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A B S T R A C T 

The recent detection of a stochastic gra vitational wa ve background (SGWB) at nanohertz frequencies by pulsar timing arrays 
(PTAs) has sparked a flurry of interest. Beyond the standard interpretation that the progenitor is a network of supermassive black 

hole binaries, many exotic models have also been proposed, some of which can potentially offer a better fit to the data. We 
explore how the various connections between gravitational waves (GWs) and cosmic microwave background (CMB) spectral 
distortions (SDs) can be leveraged to help determine whether an SGWB was generated primordially or astrophysically. To this 
end, we present updated k -space window functions that can be used for distortion parameter estimation on enhancements to 

the primordial scalar power spectrum. These same enhancements can also source GWs directly at second order in perturbation 

theory, so-called scalar-induced GWs (SIGWs), and indirectly through the formation of primordial black holes (PBHs). We 
perform a mapping of scalar power spectrum constraints into limits on the GW parameter space of SIGWs for δ-function 

features. We highlight that broader features in the scalar spectrum can explain the PTA results while simultaneously producing 

an SD within reach of future experiments. We additionally update PBH constraints from μ- and y -type SDs. Refined treatments 
of the distortion window functions widen existing SD constraints, and we find that a future CMB spectrometer could play a 
pivotal role in unravelling the origin of GWs imprinted at or below CMB anisotropy scales. 

Key words: cosmology: theory – Cosmology: Cosmic background radiation. 
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 I N T RO D U C T I O N  

he recent detection of a stochastic gravitational wave background 
SGWB) by numerous pulsar timing array (PTA) collaborations 
Agazie et al. 2023a ; EPTA Collaboration & InPTA Collaboration 
023 ; Reardon et al. 2023 ; Xu et al. 2023 ) at nanohertz frequencies
epresents a major step forward in our understanding of the underly- 
ng tensor perturbations that permeate our Universe.Unlike the initial 
etection of gravitational waves (GWs) by the Laser-Interferometer 
ra vitational-wa ve Observatory (LIGO) (Abbott et al. 2016 ), the 
rogenitor of the SGWB detected in pulsar timing residuals is highly 
ncertain. The standard astrophysical interpretation is that such a 
ackground may be sourced by a population of supermassive black 
ole binaries (SMBHBs) residing at the centres of galaxies (Agazie 
t al. 2023b ). The current paradigm of structure formation indicates 
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hat the growth of galaxies is mediated via both accretion and a series
f hierarchical mergers (White & Rees 1978 ). It is well known that
ost galaxies host an SMBH at their centre (Kormendy & Ho 2013 ;
kiyama et al. 2019 ), and in the process of merging, dynamical

riction will drag the SMBHs towards the centre of the new galaxy.
his process is known to produce SMBHBs (Begelman, Blandford & 

ees 1980 ), where the gradual inspiral of the two black holes will
mit GWs in the nanohertz frequency regime. 

The expected population of SMBHBs is uncertain, rendering the 
mplitude of the resultant SGWB difficult to estimate a priori. How-
ver, the timing residual power spectral density is expected to follow
 power law with spectral index γ BHB = 13/3 ≈ 4.33 (Phinney 2001 ).
n the analysis done by the North American-Nanohertz Observatory 
or Gravitational Waves (NANOGrav) (Agazie et al. 2023a ), it was
hown that a general power law fit to the observed background
roduces maximum likelihood values of A GWB � 6.4 × 10 −15 and 
� 3.2. This result is roughly 3 σ away from the theory prediction,

ntroducing a mild tension between the data and this model. It should
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h permits unrestricted reuse, distribution, and reproduction in any medium, 
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e noted that if one models dark matter fluctuations as a Fourier-
omain Gaussian process (as opposed to the piecewise-constant
epresentation considered primarily by NANOGrav), these posteriors
an shift significantly . Additionally , an SGWB sourced by SMBHBs
s expected to exhibit some small level of anisotropy, but so far none
as been detected, leaving the SMBHB interpretation on uncertain
round (Agazie et al. 2023c ). 
If one allows the creative liberties of a theorist, it is possible

o produce this GW background in a number of extensions to the
tandard model, some of which have been studied by the NANOGrav
ollaboration directly (Afzal et al. 2023 ). Their results indicate that
calar-induced GWs (SIGWs; Matarrese, Pantano & Saez 1993 ,
994 ; Matarrese, Mollerach & Bruni 1998 ; Mollerach, Harari &
atarrese 2004 ; Ananda, Clarkson & Wands 2007 ; Baumann et al.

007 ), first-order phase transitions (Kosowsky, Turner & Watkins
992a , b ; Kosowsky & Turner 1993 ; Kamionko wski, Koso wsky &
urner 1994 ; Caprini, Durrer & Servant 2008 ; Hindmarsh et al. 2014 ,
015 ), metastable cosmic strings (Buchmuller, Domcke & Schmitz
021 , 2023 ), stable cosmic superstrings (Jackson, Jones & Polchinski
005 ), and biased domain walls (Kibble 1976 ; Vilenkin 1981 ; Press,
yden & Spergel 1989 ; Hiramatsu, Kawasaki & Saikawa 2010 ;
a wasaki & Saika wa 2011 ) all provide a better fit to the SGWB

han SMBHBs alone (where model comparison was performed by
stimating the respective Bayes factor). This sentiment has also been
choed by subsequent analysis of the data (Ellis et al. 2023 ; Figueroa
t al. 2023 ; Madge et al. 2023 ; Wu, Chen & Huang 2023 ). 

Following the announcement of this discovery, a number of papers
ave appeared that discuss the constraints and interpretations of
his SGWB in ways that modify the small-scale ( k � 1 Mpc −1 )
rimordial power spectrum (PPS). Two well-studied examples are by
ourcing the signal through SIGW (Balaji, Dom ̀enech & Franciolini
023 ; Cai et al. 2023 ; Choudhury et al. 2023 ; Firouzjahi & Talebian
023 ; Huang et al. 2023 ; Jin et al. 2023 ; Liu, Chen & Huang 2023b ;
nal, Papageorgiou & Obata 2023 ; Wang et al. 2023 ; Yi et al. 2023a ;
i, You & Wu 2023b ; You, Yi & Wu 2023 ; Yuan, Meng & Huang
023 ; Zhu, Zhao & Wang 2023 ) or primordial black holes (PBHs;
shoorioon, Rezazadeh & Rostami 2022 ; Bhaumik, Jain & Lewicki
023 ; Depta, Schmidt-Hoberg & Tasillo 2023 ; Franciolini et al.
023 ; Huang et al. 2023 ; Inomata, Kohri & Terada 2023 ; Mansoori
t al. 2023 ; Wang et al. 2023 ). Enhancements to the power spectrum
n these scales can be constrained strongly by distortions to the
requency spectrum of the cosmic microwave background (CMB;
.g. Chluba, Erickcek & Ben-Dayan 2012b ). Dissipation of small-
cale curvature perturbations (Silk damping) mixes photons with
ifferent temperatures, inducing spectral distortions (SDs) even if
he power spectrum remains nearly scale-invariant at arbitrarily high
 modes. Naturally, if the scalar spectrum is enhanced on these small
cales, significant distortions can be generated, which allows us to
erive constraints on a variety of models. 
Crucially, for Gaussian scalar perturbations, The Far Infrared

bsolute Spectrophotometer (FIRAS) onboard the COBE (COsmic
ackground Explorer) satellite has already ruled out a primordial
rigin of the SMBHs residing in the centres of galaxies (Kohri,
akama & Suyama 2014 ; Nakama, Carr & Silk 2018 ), which can
e directly deduced from the limits first presented in Chluba et al.
 2012b ). The dissipation of small-scale perturbations during big bang
ucleosynthesis (BBN) further limits the amplitude of perturbations
Jeong et al. 2014 ). Various observational consequences of PBHs
lso present much weaker constraints at even smaller scales. 

While it will undoubtedly take some time before a precise model
tands abo v e the rest, one major question is still to be addressed:
re these GWs of a primordial origin? One possible way to tackle
NRAS 528, 883–897 (2024) 
his question is by looking for B-mode polarization in the CMB.
he LiteBIRD collaboration will eventually be able to directly
onstrain very large scale tensor modes (10 −19 Hz � f � 10 −15 Hz )
y searching for this polarization signal (LiteBIRD Collaboration
023 ) from space. Additional ground-based efforts such as the
imons Observatory (Ade et al. 2019 ) and CMB-S4 (Abazajian et al.
019 , 2022 ) will also probe B-mode polarization signals, promising
tringent limits in the coming � 5–10 yr. 

