order to have finite temperature in the boundary, we need to have a
black hole in the bulk AdS,.

Black holes have yet another property. They are the fastest scramblers of quantum
information. [73-78]. The notion of quantum chaos is connected to the growth of a
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out of time ordered correlators. This is a measure of the failure of two operators to
commute with each other.

In classical mechanics, the amount of chaos in a system is quantified by the Lya-
punov exponent. It is a measure of how quickly two trajectories that are close to-
gether at the start can diverge as the system evolves under its chaotic dynamics.

ox(1)
5x(0)’
=Mt (1.48)

{x(), p(0)} =

In quantum mechanics, we have a quantity that grows as the squared commutator.
Given a system, we can define it using two general operators W and V that are con-
structed using its degrees of freedom. It can be written as [76]

cw = ([W®, Vo] wm,vor') (1.49)

5
Initially at time ¢ = 0, the operators are far away, in the sense that they have no over-
lap. They only have support on different states in the Hilbert space. The squared

commutator measures the failure of these to commute at a later time .

Expanding the squared commutator results in four terms, two of which are normal
time ordered, and two of which are out of time ordered. The part of the squared com-
mutator that grows over time are really the out of time ordered ones, appropriately
regularized [79] is called the OTOC, and is the quantity that grows exponentially in a
chaotic system. For the SYK model, this property can be used to define the quantum
Lyapunov exponent as [19].

1
OTOC() = <7 (vi(Oy Oy () ;(0))

1
L (1.50)
N

It was found that the OTOC defined in this way placed a bound on the Lyapunov
exponent [73]. The bound can be stated as follows - at a finite temperature 7,

Ap<2nT. (1.51)

Black holes are known to saturate this bound, and this property is known as fast
scrambling. They do so in the following way [74, 75]. In a spacetime with two bound-
aries [80] where general relativity applies, dropping particles into the space from one
boundary causes a shockwave to propagate in the bulk, the proper energy of which
grows exponentially with time, at a rate given by the maximal Lyapunov exponent.

The Lyapunov exponent can be calculated for the SYK model by evaluating the four
point function in Eq. (1.50), and in the deep infrared, it can also be shown to sat-
urate the chaos bound Eq. 1.51. This can be traced back to both systems having a
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Schwarzian mode [19]. The fact that the chaos bound is saturated by both the SYK
model and the black hole geometry adds to the evidence that the two models possess
a duality of some kind. We will study what happens to the Lyapunov exponent in the
b-SYK model of Sec. 1.3.3 in chapter 2.

We complete the circle by returning to the cuprates. The superconducting transition
temperature in these materials by a semi-empirical law to inverse the relaxation time
of their normal state just above T,. Ref. [81] argues that the propensity of these ma-
terials to dissipate energy at a rate which exactly turns out to be )Lzl in appropriate
units after adding in the missing 7 and kg is what renders them with their high 7.

Having understood the components of the SYK model in sufficient detail, we will
now move to yet another scenario where we have an instance of strongly interact-
ing quantum matter, but with its physics instead being engendered by a completely
different kind of hidden hyperbolic geometry.

1.5. Graphene and its bilayers

Graphene is a single sheet of carbon atoms arranged in a hexagonal lattice [82]. Its
electronic properties can be described by a simple tight binding model which ac-
counts for electrons hopping between nearest neighbors in its two sublattices, with
its Hamiltonian given by

H=-tY albj+h.c, (1.52)
@p

and can be diagonalized in terms of two component wavefunctions

a;
Y= . 1.53
(2] -
to obtain a spectrum given by
3k V3kya V3k,a
E(k):iJ1+4cos( zxa)cos( 2y )+4c052( 2y ) (1.54)

The dispersion in Eq. (1.54) shows interesting features at the K, K’ and the M points
of the Brillouin zone( see Fig. 1.7).

The K point and its time reversed partner K’ points are referred to as Dirac points.
This is because the gap between the two bands closes at these points, and the dis-
persion is linear. Indeed, the low energy Hamiltonian close to for momenta p close
to the K point can be represented as

H=vrp-o. (1.55)
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Figure 1.7: Left: Schematic hexagonal lattice of graphene showing carbon atoms in the A(red) and B(blue)
sublattices. Right: Dispersion with zoom near the band-touching Dirac point (this panel taken from
Ref. [82]).

The Dirac matrices in two dimensions are simply the 2x2 Pauli matrices given by o.
The corresponding dispersion E(p) = vp|p| is dubbed a Dirac cone, because it looks
like a causal light cone from special relativity, just with an effective speed of light vr.

Graphene also has an interesting saddle-like dispersion near its M point. This can be
seen in Figs.1.8 and 1.7. Since first derivatives vanish at a saddle point by definition,
the dispersion is most faithfully captured by a Taylor expansion up to second order,
with the expansion coefficients in the two principal directions having opposite sign:

E:E,,+ap)26—ﬁpf, a,$>0, (1.56)

where E, is the energy at the saddle point, also known as the van Hove energy. Then,
we can find the density of states:

dp)’ dpx
E)y=| — O0(E-E 1.57
o(E) f om 27 ( p) ( )
where we use the formula

O(x—x;)

(1.58)
‘ ,(xl)|

5(g(x)) = Z

where x; are the roots of the function g(x). Here we have g(p,) = E - E, + fp5 - ap?,
and g’'(px) = —2ap,. We obtain the roots of g(py) as

(E-E,) + Bp?
=i\/+ﬁpy (1.59)

o5 = fdpyf dpx 6(px— px) +8(px— p5)

oo 27 aﬁ\/ﬁ"'py

=+

p
which gives, defining £ = E—- E,

(1.60)
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Figure 1.8: Right: Energy contours of graphene showing the brilluoin zone in black dashed lines. The
highlighted contour in blue is at the van Hove energy. Left: The corresponding Brillouin zone marking the
positions of the high symmetry points. (The left panel has been taken from Ref [82]).

A note has to be made here about the range of p,, which comes from the condition
when p, has a solution, which is when E - E, + pf, >0.

all, E>E,

2 E-E
—*t|, E<E,

(1.61)
y >| P

range of p, =

Introducing a cutoff for py as A, for E > Ey,

2 [00 dp, 1
Vaplo (@m? /%er?/

2A\/B

1
= lo

2n2\/ap 8 vE-E,
A

1
= lo
am2\/a B g'E—Eu

p(E) =

(1.62)

with A = 4A?. The density of states is symmetric about the van Hove energy, and
we obtain exactly the same expression for E < E,,.
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1.6. The concept of a higher order van Hove singu-
larity

The hyperbolic geometry of the Fermi surface near the van hove energy and its en-
hanced density of states can be understood quite intuitively by means of Fig. 1.9a.
Much like the SYK model, the enhanced DoS is not from a degeneracy, but the ability
to pack energy levels densely close together at low energy. More and more states can
be fit into the corner created by the touching Fermi surfaces at the van hove energy,
leading to the diverging density of states.

E=—ak’+ Bktfl E = —ak? + vz’ + hkj
N~ T~
: \/ - \

2 00 <& 00
05 -05
. /\ B /
1‘0““0‘5““00“"0‘5““1‘0 1‘0““0‘5““00“‘lDl‘E“l‘1l0
ky ky
(a) conventional van Hove singularity, Eq. (1.56) (b) higher order van hove singularity

Figure 1.9: Hyperbolic geometry of the energy contours near a van Hove singularity. In each case, the
limiting curve for E = 0, which is here the van Hove energy, is shown by an orange line.

Near a conventional logarithmic van hove singularity, the contours of equal energy
form hyperbolae in momentum space. This is easily visible in the topology change of
the Fermi surface, as it crosses the van hove energy. At exactly the van hove energy,
the Fermi surface is made of the asymptotes of the hyperbola, which are two lines
meeting at a point. This can be generalized in many ways, the most obvious of which
is to have a Fermi surface composed of the intersection of two parabolae with a quar-
tic dispersion(see Fig. 1.9b). This also has a direct effect in the type of singularity in
the density of states: in this case being a power law p(E) ~ |E|""* [83, 84]. These can
be neatly classified by a recently developed catastrophe theory formalism [85-87].

The higher order van hove singularity appears in many physical systems, such as the
cuprates [88-90], in twisted bilayer graphene and other transition metal dichalco-
genide bilayers. The difference however between the cuprates and monolayer
graphene as compared to the moire materials is that, while in monolayer graphene
and the cuprates the van hove singularity (higher order or otherwise) is far away from
the Fermi energy (eV scale) meaning that they are relatively difficult to reach in ex-
periments, whereas they are close to the Fermi energy (meV scale) in the moire ma-
terials. Accordingly, they will also have strong effects on measurable properties, as
we shall see in the next section.
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1.7. Enhanced interactions near van hove points - to-
wards Twisted Bilayer graphene

Graphene is known to not be superconducting at charge neutrality owing to it being
a bad metal [91], i.e having a low density of states at the Dirac point. This can be
understood in the following cartoon like picture. Assuming, BCS theory of supercon-
ductivity holds, the superconducting transition temperature is obtained by solving
the linearized gap equation to be

1
T, =wg EXp{_gp(EF) }, (1.63)

where g is a parameter characterizing electron-electron attraction, wg is a UV cutoff
(usually taken to be the Debye frequency) and p(EF) is the density of states at the
Fermi energy. The vanishing density of states of the Dirac cone implies an negative
infinity in the exponential in Eq. (1.63), meaning no superconductivity at any finite
temperature.

Thus it came as a surprise when twisted bilayer graphene was observed to be super-
conducting in some recent landmark experiments [92-95]. But we will argue here
that with the considerations of the enhanced DoS coming from the van hove singu-
larity, now quite close to the Fermi level, that it should not be so surprising at all.

This is a part of a general phenomenon in which interactions get enhanced by the hy-
perbolic geometry in the Fermi surface. A rigorous argument for breakdown of Fermi
liquid theory has been addressed in the seminal works of Shankar and Polchinksi in
Refs. [96-98] by considering the renormalization effects of interactions upon scaling
momenta in the low energy effective theory towards the Fermi surface, but we shall
sketch a caricature of it below that captures the essence of the argument without all
of its sophisticated machinery.

Consider the particle-hole bubble shown in Fig. 1.10. This diagram - the polarization
bubble - arises in many different contexts. In linear response theory, this is the lead-
ing diagram corresponding to the charge susceptibility y(g, iw,), and is related to the
dielectric constant [99]. Another context where it can appear is as a sub-diagram in
the leading contribution to decay of quasiparticles in the self energy of an interacting
Fermi gas [18], where the full self energy is

S(k,en) =g | dgTY T1(q,0,)Go(k+ q, i€, +iwn), (1.64)
Wn
and g is the simplified contact interaction coefficient in Eq. (1.1).
The evaluation of the bubble diagram gives us:

Yo(q,iwy,) = TZfdk Gk + q,en +wn) G (K,€,) (1.65)
€n



24 1. INTRODUCTION

k+q, i€, + 1wy,

ki€,

Figure 1.10: Polarization bubble diagram I1(q, iw5): This shows up in charge susceptibility, self energy due
to fermion-fermion interactions, phonon self energy among others

We can first study the long wavelength static limit g — 0,w, = 0. Then,

Xo(g— 0,0, =0)= Tzf dkG°(k,e,) G’ (k,€p)
€n

1 2
=|dk|T) [———] |- 1.66
f g ( i€p— Ek) ( )
This contour integral is trivial to do if one remembers that
TZ;—n (Ex) (1.67)
€ ien—Ek_ FAERD ’
with np(E) being the Fermi-Dirac function. Then we see that
d
Xo(g — 0,0, =0) :fdk_(nF(Ek)) (1.68)
dEy
=—fdk6(Ek—Ep)=—p(Ep). (1.69)
We have used also that at zero temperature,
d (np(Ey)) = —6(Ex — EF) (1.70)
dE; F(Eg)) = k—LEF). .

It’s straightforward to generalize to the case of finite g as well using the partial frac-
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tions trick:

1o(q,w,=0)= TZfdeO(k+ q,€)G°(k,ep),
€n

1 1
= dkT n c T ’
gle‘n—é‘]ﬁ.q 1€y — €

1 1 1
- f dk TZ(- - - :
€k+g €k e, \1€n —€k+q €p—€f
_f dk np(€k+q) —nrleg)
@m?  errg—er

(1.71)

For the k? dispersions in 1,2 and 3 dimensions, it is also possible to evaluate these
integrals exactly in the static response limit (i.e. at w = 0) [100], and we present just
the result below:

1. The susceptibility is a constant in the limit of vanishing wave-vector: i.e. a very
slowly spatially varying external field.

Xo(q— 0,0 =0) = —p(er). (1.72)

2. For finite q, there is a log-singularity at g = 2k in the susceptibility, which is a
branch cut in the complex plane.

Xo(q,w=0)= —p(eF)F(i) , (1.73)
2kp
1 1-x2 1+x
Fx)=-+ — (1.74)
2 4x 1-x

Thus one can clearly see the vital effect the density of states has on the interaction
corrections to the Fermi gas. In a high carrier density metal in three dimensions like
bulk copper, p(Er) can be taken to be more or less a constant, and weak interactions
can be treated perturbatively to just give small corrections to the non-interacting
theory. However, when the Fermi energy is close to a van-Hove singularity, the diver-
gence in the density of states makes the effective interaction strength large, leading
to instabilities and the breakdown of quasiparticles and Fermi liquid theory.

We have spelled out the calculation of the charge susceptibility which arises from
the particle-hole bubble in Fig. 1.10, but the exact same enhancement effect from
the density of states at the Fermi level also shows up in other physical effects, such as
in spin-spin correlation functions, or in the particle-particle bubble for the suscepti-
bility towards pairing in the theory of superconductivity [101].

Having understood the crucial role that van Hove points can play in enhancing cor-
relations between electrons, we will argue that both conventional and more exotic
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(a) Untwisted AA stacked graphene bilayer (b) Relative twist of 6.40° with 2892 atoms in the unit
cell.

Figure 1.11: Moire pattern in twisted bilayer graphene. Large twist angle shown for ease of illustration. In
realistic samples, much smaller twists under 2° are seen, with up to ~ 10000 carbon atoms in the unit cell
at the magic angle. (Image generated using the Wolfram demonstrations project [102]).

higher order van Hove singularities play an important role in the twisted bilayer
graphene (TBG).

As the name suggests, twisted bilayer graphene is made of two layers of mono layer
graphene, at a relative angle to each other. The relative misalignment between the
layers originating from the twist leads to the formation of a Moire pattern.

The Moire pattern forms a larger superlattice as is easily visible in Fig. 1.11a. From
simple geometric arguments, the lattice constant for the Moire superlattice can be
expressed in terms of the lattice constant of graphene for a twist angle 6 as [103]

V3a

~—— for small twist angles. (1.75)

Consequently, the gigantic real space superlattice implies a tiny reciprocal lattice,
dubbed the Moire (or mini) Brillouin zone (MBZ). This fact has a far reaching con-
sequence for the low energy band structure of TBG, shown in pictorially in Fig. 1.13.

Since the moire lattice is also hexagonal, it must also have an effective Dirac cone
in its spectrum. If we restrict our attention only to the low energy bands, we can
look simply at what happens to the Dirac cone at the K and K’ points of each indi-
vidual monolayer. These form the corners of the MBZ. The smallness of the MBZ
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Figure 1.12: Illustration of the formation of the Moire Brillouin zone. Starting from AA stacking, one layer
is rotated relative to the other layer by a small angle. It is easy to see from this figure that if k was the
wavevector of the K point of the Brillouin zone of monolayer graphene, then the size of the mini Brillouin
zone is k6.

means that there will be significant overlap in the two lowest energy bands, and the
hybridization caused by the interlayer hopping will lead to a level repulsion, similar
to the formation of the bonding and antibonding orbitals in molecular orbital theory
description of the hydrogen molecule. This is shown pictorially in Fig. 1.13.

Figure 1.13: Illustration of the formation of the flat bands: When the two Dirac cones from each layer are
close together, there’s a significant overlap in their wavefunction, and hybridization effects can be large
enough to render the bottom band almost completely flat.

This simple effective continuum model was first described by Bistritzer and Macdon-
ald in their seminal work in Ref. [103]. Their key finding was that at some "magic"
angle, the bonding orbital thus formed experiences such a degree of energy lowering
that the lowest band becomes almost completely flat. For twisted bilayer graphene,
this angle is roughly 1.05°. In other words, this is the angle at which the effective
Dirac velocity of the cone corresponding to hexagonal lattice of the bilayer system
vanishes.
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Furthermore, the flat band thus formed for small twist angles is not completely flat,
but has features at the scale of meV, including van Hove singularities. Unlike the case
of the square lattice or mono layer graphene, which have vHS at high energies in the
eV scale, these low energy vHs in TBG are very close to the Fermi level, and will play
an important role in the low energy physics of the material. At exactly the magic
angle, we even observe a higher order vHS, and the role it plays in the ability of the
system to screen the spin of magnetic impurities will be the subject of Chapter 4.

1.8. This thesis

In the introduction, we have explored two very different electronic systems, and un-
covered clandestine hyperbolic geometries in each of them.

1.8.1. Chapter 2 - Chaos in the bipartite Sachdev-Ye-Kitaev
model

This chapter studies the scrambling dynamics of the b-SYK model by calculation of
its Lyapunov exponent, both in the fully conformal limit and at intermediate and
weak coupling as the population ratios of the A and B Majoranas are changed. The
population imbalance endows the A and B Majoranas with separate conformal di-
mensions, but the analysis presented determines the model as a whole to have one
unique exponent. This is understood in terms of scattering pathways of the A and
the B Majoranas mixing with each other and the model always picking the scattering
pathway with the fastest rate. Furthermore, although the model saturates the chaos
bound presented in the seminal work of Ref. [73] in the conformal limit, it was ob-
served that even the corrections to the Lyapunov exponent at intermediate coupling
in the b-SYK model is uninfluenced by perturbations to the conformal dimension of
the A and B fermions, which is a surprising result. This chapter has been published
in Ref. [104].

1.8.2. Chapter 3 - Wormholes in the Yukawa-Sachdev-Ye-Kitaev
model

In this chapter, we study a model of two YSYK dots coupled with a tunneling inter-
action A. In the weak tunneling limit, the quantum state of the system is well ap-
proximated by the thermo-field double (TFD) state. This makes the system dual to
an eternal traversable wormhole, along the lines of Ref. [80, 105]. In the TRS broken
non-superconducting state, we indeed find a first order transition of the system from
the two black holes phase to a wormhole phase, with a clear signature in the scaling
of the boson and fermion Green’s functions. Furthermore, we find that the worm-
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hole phase survives the competition from superconducting order, which arises upon
the restoration of TRS. On the gravitational side, superconductivity is described by
scalar hair. Our key finding is that the system in the superconducting state remains a
traversable wormbhole for the fermionic excitations, but not for the scalar hair. Addi-
tionally, since the system on the field theory side represents two coupled supercon-
ductors, we investigate the Josephson effect that arises from twisting the phase of the
two sides relative to one another. This chapter is still a manuscript under prepara-
tion.

1.8.3. Chapter 4 - The Kondo effect in Twisted bilayer graphene

This chapter concerns the fate of dilute magnetic impurities embedded in twisted
bilayer graphene. The density of states profile of twisted bilayer graphene has both
a dirac cone and a van Hove singularity in it, the location of which moves closer to-
wards the Fermi energy upon changing the twist angle between the layers closer and
closer to 1.05°. In a metal with a constant density of states and a large carrier density,
the magnetic moment of the impurity gets strongly screened by the conduction elec-
trons in a phenomenon called the Kondo effect for temperatures below a character-
istic scale called the Kondo temperature. This is not seen in monolayer graphene ow-
ing to the low density of states of the Dirac cone in similar spirit to Eq. 1.63. The chap-
ter first addresses the modeling of the low energy band structure of twisted graphene
using the continuum Bistritzer-MacDonald model [103], presents a method to ac-
curately determine the positions and nature of the van Hove singularities close to
the Fermi level, and then presents numerical renormalization group results for the
impurity entropy and spectral function at finite temperature for this version of the
Kondo problem. The key prediction is a revival of the Kondo effect at the lowest en-
ergy scales at exactly the magic angle of twisted bilayer graphene. The results of this
chapter have been published in Ref. [106] and further studies confirming the pre-
diction using more sophisticated models have appeared from other groups since in
Ref. [107].
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Abstract

The Sachdev-Ye-Kitaev (SYK) model shows chaotic behavior with a maximal Lya-
punov exponent. In this paper, we investigate the four-point function of a SYK-type
model numerically, which gives us access to its Lyapunov exponent. The model con-
sists of two sets of Majorana fermions, called A and B, and the interactions are re-
stricted to being exclusively pairwise between the two sets, not within the sets. We
find that the Lyapunov exponent is still maximal at strong coupling. Furthermore,
we show that even though the conformal dimensions of the A and B fermions change
with the population ratio, the Lyapunov exponent remains constant, not just in the
conformal limit where it is maximal, but also in the intermediate and weak coupling
regimes.
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2. LYAPUNOV EXPONENTS IN THE BIPARTITE SYK MODEL

2.1. Introduction

Over the last decade, the Sachdev-Ye-Kitaev (SYK) model has been established as a
paradigmatic model accounting for a variety of phenomena ranging from aspects of
the physics of black holes to non-Fermi liquids [108-112]. There exist two main vari-
ants of this model in the literature: one that is formulated in terms of N 'complex’
Dirac fermions, and another one written in terms of N 'real’ Majorana fermions. In
both cases, the fermions interact via random four-body terms. Irrespective of the for-
mulation, one of the main features of the model is that it exhibits emergent confor-
mal symmetry in the infrared in the strong-coupling and large- N limit. The scaling
dimension of the fermion correlation function is given by A = i (19, 113], indicative
of strong interactions (for comparison, a free fermion has scaling dimension 1/2).

