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Abstract

We study conditions under which the germinal groupoid associated to a minimal equicontinuous
action of a countable group on a Cantor set has non-Hausdorff topology. We develop a new criterion,
which serves as an obstruction for the étale topology on the groupoid to be non-Hausdorff. We use this
and other criteria to study the topology of germinal groupoids for a few classes of actions. In particular,
we give examples of families of contracting and non-contracting self-similar groups, which are amenable
and whose actions have associated germinal groupoids with non-Hausdorff topology.
© 2024 The Author. Published by Elsevier B.V. on behalf of Royal Dutch Mathematical Society (KWG). This
is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Keywords: Minimal equicontinuous actions; Actions on rooted trees; Germinal groupoid; Hausdorff topology;
Self-similar groups; Non-contracting groups

1. Introduction

In this note, we consider minimal equicontinuous group actions on Cantor sets. We are
interested in the question, when is the topology on the associated germinal groupoid non-
Hausdorff? In Section 3 we present a list of criteria which allow us to answer this question for
a range of specific groupoids. We then study the Hausdorff property for the topology of actions
of specific families of discrete groups. Among these families are iterated monodromy groups of
quadratic polynomials, and a family of non-contracting weakly branch groups in [33]. In these
examples, the acting groups are amenable, and many of them have non-Hausdorff associated
germinal groupoids.

An obstruction to the groupoid topology to be non-Hausdorff, for actions of profinite groups,
was developed in [23]. The main technical result of this note, Theorem 3.13, extends the known
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results for profinite group actions to the setting of actions of countable groups. The proof of
Theorem 3.13 uses a variety of techniques developed in the author’s previous works on Cantor
group actions.

We now give a detailed description of the problem we consider, and precise statements of
our results.

Let X be a Cantor set, and let I' be an infinite (discrete or profinite) group. Then a
group Cantor action, or just a Cantor action, of I' on X is given by a homomorphism
¢:I' — Homeo(X), and we denote such an action by (X, I', @). Throughout the paper we
use the notation g - x = ®(g)(x) for the action of g € I' on x € X. We also assume (X, I', &)
is minimal, that is, for any x € X the orbit O(x) ={g-x | g € I'} is dense in X.

Let d be a metric on X compatible with its topology. The action (X, I', @) is equicontinuous,
if for any € > O there exists § > 0 such that for any ¢ € [' and any x,y € X such
that d(x,y) < & we have d(g - x,g - y) < €. In this article we are interested in minimal
equicontinuous actions on Cantor sets, although some of the theory we discuss holds for a
wider class of actions.

Associated to a group action (X, I', ¢), where I' may be a finite, countable or profinite
group, there is a germinal groupoid G(X, I', @) defined as follows.

Definition 1.1. Let (X, I', &) be an action of a group I" on a topological space X.

For g1,g, € I', we say that &(g) and &(g,) are germinally equivalent at x € X if
D(g1)(x) = P(g2)(x), and there exists an open neighborhood U C X of x such that the
restrictions agree, @(g1)|U = P(g»)|U. We then write &(g;) ~, P(g2).

For g € I', denote the equivalence class of ®(g) at x by [g].. The collection of germs
g%, I', &) ={[gl: | g € I' , x € X} with sheaf topology forms an érale groupoid modeled
on X.

In this paper, we are concerned with the case when X is a Cantor set, and I" is a countable
group. The motivation to study topological properties of the germinal groupoid G(X, I, )
comes from the study of the reduced C*-algebra C}(X, I', ) associated to a Cantor action
(X, I', ®). This C*-algebra is an invariant of the continuous orbit equivalence class of the
action, and the study of its K-theory offers an approach to the classification of Cantor actions,
as used for example in the works [16,27]. The C*-algebra mentioned above can also be
constructed using the germinal groupoid G(X, I', @) associated to the action, as discussed
for example by Renault in [37]. In [38], Renault assumes that the Cantor action (X, I', )
is topologically free, and thus the germinal groupoid G(X, I', @) is a Hausdorff topological
space, in order to avoid technical difficulties that arise otherwise.

If the acting group I" in the minimal equicontinuous action (X, I', ) is abelian, and the
action is effective, then it is necessarily topologically free and the associated germinal groupoid
is Hausdorff, see [22, Corollary 2.3]. Thus a germinal groupoid with non-Hausdorff topology
can only arise, when the acting group is non-abelian; it is an interesting problem to relate the
non-Hausdorff property of the germinal groupoid with the algebraic properties of the acting
group. For instance, if I is nilpotent, or, more generally, has Noetherian property, then the
associated germinal groupoid G(X, I', ) must have Hausdorff topology, see Section 3.2, but
this question is open for other groups.

An approach to the classification of minimal equicontinuous actions on Cantor sets, using
algebraic invariants, was developed in author’s works [13,21-23] joint with Dyer and Hurder,
see also Section 2.4. In these works, we introduced a notion of complexity of the action,
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whether they are stable or wild, which divides the minimal equicontinuous actions of non-
abelian groups into classes, see Section 2 for details. One can prove that stable actions always
have Hausdorff germinal groupoids; for wild actions the situation may vary, for they are divided
into further classes of complexity. The least well-behaved class is that of dynamically wild
actions; we will show that actions with non-Hausdorff germinal groupoid belong to this class.
The case where G(X, I', @) has non-Hausdorff topology may be considered to be exceptional,
and the fact that the topology is non-Hausdorff has implications for the algebraic structure of
CxX, I, §), as discussed in [11,15].

We now give the definition of a non-Hausdorff element and discuss the criteria for the
germinal groupoid to be non-Hausdorff.

Definition 1.2. Let " be a countable or profinite group acting on a topological space X. Then
g € I' is called a non-Hausdorff element at x € X if the following conditions hold:

1) g-x=x,
(2) g is not the identity map on any open neighborhood W > x,
(3) for any neighborhood W of x there is an open set O C W C X such that g|O = id.

Examples of group actions with non-Hausdorff elements include, for instance, the action of
the Grigorchuk group in [30, Section 1.6]. Also, the process of the fragmentation of dihedral
groups in [32] is done by adding non-Hausdorff elements to the group.

In Section 3 we show that a germinal groupoid G(X, I', $) associated to a group action
on a topological space is non-Hausdorff if and only if I" has a non-Hausdorff element as in
Definition 1.2. This is Criterion 3.3, and it follows from the work of Winkelnkemper [40]. In
some situations, such as Theorems 1.5 and 1.6, a direct application of this criterion allows to
determine that the associated germinal groupoid is non-Hausdorff.

If there is no apparent choice of a non-Hausdorff element in I, then it is usually a very
difficult problem to rule out its existence. For this purpose in Section 3 we present two criteria
which first appeared in [23]. While the first one, Criterion 3.4, is applicable to actions of
discrete or profinite groups, the second one in Theorem 3.12 characterizes the action the
profinite group, which is the closure of the action (X, I', ) of a countable group I in
Homeo(X). The main technical result in this paper, Theorem 1.3, develops an analogue of
this criterion for the action of countable groups, obtaining a new invariant of isomorphism
classes of minimal equicontinuous actions in the process.

A question whether a property of a profinite group translates into a property of a dense
countable subgroup of this group is very subtle, as their properties may vary widely, especially
for non-abelian groups. For instance, it is known that the profinite completion of a nilpotent
group is torsion-free if and only if the group itself is torsion free [39, Corollary 4.7.9]. On
the other hand, Lubotzky [28] showed that there exists a finitely generated torsion-free linear
group whose profinite completion contains torsion elements of any order r > 2. Another related
question is the following problem posed by Grothendieck in [19]: let I}, i = 1,2 be finitely
presented residually finite groups, such that I} is dense in a profinite group &;, i = 1, 2, and
let h : I\ — I» be a homomorphism. Let h: ®; — &, be the induced homomorphism of
profinite groups. If 71 is an isomorphism, does this imply that I'} and I are isomorphic? The
first counterexample to this statement in the case when I, i = 1, 2, are finitely generated, was
given by Platonov and Tavgen [35], and later a family of counterexamples was found by Bass
and Lubotzky [8]. Uncountable families of pairwise non-isomorphic finitely generated groups
with isomorphic profinite completions were constructed by Pyber [36] and Nekrashevych [31].
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Finally, finitely presented counterexamples to Grothendieck’s conjecture were found by Bridson
and Grunewald [10].

A property of countable group actions, generalizing the notion of a topologically free
action, is that such an action is locally quasi-analytic (LQA), see Section 2.2. For a minimal
equicontinuous action (X, I', @) of a countable group I', denote by &(®) the closure of the
action in Homeo(X). The closure &(9) is a profinite group, and there is an associated action
of &(®) on X, denoted by (X, &(P), @), see Section 2.3 for details. By the properties of this
associated action, minimal equicontinuous actions are divided into stable and wild, and wild
actions are further divided into wild of finite type, wild of flat type, and dynamically wild. The
precise definitions of these classes require introduction of a few technical concepts, and we
postpone them until Section 2. By the properties of its closure, a LQA action (X, I', @) of a
countable group I" may be stable or wild, and the action which is not LQA is always wild.

Theorem 1.3 proves that a classification similar to the classification of wild actions above
holds also for countable groups. The countable analogue of the profinite property of an action
being wild of finite type, wild of flat type, or dynamically wild, are the properties that the
action is countably wild of finite type, countably wild of flat type, or countably dynamically
wild, see Definition 3.10. We call the stabilizer &(®), of the action of the profinite group
B(P) at x € X the discriminant group, and the stabilizer C(I™) of the action of the countable
group I at x the kernel of the action at x € X. While the discriminant group is independent
of the choice of x € X up to an isomorphism, the kernel KC(I™*) depends on the choice of
x € X. The classification of minimal equicontinuous actions as stable or wild (of different
types) is based on the properties of certain subgroups of the discriminant group. A new result
in this paper is that, although the kernel KC(I™) depends on x € X, certain subgroups of the
kernel are preserved. These are the subgroups used to define a new invariant, and develop the
classification in Theorem 1.3.

Theorem 1.3. Let (X, I', ®) be a minimal equicontinuous action of a countable group I' on
a Cantor set X.

(1) The property that (X, I', @) is countably wild of finite or flat type, or that it is countably
dynamically wild is an invariant of the conjugacy class of the action (X, I', ®).

(2) If (X, ', @) is countably wild of flat type, then the germinal groupoid G(X, I', ®) has
Hausdorff topology (Criterion 3.15).

(3) If the group I' has a non-Hausdorff element, then (X, I", @) is countably dynamically
wild.

(4) If (X, I', @) is countably dynamically wild then (X, I', ®) is dynamically wild.

(5) If (X, 1", D) is wild of finite (resp. flat) type, then either (X, I, @) is LQOA, or it is
countably wild of finite (resp. flat) type.

Criterion 3.15 in item (2) of Theorem 1.3 does not have a converse, i.e. an action
with Hausdorff groupoid can still be countably dynamically wild. Thus Criterion 3.15 is an
obstruction to the existence of non-Hausdorff elements in I if this criterion is not satisfied,
then the groupoid G(X, I, #) may or may not have non-Hausdorff topology. We present a
counterexample in Theorem 1.4, referring the reader to Section 4 for necessary background on
actions on rooted trees.

Theorem 1.4. There exists a contracting self-similar group I' acting on the boundary of a
binary tree T, such that the action (0T, I', @) does not satisfy Criterion 3.15 while its germinal
groupoid GOT, I', @) has Hausdorff topology.
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We present two families of examples of group actions on rooted trees for which the
associated germinal groupoids have Hausdorff or non-Hausdorff topology. The first family is a
class of contracting self-similar actions, for which there is a specific Criterion 4.9, which allows
to rule out the existence of non-Hausdorff elements using torsion. This criterion appeared earlier
in author’s work [29]. Contracting self-similar groups arise, for instance, as iterated monodromy
groups associated to complex polynomials, and we have the following result.

Let f(x) be a polynomial of degree d = 2 over C. Denote by c the critical point of f(x),
and by P. = {f™(c) | m > 1} the orbit of the critical point. Then f(x) is post-critically finite
(PCF), if P, is finite. If P, is finite, then either it consists of a single periodic cycle, which
includes the critical point ¢, or P, consist of a single strictly pre-periodic orbit, i.e. there exist
integers k, m > 1 such that f’”’k(x) = f"(x) for all n > m.

Associated to f(x), there is a discrete group IMG( f) called the discrete iterated monodromy
group of f(x), which acts on preimages of a non-critical point + € C by permutations. Such
preimages are vertices of a binary tree 7 with root #, see Section 4 for the background on
actions on rooted trees.

Theorem 1.5. Let f(x) be a quadratic PCF polynomial, and let G(OT, IMG(f), ®) be the
germinal groupoid associated to the action of the discrete iterated monodromy group IMG( f)
on the boundary 0T of a binary tree T. Then the germinal groupoid G(OT,IMG(f), @) has
non-Hausdorff topology if and only if the post-critical orbit P. is strictly pre-periodic, and P,
has cardinality at least 3. Otherwise G(OT, IMG(f), ®) has Hausdorff topology.