There is, ho we ver, a complementary way to determine whether
 given tensor spectrum is primordial, using CMB SDs. Similar
o the scalar perturbations, distortions are also generated through
he direct dissipation of tensor modes present at very early times
5 × 10 4 � z � 10 6 ) (Ota et al. 2014 ; Chluba et al. 2015b ; Kite et al.
021a ). In addition, models that produce the SGWB via small-scale
eatures in the power spectrum may also be probed by SDs if these
nhancements take place at 1 Mpc −1 � k � 10 4 Mpc −1 (e.g. Chluba,
hatri & Sunyaev 2012a ; Chluba et al. 2012b ; Khatri, Sunyaev &
hluba 2012b ; Chluba & Grin 2013 ; Pajer & Zaldarriaga 2013 ;
hluba, Hamann & Patil 2015a ). 
Within Lambda cold dark matter ( � CDM), a clear target of μ =

 × 10 −8 for the μ distortion exists (Chluba et al. 2012a ; Cabass,
elchiorri & Pajer 2016 ; Chluba 2016 ), and any departure from

his value would point towards new physics occurring in the pre-
ecombination era. This not only would provide significant evidence
or a primordial source, but could also single out a small class
f preferred exotic physics explanations. In this work, we further
xplore the synergies between GWs and CMB SDs, highlighting how
o properly leverage this invaluable information in a multimessenger
pproach to unravelling the origin of the GW background. 

In Section 2 , we re vie w the physical mechanism of SD generation
rom enhanced small-scale power, as well as the dissipation of
rimordial tensor modes. We extend results in the literature by con-
idering y -type distortions in addition to the μ distortions previously
tudied. We also provide a set of window functions for use in future
omputations, and showcase how broad features in the PPS generally
trengthen constraints derived from CMB distortions. Following this,
n Sections 3 and 4 we discuss the possible distortion signatures of
IGWs and PBH models, which may also produce a significant
GWB. We conclude in Section 5 . In what follows, we mainly take

he NANOGrav results as a case study, keeping in mind that other
TA collaborations have reported qualitatively similar results. 

 SYNERGI ES  WI TH  SPECTRAL  DI STORTIO NS

istortions in the frequency spectrum of the CMB provide a sensitive
robe of perturbations to the thermal history of the universe up to
edshifts of roughly z th � 2 × 10 6 . The inefficiency of number-
hanging processes (bremsstrahlung and double Compton scattering)
elow this redshift ensures that a blackbody spectrum cannot be
eco v ered if departures from a thermal spectrum are present. Instead,
ompton scattering drives the spectrum to a Bose–Einstein shape,
haracterized by a small chemical potential ( μ) at redshifts of z μy �
 � z th (where z μy � 5 × 10 4 ). At still lower redshifts ( z � z μy ),
ompton scattering freezes out and any non-thermal energy injection

s instead driven towards a y -type distortion. As the freeze out of
ompton scattering is not instantaneous, energy release in the range
f 10 4 � z � 3 × 10 5 will also generate residual -type distortions.
hese distortions are not simply a superposition of μ and y types,
ut also contain non-linear scattering residuals that can be used to
robe the exact time dependence of energy injection scenarios (e.g.
hluba & Sunyaev 2012 ; Khatri & Sunyaev 2012 ; Chluba 2013a ) and
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an be parametrized using the principal components of the distortion 
Chluba & Jeong 2014 ). 

The generation of these monopole SD signatures has been 
he focus of study for many years (Zeldovich & Sunyaev 1969 ;
un yaev & Zeldo vich 1970a ; Illariono v & Sun yaev 1974 ; Danese &
e Zotti 1982 ; Burigana, Danese & de Zotti 1991 ; Hu & Silk 1993 ),
ith modern analytical (Chluba 2013a , 2015 ) and numerical tools 1 

Chluba & Sunyaev 2012 ) being developed to compute constraints 
n both standard model and exotic physics scenarios. 
One such mechanism for sourcing SDs is through the dissipation 

f primordial perturbations in the pre-recombination era (Sunyaev & 

eldovich 1970b ; Daly 1991 ; Hu, Scott & Silk 1994 ; Chluba et
l. 2012a ). When present, energy stored within these perturbations 
s transferred to the thermal bath through electron scattering and 
ree-streaming effects that mix blackbodies with slightly different 
emperatures. Assuming that the spectrum of scalar fluctuations 
emains nearly scale-invariant, the dissipation of power from small- 
cale acoustic modes (50 Mpc −1 � k � 10 4 Mpc −1 ) induces a μ
istortion with amplitude � 2 × 10 −8 . This is one of the most
mportant primordial distortion signals expected within the stan- 
ard concordance model of cosmology ( � CDM; Chluba 2016 ), 
nd presents a tantalizing target in reach of next-generation SD 

xperiments (Kogut et al. 2011 , 2016 ; Chluba et al. 2021 ), although
itigating low-frequenc y fore ground contamination is a significant 

hallenge (Abitbol et al. 2017 ). Limits on the power spectrum at
hese scales are complementary to the tight constraints one can derive 
rom CMB temperature anisotropies (Planck Collaboration VI 2020 ) 
t scales of 10 −3 Mpc −1 � k � 1 Mpc −1 . 

In addition to this standard model signal, man y e xtensions e xist
hat invoke an enhancement of power on sufficiently small scales. 
n particular, several inflationary scenarios can achieve small-scale 
nhancement by postulating interactions between multiple fields 
Silk & Turner 1987 ; Polarski & Starobinsky 1992 ; Braglia et al.
020 ), or from adjustments to the inflaton potential (Garcia-Bellido & 

uiz Morales 2017 ; Ballesteros & Taoso 2018 ; Ashoorioon, Ros-
ami & Firouzjaee 2021 ). Depending on the amplitude and wavenum- 
er of these enhancements, it may be possible to form PBHs (Carr
t al. 2021 ; Green & Kavanagh 2021 ), source GWs (at second order
n perturbation theory; see Dom ̀enech 2021 for a re vie w), and induce
ignificant SDs (Chluba et al. 2012b ; Nakama et al. 2018 ). The
etection of these SDs could provide an important multimessenger 
ignature of an SGWB present at high redshifts, providing us with a
athway to disentangle astrophysical sources from primordial ones. 
At present, the state-of-the-art measurement of CMB SDs comes 

rom the COBE/ FIRAS satellite, which reported limits on the 
istortion parameters of μ ≤ 9 × 10 −5 and y ≤ 1.5 × 10 −5 (Fixsen 
t al. 1996 ) at 2 σ . While these bounds can be strengthened by
oughly a factor of 2 (Gervasi et al. 2008 ; Bianchini & Fabbian
022 ), the next generation of ground-based (the Tenerife Microwave 
pectrometer, TMS; Rubi ̃ no Mart ́ın et al. 2020 ) and balloon-borne
Balloon Interferometer for Spectral Obervations of the Universe, 
ISOU; Maffei et al. 2021 ) experiments will likely further strengthen 

he bounds on y / μ by one order of magnitude.Satellite efforts such as
he Primordial Inflaton Explorer ( PIXIE ) (Kogut et al. 2011 , 2016 )
r the Voyage 2050 programme (Chluba et al. 2021 ), ho we ver, can
ncrease the constraining power of distortions by several orders 
f magnitude.With current technology, a PIXIE -type mission is 
xpected to reach a sensitivity of μ � 10 −8 and y � 2 × 10 −8 , even if
ignificant uncertainties with respect to fore ground remo val remain 
 www.Chluba.de/CosmoTherm 

m
 

e

Desjacques et al. 2015 ; Sathyanarayana Rao et al. 2015 ; Mashian,
oeb & Sternberg 2016 ; Abitbol et al. 2017 ; Rotti & Chluba 2021 ;
elko & Finkbeiner 2021 ). SDs are therefore uniquely situated to
rovide us with a deep view behind the surface of last scattering
ue to the impressive increase in sensitivity possible with future 
xperiments. 