There has been a variety of proposals for the creation of SYK-like models in labora-
tory setups. They range from mesoscopic systems hosting Majorana modes [114,
115], or Dirac fermions in graphene flakes [46, 116], to ultracold atomic systems
[117, 118]. A comprehensive review of such possible setups can be found in
Refs. [108, 110] and references therein.

uv Conformal  Lyapunov Schwarzian RMT
dependent times growth theory epoch
: : : : >
0 1 In(N) elN t/f
Planckian Ehrenfest Heisenberg
time time time

Figure 2.1: The SYK model exhibits multiple characteristic timescales, and with that associated regimes
of dynamics. Crucial quantities in distinguishing the different limits are the number of fermions N and
coupling strength /. This paper studies the region characterized by Lyapunov growth.

The SYK model involves three important time scales, as shown in Fig. 2.1 (hence-
forth, we measure time ¢ in units of  and set 7 = kj, = 1). They are called the Planck-
ian time [8, 119-121], tp, the Ehrenfest time [122-126], tg, and the Heisenberg time
ty. The shortest time scale, fp, is set by the condition ¢p/f = 1. For times shorter
than #p, we expect non-universal physics determined by processes at the cutoff scale.
For tp < t < tg, the dynamics is governed by the conformal mean-field theory. The
chaotic behavior associated with Lyapunov growth [73, 76] in this regime is due to
leading irrelevant operators of order 1/ N beyond mean-field. The Ehrenfest time is
given as tg/f = In N, where N is the number of fermions. The dynamical behavior
for tg < t < ty ceases to be described by mean-field theory plus corrections and the
associated description is in terms of the Schwarzian theory of black holes. Eventu-
ally, there is the Heisenberg time, t;;/ 8 =~ e"V. For times longer than ¢, the dynamics
is described by random matrix theory.

In this paper we study a related model, introduced in Ref. [53, 57], which emerges as
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a Majorana variant of the SYK model. It is called the bipartite SYK (or b-SYK) model
and, as explained in Sec. 2.2, can be seen as a restricted version of the standard SYK
model. Incidentally, Majorana or complex fermion versions of similar models also
appear as a natural way to incorporate internal symmetries in SYK models [127-129],
or to couple two or more SYK models [130]. We are interested in times shorter than
the Ehrenfest time 7z, and mostly focus on the chaotic behavior. Furthermore, we are
interested in studying the growth of the four-point function not just in the full con-
formal limit at strong coupling, but also at intermediate and weak couplings, as these
might be relevant for experimentally achievable values of coupling and temperature,
as the b-SYK model has been shown to be realizable in a laboratory by straining a real
material in Ref.[53].

We show that the Lyapunov exponent is maximal in the conformal limit, just as for
the SYK model [19, 73, 76]. The behavior of the chaos exponent for a general num-
ber of majorana fermions in the A and B subsets of the b-SYK at finite coupling is
unanswered in the existing literature and is the subject of the present study. We use
numerical methods to solve the Schwinger-Dyson and Bethe-Salpeter equations that
are needed to extract the Green functions and Lyapunov exponents, respectively. We
find that the b-SYK model ratio of A and B majoranas does not influence the Lya-
punov exponent for all values of coupling.

The present paper is organized as follows: In Sec. 2.2, we introduce the b-SYK model
and comment on how it is related to more common variants of SYK models. In
Sec. 2.2.2 we discuss the two-point functions in and away from the conformal limit.
In Sec. 2.3, we compute the four-point function and introduce the equations that
allow us to extract the Lyapunov exponents. In Sec. 2.4, we numerically find the Lya-
punov exponents and show how they depend on the population balance between A
and B Majorana fermions.

2.2. Model and methods

2.2.1. The bipartite SYK model

The bipartite SYK (b-SYK) model consists of two sets of Majorana fermions, labelled
A and B, with random interactions between pairs of A and pairs of B fermions. In-
teractions between only A or only B fermions are absent, and the fermion parity in
both the A and B subsets is conserved. The Hamiltonian reads

1
H=2 3 JijapY{YiYaYp - @.1)
ij,ap

To distinguish the two sets of fermions we use latin indices i, j for the A-flavor Majo-

rana fermions (yf‘), and greek indices a, 8 for B-flavor Majorana fermions (y2).
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We allow for N4 Majorana fermions of the A-type and Np of the B-type. The ratio x =
N4/ Np accounts for the relative size of the two sets. The couplings J; jqp are random
and only act between sets, not within each set. Concerning the normalization of
the interaction strength, we follow the convention of Gross and Rosenhaus [131] and
choose the variance of the coupling constant to be !

J?(N4+ Np)

2Nz i 05 0aadpp
A" 'B

<]ij0tﬁ]i’j’a’ﬁ’> =

In this work, we will define N as the geometric mean of N4 and Ng, N = /N Np. We

can then rewrite Aj\;‘;jé\gB =(Vx+ \/LE) / N3, which makes the symmetry between x and
A"'B

1/x apparent. For clarity, this convention differs from the one used in Refs. [53, 57],
2
where Uijaplitjrarp) = ZIJW6i'i/6i’i’6j’j/6a'a,6ﬁ’ﬁ/ .
The model has a well-defined large-N conformal limit upon taking N4, Ng — oo,
keeping the ratio x = %—2 fixed. Rather than a single scaling dimension as in the stan-
dard SYK model, the two sets of Majorana fermions, A and B, have distinct scaling
dimensions, A4 and Ag. These depend on the parameter «, cf. Ref. [57], as
2A4 ( 1 )2
K= .
1-2A4 \tan(wA,)

(2.2)

For x = 1 we find A4 = Ap = 1/4, just like in the standard SYK model, although the
model is still different since not all Majorana fermions interact with each other. For
other values of «, both scaling dimensions interpolate between 0 and 1/2 while al-
ways fulfilling A4 + Ag = 1/2. Tunable scaling dimensions have also been found in
other variants of the SYK model e.g Ref. [58, 59, 128, 132].

2.2.2. Schwinger-Dyson equations

For the later numerical analysis to follow, one main input is required, the Green func-
tions. Hence we recapitulate the crucial steps in solving the model in the large-N
limit via the associated Schwinger-Dyson equations. For more details on the proce-
dure in the present context see e.g. Ref. [57]. In this part of the paper, the focus is
more on finding a reliable numerical implementation of the Green function that al-
lows to access the conformal limit. The crucial step is to consider the mean-field or
large- N limit. Compared to the conventional SYK model, we have to modify the limit
slightly. We take N4, Np — oo while keeping x = N,/ Np fixed. As in the conventional
case, there is one order O(1) diagram per species of fermions, the so-called ‘'melon’
diagrams. These are shown in Fig. 2.2. The diagrams contain the coupling J? to all
orders and exhibit an emergent conformal symmetry in the infrared, as explained
below.

Inote that this is the g = 2, f = 2 limit of Ref. [131]
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Figure 2.2: The diagrams that contribute to the self energies of A (top) and B (bottom) Majoranas in the
large-N limit. Wiggly (solid) lines denote A (B) Majorana propagators, and the dotted line indicates a
quenched disorder average ~ J2.

Imaginary time formalism

The discussion of equilibrium properties of the Schwinger-Dyson (SD) equations is
easiest carried out in the finite-temperature imaginary time formalism. The inverse
temperature is denoted as f = 1/T (% = kg = 1). For the two species, the SD equations
read

1
GYB(iwy) = : 2.3
o) = G ST (iwy) @9

where the respective self energies are given by

]2 1 A B 2
Zan) = ?(1 + ;) G“ (1) (G (T)) , (2.4a)

2
>5(1) = %(1 +10GB ) (GAm)°. (2.4b)

Here w, = (2n+1)n T for integer n are the fermionic Matsubara frequencies, whereas
7 denotes imaginary time. The Fourier transform between Matsubara frequencies
and imaginary time is defined according to

B .
G(iwn):f e G(r)dr, (2.5a)
0

G(1) = %Ze*"“’”TG(iwn). (2.5b)
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One can show analytically that the finite temperature imaginary time Green func-
tions are given by [57]

2A4
GA(1)

asgn(t)| ———

psin 7]

2Ap
) (2.6)

GB) b sgn(7)

where for a given «, the scaling dimensions A4 and Ap are related according to
Eq. (2.2).

As far as the overall constants a and b are concerned, it is found that only the prod-
uct ab is uniquely determined, and not the numbers a and b themselves. When we
assume that the self energy dominates over the free propagator, we can use the con-
formal ansatz in equations Eq. (2.4) and (2.3) for each of the A and B flavors respec-
tively. Naively, we would expect that the two equations are sufficient to constrain the
two unknowns a and b respectively, but it turns out the two equations are identical,
and only the product is constrained. The result is

1 J? 1 cot(mA4)
=t (1 —)271—1 v 2.7)
2
L 1w 2n WA 2.8)
2 1-27s

However, in the real system, at short times, the conformal ansatz is no longer valid,
and the free propagator wins over, and GA'B(1) should go as %sgn(r). This is suffi-
cient to uniquely constrain the short time dynamics of the model.

Numerically, we solve the Schwinger-Dyson equations in a self-consistent manner
by repeated evaluation of the Green functions and self-energies paired with an itera-
tion on an imaginary time grid running from 0 to 8. Egs. (2.5a), (2.5b) and similarly
for the self-energies here are recast in the form of discrete Fourier transforms, for
which there are efficient numerical algorithms such as Fast Fourier transform. To
achieve convergence, we use a weighted update of the Green functions according to
Ghew — X

e (1 - x)G°' with a small mixing parameter x; here Z(iw,) denotes

the associated self-energy calculated from G of the previous iteration.

In Fig. 2.3 we show the Majorana Green functions G*/8 (1) for J = 10 and for a vari-
ety of values of k. By fitting the numerically obtained G*'2 to Eq. (2.6) one can see
that the scaling dimensions indeed match the conformal results. Overall, we find
excellent agreement in the region 0 < 7 <« .
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Figure 2.3: Finite temperature Majorana Green functions GA'B (1) for BJ = 10 and several values of x.
Taking x — 1/x exchanges the A and B species, hence we plot only x = 1.

2.2.3. Real time formalism

The main goal of this paper is to numerically study the out-of-time-ordered corre-
lator (OTOC) in the b-SYK model. To compute it, we need the real time retarded
Green function as input. We first note the Dyson equation for the retarded propaga-
tor [23, 127,129, 133]

(GRw+i8) " =w+i5-3R(w+i6). 2.9)

We drop the A/B labels, unless explicitly required. The spectral decomposition for
the Green functions reads:

Gla) = f iy (2.102)
o T Z2—K
p) = -Im{G*(+id)}. (2.10b)

Since the self energies are well defined in imaginary time according to Eq. (2.4), we
can use Egs. (2.5a), (2.5b) and (2.10) to express Z(iw,) in terms of the spectral func-
tion. The analytical continuation is then done by replacing iw, — w + id, resulting
in

dwi dw-» d
SR w+i8) = —(1+1<)fffﬂﬂﬂpA(wl)pA(wz)pB(ws)

[n(w)n(w2)n(ws) + n(—wi) n(-w2)n(—ws)]
wW+i0—w; —wr— w3

(2.11)

)
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Figure 2.4: Left panel: the retarded Green functions Gf?” B(¢) for B = 10. The characteristic decay time-
scale is set by the conformal dimension A 4 p.
Right panel: the corresponding spectral functions, showing a strong dependence on .

where n(w) is the Fermi-Dirac distribution function. The expression for X4 is ob-
tained by changing A — B, and x < 1/x. In principle, the Schwinger-Dyson equa-
tions can be solved iteratively for Gﬁ, gl and pA/ B(w). However, nested numer-
ical integration is both highly inefficient in its usage of resources and numeri-
cally unstable. Instead, it is beneficial to rewrite it using the following decomposi-
tion which allows an implementation using only the discrete Fourier transform, cf.
Refs. [129, 134]. We can express the self energies as

2 &8 . .
Rw+io) = —i%(l+%)f dte' @O [t (nk(Hng(6) + ny(Ong(Hng (D)
0

(2.12)
2 0o . .
R w+id) = —i%(lm)fo dte! Ot [t (ki (nk () + ng(On;(On, (1],

(2.13)

where the function n;—; ;5 (1) is defined through

© dw, _;
”ﬁfg(t)=f_oo71€ 1o (@) n(xwy) . (2.14)

The retarded Green function and the corresponding spectral functions obtained
from the real-time/frequency iteration of the above SD equations are shown in Fig-
ure 2.4.

2.3. The four-point function

We now turn our attention to the four-point correlators of the b-SYK model, and in
particular to the out-of-time-ordered correlators (OTOCs). Before we have alook into
OTOCs themselves, we first discuss conventional four-point functions. In imaginary
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Figure 2.5: Diagrammatic representation of the matrix-kernel equation (2.16) at first order. Repeated ap-
plication of the kernel K generates all terms in .%

time, a general four-point function of Majoranas has the form [131]

F(T1,72,73,74) = Z< BaeoyPaa) v asl ). (2.15)
ijkl

The disorder averaging and the large- N limit taken together restrict the contribu-
tions to the four-point functions to stem from what are known as ladder diagrams.
These can be categorized into four channels, depending on the flavors of the incom-
ing and outgoing pairs of fermion propagators: AA-AA, AA-BB, BB-AA, and BB-BB. A
diagram with n + 1 rungs can be obtained from a diagram with » rungs by convolu-
tion with a kernel [76]. In the vicinity of the Ehrenfest time ¢z, this can be cast as a
self-consistent Bethe-Salpeter equation according to

Fap(T1,T2,73,T4) =dedT,Kay(Tl;T2rT;T,) Fyp(T,T,73,T4) (2.16)

where vy is summed over, and the Kernel matrix is given as (in imaginary time and a
regularized version in real time respectively)

2
Kay(Ty+++14) = — ]2( 3+ 1) GA(113)GA(124) (GB (134)) (1+1)GA(113)GA(124) (GA(T34)GB(T34)))

(141 GP(113)GB(120) (G130 GB(T30))  3(14%) GB(113)GP(120) (GA(734))

(2.17)

R _ 2 30+ LHGAnnGA) (GB(10) 1+ 1) GA)GA) (G (134 GE, (134)
Kay(tl ‘) =T B B A 1 B B A 2
(1+1<)G (13)GB (t24) (G (T34)GE (134)) 31 +%) GB (113) G (124) (G (834))

(2.18)

The indices «a, §,y refer to the flavors of the Majorana propagators on the external
legs. For example, Fy, refers to the AA-AA scattering and Fjo refers to BB-AA scatter-
ing. A diagrammatic representation of the matrix-kernel equation (2.16) is shown in
Fig. 2.5.

Quantum chaos is characterized by the Lyapunov exponent. Instead of looking at the
real time version of Eq. (2.15), we consider a regularized version according to

Fap(t1, 1) = 2ZTr o[Ya(t), YO]vP[Yalt2), Yp(0)]}. (2.19)

This regularized OTOC has the thermal density matrix p of the thermal average split
evenly between pairs of Majorana operators, and brackets [, -] denote commutators.
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Figure 2.6: Schwinger-Keldysh contour with two temporal folds (excursions to time ¢) and Majorana op-
erator insertions (red crosses) that represents the regularized OTOC in Eq. (2.19).

In diagrammatic language this means that the four point function is evaluated on a
double-fold Schwinger-Keldysh contour with insertions of the Majorana operators
as shown in Fig. 2.6.

This is a regularization not of the UV, but of the IR. Details on which of the many
possible choices of regularization and Schwinger-Keldysh contour one might pick
can be found in Ref. [79]. The key point is that for massless theories, which the SYK
universality class belongs to, all different regularizations give the same exponential
growth, even though the values of the actual OTOCs may differ. For the choice in
Eq. (2.19), the four point function in question will be generated by ladder diagrams
with retarded or advanced Green functions on the rails, and so-called Wightman
functions GW (1) = G(g + it) on the rungs. Formally, the latter are obtained by an
analytic continuation of the imaginary time Green function noted in Sec. 2.2.2. This
analytic continuation can be be performed with the use of the spectral decomposi-
tion, also known as a Hilbert transform. In total, one obtains the result

p(w)

G"(w) = )
2cosh %‘”

(2.20)

The late time exponential growth of the OTOC [73] can then be fit to the Lyapunov
ansatz
2, t2)
Fap(t, ) =e" P2 fup(t12). (2.21)

As opposed to the standard SYK model, each of the four different scattering chan-
nels might ostensibly have its own Lyapunov exponent. It turns out that this is not
the case. A detailed technical explanation involving the consistency of the Lyapunov
ansatz with a single exponent A is presented in Appendix 2.5.1.

A simple qualitative argument for a single Lyapunov exponent is that the scattering



2.3. THE FOUR-POINT FUNCTION

41

channels all feed back into each other. The AA-AA scattering amplitude also passes
through the AA-BB channel and then back into the BB-AA channel. This imposes a
sense of self-consistency between the scattering channels, which in turn forces them
to have the same late time Lyapunov growth.

2.3.1. Conformal limit

Taking the ansatz that all four Lyapunov exponents A,g are the same, i.e. Aq5 =1
allows us to make an ansatz for the growth equation. First, we will notice that the
equations for fyy and f1p decouple, and we get the same equations for the other pair
fo1 and fi;. In the conformal limit, following [19] we can use the conformal mapping
to obtain the retarded and Wightman Green functions from Egs. (2.6) to get

. 2A4

Go (1) =2acos(mA ) (ﬁsTh%f) (2.22a)
. 204

Gy=al——| 2.22b

w0 a(ﬁcosh%‘) ( )

and likewise for the B— fermions. The growth ansatz can also be made in analogy
with the regular SYK case:

2Aq+h
a%u(%)
t Bcosh(f2 %) n
(;OOE,:IZ;): P oy en |25 (2.23)
101412
b6, | —2Z—
b (ﬁcosh(ng%))

It can be noted that Eq. (2.23) is a way of rewriting Eq. (2.21) in a way that is con-
venient for the conformal limit calculation. %, and %), are hitherto undetermined
constants. The equations one needs to solve are then (the factors of % have been
chosen appropriately so that they scale away)

o1
e+ fo(115) = ?(1 + ;)[dtsdf4[Gﬁ(tls)Gg(l‘24)G€v(t34)2f00(t34)+
2G (113G (t24) Gl (134) Giy (134) fro (£34) | "3 (2.24a)
]2
e I¥ ) f10(t15) = 3(1 +K)fdt3dt4 [Gg(tls)(;}g(t24)G9v(ts4)G€v(f34)foo(t34)+
2Gh(113) G (124) Gy (£34)% fio(t3a) | "B+ (2.24D)

The way to solve these equations is to first represent the 34 part as an inverse fourier
transform, which factorizes the integral into a function that depends only on #3 and
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another function that depends only on #;, which can be separately integrated. One
can express the fourier transforms for powers of hyperbolic sines and cosines as an-
alytic continuations of the Euler Beta function

f dte =2“*IB(“_W,“”“’), 2.25a)
(cosh e 2 2
f dtet——— 00 =2“‘1B(a_lw,1—a). (2.25b)
—00 (sinh )@ 2
The result then is that
Co= M (Cy+2%p) (2.26a)
=M 2C,+6p), (2.26b)
where
_ (1-2A4)sinrA ) (T(1—2A)*T(2A 4+ h)
M= 7 T(2-2A4+h) 2.27)
,_ (1-2Ap)sin@2wAp) (T(1—2Ap))*T(2A5 + h)
M= 7 T2-2Ag+h) (2.28)

The equations Egs. (2.26) only have a trivial solution ¥4 = 63 = 0 if either of the
scaling dimensions are 0 or %, i.e, the x = 0 and x — oo models are not chaotic in the
strictly conformal limit.

For any other intermediate «, even infinitesimally small, Egs. (2.26) permit a solution
if

M-1 2H

det o' -

=0. (2.29)

We have solved this equation for h and the solution found is always % = 1 for any
value of x. This means that for the b-SYK model, it is always possible to increase the
coupling and lower the temperature sufficiently that the system always has a maxi-
mal Lyapunov exponent A = %”

For realistic couplings and not too low temperatures, one needs to observe the be-
havior of the Lyapunov exponent including non-conformal corrections to the Green
function by perturbatively including the iw term in the Dyson equation. If the cor-
rection to the Kernel is § K, and if we compute all the eigenvalues in the conformal
limit and call them k(h), the we can Taylor-expand k(h) about h = 1. The point is
now that k = 1 gives eigenvalue k(h) = 1, so we say that

kQ1+6h)=1+kK'(1)6h (2.30)
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Thus in order to keep the kernel having eigenvalue 1, the correction

(6Kg)y =6hKk' (1)

_ (6KR)
— 6h= 0 (2.31)

is the first non-conformal correction to the lyapunov exponent.

2.3.2. Numerical analysis for weak and intermediate coupling

Rather than take this complicated approach, the weak and intermediate coupling
limits can be analysed numerically. We can bring the kernel equation into the concise
form

2

A _ _
fap@) = |GRw+i7) (Kao * fop + Kar * fip) » (2.32)

where additionally a Fourier transform was performed. The ansatz function fus(w’)
is analyzed in frequency space, see below. We also denote the shifted frequency @ =
w+i % that enters in the retarded Green function. The latter is obtained from the
regular retarded Green function Gg(w + i6) that is calculated in Sec. 2.2.3 by use of
the Fourier shift theorem. The symbol x in Eq. (2.32) indicates a convolution with
the ansatz function f, 5(w). The part of the kernel elements I?ay (w) that contains the
Wightman Green functions is given by

sA+DF[GEm?] a+DHF[GE (G 1))

2.33
1+0F[GEmGL@]  1a+0F[(Gh 1)) (233

Kaplw) =J?

where § [-] represents the Fourier transformation.

