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To apply the powerful many-body techniques of tensor networks to massless Dirac fermions, one wants to
discretize the p · σ Hamiltonian and construct a matrix-product-operator (MPO) representation. We compare
two alternative discretization schemes, one with a sine dispersion, the other with a tangent dispersion, applied to
a one-dimensional Luttinger liquid with Hubbard interaction. Both types of lattice fermions allow for an exact
MPO representation of low bond dimension, so they are efficiently computable, but only the tangent dispersion
gives a power law decay of the propagator in agreement with the continuum limit: The sine dispersion is gapped
by the interactions, evidenced by an exponentially decaying propagator. Our construction of a tensor network
with an unpaired Dirac cone works around the fermion-doubling obstruction by exploiting the fact that the
nonlocal Hamiltonian of tangent fermions permits a local generalized eigenproblem.

DOI: 10.1103/PhysRevResearch.6.043059

I. INTRODUCTION

The linear energy-momentum relation, E = ±h̄vk, of
massless Dirac fermions remains gapless in the presence of
disorder, provided that a pair of fundamental symmetries,
chiral symmetry and time reversal symmetry, are not both
broken [1]. To preserve this so-called topological protection
on a lattice one needs to work around the fermion dou-
bling obstruction [2]: if the Brillouin zone contains multiple
Dirac cones they can hybridize and open a gap at E = 0.
The nearest-neighbor finite difference discretization suf-
fers from this problem: The resulting sine dispersion, E =
(h̄v/a) sin ak, has a spurious second Dirac cone at the edge
k = π/a of the Brillouin zone.

It was shown recently [3,4] that an alternative discretiza-
tion of the differential operator, introduced in the 1980s by
Stacey [5], preserves a gapless Dirac cone in a disordered
system. The dispersion is a tangent, E = (2h̄v/a) tan(ak/2),
with a pole rather than a zero at the Brillouin zone edge.
No other discretization scheme (staggered fermions, Wilson
fermions, SLAC fermions [6]) has this topological protection.
One fundamental consequence is that the Casimir effect for
lattice fermions requires the tangent discretization [7].

All of this is for noninteracting particles. Interacting mod-
els of massless Dirac fermions need a lattice formulation
for numerical studies [8–11], which use methods such as
quantum Monte Carlo or DMRG (density matrix renormal-
ization group). The Luttinger liquid with Hubbard interaction,
a paradigmatic non-Fermi liquid [12,13], can be solved
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analytically in the continuum via bosonization [14,15], pro-
viding a testing ground for lattice calculations. Such a test
was reported for quantum Monte Carlo in Ref. [16]. Here we
consider the DMRG implementation.

The two techniques require a different approach, each with
its own challenges. For quantum Monte Carlo the discretiza-
tion is at the level of the Lagrangian, and the challenge is to
ensure a positive action determinant (avoiding the so-called
sign problem). For DMRG the discretization involves the rep-
resentation of the second quantized Hamiltonian by a tensor
network [17,18]: a product of matrices of operators acting
locally on each site. The challenge is to ensure that the rank of
each matrix (the bond dimension) is small and does not grow
with the number of sites.

Tangent fermions have a hidden locality originating from
the fact that—although the tangent discretization produces a
Hamiltonian with a highly nonlocal, nondecaying coupling of
distant sites [5]—the ground state can be obtained from a local
generalized eigenproblem [19]. Our key finding is that this
allows for an exact matrix-product-operator (MPO) represen-
tation of low bond dimension. In an independent study [20],
Haegeman et al. reached the same conclusion.

In what follows we will compare the sine and tangent
discretizations of the Luttinger Hamiltonian, and test the
correlators against the continuum results. We first construct
the MPO explicitly in Sec. II. The correlators are calculated
via the DMRG approach and compared with bosonization in
Sec. III. We conclude in Sec. IV. Appendix A contains the
connection between a local generalized eigenproblem and a
scale-independent MPO.