.1 Spectral distortions from enhanced small-scale power 

he dissipation of small-scale modes is primarily caused by the 
iffusion of photons, which gives rise to the well-known damping 
ail of CMB anisotropies (Silk 1968 ; Planck Collaboration VI 2020 )
t � � 500. In the context of SDs, photon diffusion is equi v alent to
he mixing of blackbodies with slightly different temperatures that 
ubsequently induces a distortion. This effect has been known for 
ome time (Sunyaev & Zeldovich 1970a ; Daly 1991 ; Hu et al. 1994 ),
hough more recent dev elopments hav e e xpanded our understanding
y providing complementary approaches and accurate numerical 
reatments (Chluba & Sunyaev 2012 ; Chluba et al. 2012a ; Khatri,
unyaev & Chluba 2012a ; Khatri et al. 2012b ; Pajer & Zaldarriaga
013 ). For the remainder of this section, we consider distortions
enerated by adiabatic fluctuations, following closely Chluba et al. 
 2012b , 2015a ), while a treatment rele v ant to isocurv ature modes can
e found in Chluba & Grin ( 2013 ). 
The ef fecti ve heating rate ( Q ac ) for this process is gi ven by 

d( Q ac /ργ ) 

d z 
≈ 4 a ̇τ

H 

∫ 
d k 

k 2 

2 π2 
P ζ ( k ) 

[
(3 � 1 − v ) 2 

3 
+ 

9 

2 
� 

2 
2 

− 1 

2 
� 2 ( � 

P 
0 + � 

P 
2 ) 

]
, (1) 

ith � N being the N th moment of the photon temperature or
olarization transfer function (the superscript P refers to polariza- 
ion), v the baryon velocity (transfer function), P ζ = 2 π2 k −3 P ζ the
dimensionful) PPS, τ̇ = σT N e c the rate of Thomson scattering, H
he Hubble rate, and a the scale factor normalized to be unity at the
resent time. For primordial distortions, the tight coupling regime 
nsures that the quadrupole anisotropy dominates the signal, and so 
e neglect multipoles with � ≥ 2 (Chluba et al. 2012a ) as well as

dditional polarization corrections (Chluba et al. 2015b ), which only 
ffect the results at the per cent level. The background CMB energy
ensity (at redshift z) scales as ργ ∝ (1 + z) 4 . 
For adiabatic initial conditions and in the tight coupling regime 

Hu & Sugiyama 1995 ), it is possible to derive a more functionally
seful form of this rate, namely 

d( Q ac /ργ ) 

d z 
≈ A 

2 

H a 

32 c 2 

45 ̇τ ( z) 

∫ 
d k 

k 4 

2 π2 
P ζ ( k)e −k 2 /k 2 D ( z) . (2) 

 ≈ 0.9 is a dimensionless coefficient related to the neutrino 
oading and receives various k -dependent corrections in the case 
f isocurvature perturbations (Chluba & Grin 2013 ). The damping 
cale k D is determined through ∂ t k 

−2 
D ≈ 8 c 2 / 45 a 2 τ̇ (Kosowsky &

urner 1995 ; Dodelson 2003 ) and encodes the fact that perturbations
ith k > k D ( z) have already dissipated their energy into the plasma

t a given redshift z. 
Furthermore, one can find that a given k mode dissipates the
ajority of its energy at redshift z diss ≈ 4 . 5 × 10 5 ( k/ 10 3 Mpc −1 ) 2 / 3 .
rom here, it is straightforward to show that μ distortions will be
fficiently generated by power in modes of wavenumber 50 Mpc −1 � 

 � 10 4 Mpc −1 , allowing us to constrain regions of the PPS comple-
entary to CMB anisotropy measurements. 
Given the effective heating rate in equation ( 2 ), μ- and y -distortion

stimation can proceed through a simple analytical procedure, 
MNRAS 528, 883–897 (2024) 
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 = 

1 

4 

∫ ∞ 

0 
d z ′ 

d( Q/ργ ) 

d z ′ 
J y ( z 

′ ) , (3) 

= 1 . 401 
∫ ∞ 

0 
d z ′ 

d( Q/ργ ) 

d z ′ 
J μ( z ′ ) , (4) 

here J μ/y ( z) are known as the distortion visibility functions,
etermined by the efficiency of thermalization at any given redshift
Chluba 2013a , 2016 ; Chluba & Jeong 2014 ). 

For a specified form of the visibility function, one can package
he distortions in a simple way that highlights the dependence on the
orm of the PPS by inserting equation ( 2 ) into equations ( 3 ) and ( 4 )
nd computing k -space window functions, 

 ac ≈
∫ ∞ 

k min 

d k 
k 2 

2 π2 
P ζ ( k) W y ( k) , (5) 

ac ≈
∫ ∞ 

k min 

d k 
k 2 

2 π2 
P ζ ( k ) W μ( k ) . (6) 

ere, k min ≈ 1 Mpc −1 is a cut-off scale introduced due to the fact
hat modes with k � k min are tightly constrained by CMB anisotropy,
nd because the efficiency of energy injection drops for larger scale
odes, which dissipate in the post-recombination era through heat

onduction/velocity terms rather than shear viscosity (Chluba et al.
012b ). The exact form of the window function depends on our
hoice of distortion visibility function, of which we hav e fiv e options
ith varying degrees of accuracy. We briefly mention each method
ere but refer the reader to Chluba ( 2016 ) for a detailed discussion. 
Method A: The simplest approximation one can make is to

ssume that the μ–y and full thermalization transitions take place
nstantaneously, 

 y ( z) = 

{
1 for z rec ≤ z ≤ z μy , 

0 otherwise , 
(7) 

 μ( z) = 

{
1 for z μy ≤ z ≤ z th , 

0 otherwise . 
(8) 

hile the least accurate, this approximation can simplify the compu-
ation significantly and hence has been used in simple estimates for
nisotropic distortion signals (e.g. Ganc & Komatsu 2012 ; Pajer &
aldarriaga 2012 ). 
Method B: As a marginal impro v ement, one can include the fact

hat even for z > z th , small μ distortions can be generated by intro-
ucing the thermalization efficiency function, J bb ( z) ≈ e −( z/z th ) 5 / 2 .
his leads to 

 y ( z) = 

{
1 for z rec ≤ z ≤ z μy , 

0 otherwise , 
(9) 

 μ( z) = 

{
J bb ( z) for z ≥ z μy , 

0 otherwise . 
(10) 

iven the wide use of this description in the literature, approxima-
ions to the k -space window functions have also been made (Chluba &
rin 2013 ; Chluba et al. 2015a ) for this method 
: 

 y ( k) ≈ A 

2 

2 
exp 

⎛ 

⎝ −
[ 

ˆ k 

32 

] 2 
⎞ 

⎠ , (11) 

 μ( k) ≈ 2 . 8 A 

2 

⎡ 

⎢ ⎣ 

exp 

⎛ 

⎜ ⎝ 

−
(

ˆ k 
1360 

)2 

1 + 

(
ˆ k 

260 

)0 . 3 
+ 

(
ˆ k 

360 

)
⎞ 

⎟ ⎠ 

− exp 

⎛ 

⎝ −
[ 

ˆ k 

32 

] 2 
⎞ 

⎠ 

⎤ 

⎥ ⎦ 

. (12) 
NRAS 528, 883–897 (2024) 
hese can be useful for gaining analytical intuition for e.g. δ-function
eatures. Note that ˆ k = k/ Mpc −1 . 

Method C: We can further treat the μ–y transition redshift in a
ore consistent way by simply fitting the μ and y distortions to their

alues computed numerically using a Green’s function approach 
: 

 y ( z) ≈

⎧ ⎪ ⎨ 

⎪ ⎩ 

(
1 + 

[ 
1 + z 

6 ×10 4 

] 2 . 58 
)−1 

for z ≥ z rec , 

0 otherwise , 

(13) 

 μ( z) ≈ J bb ( z) 

[
1 − exp 

(
−

[ 
1 + z 

5 . 8 ×10 4 

] 1 . 88 
)]

. (14) 

Method D: The previous approach suffers from energy leakage
nto the residual distortions, and as a result only allows a determina-
ion of μ and y to within roughly 10 −20 per cent . To enforce energy
onservation, one can choose 

 y ( z) ≈

⎧ ⎪ ⎨ 

⎪ ⎩ 

(
1 + 

[ 
1 + z 

6 ×10 4 

] 2 . 58 
)−1 

for z ≥ z rec , 

0 otherwise , 

(15) 

 μ( z) ≈ J bb ( z)[1 − J y ( z)] . (16) 

PCA method: Each of the previous methods relied on peeling back
ayers of approximations for the treatment of the microphysics of
hermalization. None of these methods, ho we ver, was able to model
he complicated dynamics of the (non- y /non- μ) residual distortion.
n order to capture and utilize this information, one can resort to
 principal component analysis (PCA) in which the residual part
f a distortion is projected on to a basis of its eigenmodes and
ubsequently used to constrain energy release histories 

I i = �I T i + �I 
μ
i + �I 

y 

i + �I Res 
i , (17) 

I Res 
i ≈

∑ 

k 

S 
( k) 
i μk . (18) 

Here, the distortion signature in a narrow frequency bin i can
e decomposed into its contributions from the temperature shift,
- and y -type spectra, and a residual contribution. The μk are a

et of distortion parameters akin to μ and y , which can be used to
mpro v e the accuracy of the visibility functions. Unfortunately, these
mpro v ed visibility functions lack a compact analytical expression,
hough the interested reader can consult Chluba & Jeong ( 2014 ),
hluba ( 2016 ), and Lucca et al. ( 2020 ) for further details. Additional
arametrizations based on boosts of the y distortion are discussed in
hluba, Kite & Ravenni ( 2022 ) but will not be considered here. 
For the purposes of distortions from small-scale po wer, the windo w

unctions W μ/ y ( k ) are most rele v ant. Fig. 1 sho ws a comparison of the
arious methods for both the μ and y distortions. With the exception
f Method A, the variations between procedures are most evident
n the low k tail of W μ and the high k tail of W y , due to different
reatments of the residual era. In addition to being the most accurate

ethod, the PCA approach provides the most generous window
unction as it takes a more comprehensive distortion history into
ccount. Below, we will mainly focus on comparing Method B and
he PCA, highlighting how the constraints on the small-scale power
re underestimated using Method B. 