Theorem 1.5 is a consequence of a more general result proved in Theorems 5.1 and 5.3,
for groups K(v) and K(w, v) defined in Sections 5.1 and 5.3 respectively. Discrete iterated
monodromy groups of quadratic polynomials form a proper subset of the set of these groups,
see [7] for details. A similar result for a single specific choice of v and wv was obtained in [29].
Theorem 1.5 does not follow from the results of [29], since, as discussed above, the properties
of profinite completions and closures of actions need not translate into properties of discrete
groups. The proof of Theorem 5.1 in Section 5.1 is by a direct computation.

Criterion 4.9 only applies to actions of self-similar groups which are contracting. Our next
result shows that the contracting property is crucial here, as there exist self-similar weakly
branch groups which are not contracting, and whose germinal groupoids are non-Hausdorff
with non-Hausdorff elements of infinite order.

Noce [33] constructed a family of finitely generated weakly branch non-contracting groups
M(d), where M(d) acts on a d-ary tree, for every d > 2. We describe this family of actions
in Section 6, where we also prove the following result.

Theorem 1.6. For any d > 3, the germinal groupoid G(T, M(d), ®), associated to the
action of a weakly branch non-contracting group M(d) of automorphisms of a d-ary tree T,
has non-Hausdorff topology.

Groups in Theorem 1.5 are generated by bounded automata, and groups in Theorem 1.6 are
generated by automata with linear activity, and so both families consist of amenable groups,
see Remark 5.6 and Theorem 6.2 for details. Thus, along with the Grigorchuk group which is
amenable and has non-Hausdorff germinal groupoid, Theorems 1.5 and 1.6 provide examples
of classes of amenable groups with non-Hausdorff germinal groupoid, see also Remark 6.3.

The rest of the paper is organized as follows. In Section 2 we recall the basic properties of
minimal equicontinuous actions, and define their classifying algebraic invariants. In Section 3
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we discuss Criterions 3.3 and 3.4, and prove Theorem 1.3, which gives us Criterion 3.15. In
Section 4 we recall the necessary background on actions of groups of automorphisms of rooted
trees, and state Criterion 4.9. In Section 5 we prove Theorems 1.4 and 1.5, and in Section 6
we prove Theorem 1.6.

2. Algebraic invariants for equicontinuous actions

In this section we give a brief outline of theory of algebraic classifying invariants for minimal
equicontinuous group actions, developed in the author’s works [13,21,23] joint with Dyer and
Hurder. This is needed in order to introduce and prove the criteria for the non-Hausdorff
property in Section 3.

2.1. Adapted sets and neighborhood bases

Let X be a Cantor set, that is, a compact totally disconnected metrizable space without
isolated points. Let I" be a countable group, and let (X, I', $) be a minimal equicontinuous
Cantor action, as defined in Section 1.

Let CO(X) denote the collection of all clopen (closed and open) subsets of X, which forms
a basis for the topology of X. For any ¢ € Homeo(X) and any U € CO(X), the image
¢(U) € CO(X). The following result is folklore, and a proof is given in [22, Proposition 3.1].

Proposition 2.1. For X a Cantor set, a minimal action @:I' x X — X is equicontinuous if
and only if the I'-orbit of every U € CO(X) is finite for the induced action @, :I" x CO(X) —
CO(X).

Proposition 2.1 leads to the existence of certain dynamically defined subsets, which we call
adapted. The techniques we use to study minimal equicontinuous Cantor actions rely on the
existence of such adapted sets.

Definition 2.2. We say that a subset U C X is adapted to a Cantor action (X, I', ®) if for
every g € I' we have either g- U =U,or g-UNU = .

The proof of [22, Proposition 3.1] implies that, given a clopen W C X and x € W, there is
an adapted clopen set U with x € U C W. Then the set of “return times” to U,

Iy={gel|g-UNU#W}, (1)

is a subgroup of I, called the stabilizer of U, or the isotropy subgroup of I" at U. The translates
{g-U | g e I'} form a finite clopen partition of X, and are in 1-1 correspondence with the
quotient space Xy = I'/Iy. The group I' acts by permutations of the finite set Xy, and so
the stabilizer group I'y C I has finite index. If V C U is a proper inclusion of adapted sets,
then the inclusion I'y C [y is also proper. Thus Proposition 2.1 implies the following result.

Proposition 2.3. Let (X, I', &) be a minimal equicontinuous Cantor action. Given x € X,
there exists a properly descending chain of clopen sets U = {U, C X | £ = 0}, Uy = X, such
that x € Upy1 C Uy is a proper inclusion for all £ > 0, Ny>o Uy = {x}, and each U, is adapted
to the action 9.
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A descending chain of adapted subsets, as in Proposition 2.3, is called an adapted
neighborhood basis at x € X for the action .

By the remarks before Proposition 2.3, associated to an adapted neighborhood basis U/ at
x € X there is a chain

Fé:F:FgDFlDrzD"'

of finite index subgroups of I'. Denote by X, = I'/I, the quotient space, and by pf“ :

Xey1 = X¢ 2 gLy — gl the coset inclusions. The correspondence of the quotient space
X, with the set of translates of U, defines a projection f; : X — X,, where f;(x) = gl if
and only if x € g - U,. The projections are equivariant with respect to the action of I" on X
and the left action of I'" on the coset space Xy, that is, we have g - fo(x) = fi(g - x). Since
N¢g=oU; = {x}, there is a homeomorphism

foo : X > Xoo = lim{p{™: Xe1 = X | €2 0} = (o), fi0),.. 0 [[Xe, @
£>0
equivariant with respect to the given action of I' on X, and the induced action of I" on X
defined by

I'x Xoo > Xoo 1 (g, (X0, X1,...) > (g X0, & - X1,...). 3)

Eqgs. (2)—(3) provide an inverse limit representation for a minimal equicontinuous action
(X, I', @). Such a representation is not unique and depends on the choice of a point x € X and
of an adapted neighborhood basis ¢/. However, all such representations are conjugate, see [12]
for details.

2.2. Locally quasi-analytic actions

The notion of a quasi-analytic topological action of a pseudogroup on a connected topolog-
ical space was introduced by Haefliger [20]. Alvarez Lépez and Candel in [2, Definition 9.4],
and later Alvarez Lépez and Moreira Galicia in [3, Definition 2.18], adapted the notion of a
quasi-analytic topological action to the more general case where the action space need not be
connected.

Definition 2.4 (/2, Definition 9.4]). A Cantor action (X, I', ) is locally quasi-analytic, or
simply LQA, if there exists € > 0 such that for any adapted set U C X with diam(U) < ¢, and
for any adapted subset V C U, and elements gy, g, € I

if the restrictions @(g1)|V = ®(g2)|V, then &(g))|U = $(g)|U. (@)
If (4) holds for U = X, then the action of I is quasi-analytic.

In other words, an action (X, I', @) is locally quasi-analytic on open sets of diameter ¢ > 0,
if for every g € I' the homeomorphism &(g) extends uniquely from small open sets to sets of
diameter at least . Thus the property of local quasi-analyticity quantifies the complexity of an
action.

The notion of a locally quasi-analytic action can be seen as a generalization of the notion
of a topologically free action, as we explain now. Recall that an action (X, I', @) is effective
if g-x =x for all x € X implies g = id.
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Definition 2.5. A Cantor action (X, I', @) is said to be topologically free if the set
IsoX,I',?)={x e X|g-x =x forsome g Aid € I'}
is meager in X, and an action (X, I', @) is said to be free if Iso(X, I', @) is an empty set.

Note that if id #% g € I' and &(g) acts trivially on X, then Iso(X, I, ) = X, and
thus a topologically free action must be effective. The relation between quasi-analytic and
topologically free actions is given by the following proposition.

Proposition 2.6 (/22, Proposition 2.2]). An effective group Cantor action (X, I', ) is quasi-
analytic if and only if it is topologically free.

If the group I' is abelian, it is an exercise to show that an effective minimal Cantor
action (X, I', &) must be topologically free; see for instance [22, Corollary 2.3]. Examples
of equicontinuous Cantor actions which are locally quasi-analytic, but not quasi-analytic, are
easily constructed, see [13,21].

To clarify the relation between a topologically free and a locally quasi-analytic minimal
equicontinuous actions, let U be an adapted set for (X, I', ¢), and consider the restricted
homomorphism

®|y : I'y — Homeo(U),

where [y is the isotropy group at U defined by (1). If (X, I', @) is not topologically free, then
&|y may have a non-trivial kernel. If (X, I, @) is locally quasi-analytic on sets of diameter
e > 0, and diam(U) < ¢, then the induced action

55|U : I'y / ker &y — Homeo(U)

of I'y on U is topologically free.

2.3. Profinite closure of the action

In order to define the direct limit group invariants of a minimal equicontinuous action
(X, I', @), we introduce a group chain model for the closure of the action. Namely, let

&(P) = ¢(I') C Homeo(X),

be the closure of the action in the uniform topology. The closure is a profinite group. Elements
of &(P) are the sequences g = {g¢ | g¢ € I', ¢ > 0}, and the image &(I") is a dense subgroup
of &(P). If the action (X, I', D) is effective, ¢(I") is identified with I'. In any case, the action
& induces an action @ : &(®) — Homeo(X), which is transitive since (X, I', @) is assumed
to be minimal.

Remark 2.7. In topological dynamics &(®) is also known as the Ellis (semi-)group of
the action (X, I, ®), see [5]. The Ellis semigroup of a (not necessarily equicontinuous)
group action (X, I', @) is defined as the closure of the action in the topology of pointwise
convergence. In our case, since (X, I', @) is equicontinuous, this topology coincides with the
uniform topology, and the Ellis semi-group is a group. Thus the closure &(®) can also be
referred to as the Ellis group of the action (X, I', ®).
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For a point x € X, denote by
6(P), ={g€&(P)|g x =x}

the stabilizer, or the isotropy group of the action of &(P) at x € X, called the discriminant
group of (X, I', ®). The quotient &(P)/&(P), is homeomorphic to X, and is a homogeneous
space for the action of &(®). The action of I" on the coset space X = &(P)/B(P), gives a
homogeneous model for the minimal equicontinuous action (X, I', 9).

Definition 2.8. A minimal equicontinuous action (X, I', @) is stable if the action of its closure
B(P) = P(I') C Homeo(X) on X is locally quasi-analytic, and otherwise (X, I', @) is wild.

Given a group chain I3 for an adapted neighborhood system f, for each £ > 0, let
C, = ﬂgep gFgg’1 be the normal core of I,. Then {C, | £ > 0} is a descending chain
of finite index normal subgroups of I'. The proof of the following theorem can be found, for
instance, in [12, Theorem 4.4].

Theorem 2.9. Let (X, I', &) be a Cantor action, and suppose that I}, = {I; | £ > 0} is the
group chain associated to an adapted neighborhood basis U at x € X. Let {Cy | £ > 0} be
the chain of normal cores of the groups in I7,. Then there is an isomorphism of topological
groups

[:6(8) = Coo =lim{I'/Cpyy — '/ C¢ | £ > 0}, Q)

where I'/Cyyy — I'/Cy are the maps on cosets induced by the inclusions Copr1 — Cy.
Moreover, (5) restricts to the isomorphism of the discriminant groups

F:8(®); > Dy =lim(Ts1/Cor — It/ Ce | €2 0).

Elements of 600 are chains of cosets g = {g¢C, | £ > 0} such that gy, 1Cyy1 C g¢Cy. In the
rest of the paper we use the notation g = (g,) whenever this does not lead to confusion.

2.4. Centralizer and stabilizer direct limit groups

By Theorem 2.9 we have X, = a,o/Dx.

We will now define direct limit stabilizer and centralizer groups associated to a minimal
equicontinuous action (X, I', ). We assume that I" acts effectively on X, so that I' injects
onto a dense subgroup of &(®P), also denoted by I'. Then the image f(F ) C Cos., also denoted
by I, is dense in Coo. For each ¢ > 0, the topological closure T,=T,inCx is a clopen
subgroup, in particular, it has finite index in C. From the homogeneous model, U, = T, /Dx.

The action of the discriminant group Dy on the homogeneous space X can be seen as the
adjoint action, namely, for he D, and g € C

Ad(h)@D,) =hgh'D, = hgD,. (6)
The adjoint action of 7 on 2D, is trivial, i.e.
Ad(m)E D) =8 D

if and only if the commutator [h~',2']is in D,. By assumption iz\ € Dy, so h fixes x € Us.
Then the action of 7 preserves Uy, since U, is adapted, and for g€ T ¢ we have Ad(h)(') el >
i.e. the adjoint action of h preserves the clopen subgroups F[, for £ > 0.
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To define the direct limit group invariants, we distinguish between the elements of D, that
commute with all elements in Iy, and those whose commutators with elements of [, are in D,
but may be non-trivial. By the above remarks in both cases the action on U, via (6) is trivial.