II. MATRIX PRODUCT OPERATOR

The starting point of a tensor network DMRG calculation
[10] is the representation of the Hamiltonian by a matrix
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product operator (MPO), to ensure that the variational ground
state energy can be computed efficiently for a matrix product
state.

In this section we construct the MPO representation of the
one-dimensional (1D) Dirac Hamiltonian

H = −ih̄v

(
∂/∂x 0

0 −∂/∂x

)
, (2.1)

discretized on a lattice. (The matrix structure refers to the spin
degree of freedom.) Once we have done that we will compute
the correlators via DMRG in the presence of a Hubbard inter-
action (Luttinger model).

A. Free fermions

Consider noninteracting, spinless chiral fermions on a
chain of N sites (unit spacing), with hopping matrix elements
tnm (n > m � 1). (We will include the spin degree of freedom
and the electron-electron interaction later on.) For an infinite
translationally invariant lattice, tnm = t (n − m) is a Fourier
coefficient of the dispersion relation,

E (k) = 2 Re
∞∑

n=1

t (n)eink . (2.2)

The second quantized Hamiltonian

H =
N∑

n>m=1

(tnmc†
ncm + t∗

nmc†
mcn) (2.3)

can be rewritten as a product of matrices M (n) that act only on
site n, but the dimension of each matrix (the bond dimension)
will typically grow linearly with N .

An exact MPO representation with scale-independent bond
dimension is possible in two cases [21–24]: for a short-range
hopping (tnm ≡ 0 for n − m > r) and for a long-range hopping
with a polynomial-times-exponential distance dependence,

tnm = 2t0eiφ (n − m)peβ(n−m), β ∈ C, p ∈ N, (2.4)

and linear combinations of this functional form. While the
exponent β = β1 + iβ2 can be an arbitrary complex number,
the power p must be a non-negative integer [24]. A decaying
tnm ∝ 1/(n − m)p does not qualify.

The sine dispersion corresponds to a short-range, nearest-
neighbor hopping,

tnm = (t0/2i)δn−m,1 ⇔ E (k) = t0 sin k. (2.5)

The MPO Hamiltonian has bond dimension 4,

Hsine = 1
2 it0[M (1)M (2) · · · M (N )]1,4, (2.6a)

M (n) =

⎛
⎜⎜⎜⎝

1 cn c†
n 0

0 0 0 c†
n

0 0 0 cn

0 0 0 1

⎞
⎟⎟⎟⎠. (2.6b)

A no-go theorem [2] forbids short-range hopping if one
wishes to avoid fermion doubling and preserve chiral symme-
try. If we also require a scale-independent bond dimension we
need the hopping (2.4). In the simplest case p = 0 of a purely

exponential distance dependence [25], one has the dispersion

E (k) = 2t0
eβ1 cos φ − cos(β2 + k + φ)

cos(β2 + k) − cosh β1
. (2.7)

This should be a continuous function in the interval (−π, π ),
crossing E = 0 at k = 0 but not at any other point in this
interval. The only parameter choice consistent with these re-
quirements is φ = π/2, β1 = 0, β2 = π , when

tnm = 2it0(−1)n−m ⇔ E (k) = 2t0 tan(k/2). (2.8)

This is Stacey’s tangent dispersion [5,26].
The corresponding MPO Hamiltonian is

Htangent = 2it0[M (1)M (2) · · · M (N )]1,4, (2.9a)

M (n) =

⎛
⎜⎜⎜⎝

1 cn c†
n 0

0 −1 0 c†
n

0 0 −1 cn

0 0 0 1

⎞
⎟⎟⎟⎠, (2.9b)

again with bond dimension 4, differing from the sine MPO
(2.6) by the −1’s on the diagonal.

