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CHAPTER6
The p-adic analytic proof



114 6. The p-adic analytic proof

The aim of this �nal chapter is to carry out Step 3 of the proof
of Theorem B as outlined in Section 2.4 by following in rough lines the
following steps. First, using the results from Chapter 4, we rewrite the
de�ning formula for the cross ratio of CM-values of the Θ-function into a
more convenient form. Next, we will consider one particular in�nitesimal
deformation of the rigidi�ed Galois representation ρη de�ned in Section
5.2 and supported by the main result from Chapter 5, we compute the
morphism from the Hecke algebra that corresponds to it. From this, we
determine the Fourier coe�cients of the in�nitesimal cuspidal family of p-
adic modular forms centered around E(p)

1,χ that corresponds to it. Finally,
we take its diagonal restriction, take its derivative with respect to the
weight parameter and apply the ordinary projection operator. We argue
that the �rst Fourier coe�cient of the result of this computation must
vanish, and comparing its explicit description to 0 then will yield The-
orem B. This approach mimics the strategies used in [DPV21, DPV23].
For notational convenience, thoughout this chapter, we will for ν ∈ F
denote ν ′ := σ(ν) ∈ F ; its Galois conjugate.

6.1 Rewriting the Θ-series

Recall that our main object of interest was de�ned as

Θ(D1, D2) :=
∏

[c1],[c2]

Θ
(
[c1] · τ1, [c1] · τ ′1; [c2] · τ2

)
Θ
(
[c1] · τ1, [c1] · τ ′1; [c2] · τ ′2

)
where by [ci] · τi for [ci] ∈ Pic(Ki) we mean the �xed point in Hp for the
embedding [ci] · αi. We remark here that the point [ci] · τi is only well
de�ned up to multiplication by R×

q , but this does not change the value
of the Θ-functions we are computing, since

Θ(τ1, τ
′
1; τ2)

Θ(τ1, τ ′1; τ
′
2)

=
∏

b∈Rq [1/p]
×
1

[τ1, τ
′
1, bτ2, bτ

′
2],

where we de�ned the cross-ratio as

[τ1, τ
′
1, bτ2, bτ

′
2] =

(τ1 − bτ2)(τ ′1 − bτ ′2)
(τ1 − bτ ′2)(τ ′1 − bτ2)

.

Let α1 denote the embedding α1 precomposed with the non-trivial auto-
morphism of Ki. Recall Section 4.4, in which we associated to every pair
of embeddings Oi → Rq for i ∈ {1, 2} an F -quadratic form re�ning the
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quaternion norm on Bq. If detF denotes that form for the pair (α1, α2),
let det′F denote that form for the pair (α1, α2). These two forms relate
to each other through the following lemma.

Lemma 6.1.1. The functions detF and det′F are Gal(F/Q)-conjugates.

Proof. This is immediate from Lemma 4.4.4. Indeed, there it was shown
that the bilinear form associated with detF was given by

Bq ×Bq → F : (γ1, γ2) 7→
tr(γ1γ2)

2
+

tr(Aγ1Bγ2)

2
√
D

,

where A = α1(
√
D1) and B = α2(

√
D2). The e�ect of changing to α1 is

to replace A by −A, which clearly yields the Galois conjugate bilinear
form in the formula above.

Lemma 6.1.2. For any b ∈ Bq, we have

[τ1, τ
′
1, bτ2, bτ

′
2] = −

detF (b)
det′F (b)

.

Proof. Recall from Theorem 4.4.9 that

detF (b) = Nm(b)
(τ1 − bτ2)(τ ′1 − bτ ′2)
(τ1 − τ ′1)(bτ2 − bτ ′2)

.

Similarly, using Lemma 6.1.1 and the �nal claim of Proposition 4.4.8, to
obtain the value of det′F (b) we swap τ1 and τ ′1 to �nd

det′F (b) = Nm(b)
(τ ′1 − bτ2)(τ1 − bτ ′2)
(τ ′1 − τ1)(bτ2 − bτ ′2)

,

Since the denominators agree up to a sign, the result follows from divid-
ing these two expressions.

The following lemma will be used implicitly and without mention
throughout the remainder of this section.

Lemma 6.1.3. The maximal order Rq is stable under its involution.

