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ABSTRACT

We extend the scattering theory of the Josephson effect to include a coupling of the Josephson junction to a gapless electron reservoir in the
normal state. By opening up the system with a quasiparticle escape rate 1/7, the supercurrent carried at zero temperature by an Andreev level
at energy ¢, is reduced by a factor (2/m)arctan(2¢e47/h). We make contact with recent work on “non-Hermitian Josephson junctions,” by
comparing this result to different proposed generalizations of the Josephson effect to non-Hermitian Hamiltonians.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0215522

The thermodynamic properties of a quantum dot are affected by
the coupling to a superconductor. The Josephson effect is a striking
example, and a current will flow through the quantum dot in equilib-
rium if the quantum dot forms a weak link between two superconduc-
tors." This supercurrent I(¢) depends periodically on the phase
difference ¢ of the pair potential in the superconductors. A dissipative
electromagnetic environment may degrade the supercurrent via phase
fluctuations.” * Here, we investigate an altogether different decay
mechanism, the coupling of the quantum dot to a gapless electron res-
ervoir (see Fig. 1).

The reservoir is a source of dephasing because quasiparticles that
enter it from the quantum dot return without any phase coherence.
Such a dephasing mechanism for persistent currents was introduced
by Biittiker’ and applied to superconducting circuits by several
authors. "> Our main advance is that we obtain closed-form expres-
sions for the supercurrent-phase relationship, for the case of a spatially
uniform coupling rate to the electron reservoir.

Because the effective Hamiltonian of the quantum dot becomes
non-Hermitian when we open it up to the reservoir, such a system is a
simple example of a “non-Hermitian Josephson junction,” a topic of
current interest." """ Our explicit expressions support Ref. 17 in the
debate over the proper generalization of the current-phase relationship
I < dE/d¢ to complex eigenvalues E of the effective Hamiltonian.

In a scattering formulation,'” the dependence of the density of
states p of the Josephson junction on the superconducting phase differ-
ence ¢ is given by the determinantal expression,

p(e) = —%Im%ln det[l — Ra(e+ i0M)Sx(e +i0%)] + po(e), (1)

with p, the ¢-independent density of states of the junction when it is
decoupled from the superconductors. The determinant contains the
product of the Andreev reflection matrix Ry from the superconductors
and the scattering matrix Sy of the junction in the normal state. The
energy ¢ > 0 is the excitation energy of Bogoliubov quasiparticles
(electron-hole superpositions). The pair potential in the two supercon-
ductors, to the left and to the right of the junction, has amplitude A,
and phase =¢/2.

The electron and hole degree of freedom introduces a block struc-
ture in the scattering matrices. The matrix Sy is block diagonal,

Snle) = (So (()a) } (0_8) ) 7 )

the electron and hole blocks are uncoupled and related by particle-hole

symmetry.
The Andreev reflection matrix has the block structure,

0 74 g, 0
Ra(e) = io(e , A= ) s
A(®) ( )<rj§ 0 ) A ( 0 e"¢/zay

3)
06(8) _ e—iarccos(s/Ao) — 8/A0 — i1 — FZ/A%

The Pauli matrix ¢, acts on the spin degree of freedom. The blocks r}
and ry describe Andreev reflection from, respectively, electron to hole
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FIG. 1. Josephson junction, formed by a quantum dot that is tunnel coupled with rates
I’y and I'; to two superconductors (gap Ay and phase difference ¢). The quantum
dot has an additional weak coupling (rate 7) to a gapless electron reservoir in the nor-
mal state. We seek the y-dependence of the current-phase relationship /().

and hole to electron, in opposite spin bands. Andreev reflection hap-

pens with unit probability for energies ¢ < Ag; any normal reflection

at the normal-superconductor (NS) interface is incorporated into Sy.
Substitution of Egs. (2) and (3) in Eq. (1) gives the determinant,'®

p(e) = —%Im%lndet[l — M(e+i0%)] + po(e), (4)

M(e) = —oc(s)zr;s’(;(—s)rAso(s). (5)

The density of states determines the free energy F of the Josephson
junction at temperature T,

F=—kgT ro de p(e) In[2cosh(e/2kp T)). (6)
0

The supercurrent through the Josephson junction then follows from
the following relation:
[ 2e dF
Chde’
It is convenient to extend the integration range in Eq. (6) to nega-

tive ¢ (so we no longer need to extract the imaginary part) and then to
perform a partial integration,

@)

F = 4LJ detanh(e/2kpT) Indet[l — M(e + i07)] + Fy,  (8)
T —0o0

with Fy the ¢-independent contribution to the free energy.