B. Helical Luttinger liquid

We next include the spin degree of freedom and consider
helical instead of chiral fermions,

H =
N∑

n>m=1

[tnm(c†
n↑cm↑ − c†

n↓cm↓) + H.c.] +
N∑

n=1

Un. (2.10)

(H.c. denotes the Hermitian conjugate.) We have added an on-
site Hubbard interaction,

Ui = U
(
ni↑ − 1

2

)(
ni↓ − 1

2

)
, niσ = c†

iσ ciσ . (2.11)

The MPO representation for the tangent discretization (2.8)
is

Htangent = 2it0[M (1)M (2) · · · M (N )]1,6, (2.12a)

M (n) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 cn↑ c†
n↑ cn↓ c†

n↓ (2it0)−1Un

0 −1 0 0 0 c†
n↑

0 0 −1 0 0 cn↑
0 0 0 −1 0 −c†

n↓
0 0 0 0 −1 −cn↓
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(2.12b)

with bond dimension 6. For the sine discretization the −1’s on
the diagonal are replaced by 0’s,

Hsine = 1
2 it0[M (1)M (2) · · · M (N )]1,6, (2.13a)

M (n) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 cn↑ c†
n↑ cn↓ c†

n↓ ( 1
2 it0)−1Un

0 0 0 0 0 c†
n↑

0 0 0 0 0 cn↑
0 0 0 0 0 −c†

n↓
0 0 0 0 0 −cn↓
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(2.13b)
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To deal with fermionic statistics, we apply the Jordan-Wigner
transformation to the MPOs (see Appendix B).

The MPOs written down so far refer to an open chain of N
sites. To minimize finite-size effects, periodic boundary con-
ditions are preferable: the chain is wrapped around a circle,
and sites n and n + N are identified. A translationally invariant
hopping, tnm = t (n − m), then requires

t (N − n) = t (n)∗, 1 � n � N − 1. (2.14)

For N odd the Hamiltonian in the tangent discretization
(2.8) satisfies this condition without further modification: be-
cause of the all-to-all hopping a closing of the chain on a circle
makes no difference. (For N even one would have antiperiodic
boundary conditions [27].) We can therefore still use the MPO
(2.12).

The sine discretization (2.5) requires an additional hopping
term between sites 1 and N . We construct this MPO explicitly
in Appendix C.

III. CORRELATORS

A. Free fermions

The propagator

Cσ (x, x′) = 〈c†
σ (x)cσ (x′)〉, σ ∈ {↑,↓} ↔ {1,−1}, (3.1)

of a noninteracting 1D Dirac fermion with dispersion E (k) =
±h̄vk can be readily evaluated:

Cσ (x, x′) = 1

Z
Tr e−βH c†

σ (x)cσ (x′)

=
∫ ∞

−∞

dk

2π

eik(x−x′ )

1 + eβE (k)

= σ h̄v

2iβ sinh[π (h̄v/β )(x − x′)]
, (3.2)

for x �= x′, with Z = Tr e−βH the partition function at inverse
temperature β = 1/kBT . This reduces to

lim
β→∞

Cσ (x, x′) = σ

2π i(x − x′)
(3.3)

in the zero-temperature limit.
On a lattice [x/a = n ∈ Z, cσ (x = na) ≡ cσ (n)]

the integration range of k is restricted to the interval
(−π/a, π/a). In the zero-temperature limit, with σE (k) < 0
for −π/a < k < 0, one then finds

Cσ (n, m) = σ

∫ 0

−π/a

dk

2π
eika(n−m)

=
{

2σ
2π ia(n−m) if n − m is odd,

0 if n − m is even,
(3.4)

irrespective of the functional form of the dispersion relation
E (k). The continuum result (3.3) is only recovered if one
averages over even and odd lattice sites.

The even-odd oscillation also appears in the transverse spin
correlator,

R(x, x′) = 1
4 〈c†(x)σxc(x) c†(x′)σxc(x′)〉, (3.5)

defined in terms of the spinor c = (c↑, c↓) and Pauli matrix
σx.