.2 Features in the small-scale spectrum 

t scales rele v ant to CMB anisotropy measurements, the spectrum
f primordial scalar perturbations is well measured to be adiabatic,
early scale-inv ariant, and follo w Gaussian statistics (Planck Col-
aboration VI 2020 ). The Planck collaboration has characterized the
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Figure 1. The k -space window functions for μ (left) and y (right) distortions. We compare the four different analytical methods discussed in the text with the 
numerically computed PCA projection. Method A treats z th as a hard cut-off that explains the high k discrepancy for W μ. The other variations between methods 
come from different treatments of the residual era (5 × 10 4 � z � 3 × 10 5 ), with the PCA being the most faithful representation of the full numerical solution 
to the thermalization procedure, as computed in COSMOTHERM . 
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SM 

ζ = A ζ

(
k 

k p 

)n s −1 + 

1 
2 n run ln ( k/k p ) 

, (19) 

ith pivot k p = 0 . 05 Mpc −1 , spectral index n s = 0.9641, running
 run = −0.0045, and amplitude A ζ = 2.1 × 10 −9 . These correspond
o the maximum likelihood values found in tables 4 and 5 of Planck
ollaboration VI ( 2020 ) (TT, TE, and EE + lowE + lensing) when
dding a running of the scalar spectral index.Using equation ( 6 ), it is
traightforward to show that if this spectrum extends to scales of k �
0 4 Mpc −1 , an SD with amplitude μ ≈ 2 × 10 −8 will be generated. 2 

his distortion presents a target that next-generation space missions 
uch as PIXIE 

3 (Kogut et al. 2011 , 2016 ) or Voyage 2050 (Chluba
t al. 2021 ) are capable of observing with high significance. Perhaps
ore exciting, ho we ver, is the possibility that these space missions

ould see a μ distortion with a different amplitude, as this would 
e a smoking gun signal of a departure from the standard � CDM
osmology. If one finds limits such that μ � 2 × 10 −8 , it would
ignify a strong red tilt to the small-scale power spectrum, while 
� 2 × 10 −8 would imply a boosted feature in the spectrum, or

ome other exotic energy injection mechanism such as decaying or 
nnihilating dark matter (Bolliet, Chluba & Battye 2021 ; Liu et al.
023a ), cosmic strings (Cyr, Chluba & Acharya 2023a , b ), PBHs
Nakama et al. 2018 ), or other possibilities (e.g. Chluba 2013b ;
hluba & Jeong 2014 ). 
It is therefore possible to use SDs as a tool to constrain departures

rom the nearly scale-invariant power spectrum on small scales. Since 
istortion signatures are an integrated effect, constraints derived 
epend sensitively on the shape of the feature in the PPS. The
ANOGrav collaboration has hinted that their recent detection could 
ave been generated by some of these features at second order in
 The small ne gativ e contribution of μ = −0.3 × 10 −8 from adiabatic cooling 
Chluba 2005 ; Chluba & Sunyaev 2012 ; Khatri et al. 2012a ) was included in 
his value, implying that the acoustic damping distortion in fact totals to μac 

 2.3 × 10 −8 . 
 We shall use the terms PIXIE and PIXIE -type mission interchangeably in 
his work. The main targets are assessed by assuming that a target of μ � 

0 −8 can be achieved after foreground marginalization. 

p  

i  

e
p  

l  

s  

o  

o
c

 2024
erturbation theory (SIGWs), and that these models offer a better 
t when compared against the expected astrophysical sources (Afzal 
t al. 2023 ). While the precise dynamics of GW emission from scalar
erturbations poses a highly non-linear and complicated problem 

Pen & Turok 2016 ), in the perturbative regime one can convert the
istortion PPS constraints into GW limits. In following Afzal et al.
 2023 ), we thus consider SD constraints on three different shapes: δ-
unction, Gaussian peak, and box-like features in the PPS. Additional 
ases are discussed in Chluba et al. ( 2012b ). 
δ-function: Here, we assume that the feature in the power 

pectrum is a single δ-function located at k ∗, with amplitude A 

δ
ζ : 

 

δ
ζ = A 

δ
ζ δ
(

ln ( k) − ln ( k ∗) 
)
. (20) 

epending on the position of the peak, sizeable distortions can 
e generated with amplitudes given by μ = A 

δ
ζ W μ( k ∗) and y =

 

δ
ζ W y ( k ∗). In Fig. 2 , we show constraints on the amplitude of the

-function from both COBE/ FIRAS (blue) as well as a PIXIE -type
atellite (green). We additionally show contours of intermediate y - 
istortion constraints. The precise primordial value of y that PIXIE
ill be able to constrain depends on how reliably one can subtract
ff the contribution coming from lo w-redshift ef fects of reionization
nd clusters (which source a y distortion with amplitude � 10 −6 ;
efregier et al. 2000 ; Hill et al. 2015 ; Thiele et al. 2022 ). Through
pcoming direct measurements of the Sun yaev-Zeldo vich (SZ) effect 
f galaxy clusters and X-ray observations, we expect to be able to
odel this contribution to the level of 1 −10 per cent , which we use

ere as benchmarks. 
The left and right plots differ by the window function that was

pplied in computing the distortion. The left plot makes use of the
ull PCA procedure and provides stronger constraints in the range 
f 3 Mpc −1 � k � 30 Mpc −1 compared to the right plot. The right
lot uses the Method B window function (with its analytical approx-
mations given in equations 11 and 12 ), which is most commonly
mployed in the literature. Finally, we show the nearly scale-invariant 
ower spectrum inferred by Planck with the red (solid and dashed)
ine. While it looks like PIXIE cannot see the extrapolated small-
cale PPS signal, we remind the reader that integrating this spectrum
 v er the window function produces μ � 2 × 10 −8 , which is in reach
f these ne xt-generation e xperiments, assuming that the foreground 
hallenges presented in Abitbol et al. ( 2017 ) can be o v ercome. 
MNRAS 528, 883–897 (2024) 
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Figure 2. Constraints on the amplitude ( A 

δ
ζ = P 

δ
ζ ) of a δ-function feature in the scalar power spectrum using the full PCA window function (left), and the most 

commonly used analytical expressions (Method B) for W μ/ y ( k ) (right). In addition to the nominal COBE/ FIRAS and PIXIE -type distortion limits/forecasts, we 
also showcase a variety of intermediate limits on a next-generation primordial y distortion measurement. Low-redshift effects from reionization and clusters 
produce a y distortion with amplitude � 10 −6 , meaning that primordial y constraints will be dependent on how reliably one can marginalize out that standard 
model component. Constraints on broader features can be estimated by integrating the corresponding power that consequently tightens the limits, as we show 

in Figs 4 and 5 . 
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In Fig. 3 , we show an expanded look at these constraints in the
ontext of a broader experimental reach. On large scales, precise
easurements of CMB anisotropy provide stringent limits on depar-

ures from a nearly scale-invariant spectrum (Planck Collaboration
I 2020 ). Strong features in the power spectrum can lead to the

bundant production of PBHs, which are constrained by a variety of
strophysical and cosmological phenomena (Carr & Kuhnel 2022 )
s indicated by the grey contour. Constraints from SIGWs can be
erived by assuming a non-detection of GW backgrounds from
pcoming telescopes such as the Square Kilometer Array (SKA),
he Laser-Interferometer Space Antenna (LISA), and the Einstein
elescope (Moore, Cole & Berry 2015 ; Bartolo et al. 2016 ; Maggiore
t al. 2020 ; Gow et al. 2021 ).BBN also drives constraints on the right
dge of the distortion contours (Jeong et al. 2014 ; Nakama, Suyama &
ok o yama 2014 ; Inomata, Kaw asaki & T ada 2016 ). W e differentiate
etween current and future constraints by filled and unfilled contours,
espectively. 

As we will discuss in the next section, the recent detection of an
GWB may be sourced by a strong scalar feature. The detection
ontours depend sensitively on the shape of the feature, so here we
hoose to only show the 1 σ and 2 σ contours for a δ-function feature
s discussed in Antoniadis et al. ( 2023 ). In general, δ features are
nphysical (Cole et al. 2022 ), implying that some width in k -space
s necessary. Wide features in the power spectrum also typically
oost the predicted distortion signature, which means that a PIXIE -
ype experiment could potentially see a μ distortion if the detected
tochastic background has a SIGW origin. F or e xample, the broad
odels illustrated in figs 18 and 19 of Antoniadis et al. ( 2023 ) lead

o an integrated signal of μ � 10 −8 to 10 −6 due to their enhanced
ower at k � 10 5 Mpc −1 , thus becoming visible to future CMB
pectrometers, and providing a litmus test for these scenarios. 