Finally, note that Eq. (2.32) can be thought of as an eigenvalue problem for the ansatz
fap(w) in frequency space w with a block structure a, § due to the different kernel
matrix blocks according to

Joo(@) IGA@)*Koolw—0')  |GR(@)|*Kor (- 0 Joo)

fro)| |GB @ FPKpw-o) |GE@)PK(w-o) 0 fro(@"

forlw) | 0 0 |G (@)*Koo(w — ) |GA(w)|2K01 -0 | for @)

fii() 0 0 IGE (@) > Kio(w - ) |GB @K (-] [ firl)
(2.34)

On the finite frequency grid, the convolution operations naturally translate to matrix
multiplications. For a solution of f,g to exist, the matrix operator needs to have 1 as
its largest eigenvalue [19, 76, 122]. This is equivalent to saying that Eq. (2.21) is the
correct form for the late time behavior of the OTOC, and the Lyapunov exponent is
thus fixed uniquely.
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Figure 2.7: (Left) The Lyapunov exponent as a function of the coupling strength ] and for various values
&k = N4/ Np. For x > 0.7 and $J 2 300 the b-SYK model saturates the quantum chaos bound of A = 27/ .
The special case k = 1 has identical A as in the SYK model. (Right) The Lyapunov exponent as a function
« for various values of $J. We find that when x 2 0.5 then A is independent of k. The apparent downturn
of the Lyapunov exponent, as a function of x, can be attributed to the inability of the numerics when
the scaling dimensions for the two species are drastically different. In both figures, the grayed out region
shows where the numerical results should not be trusted.
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2.4. Results

2.4.1. Analytics and numerics

We now present and discuss the results of our numerical calculations and compare to
analytically known limits. This will reveal some limitations of the numerical method
rooted in numerous finite size effects. From the analysis in the preceding chapter, we
know that the Lyapunov exponent A is maximal in the conformal limit for all values
of x. Furthermore, we confirmed numerically that for x = 1, then A, as a function of
J, has identical behavior as in the normal SYK model. This behavior has previously
been studied in Ref. [19].

Numerically, we studied the behavior of A as a function of §J for various values of x =
N4/ Np. Figure 2.7 (left) shows the Lyapunov exponent A as a function of the coupling
BJ for a variety of values of x. The different values of x are encoded in the color
scale. We do not show values of k > 1 because they are equivalent to those for 1/x by
symmetry upon exchange of the species. The figure suggests that A for all curves with
kx = 1 are approximately the same. Smaller values of x seem to differ significantly in
their value of 1 (the gray shaded region is affected by strong finite size effects and
the results should not be trusted, see discussion in Appendix 2.5.3). We find that
the numerics allows to approach the fully conformal limit of the model, meaning
Al Amax approaches 1 in the strong coupling limit for values x = 1, in agreement with
our analytical results.

For intermediate couplings 8/, which is beyond the reach of any analytical treat-
ment, numerical calculations are more accurate [19]. Similar to Ref. [19], we find for
this regime of J, that the Lyapunov exponent decreases following a 1/J behavior. In
total, we find that for values of 0 « «x < 1, the Lyapunov exponent is mostly agnostic
to the population ratio .

It is instructive to analyze the x dependence in more detail. In Figure 2.7 (right) we
fix J and vary x (or A 4). We observe that the value of A is independent of x up to some
characteristic value of x, after which it begins to decline (grey area). We argue that the
downturn in A is an artifact of the numerical method we are using. Essentially we are
seeing a finite-size effect in that the time/frequency discretization in the numerics
is not fine enough. We have checked for isolated points that the gray area can be
pushed upon increasing the resolution.

An immediate question that follows is why the finite-size effects appear only for val-
ues of x away from 1. This can be understood upon considering the scaling dimen-
sions as a function of kx: decreasing x increases the spread in scaling dimensions
of the A and B Majorana fermions. This implies that one has to keep track of two
time/and frequency scales that we need to accurately capture with our numerical
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frequency-grid where the scaling limit of one of the two is pushed to larger times.
Getting a good resolution of that requires a finer frequency grid at small frequen-
cies. When « deviates too much from 1 this becomes increasingly costly in terms of
time/frequency steps. An extended discussion of the finite size effects in the two-
fermion Green function is given in Appendix 2.5.3.

2.4.2. Discussion and Conclusion

Having established that the Lyapunov exponent is independent of x, we can com-
pare our results to a similar model presented in Ref. [135]. In that case, the authors
find a Lyapunov exponent in the conformal limit which can be tuned by adjusting
the relative populations of the different species of fermions. In our model, we find a
stark contrast to this behavior. Instead, we find that our model’s Lyapunov exponent
is completely impervious to the relative number of fermion species. In the conformal
limit, aside from showing this result in an explicit analytical calculation, we can mo-
tivate the result in a physical way, as a sort of "proof by contradiction". If for example,
the A— flavor Majorana had a smaller Lyapunov exponent, the diagrams contribut-
ing to its four point function proceed by a pathway in which they scatter into two B—
flavor Majoranas, which would then propagate with the greater Lyapunov exponent,
before finally scattering back into two A— flavor Majoranas. This forces both flavors
to have exactly the same exponent, and a mathematical version of this argument is
presented in Appendix 2.5.1.

The two-point function of the Majoranas are characterized by their scaling dimen-
sion, which is quite sensitive to the relative population ratio x, so one would expect
that the four-point function as characterized by the Lyapunov exponent would de-
pend on «x as well, but we have shown conclusively that this is not the case for cases
of strong, intermediate and weak coupling, which is quite surprising. An interest-
ing future direction of study would be to consider what deformations should be in-
troduced to the theory in order to have a different Lyapunov exponent for the two
flavors of Majoranas.

The present work on the calculation of the Lyapunov exponent in the b-SYK model
shows that the features of emergent conformal symmetry and maximal quantum
chaos of the SYK model are quite robust to the couplings obeying additional internal
symmetries. Besides the particular model considered here, there are many setups
where parity, charge, spin, or general flavor symmetries of the underlying fermions
carry over to the interaction matrix elements [58, 108, 110, 128, 129]. The methods
used here readily carry over to those models and can be applied to the calculation of
Lyapunov exponents and, in general, to the analysis of Bethe-Salpeter equations.
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2.5. Appendix

2.5.1. Mathematical consistency of the Lyapunov ansatz

The following short consideration for the diagram piece .%o shows why we expect
only one ‘global’ Lyapunov exponent for all scattering channels. The other compo-
nents of the four-point function can be treated with exactly the same argument. The
starting point is

900(&&‘2)=fdt3dt4K00(l‘1,fz,l‘s,t4)900(l‘3,t4)
+ Kio(t1, b2, t3, ta) F1o(t3, 1) (2.35)
where we use the definition
f1o=1%x 1 t
12=1% 20
_ 1
I3a=1%x 3 34 . (2.36)

The factors of a half were included to keep the area element invariant under this
transformation, dtsdt, = didts,. After some algebra, for the ansatz fyo one finds

foo(t12) = ]2% (1 + %) / didt34Gh(113)Gh (124) [% (G;/;V(fm))z MMt fo (1) +
(GY (130G (130)) €107 40" fio (130 (2.37)
Now we Fourier transform according to
GY(t30) = f %e‘i‘”“m GY (a) . (2.38)

If we calculate a sample term fyo to illustrate the point,

1 1 : ~ dw : =
foo(@) =]2—(1+—)fdt1ze’wt12fdtfdt34f @ gmiwalt=t3(fi2=t50)
2 K 2

dwp _;, ;7 1 _
f_be i 1=T- 312500 GR (49 ) GR (@)

27
dow,

d(l)l o ’ ~ . ~ T
E[ﬁe Hwetw) s [Koo(wc)foo(w')e’loot Aot 4 Ryo(we) fio(w')etoi-Aot

(2.39)

we notice that there are three time integrations that result in delta functions, but 4
t-like variables. In the case of the first term in the square brackets, since it only ap-
pears in the combination (7 — 1), this eliminates a variable, and there are sufficient
constraints to make it only depend on w variables. However, in the new term com-
ing from flavor-mixing of the b-SYK, this is not true any more. This is a signal of a
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breakdown of the ansatz Eq. (2.21). We thus see that for consistency we must impose
that Agg = A19. By repeating the argument for the other components of .%, it can be
shown that all Lyapunov components should be the same, A;; = A, and that there is
only one Lyapunov exponent governing the behavior of the model.

2.5.2. Recovery of the maximal Lyapunov exponent of the reg-
ular SYK

At x = 1, the numerics reflect that the Lyapunov exponent of the model is the same
as the maximal value of regular SYK. This can be understood by looking at the kernel
Eq. (2.17). Atk = 1, the scaling dimensions of both the A and B majoranas become L
and hence G2(1) = GB(1) = G(1), the 2 point function of regular SYK. The kernel then
factorizes into the product of a function of the four imaginary times, and a constant

matrix.

1 2
K(T1--14) = —J*G(113) G(124) G(134)* (2 1) (2.40)

The constant matrix in question has eigenvalues —1 and +3. The latter eigenvalue
makes the kernel mathematically the same as the one for regular SYK, and hence
the Lyapunov exponent should be the same. Furthermore, it is for this reason that
the special case of x = 1 allows the kernel to be diagonalized in the basis of the con-
formal blocks labeled by h. For x # 1, the four components of the kernel transform
differently under transformations of the conformal group.

2.5.3. Finite-size dependence of two-point functions and Lya-
punov exponents

In this section, we briefly comment on the sensitivity of the two-point function to the
finite-size cut-offs introduced when numerically solving the Schwinger-Dyson equa-
tions for the b-SYK model. To solve the coupled b-SYK equations (Eq. (2.9) and be-
low), we discretize the semi-infinite positive timeline by introducing a long time cut-
off T and a finite number of time steps N inbetween. This introduces a discretized
time-step At = T/N and frequency step Aw = 27/ T. To avoid the discontinuities at
o =0and t =0, we choose a time grid that is t,, = At- (n+1/2), and similarly for the
frequency grid.

We can study of the effects of varying T and N on G2 (z).

In Figure 2.8 we show an example for x = 0.3, § = 10, and J = 10. We fix the number
of discretization points to N = 219 and plot GB (1) for several values of T. We have cut
off the plot at the first negative value of G5. In the plot, we observe two qualitative
effects of changing T First, upon increasing T, we find that the decay time (slope)
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Figure 2.8: The Green function GB(t) for x = 0.3, f = 10, J/ = 10. The number of discretization points
is fixed to N = 219 and the length of the time-grid T is varied. The figure shows that increasing T gives
a better estimate of the decay-time for the Green function, but if T is taken to be too high, numerical
accuracy of the Green function is lost. The sweet-spot is here at T = 3000. Black circles marks the position
of (the point before) the first negative G, and is an estimate of the size of the numerical noise.

of the Green function increases (decreases). Thus, increasing T, we allow GB(1) to
behave as if the time axis was really semi-infinite. One can perform a 1/T analysis
and finds that the lines have a well-defined slope in the T — oo limit.

Secondly, which is more subtle, we see that making T too large decreases the quality
of the approximation for G2 (t), with the optimal number being around T = 3000. We
arrive at this number by the following argument: In the plot, we only show G2 (¢) until
the first non-negative value (at time t¢). The solid-looking wedge shape that appears
just before the first negative number is the effect of numerical oscillations that (as G
decreases) become relatively more important. From the height where the “wedges”
disappear (black circles connected with an orange line), we can approximate the size
of this numerical error. By inspection, we see that the smallest numerical errors (and
also the largest t¢) happen for T = 3000. We can understand the loss by noting that
as T grows, then (for fixed N) At also grows. In the inset of the figure, one can see
that at T = 30000, At is so large that it even affects the continuity of the curve GB(p).

Choosing the appropriate T, is thus affected by the range of the Green function de-
cay, which in turn is affected by «, the ratio between the two species. In the numerics
that we present in the main text, we worked with a fixed N and T, which are good
when x = 1 but not when « is increasingly asymmetric. Errors in the two-point func-
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tion will propagate and influence the calculations of the Lyapunov exponent and ex-
plain why we see the downturn of 1 at a characteristic value of .







A BCS-Josephson Wormhole

in coupled superconducting
Yukawa-SYK metals
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Abstract

We show that two Yukawa-SYK models with a weak tunneling contact can have an ex-
otic superconducting hybrid thermofield-double-like state holographically dual to a
traversable wormhole connecting two black holes with charged scalar hair. The hy-
brid thermo-field-double/wormbhole state is distinguishable by anomalous scaling
of revival oscillations in the fermionic Green’s function, while the BCS-like super-
conducting condensate is responseless. The existence of this TFD/wormhole state
surprisingly shows that the some quantum critical effects can survive the phase tran-
sition to superconductivity. It also suggests a more strange metallic TFD/Josephson
wormhole can exist correlated with superconductivity at strong coupling, where
Cooper pairs persist above the critical temperature.
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3. A BCS-JosSEPHSON WORMHOLE IN COUPLED SUPERCONDUCTING
YUKAWA-SYK METALS

3.1. Introduction

The realization that the quantum critical strongly correlated groundstate of the
Sachdev-Ye-Kitaev model is in the same universality class as the groundstate of holo-
graphic models of charged anti-de-Sitter black holes has opened up a wide avenue to
study exotic gravitational questions with quantum-mechanical Hamiltonians. One
such question is the existence of traversable wormholes. Maldacena and Qi [105],
based on an earlier work of Gao, Jafferis and Wall [136] and more recently oth-
ers [60, 137-145], showed that (marginally) relevant tunneling interactions between
two such SYK Hamiltonians could induce a phase transition to a finite temperature
“wormhole” state as the temperature is lowered. The quantum mechanical under-
standing of this transition is as follows. At high temperatures, where tunneling is
minimal, the state of the coupled system is arbitrarily close to two independent de-
coupled thermal ensembles at high temperature — holographically dual to two black
holes

1 _
par=—5 3. e Py o)y, nl . 3.1
B M2

The density matrix can also be written as a state in a doubled system

1 _ _
2BH)p=—7 3 e PEN+ER) |y, g , (3.2)

B ny,nz

where |77) = |®n) with © an anti-unitary symmetry of the SYK model (usually CPT).
As one lowers the temperature and the tunneling becomes stronger the thermody-
namically preferred state is a different one. This is the state close to the maximally
entangled so-called Thermo-Field-Double state — holographically dual to a worm-
hole connecting the two black holes

1 g
IWH) = TED)g = ——Y_e” 25|n, 71) (3.3)
Zﬁ n

N7

Here Zg =3 e PEn is the partition function of a single SYK model.

Macroscopically it is a first order transition driven by the relevancy of the tunnel-
ing interaction, but the telltale sign of the wormhole is more subtle than a macro-
scopic order parameter. When the high temperature state is in the strongly corre-
lated regime such that it is the finite temperature extension of the quantum critical
SYK groundstate dual to a black hole, rather than a thermal gas of free quasiparti-
cles, the low temperature “wormhole” state can remember this critical origin in that
its spectrum can be better explained as a perturbation of its quantum critical spec-
trum rather than a perturbation around a free system. Specifically, the near-AdS;
symmetry group (time-reparametrizations modulo PSL(2)) that defines the quan-
tum critical state of a single SYK system, continues to determine the spectrum of the
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coupled system even when the groundstate changes to the TFD/WH state [105]. This
deformed N-AdS, spectrum has a uniquely characteristic fixed spacing between lev-
els similar to that of a harmonic oscillator: Ej, = Egap(1+ %n), n € N, with the ground-

state energy Egap ~ A7 proportional to a non-perturbative non-analytic fractional
power of the tunneling strength 1 in terms of the IR critical scaling dimension A of
a fermionic excitation. This fixed integer spacing in units of ¢ is observable in char-
acteristic revivals in a linear response probe, as convincingly shown in subsequent
numerical simulations [134, 143, 146, 147]. From the dual holographic gravitational
perspective this revival is a perturbation that has fallen into a black hole, traveled
through the wormhole and back. One should be careful: Revival-signatures in linear
response can have many origins and not all revivals are dual to a signal traversing a
wormbhole. The key aspect is the non-analytic dependence of the gap Eg,p and the
spacing AE = Egap/A on the relevant tunneling strength A. Even within these SYK-
models, if this relevant coupling becomes strong, the system still shows revivals. But
as the system has now crossed over to a free-fermion state, the gap and the level spac-
ing underlying the revivals are now an integer analytic power of tunneling strength.
It is just a reflection of the regularity of the underlying standard free particle har-
monic oscillator spectrum. Fig.3.1A summarizes this phase diagram of the 2BH/WH
transition in quantum critical SYK models.

However theoretically appealing, in actual physical systems quantum critical states
are rare. Moreover, experimentally they are fragile and extremely susceptible to de-
cay to a conventional ordered state, usually a BCS superconductor. It is conjectured
that in 2D systems this is in fact always the case [41, 42, 148]. The SYK-like quan-
tum critical systems are essentially 0D quantum dots, but 2D extensions can pre-
serve many of its features including the N-AdS; like structure of its groundstate [33].
Some of the fragility of this quantum critical grounstate is suppressed by a large N-
limit, but some is also by construction. In particular the simplest SYK models do not
preserve time-reversal symmetry and singlet Cooper pairs are not stable enough to
form a long range coherent state. More realistic models must preserve (some) time
reversal symmetry to allow pairing. One such model is the Yukawa-SYK model con-
structed in [24]. This is a quantum critical superconductor with a tunable pairing
strength and T, whose condensate is not controlled by the density of states at the
Fermi surface [24, 149]. In particular, the charge neutral critical state with no Fermi
surface is already unstable towards superconductivity. It is able to do so as the den-
sity of states is large even at charge neutrality, which allows a macroscopic conden-
sate to form. For a large part of the phase diagram this superconductivity indeed
prevents the emergence of quantum criticality, but this view has been challenged
recently in Ref. [150].

The question we address in this article is whether the exotic revival physics dual to a
wormbhole state persists in tunneling contacts between such more realistic SYK mod-
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els as Yukawa-SYK that do exhibit superconductivity. Naively one would think not,
in accordance with the wisdom that superconductivity prevents quantum critical-
ity. The onset of superconductivity gaps the low-energy spectrum and this ought
to destroy to characteristic fixed level spacing responsible for the wormhole revival
physics. The loophole is that in these models superconductivity is tunable and a
window may exist that nevertheless allows for a sufficiently regular spectrum that
a wormhole like state survives. The holographic gravitational dual of such a state
would be a wormhole with a scalar condensate also known as scalar hair. An ar-
gument in favor that such state could result from this construction is the fact that
the thermofield-double state is a formal purification of the straightforward thermal
mixed state of a single YSYK model. It must therefore exist, and perhaps the better
posed question is whether this protocol contructs the TFD-state as the groundstate
of the coupled YSYK system.

In this article we report that this indeed turns out to be the case and the loophole
is realized — in a particular way. There exists indeed a strongly entangled tunnel-
ing contact state between two superconducting YSYK systems that nevertheless has
a low-energy spectrum controlled by the N-AdS; of the critical state. Pictorially this
is represented in Fig. 3.1B. The particularity of this state is that the regime where
this state is found is one where superconducivity manifests itself in the fermionic
spectrum by the BCS-like opening of gap. Qualitatively, this means that Cooper
pairs condensate immediately upon binding and there are no uncondensed bound-
fermion states in the spectrum. The “wormhole” state is therefore the honest TFD
of the fermionic excitations on top of the BCS-like groundstate. This is in contrast
to a more BEC-like superconductivity where bound states form first, exist as in-
dependent asymptotic excitations in the spectrum, and only condense at a lower
temperature. In the fermionic spectral function this manifests itself as a depletion
of the gap/growth of a peak at finite energy, as is observed in real high T, strange
metals for instance [151-155]. The TFD/“wormhole” state of such a system would
have the same formal form as Eq. (3.3), but now the energy states would contain
both fermionic and bosonic excitations. In principle the YSYK model we study has
a regime where such BEC-like superconductivity occurs [24]. However, generically
this originates from an impurity-like normal state above T, and not from the quan-
tum critical state holographically dual to black holes. We have therefore not studied
this here.

Tunneling contacts between superconducting systems — a Josephson junction —
are of course an enormously well studied and useful arena of physics. As the Joseph-
son current is the tunneling of Cooper pairs, an immediate question is whether the
Josephson current can also show revivals characteristic of a “wormhole”. Even if
quantum in origin, the dominant Josephson effects are macroscopic thermodynamic
manifestions: they are captured by the Landau-Ginzburg free energy. The universal-
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Figure 3.1: Schematic phase diagram of two coupled Yukawa-SYK systems without (left) and with super-
conductivity (right). When superconductivity is suppressed, there is a first order phase transition at fixed
A < Agyk for T ~ A. There the system transitions from a intermediate temperature T < Tgyk state of es-
sentially two decoupled thermal strongly correlated SYK systems holographically dual to two black holes
(2BH), to a low temperature thermofield double state with specific cross-correlations holographically dual
to wormhole (WH). At very high temperatures T > Tgyk or very high tunneling coupling A > Agyk the
coupled system is in a free fermion phases that are smoothly connected to each other. When supercon-
ductivity is included. The above is valid for an intermediate value of the averaged Yukawa-YK-coupling in
terms of the bare boson mass ggyx/ w3'2 ~ 0.5, the two-black-hole phase first becomes a two essentially
independent superconductor phase, holographically dual to two hairy black holes (2BH-SC). This state
crosses over around the value of the putative 2BH/WH phase-transition to a excitation spectrum on top
of the superconducting groundstate that is characteristic of the thermo-field-double/wormhole state.

ity of the latter precludes any significant change in observational responses due to
an underlying TFD/wormhole state. We confirm this by a computation of the DC
Josephson current in the TFD/wormbhole state. Similar to non-superconducting SYK
models, the manifestation of the wormhole is more subtle. A more fine grained anal-
ysis of Josephson physics may reveal other effects in addition to the single fermion
revivals. We leave this for further study. Nevertheless, as the superconductor-
superconductor wormhole is supported by a tunneling interaction, to christen it the
BCS-Josephson wormhole seems apt.