For free fermions Wick’s theorem gives

R(x, x′) = − 1
4 (C↑(x, x′)C↓(x′, x) + C↓(x, x′)C↑(x′, x)),

(3.6)
which at zero temperature results in

R(x, x′) = 1
2 [2π (x − x′)]−2 (3.7)

in the continuum and

R(n, m) =
{

2[2πa(n − m)]−2 if n − m is odd,

0 if n − m is even.
(3.8)

The even-odd oscillation [28] can be removed in a path
integral formulation, by discretizing the Lagrangian in both
space and (imaginary) time [16], but in the Hamiltonian for-
mulation considered here it is unavoidable. In what follows
we will consider smoothed lattice correlators, defined by av-
eraging the fermionic operators cσ (n) over nearby lattice sites.
The precise form of the smoothing profile will not matter in
the continuum limit a → 0, so we take the simple form

c̄nσ = 1
2 cnσ + 1

2 cn+1σ , (3.9)

an equal-weight average over adjacent sites. The smoothed
correlators are then defined by

C̄σ (n, m) = 〈c̄†
nσ c̄mσ 〉, (3.10a)

R̄(n, m) = 1
4 〈c̄†

nσx c̄n c̄†
mσx c̄m〉. (3.10b)

B. DMRG calculation with Hubbard interaction

We represent the ground state wave function � of the
Luttinger liquid Hamiltonian (2.10) by a matrix product state
(MPS) and carry out the tensor network DMRG algorithm
[10] to variationally minimize 〈�|H |�〉/〈�|�〉. (We used
the TeNPy library [29] for these calculations.) We compare
the results for tangent and sine discretization. The MPOs for
both are exact with small bond dimension (given explicitly in
Appendices B and C). The bond dimension χ of the MPS is
increased until convergence is reached (see Appendix D).

The Luttinger liquid is simulated at zero temperature
(β → ∞) and at fixed particle number N = N↑ + N↓
(canonical ensemble). We take N = 51, an odd integer, with
periodic boundary conditions for the MPO. The periodicity
of the MPS is not prescribed a priori, to simplify the DMRG
code. By setting N↑ = (N + 1)/2 and N↓ = (N − 1)/2 we
model a half-filled band.

The bosonization theory of an infinite Luttinger liquid
gives a power law decay of the zero-temperature, zero-
chemical-potential correlators [12],

Cσ (x, x′) ∝ |x − x′|−(1/2)(K+1/K ), (3.11a)

R(x, x′) ∝ |x − x′|−2K , (3.11b)

K =
√

(1 − κ )/(1 + κ ), κ = U

2πt0
∈ (−1, 1).

(3.11c)

For repulsive interactions, U > 0 ⇒ K < 1, the transverse
spin correlator R decays more slowly than the 1/x2 decay
expected from a Fermi liquid.

The numerical results are shown in Figs. 1 and 2 (data
points). The curves are the continuum bosonization formulas
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FIG. 1. Data points: absolute value of the propagator C̄σ (n, m),
defined in Eq. (3.10a) for σ =↑, n = x/a, and m = 0, calcu-
lated in the tensor network of L/a = 51 sites and bond dimension
χ = 4096 of the matrix-product state. Results are shown for the
tangent and sine discretization of the Luttinger Hamiltonian, for
free fermions and for a repulsive Hubbard interaction of strength
κ = U/2πt0 = 0.3. The curves are the analytical results in the
continuum.

(including finite-size corrections; see Appendix E). The lattice
calculations with the tangent dispersion (crosses) agree nicely
with the continuum formulas, without any adjustable parame-
ter. The sine dispersion (plusses), in contrast, only agrees for
free fermions. With interactions the sine dispersion gives an
exponential decay of the propagator, indicative of the opening
of an excitation gap.

IV. CONCLUSION

We have constructed a Hamiltonian-based tensor network
formulation of a Luttinger liquid on a 1D lattice, comple-
menting the Lagrangian-based path integral formulation of
Ref. [16]. The key step is the Hermitian discretization of the
momentum operator −ih̄d/dx in a way that preserves the
fundamental symmetries (chiral symmetry and time reversal
symmetry) of massless Dirac fermions. We have compared
two discretizations, both allowing for a tensor network of

FIG. 2. Same as Fig. 1, but now for the transverse spin correlator
R̄(n, m) defined in Eq. (3.10b).