We define an increasing chain of stabilizer subgroups of D, by

K(9) = {K¢}ez0, Ke = {h € Dy | [, 8] € Dy, forall §e Iy}, )

that is, K consists of all elements in D, which act on the clopen set U, by the identity map.
Indeed, we have the homogeneous model Uy = T, ¢/Dx, i.e. every point in x € U, corresponds
to a coset g D for some ﬁ € Fg Suppose he K, as in (7). Since D, and Fg are groups, then
for any g € F[ we have [h~',27!] € D,, that is,

h'g'hE D, =Dy,

and, multipl /ymg by g Zh on the left we obtain hg gD, = gh D, =gD;. Since this holds for
any x = g I';, we obtain that h acts as the identity on U,. Conversely, if he D, acts as the
identity on Uy, then for any g~ ! € T, ¢ we have

hg ‘D, =3 'D,,

and so h~' D, = D, = gh~' g 'D,, which implies [h, 2] € D,. We note that if an action
(X, I', &) is wild, then K, is non-trivial for all £ > 0.
Define another increasing chain of centralizer subgroups of D, by

Z(9) = (Zi}e=0. Ze = {h € Dy | [1, ] = id € D, forall g e Iy}, ®)

that is, Z, contains the elements in D, whose adjoint action on the clopen subgroup fg is
trivial, i.e. the elements of Z, are in the centralizer of 7.

Clearly we have the inclusions Z, — K,. Also, since Uz+1 C Uy, there are inclusions
o+1

t," : K¢ — Kyyqq for £ > 0, which restrict to the inclusions LK : Zy = Zyy. Taking the
d1rect limits of the group chains K(®) and Z(®) with respect to the 1nc1u51ons tﬁ+ , We obtain
the (direct limit) stabilizer and the centralizer groups

TX(P) =1limS(Ky, .t N), and TX(P) =1imS(Z, LT, N), )

where indices £ run through the natural numbers N.

The limit groups (9) were defined in [23], where it was proved that, although the groups in
(9) may depend on the choice of the adapted neighborhood basis ¢/ (which determines the group
chain 17, and therefore the system of neighborhoods of the identity {C;}¢>0), the isomorphism
classes of the direct limits do not depend on these choices, and so we have:

Theorem 2.10 (/23, Theorem 4.15]). Let (X, I', ®) be a minimal equicontinuous action of a
finitely generated group I' on a Cantor set X. Then the direct limit isomorphism classes 1(®)
and T.(®P) of the groups 1} (P) and T} (P) are invariants of the conjugacy class of the action
(%, I, 9).

The groups 7.(®) and 7,(®) are used in the classification of minimal equicontinuous
Cantor actions as we describe below, see [23] for details. Before we outline this theory, we
recall a few notions which allow us to compare the direct limit groups.

Definition 2.11. The direct limit group 73 (@) = lim S(K,, Lﬁ-H , N) (and similarly for 77 (®))

is bounded, if there is k € N such that for all ¢ > ¢ > k, the maps ¢§ =5, , o--- ™" are
group isomorphisms.
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Recall from Definition 2.8 that (X, I', &) is stable if and only if the action of the profinite
group &(P) on X is locally quasi-analytic. It was proved in [23, Theorem 5.3] that the action
(X, I', ) is stable if and only if the stabilizer group 7;(®) is bounded.

If the action of &(®P) on X is locally quasi-analytic, then the action of the countable
dense subgroup I' C ®&(®) on X is also locally quasi-analytic. The converse need not
hold. Indeed, [24, Theorem 1.4] constructs an uncountable family of pairwise non-conjugate
topologically free actions of the Heisenberg group H, such that the action of the profinite group
@(H) is not locally quasi-analytic.

The proofs of the following standard facts can be found, for instance, in [14, Chapter VIII,
Section 2].

Definition 2.12. A map = between directed systems of groups S(Gy, ¢>f/, N) and S(Hj, 1//,'(‘/, N)
is an order-preserving map £: N — N, and for each £ € N a group homomorphism
&: Gy — Hg such that for £ < ¢ we have

7 [/
Evogp = ¢§(([)) 0&: Gy = Hew)y -

Proposition 2. 13 A map = between directed systems of groups S(Gy, qﬁe ,
N) and S(H, ‘:”k , N) induces a homomorphism _:) 11mS(Gg, qb[ ) —> th(Hk 1//k , N)
of the direct limit groups.

If each &: Gy — Hg for £ € N is a monomorphism of groups, then the induced map
of the direct limit groups is a group monomorphism.

If each & : Gy — Hg) for £ € N is a isomorphism of groups, then the induced map
the direct limit groups in a group isomorphism.

=3

Zof
A subset A4 C N of a directed set is said to be cofinal if for each ¢ € N, there exists £’ € A
with £ < ¢’. Then we have:

Proposition 2.14. Let S(Gy, ¢f/, N) be a directed systems of groups, and A C N be a cofinal
set. Then the inclusion A — N induces a group isomorphism lim S(Gy, d)f/, A) ZE1lim S(Gy, qbf,,
N). — —

The properties of the groups 7.(®) and 7(®) allow us to develop further classification of
wild minimal equicontinuous actions as in the following definition, see [23] for details.

Definition 2.15. Let (X, I', $) be a minimal equicontinuous Cantor action which is wild.
Then (X, I', ®) is:

(1) wild of finite type if the stabilizer group 7(®) is unbounded, and represented by a chain
of finite groups;

(2) wild of flat type if the stabilizer group 1(®) is unbounded, and 7.(®) = 1(9P);

(3) dynamically wild if the stabilizer group 1(®) is unbounded, and the action is not of
flat type.

Theorem 2.16 (/23]). All possibilities in Definition 2.15 are realized, that is, there exist minimal
equicontinuous actions which are wild of finite or flat type, and which are dynamically wild.

Further examples of wild Cantor actions with various values of the direct limit centralizer
and stabilizer groups can be found in the author’s work [1], joint with Alvarez Lépez, Barral
Lijo and Nozawa.
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Example 2.17. Let (X, I', ) be a minimal equicontinuous action, and suppose the profinite
group &(P) is isomorphic to the wreath product of finite subgroups {G, C Sym(my) | £ > 1},
where Sym(m,) denotes the symmetric group, and such that G, acts transitively on the set
of m, symbols, for £ > 1. By [1, Theorem 1.6] such an action is dynamically wild, with
non-trivial profinite stabilizer group 7,(¢), and the trivial profinite centralizer group 7.(®).

3. Criteria for the non-Hausdorff property

In this section we compose a list of criteria which allow to detect whether the germinal
groupoid associated to a given minimal equicontinuous action is Hausdorff. Criterions 3.3 and
3.4 previously appeared in [23] and they apply to actions of countable or profinite groups.
Criterion 3.15 is new. It is an obstruction to the existence of a non-Hausdorff element for
actions of countable groups, which is more sensitive than a similar criterion for profinite groups
in [23].

3.1. Germinal groupoid and non-Hausdorff elements

The germinal groupoid G(X, I', @) associated to an action of a group I" on a topological
space X was defined in Definition 1.1. A non-Hausdorff element g € I' was defined in
Definition 1.2. In this section, X is any topological space, and I" is a countable or profinite
group acting on X.

We recall the following result.

Proposition 3.1 (/40, Proposition 2.1]). The germinal groupoid G(X, I', ®) is Hausdorff at
[glx if and only if, for all [g'], € G(X, ", ®) with g-x = g’ -x =y, if there exists a sequence
{x,} C X which converges to x, and such that [g]., = [g']s, for all n, then [g], = [g']..

In Proposition 3.1, consider the composition of maps # = g~ o g’. Since g - x = g’ - x,

then 4 - x = g~'g’ - x = x. Denote by [id], the germ of the identity map at x € X. Then the
statement of Proposition 3.1 reads as follows.

Proposition 3.2. The groupoid G(X, I', @) is Hausdorff if and only if for all [h], € G(X, ", )
with h - x = x, if there exists a sequence {x,} C X which converges to x, and such that

[h]y, = [idly, for all n, then [h], = [id],.

Taking the contrapositive of this statement, we obtain the following criterion:

Criterion 3.3. Let (X, I', @) be a group action. Then G(X, I', D) is a non-Hausdorff groupoid
if and only if there exists a germ [h], € G(X, I', ®) with h - x = x, and a sequence {x,} C X
which converges to x such that [h]y, = [idl., for all n, and such that [h], # [id],.

We call a representative & of such a germ a non-Hausdorff element of G(X, I', ®). This is
precisely the group element in Definition 1.2.

3.2. Germinal groupoid of a locally quasi-analytic Cantor action

From now on we assume that the action (X, I', ®) is minimal and equicontinuous.
Suppose (X, I', @) is locally quasi-analytic as in Definition 2.4 with constant € > 0. Then
any g € I'" which is trivial on an open subset of a set U with diam(U) < € is trivial on U. Thus
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(X, I', &) does not admit open sets U of arbitrary small diameter such that g|U is non-trivial,
and g|W = id for some open W C U. Therefore, we have the following result, first observed
in [22, Proposition 2.5].

Criterion 3.4. If a minimal equicontinuous action (X, I', ®) is locally quasi-analytic, then
the germinal groupoid G(X, I', ®) is Hausdorff.

The group I' in Criterion 3.4 can be chosen to be a countable or a profinite group.

Example 3.5. Actions which are free or topologically free are locally quasi-analytic, see
Section 2.2, and so they have Hausdorff germinal groupoids. There are many examples of
minimal equicontinuous actions of countable groups with this property. For instance, in [13] it
was shown that any finite or separable profinite group can be realized as the discriminant group
of a minimal equicontinuous action of a finite index torsion-free subgroup of SL(n, Z) with
n > 3 sufficiently large. These actions are free, and so their germinal groupoids are Hausdorff.
Essentially free actions on rooted trees in [17, Section 5] are topologically free, and so their
associated germinal groupoids are Hausdorff. These actions include, among others, the action
generated by the Bellaterra automaton, the action of the lamplighter group, the action of a
solvable Baumslag-Solitar group BS(1, 3), and others. The minimal equicontinuous actions
of surface groups in [26] are topologically free, and therefore their germinal groupoids are
Hausdorff.

3.3. Countable centralizer and the stabilizer direct limit groups

In this section we introduce new invariants of a minimal equicontinuous Cantor action
(X, I', D), the (direct limit) countable stabilizer and centralizer groups. We use these invariants
in Section 3.4 to develop an obstruction for I" to have a non-Hausdorff element.

For a minimal equicontinuous action (X, I', ®), let U be an adapted neighborhood system
at x € X with group chain I}, = {I} | £ > 0}. Let X, denote the inverse limit space defined
as in (2), and a,o and D, be the inverse limit representations of the profinite group &($) and
the stabilizer group &(9P), respectively, see Theorem 2.9. Recall that we assume that @ is an
effective action, so that I" injects onto a dense subgroup of &( ), and so onto a dense subgroup
of a,o, also denoted by I'.

As in Section 2.4, denote by E =T, the topological closure of I in 600, then {E | £ >0}
is a decreasing chain of clopen subgroups of 600. Let K(®) = {K, | £ = 0} C D, and
Z(P) =1{Z, | £ = 0} C D, be the systems of profinite stabilizer and centralizer subgroups
respectively, as defined in (7)—(8). Recall that 17(®) and 7(®) denote the direct limits of
the systems K (@) and Z(®) with respect to the inclusion maps.

We are now interested in the subgroups of the countable group I" with properties similar to
those of subgroups in the chains K(®) and Z(9P).

The countable counterpart of the profinite discriminant group D, is the isotropy group of
the action of I" at x, which is the kernel of the group chain I3}, namely,

K(If) =D, NI = ﬂ I,.
£20
Similarly to (7)—(8), define the countable stabilizer and centralizer groups by
K/ ={he KU | [k, gl € K1) for all g € I}, (10)
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= {h € K(I}}) | [h, g] = id for all g € I}}. (11)

We now show that these groups can be obtained by simply intersecting K, and Z, with I'.

Lemma 3.6. For groups K (G and ZL,G defined by (10)—(11), and groups K, and Z, defined by
(7)~(8), we have K}’ = K,N I and Z' = Z, N T.

Proof. We give a detailed proof for K/, the proof for Z ZF is similar. We have
KNI ={he KU} | Adh)ED,) =& D, forall § € Iy}

Note that the condition Ad(h)(gD,) = gD, for all g € T, is equivalent to the condition
that [h, g] € D, for all g € I',. We first show that K[ NI'CK, I For that we must show that
if h e IC(FL*{) is such that [k, g] € D, forall g € Fg, then [A, g] € K(I7)) for all g € I',. Since
I'y C Iy then we have [k, g] € D, for all g € Iy. Then since h, g € I}, it follows that the
commutator [4, g] € Iy, and so we must have [h, g] € D, N Iy = K(I7)). Thus h € KF

Now let us show that KF C Ky, N TI'. We have that g = (g;) € F(, where g; € I; C I for
i >0.Leth e K[, then [h g1 = ([h, g]). By assumption on & we have [k, g;] € K(I7) for
eachi > 0, and so [k, g]-x = ([h, g/1)-x = x. Then [h, g] € D, and h € K, N I". This shows
that K = K,NTI'. O

Remark 3.7. Although the countable group I" is dense in the profinite group C-. the kernel
K(I7;) need not be dense in the discriminant group D,, and the countable groups K L (resp.
Z[ ) need not be dense in K; (resp. Z;). For instance, [13, Theorem 1.10] proves that any
finite or separable profinite group can be realized as the discriminant group of a stable minimal
equicontinuous action of a finite index torsion-free subgroup of SL(n, Z) with n > 3 sufficiently
large. These actions are free, so the kernel KC(/ 7¢) s trivial for any x € X, while the discriminant
group D, is a non-trivial finite or separable group. Since the action is stable, K, is bounded
for ¢ sufficiently large.