We open up the Josephson junction by weakly coupling it to a
gapless electron reservoir in the normal state. Quasiparticles enter the
reservoir at a rate 1/t = 2y/h, assumed to be spatially uniform in the
junction region. This can be modeled by coupling to the reservoir via a
spatially extended tunnel barrier.”””" The reservoir is closed, and it
does not drain any current, but particles that enter it return to the
junction without any phase coherence, so they no longer contribute to
the supercurrent.

The full scattering matrix of the normal region, including the
scattering channels to the electron reservoir, is unitary, with Sy (¢ + iy)
a sub-unitary submatrix for the scattering channels to the supercon-
ductors. Similarly, the Andreev reflection matrix Rs (& + ip) is now
sub-unitary also for & < A,.

Instead of Eq. (4), we have for the density of states the expression

p(e) = —%Im%lndet[l — M(e+1iy)] + po(e). 9)

pubs.aip.org/aip/apl

The term p, now also contains the ¢-independent contributions from
the electron reservoir. The free energy then follows from

F= éj detanh(e/2kpT) Indet[l — M (e +ip)] + Fo.  (10)
We discuss three applications of this general formula.

As a first application, we consider the case that the two supercon-
ductors are coupled via a quantum dot containing a single resonant
level, at energy er relative to the Fermi level. We ignore Coulomb
blockade effects, which will be less significant in the open system.

The electronic scattering matrix of the quantum dot has the fol-
lowing form:

s (8) o (1 0) 1 ( Fl \/F11"2> (11)
0 - _71 )
0 1 et o0l VI, T,

with I'j, ', the tunnel rates into the left and right superconductor,
and I' = I'y + I';. The normal-state transmission probability through
the quantum dot at the Fermi level (¢ = 0) is given by the Breit-
Wigner formula,”

I,

Tyw = (12)

—
&2+ -T2
R Ty

In the weak-coupling, near-resonant regime, when &g, I” < A,
the energy dependence of Ry can be neglected and we may substitute
o(e) — a(0) = —i. The determinant (4) evaluates to

Indet[1 — M(e)] = gln[1 — (ex/e)?], (13)

plus ¢-independent terms. The prefactor g accounts for spin and pos-
sibly other degeneracies. The energy,

/ 1
e = Aer/ 1 — Thw Sin2(¢/2), Aeff = 8%{ +ZF2, (14)

is the energy of the Andreev level in the closed system.””** There is no
dependence on A, in the weak-coupling regime.
The free energy (10) becomes

o 2
& A
F=>- detanh(e/2kgT)In |1 — ———=| + F,. 15
4nJ_OO (&/2ksT) [ (e +iy)? ’ 19
The resulting supercurrent is
°° de eatanh(e/2kpT)
I'=1I P 2 N2
T (e0) — (4 7)
2 1 iea+y
=I-I = 16
'n m¢(2+2nkBT)’ (16)
with ¥/ (x) the digamma function and
geden
I =-S2A 17
0 7 dd 17)

the zero-temperature supercurrent of the closed system. The T'— 0
limit of Eq. (16) (plotted in Fig. 2) is

, 2
%u;%l =1 . arctan(ea /y), (18)

Appl. Phys. Lett. 125, 122601 (2024); doi: 10.1063/5.0215522
Published under an exclusive license by AIP Publishing

125, 122601-2

11:20° L1 $202 Joqueded Z0


pubs.aip.org/aip/apl

Applied Physics Letters

FIG. 2. Zero-temperature current-phase relation of the quantum dot Josephson
junction of Fig. 1, with and without the coupling to the electron reservoir. The plot is
computed from Eq. (18) for the case Tgw = 1 of unit transmission probability at the
Fermi level through the quantum dot.

so opening up the system to an electron reservoir at T = 0 reduces the
supercurrent by a factor (2/7)arctan(2¢t/h).

The second application is a point contact junction of length L
short compared to the superconducting coherence length
&y = hvg/Ay. In this short-junction regime, the energy dependence of
Sn can be neglected relative to the energy dependence of R, and we
may evaluate Sy at the Fermi level. We assume that time reversal sym-
metry is preserved; hence, 7,550, = Si.

The Andreev levels in the closed system then depend on the
phase difference according to Ref. 18,

en = No/1 — T,sin?(¢p/2), n=1,2,...N, (19)

in terms of the mode-dependent transmission probabilities T, € [0, 1]

in the normal state (eigenvalues of the transmission matrix product

#t"). The number N counts the number of propagating electron modes

through the point contact. Equation (19) is analogous to the result (14)

for a quantum dot, with A replaced by Ay and Tgy replaced by T),.
Instead of Eq. (13), we now have

Indet[1 — M(2)] =g Y In[1 — (e4/2)’], (20)

and following the same steps as in the previous application, we find
the supercurrent in the open system,

N .
2 ie, + 7+ nkgT
I= I,—1 — 21
nz:; nnml//< 27‘L’kBT )7 ( )
N
%13})1 - n§=1 I,,;arctan(a,,/y), (22)

with I, = —(ge/h)de,/d¢ the zero-temperature supercurrent in the
n-th mode of the closed system.