Gaussian peak: For our second PPS shape, we consider departures
rom scale-invariance by the addition of a Gaussian peak in ln k ,
odelled by 

 

Gauss 
ζ = 

A 

Gauss 
ζ√ 

2 π� 

exp 

[ 

−1 

2 

(
ln ( k) − ln ( k ∗) 

� 

)2 
] 

. (21) 
NRAS 528, 883–897 (2024) 
This model is characterized by three parameters, and we chose to
llustrate constraints on the amplitude A 

Gauss 
ζ by benchmarking values

f the width � , and the peak position k ∗ in Fig. 4 . In contrast to the δ-
unction feature, where we showcased constraints from μ and y , here
e simply focus on μ constraints for illustrative purposes. The left
lot of this figure shows that the constraints become more stringent
s the Gaussian widens, as even peak positions of k ∗ � 10 5 Mpc −1 

ill have significant tails in the active regions of W μ( k ). As expected,
he constraints approach that of a δ-function in the � → 0 limit. 

The right plot shows a broader range of widths for peak positions
pread throughout active areas of W μ( k ). For very narrow widths,
he constraints become roughly constant as one approaches the δ
eature, with an amplitude dependent on precisely where k ∗ lies in the
indow function. For large widths, significant leakage of the signal

n the high and low k modes outside of the window function leads to
 weakening of the constraints, coupled with an o v erall reduction of
he ef fecti ve amplitude at the peak controlled by A 

Gauss 
ζ /� . 

Box feature: We additionally consider a box-like feature, also
onsisting of three parameters and characterized by 

 

Box 
ζ = A 

Box 
ζ � 

(
ln ( k upper ) − ln ( k ) 

)
� 

(
ln ( k ) − ln ( k lower ) 

)
, (22) 

here � are Heaviside step functions (not to be confused with the
hoton transfer functions) and k upper/lower correspond to the upper
nd lower cut-offs of the box, respectively. The amplitude of the μ
istortion can be determined by 

= A 

Box 
ζ

∫ k upper 

k lower 

d k 

k 
W μ( k) , (23) 

hough it is more instructive to transform to parameters that character-
ze the central box position [ k ∗ = ( k lower + k upper )/2], and total width
 k w = k upper − k lower ) when discussing constraints on the amplitude. 

Similar to the Gaussian case, we show these constraints for
enchmarked values of k w and k ∗ in the left and right plots of Fig. 5 ,
espectiv ely. F or the left plot, the constraints gradually strengthen
or wider boxes, as expected. The block constraints on the left side
f the plot arise due to the fact that there k lower � 1 Mpc −1 and can
e strongly excluded by CMB anisotropy constraints. The right plot
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Figure 3. An extended view of the primordial scalar power spectrum. The largest angular scales are tightly constrained by CMB anisotropy, with SDs providing 
competitive bounds at scales of 1 Mpc −1 � k � 10 4 Mpc −1 (Chluba et al. 2012b ). At still larger scales, GW experiments can set constraints by non-detection of 
a stochastic background induced through SIGWs (the PTA, SKA, and LISA contours). In addition, large scalar fluctuations can seed abundant PBH production, 
which are constrained by various astrophysical and cosmological signatures (see Carr et al. 2010 ; Carr & Kuhnel 2022 , and references therein for specific 
details). Disruptions to BBN also lead to a set of marginal constraints (Jeong et al. 2014 ). Current and future constraints on the spectrum are indicated by filled 
and unfilled contours, respectively. The 1 σ and 2 σ detection contours reported by EPTA for a ( δ-function) SIGW signal are labelled by (E)PTA (Antoniadis 
et al. 2023 ). 

Figure 4. COBE/ FIRAS constraints on the amplitude of a Gaussian-type feature in the PPS. Left: The peak position is varied for different benchmark widths. 
In the limit � → 0, the constraints approach that of the δ feature. Right: The peak positions are benchmarked and width varied. 
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llustrates this same feature with blocked constraints on the high k w 
nd of the figure. 

A note worth mentioning is that while the δ and Gaussian features 
re properly normalized to their respective amplitude parameters (in 
og space), the box feature is not. This leads to weaker constraints for
hin boxes ( k w � 50 Mpc −1 ) around 10 2 Mpc −1 � k � 10 4 Mpc −1 

hen compared with the δ limits. For properly normalized features, 
he δ feature al w ays produces the most conserv ati ve bounds. We
ake this somewhat inconsistent choice of normalization to match 

hose models considered by the NANOGrav collaboration (Afzal 
t al. 2023 ). To properly compare to the δ and Gaussian parameters,
ne should instead choose 

 

Box , norm 

ζ = 

A 

Box 
ζ

ln ( k upper /k lower ) 

×� 

(
ln ( k upper ) − ln ( k ) 

)
� 

(
ln ( k ) − ln ( k lower ) 

)
. (24) 

n this case, taking the limit k w → 0 will once again reproduce the
ost conserv ati v e δ feature constraints as e xpected. 
MNRAS 528, 883–897 (2024) 
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Figure 5. Amplitude constraints from COBE/ FIRAS for the box-type feature in terms of the central position of the box k ∗, and the total (linear) width, k w . 
Left: Peak positions are varied for different width benchmarks. The rectangular constraints on the left side of the plot are generated due to stringent constraints 
coming from CMB anisotropy. Right: Varying the widths for fixed peak positions. The rectangular contours on the right come from the same source as on the 
left. Constraints appear weaker when compared to the δ-function feature for thin boxes due to an inconsistent choice of normalization, following Afzal et al. 
( 2023 ). 
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4 Window functions are available at https:// github.com/ CMBSPEC/ GW2SD. 
git. 
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.3 Dissipation of tensor perturbations 

calar perturbations are not the only type of fluctuation that can
ource SDs at early times, both tensors (GWs) and vectors offer
ontributions that can be significant in certain regimes. While a
pectrum of vector modes sourced before the distortion window ( z
 2 × 10 6 ) will decay quite rapidly, interesting constraints can be

ut on tensor modes by considering their dissipation through CMB
olarization fluctuations. This process was originally studied in Ota
t al. ( 2014 ) and Chluba et al. ( 2015b ), while an update regarding
he complementarity of distortion-based constraints and other more
raditional GW observatories can be found in Kite et al. ( 2021a ) and
ampeti et al. ( 2021 ). 
Tensor perturbations source SDs mainly through free-streaming

ffects, in contrast to scalar perturbations that are damped through
ree-streaming as well as direct interactions with the electron–photon
uid. Indeed, it is these direct interactions (through Thomson scat-

ering) that introduced the scalar damping scale k D in equation ( 2 ),
fficiently converting small-scale [ k � k D ( z)] fluctuations into an
f fecti ve heating term for the plasma. 

The lack of an efficient damping mechanism for GWs introduces
wo qualitati ve dif ference when compared against scalars. First, the
onversion from GWs to an ef fecti ve heating term is suppressed
elative to the scalars by roughly five orders of magnitude. In
ontrast, the second effect is that tensor perturbations can actively
ontribute to SDs o v er a much wider range of scales, 1 Mpc −1 � k �
0 6 Mpc −1 , with a power-law decay of the window function in the
ltraviolet (compared to the exponential suppression of scalars for
 � 10 4 Mpc −1 ). 

For a given form of the primordial tensor power spectrum, the
rocedure to compute the associated μ distortion is very closely
elated to the formalism presented in equation ( 6 ) for scalars. If the
ensor spectrum is sourced at arbitrarily high redshifts (from inflation,
or e xample), the av erage value of the μ distortion can be determined
y 

 μGW 

〉 = 

∫ ∞ 

0 
d k 

k 2 

2 π2 
P T ( k ) W 

T 
μ ( k ) . (25) 
NRAS 528, 883–897 (2024) 
n analogy with the scalar sector, P T is the dimensionful tensor power
pectrum, and W 

T 
μ is the k -dependent window function for tensors.

his window function is computed numerically following the details
f Chluba et al. ( 2015b ). 
There are also many scenarios in cosmology that produce a

W background significantly later than inflation, such as first-
rder phase transitions (Kosowsky et al. 1992a , b ; Kosowsky &
urner 1993 ), cosmic strings (Vilenkin 1981 ; Vachaspati & Vilenkin
985 ), metastable domain walls (Hiramatsu et al. 2010 ; Kawasaki &
aikawa 2011 ), and SIGWs (Ananda et al. 2007 ; Baumann et al.
007 ), to name a few of interest to the NANOGrav signal. In these
ases, the tensor modes will be generated o v er a specific redshift
ange on sub-Hubble scales. To account for this, Kite et al. ( 2021a )
efined a generalization of equation ( 25 ), namely 

 μGW 

〉 ( z = 0) = 

∫ ∞ 

0 
d k 

k 2 

2 π2 

∫ ∞ 

0 
d z P T ( k, z) W 

T 
μ( k, z) . (26) 

ere, W 

T 
μ( k, z) is known as the tensor window primitive, and encodes

ime-dependent information rele v ant to the damping of these more
eneral GW spectra. In the limit where a tensor spectrum appears
nstantaneously, P T ( k , z) = P T ( k ), the window primitive is related to
he more familiar window function via 

∫ ∞ 

0 W 

T 
μd z = W 

T 
μ . 