Another example is given by a family of minimal equicontinuous actions of the Heisenberg
group H constructed in [24, Theorem 1.4]. Every action (X, H, ®) in this family is topologi-
cally free, which implies that there exists x € X such that K(/7;) = {id}. Then for any £ > 0
we have K Zr‘ = {id}. On the other hand, (X, I', ®) is wild, which means that K, is unbounded
for all £ > 0.

We define the (direct limit) countable stabilizer and centralizer groups by
r-I(®) =1im$(K[,/+1,N) C TX(9P), (12)
T F(@)_th(zF, FUN) € TH(®). (13)
We note the following property of countable stabilizer groups.
Lemma 3.8. Let (X, I', ?) be a minimal equicontinuous Cantor actions. Then the action of I'

on X is locally quasi-analytic if and only if the direct limit group TSF(@ of countable stabilizer
subgroups is bounded.

Proof. Let U = {U, | £ > 0} be an adapted neighborhood basis at x € X with associated group
chain I3, = {I; | £ > 0}, and the corresponding chain of normal cores C = {C, | £ > 0}, and
let K(®) = {K[ | £ > 0} and T_;"F(@) = h_II)lS(KF, L’zfl,N) be as above. Suppose rf’F(@)
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is unbounded, then there exists a cofinal set A C N such that for £ > £ € A the inclusion
Lf/ K [ - K 5 is not an isomorphism. Then there exists g € I' such that g|Uy = id and
glU; # id. Since the diameter of the sets U, tends to zero, this implies that (X, I', ) is not

locally quasi-analytic, see Definition 2.4. [J

While the profinite discriminant group D, is independent of the choice of x € X up to an
isomorphism, a similar statement does not hold for the kernel K(I7;) of a group chain I7;. It
is easy to construct examples where K(I7)) is trivial for one choice of x, and non-trivial for
another choice, see for instance [12, Example 7.5]. However, since for £ > 0 the elements in
K [ act trivially on clopen sets U,, and not just at a point x € X, their direct limit groups
provide an invariant of conjugacy of group Cantor actions, as we show now.

Theorem 3.9. Let (X, I', ) be a minimal equicontinuous action of a finitely generated group
I" on a Cantor set X. Then the direct limit isomorphism classes TSF (®) and TCF (D) of the
groups T;"F (®) and Tf’F (D) are invariants of the conjugacy class of the action (X, I', ®).

Proof. Let (X, ', &) and (X', I', ¥) be conjugate minimal equicontinuous Cantor actions,
that is, there is a homeomorphism /4 : X’ — X such that for all z € X’ and all g € I" we have
h(¥(g)(2)) = P(g)(h(z)). First we reduce the problem to considering two neighborhood bases
for the same action.

Letid = {U, Cc X | € >0andV = {V, C X | £ > 0} be adapted neighborhood
bases at x € X for the action @, and at 7 € X’ for the action ¥ respectively. Then
U ={U, = h(Vy) C X | £ > 0} is an adapted neighborhood basis at y = h(z) for the action
@.If {H, | £ > 0} is the group chain associated to V' and the action ¥, and I}, = {I,]¢€=>0}
is the group chain associated to ¢/’ and the action @, then I’ é = H, for all £ > 0.

To prove the theorem, we must show that the countable stabilizer and centralizer groups
TS"*F (®) and Tf’r (), associated to the group chain I7; in I' by (10), are isomorphic as direct
limits to the countable stabilizer and centralizer groups 13 (@) and 127 (&) associated to
the group chain I7,.

Part A (the same basepoint). First assume that x = y, so we are given two adapted
neighborhood bases at a common basepoint x, & = {U, C X | £ > 0} and U’ = {U; C
X | £ = 0}, with group chains [7; and Fi‘{/.

As U and U’ are both adapted neighborhood bases at x, there exist increasing sequences of
indices 1 <ij <ip <iz<---and 1 < j; < j» < j3 < --- such that we have a descending
sequence of adapted clopen sets at x, where ip = jo = 0,

X=U=UyDU; DU, DU, DU, D+ .

Passing to a subsequence of coverings, we can assume without loss of generality that iy = £
and j, = £, for £ > 0. Introduce a common refinement U = {U[ | £ > 0} of these chains of
clopen sets, where Uy, = Uy and Uj,_, = U,.

Let I}, = {I') | £ = 0} be the group chain associated to /", then I, = Iy and I';, | = I,.
Let X, X/, and X/ denote the inverse limit spaces defined as in (2) by the group chains 7},
I7, and I7,,, respectively.

By the discussion in Section 2.1, there are homeomorphisms f,: X — Xo, fi: X = X
and f/:X — X which intertwine the I'-actions on these spaces. Introduce the basepoint
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preserving homeomorphisms

T=fio(f)7 X0 = Xeo 1 (¢ IY) > (85,10),

U= flo (XS = X1 (8T = (851 T
Here we use the full notation for elements of X, (resp. X., X ) as sequences of cosets (g¢I%)
(resp. (g, 1), (g, 1)), instead of the short notation (gg) (resp (g)). (7)) which we use in the

rest of the paper, to make the definitions of 7 and 7’ clearer.
Recall from Section 2.3 that, given I}, = {I} | £ > 0}, there is a descending chain

Cy = {C;, | £ = 0}, where C; is the normal core of [,. Similarly, there are chains
Cuw ={C, | £ > 0} and Cy» = {C} | £ > 0} for the chains of normal cores of the groups in
I3, and 17, respectively.

Let Coo, C(;O and Cgo denote the inverse limit groups defined as in (5) by the chains Cy,
Cy and Cyyr, respectively. By Theorem 2.9, there are topological isomorphisms

F:6(8) > Co . f:6(0)— C., . [':6(d)— CL , (14)

which map I' C () onto dense subgroups of a,o, a’x, and a;’o The compositions of the
isomorphisms in (14) give topological group isomorphisms

o~

T=Fo(f)":CL = Coo: (8/C)) = (85,C0),
T =Fo(f) " CL — Ch: (8/C)) > (85, ,C))
The maps T Tand T ' map the dense subgroup f f(I') of C” onto the dense subgroups f (I') and
f (I of Coo and C’ respectively. This is a key property of the construction, which need not
hold for the case of distinct basepoints in Part B.

Denote by D,, D, and D the images of the isotropy group &(®), under the maps in
(14) respectively. Then the restrictions 7: D)/ — D, C 600 and 7:D] - D, C 6&) are
isomorphisms of the discriminant groups. Then for the kernels of the group chains we have

Ky =D N fD), KIE)=D.0FA@), KL =D/ n f().

Since T and T’ preserve the discriminant groups, and map the dense subgroup f”([’) onto the
dense subgroups f(I") and f’(I") respectively, they preserve the kernels of the group chains.
Namely, they restrict to the isomorphisms

T K(FZ{//) — K(sz{), and {Lﬂ . ,C(sz[//) — ,C(sz[/)
Now consider the countable stabilizer groups, defined in Lemma 3.6,
={he KU} | [h. 8l €D, forall g e I} C D, C I,
(K" ={h e K(I}) | [h, g1 € Dl forallg e I/} c D! C TY.
Here Fg is the closure of the subgroup f(Fg) in Coo, where I'y € I7;, and F” is the closure of
the subgroup f ”(F”) in C . where I')’ € I7;,. Note that for £ > 0 there is a group 1s0m0rphlsm
 f ”(Fz/[) — f L), and so there is a group isomorphism T: Fz/iz — Fg Since T preserves
the discriminant group and the kernel of the group chain, it restricts to a group isomorphism
T : (K", — K[, for any £ > 0. Since the set A = {2¢ | ¢ > 0} is cofinal in N, by
Propositions 2.13 and 2.14 there is an isomorphism of direct limit groups
() =1lim S(K"Y CON) - Tl = lim S(K /', YNy (15)
1164



O. Lukina Indagationes Mathematicae 35 (2024) 1149-1184

Similarly we can show that the direct limit groups (2)% r= hm S(Ky, ¢£ ,N)and (7')*1 =

hm S(K, % ,N) of countable stabilizer subgroups are 1som0rphlc Therefore, 7! and

(T’)’C " are isomorphic, representing the same isomorphism class Tf
The proof that the direct limit groups 7°*!" and (7”)*" are isomorphic is similar, using the

same adapted neighborhood system /" as above, so we omit it.

Part B (distinct basepoints). Next, consider the case where x # y, and we are given adapted
neighborhood bases U = (U, C X | £ > 0} at x and U’ = (U, C X | £ = 0} at y, with
corresponding group chains I = (I, | £ > 0} and I}, = {I;1¢=>0}

Since diam(U;) tend to zero with ¢, and possibly restricting to a subsequence, for any
¢ > 0 we can choose g; € I' such that g, - U; > x, and g¢y - Uy, C g¢ - Uj. Then

={U; = g¢- U, C X | £ > 0} is an adapted neighborhood basis at x, with the associated
group chain I}, ={I/ =g¢ I, g['}.

Let X7, and X7 denote the inverse limit spaces defined as in (2) by the group chains I7, ”, and

" respectlvely By the discussion in Section 2.1, there is a homeomorphism f: X - X,
associated to the group chain I7 ;> and a homeomorphism f": X — X[, associated to the
group chain I7,, which intertwine the I’-actions on the corresponding spaces.

Let C, be the normal core of I, then Cj is also the normal core of Iy Let Gy = {C, |
£ >0} be the group chain of normal cores, and denote by C., C. the inverse 11m1t group defined
as in (5) by the chain Cy. By Theorem 2.9, there is topologlcal isomorphism

f:6(9)— C., . (16)

which maps I" onto a dense subgroup f’(F) of a;o Denote by D, = f'(&(®),) and D) =
f(B(D),) the images of the isotropy groups of the action of &(P) at y and x respectively. We
note that &(P), and &(P), are conjugate but not necessarily equal, and a similar statement
holds for D} and D;.

Conjugation by g, induces bijections of finite cosets spaces

T X, —> X[ g I, — (geggy NI,

I

and so induces a homeomorphism of the inverse limits of coset spaces
v XL — XL (heD)) > (gehegy ' T)).

Namely, ' is induced by conjugation by g = (80) = (8¢Cp) € a;o, and the conjugation also

o~

induces the map of profinite groups 7' : C,, — C.,. Then
~ /N o~y —1 U
(D)) =¢D)g =D,.

However, if h € D), N F/(I'), the conjugate $hg~" € D! need not be in F/(I'). This is the
subtlety which arises in working with countable subgroups in profinite groups. In particular,
for the kernels of the group chains ([} ,) = D/ ﬁf (I') and K(I7) = D”ﬂf (I'), the image
(KT ,)) need not have KC(17;,) as its image.

We now show that the dlrect limit countable stabilizer and centralizer groups associated to
Fu, and I7,, are nevertheless isomorphic.

Define the countable stabilizer groups, as in (10), by

(KN = {h e K(I}) | [h, g1 € K(I},) for all g € Iy} € D), T},
(KNI = (h e KT | [h, gl € K(I},) forall g e I}y € D c T}
Denote g" = hgh~!. Note that the restriction g|U; = id if and only if g&|U; = id.
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Let h € (K’ )z , and recall that [, g] € K(T, ,) for all g € I’y implies that 2|U, = id, see
Section 2.4. Since h, go € Iy, we have h8¢ € Fg, and by above remarks h$¢|U; = id. Since
x € U}, then hé € (K")!" even if x # g - y. Thus the restriction 7' : (K')!" — D! C F”
is an isomorphism onto a subgroup of (K ”)e Applymg a similar argument to the elements in
(K //)z and conjugating by ge we obtain that the restriction ()~' : (K ”)F — D’ C F/ is
an isomorphism onto a subgroup of (K’)!". The composition (z')~! o 7" : (K")[ — (K’ s
the identity map, which implies that 7’ : (K')!" — (K”)!" is surjective and so an isomorphism
onto (K" )[ . Then by Proposition 2.13 there is an isomorphism of direct limit groups

2T =lmS(KD ¢, N) > (TP =lim S(K"] ¢, N) - 17

Next, U and U” are adapted neighborhood systems centered at the same point x € X, so
we use the argument in Part A to obtain an isomorphism (T”)f*r — T;"F . Composing it
with (17) we obtain an isomorphism (T’)?‘F — T*T of the direct limit groups of countable
stabilizer subgroups associated to the neighborhood systems ¢/ and U/”. Thus the isomorphism
class 7'I'(®) is invariant under conjugacy of minimal equicontinuous actions.

The proof for the direct limit countable centralizer group is similar, so we omit it. []

In Definition 3.10 we introduce a classification of actions of countable groups, similar to
the classification which involves the actions of their completions.

Definition 3.10. Let (X, I', $) be a minimal equicontinuous Cantor action, and suppose the
action of I" on X is not locally quasi-analytic. Then (X, I', @) is:

(1) countably wild of finite type if the countable stabilizer group 7’ (®) is unbounded, and
represented by a chain of finite groups;

(2) countably wild of flat type if the countable stabilizer group 7./'(®) is unbounded, and
(o) =1/ (9);

(3) countably dynamically wild if the countable stabilizer group TSF (@) is unbounded, and
is not of flat type.