FIG. 3. The three ways to discretize the derivative operator in
Eq. (4.1) produce three different dispersion relations: sine (blue),
tangent (red), and sawtooth (black). The energy-momentum rela-
tion of a chiral fermion is obtained from the discretized derivative
by substituting f (x + na) = einka f (x) and equating −ih̄vdf /dx =
E f . The tangent and sawtooth dispersions are discontinuous at the
Brillouin zone boundaries (k = ±π/a), where the sine dispersion
has a second root (fermion doubling). The three dispersion relations
coincide near k = 0, so the corresponding discretized derivatives are
equivalent if applied to functions that vary smoothly on the scale of
the lattice spacing.

low, scale-independent bond dimension. In this concluding
section we also discuss a third.

The three discretizations of the differential operator on a
1D lattice (unit lattice constant a) are the following:

df

dx
�→ 1

2 [ f (x + 1) − f (x − 1)] (sine dispersion),

(4.1a)

df

dx
�→ 2

∞∑
n=1

(−1)n[ f (x − n) − f (x + n)]

(tangent dispersion), (4.1b)

df

dx
�→

∞∑
n=1

(−1)n 1

n
[ f (x − n) − f (x + n)]

(sawtooth dispersion). (4.1c)

The corresponding dispersion relations are shown in Fig. 3.
The energy-momentum relation is a sine for the nearest-
neighbor difference and a tangent for the long-range Stacey
derivative [5]. The third dispersion is a (piecewise linear)
sawtooth, produced by a nonlocal discretization known as the
SLAC derivative in the particle physics literature [30].

The sine dispersion suffers from fermion doubling [6]; a
second species of low-energy excitations appears at the Bril-
louin zone boundary. The tangent and sawtooth dispersion
describe an unpaired chiral fermion; they rely on nonlocality
to work around the theorem [2] that requires chiral fermions
to come in pairs in any local theory on a lattice.

Both the Stacey derivative and the SLAC derivative couple
arbitrarily distant sites n, m, the former ∝ (−1)n−m and the
latter ∝ (−1)n−m × (n − m)−1. From the perspective of a ten-
sor network there is an essential difference between the two:
Because the MPO condition (2.4) allows for an exponential
distance dependence but excludes a coupling that decays as
a power law with distance, only the tangent dispersion has

043059-4
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an exact MPO representation with scale-independent bond di-
mension; the sawtooth dispersion does not. Tangent fermions
have a hidden locality; their spectrum is governed by a local
generalized eigenproblem [19], which is at the origin of the
efficient tensor network (see Appendix A).

The method we developed here enables simulations of
systems with various filling factors and scalar potentials, in-
cluding those with disorder. By focusing on the impurity-free
Luttinger liquid we could in this work test the numerical
approach against analytical formulas. The close agreement
gives us confidence that tangent fermion DMRG is a reliable
method, which at least in 1D is highly efficient.

The next step is to apply it to problems where no analytics
exists, condensed matter and particle physics provide a variety
of such problems. One class of applications is the stability
of gapless chiral modes to the combination of disorder and
interactions. Existing DMRG studies [31] work around the
fermion doubling obstruction by studying a strip geometry
with two edges; tangent fermions would allow for a single-
edge implementation.

For such applications it would of interest to proceed from
1D to 2D. It is known that in two spatial dimensions the
tangent discretization of σxdf /dx + σydf /dy still allows for
a reformulation of Hψ = Eψ as a generalized eigenvalue
problem [19]:

Qψ = EPψ, P = 1
4 (1 + cos kx )(1 + cos ky),

Q = 1
2σx(1 + cos ky) sin kx + 1

2σy(1 + cos kx ) sin ky.

