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APPENDIX A

Various types of modular
forms
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This appendix assumes the reader to be familiar with the theory
of classical modular forms. A comprehensive introduction to classical
modular forms can be found in [DS05]. We will start by briefly recalling
their automorphic perspective and we will subsequently generalise this
treatment to more general types of modular forms in the sections that
follow. First, we change the ground field from Q to a real quadratic
field F' and then we describe an adélic approach to Hilbert modular
forms. Finally, we will leave the archimedean setting and consider p-adic
modular forms instead, briefly introducing Hida families, as we will need
them for our methods in Chapter 6.

A.1 Adelic modular forms

In order to motivate some of the later sections, we take a moment to illus-
trate the way in which the classical modular forms can be reinterpreted
in an adélic language. We closely follow the treatment and notation from
[Deil2]. Throughout this section, let

502 =4 (% ") |aber a? 12 =1}
b a

this is the stabiliser of ¢ € C under the action of SLy(R). Further, for
notational convenience, for any commutative ring R we denote

Gr:=GLy(R) and Gg:=SLy(R).

One may choose a Haar measure on the group G} and if ' C G4 is a
discrete subgroup, we obtain a natural Haar measure on the quotient
space '\ G%&. We use this to define the space

L*(T\ Gg) = {f:F\G]ﬁ%(Csuch that / ]f(x)]zdx<oo}.
Gl

The map

C — Ms(Q) : a+ bi (Z _ab)
restricts to an isomorphism of groups

{z€C:|z| =1} =T = SO(2).
Therefore, for any k& € Z we can define the character

_\k
er : SO(2) = T induced by the map T ANy
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We may now define the subspace

LT\ Gp)lex] = {f € L*(U\ Gg) | f(zu) = ex(u) f(z), Yu € SO(2)}.
Let |, denote the usual slash operator, and for brevity, we will denote

Ja(z) ==cz+d forany «= <Z Z) € SLa(R).

Let Sk(I') denote the space of weight k cuspforms for I'. The following
is Proposition 3.3.4 in [Deil2].

Proposition A.1.1. Let I' C SLy(Z) be a congruence subgroup and
k€ Z. Gwen f € Sg(T'), define the map

¢ : Gi — C  through ¢s(a) = (flra) (i).
This association induces an (isometric) injection
Si(I) = L*(T'\ G)e—x)-

Proof. We content ourselves for now with verifying that indeed it holds
that ¢ € L*(T'\ Gk)le—g). To this end, we compute for v € I" that

¢r(va) = (fleva) (i) = (flry) [ke) (1) = (flra) (1) = ¢5(a),

using the I'-invariance of f. This shows that ¢ : I'\ G — C is well-
defined. Square-integrability follows from the vanishing of f at all cusps,
so its remains to verify that ¢y lands in the required e_j-eigenspace.
Indeed, we compute for u € SO(2) that

¢ r(zu) = ((flez) [kw) (1) = 3u () 7% (flrz) (i) = e_x(u)dy (@),

where we used that j,(i)™* = ¢_z(u) by definition and that ui = i. This
completes the proof sketch. O

The proposition above allows us to view classical modular forms as
elements of the space L?(I'\ G})[e_x]; in particular is shows that the
weight is perhaps more naturally viewed as a character, as opposed to a
positive integer as the classical theory seems to suggest. In fact, we have
a natural eigenspace decomposition

L*(T\ Gg) = D L*(T\ Gi)[ex].
keZ
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It is in this sense that studying the space L*(I'\ G4) is akin to studying
all classical modular forms of all possible weights at once. We can refine
the above result if we let A denote the Q-adéles, Afi® the finite Q-adeéles,

ZR — | T (E RX .

Let Z denote the ring of profinite integers. The following statement is
now purely group-theoretic, see Proposition 7.2.4 in [Deil2].

