
Poor man's Majorana edge mode enabled by specular Andreev
reflection
Beenakker, C.W.J.

Citation
Beenakker, C. W. J. (2024). Poor man's Majorana edge mode enabled by specular Andreev
reflection. Physical Review B, 110(18). doi:10.1103/PhysRevB.110.L180402
 
Version: Publisher's Version
License: Leiden University Non-exclusive license
Downloaded from: https://hdl.handle.net/1887/4170701
 
Note: To cite this publication please use the final published version (if applicable).

https://hdl.handle.net/1887/license:3
https://hdl.handle.net/1887/4170701


PHYSICAL REVIEW B 110, L180402 (2024)
Letter Editors’ Suggestion

Poor man’s Majorana edge mode enabled by specular Andreev reflection
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It is known that the surface of a three-dimensional topological insulator (3D TI) supports a chiral Majorana
edge mode at the interface between a superconductor and a magnetic insulator. The complexity of the materials
combination is such that this state has not yet been observed. Here we show that a helical Majorana edge mode
appears even in the absence of the magnetic insulator, if the Fermi level of the massless surface electrons is at the
Dirac point. Specular Andreev reflection of Dirac fermions is at the origin of the effect. The simplified geometry
may favor experimental observation of the helical Majorana mode, although it lacks the topological protection
of its chiral counterpart.
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Introduction. Andreev reflection [1] is the process by
which an electron incident on a superconductor is reflected
as a hole—the missing charge of 2e accounted for by a
Cooper pair in the superconducting condensate. Because
the hole retraces the path of the electron, one speaks of
retroreflection (all velocity components change sign). This
applies to massive electrons, governed by the Schrödinger
equation.

The Dirac equation of massless quasiparticles also allows
for Andreev reflection by a superconductor, with a qualitative
difference: At energies near the Dirac point only the veloc-
ity component perpendicular to the interface changes sign,
the parallel component is unchanged so that the reflection
is specular [2–4]. As illustrated in Fig. 1, specular Andreev
reflection enables a new transport mode in a narrow channel,
charge-neutral because it is an equal-weight electron-hole su-
perposition [5,6].

From this description the presence of a pair of opposite
normal-superconductor (NS) interfaces seems essential, to
allow for the repeated specular Andreev reflections that are
needed for a charge-neutral mode. Here we will show that a
single NS interface suffices. When the Fermi level lines up
with the Dirac point, the spectrum consists of a Dirac cone
with a helical edge mode outside of the cone. The charge
expectation value of the edge mode vanishes for all energies E
up to the gap �0. It has the real wave function of a Majorana
fermion [7,8].

Because the helical edge mode coexists with bulk modes
there is no topological protection, unlike the chiral Majo-
rana edge mode that is predicted to exist on the surface of
a three-dimensional topological insulator (3D TI), at the in-
terface between a superconductor and a magnetic insulator
[9–11].

The two types of edge modes are intimately related: The
chiral Majorana mode evolves continuously into one branch
of the helical mode as the magnetic gap is reduced below the
superconducting gap. That the Majorana edge mode does not
vanish by merging with the bulk states once the gap closes is
a weak form of protection. Following a terminology [12] used

for Majorana zero modes we might speak of a “poor man’s”
Majorana edge mode. Since topologically protected Majorana
edge modes are still elusive, the option to study some of their
properties in a more readily accessible system is of interest.

Edge mode at a single ns interface: Model Hamiltonian.
Nondegenerate massless Dirac fermions exist on the two-
dimensional (2D) surface of a 3D topological insulator (3D
TI) [10,11]. We will focus on that system in what follows,
but much of the physics applies also to graphene—if we
may neglect intervalley scattering in the carbon monolayer.
The low-energy dynamics on the surface (in the x-y plane) is
governed by the 2D Dirac Hamiltonian

HDirac = vF(pxσx + pyσy), (2.1)

with vF the Fermi velocity, p = −ih̄∂/∂r the momentum op-
erator, and σα a Pauli spin matrix.

A spin-singlet, s-wave superconductor deposited on the
2D surface induces a pair potential �, which gaps the
surface states. The pair potential enters as a term that
mixes electrons and holes in the Bogoliubov–De Gennes
Hamiltonian

HBdG = H0 + �(x)σ0τx,

H0 = vF(pxσx + pyσy)τz − μ(x)σ0τz. (2.2)

The σ and τ Pauli matrices act, respectively, on the spin and
electron-hole degree of freedom (with σ0 and τ0 the 2 × 2 unit
matrix). We set �(x) = �0 > 0 for x > 0 (region S, with ξ0 =
h̄vF/�0 the superconducting coherence length) and �(x) = 0
for x < 0 (region N). The chemical potential μ(x) in the two
regions may be different, equal to μS and μN, respectively. We
will set vF and h̄ to unity in most equations.