The relationship between the notions in Definitions 3.10 and 2.15 is given by the following
corollary of Theorem 3.9.

Corollary 3.11. Let (X, I', &) be a minimal equicontinuous action, and suppose that the
action of I' is wild. Then:

(1) If (X, ", ®) is wild of finite type, then (X, I, D) is either locally quasi-analytic, or
countably wild of finite type.

(2) If (X, I, ) is wild of flat type, then (X, I, ®) is either locally quasi-analytic, or
countably wild of flat type.

(3) If (X, I', D) is countably dynamically wild, then (X, I', @) is dynamically wild.

Proof. For the proof of all statements it is useful to note the following simple fact: for all
£ > 1, the mappings Z, — K, are inclusions of subgroups, and thus the intersection with the
countable subgroup I is preserved under this mapping. Namely, if g € Z[' = Z, N I, then
g € KI' = K, N I'. Thus if the inclusion Z/" — K/ is not surjective, then the inclusion
Z; — K, is not surjective which implies (3).

For statements (1) and (2) we note that it is possible to have an action I" which is locally
quasi-analytic (LQA), or even topologically free, with wild closure, see [24, Theorem 1.4]. So
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if (X, I', @) is wild, then the action of I" on X may be either LQA or not LQA. If (X, I', &) is
not LQA and it is wild of finite type, then the stabilizer group 1(®) is the direct limit of finite
groups, and therefore the group 77/'(9) is also the direct limit of finite groups. Then (X, I", ®)
is countably wild of finite type.

If (X, I', &) is not LQA and it is wild of flat type, then the inclusion 7,.(®) — 1,(®) is an
isomorphism. Since the elements of I' are mapped onto elements of " under inclusions, this
implies that 7'/ (®) — YI'(®) is an isomorphism. Then (X, I', &) is countably wild of flat
type. O

3.4. An obstruction to the existence of a non-Hausdorff element

We now show that if the germinal groupoid G(X, I', ¢) is non-Hausdorff, then the action
(X, I', ) must be countably dynamically wild.

Recall that for the direct limits 75(®) and 7.(®) of profinite groups we have the following
criterion.

Theorem 3.12 ([23, Theorem 1.7]). Let (X, I', ®) be a minimal equicontinuous Cantor action.
If the action of the closure &(®) = &(I") on X has a non-Hausdorff element, then 1.(®) —
Y(®) is a proper inclusion.

Theorem 3.12 can be used as an obstruction to the existence of a non-Hausdorff element in
the group I': if the inclusion 17(®) — 1 (®) is a group isomorphism, then by Theorem 3.12
the profinite group &(®), and therefore its dense countable subgroup I' C &(®) does not
contain non-Hausdorff elements.

However, it is conceivable that & (&) contains non-Hausdorff elements, while I" does not,
and Theorem 3.12 does not distinguish between these two cases. In the rest of this section,
we develop a more sensitive criterion which allows to rule out the existence of non-Hausdorff
elements in I", using the countable stabilizer and centralizer groups defined in Section 3.3.

We now prove our main technical result. The key point in the proof is that we have to work
with a countable group acting on X minimally but not transitively, and so special care must be
taken when making certain choices.

Theorem 3.13. Let (X, I', ®) be a minimal equicontinuous Cantor action. If I' has a non-
Hausdorff element, then (X, I', ®) is countably dynamically wild, i.e. the inclusion TL.F (P) —>
TSF (D) is proper:

Proof. Letl = {U, C X | £ > 0} be an adapted neighborhood basis for the action ¢ at x, and
let I}, = {I} | £ = 0} be the associated group chain. Denote by X, the inverse limit space
defined as in (2), and recall that there is a homeomorphism f : X — Xo which intertwines
the actions of I" on the corresponding spaces. Denote Ug f(Uy) for each £ > 0.

Let Cyy be the group chain of normal cores of the groups in I35, and denote by Coo the
inverse limit group defined as in (5). By Theorem 2.9, there is a topological isomorphism
f &(P) — Coo, and we denote also by I" the image f(F) and set D, f((’j(@)x) Denote
by K(I}) = ﬂbo I’y the kernel of I7;. For £ > 0, the topological closure Fg T, is a clopen
subgroup of Coo, and we have a descendlng chain {Fg | £ > 0} of clopen subgroups such that

D, = ﬂe>0 Fe -

For each ¢ > 0, denote by fe Cx — I'/C, the projection. By [12, Proposition 5.7] the

adapted neighborhood basis U/ can be chosen so that the associated group chain I3} is in the
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normal form, which means that the restriction ﬁ(D ) —> Iy/Cy, and so each I7/C; — I/ Cy
for £ > 0, is surjective. We assume that ¢/ and I7; have this property.

For the normal core C, C I, denote by C{ =C, C COO the topologlcal closure of C,.
Since C; has finite index in I, then C is a clopen normal subgroup of Coo. We will need the
following result for our proof.

Lemma 3.14. If the group chain 17, is in the normal form, then C ¢ Dy = E, and the following
holds:

(1) The profinite group C ¢ acts transitively on the clopen set lz/g and
(2) The countable group C, acts minimally on the clopen set U,.

Proof. The inclusion Cg D, C Fg holds since C(, D, C F( We have to show the reverse
inclusion, T ¢ C C[ D,. By Theorem 2.9 we can write

Co={hC)|i>0,h €C), D,={gC)li>0,g €T}

For each i > 0, the subgroup C; is normal, and so its left and right cosets in I, are equal.
Then

CeDy = {(higiC;) |i=0.hi € Cy, gi € I},

We w1ll show that the countable subgroup Iy of I' is dense in Cg Dx, and therefore we have
Fg Ce D for its closure. For that we show that the restrictions f, f I'y—-T/Ci:g—
gC;, where I'y C &(9P), are surjective onto the image f,(C[ D ), for each i > £. Then by [39,
Lemma 1.1.7] the group I, maps onto a dense subgroup of C; Dy. Thus for each g € I'y and
each i > ¢ we must find h; € C; and g; € I such that gC; = h; g;C;. Note that this clearly
holds for i = ¢.

Consider the action of Cy, Iy and I on Iy/C;, fori > £. Let k = |I : Cy|, the index of
Cyin Iy. Let gy, ..., g« be the representatives of the cosets of Cy in I.

Since C; C Cy, then there is the inclusion of cosets I;/C; — I/ Cy, and we can partition
the finite set I;/C; into the sets P = {Py, ..., P}, so that AC; € P; if and only if hC; C g;C,.
Since C; is a normal subgroup, we have for each 7 € C, and each g; € I,

h-giCo=gih'Cy=g;Cy,

for some i’ € C,. Thus the sets of the partition P are preserved by the action of C,.

Moreover, the action of C, is transitive on the cosets of C; in each P;. Indeed, let
81Ci, 2C; € Pj, where g1, g» € I;. By definition of P; these cosets are in the same left
coset of I;/Cy. Since C, is a normal subgroup of I, its left and right cosets are equal, and
g1, & are in the same right coset of C,. Then glggl € Cy. The left action of glggl takes g,Cy
to g;C,, which shows that the action of C, on the cosets in P; is transitive.

Now let g € I. Since the group chain I7} is in the normal form, the inclusions I;/C; —
I'y/C, are surjective for all i > ¢, and so there exists g; € I} such that g;C; € gCy. In
particular, this means that g;C; and gC; are in the same set P; of the partition P, and so there
exists h; € Cy such that h;g;C; = gC;. Thus the map f, f Iy — f,(C[D ) is surjective.
This argument holds for all i > ¢, thus the image of the map f Iy — C D, is dense in
Cng, which implies that T, = = Cg

We have shown that 1| , = Cy Dy. Then using the homogeneous model for the action, we
have that

Uy = Ty/Dy = (Cy Dy)/Dy = Co/(CeNDy) . (18)
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To see that the last equality is true, consider the map ¢ : Cg — Cg Dy /Dy : h = h\D This
map is clearly surjective, since, for any he C@ and d € D, we have hdD, =hD, = go(h)
If go(hl) = (p(hz) then h lhz € Dx, and also h h2 € C[, since C[ is a group. Thus there is a
bijection of coset spaces C(/(C@ ﬂ Dy) — C@ D /D,.

In particular, (18) implies that C( acts transitively on Ug Since C, is dense in C(, then C,
acts minimally on U,. O

Next, define the chain {K ,ZF | £ > 0} of countable stabilizer groups, and the chain
{Z[ | £ > 0} of countable centralizer groups as in (10)—(11).

Let g € I' be a non-Hausdorff element at x € X. Then the germ of g at x is non-trivial, and
there exists a sequence {x; | i > 1} C X of distinct points converging to x, with g -x; = x; for
all i > 1, and clopen subsets x; € W; C X such that the restriction of g to W; is the identity.
Denote also by x and x; the images of x and x;, i > 1, under f in X, and set W FW)).

Note that g ¢ K I for any £ > 0, since by assumptlon g is non-trivial on any U,. There
exists an £ such that for each ¢ > ¢, the group K/ is non-trivial. Indeed, by minimality for
each i > 0O there exists g e I' such that g; - x € W;. Choose k; > i large enough so that
g,(Uk ) C W Then h; = g gg, € Kk , and for £ > k; the group K[ is non-trivial.

By increasing &; in the previous paragraph, if necessary, we can arrange that Uk nw;, = - ¥,
and then g; - Uk N Uk = ). Moreover, as x; limits to x there exists j > k; such that x; € Uk[
and so x; ¢ W;. Thus, passing to subsequences chosen recursively, we can assume that we have
a sequence {x¢} — x, an adapted neighborhood system U= {Ug | £ > 0}, and a collection of
clopen sets {W, | € > 0} with the following properties:

ﬁ[ﬂﬁ/gzﬂ,x IgE-XEWg for g(GF, ge~ﬁgCWe,xE+1¢Wg. (19)

Then for each IZ > 0 we have that hy = g, lggi € K

Set y, = gl - x and observe that h, - y, = y and that e & Ug.»,.] as gy - Ue+| N Ue+1 = 0.
Also, hy is not the identity on any open neighborhood of y,, and so h, has a non-trivial germ
at yg. Moreover, h, is non-Hausdorff at y,, and so there is W’ C ge Ug such that he|W' =

Since C, is a normal subgroup of I, its action preserves U, and g (Ul) We assume that
the group cham I7, is in the normal form, so by Lemma 3.14 C, acts minimally on Ug, and
also on g, (Ue) For each m € C[ deﬁne the conjugate element A}’ = mheym™ 1 Since h, acts
as the identity on Ug, and m - Ug U( we have hy' € KF Thus we have a collection of maps
(R |m e Ciy CK! C I

Recall that we have a clopen W’ C g, (Ue) such that h,|ys = id. Since C, acts minimally
on g, (Ug) there exists m € C, such that m~" - ye € W'. Then

Ry (ye) = mhy(m™" - yp),

and h}' fixes every points in an open neighborhood of y,.

Now suppose the inclusion T;"*F () — Tj"r (@) is an isomorphism, then there exists an
increasing subsequence {k; | ¢ > 1} such that the inclusion Z[ — K[ is an isomorphism
for all £ > 1. For simplicity, set k, = £. Then hy € Z[ . Since C; C I}, this implies that
h[lm’lhg =m~!, and so hy = mhem™' = hy, and so h%' has a non-trivial germ at y,. This
contradicts the assertion in the previous paragraph, that 4}’ fixes an open neighborhood of y,.
Thus, Z/' = K/ is impossible. [J

Theorem 3.13 allows us to formulate the following criterion, which is an obstruction to the
existence of a non-Hausdorff element in G(X, I, ®).
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Criterion 3.15. Let (X, I', ®) be a minimal equicontinuous action. If the inclusion of direct
limit countable centralizer and stabilizer groups T (®) — TI(®) is an isomorphism, then
the germinal groupoid G(X, I', ®) is Hausdorff.

Example 3.16. An uncountable family of pairwise non-isomorphic wild actions of a finite
index torsion-free subgroup of SL(n, Z), for n > 3, was constructed in [21, Theorem 1.10]. It
was shown in the proof of the theorem that the inclusion of profinite groups 7.(®) — 7,(®)
is an isomorphism. By Corollary 3.11 this implies that the inclusion 7'/ (®) — TI'(®) of the
direct limit countable groups is an isomorphism, and so by Theorem 3.13 these actions have
Hausdorff germinal groupoids.

3.5. Proof of Theorem 1.3

The proof of item (1), which states that the property that (X, I', ®) is countably wild of
finite or flat type, or that it is countably dynamically wild is an invariant of the conjugacy class
of the action, is given in Theorem 3.9.

In item (2) if (X, I', ) is countably wild flat type, then the map of direct limit groups
TCF (P) — TYF (@) is an isomorphism, and by Theorem 3.13 I" does not have a non-Hausdorff
element. Then by Criterion 3.3 the germinal groupoid G(X, I', #) must have Hausdorff
topology.

Item (3) is proved in Theorem 3.13. Items (4) and (5) are proved in Corollary 3.11.