Lemma A.1.2. Let " be a congruence subgroup and let Kt be the closure
of I in G5. Then the map

[\ Gg = Go\ Gy /Kr

giwen by I'e — Go(1,2)Kr is a Gﬁ—equivam’ant isomorphism, where we
wrote (1,x) € Gpan X Gr = Ga.

This has the following consequence, which allows us to view classi-
cal modular forms as adélic objects, using Proposition A.1.1. This is
Theorem 7.2.5 in |Deil2].

Theorem A.1.3. Let I' be a congruence subgroup and let Kt be the
closure of I' in Gz. Then restriction induces a (unitary) Gﬁg—equivariant
1somorphism

L*(GgZr \ Ga /Kr) = L*(T'\ Gg).

The elements from L?(GgZg \ Ga) are called automorphic forms.
Through the arrows

Sk(T) = L*(T'\ Gg)[e_x] = L*(T'\ Gg) = L*(GoZr \ Ga /KT),

we have now realised classical modular forms as special cases of the more
general concept of an automorphic form. The class of automorphic forms
is more broad however, for it also includes objects like Maafs-waveforms,
as explained in Section 2.8 in [Deil2]. We opt to not dive deeper into
this theory here, however, thus concluding this section.

A.2 Classical Hilbert modular forms

Throughout this section, we fix an embedding F' C R, and for v € F', we
let v/ = o(v) € F denote its Galois conjugate. It is our aim to sketch
a theory of modular forms, but now with the base field F' instead of Q.
We follow the notation from Chapter 2 in [DDP11].
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Definition A.2.1. For 2 = (21,22) € C x C and k = (k1,k2) € Z2,
define for a,b € F the quantity

(az + ) := (azy +b)F(a 20 + V)F2.
We will also write
GLI(F) := {A € GLy(F) | det(A) > 0}.
Definition A.2.2. Let v € GL; (F) and z = (21, 22) € H x H. We set
. az1+b az+V PN
TrE= cz1+d dz+d T=\e d)-
A fundamental domain for this group action, roughly speaking, is the
union of hp = #Pic(F) different open subsets of the product H x H.

This explains in part why the class numbers hr and, more precisely,
h} = #Pic(F)*, will appear centrally in the theory.

Definition A.2.3. The action of v € GLJ (F') defined above induces the
weight k = (ky1,k2) € Z? action on the space of functions H x H — C.

Fler(z) = det()2det(v)"2/(ez + d) 7€ f (v2).
Definition A.2.4. For each class A € Pic(F)", we fix a representative
ideal t\ C Op with [ty] = A. We use it to define the groups I'y as

{<Z Z) € GL3 (F):a,d € Op, be t;'Dg', c € tyDp, adbceoﬁ}.

Definition A.2.5. A weight k € Z? classical Hilbert modular form is
an h;ﬁ—tuple of holomorphic functions

MHhHxH—-C,
where A € Pic(F)*, such that fy|xy = f) for all v € T).

This means that fy for any A € Pic(F)" has a Fourier expansion

(21, 22) = ax(0) + Z ax (v)e2mitartaar),

+
vety

Definition A.2.6. The coefficients a)(v) are called the unnormalised
Fourier coefficients of f. They may be normalised to eradicate the initial
choices of the representative ideals t) by setting for each integral ideal
m C Op,

a(m, f) := ax(v)Nm(ty) " Fr1+k2)/2 (ki=k2)/2,

where A = —[m] € Pic(F)" and v € t{ is such that mt) = (v).
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Lemma A.2.7. The normalised Fourier coefficients a(m, f) are well-
defined for any m C OF.