Proof. Let b ∈ Rq be arbitrary. Then Z[b] ⊂ Rq must be a �nitely
generated Z-module since Rq is. But Z[b] is a subring of a quadratic
number �eld, and it is well known that such rings are �nitely generated
if and only if b is integral over Z. In particular, its minimal polynomial in
Z[X] must be monic. This minimal polynomial is given by X2−tr(b)X+
Nm(b) = 0. It follows that in particular, tr(b) must be an integer and
since 1 ∈ Rq, it follows that also b = tr(b)− b ∈ Rq.
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We are now ready for the main result of this section.

Proposition 6.1.4. The following equality holds true:

2

w1w2
logpΘ(D1, D2) = lim

n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=p2n

logp

( ν
ν ′

)
· ρ(νq−1

1 DF ).

Proof. We apply Lemma 6.1.2 to the expression de�ning Θ(D1, D2), ig-
noring the sign by pairing each quaternion with its negative. We obtain

Θ(D1, D2) =
∏

[c1],[c2]

∏
b∈Rq [1/p]

×
1

detF [c1, c2](b)
det′F [c1, c2](b)

,

where the �rst product is taken over all [ci] ∈ Pic(Ki) for i ∈ {1, 2}.
Now let b ∈ Rq[1/p]×1 . In other words, Nm(b) = 1 and there exists some
minimal k ≥ 0 such that B := pkb ∈ Rq. This association induces a
bijection

Rq[1/p]
×
1 →

∞⊔
k=0

{
B ∈ Rq

∣∣ p ∤ B, Nm(B) = p2k
}
.

We de�ne for any n ≥ 0 the set

Rq(n) :=
{
B ∈ Rq | Nm(B) = p2n

}
.

Now we observe the association B 7→ pn−kB induces a bijection

n⊔
k=0

{
B ∈ Rq | p ∤ B, Nm(B) = p2k

}
∼−→ Rq(n).

By Z-linearity, we �nd that

detF [c1, c2](p
n−kb)

det′F [c1, c2](p
n−kb)

=
detF [c1, c2](b)

det′F [c1, c2](b)
.

As such, we may use the above bijections to write

Θ(D1, D2) = lim
n→∞

∏
[c1],[c2]

∏
b∈Rq(n)

detF [c1, c2](b)
det′F [c1, c2](b)

.

We now change the way in which we view these �nite products over which
we take the limit. Instead of ranging over all b ∈ Rq(n) and recording its
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associated detF [c1, c2]-value, we will range over each possible detF [c1, c2]-
value and record how often it is reached by some b ∈ Rq(n). Recalling
that b ∈ Rq(n) means that Tr(det[c1, c2]F (b)) = Nm(b) = p2n and that
the values of detF [c1, c2] are always totally positive, we may rewrite the
above to

Θ(D1, D2) = lim
n→∞

∏
ν≫0,

tr(ν)=p2n

( ν
ν ′

)#{(b,[c1],[c2]) | detF [c1,c2](b)=ν}
,

where (b, [c1], [c2]) ∈ Rq(n)×Pic(K1)×Pic(K2). Now we invoke Theorem
4.0.2, using that #

(
O×

1 O
×
2

)
= w1w2/2, to �nd that

# {(b, [c1], [c2]) | detF [c1, c2](b) = ν} = w1w2

2
ρ(νq−1

1 DF ),

where q1 is the re�ex prime induced by the two embeddings α1 and α2

and ρ counts the number of integral ideals of L with given norm in F .
Applying the p-adic logarithm now yields the result.

We continue this section by examining the closely associated quantity
Θp(D1, D2). Recall that π ∈ Rq denoted a quaternion with Nm(π) = p.
Then we have the following lemma.

Lemma 6.1.5. Right multiplication by π induces a bijection between

Rq[1/p]
×
1 :=

{
b ∈ Rq[1/p]× | Nm(b) = 1

}
and the set

Rq[1/p]
×
p :=

{
b ∈ Rq[1/p]× | Nm(b) = p

}
.

Proof. Is it clear that this map is well-de�ned and injective. For surjec-
tivity, we remark that if b ∈ Rq[1/p]× satis�es Nm(b) = p, then

(bπ/p) · π = b(ππ)/p = b,

with bπ/p ∈ Rq[1/p]×1 , completing the proof.