Section 3.2 describes the YSYK model, the tunneling interaction coupling two YSYK
models and the effective Schwinger-Dyson equations controlling the large N-limit
of the model after disorder averaging over random four-fermion interactions. Sec-
tion 3.3 describes the TFD/wormbhole state when superconductivity is artifially sur-
pressed to connect with earlier coupled SYK wormhole results and set the stage for
Section 3.4 where we exhibit the existence of the BCS-Josephson wormhole, i.e. a
thermodynamic phase transition to a superconducting TFD-state. From the free en-
ergy of the total system we compute the DC Josephson current to show that it is not
affected by the underlying state change as could have been surmised by the fact that
the TFD-state is thermodynamically in the same phase as the ordinary BCS state. We
conclude with a brief outlook in the conclusion Section 3.6.
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3.2. Two Yukawa-SYK models with a tunneling con-
tact with shared disorder.

The Yukawa-SYK model describes a quantum dots with N flavors of spin-% fermions
and M flavors of bosons with Hamiltonian [24]

V2
(7% + wi?) + ~ Zk; 8ijkCl CioPr - (34)
1]

N =

N N M
Hesw=—nY ¥ ey, + )
k=1

i=lo=1,|

. . . ! . "
In a single instance of the model the complex couplings g; jx = 8k t18;) areran-
domly drawn from an ensemble with zero mean and variance

a
<g;jkg;mn> =(1- E)gzakn((sil(sjm +5im6jl) !
a
(81k8lmn) = 5 8 kn(®:18 jm = Oimd 1),

(8 k8lmn) =0- (3.5)

For a =1 the hermitian matrix g;;x = (gx);j is in the Gaussian Unitary ensemble;
for a = 0 the matrix is real and in the Gaussian orthogonal ensemble. The model is
solvable after averaging over the ensemble and taking the double limit N — oo, M —
oo with k = M/ N fixed. For a = 1 the system has a quantum critical SYK groundstate
for any value of the chemical potential ¢ and boson mass wg with scaling dimensions
Ay and Ay, for the fermions and bosons respectively that are fixed by

20p+Ap=1,
La-apra—-@as+a,) __zr(%—Ah)r(%—zAf) 56
TA+ApTG +25+4p) rAprEsy) - '

(see Appendix 3.7.1). For a < 1 the theory has a time-reversal preserving sector and
allows for pairing and a stable superconducting phase. In particular, at a = 0 for
a small range of g ~ w(g)/ 2 the phase diagram (Fig. 3.2) has a small window where
the onset of superconductivity occurs from the finite temperature extension of the
quantum critical Yukawa-SYK N-AdS; state holographically dual to a black hole [24,
26-28]. We shall choose the model with @ = 0 at charge neutrality p = 0 with that
value of g/ wg/ 2 = 0.5 and hold these fixed throughout this study; we shall also choose
x = 1 throughout. What shall be important later in Section 3.4, is that for this value
the onset of superconductivity manifests itself in the fermionic spectral function by
the opening of a gap (Fig. 6 in [24]), i.e. bound fermion states immediately condense
and the spectrum of excitations does not contain bound-fermion states.

The two coupled system configuration that allows for entangled TFD phase at low
temperatures is constructed by coupling two identical Yukawa-SYK models, i.e. with
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Figure 3.2: The phase diagram of a single Yukawa-SYK model with couplings drawn from the GOE from
[24]. FF is a free-fermion phase; BH is the finite temperature version of the quantum critical N-AdSy SYK
groundstate dual to a black hole. SC is the superconducting state which has a crossover from BCS-like
SC to BEC-like SC as g/w3/ 2 increases. At high temperatures for large g the model is controlled by an
impurity fixed point. The dashed line denotes the value of the disorder-averaged coupling g/ a)3 2205
we use in this in article such that the normal phase right above the superconducting transmon is the
quantum critical/BH phase.

the same random coupling constants before disorder averaging, together with a sim-
ple tunneling interaction. The joined model is then described by the following action

S=5W(gijkl + 8@ (gijk) +Se,

S91g; k) = f ercT‘“ () (0 - (“)(r)+2<p(“)(r) (-6% + wd) ' (1)

+§ dr ¥ gijectiy @@ @@ @),
ijk,o
Se= f er}LcT( '@+ A e @ (@) 3.7)

Other tunneling couplings such as boson-boson tunneling S = [dr ]gb(l)(,bf) or cor-

related two-fermion tunneling S = fdrg; j kglmchw (T)C(z) (r)c};g,) cl(?, + c.c. are pos-

sible. By dimensional analysis, such terms are less relevant in the IR. As a sim-
ilar study for complex SYK models has shown [147], there is still a transition to
a TFD/wormhole state, but is weaker, at lower temperature and harder to detect.
Moreover, such boson-boson and correlated multi-fermion tunnelings are also dy-
namically generated at subleading order in 1. We will therefore not consider such
couplings here.

The coupled system is solved by disorder averaging over the couplings g; j that are
identical in subsystem (1) and (2) in each instance of the ensemble. Introducing bilo-
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cal fields
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k

through their respective self-energies X ;;, ® 41, [1,55 as Lagrange multipliers, one can
perform the path-integral over the fermions. The resulting effective action in terms
of these bilocal fields has a set of Schwinger-Dyson equations as saddle-point equa-
tions. Using the fact that the original action Eq.(3.7) has a Z, mirror symmetry
19 where 6 is the phase of the tunneling coupling A = |A]e??,
the large N, M saddle-point Schwinger-Dyson equations can be expressed in terms

c1 — cef ¢ — e

of Gy = Gi11 = G22,Gpyq = Gi2 = 2?19 G,y ete only. Assuming time-translation invari-
ance in addition, they are

Zap(1,7) =kg°Dap(1,7) Gy (1,7),
Dup(1,7") = —(1 — QK g* Fup(1,7) D (1,7"),
Map(1,7") = =28 [Gap(T,7)Gpa (T, 7) = (1 = ) Fap (7, 7) Fpa (7, 7)]

. -7
Gn Fn Gp Fp iwy —Zn - -A=Z12 —Pp
Fu Gu Fz Grf_| -®n iwy—Z11 -y A =21
Gor For G Fo —A*=Zy —Dy iwy—Zo — D9 '
Fy; Gy F G —®y A=201 —®y) iwy — 2o
. . . . -T
Dy (ivy) Dia(ivp)| _ [vE+w5—TI1(ivy) M2 (ivy) 3.9)
D21(ivp)  Daa(ivy) Il21 (ivy) v+ i —Tloa(ivy)) ’
Here G(iw,) = —G*(iw,) is the Green’s function for spin down fermions in the

Nambu basis. In the fermionic matrix equation all self energies are evaluated at the
Matsubara frequencies X ;3 (iw,), P45 (iw,). Details of the derivation are given in the
appendix 3.7.1.

3.3. The YSYK-TFD/wormhole for the metallic nor-
mal state

To show that the N-AdS, quantum critical point of the time-reversal symmetry break-
ing non-superconducting version of the YSYK model has a TFD/wormhole state in
the weak tunneling configuration of two coupled systems, we first study the coupled
system with superconductivity suppressed. It is metallic for all temperatures. For
this we set a = 1 which breaks time-reversal symmetry completely. The Schwinger-
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Dyson equations simplify to

detG = (iwp + p—Za)* — A+ Zoq)?

. iwp+u—24
G =1 =
a(iwn) detG
. (/l"'zod)
G = o4
0d (10n) detG

detD = (v4, + wj — T z)? — (,q)?

vfn +w3 —I4(ivy)

D,(i =
a(ivm) detD
. Hod
D =
0d(1Vm) detD
2(0)a(1) =x8* D(0)a (1) G0 (T)
H(0)a(T) = —28° G0)a (1) G(gya (~T) (3.10)

Note from the last two equations that the interacting part of the Schwinger-Dyson
equations for the off-diagonal components is just a copy of the interacting part of
the Schwinger-Dyson equations for the diagonal part and that they do not mix. These
equations can be solved numerically in imaginary time and Matsubara frequency.

We first delineate the phase diagram of the coupled metallic @ = 0 YSYK system as a
function of T and the coupling strength A already sketched in Fig. 3.1A. At high tem-
perature, when T > Tsyx ~ g%/w3 for any A the system is in a nearly free fermion
phase, where the interactions g and tunneling A only give small perturbative cor-
rections to the free fermion Fermi-Dirac density matrix state. The diagonal Green’s
function is well approximated by G4(7) ~ —% sgn(7) at small time scales. Correspond-
ingly, G4(iwy,) ~ ﬁ as seen in the high frequency tail of the inset in Fig. 3.8. This
represents the situation in which the fermions are essentially separately free in each
dot.

For very large A this phase continues to extend to lower temperatures as well. For
A> g%l wg the tunneling coupling is more dominant and essentially acts as an “off-
diagonal” mass term between the two systems. After diagonalization one expects a
gapped state with Egap ~ A and this gap prevents a flow to a quantum critical state.
The diagonal Green’s function shows this gap and has a long time behavior for ﬁ <

7 < B that, as behoves a nearly free fermion system, is well approximated by turning
off the self-energies in Eq. (3.10)

o0 (T)_f“’ dw iw
AT oo 21 (iw)? — A2

1
== sgn(r)e M, (3.11)

See Fig. 3.3. This represents a situation when the fermions just occupy the ground
state of the cross coupling part of the hamiltonian, but are otherwise free. When
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Figure 3.3: For large A > g2/ w(z), the diagonal fermion Green’s function has a gap that scales linearly with
A, and is well approximated by Eq. 3.11.

analytically continued to the real axis, the spectral function would simply represent
a quasiparticle pole at +A. Formally this is the same phase as the high temperature
phase as it simply the irrelevance of mass at high temperatures as is reflected in the
smooth deformation of the one Green’s function into the other.

At small A < gzlwg there are different phases. Now the YSYK coupling g is more
important. From dimensional analysis, it can be expected to become important at
an energy scale of Tsyx ~ g2/ w(z) Below this temperature a single YSYK system is in
the finite temperature version of the quantum critical state, rather than a perturba-
tively interaction free Fermi gas. This is the state that is holographically dual to an
AdS; black hole [156]. Including only a weak tunneling coupling A the full state of
the coupled system will still be very close to each of the two YSYK systems being in
its own finite-T-QC/BH state Eq.(3.2) when the temperature is still on the high side
T Z A. This is what the numerics shows. In Fig. 3.4 the orange curve compares the
full two YSYK numerics to a single YSYK model at T > A. The diagonal Green’s func-
tions G4(1), Dg4(7) are indistinguishable from the single YSYK model one. The off-
diagonal Green’s functions are significantly smaller indicating some communication
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Imaginary time Green’s functions for A = 0.05
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Figure 3.4: Imaginary time Green’s functions at on lowering temperature at fixed A in the metallic state.
The dotted lines show the exact numerical solution to the one-sided model, i.e. when A =0, at the corre-
sponding temperature. These figures indicate that in the wormhole phase, off-diagonal correlations are
enhanced and diagonal correlations are suppressed. The insets show the frequency dependence of the
respective Green’s functions.

but suppressed by the smallness of the tunneling coupling.

The numerics can also confirm more precisely that it is the single YSYK QC state and
its emergent conformal symmetry that is seen. At low frequencies, T < v < g2/ w%
the diagonal Green'’s functions scale with a power law

G(1) ~ (3.12)

’

D(1) ~ (3.13)

|T|2Ab :
In these equations, A and A, are the scaling dimensions of the fermions and bosons
in the single YSYK model respectively, given by the solutions to Egs. (3.6). Fig. 3.4
inset shows this powerlaw behavior in the numerically exact solutions for this case.

On further lowering temperature to T < A atlow A < g2/ w(z) the state with power law
correlations changes over into a state with exponentially decaying correlations in a
first order phase transition. This is shown in the green curves in Fig. 3.4. This is a
phase transition driven by the tunneling coupling as predicted and as can be seen
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by comparison to the single sided YSYK Green’s function for the same variables. The
new state is the TFD/Wormbhole state characterized by a gap and a linearly periodic
spectrum E = Egap (1 + %n). The gap is directly visible in the single fermion Green’s
functions in their exponential decay at large times

Gy(r) ~e 17, (3.14)

The size of the gap y is controlled by A and its leading functional dependence can be
understood from the scaling properties of the tunneling interaction as a perturbation
of the quantum critical state [105]. In the bilocal formulation of the action this term
is (see Appendix. 3.7.1 Eq.(3.43))

Stunnel :dedT,AGIZ(T;T,) , (3.15)

and hence at the quantum critical point A ~ A>72%/ where A is the RG scale of the
theory. Hence just below the transition we expect the gap to scale as

YAl ~ AT (3.16)

This scaling is indeed seen by extracting the gap y from the logarithmic derivative
of the single fermion Green’s function G;(7) in the long time regime for various 1
at fixed T <« A in the TFD/Wormhole phase: Fig. 3.5. The single boson Green’s
function exhibits the same gap D ~ e”!" as there is only one energy scale that can
be constructed using A consistent with the dimensional analysis of Eq. (3.15). As
can be seen from the insets in Fig. 3.5, although the scaling of the exponent y with
the coupling A is according to Eq. (3.16) for both the bosons and the fermions, the
numerical prefactor is different for the two cases.

1
This specific non-analytic scaling of the gap y ~ A%?57 with the tunneling strength
is the first indication that the gapped state obtained after the phase transition is in-
deed the TFD state holographically dual to an an eternal traversable wormhole(WH)
geometry. The more detailed prediction is that the spectrum also has linearly spaced
excited states. This would be very clearly visible as peaks in the frequency spectrum
in numerical solution to the real time Schwinger-Dyson equations. Though in the
real time numerics in Fig. 3.8 we can clearly see the gap development in the emer-
gence of a single peak as temperature is lowered from T > A to T <« A, no other
peaks are visible for the parameters and accuracy with which we are able to solve the
system. This is in contrast to the results for Majorana and complex-SYK in [134, 147]
where these excited states are clearly visible in the spectral density p ~ —ImG. How-
ever, we are able to see signatures of precisely these linearly spaced excited states
in the numerical solution to the imaginary time Schwinger-Dyson equations. The
imaginary times numerics are more stable and we are able to compute at much lower
temperatures where thermal broadening plays less of a role. For a system with well
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Figure 3.5: Scaling of the gap with the cross coupling A. Panels(a) and (b) show the diagonal fermion and
boson green’s function respectively for x = 1 and A = 0.42 respectively. Panels (c) and (d) show the same
scaling upon changing the effective slope by increasing « to 10, and hence reducing A to 0.193. There is
good agreement between the expected 1 b= scaling based on dimension analysis to the exact numerical
solution. The insets show the exponential behavior of the respective Green’s functions, and the window
marked with the purple dotted lines indicate the region where the fit was performed for each data point
of the main panels.

defined asymptotic states that only interact locally the asymptotic Greens function
in imaginary time at very low temperature will take the form

*E()T *E] T *EZT

G(1) ~ ape +ae +ase +... (3.17)

Here Ey, E1, Ey, ... are the energies of the lowest excited states. Fig. 3.6 shows that
subtracting out the dominant contribution of the gapped groundstate with Ey = cA
shows a clear remaining exponential decay whose exponent should be proportional
to Ej = ¢(A +1). We know the analytic value of A = 0.42037... for these parameters,
see Appendix 3.7.2. From this we can extract ¢ = Egqp/A and predict E; = c(A+1).
The predicted slope is up to two digits accurate with the fitted slope; see Fig. 3.6.




66

3. A BCS-JosSEPHSON WORMHOLE IN COUPLED SUPERCONDUCTING
YUKAWA-SYK METALS

B = 5000 A = 0.001

100 p— T —T T
1L | First slope v = 0.0046iO4
‘ c=7/A=001095 :
3 next slope at ¢(1 + A} = 0.01556
10-2% Fit second slope = 0.01541 4
— 1073 E
£
<
= 10—4 L .
1075k 3
107k 3
1077k
0.0 0.2 0.3 0.4 0.5
T/B
Exact numerics fit with slope 0.01541
—-—- fit with slope 0.004604 —-- Sum of two exponentials
— First Remnant Second Remnant

Figure 3.6: First subleading exponent in the imaginary time numerics. The vertical dotted lines of each
color indicate the window at which the fit of the corresponding color was performed.

This is a strong second sign that the state at T < A for 1 < gzlw% is indeed the
TFD/wormhole state of the YSYK model.

In coupled Majorana [105, 134] and complex SYK models [147] the physics under-
lying the diagonal Green’s functions jump from power law to exponential decay is a
first order phase transition. In the gravitational dual this is a so-called Hawking-Page
transition between a two black hole configuration and a wormhole. As the gravita-
tional dual of quantum critical ground state of the non-superconducting Yukawa-
SYK and Majorana and complex SYK models are essentially the same, we expect the
same here. This is what we find and is illustrated in the free energy of the coupled
YSYK system shown in Fig. 3.7. Though not perfectly discontinuous, the derivative
of the free energy exhibits a clear jump. Furthermore, while for temperatures away
from the critical point, the numerical solution is unique upon annealing both up-

LFitting multiple exponentials is notoriously difficult and small fitting adjustments can result in large
changes in the value of the exponent. A visible cue is the residuals after the leading exponential(s) is/are
subtracted. The remainder needs to extend at least for a small window into the previously fit region with
no kink at the edge of the fitting region, as a sign that the data was not overfit.
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Figure 3.7: Free energy as a function of temperature for A = 0.05. The dashed gray line represents an
estimate of the wormhole transition temperature, when the Green’s functions cross over from power law
to exponential decay. For this value of A, our numerical solution was unique at every chosen value of the
temperature, save a couple of instances close to the transition, where it shows mild hysteresis. This is
delineated in the right panel which shows the difference in free energy between the solutions obtained
from annealing from high to low temperature (Fg7_1), and low to high temperature (Fy_ 1), by using as an
initial guess at each step the solution obtained at the previous step.

ward and downward in temperature, there is a hysteresis near the phase transition
indicating that it is indeed first order. The hysteresis is small and not as sharp as in
simpler models, but it is clearly there. It is supported by our observation that in our
numerics the iterations take longer and longer to reach the convergence threshold
for temperatures very close to the transition, as the system struggles to find the true
ground state.”

We note that the YSYK TFD/wormbhole solution can also be obtained alternatively in
a smooth manner by starting from the nearly free fermion thermal state FF at large
A> g2/ wé butlow T « A described above, and then reducing 1. No phase transition
is seen. Instead the 1gap dependence on A changes smoothly from 5 ~ A +...asin

Fig.3.3 to Yy« ~ A***/ exhibited in Fig. 3.5.

3.4. Inclusion of superconductivity: the BCS Joseph-
son wormhole

We now probe whether this YSYK TFD/wormhole state survives the inclusion of
superconductivity. To do so we turn on the possibility of a non-vanishing pair-
condensate (F) # 0 by setting a = 0. For simplicity we shall first look at the spe-
cific model where the phase of A = [Alei is set to vanish: 6 = 0. In this case, both

2At very low temperatures and very small A however, we find that the annealing in temperature is not
sufficient as a numerical procedure to find the true ground state as the difference in free energy between
the two distinct minima become smaller than the precision with which we can calculate our numerical
solutions.
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Spectral functions for A = 0.01

T T T T T ] 60
40
E 20
23
oy 0
&
I —20
—40
0 C 1 1 1 1 1 ] _60
—0.04 —0.02 0.0 0.02 0.04
w w
T T T 0.3 T T T
20r ] 0.2F ]
10F 1~ b E
3 01

-SDf(w)
o
s
-—
DI
o
(=]

—10F 11 —01fF |
20k 1 —0.2 B
L L L —03 L L L
-1.0 —-0.5 0.0 0.5 1.0 -1.0 —-0.5 0.0 0.5 1.0
w w
— B=280 B=120 — B=160 — B =200
B=100 — B=140 — B =180

Figure 3.8: Temperature evolution various spectral functions in the model. The wormbhole state is char-
acterized by two symmetrically placed split peaks, but the black hole state is characterized by a smooth
spectral function with the quantum critical form.

sides are identical to one another — there is an explicit mirror symmetry ¢; < ¢, and
the superconducting state will also be mirror symmetric under this symmetry. In a
spatially extended system, this would correspond to the situation where the phases
of the superconducting condensates in both of the subsystems are by construction
aligned.

Fig. 3.9 shows the exact numerical solution to the saddle point equations now in-
cluding the presence of the anomalous propagator terms F; and F,;. For the pa-
rameters we studied we know based on the time-reversal symmetry breaking a = 1
model roughly at which temperature to expect the transition to the TFD/wormhole
state. We have specifically chosen parameters g/ wg’ 2 = 0.5, such that this descent
into superconductivity happens from the thermal quantum-critical state holograph-
ically dual to a BH (see Fig. 3.2). From the single sided YSYK model we also know
that for these parameters this superconducting transition temperature is higher than
the TFD/wormhole transition temperature: T, > Trrp. The question therefore is
whether after the transition to superconductivity there is still a transition/crossover
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Figure 3.9: Superconducting solutions to the two sided model. The solid lines show the full solution to the
two sided model, and the dashed line shows the numerical solution to the one sided model. The two are
almost identical to one another.

to a TFD/wormhole like state as one lowers the temperature further.

The numerics indicate that this is so, but the identification is tenuous. The issue is
that the superconducting state is also characterized by a gap in the single fermion
spectral function G4. So is the wormhole state, as we have shown. In neither case
is this the single defining characteristic, but we can determine whether the robust
spontaneous symmetry breaking gap, or the fragile remnant quantum criticality in-
duced gap is the physics that the numerics shows. The full Green’s functions in
Fig. 3.9 show that the coupled YSYK system indeed first transitions to a supercon-
ducting state — the appearance of a non-vanishing order parameter A = |Fd (r= O+)|
in the right column. At this time the asymptotic behavior is not yet recognizable
as the exponential decay corresponding to a gap. This is so, because for the value
g/w3'? = 0.5 the gap develops BCS-like by opening up and is very weak for T < T¢
[24]. For T <« T, one does clearly see a gap in the green curve in Fig. 3.9. This is
also the regime where one would expect the TFD/wormhole gap to arise. The gap
that is present is the ordinary BCS superconducting gap, however. This follows from
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Figure 3.10: A remnant of the wormhole can be seen if one subtracts the one sided Green’s functions from
the diagonal Green’s functions of the two sided tunneling coupled model.

a direct comparison with the result for a single sided YSYK model at the same pa-
rameters, but absent tunneling (1 = 0). Fig. 3.9 shows that the dominant exponential
scaling is the same.