Proof. The only choice we make during their construction is that of the
element v € tj\' generating the ideal mty. Let € € (’);”L denote a totally
positive unit and let 4 = ev be any other such choice. Then we must
show that ay(v) = a(u)e#=#2)/2 Indeed, we compute that

f(z1,22) = fl <8 (1)> (21,22) = le/Q(G/)kQMf(GZl,6'22)~

Now note that e¥1/2(¢')k2/2 = ¢Mi=k2)/2" 35 ¢ > 0 implies that e’ =
Nm(e) = 1. Now comparing the coefficient in front of e2milz1utzau') —
eZmilzievtz2€ V') on hoth sides yields the claimed equality. O

Remark A.2.8. The observant reader might have noticed the strik-
ing absence of any conditions regarding holomorphicity at the cusps in
Definition A.2.5. Rather remarkably, such conditions are automatically
satisfied for holomorphic functions satisfying the transformation proper-
ties given above. This is called Koecher’s principle and can be found for
instance as Theorem 1.20 in [Bru08|.

To introduce the most vital example for the purposes of this thesis,
we must first define the complex L-function

L(x.s):= Y x(a)Nm(a)~*,

aCOp

which converges as soon as Re(s) > 1 and allows a holomorphic con-
tinuation to all of C. The following is a special case of the much more
general Proposition 2.1 in [DDP11].

Proposition A.2.9. There exists a parallel weight k =1 = (1,1) Hilbert
modular form FE, with normalised Fourier coefficients

1+ x(A
(0,51 = X g0,
and for m C Op,
m El,X ZX
Ilm

Using the following lemma, we may rewrite these coefficients in a
more concrete way.
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Lemma A.2.10. For any ideal m C Op, it holds that
S (1) = plm) > 0.

Ilm

Proof. Because both x and p are multiplicative, we can rewrite

k
Yox) =TI > x) and p(m)= ] o).

Ilm vk ||m =0 th]|m

We thus complete the proof after showing that for every prime v C Op,

Zx(t) =p(tf) =41 if x(v) = —1 and k is even;
=0 0 if x(r) = —1 and k is odd.

This is easily verified for the leftmost term, and counting ideals is easy
after recalling that x(tr) measures the splitting behaviour of vin L/F. O

Corollary A.2.11. Suppose that x(m) = —1. Then
p(m) =0, and as such, (E1y)m =0.

Proof. Tt is clear from Proposition A.2.9 that the constant term vanishes
in this case, so consider now the higher Fourier coefficients.

Using the same product expansion as in the proof of Lemma A.2.10,
it follows that the result must vanish if there exists some prime t of
Op with x(r) = —1 dividing m an odd number of times. Again by
multiplicativity of x, this is ensured if x(m) = —1, as we assume.

Alternatively, Proposition 4.1.5 in Chapter 4 shows that the image of
the norm map leL7 is contained in the kernel of y, hence in particular
m is not a norm. O

Since y is totally odd, it holds that x(Dg) = —1; see also Proposition
4.0.3. Therefore, it follows from the above that

(E17X)[D;1] == O.

This fact has historically come to be known as Hecke’s sign error, as after
missing a single minus sign in an otherwise impressive calculation, Hecke
once mistakenly concluded the incorrect non-vanishing of the Hilbert
Eisenstein series above. However, as unfortunate as this may have been
for Hecke at the time, this fact was later exploited by Gross and Zagier
in |GZ84], and lies at the foundation of their analytic proof of Theorem
1.2.1, as described in Section 1.6. To understand that method, we will
need to introduce the following concept.
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Definition A.2.12. The diagonal restriction of a weight k = (k1, k2) €
Z? Hilbert modular form f : H x H — C is defined as the map

Af:H —C given by Af(z)= f(z,2);
one checks that this must be a classical modular form of weight ki + ko.

From a more algebraic perspective, we may try to describe this op-
eration on the level of g-expansions. To this end, we remark that setting
21 = 29 = z in the expression e2m(:1v+22) yieldg 2miztr(v) — qtr()
where q = €*™* as usual. In other words, the diagonal restriction col-
lects elements v € F' of fixed trace and together these constitute the
Fourier coefficients of the classical modular form.