We show an illustration of the window functions 4 in Fig. 6 for
 primordial tensor spectrum ( z src � 10 10 , much before the μ era),
s well as for backgrounds created at later times. The amplitude of
he window function is typically five orders of magnitude below the
calar counterpart in the plateau region, generally leading to a weaker
istortion signature except for the case of a strongly blue-tilted tensor
pectrum. The amplitude of the window function decreases for tensor
ackgrounds created during the μ era as there is less time o v erall for
hem to dissipate their energy. For z src � 5 × 10 4 , no μ distortion is
ossible and so the window function closes. In principle, a window
unction could also be constructed for y distortions, though cluster
arginalization makes detection of a small y signal very difficult once

https://github.com/CMBSPEC/GW2SD.git
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Figure 6. The window function for tensor perturbations. For a long-lived 
GW background ( z � 10 10 ), the window function is maximized as tensors 
will dissipate o v er the entire μ re gime. F or backgrounds sourced at later 
times, the window function degrades as the tensors have less o v erall time to 
dissipate their energy. 

Figure 7. The spectrum of induced GWs from a δ-function feature in the 
PPS. The GW resonance occurs at ̃  k r = 2 c s ≈ 1 . 15 for tensors sourced in the 
radiation era. 
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he strong suppression relative to scalar dissipation is accounted for 
nd so we do not consider them here. 

For a more in-depth analysis of the formalism, including an explicit 
orm for the windo w primiti ve and various mappings between P T and
he more familiar GW observable �GW 

h 2 , the reader is referred to
ite et al. ( 2021a , 2021b ). As indicated in Fig. 10 , SDs from the
irect dissipation of tensor modes are capable of probing a low- 
requenc y re gion of the GW parameter space not accessible by other
xperimental efforts. While the constraints from COBE/ FIRAS are 
ather weak, next-generation experiments will provide deep insights 
nto tensor backgrounds o v er a wide range of scales. Any sufficiently
trong primordial ( z src � 5 × 10 4 ) SGWBs will undoubtedly source
Ds, providing a valuable multimessenger signal that can be useful 
or model discrimination. 

 SC A LAR-IN D UCED  G R AV I TAT I O NA L  WAV ES  

t linear order in perturbation theory, the scalar–vector–tensor 
ecomposition of fluctuations provides us with a powerful tool to 
tudy various phenomena. At second order, ho we ver, it is well known
hat scalar perturbations can source tensor modes (Ananda et al. 2007 ;
aumann et al. 2007 ). As this is a second-order ef fect, SIGWs suf fer

rom significant suppression if the amplitude of the scalar power 
pectrum remains near its scale-inv ariant v alue at arbitrarily small
cales, �GW 

∝ A 

2 
ζ . Therefore, theories that introduce enhancements 

o the small-scale power will also source a spectrum of GWs that can
ave interesting cosmological consequences. 
Perhaps the most straightforward consequence is the production 

f a stochastic background that could be detected by various different
W observatories. In light of the recent detection, the NANOGrav 

Afzal et al. 2023 ) collaboration has indicated that a fit to the
ata with a SIGW component is more convincing than considering 
MBHBs alone. Additionally, the EPTA collaboration (Antoniadis 
t al. 2023 ) has determined 1 σ and 2 σ ‘detection’ contours for a
IGW progenitor, which we reproduced as the orange region in 
ig. 3 . These contours assume a δ-function feature in the scalar
pectrum with an amplitude large enough that significant production 
f PBHs may also occur. Future constraints (assuming a non- 
etection) can also be forecasted for SKA, LISA, and the Einstein
elescope (see Gow et al. 2021 and references therein). The detection
f this stochastic background has inspired a flurry of work on the
opic (Balaji et al. 2023 ; Cai et al. 2023 ; Choudhury et al. 2023 ;
irouzjahi & Talebian 2023 ; Huang et al. 2023 ; Jin et al. 2023 ; Liu et
l. 2023b ; Unal et al. 2023 ; Wang et al. 2023 ; Yi et al. 2023a , b ; You
t al. 2023 ; Yuan et al. 2023 ; Zhu et al. 2023 ), showcasing a broad
nterest in the community to further explore the parameter space of
IGWs. 
Here, we would like to highlight a synergy between CMB SDs and

he GWs induced by scalar perturbations. We choose to take a slightly
ifferent approach, where instead of converting GW detections and 
on-detections into constraints on the PPS (as is usually done), we ask
ow CMB SDs and other constraints on the PPS can be transformed
nto limits on the GW parameter space for SIGWs. 

The SIGW calculation has been refined since the seminal work of
nanda et al. ( 2007 ), including the deri v ation of useful analytical

orms for simple shapes in the PPS (Espinosa, Racco & Riotto
018 ; Kohri & Terada 2018 ). These results have been cross-checked
Inomata & Nakama 2019 ) and an e xtensiv e literature now exists
n the subject (see Dom ̀enech 2021 for a comprehensive review).
ere, we summarize the results rele v ant to mapping the CMB SD

onstraints on to the GW parameter space assuming a δ-function 
eature (i.e. the constraints presented in Figs 2 and 3 ). 

We assume that the GWs are induced during radiation domination. 
uring this epoch, tensor modes are primarily sourced close to 
orizon re-entry for any scalar feature. Modes rele v ant to CMB
Ds generically cross the horizon in the radiation era (recall that
 eq � 10 −2 Mpc −1 ). We also assume that these scalar fluctuations
bey Gaussian statistics. Under these simplifications, the time- 
veraged primordial tensor spectrum is related (at second order) 
o the scalar spectrum by the expression (Inomata & Nakama 2019 ) 

 h ( η, k) � 4 
∫ ∞ 

0 
d v 

∫ 1 + v 

| 1 −v| 
d u 

(
4 v 2 − (1 + v 2 − u 

2 ) 2 

4 uv 

)2 

× I 2 ( v, u, kη) P ζ ( k v ) P ζ ( k u ) , (27) 

here η is conformal time (d t = a d η), v = q / k and u = | k
q | / k relate the wavenumbers of the scalar and induced tensor

odes, and I ( v, u, kη) is a highly oscillatory kernel encoding the 
ime dependence of the source function (see Kohri & Terada 2018 ;
om ̀enech 2021 , for some exact expressions). 
MNRAS 528, 883–897 (2024) 
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M

Figure 8. Left: Upper limits on the PPS for three different choices of constraints, Planck + PBH (black), including FIRAS (blue), and including PIXIE (green). 
Right: The constrained region for the GW parameter space of SIGWs, assuming a δ-function feature in the PPS. The colour coding of the contours matches the 
upper limits traced out on the left plot. 

Figure 9. Decomposing the FIRAS constraints into contributions from IR 

tails versus the resonant forests. The resonant forest constraints follow a 1 → 

1 mapping to the limits on the PPS. 
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During radiation domination and in the subhorizon limit, this
xpression can be approximated as 

I ( v, u, kη → ∞ ) 

� 

1 

2 

(
3( u 

2 + v 2 − 3) 

4 u 

3 v 3 

1 

kη

)2 

×
[(

− 4 uv + ( u 

2 + v 2 − 3) log 

∣∣∣∣3 − ( u + v) 2 

3 − ( u − v) 2 

∣∣∣∣
)2 

+ π2 ( u 

2 + v 2 − 3) 2 � ( v + u −
√ 

3 ) 

]
. (28) 

he � indicates Heaviside step functions, and the GW energy density
er logarithmic k interval is given by 

GW 

( η, k) = 

1 

24 

(
k 

a( η) H ( η) 

)2 

P h ( η, k) . (29) 
NRAS 528, 883–897 (2024) 
or a δ feature such as the one considered in equation ( 20 ), the GW
nergy density takes a simple analytical form (Kohri & Terada 2018 ) 

GW 

( η, k) � 

27 A 

2 
ζ

1024 
˜ k 2 

(
˜ k 2 − 4 

)2 
(

˜ k 2 − 2 

3 

)2 

×
[

9 π2 

(
˜ k 2 − 2 

3 

)
� 

(
2 
√ 

3 − 3 ̃ k 
)

+ 

(
4 + 3 

(
˜ k 2 − 2 

3 

)
log 

∣∣∣∣1 − 4 

3 ̃ k 2 

∣∣∣∣
)2 ]

� 

(
2 − ˜ k 

)
, 

(30) 

here ˜ k = k/k s , ∗ (we now add the subscript k s when discussing
eatures related to the scalar spectrum). A similar analytical form
an also be found for the case of a lognormal enhancement to the
PS (Pi & Sasaki 2020 ). In future work, we will consider the induced
Ws from a wide array of different spectral features. 
The left panel of Fig. 7 illustrates the general shape of the induced

W spectrum, and consists of two interesting features: A resonant
eak, occurring at k r = 2 c s k s, ∗ ( c s = 1 / 

√ 

3 in the radiation era), and
n extended infrared (IR) tail, which has been proposed as a fit to the
ANOGrav data (Afzal et al. 2023 ; You et al. 2023 ). We make use of
oth features when performing our mapping of SD constraints from
he PPS. The GW spectrum cuts off at k ≥ 2 k s, ∗ due to momentum
onservation. 