The indication that this is nevertheless also a TFD/wormbhole state follows removing
the contribution of the superconducting component. Taking the difference of the
coupled YSYK model with the single-sided YSYK model with no tunneling shows that
a distinct subleading exponential form remains in the single fermion response G4
of the coupled model; see Fig. 3.10. This residual exponential in the single fermion
response can be compared with the leading exponential of the TFD/wormbhole state
in the absence of superconductivity. The exponent of the remnant exponential decay
in the superconducting state is within 10% of that of the TFD/wormhole value. We
can understand this through a simple Landau-Tisza two-fluid model. A fraction of
fermions on the superconducting sector form pairs and enter the condensate. The
other fermionic sector parallels the a = 1 non superconducting TFD/wormbhole state
discussed in Sec. 3.3, and also holds some spectral weight, as is illustrated in Fig. 3.10.

Numerical accuracy prevents us from testing more firmly whether the supercon-
ducting state below T < Twy is indeed a TFD/wormhole state built on a BCS-
groundstate with higher excited states which should also follow the wormhole pat-
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Figure 3.11: The anomalous propagators mostly just follow the one sided anomalous propagators, except
for a small shift in magnitude. In the green curve, one sees a dip because the difference changes sign, and
the absolute value is plotted on a log scale. The shift in magnitude is to be expected because in one case
A #0, and this changes the magnitude of the solutions, but does not change the qualitative form.

tern. Our knowledge of ordinary BCS superconductors, however, supports that this
only slightly changed first excited state can be taken as a convincing signature of the
equivalent state of the TFD/wormbhole state in the non-superconducting model.

The excitation spectrum above the BCS-groundstate does not contain any finite en-
ergy Cooper pair excitations. All low energy excitations are based on the (dressed,
gapped) fermionic excitations in the theory. The TFD state of a BCS-like supercon-
ductor will therefore formally be very similar to the TFD state of a gapped fermion
system without superconductivity.® This is indeed what our numerics shows, in that
the single fermion Green’s function of the coupled superconducting YSYK model are
the made up of a weighted sum of the one-sided superconducting model and the
two-sided non-superconducting YSYK model.

It is further supported by studying the anomalous Green’s function F; (7). Here the
subtraction of the single sided response leaves a remnant that simply follows F(tr) of
the one sided model but with a much smaller magnitude - this just means that its

30f course in a real superconductor this simplified picture does not hold completely. There are order pa-
rameter fluctuations supported by gradients. Such order parameter fluctuations can always be excited at
finite temperature. Correspondingly a TFD state for these should exist. The SYK model is a quantum dot
and there are no spatial gradients that can support a finite phase space of order parameter fluctuations.
The simplified notion therefore does work here.
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magnitude is shifted by a small constant, but with the function containing no addi-
tional structure. We also observe that the off-diagonal terms of the anomalous prop-
agator F,;(7) are numerically vanishingly small. The condensate sector is therefore
completely equivalent between the single sided YSYK model and the tunneling cou-
pled model, i.e. the condensing Cooper pairs are well formed separately on either
side, and there is no cross-condensation or cross-excitation tunneling. In particu-
lar this means there are no (observable) excited states in the pairing channel, or any
indication of pair-tunneling physics.

From the gravitational perspective it is perhaps surprising that certain excitations —
single fermion — can traverse the wormhole and others — Cooper pairs — cannot.
At this stage we have only shown the single fermion response function, and not the
Cooper pair response function. This would correspond to a four-point function in
terms of elementary fermionic excitations. In the large N limit in which we compute
and which is the limit in which a dual gravitational description emerges, such a four-
point function is suppressed at order 1/N. Formally at the order we work there are
no correlations whatsoever between Cooper pairs. This absence of correlations thus
matches the microscopic YSYK perspective. At the same time it also indicates that
a true answer whether the wormhole supports Cooper pair tunneling and revivals
requires this four-point function computation. We leave this for future work.

From this microscopic viewpoint one would also expect Cooper pair tunneling and a
Cooper pair TFD/wormbhole state in a BEC like superconducting state where Cooper
pairs can exist as uncondensed excitations. This regime exists in YSYK models for
larger g/ wgl 2 ~ 1 identifiable by the fact that the superconducting gap fills as T in-
creases, rather than closes [24]. The issue is that in this regime the metallic state
is not the quantum critical groundstate gravitationally to a two-sided black hole.
As revivals can arise for many different reasons and it is precisely the level spac-
ing in the spectrum inherited from the quantum critical state that we use to iden-
tify the wormbhole, it is not clear how we could identify a BEC-like superconducting
TFD/wormhole.

At very large A, we do not find any evidence of superconductivity, even down to the
lowest temperatures that we can reach in our numerics. This can be understood
because the metallic state in this case is a conventional gapped free fermion state at
charge neutrality. There is no macroscopic density of states at zero energy; there is
no density at all. There is no reservoir for Cooper pairs to form or condense.

3.5. A standard Josephson current

This observation that the TFD/wormbhole state of the coupled model is built on a
direct-product groundstate of two essentially independent condensates with no ob-
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servable overlap suggests that its Josephson physics is standard. This is indeed the
case. It is a well known trick in the conventional BCS Bogoliubov-deGennes formu-
lation of Josephson physics that the external phase difference can be moved to the
phase of the tunneling coupling A (see e.g. [157]). This follows from the fact that
a change of variables ¢, — c;e’? can be compensated by a change in A — Ae™ .
Thanks to the earlier mentioned mirror symmetry, this remains a solution to the
saddle point equations, this change of variables will simply change the phase of the
saddle-point solution of the second anomalous Green’s function F,, — FzzeZie W.I.L.
to the first anomalous Green’s function. If the two superconductors are connected
by a (metallic) ring-like configuration as well 8 equals the magnetic flux through the
loop in units of the superconducting flux quantum 2—'2 (set to unity in our conven-
tions). A sudden quench of Ae?® — A then sets up a configuration where the BCS
condensate in the second system differs by a phase, but this is no longer the exact
groundstate. The relaxation to the groundstate is the Josephson current.

The one difference between the YSYK model and the conventional BCS system is that
the mean-field kinetic part of the action also has non-neglible contributions to the
off-diagonal Green’s functions. This is due to the strong coupling nature of the the-
ory at low energies. These off-diagonal Green’s functions must all be directly propor-
tional to the tunneling coupling A: They vanish when A = 0. In the protocol to set up
the Josephson configuration, these off-diagonal Green’s functions must therefore in-
stantaneously follow the quench that rotates the tunneling coupling. To clarify what
we point out, recall that the Josephson Hamiltonian for two coupled conventional
mean-field BCS system whose free energy gives the Josephson current is

e(k) 0] A 0 C11

+

() —e(k) 0 -A c

HBcs-BdG-Josephson(k)=(CIT ) c; 021) 2t 0 ek)  De2i0 C;
0 AT o —eh) g

(3.18)

The Josephson configuration for the coupled YSYK system has for the kinetic part of
the action following the insight that all off-diagonal Green’s functions are slaved to
the quench in 1e?? — A.

iwn _Zd —‘Dd —/I—Zod _q)od

~-®dy iwp—24  —Pog A—=Zod
S¢=—Indet ; 3.19
f nde -A-Zod —®yq iwp,—24 —e2’9q)d ( )

_(i)od /l—iod _e—ZiGé)d iwy —id

The kinetic part of the action Eq.(3.19) is the only term in the full two sided action
that depends on the Josephson phase. The other terms are explicitly gauge invariant,
as is evident from inspecting Eq. (3.42). The phase dependence of the free energy can
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Figure 3.12: Magnitude of the various self energies in the superconducting state. In the first two panels, the
solid lines indicate the real parts and the dotted lines indicate the imaginary parts. The different curves
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Figure 3.13: The schematic phase diagram of the coupled superconducting Yukawa-SYK system for

g/ wg/ 2 = 0.5and a = 0. The system first transitions to from the strongly coupled finite temperature critical

state (2BH) to a superconducting state (2BH-SC) in a second order transition. While superconducting the
system crosses over at an even lower T to a superconducting TFD/wormhole state. It is no longer a first
order transition. The right shows that the free energy has a continuous derivative at the putative transition
temperature Tyyyg - the inset is a zoom-in of the main panel near Tyyy.

therefore be written as

F = —% Y In(fo(Z,A,0p) + f2(Z,4,0,) 0820 + g2 (2, A, wp,) sin26) (3.20)

Wn
with f> and g just extracted from Eq.(3.19).
o= (I)Z( - Zod%dzfi + Z;d 2D4Z0q —ZqDoq) + 2/12@,1 —2A®,qRe (Z;) +4AD, Re (Zpq)
+2iwDoqRe (Zoq) — 2iw20d®od)

* * * * . %12
— @D} (ZaZhy +Zod () * + D@Ly * +2ARe (Zg) +2iw (Zod — Re (Zoq))) — P24 (@),

8 =i (Poa®y" — PP ) (ZaZiy+ZodZy+Pa® g+ Poq®); +2ARe (£4) —2wIm(Zoq)) -
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Figure 3.14: DC Josephson current as a function of the phase angle. It should be noted that in this figure,
the angle on the x-axis is the phase that was introduced on the complex hopping parameter A, and the
physical phase difference between the left and the right superconducting order parameters is 26. In the
right panel, we also show the temperature dependence of the critical current, which is a measurable phys-
ical quantity.

The term g» in the free energy is perhaps not familiar. However, it is generic if time-
reversal symmetry is broken [158]. Our model preserves time-reversal, and explicit
substitution shows that it vanishes as ®,; = 0 (Fig. 3.12. There is a tiny value of order
1077 for ®,4(0) which is numerical noise.)

We can further simplify f, by observing in Fig. 3.12 that the off diagonal self energy for
the pairing @4 is vanishingly small (numerically several orders of magnitude smaller
than the others). In that case, we can simply set ®,,; = 0 in Eq. (3.20) to obtain

F _%Zln(fo(z,/l,wn) + fo(Z, A, wp) cos26), (3.21)

Wn
with
o =210 A+ Zoal?. (3.22)

This formula does not assume weak coupling, and enables us to obtain a non-
perturbative expression for the Josephson current, and we can see that X,; acts as
avertex correction to A. Substituting in our previously calculated values for the vari-
ous quantities, we can evaluate Eq. (3.20) and its derivative to calculate the Josephson
current from the Josephson relation 1(0) = 8¢9.% . The results are shown in Fig. 3.14.

3.6. Conclusion

It remains remarkable that the notion of holographic duality allows in principle the
study of exotic (quantum)-gravitational phenomena through ordinary strongly cou-
pled systems. The more difficult prerequisite is that such a system must also be
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quantum critical. Those are not only rare, but often fragile and unstable. The most
prominent instability is superconductivity. In this article, we have studied the cou-
pled quantum critical Yukawa SYK model to understand how this instability might
affect the exotic “wormhole” state that can exist in tunneling-coupled systems at low
temperatures. This wormhole is the holographic gravitational description of a state
that is very close to the thermo-field-double. The in-laboratory generation of the
TFD-state is of its own interest to study entangled systems.

One clear qualitative way that the TFD/wormbhole is visible is in the development of
a gap in the single fermion spectrum. This is also one of the primary ways supercon-
ductivity manifests itself. The TFD gap inherits special properties from the quantum
critical groundstate, whereas the superconducting gap is an ordinary robust BCS ef-
fect. With the notion that superconductivity usually wins from quantum criticality
[148], the guess would be that there is no visible TFD/wormbhole state in the coupled
superconducting model. We have shown that this is only partly true. The supercon-
ducting groundstate of the coupled model is indeed indistinguishable from the un-
coupled model. The Cooper pair condensate lives independently on either bound-
ary, and there is no Cooper tunneling visible in “Wormhole” revival in the fermionic
or bosonic Green’s function. Direct Cooper pair tunneling could be expected in a four
point function, but this is formally suppressed in the large N-limit in which the grav-
itational dual description is appropriate. Nevertheless, we find that the wormhole
state still lives on as a subleading effect even in the superconducting state at temper-
atures when the metallic state would have transitioned to the TFD/wormhole state:
We see a remnant exponential of the same decay constant as the metallic state at that
temperature when the superconducting component corresponding to the single side
model is subtracted out.

Since the coupling term in the action is identical to the electron tunneling in met-
als and superconductors, we use this model to non-perturbatively (in the cross cou-
pling) calculate the Josephson current in the superconducting phase, and we find
that it is quite ordinary. The temperature dependence of the critical current is com-
pletely smooth at the temperature in which the normal state transitions to the worm-
hole/TFD state. We conjecture that the superconductivity only lives separately on the
two sides owing to the fact that for the configuration we study the Cooper pairs are
composite particles which as in BCS theory immediately break apart on excitation in
the weak coupling superconducting phase, and are hence unable to be putinto a TFD
state. At strong coupling, however, the one-sided Yukawa SYK model shows a BEC-
like gap filling [24]. This means Cooper pairs exist in the spectrum as uncondensed
bound states which should be partially occupied at finite temperature. It therefore
has the required ingredients for forming a TFD state of Cooper pairs. The challenge
there is that for these strong coupling parameters at finite temperature above T, the
normal state is not described by a thermal quantum critical state dual to a black hole,
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but by an impurity-like fixed point, which is not holographically dual to any known
geometry. It is therefore not clear whether the TFD state which ought to exist fulfills
the conditions to be also seen as a macroscopic semi-classical wormhole state. We
leave this as an open question for future study.
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3.7. Appendix

3.7.1. Derivation of the effective action

Starting from the bare action, we will obtain the disorder averaged theory by per-
forming the average over the couplings g; k. As discussed in the main text, we are
interested in both the TRS broken (GUE) and TRS preserving (GOE) states to study
the metallic and superconducting states respectively. We will thus interpolate be-

tween the two with the a parameter, which can be thought of as a pair breaking term
in the superconducting state. To a certain extent, this parameter can also be used to
tune the superconducting transition temperature, details of which are discussed at
length in [27]. We will use the following lemma to do the disorder average in the «
interpolating ensemble (for Hermitian O; jx = O}L.i i as the case is here)

1 a. _, 2 1la , + )2
_Z(I—E)g ( l]k+0”k) +Z(E)g (Oijk_oijk)
(3.23)

a =0is the GOE and a = 1 is the GUE. The required terms in Eq. (3.23) for our model
are

e Lijk8ijkOijk — exp{— Z
ijk

(O,]k+0”k) =Yy d‘rfdr PP PP ey el @ £ ¢ @ el @]
a,boad’

1+(b)

io’

[*”(r)c(b)(r’)w (T)c(b)(r)] (3.24)

At this point, the following insertions of identity can be used to formally rewrite the
action in terms of the collective G — X variables [34, 159]

:f PGPz [N T I T DR @], ) (3.25a)
:f@F@d) e*%[*NFf;;la(r',mzicj.g’(r)c;?,(r’) égg,(r,ﬂ, (3.25b)
1]:f@pgq)e—%[—Nﬁg,“o(r’,er, o )(T)Cf(b] (T)]q)ab’(”) (3.25¢)
1= f 9DITI e—%[MDZ’“(T’J)—ZWEC“)(T)sbf')(r’) H‘”’(m’). (3.25d)

We can write the interaction part of the action

_ M _
g PEY Y [ar [arpa s 6ok w6l om0 - @ F e FD o)
abo,o’

(3.26)
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This effective action is now quadratic in the boson and fermion terms, and they can
now be integrated out to give

S= f CZED DI ICEIC] [CREE A ISR SES A SIERICD

- io’
i 0,0 ab

+(a) +(D)

1 , 1
+ Ecl(g) D@L, (1, 7)) + 5Clio @Y, (r,7) ¢t (1)

1
+ 5¢§f) (1) [(—03 +03)0ap0(T—-T) -1 (7,7) | ¢V (r)) - NG22 (¢, 1242, (r,7)
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Mg* b b b ab b
+TD“ (r,7) [Ggo,(r,r/)GU?U(T',T)+(1—a)F(‘TlU,(T,T’)FgU,(‘r,T’) . (3.27)

At this point, we can perform the sum over the spin indices by imposing spin sym-
metry and simultaneously putting to zero all terms that do not appear in a form con-
sistent with singlet pairing.

Ffb, ) =F@,7) (3.28a)
Ffb @, =-F"@' 1) (3.28)
FiPa, ) =F"a,7) (3.28¢)
Fﬁb(r,r') =—Fbae’ 1) (3.28d)

We illustrate this with the example of the Lagrange multiplier term (3.25b), and it
follows similarly for the rest.

o io! ’
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We can use the definitions Egs. (3.28) and also define a new function for a singlet
form of the ® field

_ Y (1,7 - Db 1)
HD (7,7 = M . 1) , (3.30)

to obtain
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Likewise, we can also obtain for the ®, F terms using the definition

. d)“b(r r’)—fbb“(r 7)
O (r, 7" = 2 (3.32)

to get

_NFb(, mzc*” D @) (3.33)

fdrd‘r Z@“b(‘r )

ab

The relationship between F and F is as follows. For Grassmann numbers, (0,62)* =
0507, where * denotes complex conjugation. On the saddle point, one can take the
complex conjugate of Eq. (3.31) and match it to the constraint given by Eq. (3.33) to
get

(Fab,7))" = B, (3.34a)

(@“b(r,r’))* =P 1) (3.34b)
One can also note that Eq. (3.34a) for matsubara frequencies implies

(Fb Gwm) " = B (o (3.35)

For the Lagrange multiplier terms that contain the electron and hole propagators,
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Spin symmetry at the saddle point in this case is the requirement that G%’T“(T’ ,T) =
Gf’l“(r’, 7). This can be naturally imposed by the same Lagrange multiplier constraint
in Eq. (3.37) if we pick on the saddle point

G’ 1) = -G (1,7 (3.38)
$ab(r,1")y = —zba(d! 7). (3.39)

If we assume G’ (1) and D’ (1) to be real, then this implies that 2*?(r) will also be
real on the saddle point, and then we can write

Slw,) =-2*(iw,). (3.40)
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The sum over spins can also be performed in the disorder averaged interaction term
above, and we get

Mg? ~ .
:_2g Y f drdt' D (1,7)| G (x,7)G" (7', 1) + G (1,7)G" (', 1)
ab

—2(1-a)FP*@', 1) F(1,7)|. (3.41)

We are then left with the
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The trace-log term is just spelled out for completeness as

sf = Z —Indetk,

Wp
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The Euler-Lagrange equations for varying the action with the self energy variables
are calculated using the trace-log identity

s(trlnM) = tr(M~' 6 M)
= M6 Mg,

StrinM
§Mﬁa

=M - (3.44)

to arrive at the Schwinger-Dyson equations in the main text.

GPe@' 12 1,1y + GPA(r, 1) EP (1, 7) + FPe (!, )0 (1, 7)) + FP4 (7', 1) D (7, r)]
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3.7.2. Conformal limit of the one sided Schwinger-Dyson equa-
tions

The Schwinger-Dyson equations in this case are the limit of A = 0, and are the replica
diagonal solutions to the action in Eq. (3.42). They are simply written as

(1) =x g2 G)D(1) (3.45a)

(1) = = -2g*G(1)G(-71) (3.45b)
1

G(zwn) T(lwn) (3.45C)

D(iv,) = . (3.45d)

V4 + w3 —TI(iv,)

The model is self-tuning to criticality [24], i.e the boson modes soften in the infrared.
This is the condition that at zero temperature, I1(w = 0) = w(z). The Dyson equation in
the fully conformal limit, where the self energy wins over the free propagators are

-1=Gw)Z(w), (3.46a)
-1 =D(w)I(w). (3.46b)

In the infrared, they can be solved with the zero-temperature conformal ansatz

sgn(t)

G(t)=b———, 3.47
) WY (3.47)
D()=d N (3.48)
These can be Fourier transformed using the identities
f dr Sgl’l(T) sz 1 a\/— ) |a lsgn(w)’ (3'49)
f dr L gior —gl-a (2 _)|w|“‘1. (3.50)
7| r'($)
We then get
(Ar+Ayp))
S(w) =k g?bd i2'” Z(Afﬂb)\/_# w?Ar A0l son () (3.51a)
F(2+Af+Ab)
T'(3-2A¢)
M(w) = 2g°b* 2" 47 i —2——|w|*47 ! 3.51b
(w)=2g v T2, |l (3.51b)
Ira-Ay)
G() = hi2" 2% yi———L |2 sgn(w) (3.510)
r(2+Af)
I'(3
D(w) = d2' 28/ —2 P! (3.51d)

F(A)
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Egs. (3.51) and (3.46) together imply that

ZAf +Ap=1, (3.52)
TA-AAT(A=(Ar+A rG-aprd-2a

. (1 ) (1 By +8p) _  TG-ApI(G-28)) 3.53)
LG +ANT(GG +Af+Ap) F(ApT(2Af)

For x = 1, these equations are solved by Ay =0.420374, and Aj = 0.159252, and for
x = 10, these are solved by Ay =0.193052, and Ay, =0.613896.

3.7.3. Numerical details

In order to obtain the wormhole solution at low temperatures, it was essential to
pick a good starting ansatz for the iterative procedure. For this purpose, we started
with the large A free fermion solution, and implemented an annealing procedure
by successively solving the Schwinger-Dyson equations for lower and lower values
of A by using the immediately previous solution as a seed. In order to stabilize the
iteration procedure, it was also essential to mix in some of the Green’s functions at
each previous step as is standard in literature as

G w) = x TG (iwn) + (1 - )Gl (wy) (3.54)

and similarly for the rest, where T represents the operator corresponding to one it-
eration step
iw, -,

TG, = — (3.55)
T iwp - 22— (A+Z! )2

The X refer to the self energies calculated using the G'. We keep repeating this it-
eration process until the two norm between the Green’s functions calculated in suc-
cessive iterations is smaller than an error threshold €;;,. We use a constant mixing
parameter x = 0.01. Since the difference between successive steps itself depends on
what x is chosen, the renormalized threshold %h must be chosen small in compari-
son to 1. This can be easily seen in the following way.