Concretely, one chooses some fractional F-ideal m with respect to
which to compute the diagonal restriction, and one obtains for the Fourier
coefficients

an(Anf)= > a(vm™,f).
vem™
tr(v)=n

For those primes | C Op that satisfy [[] = [0] € Pic(F)", we may

write [ = (w) for some w € O}r. Let B C I'y be a set of representatives

with
1 0
F)\ <0 w) F/\ = I_l F)\"y.

As explained in [MS15], one may then define the Hecke operator T} as

ﬂfA — wk1/271(w/)k2/271 Z f‘k’Y
yEB

One can check that this definition is independent of the choice of w.
This definition displays strong similarities to its classical counterpart.
One may further define diamond operators ([) to recursively set

T =T Ty — (D™ L ()2 T

However, the failure of the triviality of the narrow class group prevents
us from using the above definition to define operators Ti» for each prime
ideal [. This suggests that perhaps the theory is more easily set up in an
adeélic or local language, as opposed to the global language considered
hitherto. Together with the results from Section A.1l, this more than
justifies the ideas contained in the Section A.4, which, along with the
section thereafter, forms the technical heart of this appendix.
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A.3 p-stabilisations

We recall the notion of a p-stabilisation for a classical modular form.

Definition A.3.1. Let f € S;(I'g(V)) for some positive integer N and
let p{ N be a prime number. Define its Hecke polynomial as

X% —ap(f)X +p" = (X — a)(X - B);

this is the characteristic polynomial of Frobenius at p for the Galois
representation associated with the modular form f. We say that f is
reqular at p whenever o # (5.

From now on, we let p { N be such a regular prime and for any
f € S[T(N)) we define

fa(2) = f(2) = Bf(pz) and  fs(2) := f(2) — af (p2).

It is clear that these are both elements of S(I'o(Np)) and they are called
the two p-stabilisations of f. The following lemma explains this.

Lemma A.3.2. Let f € S(I'o(N)) be a normalised eigenform. Then both
fa and fg are normalised eigenforms of level Np, with Up-eigenvalues o
and B respectively.

Proof. 1t is easy to check that both f, and fg remain 7T-eigenvectors for
each prime ¢ # p with the same eigenvalue. We thus reduce to analysing
the operators T), on S(I'g(V)) and U, on S(I'g(Np)).

By symmetry, it suffices to show that U,f, = af,. We prove this
on the level of g-expansions. On the left hand side, the n-th Fourier
coefficient is equal to

tnp(fo) = anp(f) = Ban(f)
whereas on the right hand side, it is equal to
aan(f) — aBayp(f).
To prove equality, it thus suffices to show that
anp(f) = (@ + Ban(f) = aBany(f) = ap(fan(f) = anp-

Now use that f is a normalised eigenform and as such, coprime coeffi-
cients are multiplicative. Writing n = p*m with p{m, we divide out by
am(f) to reduce to showing that

Apht1 = ap(f)apk(f) — pkilapk—l;
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this is trivial for £ = 0 and for positive k again ensured by the fact that
f is a normalised eigenform and the well known recursive definition of
the Hecke operators for prime powers. O

A p-stabilised modular form can be viewed as a p-adic modular form,
see Section A.5. We mimic Definition A.3.1 and consider various ways
to p-stabilise the object Eq . Let Vj,, and V,, be the level raising opera-
tors, denoted as |p, in Section 2.6 in [DK20|. On the normalised Fourier
coefficients of the Hilbert modular form f, these operators act through
the rules

a(m/p;, f) if pi | my

CL)\(O, V;Jlf) = A\, (01 f) and a(mv V;sz) = .
0 otherwise.