Proposition 6.1.6. The following equality holds true:

logpΘp(D1, D2) =
w1w2

2
lim
n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=p2n+1

logp

( ν
ν ′

)
· ρ(νq−1

1 DF ),
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Proof. Using Lemma 6.1.5 above, we rewrite

Θ(τ1, τ
′
1;πτ2)

Θ(τ1, τ ′1;πτ
′
2)

=
∏

b∈Rq [1/p]
×
1

(
τ1 − b(πτ2)

)(
τ ′1 − b(πτ ′2)

)(
τ1 − b(πτ ′2)

)(
τ ′1 − b(πτ2)

)
=

∏
b∈Rq [1/p]

×
1

(
τ1 − (bπ)τ2

)(
τ ′1 − (bπ)τ ′2

)(
τ1 − (bπ)τ ′2

)(
τ ′1 − (bπ)τ2

)
=

∏
b∈Rq [1/p]

×
p

(τ1 − bτ2)(τ ′1 − bτ ′2)
(τ1 − bτ ′2)(τ ′1 − bτ2)

.

One may now repeat the proof of Proposition 6.1.4 above verbatim to
arrive at the desired conclusion.

We conclude this section by proving that the formula from Theorem
B correctly counts the factors of p on both sides of the equation. This is
necessary to do separately, as our application of logp forces us to forfeit
any information regarding the number of factors of p on both sides, by
virtue of logp(p) = 0. Therefore, we are forced to count these factors by
hand �rst. We need a small elementary lemma.

Lemma 6.1.7. Let ν ∈ D−1
F be such that tr(ν) = pn for some positive

integer n and suppose further that vp1(ν) ̸= vp2(ν) or that vp(Nm(ν)) is
odd. Then pn | ν.

Proof. Let us write

ν
√
D =

x+ pn
√
D

2
, so that Nm(ν

√
D) =

x2 − p2nD
4

.

Write x = pky where p ∤ y. If k ≥ n, we are done. If not, we �nd that

ν
√
D = pk

y + pn−k
√
D

2
and Nm(ν

√
D) = p2k

y2 − p2n−2kD

4
.

If vp1(ν) ̸= vp2(ν), then the fraction (y+pn−k
√
D)/2 must still contain a

factor of pi for some i ∈ {1, 2}. As such, its norm must still be divisible
by p. If vp(Nm(ν)) is odd, the same conclusion follows. But this means
that p | y; this is a contradiction.

Proposition 6.1.8. It holds that

±2
w1w2

vp

(
Θ(D1, D2)

Θp(D1, D2)

)
=

∑
x2<D

x2≡D mod 4N

δ(x)vp

(
F

(
D − x2

4N

))
.
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Proof. The proof of Theorem 6.1.4 showed that, before applying logp,

Θ(D1, D2)
±2

w1w2 = lim
n→∞

∏
ν∈(D−1

F q1)+

tr(ν)=p2n

( ν
ν ′

)ρ(νq−1
1 DF )

and similarly for Θp(D1, D2) as a result of Proposition 6.1.6. We claim
that the p1-adic valuation of each term in the limit is constant. Indeed,
only terms with vp1(ν) ̸= vp1(ν

′) = vp2(ν) can contribute to the p1-adic
valuation of this expression. By Lemma 6.1.7, this means that only those
ν lifted from trace 1 can contribute. This contribution is independent of
n because ρ(p2nνq−1

1 DF ) = ρ(νq−1
1 DF ). We then conclude that

±2
w1w2

vp1 (Θ(D1, D2)) =
∑

ν∈(D−1
F q1)+

tr(ν)=1

ρ(νq−1
1 DF )

(
vp1(ν)− vp1(ν ′))

=
∑

ν∈(D−1
F p1q1)+

tr(ν)=1

ρ(νq−1
1 DF )vp1(ν)−

∑
ν∈(D−1

F p1q2)+

tr(ν)=1

ρ(νq−1
2 DF )vp1(ν).