Because of translational invariance along the NS interface,
in the y direction, the parallel momentum component py =
h̄ky ≡ q is a good quantum number. We seek an eigenstate
ψ (x)eiqy of HBdG at energy |E | < �0 that decays exponen-
tially away from the interface, for |x| → ∞.
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FIG. 1. Upper panel: Retroreflection versus specular reflection of
a Dirac fermion at a normal-superconductor (NS) interface. Lower
panel: If the chemical potential μN in the normal region is less
than the excitation energy E , specular Andreev reflection allows
for a Dirac fermion to propagate between two NS interfaces, in an
equal-weight electron-hole superposition. Here we show that such
a charge-neutral mode can exist as well in the case of a single NS
interface. The edge state is bound to the NS interface because it lies
outside of the Dirac cone of bulk states.

Dispersion relation. The eigenvalue problem for a given
parallel momentum q is

− iσxτzψ
′(x)

=
{

[Eσ0τ0 + (μNσ0 − qσy)τz]ψ (x), x < 0,

[Eσ0τ0 + (μSσ0 − qσy)τz − �0σ0τx]ψ (x), x > 0.

(2.3)

The solution is

ψ (x) =
{

e	Nxψ (0), x < 0,

e	Sxψ (0), x > 0,
(2.4)

with matrices

	N = iEσxτz + (qσz + iμNσx )τ0,

	S = iEσxτz + (qσz + iμSσx )τ0 + �0σxτy. (2.5)

Denote the right eigenvectors of 	S with eigenvalue having
a negative real part (so producing a decaying state for x → ∞)
by u1 and u2. The state ψ (0) must be a superposition of u1

and u2 which also decays for x → −∞, so it must be or-
thogonal to the left eigenvectors v1, v2 of 	N with eigenvalue
having a negative real part. This requires that the 2 × 2 ma-
trix M with elements Mi j = 〈vi|u j〉 has determinant equal to
zero.

Solving det M = 0 for E at a given q gives the edge-mode
dispersion relation. The general expression is complicated,
we solve it numerically. In Figs. 2 and 3 we plot the result-
ing dispersion for μS = 5�0 and two values of μN. In each
case the edge modes lie outside of the Dirac cone of bulk
states, to which they connect tangentially. (This is a general
requirement for edge-bulk reconnections [13,14].) The edge
mode exists over the entire range of parallel momenta for
μN = 0, but for nonzero μN it only exists for sufficiently
large |q|.

FIG. 2. Blue curves: Dispersion relation of the edge mode at
a single NS interface (geometry shown at the top, q is the paral-
lel momentum component). This is the numerical result for μS =
5�0 and μN = 0. The analytic limit (2.10) for μS/�0 → ∞ is the
red dashed curve. The Dirac cone of bulk states is indicated in
grey.

Limit of large chemical potential in S. The superconductor
which induces a pair potential on the surface of the 3D TI
will also raise the local chemical potential, to a value μS

large compared to �0. It is therefore natural to take the limit
μS/�0 → ∞, when the dispersion relation can be computed
in closed form.

FIG. 3. Same as Fig. 2, for μN = 0.5 �0. The electron and hole
Dirac cones (two shades of grey) have a relative displacement
of 2μN.
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In the large-μS limit the eigenvectors u1, u2, v1, v2 intro-
duced in the previous subsection reduce to

u1 = (
E + i

√
�2

0 − E2, E + i
√

�2
0 − E2,�0,�0

)
, (2.6a)

u2 = (
E − i

√
�2

0 − E2,−E + i
√

�2
0 − E2,�0,−�0

)
,

(2.6b)

v1 = (
√

q2 − (μN + E )2 − q, i(μN + E ), 0, 0), (2.6c)

v2 = (0, 0,
√

q2 − (μN − E )2 − q, i(μN − E )). (2.6d)

The eigenvectors u1, u2 are q independent, because the term
qσzτ0 in 	S anticommutes with the term iμSσxτ0 and does not
contribute in the large-μS limit.

The solution of det M = 0, Mi j = 〈vi|u j〉, gives the disper-
sion relation

E±(q) = ±�0√
2
√

�2
0 + q2

×
√

q2 + μ2
N +

√(
q2 − μ2

N

)2 − 4�2
0μ

2
N, (2.7)

in the interval |q| > qc, where qc > 0 is the solution of

E (qc) = qc − μN ⇒ qc ≈ �0(μN/�0)1/3 + 2
3μN + · · · .

(2.8)
The large-μS asymptotics (2.7) is plotted in Figs. 2 and 3

(red dashed curves). It is close to the finite-μS results (blue
solid curves) for μS � 5�0.