These operators refine the classical level raising operation f(z) — f(pz)
in the sense that for a Hilbert modular form f, it holds that

‘/131‘/;32]0(21;22) = sz%1f(£’l;£’2) = f(pzlapZQ)-

We now specialise to the form FE1 ,, whose associated Galois representa-
tion of G is given by p = 1@ x. For i € {1,2} its Hecke polynomial,
which is the characteristic polynomial of Frobenius, is then given by

X%+ [1(pi) 4+ x(pa)] X + L(pa)x(pi) = X — 1,

as x(p;) = —1. There are therefore four possible ways for us to p-stabilise
the modular form E ,, given by

(1 + VP1)(1 * %2)E1,X'
For the purposes of this thesis, we choose the stabilisation

B} = (1= V) (1 + Vi) B
and fix it throughout this thesis. For a discussion explaining this choice
conceptually, see the start of Section 5.4. However, we do note here that
our choice for opposite signs for this p-stabilisation has the following
consequence.
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Lemma A.3.3. The form Ey?( is a p-adic Hilbert cusp form.

Proof. Tt is noted above, and on page 461 of [DDP11] and Equation 10
in [DK20] it is shown, that the constant term of the result of applying
level-raising operator at a certain class A\ € Pic(F)* is the constant term
at the class A\p;. With Proposition 2.1 in [DDP11], or equivalently our
Proposition A.2.9, we find that the constant term of E@C at any class A
equals

[(1 +x(V) = (1 =xW) + (1 =x() = (1+ x()\))] LF(4X’O) =0.

This shows that Eip 3( vanishes at all the cusps lying over oo, and therefore
it must be a p-adic cusp form. O

(p)

1y @ bit more explicit.

The following makes the form F

Proposition A.3.4. The normalised Fourier coefficients of the form

E(p)

1y are gien by

o (m B = (<1 (),

where m denotes the p-depletion of m C O, obtained from m by remov-
ing all factors of primes of F above p.

Proof. By the rules above, we find for any nonzero integral ideal m C Op,

a(m, EP)) = a(m, By) — a(m/p1, E1y) + a(m/pa, Ery) — a(m/p, Ery),

where we adopt the convention a(n, E1,) = 0 if n is a non-integral
fractional ideal of F'. Lemma A.2.9 and Lemma A.2.10 now combine to
yield
a(m, BY)) = p(m) — p(m/p1) + p(m/p2) — p(m/p)

For the function p to be non-zero, the proof of Corollary A.2.11 shows
that both the number of factors of both p; for i € {1,2} must be even.
Therefore, at most one of these four terms can be non-zero. The sign
of this term is determined by the parity of vy, (m). Finally, an even
number of factors of p; for i € {1,2} does not change the outcome of the
p-function; the result follows. O
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Remark A.3.5. Suppose that the ideal m is coprime to p, satisfies
x(m) = —1 and is stable under the non-trivial automorphism o of F/Q.

We then claim that the diagonal restriction of E( P) with respect to the
ideal m vanishes identically. This would follow 1f we can show that

<1/m, E&l) = — (V m, Ef;) for all v € m™, for then the contribu-
tions of v and v/ € o(m) = m to the appropriate Fourier coefficient

would cancel out. To see this, first note that p(vm=1) = p(v’m~1) be-
cause these ideals are Galois conjugates. Second, the contribution of v

can only be non-zero if x(vm~!) = 1 by the proof of Lemma A.2.11, so
the total number of factors of primes of F' above p inside v must be odd.
Therefore (—1)%1®) = —(=1)%2() = —(—=1)»:1 () We conclude using
Proposition A.3.4.

Remark A.3.6. From the remark above, we conclude that the diagonal
)

restriction of Egpx with respect to the ideal D;l vanishes. However, it

()

does not show that the diagonal restriction of EY, with respect to the

ideal D;lcn vanishes, and indeed it generally will not. The importance
and subtleties caused by this observation are explained at the start of
Section 5.4 and in the proof of Proposition 6.3.1.