4. Actions on rooted trees

In this section we recall the background on group actions on rooted trees, which is necessary
for the rest of the paper. The main references here are [30] or [17]. We restrict to d-ary rooted
trees as these are the ones admitting self-similar actions. In a similar way, one can define
actions on more general spherically homogeneous trees, and we refer the interested reader, for
instance, to [18] for a description and some examples.

4.1. Equicontinuous actions on d-ary trees

Let d > 2 be an integer.

A d-ary tree T is an infinite graph without cycles, consisting of a set of vertices V =
|_|£>0 Vi, and a set of edges E chosen as follows. In V, the finite set V,, called the vertex set
at level £ > 0, is a set of cardinality dt. The set Vp is a singleton, called the root of the tree.
Edges in E join vertices in Vy4; and V; so that every vertex in Vi, is joined by an edge to a
single vertex in V;, and every vertex in V; is joined by edges to d vertices in Vyi ;. If d =2,
then T is called a binary tree.

An infinite path in T is a sequence of vertices {v, | £ > 0} C [],~, Ve such that v,y and v,
are joined by an edge, for £ > 0. The boundary 37T of T is the collection of all infinite paths
in T. The space 0T is a Cantor set with the relative topology from the product topology on
nlzo Ve.

We label vertices in V by finite words in the alphabet A = {0, 1, ...,d — 1} as follows. The
root vy € Vj is labeled by an empty word. Vertices in V; are labeled by A. Inductively, suppose
v € V; is labeled by a word w - - - w, of length £. There are d vertices vp114, 0 <k <d —1
in Vy4 which are joined by edges to v,, and we label v,y x by the word wk = w; - - - wek of
length ¢ + 1.

1170



O. Lukina Indagationes Mathematicae 35 (2024) 1149-1184

The labeling of vertices in V induces the labeling of infinite paths in 97 by infinite
sequences with entries in the alphabet .A. Namely, an infinite sequence w = wiwy - wp - - -
corresponds to an infinite path in 87 which passes through the vertex in V; labeled by the
word wy - - - wy, for £ > 1.

Definition 4.1. An automorphism g of a rooted d-ary tree T is a map of 7 which restricts
to bijections g : V — V and g : E — E with the following properties:

(1) On each level set V;, £ > 0, g restricts to a permutation of V.

(2) The permutations of V, are compatible with the tree structure. Namely, v, € V; and
ve+1 € Vyyp are joined by an edge if and only if g(ve) € Vp and g(vey) € Vg are
joined by an edge; and vy41,; and v 2 are joined to the same vertex in V if and only
if g(ve41.1) and g(ve42) are joined to the same vertex in V.

The group of automorphisms of a rooted d-ary tree is denoted by Aut(T). It is well-known
that Aut(7) = Sym(d) X Sym(d) x - - -, the infinite wreath product of the symmetric group on
d elements, see [9] or [29, Section 4.1].

Since the action of every g € Aut(T) restricts on each V, to a permutation, which is a
bijective map, the action of g on T induces a homeomorphism @(g) : 0T — dT of the path

space. Given two infinite words w = wjw;--- and w’ = wjwj---, define a metric on the
space 9T by
D (w, w’) =2"", where m=min{¢ — 1| wiwy - we # wjwy---wy, £>1}.

The action of Aut(7) on 97 is by isometries relative to the metric D. Thus the action
T, I', &), where I' C Aut(T) is a subgroup, is equicontinuous.

Remark 4.2. Let n = (n;,n;,...) be a sequence of positive integers. A spherically
homogeneous tree T, with spherical index n is an infinite graph without cycles, consisting
of a set of vertices V = | |,., Vi, and a set of edges E, such that V; is a singleton, and for
¢ > 1 every vertex in V,_; is connected by edges to precisely n, vertices in V,. Thus V,
has cardinality n; ---n,. Setting ny = d for all £ > 1 we obtain the d-ary, or regular, tree,
described above. Similarly to the above, the group Aut(7,) acts on the space of infinite paths
in T, equicontinuously. Moreover, it is well-known that any minimal equicontinuous action
on a Cantor set is conjugate to an action of a subgroup I' C Aut(7y), for a suitably chosen
spherical index n. The procedure of constructing 7;, is explained in detail, for instance, in [18,
Section 3]. The choice of the spherical index n is not unique, however, the prime divisors
of the elements in the sequence {n, n,, ...} impose restrictions on possible choices of the
spherical index, and on the dynamics of the action. For instance, [24] studies the dynamical
properties of minimal equicontinuous actions of nilpotent groups depending on the finiteness
of the set of prime divisors of the elements in {n;, n,, ...}. When n, = d for all £ > 1, and the
action of I' is self-similar, then it is possible to describe the action of the automorphisms in
I' by a recursive formula, which provides a powerful tool for the study of such actions. This
is explained in more detail in Section 4.2.

4.2. Self-similarity

The automorphism group Aut(7) of a d-ary tree and some of its subgroups have an
interesting property called self-similarity which we describe now. We first introduce some
useful notation.
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Definition 4.3. For d > 2, let T be a d-ary tree as in Section 4.1. Let v,, € V,, be a vertex,
and let {vy | 0 < £ < m} be a finite path in T from the root vy to v,,. A subtree v,,T of T
consists of the vertex set

V@aT) = {vo, v1. ... vm} | ( U vg) :

>m+1

where Vl’ contains the vertices in V; joined to v, by finite paths {v,, Vy+1, ..., V¢}, v € Vg,
and of all edges in E which join the vertices in V (v, T).

The path space of v,,T is a clopen subset of a7, consisting of paths through the vertices
in V(v,T), and denoted by d(v,T). If w = w;---w, is a finite word which labels v,,,
then we may also denote the subtree by wT, and its path space by d(wT). The path space
0(v,, T) = d(wT) consists of all paths which start with the finite subword w; . .. w,.

Every vertex of wT NV, for £ > m has a label of the form wk, where k is a word of length
¢ —m in the alphabet A = {0, ...,d — 1}. Every letter in w or k is a symbol in A, so there
is a bijection on the sets of vertices

Ty :wl NV = V:wk+— k, (20

which induces a homeomorphism of path spaces 7, : d(wT) — 9T. In the arguments below
we use the word notation for the vertices in V.

Now let g € Aut(T), and suppose g maps w € V), to a vertex g(w) € V,,. By property (2) in
Definition 4.1, the action of g maps the clopen set d(w7) homeomorphically onto the clopen set
d(g(w)T). More precisely, for each vertex wk € wT there is a unique vertex g(wk) € g(w)T,
which is labeled by the word g(w)k’ for some finite word k’. Composing the bijections (20)
for w and g(w), we can define the bijection, called the section of g at w

glw =gy ogom, V> Vik Kk, (2D

which defines an automorphism of the tree 7, and so induces a homeomorphism @(g|,) :
oT — oT.

Definition 4.4 (/30, Definition 1.5.3]). Let I' be a subgroup of Aut(7T). Then I is self-similar
if for every g € I' and every vertex w in T the section g|,, defined by (21) is in I".

For instance, Aut(7) itself is self-similar. Self-similar subgroups of Aut(7) admit the
following description, which make their study especially accessible.

In the compositions of maps below, we compose on the left.

Suppose I' C Aut(T') is self-similar, and let g € I'. Recall that V; is a set with d vertices. Set
o, = g|Vi, that is, o, is a permutation of vertices in V| induced by the action of g. For every

w e Vi = A we have g|,, € I', so we can define a function f, : V| — il w > g|a—1(w).
8

Then g acts on T as an element ( f,, o) of the semi-direct product I Vil Sym,,. More precisely,
for w = wyw, - -- € 97T, the element g acts on w; as o,, and on the infinite sequence wows - - -
as fy(wr) = glw,- Thus we can represent g as a composition

8 = (g|‘7;,:1(0)’ g|a};1(l)’ e g|(771(d—l)) O Og, (22)

4

where 0, = (1,0,) € I'"1l x Sym, and (g| -1 8,141y € 'l Here 1
8 8

o g|a;1(1), .
denotes the trivial function in "Y1l which assigns to each w € V; the identity map 1 € Aut(7).
Computing (22) we first apply the permutation o, to Vj, and then the maps g| -1, to the

g (w)
subtrees w7, 0 <w <d — 1.
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Alternatively, we can also write g as the following composition (again, we compose maps
on the left)

g=o0z0(glo. gl - 8la-1), (23)

that is, when computing the action of g we first apply the maps g, to the subtrees wT,
0 <w < d—1, and then we apply the permutation o, of V;. Different sources in the literature
use one or the other of these two ways to write an automorphism g € Aut(7") as a composition
of two maps. We will use (22). Formulas (22) and (23) together give the relation

Og © (g|0’ g|1, cee g|d—l) = (g|g;1(0)s g|0;1(1)7 B glggl(d,l)) © Og, (24)

which one can use to change from one notation to another one.

Remark 4.5. Among the articles whose results we use in this paper, [33,34] use the same
convention (22) for writing an element of Aut(7) as us. Paper [7] only considers binary
trees and uses a slightly different convention: when they write ¢ = (go, g1)o, the action
of g on an infinite sequence w = wjw;--- is given by gOw,---) = 1gop(w,---) and
g(lwy ---) =0g1(wy - - -). In our notation, this is equivalent to (23) with composition of maps
on the right, and only makes a difference in the definition of the element a; in Section 5.1.

4.3. Non-Hausdorff elements in contracting groups

The self-similar property of certain subgroups of Aut(7"), where T is a d-ary tree, allows us
to determine when the germinal groupoids associated to their actions have the non-Hausdorff

property.

Definition 4.6. Let I' C Aut(T) be a self-similar group. We say that I" is contracting, if there
exists a finite set N' C I such that for every g € I there is n, > 0 such that for all finite
words w of length at least n, we have g|,, € N.

The set AV is called the nucleus of the group I', if N is the smallest possible set satisfying
Definition 4.6. Iterated monodromy groups of post-critically finite polynomials in Theorem 1.5
and, more generally, iterated monodromy groups of post-critically finite rational functions are
known to be contracting [30, Theorem 6.4.4].

We also consider the following special subsets of the group I, introduced in [25]. Let

No={geTI]|gl, =g for some non-empty wordw € V}. (25)

The set N is always non-empty, as it contains the identity of I'. It is proved in [25, Proposition
3.5] that if I" is contracting, then N is finite and the nucleus of I" is given by

N={(hel|h=g|, for some g € Ny and w € V}.
Also define
Ni={gerl|gly=gand g(w) = w for a non-empty word w € V}. (26)

Then N contains elements in Ay which fix at least one path in 7, so N7 C Ny and NV is finite
for contracting actions. Also, N] is non-empty as it contains the identity of I". The following
statement is proved in the last paragraph of [25, Section 4] on p. 2033.
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Lemma 4.7 ([25]). Let I' C Aut(T) be a contracting self-similar group. Then every g € N
is torsion.

We will need the following statement, proved in the author’s work [29].

Lemma 4.8 (/29, Lemma 4.5]). Let I' C Aut(T) be contracting, and suppose I’ contains a
non-Hausdorff element h. Then there is a non-Hausdorff element g in N.

Summarizing the results of Lemmas 4.7 and 4.8 we obtain the following property of
non-Hausdorff elements in contracting self-similar groups.

Criterion 4.9. Let T be a d-ary rooted tree. Let I' C Aut(T) be a contracting self-similar
group. If the associated germinal groupoid G(X, I', @) is non-Hausdorff, then there exists a
non-Hausdorff element g € I' which has finite order:

Criterion 4.9 is one of the main components of the proof of Theorem 1.5.

5. Germinal groupoids associated to quadratic PCF polynomials

In this section we consider iterated monodromy groups associated to quadratic polynomials.
We refer to [30] for details on how, given a polynomial f : C — C of degree d > 2, one can
define an iterated monodromy group. In our proofs below we use presentations for generators
of such groups available in the literature. The goal of this section is to prove Theorems 1.4
and 1.5.

Groups R(v) and K(w, v) defined in Sections 5.1 and 5.3 were introduced in [7]. It was
proved in [7] that iterated monodromy groups associated to quadratic polynomials correspond
to a proper subset of the set of these groups. In this section T is a binary tree, and w and v
are finite words in the alphabet A = {0, 1}. In K(v), the word v may be empty.

5.1. Hausdorff groupoids for groups K(v)

Let T be a binary tree. We first show that the germinal groupoid G(3T, R(v), @) associated
to the action of the group £(v) on the boundary of T has Hausdorff topology.

Let v = x; - - - x,_1 be a non-empty word with x; € {0, 1}.

We denote by ¢ an element of Aut(7') such that for each infinite sequence z;z,--- € 97,
0(z1) = z1 + 1 mod 2, and o(z¢) = z¢ for £ > 2. As in [7], define the subgroup K(v) =
(ai, ..., a,) of Aut(T) by

(@i, 1), ifx;=0

alz(an,l)a,a,-H:{ (1.a) o= 1 , forl <i<n-—1. 27

Groups 5, in item (4) of [29, Theorem 1.5], with r > 2, are the groups K(v) with x; = 0
for 1 < j <r — 1. The formula for a; in (27) is different from that in [7] due to the slight
difference in our notation, see Remark 4.5.