(4.2)

Therefore, we expect that an efficient 2D tensor network
representation of the 2D tangent Hamiltonian in the form of
projected entangled pair operators (PEPO) [11] can be con-
structed similarly to the 1D MPO approach.
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APPENDIX A: LOCAL GENERALIZED EIGENPROBLEM
ALLOWS FOR A SCALE-INDEPENDENT MPO

The DMRG approach described in the main text works
because the tangent fermion Hamiltonian, while having a

highly nonlocal long-range coupling, can still be described by
an MPO with a low and scale-independent bond dimension.
Ref. [19] attributes the “hidden locality” of tangent fermions
to the fact that their spectrum is obtained from a local gen-
eralized eigenproblem. Here we make the connection to the
scale-independent MPO explicit.

Consider 1D lattice fermions with a dispersion relation
E (k) = P(k)/Q(k) such that both P(k) and Q(k) are polyno-
mials of finite degree in eik ,

P(k) =
NP∑

n=0

pneink, Q(k) =
NQ∑

n=0

qneink . (A1)

For example, the tangent dispersion E (k) = 2 tan(k/2) cor-
responds to P(k) = 2i(1 − eik ), Q(k) = 1 + eik . In real space
the operators P and Q couple sites separated by at most
NP or NQ lattice spacings. The generalized eigenproblem
P� = EQ� is therefore local.

Consider first the case that

Q(k) =
NQ∏

n=1

(αn − eik ) (A2)

has distinct roots αn. The partial fraction decomposition is

P(k)

Q(k)
= D(k) +

NQ∑
n=1

βn

αn − eik
(A3)

with D(k) a polynomial of degree NP − NQ (vanishing if NP <

NQ). The sum over n corresponds in real space to a sum over
coupling terms ti j with an exponential spacing dependence ∝
(1/αn)i− j for i > j. So in this case of distinct roots we are
guaranteed to have an exact MPO representation with scale-
independent bond dimension.

The situation is slightly more complicated if Q(k) has
repeated roots,

Q(k) =
L∏

n=1

(αn − eik )
n ,

L∑
n=1


n = NQ. (A4)

The partial fraction decomposition now reads

P(k)

Q(k)
= D(k) +

L∑
n=1


n∑
m=1

βnm

(αn − eik )m
. (A5)

A term 1/(αn − eik )m corresponds in real space to a coupling
ti j ∝ (1/αn)i− j × Z (i − j) that is an exponential times a poly-
nomial Z in the spacing of degree m − 1. This is still of the
form (2.4) that allows for a scale-independent MPO [24].

APPENDIX B: JORDAN-WIGNER TRANSFORMATION

To enable the DMRG calculation, we need to convert the
fermionic operators cnσ into bosonic operators anσ (hard-
core bosons, excluding double occupancy of a state). This is
achieved by the Jordan-Wigner transformation,

cn↑ = F1F2 · · · Fn−1an↑,

cn↓ = F1F2 · · · Fn−1Fnan↓, (B1)

with fermion parity operator

Fi = (1 − 2ni↑)(1 − 2ni↓) = (−1)ni↑+ni↓ . (B2)
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The transformation does not increase the bond dimension
of the MPO; instead of Eq. (2.12) one now has

Htangent = 2it0[M (1)M (2) · · · M (N )]1,6, (B3a)

M (n) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 an↑Fn a†
n↑Fn an↓ a†

n↓ (2it0)−1Un

0 −Fn 0 0 0 a†
n↑

0 0 −Fn 0 0 an↑
0 0 0 −Fn 0 −Fna†

n↓
0 0 0 0 −Fn −Fnan↓
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(B3b)

This is for the tangent discretization. For the sine discretiza-
tion the −Fn on the diagonal are replaced by 0,

Hsine = 1
2 it0[M (1)M (2) · · · M (N )]1,6, (B4a)

M (n) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 an↑Fn a†
n↑Fn an↓ a†

n↓ ( 1
2 it0)−1Un

0 0 0 0 0 a†
n↑

0 0 0 0 0 an↑
0 0 0 0 0 −Fna†

n↓
0 0 0 0 0 −Fnan↓
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(B4b)