A.4 Adelic Hilbert modular forms

We aim to redo most of the previous sections in an adélic language
from the automorphic perspective outlined in Section A.1. This theory
was developed in the second half of the 20th century, and later refined
by Hida over the scope of many papers, including but not limited to
[Hid89b, Hid91, Hid89a|. These works also discuss p-adic modular forms,
which will be the focus of the next section. We refer to Hida’s work for
a comprehensive introduction; here we only recall some definitions and
focus on what we will need for our purposes. We shall closely adhere to
the notation used in Section 2.1 in Fornea’s thesis [Forl9|.
We define the algebraic group

GF = ReSF/QGLZFa

where Resp/q denotes the Weil-restriction of scalars. In view of Propo-
sition A.1.1, we set i:= (i,i) € H x H and let CL be the stabiliser of i
under the natural action of the group Gp(R)™, which we recall denotes
the subgroup of Gr(R) of all matrices with totally positive determinant.
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Further, we let K C Gp(A") be a compact open subgroup, which
will be the level of the modular object we will define momentarily. Note
the similarities here with the case of Q: the ring of finite adéles A{}n can

be written as F@} The ring (5;: may be compared to Z and the closure

~

Kt C SLo(Z) of a congruence subgroup I' C SLy(Z) describing the level
of a classical modular form will indeed be a compact open subgroup.
This is the group that appears in Theorem A.1.3.

Let k = (k1, ko) € Z? and w = (wq,w2) € Z? be such that k — 2w =
m1 for some integer m, where 1 = (1,1).

Definition A.4.1. A Hilbert modular form of weight (k, w) is a function
f: Gr(Ap) — C satistying the following properties:

e For any a € Gp(Q) and u € K - CY, it holds that f(azu) =
F(2)Jiew (Uoo, 1)1, where uy € Gr(R). Here we wrote for

A= <Z Z) , that jk w (A, 2) := det(A) ™V (cz + d)k7

adopting the notation det(A)~™" and (cz + d)¥ from Section A.2.

e For every x € GF(A%H), define the function f, : H x H — C given
by fz(2) := f(TUoo)jkw(Uoco, 1), Where us € Gp(R)™ is such that
Usol = 2 € H x H. Then f, is holomorphic.

If in addition for all x € Gp(A) and all additive measures on F'\ Ap it

holds that
1 a
f (( > .I‘) da =0,
Lo (G

then we say that f is a cuspform.

We denote the space of cuspforms of weight (k,w) and level K C
Gr(AM) by Sk w(K). Let m C OF be an integral ideal. We then define
the subgroups

m

GF(Z) | cc m@F};

m
S

(m)‘d—lEm@F

|
|
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Definition A.4.2. Let p be a rational prime and m C Op an ideal.
Suppose that p and m are coprime and let K C GF(Z) be a compact
open subgroup satisfying Vi(m) C K C Up(m). We then define for any
positive integer n the subgroups

K(p") := K N Vi1 (p"OF) C K.

We now describe the unique adélic g-expansion associated with Hilbert
modular forms as defined above. Let dp € A{;n’x be fixed such that
drOp = Dr and let Hr denote the Hilbert class field of F'. By the Prin-
cipal Ideal Theorem, for each ideal a C Op, the ideal aOp,, is principal.
For each prime ideal v C Op, we may thus choose a generator {t} € Og,,
of this ideal and we extend this definition multiplicatively to define {a}
for any ideal a C Op.

Let Pic(F,m)™ denote the narrow ray class group of F with modulus
m C Op. For each \ € Pic(F,m)", we may fix a) € A{}H’X such that we
have the decomposition

Ap= || Fraxdet(Via(m))FXT.
AePic(F,m)+
By construction, we will have [a,] := [axOFr] = A € Pic(F)*. This

induces a similar decomposition

Gr(d)= || GrQtVii(m)Gr(R)*Y, where ty := <a8 1)'
AEPic(F,m)+

We may decompose any z € H X H as 2 = Tso + iys for uniquely
determined 2o, € R X R and yoo € RT x RT. Now let f € Sk w(V1,1(m))
and define for any A € Pic(F,m)" the map

fA:HXH%C:zHy;Wf(t)\(ySO 55100))