For the third and final application, we consider a superconductor—
normal-metal-superconductor (SNS) junction of length L > &,. Both
states above and below A, then contribute to the supercurrent.

It is convenient to transform the slowly converging integration
over energies of Eq. (10) into a more rapidly converging sum over
Matsubara frequencies,””

ARTICLE pubs.aip.org/aip/apl

F=—kT Indet[1 — M(iw, + iy)],

"~ (23)
wp = (2p + 1)mkpT.

We will restrict ourselves for this application to zero temperature,
when the sum can be replaced by an integral,

AR O o
%ILI})F = _EL dow Indet[1 — M(iow + iy)]. (24)

We consider a ballistic single-mode junction. The electronic scat-

tering matrix is
. 0 1
so(g) = e *@L . 25
o(e) 1 o (25)

We linearize the momentum near the Fermi energy, k(¢)
= kg + ¢/hvg.
The determinant (5) evaluates to

Indet[l — M(e)] = gln [1 + octeiel/me — 2g2e2eL/Mve o5 ). (26)

The sum over Matsubara frequencies decays on the scale of fivg/L,
which is much smaller than A in the long-junction regime. We may
thus approximate o(iw) ~ «(0) = —i, when

Indet[1 — M(iw)] = gln|1 + ¢ 2L/ (27)
resulting in the zero-temperature free energy,
hv . ib—2

F = £ ReLiy (—e /M), (28)

The function Li, (x) is the dilogarithm.
The corresponding supercurrent is

_gevr __ sing
I= I arctan LzyL/th T cos (f)]’ (29)

see Fig. 3. As a check, in the limit ) — 0, we recover the known saw-
26-28

tooth ¢-dependence,

FIG. 3. The same as Fig. 2, but now for a single-mode ballistic SNS junction in the
long junction limit (length L large compared to the superconducting coherence
length &, = hve/Ag). The plot is computed from Eq. (29).
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gevr

limI = ‘%arctan tan(¢/2) = =

70

b, —m<d<m (30

van Wees et al.” and Chang and Bagwell” have qualitatively similar
plots to Fig. 3, for different models of coupling to electron reservoirs
that do not allow for a closed-form solution.

The coupling of the Josephson junction to the electron reservoir
pushes the poles of its scattering matrix into the lower half of the com-
plex plane, down to E = *¢&, — iy. These poles can be considered as
the complex eigenvalues of an effective non-Hermitian Hamiltonian
. The open Josephson junction thus provides a physical realization
of the non-Hermitian Josephson effect studied in Refs. 14-17. Different
generalizations have been proposed for the relation I x dE/d¢ when E
is complex. Let us compare these with our findings.

To be specific, we consider the weakly coupled quantum dot
Josephson junction, with effective Hamiltonian,”” "

1 . 1 .
&R — 1y Ee"MH + Ee’“ﬁ/zl"z
H = 1 1 . (31
567"/}/21—‘1 + E€l¢/2r2 —&R — ly

One checks that the eigenvalues are *e — iy, with &4 given by
Eq. (14).

Liet al."” and Cayao and Sato'® argue that only the real part of E
contributes to the physical supercurrent, which in this case would
imply no effect from the coupling to the reservoir. Shen et al,'” in a
remarkable recent paper, give instead the zero-temperature relation,

2e d
I:—%%ImTr(%ln%), (32)

which reduces precisely to our result (17) (with g = 2).**

In summary, we have calculated how the coupling to a gapless
electron reservoir in the normal state reduces the supercurrent through
a Josephson junction. A simple answer is obtained for the model where
the escape rate 1/t = 27/ of quasiparticles into the reservoir is spa-
tially uniform. At zero temperature, the reduction factor for a given
Andreev level equals (2/m)arctan(2e4t/h). This applies to a weakly
coupled quantum dot Josephson junction, or to a short point contact
(length L smaller than the coherence length &;). A more complicated
7-dependence is obtained in a long junction (L > &), when also states
above the gap contribute to the supercurrent.

I have benefited from discussions with A. R. Akhmerov, Yu.
V. Nazarov, P.-X. Shen, and T. Vakhtel. This project has received
funding from the European Research Council (ERC) under the
European Union’s Horizon 2020 research and innovation programme
(Advanced Grant No. 832256).
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