APPENDIX C: PERIODIC BOUNDARY CONDITION FOR
MPO WITH SINE DISCRETIZATION

The sine discretization (2.5) requires an additional hopping
term between sites 1 and N . The modified MPO has bond
dimension 10,

Hsine = 1
2 it0[M̃ (1)M̃ (2) · · · M̃ (N )]1,6, (C1a)

M̃ (n) =
(

M (n) δn,1W (n)

δn,NW (n) (1 − δn,1 − δn,N )W (n)

)
, (C1b)

with M (n) as in Eq. (B4) and

W (1) =

⎛
⎜⎜⎜⎜⎜⎜⎝

a1↑F1 a†
1↑F1 a1↓ a†

1↓
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (C1c)

W (1<n<N ) =

⎛
⎜⎜⎝

Fn 0 0 0
0 Fn 0 0
0 0 Fn 0
0 0 0 Fn

⎞
⎟⎟⎠, (C1d)

W (N ) =

⎛
⎜⎜⎝

0 0 0 0 0 a†
N↑

0 0 0 0 0 aN↑
0 0 0 0 0 −FN a†

N↓
0 0 0 0 0 −FN aN↓

⎞
⎟⎟⎠ (C1e)

APPENDIX D: CONVERGENCE OF THE DMRG
CALCULATIONS

The tensor network formulation of the Luttinger liq-
uid on an N-site chain is based on two matrix-product

FIG. 4. Log-linear plot of the Schmidt coefficients λn of the
ground state wave function of the Luttinger liquid Hamiltonian (2.10)
(U = t0, N = 11 partitioned into N1 = 5 and N2 = 6), for the sine
and tangent dispersions (2.5) and (2.8). The exponential decay allows
for an MPS with bond dimension χ � 4N/2.

representations: of the operator H (MPO) and of the state �

(MPS). The MPO is exact, in terms of an N-fold product of
6 × 6 matrices of creation and annihilation operators.

The MPS is approximate: defined on N sites with physical
dimensional d , it is an N-fold product of χ × χ × d ten-
sors that introduces an error of order N

∑
n>χ λ2

n, with 1 �
λ1 � λ2 � · · · � λdN/2 � 0 the coefficients in the Schmidt de-
composition of � ∈ H1 ⊗ H2 (describing the entanglement
between the first and second halves of the chain, with Hilbert
spaces H1 and H2) [32].

The MPS is efficient at bond dimension χ � dN/2 if the
Schmidt coefficients λn decrease exponentially with n. In
Fig. 4 we check this for both the sine and tangent dispersions.
In Fig. 5 we show the convergence of the DMRG calculation
with increasing χ . We conclude that χ = 46 � 425 (in our
case d = 4) is sufficient for the results to converge to the
expected behavior.

APPENDIX E: BOSONIZATION RESULTS WITH
FINITE-SIZE EFFECTS

The power law correlators (3.11) follow from bosonization
of the helical Luttinger liquid in the limit of an infinite system

FIG. 5. Dependence of the propagator on the bond dimension
χ of the MPS in the tangent fermion Luttinger liquid (L/a = 51,
κ = 0.3). The data in Fig. 1 (black crosses) correspond to χ = 4096.
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[12]. To reliably compare with the numerical results on a
lattice of length L we need to include finite size effects [33].
In Ref. [16] such a calculation was reported for the grand
canonical ensemble (fixed chemical potential) at finite temper-
ature, appropriate for quantum Monte Carlo. For the DMRG
calculations we need the results at zero temperature in the
canonical ensemble (fixed particle number N = N↑ + N↓).