If v is an empty word, then R() is generated by a; = (a;, 1)o, and its action is an odometer
action, see for instance [29, Example 4.2]. The odometer action on 97 is free, and so the
associated germinal groupoid G(0T, R(), ?) has Hausdorff topology by Criterion 3.4.

Theorem 5.1. Let T be a binary tree, let n > 2 and let v be a non-empty word of length n — 1
with letters in {0, 1}. Let R(v) be a group with n generators, defined by (27). Then the germinal
groupoid G(OT, R(v), ) associated to the action of R(v) on dT has Hausdorff topology.
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Proof. Suppose the germinal groupoid G(aT, R(v), P) associated to the action of R(v) on 3T
is non-Hausdorff. By [7, Lemma 3.2] the group &(v) is self-similar and contracting. Then by
Criterion 4.9 the group £(v) must contain a non-Hausdorff element which is torsion. But by [7,
Proposition 3.11] the group R(v) is torsion-free. Thus G(0T, R(v), ) must have Hausdorff
topology. [J

5.2. A countably dynamically wild action with Hausdorff germinal groupoid

In this section we prove Theorem 1.4, giving an example of a countably dynamically wild
action with Hausdorff germinal groupoid. This shows that Criterion 3.15 is not an ‘if and only
if” statement. That is, if Criterion 3.15 is not satisfied, the germinal groupoid associated to a
minimal equicontinuous action may still have Hausdorff topology.

Theorem 5.2. Let T be a binary tree, and consider the self-similar contracting group
K1) = (a1, az), where a1 = (a2, 1)o, ay = (1, ay).

Then the action of R(1) does not satisfy Criterion 3.15 while the germinal groupoid G(3T, (1),
@) has Hausdorff topology.

Portraits of the generators of (1) are shown in Fig. 1. An arc, joining two edges emanating
from the vertex labeled by the word u = uju;---u, means that the action of a;, i € {1, 2}
changes the letter following u, in an infinite sequence z = ujuy - - - UeZeq1 - - -, 1.€. A;(2p41) =
Z¢+1 + 1 mod 2. The action of a; may or may not change the letters before or after z,4, this
depends on g; and z. Two short edges attached to # mean that the action does not change any
letter after uy, i.e. the corresponding section is trivial, a;|, = 1 € Aut(T).

Proof. Let z = 1 be an infinite path in 37 with a neighborhood basis U = {U,},>1, where
U, = 9(1°T), and the subtree 1T is as in Definition 4.3. Let I, be the isotropy group of
U,, which in this case is equal to the stabilizer of the vertex 1¢in T. Let K [ , £ >0, be the
stabilizer subgroups of I' defined by (10), that is, g € K [ if and only if g|U, = id, which is
equivalent to the conditions g(1°) = 1¢ and g|,c = 1 being satisfied at the same time. Let ZZF
be the centralizer subgroups of I defined by (11), that is, g € Z!" if and only if [g, ] = 1 for
all h € Iy, where 1 denotes the identity in Aut(7). To show that Criterion 3.15 is not satisfied
we must show that the inclusion of the direct limit groups

e =1lim Gz, ,N) > TP =limG(K/, ¢, N)

is proper. To this end we will show that for each ¢ > 4, the inclusion Z [ — K [ is proper,
that is, there exists g, € K[ and h, € Iy such that g[lhggg #= hy.

Denote by 1, the trivial permutation of V,. In the computations below, we repeatedly use
formulas (22) and (23), i.e. the equality o(go, g1) = (g1, go)o, and the fact that 02 =1, the
identity in Aut(7). Also, suppose we can write for g € Aut(T)

g = (glots glot-11 - -+ » glie-195 8111,

where g|, is the section of g at u, and u is the label of a vertex in V,, i.e. the word of length
£ in the alphabet {0, 1}. Then, for the square of g we have

g% = ((glo), (gloe-1)* - - -, (gre—10)%, (g1) )1,
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a.

Fig. 1. Portraits of generators of £(1): we have sections ajlo = a2, a2|1 = a;. Two short edges at a vertex u
correspond to the trivial section a;|, =1, i € {1, 2}.

For any u we have either (g|,)|V1 = 1, or (g|,)|ViI = o. Since ¢ has order two, this implies
that (g|,)?|Vy = 1;, for any u € V,, and so g2|Vy = loy.

So we have
ajay = (a2, 1)o(1, a1) = (axay, 1o, (28)
ma; = (1, a1)(az, o = (az, ay)o. (29)

Next, note that

(a1a2)* = (war, Do (aay, Do = (aar, aza)ly,

(@a1)’ = (az, ano(az, a))o = (arar, araz)ly,
s0

(@a)” = (@a)* = (a1, (@2a1)*) = (a1, araz, azay, aya)1s.
Inductively, computing a?2"" for £ > 2 we obtain that

g1t = apay for £ odd ,

g1 = ajay for € even . (30)

)4
(a1a2)* = (ggt» - -» &)1, Where {

Next, al2 = (ay, ay), and a% = (1, alz) = (1, 1, ap, a»)1,. We have, inductively, the sections
@l =a1, a3l =a,
and, for £ > 2
a%l = (g, ---»82)1, where g =ap. (31)
Since (alag)ze |V, = 1,, from (30) we have the inverse
(@)™ = (g5, ytiy -+ &yitigr &)1

where (a1a2)™" = (1, (@2a1) "o, and (@a))™' = (a; ', a; "o

. — . . m
Let £ > 4 be odd, so £ — 1 is even. Then m, = % is an integer, and a% ¢ | -1 = as.
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Let gp = (@a2)™2 a2 (a1a2)* . We compute the section of g, at 17!

gl = @a) ™ " (@) et = (@ar) ' az (@1a2) (32)
= (1, (ma)) Ho (1, a))aa, o = (ay, 1),

which implies that g,(1¢) = 1¢ and g¢|;¢ = 1, and so g, € K/ .

Also, since by (30) (alaz)%lw = 1, its action fixes the vertex 1¢. Choose h, =
(a1a2)" € T,. Note that since (a1a2)* (171 = 171 and (a1a2)* ' |ye-1 = araz by (30),
then (alaz)zz lie-1 = (a1a»)?, and (alaz)’zé lie-1 = (a1a2)~2.

Suppose that g, € ZI' then [ge, he]l = 1 € Aut(T), and we must have h[lgghg = g¢. We
compute the section at 17!, using (32):

hy ' gehel -1 = (@an)*(ara2) ' ax(araz)(ar1az) ™% = (ayaz)az(araz) ™"

= (amar, Do(1, a1, (wa) o = (maia; ', ).

From (32) we have that hzlgghdﬂ—l = g¢lye-1 if and only if axa; = ajay, which is only
possible if a; is trivial, see (28)—(29). Therefore, h;lgghglle_u # gelye—1, and g¢ ¢ Z[. Thus,
for £ > 4 odd the inclusion Z/ — K/ is proper.

Now suppose £ > 4 is even, and so £ — 1 is odd, and £ — 2 is even. Then m, = % is an

integer, and a?"*|;c-2 = a». We choose gy = (arar) 2" a3 (a1a2)* ", then by (32)
_~t-2 m =2
gl =@a)? @ (@) |2 =(a D), (33)

SO g(|U(,1 =1id. Since U, C U;_;, we have ge|Ug =1id and FS K[
Choose h; = (ajaz)~%, then h, € I'. Then, computing the section of h; ' gohy at 1672 we
obtain

h ' gohel -1 = (@an) (@a) ' aa(aran)(@rar) ™ = ((aar)’ai(azar) ™, 1),

which is only equal to g¢|c—1 if (@2a1)?a; = ay(aza;). The latter is true if and only if aja, =
apay, which, in its turn, holds only if a, is trivial, which is not the case. Thus hzlgghg #* g¢, and
for even ¢ > 4 the inclusion Z/ — K/ is proper. It follows that the inclusion of direct limit
groups Y3 — 7T is proper, and Criterion 3.15 is not satisfied. However, by Theorem 5.1
the germinal groupoid associated to the action has Hausdorff topology. [

5.3. Non-Hausdorff groupoids for groups K(w, v)

We show that, for the action of a group R(w, v) on the binary tree 7', the associated germinal
groupoid in almost all cases has non-Hausdorff topology, by exhibiting a non-Hausdorff
element in K(w, v).

Let w = y;---y and v = x| - - - x, be non-empty words with y;, x; € {0, 1} and such that
Yk # Xn-

Recall that we denote by o an element of Aut(7") such that for each infinite sequence
7122+ € 0T, 0(z1) =z1 +1 mod 2, and o(z¢) = z¢ for £ > 2.

Following [7], define the subgroup of Aut(7")

ﬁ(w5v):<bl7"'5bk9a19""an>7

where

by=o0,bj1 = { (b, 1), ify;=0

(b)), ify,=1 ' ortsjsk=1 (34)
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b, b, a,

0 1 0
00 01
A copy
1 of a,
Fig. 2. Portraits of generators of R(00, 1): we have sections ailo = b, ailoo = b1, ailor = 1, ailye = ay,

ayljeg = by for £ > 1. Two short edges at a vertex u correspond to the trivial section g|, = 1, for g € {by, b2, a;}.

| r,ay), ifyr=0andx, =1
“= { (an,by), ifyy=1andx,=0" (35)
and
_ ) (@, 1), ifx;=0 .
Cli+1—{ (.. ifx=1" forl <i<n-—1. (36)

For instance, the groups ﬁ, in item (4) of [29, Theorem 1.5], with k +n = r > 3, are the
groups R(w, v) with y; =0for 1 < j <k, x;=0forl <i <n-—1andx, =1.

As an example, Fig. 2 contains the portraits of generators of the group £K(00, 1). An arc,
joining two edges emanating from a vertex labeled by a finite word u = uu; - - - u, means that
the action of g, where g € {by, by, a;}, changes the letter following u, in an infinite sequence
Z=UjUp - UgZe4l -5 1.6. 8(Z¢+1) = Ze+1+1 mod 2. The action of g may or may not change
the letters before or after z,., this depends on g and z. Two short edges attached to ¥ mean that
the action does not change any letter after uy, i.e. the section at u is trivial, g|, = 1 € Aut(T).

Theorem 5.3. Let T be a binary tree. Let k,n € N such thatk > 1, n > 1, and k +n > 3.
Then the group R(w, v) generated by (34)—(36) contains a non-Hausdorff element, and so the
germinal groupoid associated to the action of R(w, v) on dT has non-Hausdorff topology.

Proof. We will consider two cases, when n = 1 and when n > 2. In each case, we will find a
non-Hausdorff element in the acting group K(w, v). Then by Criterion 3.3 the topology of the
germinal groupoid G(aT, R(w, v), @) is non-Hausdorff.

Recall that for a finite word u in the alphabet A = {0, 1}, uT denotes the subtree of T
containing all paths passing through the vertex u, see Definition 4.3. These paths form a clopen
subset of 3T, denoted by d(«7') and consisting of infinite sequences starting with the word u.
For an element g € Aut(7T'), the notation g|d(u7T) = id means that g acts on the clopen subset

1178



O. Lukina Indagationes Mathematicae 35 (2024) 1149-1184

d(uT) as the identity map. The condition g|d(uT) = id is equivalent to the conditions g(u) = u
and g|, = 1 € Aut(T) holding at the same time, where g|, denotes the section of g at u as
in (21). If g|, = 1 and g(u) # u, then g|d(uT) # id. In this case, given an infinite sequence
UZ = Uy ---UgZet - -, the action of g preserves all letters z;, j > £+ 1, but acts non-trivially
on the letters in the word u = uy - - - u,.

Lemma 5.4. [n Theorem 5.3, suppose that n = 1. Then a; = a, is non-Hausdorff.

Proof. We will find an infinite path z = zyz,--- € 97T, such that a,(z) = z, a descending
collection of clopen neighborhoods {W;},>; with mz>1 W, = {z} and, for each £ > 1, a clopen
subset O, C W,, such that the restriction a;|Oy is the_identity map, while the restriction a;|W,
is non-trivial.

For a symbol u € {0, 1}, denote by ' = u + 1 mod 2, i.e. if u = O then v’ = 1, and if
u =1 then u' = 0.

If n = 1, then k > 2. In particular, we have by = (by_1, 1) if yy—1 = 0, or by = (1, by—_1)
if ye_1 = 1. Then b |d(y;_,T) = id, and by |d(yx—1T) is non-trivial. Equivalently, b¢|V; = 1;,

that is, br(yx_1) = yr_1 and bk(y,i_l) = y,_;, and, using the notation for sections, bk|y//c_1 =1
while by, | = by_1 is non-trivial.
Note that a;|V; = 1, by definition, where 1, denotes the trivial permutation of V; for

¢ > 0. Wesetw, =x, = x;, Wi = 97T, and O, = 9d(x;y,_,T). By the remarks above,
ai(x;y;_,) = x{y,_,, and

Dl = bely, =1

so0 a;|0; = id. The restriction a;|W; is clearly non-trivial.
Similarly, for £ > 2 let z;, = x,, and set Wy = 9(z; - - - zg—1T). Then, using the recursive
definition of a; we have a(zy---z¢—1) = 21 - - 2¢—1, and

aj |Z]"'Z(_1 =da, aj |zl~--zg,1x,/, = bka
so ai| W, is non-trivial. Now set Oy = 3(z; - - - zg—1X,y,_,T), then O, C Wy, and the restriction
ai| Oy is the trivial map, since
!’ !’ ’ / r .
a1(z1 -+ 21X, Vi) =21+ Ze—1a1(X, V1) =21+ Ze—1%, b (V) =21+ Ze—1X, Y51 »
and

a1|21'"Z£—1Xr/z)';€_l = bk|y;€_1 =1.