Note that for all contributing terms, we must have that vp1(ν) is even;
indeed, otherwise p1 is a special prime of νq−1

1 DF and as such, its value
under ρ would vanish.

On the other hand, we remark that either vp1(ν) = 0 or vp2(ν) = 0 for
any ν ∈ D−1

F of trace 1. As such, it follows that ρ(p2n+1νq−1
1 DF ) = 0 for

any ν ∈ D−1
F of trace 1; indeed, at least one of the pi for i ∈ {1, 2} must

be a special prime. Following the argument above, we conclude that
vp1(Θp(D1, D2)) = 0. For the p2-adic valuation, an analogous argument
applies.

By de�nition of the F -function, its value is only a power of p if
the prime p divides the quantity Nm(ν

√
D)/N = (D − x2)/4N an odd

number of times. In other words, the corresponding element ν ∈ D−1
F

of trace 1 must contain an even number of factors of one of the pi for
i ∈ {1, 2}. These are the same ν ∈ D−1

F of trace 1 that we found earlier
to contribute to the valuation of Θ(D1, D2). The agreement between the
exponent in the de�nition of the F -value and the function ρ has been
shown before in the proof of Theorem 3.2.5; the alternating sum matches
up all terms and equality has been established.
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6.2 Extracting aν from ρ̃

In this section we will compute the p-adic modular form that is associated
with a particular nearly ordinary deformation as considered in Chapter
5, of which we have proved its modularity in Theorem 5.0.1. We record
its existence in the following lemma.

Lemma 6.2.1. There exists a deformation ρ̃ : GF → Qp[ϵ] of the form

ρ̃ =

(
1 + ϵ

(
ϕp b
0 −ϕp

))(
1 χη
0 χ

)
,

where ϕp ∈ Hom(GF ,Qp) denotes the p-adic cyclotomic character from
in Proposition 5.1.5 and where b : GF → Qp satis�es b|Gp2

= 0.

Proof. First note that the vanishing of the lower-left entry forces both
diagonal entries to be elements from Hom(GF ,Qp) = ⟨ϕp⟩ as a result of
Lemma 5.3.3. We may choose them freely, as the proof of Proposition
5.3.5 shows that the map

H1(GF ,W1)→ H1(GF ,Qp ⊕Qp)

is surjective. Finally, one veri�es that we may always adjust the top-right
entry by an element from H1(GF ,Qp(χ)). Since its restriction to Gp2 is
always in H1(Gp2 ,Qp(χ)) as η vanishes there as a result of Lemma 5.2.1,
by the isomorphism from Corollary 5.1.6 we can in particular make this
restriction vanish. This completes the proof.

By construction, the lines ⟨e1⟩ and ⟨e2⟩ are now �xed by Gp1 and Gp2

respectively under the action of ρ̃. It follows that the quotient characters
δi from Theorem 5.4.1 for this deformation are given by

δ1 = χ− χϕpϵ and δ2 = 1 + ϕpϵ.

Since det(ρ̃) is constant, after identifying (OF ⊗ Zp)× ∼= O×
Fp1
×O×

Fp2

∼=
Ip1 × Ip2 , it is a general fact that the weight character of the modular
form associated with this Galois representation is given by δ1 × δ2. In
particular, the weight character for the diagonal restriction is the map

(Z⊗Z Zp)×
∆−→ (OF ⊗Z Zp)× ∼= O×

Fp1
×O×

Fp2
→ Qp[ϵ],

where ∆ here denotes the diagonal embedding. Using that χ is trivial
on the inertia subgroups Ipi ⊂ Gpi for i ∈ {1, 2}, as the extension L/F
is unrami�ed, we trace through the maps to �nd

x 7→ (x, x) 7→ δ1(x)δ2(x) =
(
1− logp(x)ϵ

) (
1 + logp(x)ϵ

)
= 1.
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In particular, the diagonal restriction is of constant weight. This shows
that the above deformation describes an in�nitesimal family of modular
forms in the so-called anti-parallel weight direction. We will use this in
the proof of Proposition 6.3.1 to allow us to conclude that the derivative
with respect to the weight parameter of our family is in fact a modular
object, even though the specialisation of this family does not vanish.

By its universal property, the deformation ρ̃ comes from some map
Rno
ρη → Qp[ϵ]. By Theorem 5.0.1, the isomorphism yields a unique asso-

ciated map φ : T→ Qp[ϵ]. The majority of this section will be dedicated
to computing this morphism.