The Hamiltonian of a helical Luttinger liquid with Hubbard
interaction on a ring of length L (periodic boundary condi-
tions) is given by

H =
∫ L/2

−L/2
dx(vψ

†
↑(x)pxψ↑(x) − vψ

†
↓(x)pxψ↓(x)

+ Uaρ↑(x)ρ↓(x)). (E1)

The density ρσ = :ψ†
σψσ : is normal ordered; the Fermi sea of

a half-filled band (N particles) is subtracted.
The bosonization results in the canonical ensemble at zero

temperature are [16]

Cσ (x, 0) = σeiπ (2Nσ −N )x/L

2π ia∗|(L/πa∗) sin(πx/L)|(1/2)(K+1/K )
, (E2a)

R(x, 0) = cos
(
2π (N − N )x/L

)
2(2πa∗)2|(L/πa∗) sin(πx/L)|2K

, (E2b)

K =
√

(1 − κ )/(1 + κ ), κ = U

2πt0
∈ (−1, 1).

(E2c)

The hopping energy is t0 and a∗ is a short-distance (UV)
regularization constant. For the comparison with a lattice
calculation we identify t0 = h̄v/a and take L/a = N an odd
integer. The half-filled band corresponds to Nσ = (N + σ )/2.
To relate the lattice constant a to the continuum regularization
constant a∗ we argue as follows.

In the continuum theory [33] large momentum transfers q
are cut off by the substitution

c†
σ,q/2c−q/2 �→ e−qa∗/2c†

σ,q/2c−q/2. (E3)

On the lattice the averaging (3.9) takes care of the UV regu-
larization,

c†
σ,q/2c−q/2 �→ c̄†

σ,q/2c̄σ,−q/2 = f (q)c†
σ,q/2cσ,−q/2,

f (q) = 1
4 (1 + e−iqa/2)2, | f (q)| = cos2(qa/4).

(E4)

We fix the ratio a/a∗ by equating the integrated weight factors,∫ 2π/a

0
e−qa∗/2 dq =

∫ 2π/a

0
| f (q)| dq ⇒ a/a∗ ≈ 2. (E5)

The resulting correlators are plotted in Figs. 1 and 2.

APPENDIX F: ALTERNATIVE TENSOR NETWORK
REPRESENTATION OF REF. [20]

An alternative tensor network representation of the prob-
lem has been developed in Ref. [20], starting from the
transformations

a = D†c, b = D−1c, Dnm = 1
2 (δn,m + δn,m−1), (F1)

of the free fermion operators cn. These are not canonical
transformations; as a consequence the commutation relations
of the a and b operators are nontrivial:

{an, a†
m} = (D†D)nm, {bn, b†

m} = (D†D)−1
nm,

{cn, c†
m} = δnm, {bn, a†

m} = δnm. (F2)

The corresponding N-fermion bases in Fock space are

|ψ〉 =
∑

ni=0,1

ψα
n1,...,nN

|n1, . . . , nN 〉α,

|n1, . . . , nN 〉α = (α†
1 )n1 · · · (α†

N )nN ,

(F3)

with α ∈ {a, b, c}. Only the c basis is orthonormal; the two
other bases produce nondiagonal norm matrices Ñ ,

a〈m1, . . . , mN |n1, . . . , nN 〉a = Ñm1,...,mN
n1,...,nN

,

b〈m1, . . . , mN |n1, . . . , nN 〉b = (Ñ−1)m1,...,mN
n1,...,nN

,

c〈m1, . . . , mN |n1, . . . , nN 〉c = δm1n1 · · · δmN nN . (F4)

The a and b bases are biorthogonal,

a〈m1, . . . , mN |n1, . . . , nN 〉b = δm1n1 · · · δmN nN . (F5)

The motivation for these transformations is that the tangent
fermion Hamiltonian becomes local in terms of the b opera-
tors,

Htangent = 2it0

N∑
n>m=1

(−1)n−m(c†
ncm − c†

mcn) (F6a)

= t0
2i

N∑
n=1

(b†
n+1bn − b†

nbn+1). (F6b)

Matrix elements of Htangent in the a basis, orthogonal to the
b basis, can therefore be evaluated efficiently.

The key step of Ref. [20] is to derive a scale-independent
MPO representation of the norm matrix Ñ in the a basis. We
have followed a different route: we stay with the orthonormal
c basis and a nonlocal Hamiltonian, but we have found that
it does not stand in the way of a scale-independent MPO
representation.
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