”Gi+1 _G

=HxTG"+(1—x)G"—G"H

:xz

' -6, (3.56)
and the criterion that we need for convergence to be achieved is that | TG’ — G'|| < 1.

In the numerics unless otherwise specified, we always work in units where the boson

mass w% is set to 1. Additionally, in all calculations, the Yukawa SYK coupling g was

set to 0.5.







Kondo effect in Twisted
Bilayer graphene

Attribution

This paper has been previously published in Physical Review B, under the title Kondo
effect in twisted bilayer graphene, together with Dmytro O. Oriekhov, Andrew K.
Mitchell and Lars Fritz [106].

Abstract

The emergence of flat bands in twisted bilayer graphene at the magic angle can be
understood in terms of a vanishing Fermi velocity of the Dirac cone. This is as-
sociated with van Hove singularities approaching the Fermi energy and becoming
higher-order. In the density of states this is reflected by flanking logarithmic van
Hove divergences pinching off the central Dirac cone in energy space. The low-
energy pseudogap of the Dirac cone away from the magic angle is replaced by a
power-law divergence due to the higher-order van Hove singularity at the magic an-
gle. This plays an important role in the exotic phenomena observed in this mate-
rial, such as superconductivity and magnetism, by amplifying electronic correlation
effects. Here we investigate one such correlation effect - the Kondo effect due to
a magnetic impurity embedded in twisted bilayer graphene. We use the Bistritzer-
MacDonald model to extract the low-energy density of states of the material as a
function of twist angle, and study the resulting quantum impurity physics using per-
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turbative and numerical renormalization group methods. Although at zero tempera-
ture the impurity is only Kondo screened precisely at the magic angle, we find highly
nontrivial behavior at finite temperatures relevant to experiment, due to the complex
interplay between Dirac, van Hove, and Kondo physics.

4.1. Introduction

The properties of two-dimensional monolayer systems are strongly modified by
stacking two layers with a relative twist, the so-called moiré effect in twisted bi-
layer systems [160]. In particular, twisted bilayer graphene (TBG) exhibits peculiar
properties at specific ‘magic’ twist angles [83, 92, 93, 103, 161-166]. One character-
istic of the system at these magic angles is that the non-interacting band structure
contains almost-flat bands. This leads to a dramatic enhancement of the density of
states (DoS). Consequently, electronic interaction effects are boosted, favoring the
appearance of magnetism and other correlated phases, for example superconduc-
tivity [92, 93, 166-176]. Away from the magic angle in TBG, the slightly modified
Dirac cones of the single layers persist [160], giving a low-energy linear pseudogap
DoS. However, pronounced van Hove singularities [177] (vHs’s) dominate the band
structure at higher energies, leading to logarithmic divergences in the DoS. Experi-
mentally, it was recently shown [178] that as the magic angle is approached, the vHs
divergences in the DoS move to lower energy, pinching off the Dirac cone from ei-
ther side in energy space. At the magic angle, the vHs divergences in the DoS merge,
and a single higher-order vHs [83] (HO-vHs) emerges, yielding a stronger, power-law
divergent DoS. This is a characteristic feature of the emergent flat bands in this sys-
tem. The enhanced effect of electron correlations due to the HO-vHs in the bulk TBG
material has been studied theoretically [93, 101, 166, 168] and confirmed in scanning
tunnelling spectroscopy (STS) experiments [179, 180].

Detailed information on the electronic structure of new materials can also be ob-
tained by exploiting defects or impurities as in-situ probes [181]. The nature of the
electronic scattering from impurities in a system is strongly dependent on the band
structure and DoS of the clean host material, and can be probed either locally at
the impurity site by STS [182, 183], or by collecting momentum-space information
through quasiparticle interference (QPI) measurements [184]. For quantum impu-
rities such as magnetic adatoms [185, 186] or single-molecule magnets [187], the
impurity spin degree of freedom generates additional spin-flip scattering, which is
boosted at low temperatures by the Kondo effect in standard metallic hosts [188].
The Kondo effect itself depends sensitively on the local spin-resolved DoS of the host
material, and hence such ‘Kondo probes’ can provide additional electronic structure
information [189, 190] or be utilized for quantum metrology [191]. Aside from the
spectroscopic and QPI signatures of Kondo physics in metals [186], the Kondo effect
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has been studied in a range of other unconventional materials, including monolayer
graphene [192-195], topological insulators [196], Dirac and Weyl semimetals [197],
ferromagnets [198, 199], superconductors [200, 201], and spin liquids [202-204] —
each giving its own distinctive response. In particular, for Dirac systems with a low-
energy pseudogap, the depleted conduction electron DoS is known to suppress the
Kondo effect [194, 196, 197] (although it can be revived upon doping [205]).

By contrast, in the case of TBG, one might expect Kondo correlations to be strongly
enhanced by the flat bands and diverging DoS close to the magic angle. The study of
Kondo physics in TBG, and how it evolves with twist angle, is the topic of this article.
We find that magnetic impurities are sensitive probes of the nontrivial band structure
of the material, and we uncover rich thermodynamic and spectroscopic signatures
that rapidly change on approaching the magic angle.

Specifically, we consider a single, interacting Anderson impurity embedded in the
TBG host - see Fig. 4.1a. The clean TBG material is modelled using the Bistritzer-
MacDonald (BM) model [103], which we discuss in Sec. 4.2. We focus on the role of
the vHs’s and their evolution with twist angle. The model shows an intricate interplay
between different DoS elements: metallic, Dirac pseudogap, vHs log-divergence, and
HO-vHs power-law divergence. In Sec. 4.3 we review the physics of the Kondo model,
emphasizing the different limiting behaviors arising in the metallic, pseudogap, and
log-diverging or power-law diverging DoS needed to understand the compound DoS
structure in TBG. Finally, in Sec. 4.4 we present full numerical renormalization group
(NRG) results for an Anderson impurity in TBG in the vicinity of, and at, the magic
angle. We focus on thermodynamic quantities such as the impurity entropy as a
clear means of identifying the different fixed points and emergent energy scales. We
furthermore study the energy-dependence of the local impurity spectral function,
which is relevant to STS experiments. We conclude in Sec. 4.5, commenting on the
suitability of magnetic impurities as in-situ probes for the physics of TBG near the
magic angle, and an outlook for experiments. Technical material is given for refer-
ence in the Appendices.

We note that the Kondo model we consider in this work is completely different from
recent studies of TBG as a heavy fermion problem [206-209], where the quenched
kinetic energy of the flat band lends itself to being treated as an immobile lattice
of impurities. In those works, the correlated local moments are a part of the TBG
lattice itself, whereas here we consider additional adatom impurities coupled to the
TBG host. The effective impurity models and corresponding electronic hybridization
functions are rather different in these two cases.
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Figure 4.1: (a) Schematic representation of a magnetic impurity on the surface of the twisted bilayer
graphene host material, with inter-layer twist angle 6. (b) Vanishing vHs saddle point scale E; (top) and
determinant of the saddle point Hessian (bottom) as the magic angle is approached, showing how two
vHs's coalesce into a single HO-vHs. (c) Evolution of the clean TBG density of states for different twist
angles near the magic angle at 0 = 1.05°. Vertical dashed lines indicate the energy of the dispersion saddle
points E;, which determine the van Hove singularity locations.

4.2. Van Hove singularities in the Bistritzer-
MacDonald model

Before considering a Kondo impurity in TBG, we first analyze the clean host material,
focusing on how the vHs’s affect the band structure and local DoS. In the first part of
this section we briefly recall the details of the Bistritzer-MacDonald (BM) model of
TBG and its particle-hole symmetric limit. The original derivations were performed
in Refs. [103, 161, 210]; further details are provided in the Appendices. In the sec-
ond part, we analyze the formation of flat bands from saddle points and discuss the
detailed structure of the lowest energy bands.
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4.2.1. Particle-hole symmetric
Bistritzer-MacDonald model

To describe TBG with a small twist angle 0, it is necessary to take into account both
the intralayer hopping parameter t for each of the individual graphene layers, as well
as the interlayer tunneling w. In the following we take these to be ¢ = 2.87eV and
w = 0.11eV, as used in Ref. [103]. The twist angle between the layers generates a
Moiré pattern with an emergent superlattice structure. For small twist angles 0, the
characteristic Moiré length scale Ly is given by Lg = V3al[2sin(0/2)] with a = 1.42A
being the interatomic distance in monolayer graphene. The corresponding effective
low-energy Hamiltonian near the K point of the Moiré Brillouin zone (MBZ) has the
form [103, 210],

h¥ (k) wTy wT wT;

2

wT  hE, (k-qu) 0 0
H(k) = Tz 4.1

(k) wT) 0 hE, (k- q) 0 @1
-2
wTy 0 0 hX, (k—q3)
-2

The wave vector k is measured relative to the K point, and the Hamiltonian acts
on 8-component wavefunctions ¥ = (V/O,k,WI,krWZ,k:WS,k)Tr where ¥k is a two-
component spinor in the A-B sublattice basis in the top layer, and /1 2 3) x. are spinors
in bottom layer at wave vectors k — q,(, 3. Here hg (k) is the effective low-energy
Hamiltonian of single layer graphene near the K point, in a coordinate frame rotated

by angle ¢,

0 ei(ek_‘p)

K —
hd) (k) - kVF e_i(ek_(»b) 0 (42)

Here, the angle 6} measures the orientation of the momentum relative to the x-axis,
= | k|, and the Fermi velocity is vr = 9.3 x 10’ cm/s. The wave vectors q; 3 con-
necting K-points of the top and bottom layers are,

q1 = kg{0,-1}, (4.3a)

qz = kg{ } (4.3b)
=k L 4.3

qs = Kp —7 3 (" (4.3¢)

with Moiré wave number, kg =|q;| = \f sm(g).

Finally, the interlayer tunneling matrices Tj(,3) are expressed in terms of Pauli ma-
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trices, viz:

Ty =140y, (4.4a)
o \/§U

T=1-—_-2"21 (4.4b)
2 2
Oy \/ga'y

Ta=1-—=+ . (4.4¢)
2 2

The Hamiltonian Eq. (4.1) captures the essential physics of TBG and correctly pre-
dicts the first magic angle at 8 = 1.05°. At the K point of the MBZ one finds that the
lowest energy bands have a Dirac cone dispersion with an effective Fermi velocity,

1-3w?/ (hvpky)?
1+6w?/ (hvpky)?

Vp = (4.5)

which vanishes exactly at the magic angle, where hvrky = v3w.

In the following, we will use the particle-hole symmetric version of the BM model.
This form is obtained from Eq. (4.1) by eliminating subleading (second-order) cor-
rections in the diagonal elements coming from the effect of the twist on the single
layer Hamiltonian [210]. This is simply achieved by setting ¢ = 0 in Eq. (4.2),

h¥ (k) wT wT wTs
wT!  h¥(k-q)) 0 0
H(k) = L 4.6
S 0 hfk-q) 0 0
wTy 0 0 he (k- q3)

The low-energy TBG DoS p(w), obtained by diagonalizing this Hamiltonian is shown
in Fig. 4.1c, for different twist angles in the vicinity of the magic angle at 8 = 1.05°.
When precisely at the magic angle, we see a single divergence in the DoS at the Fermi
energy. We measure energies relative to the Fermi energy and set Er = 0, such that
p(w) = p(—w), embodying the particle-hole symmetry of Eq. (4.6). However, moving
away from the magic angle, we have a Dirac cone feature, with pseudogap vanishing
DoS p(w) ~ |w| below an emergent scale |w| < E,. We also see two vHs points with
diverging DoS at w = + E,,. Below we analyze the low-energy bands and vHs structure
of the model, extracting the angle dependence of the vHs scale E,,.

4.2.2. Characterization of van Hove singularities in the particle-
hole symmetric BM model

We start our analysis of vHs properties in TBG by recalling the classification recently
introduced in Refs. [83, 84, 211], which expands the definition from the usual vHs
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with logarithmically diverging DoS [177] to include HO-vHs with power-law diverg-
ing DoS. For a band dispersion e(k), which is a function of the 2D momentum vector
k, we calculate the first derivatives Ve (k), and the Hessian matrix of second deriva-
tives 9; i) = 1s kic’i kjg(k). The Hellman-Feynman theorem allows to carry this out
with high numerical accuracy (see Appendix 4.6.1). A logarithmic vHs arises at a
point kg in the dispersion corresponding to a saddle point when:

log vHs: Vye(ko) =0 and detP(kg) <O0. 4.7)

The negative Hessian determinant means that we have both a maximum and a min-
imum in each of the principal directions of the saddle point. A higher-order saddle
point, corresponding to a HO-vHs, is instead characterized by zero determinant of
Hessian matrix:

HO-vHs: Vye(ky) =0 and detZ(ky) =0. (4.8)

In addition, higher-order saddle points can be classified according to the leading
polynomial terms in an expansion of the dispersion e(k) around the saddle point kg
[84, 211]. These leading terms in the expansion correspond directly to the numerical
exponent of the power-law divergence in the DoS.

With the help of this classification, we proceed to investigate the structure of the
lowest band in the BM model Hamiltonian given by Eq. (4.6). Using particle-hole
symmetry in conjunction with the transformation kx — —k, allows us to concentrate
only on the lowest positive energy band for our analysis. Technical details of our
numerical implementation are presented in Appendix 4.6.1. In Fig. 4.1b we show
the numerically-computed E, scale (top panel) and the determinant of the saddle-
point Hessian det Z (k) (bottom panel) as a function of twist angle. Both are seen to
vanish at the magic angle, heralding the emergence of the HO-vHs at this point. This
behavior is further analyzed below.

In Fig. 4.2 we plot the momentum-resolved spectrum of the BM model for twist an-
gles 0 = 1.2° (panel a) and 0 = 1.05° (panel b). We compute Ve(k) throughout the
MBZ and search for the vHs points for which Vie(k) = 0. These are indicated in both
panels as the red circle points.

Having located the vHs points in the MBZ for a given twist angle, we can classify
them and study their neighborhood in momentum space. Away from the magic an-
gle (e.g. for 8 = 1.2° shown in Fig. 4.2a), we indeed find a negative determinant of the
Hessian det Z(kg) < 0, and the vHs’s have a local hyperbolic geometry in momentum
space. The dispersion is found to have the leading form,

ep = Ey+api—pp, 4.9)

where the coefficients are obtained from the eigenvalues of the Hessian, and the la-
bels px and p, are measured in the principal directions of the saddle point, with




92 4. KONDO EFFECT IN TWISTED BILAYER GRAPHENE

Energy
0.04 0.128
. 0.112
7 N
0.02 /’ 0.096
“ 0.080
>
< 0.00 0.064
0.048
—0.02 0.032
0.016
-0.04
0.0 0.000
-0.04 -0.02 0.00 0.02 0.04
kx
(a) Conventional vHs
Energy contours for 6 = 1.05 degrees
_ = > Energy
0.04 0.126
0.112
0.02 0.098
0.084
S 0.00 0.070
0.056
0.042
-0.02
0.028
0.014
—-0.04
0.000

-0.04 -0.02 0.00 0.02 0.04

(b) Higher Order vHs at the magic angle

Figure 4.2: Low-energy features of the particle-hole symmetric BM model of pristine TBG, showing energy
contours of the dispersion (k) as a function of momentum k in the extended MBZ. Red points show
the saddle points of the dispersion, corresponding to the van Hove singularities. Dashed lines show the
contours at energy E;, on which the van Hove points sit.



4.3. THE KONDO PROBLEM

93

p = 0 defining the saddle point itself. The corresponding leading correction to the
DoS then takes the form,

1
pw) = — : (4.10)

1
——In
472 \/ a‘B
where D is a high-energy cutoff, taken to be the conduction electron bandwidth. In
this way, we may extract the vHs scale E,,.

' D
w—-E,

As we begin twisting toward the magic angle, the vHs energy scale E,, starts to de-
crease, and the two logarithmic singularities at w = +E, therefore move closer to-
gether. Furthermore, the magnitude of the Hessian at the vHs, |det Z(ky)|, also de-
creases. The two vHs points merge at w = 0 precisely at the magic angle 6 = 1.05°
[178], at which point the Hessian also vanishes, det Z(ky) = 0. This transition is
shown in Fig. 4.1b. As the magic angle is approached and the HO-vHs is formed,
we see a further flattening of the dispersion in the p, direction. The fittingly-named
higher-order singularity requires a higher-order polynomial to faithfully capture its
dispersion. The lowest polynomial which correctly captures all the symmetries is
given by,

ep:apfc+}/pxp?,+xp3’,. (4.11)

This comes hand-in-hand with a sharper, power-law divergence in the DoS,
5 ~9. _ —
p(w) = 2m) i T(3)2@al®) ™V o™, (4.12)
with T2 = )/2 —4ax and I'(x) the usual gamma function.

The low-energy DoS at different angles can be computed numerically by binning his-
tograms of energies for the lowest band of the BM model, as shown in Fig.4.1c. Away
from the magic angle, the numerical calculation indicates a linear DoS around the
Fermi energy, coming from the Dirac cone in the spectrum. Around w = +E,, we see
the vHs log-divergences. At the magic angle, the HO-vHs around the Fermi energy
‘eat up’ the Dirac cone, and we have instead a large DoS at low energies, diverging as
pw) ~ lw| 74,

4.3. The Kondo problem

The Kondo effect is a classic paradigm in many-body quantum physics [188]. The
corresponding Kondo model features a single quantum spin—% magnetic impurity
coupled by antiferromagnetic exchange to a single channel of non-interacting con-
duction electrons. Originally, the Kondo model was formulated to describe dilute
magnetic impurities such as iron, in bulk metals such as gold [185, 212]. In these
metallic systems, an impurity local moment becomes strongly entangled with its
surrounding conduction electrons at low temperatures, and is dynamically screened
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[213-215]. This leads to dramatically enhanced spin-flip scattering in the host metal,
which can be detected spectroscopically [186].

A more microscopic starting point is provided by the single impurity Anderson model
[188], which describes the impurity as a single quantum orbital with strong electron
interactions,

Ham = Hhost  +€a Yo didy + U(,,djdT dfdl

+8Yo (dl Coor + cg,(,dg) , 4.13)

where dg) is an annihilation (creation) operator for an impurity electron with spin
o =1/|, and Hpost = X k0 ekc};gckﬂ describes the clean host. Here c;:;
(creates) a conduction electron of the host material with momentum k and spin o.
We do not employ band indices in this expression. The impurity couples locally in
real-space to the effective host orbital cp ¢ = }_ £k k.o, Where i is the weight of state

k at the impurity location (taken to be at the origin).

annihilates

For small host-impurity hybridization g, repulsive Coulomb interaction U, > 0, and
suitably-chosen impurity potential -U; < €4 < 0, a spin-% local moment can be
trapped on the impurity. Projecting onto this doubly-degenerate spin-% manifold of
impurity states by eliminating virtual excitations to empty or doubly-occupied im-
purity configurations by means of a Schrieffer-Wolff (SW) transformation [188, 216]
yields the simpler Kondo model,

Him = Hhost  +JS-S0+V X5} €00 (4.14)

where J > 0 is the antiferromagnetic exchange interaction between the impurity
spin-% degree of freedom S, and the spin density of the host conduction electrons
at the impurity position sg = % Yap cg' a%apCop where ¢ is the vector of Pauli matri-
ces. The third term describes potential scattering of the host conduction electrons

induced by the impurity (since cg, oCoo = Yk Silr CLU Ck’,a)'

The standard Schrieffer-Wolff result [188, 216], which becomes exact in the limit
Uyl g? — oo, yields J = 2g2[(Ug +eg) ' —(eg) 1 and V = —g?[(Ug +€z) ' + (€)1
At the particle-hole symmetric point of the model ¢; = —U,;/2, we therefore obtain
J =8g?/U; and V = 0 (the latter result can be viewed as a many-body quantum
destructive interference effect between particle and hole processes). Although the
Kondo model Eq. (4.14) correctly captures the low-energy physics of Eq. (4.13), it
should be noted that for realistic values of Uy, €4, and g outside of the strict per-
turbative regime, the values of the effective parameters J and V must be obtained by
more sophisticated means that take into account renormalization from the conduc-
tion electrons and the specific conduction electron DoS [217]. We also emphasize
that J and V are not independent parameters in Eq. (4.14), being both derived from
the same microscopic parameters of the underlying Anderson model.
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The physics of the impurity problem is controlled by the local (free) conduction elec-
tron DoS seen by the impurity, pg (W) = —}Ilm <<Co,a; c(‘;,o))‘), where <<Co,o; cgﬂ)) is the
retarded, real-frequency local host Green’s function at the impurity position, and the
0 superscript denotes that it is calculated for the clean host.

In this work we consider a single magnetic impurity (the ‘dilute limit’) embedded in
an otherwise clean host TBG system modelled by the BM model. SU(2) spin sym-
metry is taken to be unbroken. We also assume that the impurity couples equally to
all BM bands independently of the impurity position (¢ is constant for all momenta
and band indices), such that p,(w) = p(w) is the TBG DoS, whose low-energy form
is described by Egs. (4.10) or (4.12). This is certainly a simplification, since details of
the impurity-TBG hybridization will naturally affect details of the impurity response.
The specific form of the impurity hybridization function will in practice depend on
the impurity location within the moiré unit cell and how the impurity couples in
real-space to the constituent TBG carbon atoms. We leave such ab initio studies for
future work. However, the rich physics uncovered below will remain qualitatively
unaltered provided the impurity hybridization function still features van Hove diver-
gences flanking a central pseudogap Dirac cone. Since the origin of these features
is rooted deeply in the symmetry and topology of the TBG material, we expect the
idealized Kondo physics described here to be rather generic. On the other hand, in-
sights from monolayer graphene [195] indicate that the physics of vacancies in TBG
or substitutional dopants may drastically differ, since the local DoS in these cases is
strongly modified.