Using the theory outlined in Section A.2, one shows that this function
admits a Fourier expansion of the form

KR = 3 el pemat),

ve(axDph)+

We are now ready to define the adélic and p-adic g-expansions of f. One
may deduce from the decomposition above that any y € A%H’XFOXO”L
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can be decomposed as y = yagldpu for some v € F*% and u €
det(U(m))FX". We then define the functions

a(_ajj LAE%Xlléﬂ_—ﬁ(c and ap(—7f):}gghxfzz+'_;(@7
to be zero outside of 6FFOXO’+, and otherwise through the formulas

a(y, f) == a(v, ALYV aila,

and
ap(y, f) = a(v, fA)yy Va3 o ag-

If we now define the maps
ep: CxC:(21,22) — exp(2mi(z1 + 22))

and
Xr:Ap/F = C* iz ep(zo0),

the following is Theorem 1.1 in [Hid91].

Theorem A.4.3. Each holomorphic Hilbert cuspform f € Skw(Vi,1(m))
admits an adélic q-expansion of the form

£(55) = e X alvmde, D)"Y er v (va),

veF+
fin, X ~x,+ X
where y € A" Foo'm and x € Aj,.

We now define Hecke operators acting on these objects, following Sec-
tion 2.1.2 of [Forl9|. These act on the space Sk w(K), where Vi 1(m) C
K C Up(m) for some ideal m C Op. Choose a prime p above p in
F. Similar to before, we may for each ideal a C Op define an element
{a}p, € Opyp such that aOpp = {a},0p,. We will assume that {a}, =1
whenever a is prime to pOp. This notion can be extended to all adéles
by considering the ideal that it generates.

Let [ C Op be a prime ideal not dividing m and let @w € Op; C A
be a local uniformiser. Then we define for f € Sk w(K),

Tif (@) = (=} Fab).

beB

where B C Gp(A) is such that

Viam (5 9) viatm = L viaGme

beB
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In addition, we define (I)f(x) = f(zw). If [ | m, we use the same
definition, but now we will denote the resulting operators by U, and
(w) respectively, as they will depend on the precise choice of uniformiser
w at [. To capture this effect, for a local unit a € H”m O}X,’[, we define the
operator T'(a, 1) using the same definition above, but with w replaced by
a. Finally, we may extend the above definitions to define the operators
Tin and Ugn using the usual recursive relations.

To each element from A}, we may now associate one or more Hecke

operators as follows. Let y € 6}7 N A%. Then we can write

y=a H wf([)u, where a € H(’);[ and u € det Vj 1(m).
[COR [\m

If we let n C OF denote the ideal locally generated by the wf([)

we define the Hecke operator

, when

Ty :=T(a, )T, [JUL.

[[m

This associates with each adéle y € 61: N A} uniquely a Hecke opera-
tor. The Opp-subalgebra of End(Skw(/)) generated by the operators
described above is denoted hy w (K, OFp); the Hecke algebra. The fol-
lowing result can be shown to hold by construction.

Proposition A.4.4. Let f € Skw(K) be a Hilbert modular eigenform,
normalised such that a(1, f) = 1. Then the T-eigenvalue of f is given
by the Fourier coefficient a(y, f).

A.5 p-adic modular forms and Hida families

In this thesis, we will not set up the theory of p-adic modular forms in
great detail. For a very clear introduction to the topic and the notion
of overconvergent modular forms, consult for example [Von21|. We will
however recall a few concepts in the setting over Q that will illustrate
our definitions in the setting from Section A.4 above.

Definition A.5.1. A p-adic modular form for SLo(Z) is a power se-
ries f(q) € Qp[q] with the property that there is a sequence f; €
M, (SLa(Z)) with rational Fourier coefficients such that

lim infren (v0p(f (@) — fi(@)) = oc.