After the production of these GWs, their energy density is simply
edshifted to the present day for comparison with observations, 

GW 

( η0 , k) h 

2 = 1 . 62 × 10 −5 

(
�r, 0 h 

2 

4 . 18 × 10 −5 

)

×
(

g ∗( T c ) 

106 . 75 

)(
g ∗s ( T c ) 

106 . 75 

)−4 / 3 

�GW 

( ηc , k) , (31) 

here ηc and T c are the conformal time and temperature of horizon
rossing for a δ feature located at k s = k s, ∗, respectively, and �r,0 is
he radiation density today. The usual ef fecti ve spin/entropic degrees
f freedom are encoded by g ∗ and g ∗s . 
To translate the PPS constraints into limits on the SIGWs, we

roceed as follows: For a given value of k s ( = k s, ∗), we read off the
orresponding upper limit on P 

δ
ζ ( k s , ∗) coming from Planck (large

cales) or PBHs, COBE/ FIRAS and PIXIE (small scales) as seen
n the left panel of Fig. 8 . This amplitude is then inserted into
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Figure 10. An extended look at the GW parameter space for SIGWs from a δ-function feature in the PPS. The sensitivities of various GW observatories have 
been compiled from Campeti et al. ( 2021 ) and Ellis et al. ( 2023 ). Additionally, we include limits from FIRAS and future experiments on direct tensor dissipation 
as computed in Kite et al. ( 2021a ). CMB SD limits on the PPS push the constraints at f � 10 −11 Hz down, while PBH limits set the bound at higher frequencies. 
In the event that LiteBIRD detects a primordial SGWB, a PIXIE -type experiment would be capable of determining whether they were produced by SIGWs from 

a δ feature. The shaded PTA region represents the 2 σ detection contours reported by NANOGrav (Agazie et al. 2023a ). 
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quation ( 30 ) to infer the maximum allowed �GW 

at a given k mode.
he right panel of Fig. 8 illustrates the evolution of these constraints
hen including more stringent measurements on the small-scale 
PS from COBE/ FIRAS and a future SD mission with PIXIE -like
ensitivity. 

For a PIXIE -type experiment, the dominant constraint over modes 
f 10 −2 Mpc −1 � k � 10 4 Mpc −1 comes from the IR tail of a δ
eature at the PBH bound on the right side of the (scalar) PIXIE
ontour. Therefore, it is clear that the most efficient way to strengthen
onstraints on the GW parameter space is by improving limits on the
PS o v er a wider range of scales. 
The current bounds from FIRAS can also be seen in Fig. 9 .

or small and intermediate k modes, the smooth IR tails of two
eparate scalar δ features (located at k s , ∗ � 2 Mpc −1 and k s , ∗ � 

 × 10 4 Mpc −1 ) set the leading constraints. The regions marked 
resonant’ are instead set by the resonance peaks of a forest of δ
eatures and follow a 1 → 1 mapping on to the PPS constraints. 

One subtlety regarding our mapping is related to the regulariza- 
ion of the resonant peak exhibited in Fig. 7 . The height of this
esonance is in principle unbounded, though the total integrated 
nergy density remains finite. We choose to regulate this amplitude 
y demanding that the fractional energy neglected in our scheme be 
� 0 . 3 per cent . The height of the resonance peaks, and thus our

onstraint contours, are dependent on the choice of ε, so a couple
f comments are in order. First, in a realistic set-up, the minimum
idth of this resonance would be bound by finite-time effects in 

nalogy to the finite widths of atomic spectral lines, implying that 
he amplitude itself is not unbounded. Secondly, GW detectors are 
ensitive to energy deposition in k modes with a finite bin width. Our
egularization condition on ε implies that we flatten the peak over a 
idth of δk / k � 10 −4 . Provided that this width is smaller than the
r 

s  
inning done by any given experiment, our constraint curves will not
e altered. We leave a more complete analysis of this regularization
o future work. 

We show an extended look at the mapping of PPS constraints on
he GW parameter space by the blue shaded region in Fig. 10 . As
xpected, the limits we set here do not preclude a SIGW origin to
he NANOGrav signal, whose preferred region of parameter space is 
ndicated by the orange contour. Instead, we highlight that stringent 
onstraints can be set on low-frequency GWs originating from δ

eatures in the PPS due to limits on CMB SDs. 
LiteBIRD (LiteBIRD Collaboration 2023 ), CMB-S4 (Abazajian 

t al. 2019 , 2022 ), and the Simons Observatory (Ade et al. 2019 ) are
unting for large-scale GWs by searching for B-mode polarization in 
he CMB. If such a signal is detected, disentangling its possible origin
ill be a top priority. For instance, if the LiteBIRD satellite detects
 signature of primordial GWs, a PIXIE -like SD experiment will
ossess the capability to determine whether the source of such GWs is 
f a SIGW ( δ feature) origin. This can be deduced from Fig. 10 , noting
hat the green dashed contour fully co v ers the LiteBIRD sensitivity
urve. In addition, we can immediately conclude that COBE/ FIRAS
lready rules out a significant SIGW contribution o v er most of the
requencies probed by LiteBIRD . Moving forward, multimessenger 
ignatures such as this will be crucial in determining the physical
rigin of various primordial processes. 
The constraint contours derived in this section are robust for the

ase of a δ feature in the PPS. They can, ho we ver, change quite
ramatically for features with more general shapes. We have chosen 
o show the δ constraints first as they offer an intuitive and illustrative
apping between constraints on the scalar spectrum, and those on the

ensors. The obtained limits can, ho we ver, be vie wed as conserv ati ve.
The mapping procedure becomes more complicated with general 

hapes, because both the SD limits on the PPS, and the gravitational
MNRAS 528, 883–897 (2024) 
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aveform responses transform non-trivially. In general, wider shapes
ill induce a larger μ distortion, which in turn will lead to even more

tringent constraints on the amplitude of the induced GWs. We plan
o explore this further and expand our results in a future work to

ore generic lognormal, box, and broken power-law shapes. 

 P R I M O R D I A L  BLACK  H O L E S  

he presence of enhanced density perturbations also gives rise
o the possibility of PBH formation. Indeed, there have already
een numerous claims of a PBH interpretation (or by-product) to
he NANOGrav signal (Bhaumik et al. 2023 ; Depta et al. 2023 ;
ranciolini et al. 2023 ; Huang et al. 2023 ; Inomata et al. 2023 ;
ansoori et al. 2023 ; Wang et al. 2023 ), as well as some work

crutinizing the idea (Gouttenoire et al. 2023 ). 
A population of PBHs can induce CMB SDs in up to three unique

ays. On the low-mass end, PBHs in the range of 10 −20 M � �
 pbh � 10 −17 M � will undergo their final moments of e v aporation

uring the distortion era, directly injecting significant amounts of
nergy and entropy (Acharya & Khatri 2020 ; Chluba, Ravenni &
charya 2020 ). Spinning PBHs undergo slightly different dynamics,
ut can be constrained through similar effects (Pani & Loeb 2013 ).
ver a wide range of intermediate-mass scales, the accretion of
ackground material on to the PBHs can generate distortions through
he creation of primordial ‘jet’-like features (Ricotti, Ostriker &

ack 2008 ). While these distortions are too faint for COBE/ FIRAS
o see (Horowitz 2016 ; Ali-Ha ̈ımoud & Kamionkowski 2017 ), there
s still hope for next-generation instruments, with the challenge of
isentangling the y -type distortion from the SZ cluster contributions.
inally, the production of PBHs requires large features in ζ , the
calar perturbation. As we have discussed above, if these features
xist in a certain range of k modes, they can generate sizeable SDs.
e re vie w this calculation (closely following Nakama et al. 2018 )

nd present updated constraints using the more precise PCA scalar
indow functions as shown in Fig. 1 . 
For simplicity, let us once again posit that the power spec-

rum possesses a δ-function feature at some scale k ∗, namely
 

δ
ζ = A 

δ
ζ δ[ ln ( k ) − ln ( k ∗)]. Assuming Gaussian statistics (for a non-

aussian extension, see Nakama et al. 2018 ), the probability density
unction for the curvature perturbation in a given patch of the sky is
iven by (Nakama et al. 2018 ; Carr & K ̈uhnel 2019 ) 

 ( ζ ) = 

1 √ 

2 πσ
exp 

(
− ζ 2 

2 σ 2 

)
, (32) 

here σ is the dispersion of the perturbations smoothed o v er the
orizon. For δ-function features, the amplitude and dispersion are
elated by A 

δ
ζ = σ 2 . 