In the rest of this section we review the methods that we use to attack the problem as
well as the quantities to be analyzed.

4.3.1. Poor man’s scaling approach

The Kondo model as defined by Eq. (4.14) is a nontrivial strong correlation prob-
lem. For metallic host systems, the first insights were provided by Kondo’s calcula-
tion of the scattering T-matrix [212], which is related to the impurity spectral func-
tion. Kondo found a low-temperature divergence in perturbation theory: even when
the bare J is small, straight perturbation theory does not give a good description
of the low-temperature physics or a proper understanding of the many-body ground
state of the system. This divergence was better understood by Anderson’s self-coined
‘poor-man’s scaling’ approach [218] — a precursor to the renormalization group (RG).
It identified an emergent low-energy scale Tx — the Kondo temperature — below
which perturbation theory breaks down, and the problem becomes a strong cou-
pling problem. We briefly introduce the method here, since we will employ it in the
next section to understand analytically the scaling properties of an impurity in the
TBG host.
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Conventionally in the poor man’s scaling approach, one uses dimensionless cou-
plings j = poJ and v = poV with pg = p(w = 0) the Fermi level DoS. However, for
consideration of Dirac systems where pp may in fact vanish, a different choice is
required. Here we simply use the original dimensionful couplings J and V. Fur-
thermore, we assume that the host DoS is particle-hole symmetric, meaning p(w) =
p(—w), a property satisfied by Eq. (4.6); and is defined within a band of halfwidth D,
meaning p(w) x (D — |w)).

Anderson’s scaling procedure goes as follows [218]: (i) integrate out high energy con-
duction electron states D — 3D < |w| < D close to the band edges in a shell of width
6 D; (ii) incorporate the effect of virtual excitations to these eliminated states pertur-
batively by rescaling the couplings J and V to give an effective Hamiltonian of the
same form but defined with a reduced bandwidth D — D —§D; (iii) study the flow
of the parameters J and V on successive reduction of the bandwidth. Making 6 D
infinitessimal, one obtains the following scaling equations,

ey

dD D "’

av. _ 0 (4.15)
dD '

The first equation determines the flow of the coupling constant J on reducing the
bandwidth, whereas the second equation shows that the potential scattering V does
not flow. If the bare model is particle-hole symmetric then no potential scattering
is generated under the scaling procedure. In the remainder of this paper we will fo-
cus on the case V = 0. The scaling equation for J gives insight into the breakdown
of perturbation theory and hence Tk, by identifying the point where the rescaled J
diverges. We consider various relevant situations in the following.

4.3.2. Numerical Renormalization Group

Wilson’s numerical renormalization group [219, 220] (NRG) is a non-perturbative
technique for solving quantum impurity type problems. It builds upon Ander-
son’s perturbative scaling ideas [218], but overcomes its limitations by establishing
a more general framework in terms of which physical quantities can be calculated
numerically-exactly, down to zero temperature. Wilson’s original formulation of NRG
[219], designed to obtain the thermodynamic properties of a single magnetic impu-
rity in a metal, has since been extended to deal with arbitrary host systems [220-222],
and to the calculation of dynamical quantities via the full-density-matrix NRG ap-
proach [223, 224]. The former has allowed NRG to be applied to monolayer graphene
[193], and other Dirac systems [196, 197]. The latter provides access to highly accu-
rate spectral data, with excellent real-frequency resolution, at any temperature. NRG
has also been adapted over the years to extend the range of problems that can be
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tackled and improve accuracy or efficiency [225-232], making it the gold-standard
method of choice for solving generalized quantum impurity problems.

The basic NRG algorithm [219, 220] proceeds as follows. (i) The local conduction
electron density of states p(w) of the pristine host material (without the impurity)
must first be calculated.

(ii) This DoS is then discretized logarithmically by dividing it up into intervals ac-
cording to the discretization points + DA~", where D is the bare conduction electron
bandwidth, A > 1 is the NRG discretization parameter, and n =0, 1,2,3,.... The con-
tinuous electronic density in each interval is replaced by a single pole at the average
position with the same total weight, yielding p4i5¢(w).

(iii) The conduction electron part of the Hamiltonian Hy is then mapped into the
form of a ‘Wilson chain),

=)
disc _

Hhost — Hhost - Z Z

o0 n=0

tu(FhoFrero + Flir o fno)

+€nf;1,ofn,a ) (4.16)

where the Wilson chain coefficients {t,,} and {¢,} are determined such that the
DoS at the end of the chain reproduces exactly the discretized host DoS, that is
—2Im (f, f(; o0 = pUs¢(w). For a system with particle-hole symmetry, €, = 0 for
all n. Due to the logarithmic discretization, the Wilson chain hopping parameters
decay roughly exponentially down the chain, ¢, ~ A~"/?, although the precise details
are also important since they encode the specific host DoS [220].

(iv) The impurity is coupled to site n = 0 of the Wilson chain. We define a sequence
of Hamiltonians Hy comprising the impurity and the first N Wilson chain sites,

o il
enfn,afn,a

n=0

HN =Himp + Hhyb + )
ag

(4.17)
N (gt t
+ Z tn (fn,tffnJrl,U + fn+1,UfVl,U) ] ’

n=0
where for the Anderson model Himp = €434 d:;da + Udd;rdT dfd1 and Hpyp =
8 Yo (dy fy o + f1 ,dy) while for the Kondo model Himp + Hyp = JS- S0+ V X0 fo o fo
with sg = %Za,ﬁ f(I 2T af f0 B From Eq. (4.17) we obtain the recursion relation,

HN :HN*1 + Z [eNfIJ\rl,afN,U
o

tiy (f]II—l,UfN,U + f;\Lf'UfN_LU) ] ’

such that the full (discretized) model is obtained as H45¢ = limy_o, Hy [233].

(v) Starting from the impurity, we build up the chain by successively adding Wilson
chain sites using the recursion, Eq. (4.18). At each step N, the intermediate Hamilto-
nian Hy is diagonalized, and only the lowest N states are retained to construct the

(4.18)




98

4. KONDO EFFECT IN TWISTED BILAYER GRAPHENE

Hamiltonian Hy 4 at the next step (the higher energy states are discarded). In such a
way, we focus on progressively lower energy scales with each iteration. Furthermore,
the iterative diagonalization and truncation procedure can be viewed as an RG trans-
formation [219], Hy+1 = Z[Hp).

(vi) The partition function Zy can be calculated from the diagonalized Hamiltonian
Hpy at each step N. Wilson used RG arguments to show [219] that thermodynamic
properties obtained from Zy at an effective temperature Ty ~ A~N/2 accurately ap-
proximate those of the original undiscretized model at the same temperature. The
sequence of Hy can therefore be viewed as coarse-grained versions of the full model,
which faithfully capture the physics at progressively lower and lower temperatures.
(vii) The discarded states at each step form a complete set (the Anders-Schiller ba-
sis [223]), from which the NRG full density matrix can be constructed. This provides
a rigorous way of calculating real-frequency dynamical quantities via the Lehmann
representation [224].

In this work, we take the DoS p(w) of the TBG system for a given twist angle 6 (as
calculated from the BM model in Sec. 4.2), discretize it logarithmically, and map
to Wilson chains. The DoS used and the resulting Wilson chains are shown in Ap-
pendix 4.6.2. NRG is then used to solve the Anderson and Kondo models describing
an impurity embedded in the TBG host. Thermodynamic and dynamical quantities
are calculated and discussed in Sec. 4.4. Throughout, we use an NRG discretization
parameter A =2 and retain Ny = 4000 states at each step of the calculation.

4.3.3. Observables

The physics of an impurity in the TBG host can be characterized by a number of
observables, both thermodynamic and dynamical. Here we consider the impurity
contribution to the total thermal entropy Simp () as a function of the temperature T,
and the low-T impurity spectral function A(w) as a function of energy w.

The impurity entropy readily allows us to extract the Kondo scale Tx from NRG data,
to track accurately the RG flow, and to identify RG fixed points. It is defined as
Simp (T) = Stot(T) — So(T), where Sy is the entropy of the entire system, while Sy is
the entropy of the free TBG host without impurities. The residual impurity entropy
Simp (T = 0), is a finite universal number of order unity which characterizes the stable
RG fixed point and hence the ground state of the system; for example Sjmp(0) = In2
for a free, unscreened impurity spin S = % local moment.

The impurity spectral function gives dynamical information and is accessible ex-
perimentally via scanning tunneling spectroscopy (STS), which probes the energy-
resolved impurity density of states [186]. For an Anderson impurity it is related to
the impurity Green’s function, A(w) = —%Im Ggq(w) where G4 (w) = ({dy; d;)).
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Electronic scattering in the TBG system induced by the impurity is characterized by
the t-matrix, which in turn is controlled by the impurity Green’s function. In momen-
tum space, the t-matrix equation reads,

G (0) = Ok G (@) + Gy (@) T (@) G () (4.19)

0)
where G ke

system with (without) the impurity, and Ty (@) = g2¢1ép Gaq(w) is the t-matrix it-
self. Transforming to real space, the t-matrix equation becomes,

(W) = <(ck o cz, U)) © js the electron Green'’s function for the full (free) TBG

Grir; (@) =G} () + Gy (@) TGy (@), (4.20)

riro

where Gg),j (w) are the full (free) electronic propagators between real-space sites r;

and r; of the TBG system, and the local t-matrix is T (w) = g2 Gg44(w). The impurity is
taken to be located at site ry.

A related experimental quantity obtained by Fourier transform STS [184] (FT-STS) is
the quasiparticle interference (QPI) pattern, defined as,

Ap(q,w) =) e "MTiAp(r;,0), (4.21)
i

where Ap(r;,w) = —%Im (Grir; (@) - G?.iri (w)] is the difference in electronic density
at site r; due to the impurity. As such, the QPI pattern Ap(q,w) can be obtained
entirely from the free TBG propagators and the impurity Green’s function, via the
t-matrix equation.

In the following, we study the zero temperature, T = 0, impurity spectral function
A(w) using NRG; the t-matrix and QPI can be obtained from this as described above.

4.3.4. Limiting cases of the Kondo problem

The physics of the Kondo model strongly depends on the host DoS. For the problem
of a magnetic impurity in a TBG host, as modelled using the BM model, there are a
number of relevant limits. We assume that the impurity couples to all the orbitals in
the same way meaning the local TBG DoS p(w) is the only relevant quantity charac-
terizing the host. Furthermore, we consider here the particle-hole symmetric case
V =0 for simplicity.

The main insights of the ensuing discussion are summarized in Table 4.1.

The metallic limit

The case of a magnetic impurity embedded in a metallic host is the most commonly
encountered and well-studied situation, with extensive literature to its name (see
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Density of States, p(w) Kondo Temperature, Tx Simp (T =0)

Metal 00 De™"/rol 0
1_1 [{;2a
vHS po[1+aln (D/|w])] De @V h0r 0
—1/a
— aDll
HOvVHS polw|™® D(1+ po]) —2aln?2
Dirac polwl Tx =0 In2

Table 4.1: Summary of properties for the Kondo model with the different host DoS encountered in this
work.

Ref. [188] for an introduction). The most important feature of the problem is that
upon reducing the temperature, the system becomes increasingly strongly corre-
lated. This is captured by the poor-man’s scaling equation, Eq. (4.15). In a metal,
it is a reasonable assumption that the DoS is roughly constant within the relevant
energy window, p(w) = po. Integrating Eq. (4.15) then straightforwardly yields,

Jo

JA) = ———,
1+poJoln(4)

(4.22)
where A is the energy scale of interest whereas D is the starting high-energy cutoff
(physically D is the conduction electron bandwidth). Jy is the starting value of the
coupling constant at the scale D (with Jy = J in Eq. (4.14)) whereas J(A) is the run-
ning coupling strength at energy scale A. Perturbation theory breaks down, once the
running coupling J(A = Tx) — oo. This happens at the root of the denominator and
the corresponding running energy scale reads

Tx = De~ Y PoJo) (4.23)

This energy scale has a number of interpretations. One implication is that for tem-
peratures T > Tx, the physics can be captured using a perturbative expansion
around J = 0, meaning the limit of a free impurity henceforth referred to as the local
moment (LM) regime. Consequently, the impurity entropy, up to small correction, is
SIM —]og2.

that of a free spin, meaning imp

Conversely, for T ~ Tk, perturbation theory breaks down. Nozieres showed [234] that
at zero temperature, the ground state is a complicated many-body spin-singlet state
and the system is a local Fermi liquid. The low-temperature limit T <« T is referred
to as the strong coupling (SC) regime. The corresponding impurity entropy is that of
a unique state with Sisrgp = 0. The strong coupling physics in this regime shows up in
the local spectral function A(w) as a strong quasiparticle resonance around the Fermi
energy, with a spectral pinning condition satisfying the Friedel sum rule [188]. The
RG flow between the two fixed points is relatively simple, with J(A) increasing from
LM to SC as the energy scale A is decreased. This is illustrated in the upper panel
of Fig. 4.3. The Kondo scale Tk is the scaling invariant along this RG flow. Note that
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in the metallic case, the potential scattering V is strictly marginal and consequently
plays no role.

Close to a van Hove singularity

This case is a twist on the usual metallic Kondo problem, with very similar physics.
The poor man’s scaling analysis points to an RG flow from weak to strong coupling,
with the running coupling J(A) again increasing from LM to SC as the energy scale A
is decreased (Fig. 4.3, upper panel). The main difference from the standard metallic
case is an enhanced Kondo temperature [235-237] due to the enhanced DoS, which
diverges logarithmically at low energies for standard vHs points. Taking the low-
energy form of the DoS to be p(w) = pg (1 + aln(D/|wl)), we can integrate Eq. (4.15)
and, as before, extract the Kondo scale from the divergence in J(A). In this case we
obtain,

PoJo (4.24)

Note that for a — 0 the DoS becomes metallic and we recover the metallic limit result
for Tk.

This expression has two limiting cases and the relevant parameter is now a/(poJo):
(i) For al/(poJo) < 1, the logarithmic enhancement of the DoS plays no role and
one recovers the metallic limit result, Tx = De~!/(P0J0) since the system starts out
already close to the SC fixed point; (ii) In the opposite limit, a/(poJo) > 1, we find

Tk = De_\/%, which is strongly boosted relative to the metallic case. The Kondo
temperature Tx is therefore enhanced in the vicinity of a vHs. As expected, the im-
purity entropy is quenched at low temperatures, Simp(T — 0) = 0, embodying Kondo
singlet formation. In terms of the impurity spectral function A(w), the quasiparti-
cle Kondo resonance around the fermi energy is in fact suppressed logarithmically
by the logarithmically diverging DoS of the free host [189]. However, the fact that
A(w = 0) = 0 should not in this case be interpreted as a flow towards weak coupling
since the relevant quantity is rather p(w) x A(w), which remains finite as |w| — 0 and
satisfies a generalized Friedel sum rule [238] for strong coupling physics.

Close to a Higher Order van Hove singularity

As discussed in Sec. 4.2, a HO-vHs is characterized by a power-law divergence in the
DoS. In the following discussion, we neglect the metallic background on top of which
the power-law divergence sits, and take the DoS to be of the form p(w) = pglw|™*
with 0 < @ < 1. This problem falls into the class of power-law Kondo problems [239].
Intuitively, one expects the Kondo temperature to be further enhanced through the
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more strongly divergent DoS. Integrating Eq. (4.15) with this DoS yields,

D

(4.25)

poJo

This problem also has two limits, one characterized by the local moment physics
of a free impurity (LM) the other limit by a particle-hole symmetric strong coupling
fixed point that we henceforth call SSCyo. This RG fixed point has properties that are
slightly different from the metallic strong coupling fixed point SC. It is characterized
by a T — 0 impurity entropy of Simp = —2aIn2, which is negative. We emphasize that
although the total thermodynamic entropy is of course never negative, the impurity
contribution to the total system entropy as defined in Sec. 4.3.3 can be negative, if the
presence of the impurity causes dramatic changes to the host (local) electronic struc-
ture, relative to the clean host. This is precisely the case for the power-law Kondo
model [239]. As for the impurity spectral function, the quasiparticle Kondo reso-
nance is suppressed by the divergent free host DoS, and we find A(w) ~ |w|* at low
energies. But again, the signature of Kondo singlet formation and strong coupling
physics is that p(w) x A(w) remains finite as |w| — 0, which is indeed the case for
SSCho.

The RG flow in the particle-hole symmetric case considered here is again one-
dimensional, running from LM to SSCyo as the energy scale or temperature is re-
duced (see middle panel of Fig. 4.3). We note that strong particle-hole asymmetry
can play a role in the power-law Kondo model, unlike the pure metallic case, and
leads to the intricate phase diagram discussed in Ref. [239].

(1),(2) Metal /vHs

Simp =1In2 ’ Sz'mp =0
LM SC
(3) HO-vHs
Simp =In2 ’ S,;mp = —2aln?2
LM SSCro
(4) Dirac
Simp = 1n2 Simp = 2102
LM ‘ SSCDim:‘,

Figure 4.3: One-dimensional RG diagram showing the flow into different stable fixed points as the tem-
perature is lowered, for different host density of states profiles.
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The limit of a two-dimensional Dirac cone

The linear vanishing DoS associated with a Dirac cone in two dimensional systems
gives rise to a subtle impurity problem which falls into the class of so-called pseu-
dogap Kondo models. This is by far the most complicated situation; it has been
discussed at length in Refs. [194, 238, 240-242]. In the following, we focus on the
particle-hole symmetric case, with a linear pseudogap p(w) = polw| that is character-
istic of 2d Dirac materials. Naively, one might expect a reduced Kondo temperature
due to the reduced DoS of a Dirac cone compared with that of a metal. In fact, the
Kondo effect is suppressed entirely in this case and Tx vanishes, regardless of the
strength of the bare coupling Jy. The LM fixed point is stable and the impurity local
moment remains unscreened.

For large bare Jj the system starts off close to the particle-hole symmetric strong
coupling fixed point of the linear pseudogap Kondo model, dubbed SSCpjac. In this
regime, the impurity entropy is Simp = 2In2. However, this fixed point is unstable
and RG flow on reducing the temperature tends towards the LM fixed point with en-
tropy Simp = In2. Unlike the other cases considered, here the renormalized running
coupling J(A) decreases on reducing temperature, so that the impurity always be-
comes asymptotically free as T — 0. This is illustrated in the lower panel of Fig. 4.3.
The Kondo effect can only be revived by doping so that the Dirac point is not longer
at the fermi energy (in which case the low-energy DoS is finite and we recover the
metallic scenario); or if very strong potential scattering is introduced. For the lin-
ear pseudogap case p(w) ~ |w| the impurity spectral function also goes as A(w) ~ |w|.
Note that in this case p(w) x A(w) — 0 as |w| — 0, indicating a free impurity at low
energies.

4.4. Results and discussion

We now turn to our full NRG results for a magnetic impurity embedded in the TBG
host. The impurity is taken to be of Anderson type (Eq. 4.13), and the BM model is
used for the host (Eq. 4.6). The observables of primary interest are the temperature-
dependence of the entropy Simp(T), and the energy-resolved impurity spectral func-
tion A(w) at T = 0, for TBG systems with different twist angles — see Fig. 4.4. The most
dramatic changes are observed in the vicinity of the magic angle at 6 = 1.05°, and this
is where we focus our discussion. The physical quantities we calculate reveal a com-
plex RG flow in the system, illustrated in Fig. 4.5. The physics precisely at the magic
angle is also investigated in detail, and the dependence of the Kondo temperature on
microscopic parameters is extracted — see Fig. 4.6.
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Figure 4.4: NRG results for an Anderson impurity in the TBG host material described by the BM model, at
various twist angles 6 approaching the magic angle at 6 = 1.05°. (a) Impurity entropy Simp (T) vs temper-
ature T; and (b) Impurity spectral function A(w) vs energy w at T = 0. Inset shows low-energy spectral de-
tails on a linear scale for representative cases approaching the magic angle. All plots shown for U; = 0.4D,
€q=-Ug/2and g =0.2D, with D the TBG bandwidth.

Consider first the entropy flows presented in Fig. 4.4(a). At the highest temperatures
T ~ D, the impurity has four thermally populated configurations (empty, doubly-
occupied, and up/down spin states) and the entropy for all systems is therefore In(4)
in this limit. On the scale T ~ U the empty and doubly-occupied impurity configura-
tions become thermally inaccessible and only the local moment states of the impu-
rity survive. Note that this high-T charge-freezing crossover is absent in the Kondo
model, which features only the two impurity spin states from the outset. Far away
from the magic angle, where the low-energy TBG DoS is dominated by the linear
pseudogap of the Dirac cone, the Kondo effect is inoperative and the impurity spin
degrees of freedom remain unscreened down to T = 0. The impurity entropy there-
fore saturates at the LM value of In(2). This is the basic picture for the blue line
in Fig. 4.4(a) obtained for twist angle 8 = 2°. In the opposite limit, when the sys-
tem is tuned to the magic angle 8 = 1.05° the impurity physics is dominated by the
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Figure 4.5: Near the magic angle, the TBG host DoS has a compound structure. At high energies A, the
power-law diverging DoS associated with the HO-vHs generates a rapid RG flow towards strong coupling
—blue arrow. On the scale of E;, the DoS crosses over to logarithmic vHs — green arrow. Below E;, the Dirac
cone pseudogap dominates the DoS and J(A) begins to decrease again as the system flows back towards
the free local moment regime on an emergent scale E*. The color-coding is the same as that in Fig. 4.3.

power-law divergence in the low-energy DoS of TBG. The physics in this case is ef-
fectively that of the power-law Kondo model discussed in the previous section. Since
p(w) ~ |w|~"4, the entropy saturates to —%ln(Z) for T < Tk, where the Kondo scale
Tk itself is strongly enhanced. This is precisely what we observe for the red line in
Fig. 4.4(a).

However, the situation is much more complex for twist angles close to (but not at)
the magic angle. To understand the full RG flow in this intermediate regime, con-
sider Fig. 4.5, together with the fixed point discussion in Sec. 4.3.4 and the RG flow
diagrams in Fig. 4.3. Note that the same color-coding is used in Figs. 4.3 and 4.5.