Fermi level aligned with the Dirac point. A simple ex-
pression for the edge state results when μN = 0 (still taking
μS/�0 → ∞). The branch ψ+ with dE/dq > 0 (normalized
to unity) has the form [15]

ψ+(x) = C

⎛
⎜⎜⎝

i cos(α/2))
− sin(α/2)
i cos(α/2)
sin(α/2)

⎞
⎟⎟⎠ ×

{
eqx cos α x < 0,

e−�0x sin α x > 0,

C =
√

q cos α + �0 sin α, (2.9a)

α = arccos

⎛
⎜⎝ q√

�2
0 + q2

⎞
⎟⎠ ∈ (0, π ), (2.9b)

at energy

E+ = �0 cos α = �0q√
�2

0 + q2
. (2.10)

The state decays into N and S with decay lengths λN =
(q cos α)−1 and λS = ξ0/ sin α, respectively. The branch ψ−
with dE/dq < 0 follows from chiral symmetry,

ψ−(x) = σzτzψ+(x), E− = −�0 cos α. (2.11)

The state ψ+ = (ψe
ψh

) represents a charge-neutral helical
mode, equal weight of electron and hole components ψe, ψh

for all energies up to the superconducting gap. The real rep-
resentation characteristic of Majorana fermion mode results

upon a unitary transformation

ψ+ �→ 1√
2

(
1 −1
i i

)(
ψe

ψh

)

= − C
√

2

⎛
⎜⎜⎝

0
sin(α/2)
cos(α/2)

0

⎞
⎟⎟⎠ ×

{
eqx cos α x < 0,

e−�0x sin α x > 0.

(2.12)

Conversion of chiral to helical Majorana mode. Addition of
the magnetization M(x)σzτ0 to the Hamiltonian H0 in Eq. (2.2)
gaps the normal region, if M = M0 for x < 0, while M = 0
for x > 0. This describes the interface between a magnetic
insulator and a superconductor, both deposited on the surface
of a 3D TI. A chiral Majorana edge mode exists at the inter-
face, with propagation direction set by the sign of M0 [9–11].
How is the chiral edge mode related to the helical edge mode
without the magnetic insulator?

A nonzero M0 modifies the eigenvectors v1, v2 in Eq. (2.6),
which are now given by

v1 = (√
q2 + M2

0 − (μN + E )2 − q, i(μN + E − M0), 0, 0
)
,

(3.1a)

v2 = (
0, 0,

√
q2 + M2

0 − (μN − E )2 − q, i(μN − E + M0)
)
.

(3.1b)

A closed-form expression for the spectrum results in the
large-μS limit with μN = 0. Taking 0 < M0 < �0 we find that
the spectrum consists of the counterpropagating branches

E±(q) = ±�0q√
(�0 ± M0)2 + q2

, (3.2a)

where E+(q) exists for all q, while E−(q) only exists for

E2
− > M0�0 ⇒ q2 > M0(�0 − M0). (3.2b)

Figure 4 shows this spectrum for M0/�0 = 0.2. For M0 >

�0 solely the chiral edge mode is present, once M0 drops be-
low �0 a counterpropagating mode appears. The chiral mode
extends through the gap for any M0, the counterpropagating
mode only in the limit M0 → 0, when the helical pair of
Majorana modes is formed.

Conclusion. We have discovered that a superconductor on
a massless Dirac fermion layer (graphene or 3D TI surface)
binds a helical edge mode, propagating as a coherent electron-
hole superposition via repeated specular Andreev reflections
at the normal-superconductor interface. The mode decays into
the superconductor because of the gap �0 and it decays
into the normal region because it lies outside of the Dirac
cone. Unlike the known chiral Andreev or Majorana edge
modes [16–20], here no magnetic field or magnetic insulator
is needed to gap the Dirac fermions: the helical edge mode
coexists with a gapless normal region.

When the Fermi level in the normal region lines up with
the Dirac point, the edge mode becomes a charge-neutral
Majorana mode, described by the real wave function (2.12).
Although it carries no electrical current on average, it can be
detected via the current fluctuations.
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FIG. 4. Edge-mode spectrum for the case that the normal region
is gapped by a magnetic insulator [computed from Eq. (3.2) for
magnetization M0 = 0.2 �0, with μN = 0, μS → ∞]. The chiral
Majorana mode (red curve) extends through the gap and will evolve
into one branch of the helical Majorana mode when M0 → 0. The
counterpropagating branch (blue curve) does not connect through
the gap, it tangentially connects to the bulk spectrum (shaded grey,
E 2 > q2 + M2

0 ) at nonzero energy.

A geometry for such a shot noise measurement is shown
in Fig. 5. An unpaired Majorana mode produces a shot
noise power of 1

2 e2/h per eV of voltage bias [21]. This was
studied in Ref. [22] in the case that the Majorana mode is
topologically protected, at the edge of a chiral p-wave super-
conductor. The quantized shot noise then persists for voltages

FIG. 5. Geometry to detect the edge mode encircling a voltage
biased and grounded superconductor via the current fluctuations
(shot noise) measured at a remote contact.

up to �0, without any sensitivity to decoherence or impurity
scattering.

Here one would also want to apply voltages comparable
to �0, to ensure that the edge mode is tightly bound to the
superconductor [the penetration depth in the normal region
at energy E is of order ξ0(�0/E )2]. Because the edge mode
coexists with gapless Dirac fermions, it lacks the topologi-
cal protection of a gapped system. One might surmise that
long-range scattering will not be effective at coupling the
large-q edge modes to the small-q bulk modes. In any case
the contact separation in Fig. 5 would have to be smaller
than this coupling length. While such a device would not be
helpful for quantum applications, it could be a way to study
a charge-neutral edge mode in a “poor man’s” system—as
simple as proximitized graphene.
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