Since ai(zy---z¢) = z1---z¢ forall £ > 1, a; fixes every letter z, in z, and therefore a,(z) = z.

We have shown that a;, z, {W, | £ > 1} and {O; | £ > 1} as chosen above, satisfy Definition 1.2.
Therefore, a; is a non-Hausdorff element. [

Lemma 5.5. In Theorem 5.3, suppose that n > 2. Then for 1 < i < n, the element a; is
non-Hausdorff.

Proof. First we show that a,, is non-Hausdorff. We will find an infinite path z = z,z,--- € 97T,
such that a,(z) = z, a descending collection of clopen neighborhoods {W,},>; with ﬂb] W, =
{z} and, for each £ > 1, a clopen subset O, C W;, such that the restriction a,|O; is the identity
map, while the restriction a, |W, is non-trivial.
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Since n > 2, then a,, = (a,-1, 1)ifx,_y =0o0ra, =(1,a,_1)if x,_; = 1. Then q, |V, = 1;,
where 1, is the trivial permutation of V,, a,,|x;l_1 =1, and a,|,,_, = a,_1 is non-trivial.

We set z; = x,—1, Wy =0T, and O; = 3(x,,_,T). Then a,|0; = id.

Next, for 2 < j < n —1let z; = x,—;. Then a,(z1---z4—1) = aXp_1Xp—2---Xx1) =
21 Zn—1, and

nlzyzyey = Gnlxy_yx; = a1.
Further set z,, = x,,, then a,(z;---2z,) = z1 -+ - 2, and
nlzyzy = A1z, = atlx, = ap.
Define W, = 8(zy---z,T), and O, = 3(z; - - zux,_,T), then a,|0, = id, since a,(z1 -z,
x' )=2z1--z.x,_, and a”'zl-"ZnX,'l,l =1
For a word z; - - - z,, and a positive integer £ > 1, denote by [z; - - - z,]° the concatenation of
£ repetitions of z; - - - z,. Then define, for { >2and 1 < j <n—1
L—n+j = Xn—j, and  zZg, = X,.
Choose, for £ > 2, the clopen sets
We=0(z1 2ue-T) = 0 ([xn—1 - - x1x,17'T)
and
O,=29 (Zl - 'Zn([—l)xr/l_]T) =9 ([x,,_l .- -xlxn]z_lxr/l_]T) ,
where a,([x,—1 - x1x, 1'%, ) =[x,y xpx, 1),

a”|[)5n—l"')"1)‘7n][71 = ln, and an'[xn_1~~x1xn]€*lx;l71 = an|x,/,_1 =L

Then W, is a clopen neighborhood of z, with (,., W, = z, Oy C Wy, a,|W, is non-trivial and
a,|0, = id, for £ > 1. Since a, fixes every finite word [x,_; - - - x1x,1¢, a, fixes z. We have
shown that a, is a non-Hausdorff element.

Now consider a;, with 1 <i <n — 1. Similarly to above, we will find an infinite sequence
z®, and neighborhoods WLS') and OE'), for £ > 1, such that a;(z)) = z®, ﬂWé') = 70,
0P c w"” and ;|0 = id.

Ifi >2 forl <j<i—1define zg.i) = x;_;. Then, for any i > 1, set zﬁi) = x,. Then set
Wi = 3G 2 T) = 0xioixisa -+ x1x,T)
and
0, = a(zﬁ” . 'z,(l)x,/q_lT) = (Xj—1Xi—2 " 'xlxnx;;—lT)'
Then a;ly;, ,.x;x, = an, and so the action of a; restricted to W; is non-trivial. Also,

’ ’ .
ai(Xi—1 - X1XyX,_|) = Xi_1 -+ X1X,X,_, and ai|x,~71---X1xnx,;,1 = 01,,|,C’/H =1, so ;|0 is the
identity homeomorphism. We further define, for £ > 2 and 1 < j <n — 1,

(@)

and  z;y,, = X,

@) .

Zitt(—1)+j = Xn—j>
and for £ > 2, the clopen sets

' -1

W =0 (21 2w T) = 3 (xim1 - x1xu L2001 -+ 202,17 T)
and

021) =0 (Zl X 'Zi+n(l—l)x,’,_1T) =0 (Xi—l cee X X[ Xp—y - 'Xlxn]gflx,;_lT) ,
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-1,/ _ -1,/
then a,(x;—1 -+ - x1x [xp—1 -+ - X161 ) = X1 - - X1 X[ X - 1,17 x,_, and
Aily, | eoxyxplig g xpxn]t=1 = Gns
a”|x,‘-1“~X1xnlxn—1“-X1xnle"x;,1 = a"'X,’,_l =1

Then W, is a clopen neighborhood of 2z, with (., w =0, 00 ¢ WP, g
is non-trivial on Wé’) and trivial on Oé’), for £ > 1. Since qg; fixes every finite word
Xy - X1 Xp[Xn_1 - - - x1x,1%, a; fixes z®. We have shown that a; is a non-Hausdorff element. O

This finishes the proof of Theorem 5.3. [J
5.4. Proof of Theorem 1.5

Let f : C — C be a quadratic PCF polynomial. By [7, Section 5.2], if the post-critical set
P. is finite and consists of a single periodic orbit, then its iterated monodromy group is the
group K(v) for some choice of v (v may be empty). If the post-critical set P. is a pre-periodic
orbit with non-trivial pre-periodic part, then the iterated monodromy group of f(x) is K(w, v),
for some choices of v and w.

By Theorem 5.1 and the remark just before, the germinal groupoid G(37T, R(v), ¢) has
Hausdorff topology for any choice of v. For K(w, v), if the sum of lengths of v and w is
at least 3, then by Theorem 5.3 G(3T, R(w, v), ¢) has non-Hausdorff topology.

The last case to consider is the case when v is a word of length 1 and w is a word
of length 1. In this case, by [34, Proposition 3.4.2] the closure of R(w, v) in Aut(7T) is
conjugate by an element of Aut(7") to the closure of the iterated monodromy group associated
to the quadratic Chebyshev polynomial, and by [29, Theorem 1.5(3)] the action of the closure
RK(w, v) C Homeo(dT) on 0T is stable. Then the action (37, R(w, v), @) is locally quasi-
analytic, and by Criterion 3.4 the germinal groupoid G(37T, K(w, v), @) has Hausdorff topology.
This finishes the proof of Theorem 1.5.

Remark 5.6. We note that the groups K(v) and K(w, v) described above are amenable. These
groups are generated by bounded automata [7], and they are amenable by the result in [6].

6. Non-contracting weakly branch groups of Noce

In this section we prove Theorem 1.6, namely, that the germinal groupoid G(8T, M(d), D),
associated to the action of a weakly branch non-contracting group M(d), d > 2, of
automorphisms of a d-ary tree T, constructed in the paper by Noce [33], has non-Hausdorff
topology, except when d = 2.

Ford > 2, let T be a d-ary tree. We use the wreath product notation as in (22) to define the

generators of M(d). Note that [33] uses the alphabet A" = {1, ..., d} in their notation, while
we use the alphabet A = {0, 1,...,d — 1}. Thus a group M(d), for d > 2, has the generators
my=(,...,1,m)O0...d —1), (37)

my=(1,...,1,mp, 1)O0...d —2),

mg_y =1, mg_1,1,...,1)01),
mg = (my,my, ..., my),
where 1 € Aut(T) is the identity.
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Proof of Theorem 1.6. We want to prove that the groups M(d), for d > 3, contain a non-
Hausdorff element. Note that by [33] M(d), for d > 2, are non-contracting weakly branch
groups, so Criterion 4.9 does not apply. We note that the non-Hausdorff elements in M(d)
which we exhibit below have infinite order.

Fix d > 3. We will show that the generator m, in (37) is a non-Hausdorff element of infinite
order. For that we will find an infinite path z € 9T, such that m,(z) = z, a descending collection
of clopen neighborhoods {W;}¢~; with (,.; W = {z}, and, for each £ > 1, a clopen subset
O¢; C Wy, such that the restriction m,|O; is the identity homeomorphism, while the restriction
my| W, is non-trivial.

Setzy =(d—1), W, =0T, and let O =9 (1(d — 1)T). Then z € W; and O; C W,. Note
that m,|V; = 1, and that m, is trivial on d((d — 1)T'). Then, for the section of m, at 1(d — 1),
we have

mgli@a—1y = mal@-1n =1,

so my| 07 = id.

For a finite word u, denote by [u]® the concatenation of £ repetitions of u. For £ > 2
set zg = (d — 1), and W, = [(d — 1)]*"'8T. Note that my|_1) = my, and, inductively,
mq([(d — D] = [(d — D]* and mg|yy_ye-1 = my, so the action of my on W is non-trivial.

Now define Oy =0 (21 - -z¢—11(d — 1)T), and compute that

Malzyzp 1 1@d=1) = Malia—1ye-11a-1) = Mali@-n = mal@-n =1,

and also mg([(d — DI*"'1(d — 1)) = [(d — DI*"'1(d — 1). Thus my|0, = id for all £ > 1.
Finally, my(z) = z since my fixes every finite word (d — 1)°. We have shown that m, is
non-Hausdorff. [J

The group M(2) is also known as the long-range group in literature [4]. We show that the
germinal groupoid associated to the action of this group has Hausdorff topology.'

Lemma 6.1. The germinal groupoid G(OT, M(2), ®) is Hausdorff.

Proof. By Criterion 3.3 the germinal groupoid associated to the action (37, M(2), @) is
non-Hausdorff if and only if M(2) has a non-Hausdorff element. Suppose g € M(2) is non-
Hausdorff, then, in particular, it has a fixed point x = x;x5 - - -. The element m; = (1, m)(01),
is an odometer, and so the cyclic group generated by m acts freely on 7. Thus g can only
be non-Hausdorff if its representation as a product of generators includes m,.

Considering the element m, = (m, m;) we note that for any finite word w # 1---1, i.e. w
is not a concatenation of only 1’s, we have m,|,, = m, and so the only fixed point of any power
m’é, k € Z, is the path z represented by the infinite sequence of 1’s. Since for every w # 1---1
we have my|,, = m;, and g is represented by a finite word in m; and m,, one can find the
numbers 11, ny € Z such that x = m | "'m5*m}"(z). Then g = (m,"'my>m'" )L g(m ;"' my>m!")
has a fixed point at z, and g is non-Hausdorff at x if and only if g is non-Hausdorff at z. So
without loss of generality we may assume that g has a fixed point at z. Since m, acts freely
on 9T, we also have g = hm{, where o € {—1,1} and h € M(2). Then h also has a fixed
point z € 9T and, arguing inductively and using that g is the product of a finite number of
generators m; and mj, we obtain that g = m’g for some k € Z. This implies that, for any finite
word z, = 1---1, a concatenation of n copies of 1, we have g|,, = m’ﬁ, and there exists an

' The author thanks the anonymous referee for suggesting the idea of the proof of Lemma 6.1.
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open neighborhood of z in 7 that does not have any fixed points of g except z. Therefore, g
is not a non-Hausdorff element. It follows that G(3T, M(2), ) has Hausdorff topology. [

Theorem 6.2. Let d > 2 be an integer. Then the group M(d), generated by (37), is amenable.

Proof. We show that for each d > 2, the group M(d) is generated by automata with linear
activity, and, therefore, it is amenable by [4, Theorem 1].

Given a d-ary tree T and g € Aut(T), consider the wreath product representation of g as in
(22) and, for n > 1, the number of vertices u at level n such that the section g|, is non-trivial.
If this number remains bounded by a constant as n grows, then the automaton generating g
is called bounded [4, p. 710]. If this number is bounded by a function Cn, for some constant
C > 0, then the automaton generating g has linear activity [4, p. 710]. In the group M(d) for
d>?2,my,..., my_; are readily seen to be bounded, with only one non-trivial section at each
level n > 1. However, for m, the number of non-trivial sections at level n > 1 is given by
n(d — 1) + 1, and so it grows linearly. The set of automorphisms of d7 with linear activity
forms a group [30, Section 3.8.2], therefore, all elements in M(d) have at most linear activity.
Then by [4, Theorem 1] M(d) is amenable. [

Remark 6.3. For d > 3, the group M(d) is amenable by Theorem 6.2, and the germinal
groupoid G(3T, M(d), ®), associated to the action of M(d) on the boundary of the d-ary tree,
has non-Hausdorff topology. Thus non-contracting weakly branch groups of Noce [33] provide
a class of examples of actions of amenable groups with associated non-Hausdorff germinal
groupoids.

Another example is given by groups &(w, v) with k+n > 3, where k is the length of w and
n is the length of n. These groups are amenable since they are generated by bounded automata,
and they have non-Hausdorff germinal groupoids by Theorem 5.3.
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