Near the magic angle, the TBG host DoS has a compound structure featuring mul-
tiple elements, each of which corresponding to a different limiting Kondo problem.
At high energies, the system shows behavior that is characteristic of the HO-vHs, de-
noted in blue in Fig. 4.5. This behavior crosses over to that of a standard logarithmic
vHs on the scale of E,, denoted in green. Far below this scale, the linear vanishing
pseudogap DoS of the Dirac cone emerges, denoted in red. Depending on the energy
window, the RG flow will therefore be controlled by the different regimes depicted in
Fig. 4.3.

This RG flow is reflected in the temperature dependence of the entropy. After the
charge degrees of freedom are frozen out on the high-temperature scale of T ~ U and
the impurity entropy reaches ~ In(2) characteristic of the LM regime, the system then
rapidly flows towards SSCyo on further reducing the temperature. On this trajectory,
the effective coupling strength J(A) grows as the energy scale A decreases, and the
entropy approaches Simp = —%lnz. However, at the scale E, the physics of the log-
arithmic vHs takes over and the system starts to flow towards the regular SC fixed
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point with Simp = 0. The running coupling J(A) continues to increases. But on the
‘other side’ of the vHs in energy space, as the temperature is further decreased, the
effect of the low-energy pseudogap DoS begins to dominate. Interestingly though, at
this point in the RG flow the system already has a very strong coupling strength J(A),
which puts the system close to the unstable SSCpj4¢ fixed point. The entropy there-
fore ‘overshoots’ up to In(4) characteristic of this fixed point. The ultimate RG flow on
the lowest energy scales is therefore between SSCpjrac and the stable LM fixed point
of the pseudogap Kondo problem, with a residual T = 0 entropy of In(2). The ground
state is an unscreened local moment with In(2) entropy in all cases except when pre-
cisely at the magic angle (where E, = 0 such that this final part of the flow towards
LM is omitted). Our NRG results for the entropy show that the final low-temperature
flow between SSCpjrac and LM is controlled by an emergent energy scale E* ~ |E,|>.
As we get closer to the magic angle, the E, scale reduces and the lines fold progres-
sively onto that of the red line for the magic angle itself. The E* scale rapidly becomes
very small. This gives a finite window in twist angle over which magic angle physics
can be observed at intermediate temperatures.

The same RG flow is demonstrated by the T = 0 spectral function for the impurity
A(w), which we plot in Fig. 4.4(b) for the same systems. On the lowest energy scales
lw| < E*, we find A(w) ~ |w| characteristic of the linear pseudogap Kondo model, for
all cases except when precisely at the magic angle. This is because the physics here
is controlled by the Dirac cone and the resulting RG flow toward the LM fixed point.
By contrast, at the magic angle, the enhanced DoS leads to strong coupling physics
and a flow towards the SSCyyo fixed point for all || < T, yielding A(w) ~ |w|"* (red
line). As the magic angle is approached, the E, scale diminishes and so the spec-
trum progressively folds onto the magic angle result, see e.g. black line for 6 = 1.1°
in Fig. 4.4(b). The most prominent feature of the impurity spectral function is how-
ever the dramatic peak on the scale of E* (note the log scale), which characterizes
the flow between SSCpjrac and LM fixed points. This is highlighted in the inset to
Fig. 4.4(b) which compares on a linear scale the magic angle result (red line) to sys-
tems at 6 = 1.6° (orange) and 2° (blue). The rapid change in position and intensity of
this spectral peak on nearing the magic angle demonstrates that quantum impurities
are highly sensitive probes of magic angle physics in TBG systems.

In Fig. 4.6 we turn to an analysis of NRG results for systems at the magic angle it-
self. In the main panel (top) we plot the impurity entropy Simp(T) for impurities of
either Anderson type (Eq. 4.13, points) or Kondo type (Eq. 4.14, lines), for different
impurity-host couplings.

At the highest temperatures T ~ D, the Anderson impurity again shows In(4) en-
tropy for the four quasi-degenerate impurity states. At lower temperatures T ~ U,
the charge configurations on the impurity in the Anderson model are frozen out and
only the local moment spin states survive, giving In(2) entropy. In this regime the
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Figure 4.6: NRG results for an impurity embedded in magic angle TBG. Main panel: Entropy Simp vs T for
Anderson and Kondo impurities (points and lines respectively) for different impurity-host couplings. For
a given Kondo J, the low temperature physics of an Anderson model with fixed U = 0.4D is fit by tuning g.
The relationship between J and g is shown in the lower-left inset (points), comparing with the SW result
(red dashed line). The evolution of Tx with J is shown in the lower-right inset (points), comparing with
Eq. 4.25 (red dashed line) and its small-J asymptote (blue dotted line). Tk is extracted numerically from
NRG results for the entropy, defined in practice via Simp (T = Tg) = 0.

system is close to the LM fixed point. RG flow towards the SSCyo strong coupling
fixed point results in a crossover in the entropy on the scale of the Kondo temper-
ature T ~ Tk t0 Simp = —% In(2). This remains the T = 0 residual impurity entropy
for TBG systems at the magic angle. However, the Kondo scale itself varies with the
impurity-host coupling, as seen in the main panel of Fig. 4.6 by the evolution of the
different lines. For good scale separation Tx <« U, we see clear two-stage behavior,
with distinct crossovers to and from the LM fixed point in the Anderson model. How-
ever, given the strongly enhanced Tk at the magic angle, such a scale separation may
not be in evidence in practice (see e.g. pink and orange lines in Fig. 4.6 which show a
more or less direct crossover in the entropy from In(4) to —% In(2); or indeed the cases
close to the magic angle in Fig. 4.4).

By contrast, the Kondo impurity features only the local moment spin configurations
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and hence has a In(2) entropy at high temperatures T ~ D. The Kondo scale gener-
ated by finite antiferromagnetic exchange coupling J results in the same crossover
to the SSCyyo fixed point, with the same T = 0 residual entropy of —% In(2). Indeed,
RG arguments imply [188] that the physics of the Anderson and Kondo models for
T « U should be identical, providing the effective Kondo coupling J is chosen appro-
priately for a given U and g of the Anderson model. To verify this Anderson-Kondo
mapping in the magic-angle TBG setting, in Fig. 4.6 we considered Kondo models
with different J and then fit Anderson models to match the low-temperature physics
by tuning g at fixed U. In such a way, the Kondo and Anderson models have the same
Kondo temperature Tx. The precise agreement in the universal regime confirms that
at particle-hole symmetry the effective Kondo model is a faithful description of the
more microscopic Anderson model.

The Anderson-Kondo mapping can be performed perturbatively via the approximate
SW transformation [188, 216] as described in Sec. 4.3. The exact relationship between
J and g as extracted from our NRG results is shown in the lower left panel of Fig. 4.6 as
the circle points. The SW result (red dashed line) is seen to work well when the bare
coupling of the underlying Anderson model is small, g <« U (small Tx regime). Away
from this limit, NRG results show that the Kondo model is still the correct low-energy
effective model, but that non-perturbative techniques must be used to obtain the
correct effective model parameters [217]. The evolution of the numerically-extracted
Kondo temperature as a function of the effective J is shown in the lower right panel
of Fig. 4.6 (points), and is compared with the analytic result for the Kondo model
Eq. 4.25 (red dashed line). The blue dotted line is the asymptotic small- J limit of this
expression, Tk ~ (4po))"/®.

Our full NRG results for an impurity in magic angle TBG therefore confirm the ana-
lytic predictions of the previous sections. For a comparison with results for an impu-
rity coupled to a standard logarithmic vHs, see Appendix 4.6.3.

Finally, we comment on the role of potential scattering and particle-hole symmetry
breaking. In the above analysis we have for simplicity neglected particle-hole asym-
metry in the TBG host DoS by employing the symmetric BM model. However, we
believe this approximation is well-justified and does not affect the presented results.
Although in principle particle-hole asymmetry can lead to Kondo screening in the
linear pseudogap case [194] relevant to the low-energy Dirac cone in TBG away from
the magic angle, the singlet-doublet quantum phase transition arises only at very
strong asymmetry. In practice, the relatively small particle-hole symmetry breaking
in TBG means that the impurity problem is far away from the asymmetric strong
coupling Kondo phase. Within the doublet local moment phase, particle-hole asym-
metry is RG irrelevant and can be safely ignored. We have also assumed that the
impurity itself is particle-hole symmetric (¢; = —U;/2 in the Anderson model, or
V =0 in the Kondo model). Relaxing this condition induces potential scattering in
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the TBG host. Very strong deviations away from the half-filled Anderson impurity are
required to destroy the local moment ground state (the resulting asymmetric Kondo
strong coupling state is continuously connected to the trivial empty orbital state of
the impurity). In this regime, the mapping to the Kondo model breaks down (the
large value of V in the Kondo model required for Kondo screening is unphysical).
Therefore, we argue that the results presented above are generic for a local moment
impurity embedded in a TBG host material.

4.5. Conclusions

In this paper, we have studied the physics of a single magnetic impurity in TBG at,
and close to, the magic angle. We find a surprisingly rich range of behavior, rooted
in the unique evolution of the TBG density of states. It is interesting to note that
there is no Kondo screened ground state in general, only at the magic angle. How-
ever, the signatures at finite temperature relevant to experiment show highly non-
trivial structure due to the interplay between van Hove and Dirac physics on the
level of a strongly correlated quantum impurity problem. Close to the magic an-
gle, the TBG host density of states at different energy scales yields different limits of
paradigmatic Kondo models - from logarithmic and power-law diverging Kondo to
pseudogap vanishing Kondo. The subtle renormalization group flow between these
limits shows up in the temperature and energy dependence of physical observables.

The behavior we uncover should be detectable in STM experiments. Indeed we argue
that the impurity response in TBG gives a very clear signature of magic angle physics.
Magnetic impurities may therefore prove useful as highly sensitive in-sifu probes for
moiré materials.

An interesting direction of future research is the role of the RKKY interaction between
multiple magnetic impurities in TBG, and how it competes with the Kondo effect of
individual impurities near the magic angle.

Although van Hove-boosted Kondo physics may be observable in other systems (in-
cluding 3d bulk metals [243, 244] with magnetic impurities), we note that TBG stands
out as a uniquely tunable platform. Furthermore, TBG also allows one to study the
complex interplay of these effects with Dirac physics.
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4.6. Appendix

4.6.1. Locating saddle point positions in the particle-hole sym-
metric BM model

To locate the saddle points in the Brillouin zone, we require gradients of the energy.
The flat bands make it imperative that the first derivative is computed very accu-
rately, and this means that we must avoid crude finite difference methods for nu-
merical derivatives of the energy. This problem can be addressed by utilizing our an-
alytical access to the Hamiltonian itself, and implementing the Hellman-Feynman

theorem,
OE

okt okt
where 1. is the wavefunction of the lowest positive energy band at momentum k. A
more extended analysis of this method has been introduced recently in [245].

<wkl Iwk) (4.26)

The saddle point is found by minimizing the value of ((3kxek)2 + (akyek)z over the
Brillouin zone vectors, by using the conjugate gradient method. The coefficients for
the local energy dispersion are then calculated along the principal directions of the
saddle point. These directions are given by the eigenvectors of the Hessian matrix,
and are in general different from the ky and k, of the Brillouin zone. Derivatives
are convenient to compute along the natural Brillouin zone directions, however. The
trick to overcome this is to note that a matrix formed from n derivatives of a scalar
transforms like a rank-7n tensor. Then the tensor transformation rule can be used
with a covariant Jacobian to obtain the coefficients along the rotated axes.

One subtlety is that for angles very close to the magic angle, there are secondary vHs
points at other locations in the Brillouin zone than those indicated in Fig. 4.2a. For
the purposes of the Kondo effect, we have only considered the one with the largest
spectral weight, since this is found to dominate the results of our NRG calculations.
This is done by computing the local dispersion coefficients ¢ and f at each of the
saddle points, and picking the one with the largest value of ——.

Vab
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4.6.2. Mapping from TBG density of states to the NRG Wilson
chain

The TBG DoS away from the magic angle has two qualitative features: the linear-
pseudogap Dirac cone at low energies and the divergence due to the vHs on the scale
of E,. We extract an effective model DoS from analysis of the BM model for differ-
ent twist angles — see left panels of Fig. 4.7 for the cases explicitly considered in the
main text (we have rescaled the energy range in terms of the bandwidth cutoff and
normalized the spectrum to unity). This DoS is then discretized logarithmically and
mapped to a Wilson chain [220] as described in Sec. 4.3.2. The corresponding Wil-
son chain hopping parameters are plotted in the right panels of Fig. 4.7. The results
show that the different DoS elements can be captured in NRG through the crossover
behavior in the functional form of the Wilson chain.

tBLG host DoS Wilson chain

-6 1 0-3 1 00 0 20 40

jwl/D N

Figure 4.7: Left panels: DoS used in our NRG calculations, obtained from analysis of the effective BM
model, for different twist angles 6 as used in the main text. Vertical dotted lines show the E, scale at
which the vHs divergence occurs. This scale moves to lower energies as the magic angle is approached.
Right panels: corresponding Wilson chain coefficients.
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4.6.3. NRG calculations for an impurity coupled to a conven-
tional log-vHs host

In Fig. 4.8 we provide reference NRG calculations for a Kondo impurity coupled to a
pure log-diverging DoS. This gives a useful comparison to our result for an impurity
embedded in the magic-angle TBG system, which has a HO-vHs point and hence a
stronger power-law diverging DoS. As predicted from our perturbative scaling (poor
man’s scaling) results, the system flows towards strong coupling in all cases, in which
the impurity is Kondo-screened. The residual entropy at T = 0 is seen to be Symp =0,
although this limit is approached logarithmically slowly from below. This is charac-
teristic of the logarithmic DoS. From the scaling with bare coupling strength J in the
left panel, the Kondo temperature Tk is seen to be enhanced relative to the metallic
case, but substantially suppressed relative to the power-law diverging DoS case. In
the right panel, we analyze the behavior of Tx in more detail, comparing NRG results
at different J (circle points) with our analytic formula Eq. 4.24 (black line). The re-
sults agree almost perfectly. The red dashed line is the asymptotic result at small J,
which also does remarkably well compared with exact NRG results.

J/D

-20 -10

[ {  —yyap

_0 2 Lo [ Lo (I

10 10 10° 107 1

T/D

Figure 4.8: Main panel: NRG results for the impurity entropy Simp vs temperature T for different bare
coupling strengths J, in a system with a pure log-diverging DoS (standard vHs). Right inset shows the ex-
tracted Tk scale (points), compared with Eq. 4.24 (black line) and the asymptotic result Tx ~ De Y VAJID
(red dashed line), with A= apoD/2.
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Samenvatting

Vaste stoffen bestaan uit elektronen en ionen. De meeste vaste stoffen kunnen ef-
fectief worden gemodelleerd met een theorie waarin de beweging van de elektro-
nen allemaal als onafthankelijk van elkaar kan worden beschouwd. Dit proefschrift
houdt zich bezig met enkele gevallen waarin deze beschrijving onvermijdelijk faalt,
en meerdere-deeltjes-interacties de lage-energiefysica domineren. Dergelijke syste-
men zijn veel moeilijker te bestuderen. Soms kan vooruitgang worden geboekt met
behulp van geavanceerde numerieke technieken, of door creatief geconstrueerde,
precies oplosbare speelgoedmodellen.

Dit laatste is de benadering van het Sachdev-Ye-Kitaev (SYK)-model, dat een kwan-
tumdot beschrijft met een groot aantal fermionen erop, die allemaal met elkaar
interacteren door middel van een gerandomiseerde interactie met vier fermionen.
De eenvoud van het model verhult een overvloed aan exotische verschijnselen die
voortkomen uit een emergente conforme symmetrie in het infrarood, met eclectis-
che toepassingen van vreemde metalen tot zwarte gaten. Door zogenaamde holo-
grafische dualiteit kan de lage-energietheorie van het model, die voortkomt uit het
verbreken van de bovengenoemde conforme symmetrie, in kaart worden gebracht
via verstoringen van een bijna AdS; ruimtetijd.

Eén van die verschijnselen staat bekend als maximale chaos. Het SYK-model
verzadigt een grens aan de snelheid waarmee in een kwantumsysteem verstoringen
kunnen dissiperen in zijn vrijheidsgraden. Dit kenmerk blijft bestaan, zelfs als men
bepaalde gewijzigde versies van het SYK-model construeert, zoals het bipartiete SYK-
model. De mate van chaos verandert niet, zelfs niet als de schaaldimensies van de
samenstellende fermionen worden veranderd, zoals beschreven in hoofdstuk 2. De
eerste subleidende correctie van de chaos exponent blijft ook onafhankelijk te zijn
van de schaaldimensie.

Wanneer twee identieke kopieén van het SYK-model aan elkaar worden gekoppeld
door een tunnelinteractie, bij lage temperatuur beschrijft het holografische duaal
de ruimtetijd van een wormgat. Een op een dergelijke manier gemaakt Josephson-
contact kan worden bestudeerd met behulp van de SYK-versie van het elektron-
fonon-gekoppelde systeem, dat bekend staat als het Yukawa SYK-model. Supergelei-
ding in het Yukawa SYK-model vindt plaats bij lage temperaturen als het systeem tijd-
inversie niet schendt. In hoofdstuk 3 wordt aangetoond dat de niet-supergeleidende
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toestand de correcte niet-analytische afhankelijkheid van de "gap" vertoont van de
sterkte van de tunnelinteractie, kenmerkend voor de wormgattoestand. Er wordt
aangetoond dat de supergeleidende toestand effectief kan worden beschreven door
een twee-vloeistoffenmodel, waarbij de Cooperparen onafhankelijk aan beide zijden
leven, terwijl excitaties van ongebonden elektronen nog steeds de wormgattoestand
vormen.

Als tegenpool van de hyperbolische geometrie van de AdS;, ruimte, hebben we in
het tweede deel van dit proefschrift een systeem beschouwd waarvan het niet-
interagerende fermi-oppervlak is samengesteld uit een familie van hyperbolen. In
gedraaid dubbellaags grafeen voor kleine draaihoeken is dit te zien in de vorm van
van Hove-singulariteiten, die precies onder de magische hoek een hogere orde kri-
jgen. In hoofdstuk 4 wordt aangetoond dat een kenmerk voor het waarnemen van
het effect ervan in een realistische fysieke omgeving de reactie is op een magnetis-
che onzuiverheid. De onzuiverheidsentropie vertoont duidelijke kenmerken nabij
de magische hoek, en toont stromingen naar de verschillende soorten vaste punten
die beschikbaar zijn in de faseruimte van het systeem. Totdat de magische hoek is
bereikt, werkt het bestaan van de Dirac-kegel bij de laagste energieén als een afs-
tootmiddel voor Kondo-screening, wat zich manifesteert als een entropie van log2
per onzuiverheid. Bij de magische hoek domineert de verschijning van de hogere
orde Van Hove-singulariteit de bandstructuur, en dit leidt tot een versterkt Kondo-
effect tot de laagst mogelijke energieschalen.



Summary

Solids are composed of electrons and ions. Most solids can be effectively modeled
by a theory in which the motion of the electrons can all be considered independent
to each other. This thesis is concerned with some cases where that description fails,
and many body interactions dominate the low energy physics. Such systems are far
more difficult to study, and sometimes progress can be made either with sophisti-
cated numerical tools, or by creatively constructed exactly solvable toy models.

The latter is the approach taken by the Sachdev-Ye-Kitaev (SYK) model, which de-
scribes a quantum dot with a large number of fermions on it, all interacting with
each other by means of a randomized four-fermion interaction. The simplicity of the
model belies a plethora of exotic phenomena that arise from an emergent confor-
mal symmetry in the infrared, with eclectic applications from strange metals to black
holes. Through the holographic duality, the low energy theory of the model arising
from the breaking of the aforementioned conformal symmetry can be mapped to
perturbations of a nearly AdS; spacetime.

One such phenomenon is known as maximal chaos. The SYK model saturates a
bound on the rate at which a quantum system can dissipate perturbations into its
degrees of freedom. This feature persists even when one constructs certain modified
versions of the SYK model, such as the bipartite SYK model, and the rate of chaos
doesn’t change even when the scaling dimensions of the constituent fermions are
changed as is described in chapter 2. The first subleading correction to the chaos
exponent is also found to be independent of the scaling dimension.

When two identical copies of the SYK model are coupled together by a tunneling in-
teraction, its holographic dual describes a wormhole spacetime at low temperature.
AJosephson contact made in such a way can be studied using the SYK version of the
electron-phonon coupled system, which is known as the Yukawa SYK model. Super-
conductivity in the Yukawa SYK model occurs at low temperatures if time reversal
symmetry is present. In chapter 3, it was shown that the non-superconducting state
shows the correct non-analytic dependence of the gap on the strength of the tun-
neling interaction, characteristic of the wormhole state. The superconducting state
was shown to be effectively described by a two-fluid model, where the Cooper pairs
live independently on the two sides, while single electron excitations still form the
wormbhole state.
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In juxtaposition to the hyperbolic geometry of the AdS; space, we consider a system
whose non-interacting fermi surface was composed of a family of hyperbolae in the
second part of this thesis. In twisted bilayer graphene for small twists, this is seen
in the form of van Hove singularities, which turn higher order at precisely the magic
angle. In chapter 4, a probe for sensing its effect in a realistic physical setting was
shown to be the response of a magnetic impurity. The impurity entropy shows dis-
tinct signatures near the magic angle, showing flows to the different kinds of fixed
points available in the phase space of the system. Until the magic angle is reached,
the existence of the Dirac cone at the lowest energies acts as a deterrent for Kondo
screening, which manifests itself as a log 2 entropy per impurity. At the magic angle,
the appearance of the higher order van Hove singularity dominates the band struc-
ture, and it leads to an enhanced Kondo effect until the lowest energy scales possible.
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