7
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In other words, a p-adic modular form can be viewed as the p-adic
limit of g-expansions of classical modular forms. One can show that
the weights k; of the classical modular forms f; must also converge to a
limit p-adically, thus establishing a well-defined notion of the weight k =
lim k; of the p-adic modular form defined above. The reader should find
it easy to generalise this notion to more general congruence subgroups
I' € SLy(Z) with level p{ N.

Classical modular forms of weight 2k for I' are in bijection with the
global sections of the kth tensor power of the sheaf of holomorphic differ-
entials on the modular curve Xt through an elementary argument. For
I' =T1(N), the curve X;(NN)(C) = I'1 (N)\H parametrizes elliptic curves
together with an N-torsion point. Let A, denote the Hasse-invariant of
an elliptic curve. Then one may define for 0 < r < 1 the subsets

X (Cp) = {x € Xi(N)(Cp) | vp(Ap(z)) < r}.
Then X;(C,)°™ := Xo(C,) denotes the ordinary locus of X1(N)(C,),
corresponding to all elliptic curves with ordinary reduction at p. It was
shown by Katz that p-adic modular forms as defined above biject with
the holomorphic differentials on X;(C,)°™d. Those modular forms that
extend to holomorphic differentials on X, (C,) for some r > 0 are called
(r-)overconvergent.

Definition A.5.2. An overconvergent modular form is called ordinary
if it is a Up-eigenvector with eigenvalue a p-adic unit. Recall that, if
f=>anq" is a(n overconvergent) modular cuspform, then

oo
Upf = Z apnq"”.
n=1

Definition A.5.3. The ordinary projection operator is defined as

. i
e = lim U™,
n—oo P

One checks that the image of €' is indeed always an ordinary over-

convergent modular form, and

am<60rdf> - nh_)rglo At (f)

We finally aim to generalise these notions to Hida’s adélic setting over the
real quadratic field F'. We will follow Section 2.2 in [For19]. Recall the
notation from Section A.4 and let V;1(m) C K C Up(m) be a compact
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open subgroup. We mimic the idea of p-adic Hilbert modular forms being
the limit of classical Hilbert modular forms, by first setting

Skew (K(p™), Opyp) = lim Sy w (K(p"), OFyp),

which is a module over the p-adic Hecke algebra

hic,w (K (p™°), OFyp) := lim hy w (K (p"™), OFp).

This algebra contains operators of the form
T, = lim = T, {y}* Vy¥ 1.
% P

As before, the supremum of the p-adic valuation of the a,(—, f) defines
a p-adic norm on the space Sk w (K (p™), Opp). The object of interest is
now defined as its completion;

3k,W(I((poo)v OF,P)?
much like Definition A.5.1.

Definition A.5.4. Let the nearly ordinary Hecke algebra be the largest
subalgebra hy 3 (K(p™), OFp) C hiew(K(p™), Opy) in which T}, is a p-
adic unit. Define the (nearly) ordinary projection operator by e°™¢ :=
lim,, o0 T;L! and we let the space of nearly ordinary p-adic cuspforms be

Skw(E(p®),0p,) = ISk w(K (p™), OFy).

We will need the following result later to prove a modularity theorem,
which is Theorem 2.4 in [Hid89b].

Proposition A.5.5. The nearly ordinary Hecke algebra defined above,
hiw (K (p™), OFyp), is finite and torsion-free over a ring A = Opy[Wr],
where there i1s an isomorphism Wp = Zf;.

In formulating the above result, we implicitly used that Leopoldt’s
defect vanishes for F', which is known as F'/Q is abelian. This concludes
our brief mathematical promenade that took us from the well-known the-
ory of classical modular forms to the depths of Hida’s adélic description
of Hilbert modular forms; a language that we use in Chapter 6.
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