Numerical simulations indicate that gravitational collapse of a
ubble patch occurs when the local curvature perturbation exceeds

ome critical value, ζ � ζ c . The precise value of ζ c is still a topic
f some debate, but likely lies within the O(0 . 1 −1) range. For our
urposes, we take ζ c = 0.67 as found in Harada et al. ( 2017 ) to
rovide a more direct comparison with the results of Nakama et al.
 2018 ) who used this same value. 

The fraction of patches (i.e. the initial abundance) that collapse
nto black holes is determined by 

= 

∫ ∞ 

ζc 

d ζP ( ζ ) = 

1 

2 
erfc 

(
ζc √ 

2 σ

)
, (33) 

here erfc( x ) is the complement of the error function. When a critical
ensity fluctuation re-enters the horizon, that region collapses to form
NRAS 528, 883–897 (2024) 

p  
 PBH with some fraction ( γ , which we take to be unity here) of the
orizon mass, M pbh = γ M H ( z). More precisely, the location of the
-function peak determines the (monochromatic) mass of the PBH
istribution via (Nakama, Silk & Kamionkowski 2017 ) 

 pbh � 10 9 M � γ
( g ∗

10 . 75 

)−1 / 6 
(

k ∗
10 2 

Mpc −1 

)−2 

, (34) 

caled here to directly make the link to SMBHs apparent. The initial
nd late-time abundance ( f pbh = �pbh / �dm 

) are related through 

 pbh � 5 × 10 8 γ 1 / 2 β
( g 

10 . 75 

)−1 / 4 
(

�dm 

0 . 27 

)(
M pbh 

M �

)−1 / 2 

. (35) 

ecalling that for δ features the induced distortion is μ � A 

δ
ζ W μ( k ∗),

evere constraints can be mapped on to the PBH parameter space
rom non-detection by COBE/ FIRAS. Previous work (Nakama et
l. 2018 ) utilized less precise versions of the window functions, so
e present updated constraints using the PCA method described in
ig. 11 . Most notable, the inclusion of information from the y and
esidual eras can extend previously derived constraints by almost two
rders of magnitude. 
The results in Fig. 11 show a strong o v erlap between y - and

-e xcluded re gions. This is primarily due to the fact that a large
eature in the PPS is needed to create any PBHs (notice how contours
xtend down to f pbh → 0). This means for PBH constraints that even
he tails of the y and μ window functions have large constraining
ower. These tails o v erlap strongly, unlike the maximal plateaus. The
mportance of the window function tails also explains why possible
ains with PIXIE , while significant in o v erall distortion sensitivity,
re surprisingly modest for f pbh . 

Since both y and μ can independently constrain wide PBH mass
anges, a simultaneous detection of both distortion parameters (e.g.
rom PIXIE ) would combine to narrow down a precise mass range
or PBHs. A larger amplitude in the y distortion compared to the μ
ould signify higher mass PBHs and vice versa. 
In Fig. 11 , we exclude scales above k rec ≈ 3 × 10 −2 Mpc −1 ,

ince these modes enter the horizon after recombination, and the
roduction of SDs is more complex than the window function
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escription giv en abo v e. It is also noteworthy that beyond scales
f k ∼ 1 Mpc −1 there would also be direct limits on the PPS arising
rom Planck . 

Finally, one important extension not considered here is the for- 
ation of PBHs in the presence of non-Gaussianities, thus moving 

eyond the simple PPS picture. This is considered in more detail 
n Nakama et al. ( 2018 ) and Ünal, Ko v etz & P atil ( 2021 ), where
ypically speaking the constraints are weaker for non-Gaussian 
uctuations due to a raising of the collapse probability at a given
PS amplitude (i.e. a lower amplitude A ζ is necessary to form a
BH). In the results, this not just impacts the mass ranges probed,
ut also limits the f pbh visibility in some cases (not all contours
tretch to arbitrarily low f pbh ), which would give PIXIE a significant
oost in constraining power when compared against COBE/ FIRAS 

unlike in Fig. 11 ). In addition, one could expect significant distortion
nisotropies to form from the stochastic nature of the dissipation 
rocess. These scenarios may be probed with μ–T / E correlations 
see Rotti, Ravenni & Chluba ( 2022 ) for limits from Planck and
ianchini & Fabbian ( 2022 ) for discussions on COBE/ FIRAS],
hich can now in principle be computed using a full spectro-spatial 
escription of the CMB anisotropies (Kite, Ravenni & Chluba 2022 ). 

 DISCUSSION  A N D  C O N C L U S I O N S  

n this work, we have further elucidated the link between CMB SDs
nd exotic models that can source a significant SGWB. 

After a brief discussion on the generation of SDs from scalar 
erturbations, we re vie wed a simple window function approach to 
etermine the rele v ant distortion parameters in various approximate 
chemes (Method A/B/C/D/PCA). The dif ferent windo w functions 
an be seen in Fig. 1 , and SD constraints (assuming a δ-function
eature) for Method B and the PCA are shown in Fig. 2 . Method B is
ost widely used in the literature, but misses out on constraining 

ower from some dissipation occurring during the residual era 
5 × 10 4 � z � 3 × 10 5 ). As a result, we recommend using the
CA window function in future works to generate more robust and 
tringent constraints. 

SD limits on scalar dissipation are an integral constraint, which 
eans that they transform (and, in general, become stronger) when 

he shape of a primordial feature transforms away from a δ-function. 
o appreciate how the constraints evolve, Figs 4 and 5 show limits
or Gaussian and box-shaped features, which have been of recent 
nterest. 5 Perhaps most insightful is the widening of constraints 
or broad Gaussians, which could dramatically strengthen the GW 

xclusion plots for SIGWs. 
Following this, the formalism from Kite et al. ( 2021a ) was

resented to compute the μ distortion from direct dissipation of 
rimordial tensor modes. In analogy to the scalar case, a window 

unction approach was derived and generalized to include GW 

ackgrounds sourced at z � 10 8 when their observational signatures 
ould be altered. A summary of the tensor window functions can 
e found in Fig. 6 , and the corresponding limits seen in Fig. 10
ighlight the complementary nature of SD constraints in bridging 
cales between experiments. 

From here, we mo v ed on to computing the distortion signatures
f a non-e xhaustiv e list of exotic models also capable of producing
 sizeable SGWB. We first looked at the case of SIGWs from δ-
ike features in the PPS. Contrary to what is conventionally done 
n the literature, we performed a mapping that took the constraints
 Additional cases can be found in Chluba et al. ( 2012b ). 

A
A
A  
n the PPS and translated them into conserv ati ve limits on the GW
arameter space for these δ features. A discussion on the subtleties 
nd substructure of these limits is presented in and around Fig. 7 ,
hile the results of this mapping and the specific impact of SD

onstraints are highlighted in Figs 8 and 9 . 
A more complete look at the GW landscape for SIGWs (from δ

eatures) is presented in Fig. 10 . For f � 10 −10 Hz, the excluded
e gion is driv en by a forest of resonant peaks and has a 1 → 1
apping to PBH constraints on the PPS. Interestingly, in the event

hat LiteBIRD makes a detection of primordial tensor modes, a next-
eneration SD experiment would be capable of determining whether 
IGWs were the source. The o v erall shape of these limits will change
ignificantly when considering scalar features other than a δ-function. 
n general, we expect that for wider features the GW constraints will
et stronger, as these shapes will also necessarily widen and deepen
he CMB distortion constraints on the PPS. We plan to investigate
his in future work. 

We additionally rederived the constraints on PBHs coming from 

arge enhancements to the power spectrum (assuming Gaussian 
uctuations). As an impro v ement to the previous literature, we
tilized the full PCA window function for both the μ and y distortions, 
lightly strengthening the constraints (see Fig. 11 ). The production 
f a distribution of PBHs can lead to a significant GW background,
articularly in models with large amounts of clustering. CMB SD 

ignatures of such models are another possible avenue of future 
esearch, including the study of their SD anisotropies (e.g. Kite et al.
022 ). 
The opening of the GW window is a major step forward in

ur understanding of cosmology, but comes with a number of 
ew challenges that must be addressed. In particular, the ability 
o confidently disentangle astrophysical and primordial signals will 
e crucial for exploration of the parameter space of exotic models.
MB SDs provide a powerful multimessenger probe, complementary 

o other more direct measurements, that is capable of discriminating 
uch signals. 
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