Recall that T is generated by the operators Tl and ⟨l⟩ for all primes
l of F coprime to p, and the operators Uπ1 and Uπ2 where π1, π2 ∈ A×

F

are local uniformisers at p1 and p2 respectively.
Theorem 5.4.1 dictates how we should deduce the images of the vari-

ous Hecke operators from the associated representation. Indeed, it shows
that φ(Tl) should correspond to the trace of ρ̃(Frobl), whereas ⟨l⟩Nm(l)
should correspond to its determinant. Finally, the images of the opera-
tors Uπi are deduced from the values δi(πi) for i ∈ {1, 2}. We will now
determine these quantities in this order.

Lemma 6.2.2. For any τ ∈ GF it holds that

Tr(ρ̃(τ)) = 1 + χ(τ) + (1− χ(τ))ϕp(τ)ϵ.

Proof. By writing out the de�nition of ρ̃(τ), we �nd that

Tr(ρ̃(τ)) = 1 + ϕp(τ)ϵ+ χ(τ)(1− ϕp(τ)ϵ).

Rewriting then yields the result.

Lemma 6.2.3. Let φ : T → Qp[ϵ] be the morphism induced by the
deformation ρ̃ and let l ∤ p be a prime ideal of F . Then

φ(Tl) =

{
2 if χ(l) = 1;

2 logp(Nm(l))ϵ if χ(l) = −1.

Proof. We split cases, using that φ(Tl) = Tr(ρ̃(Frobl)) as long as l ∤ p. If
χ(Frobl) = 1, then Lemma 6.2.2 yields the claim.

If χ(Frobl) = −1, however, Lemma 6.2.2 then yields that

Tr(ρ̃(Frobl)) = 2ϕp(Frobl)ϵ.

We complete the proof by remarking that by de�nition, Frobl will raise
the topological generator ζp∞ of the extension F (ζp∞)/F to the power
Nm(l), so the result follows by tracing through the de�nition of ϕp.
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We continue with the images of the diamond operators.

Lemma 6.2.4. For any prime ideal l ∤ p of F , it holds that

φ(⟨l⟩Nm(l)) = χ(Frobl).

Proof. Recall that the image of Frobl has determinant φ(⟨l⟩Nm(l)). In
our case, the determinant is kept constant, so this is χ(Frobl).

Finally, we determine the images of the operators Uπi for πi a uni-
formiser of OFpi

for i ∈ {1, 2}.

Lemma 6.2.5. Let πi for i ∈ {1, 2} be a uniformiser of OFpi
. Then

φ(Uπ1) = −1 + logp(π1)ϵ and φ(Uπ2) = 1 + logp(π2)ϵ.

Proof. Since the images of the operators Uπi for i ∈ {1, 2} agree with the
images of the elements πi under the map δi, suppressing the local reci-
procity map, this follows from combining the earlier found expressions

δ1 = χ− χϕpϵ and δ2 = 1 + ϕpϵ

with the de�nition of the map ϕp, with the p-adic logarithm extended
to all of Q×

p through the Iwasawa branch, as χ(πi) = −1 because the
primes pi for i ∈ {1, 2} are inert in the extension L/F .

Proposition 6.2.6. Let φ : T → Qp[ϵ] be the morphism induced by the
deformation ρ̃, let l ∤ p be a prime ideal of F and n ≥ 0 an integer. Then

φ(Tln) =


n+ 1 if χ(l) = 1;

(n+ 1) logp(Nm(l))ϵ if χ(l) = −1 and n is odd;

1 if χ(l) = −1 and n is even.

Further, for πi for i ∈ {1, 2} a uniformiser of OFpi
, it holds that

φ(Uπn
1
) = (−1)n(1− n logp(π1)ϵ);

φ(Uπn
2
) = 1 + n logp(π2)ϵ.

Proof. We remind the reader of the essential recursion relation

Tln+1 = TlnTl − ⟨l⟩Nm(l)Tln−1

for l ∤ p, whereas Uπn = Unπ for the adèles above p.
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� If χ(Frobl) = 1, then Tr(ρ̃(Frobl)) = 2 by Lemma 6.2.3. Further
using Lemma 6.2.4, we obtain the recursion

T (n+ 1) = 2T (n)− T (n− 1) with T (0) = 1, T (1) = 2.

This is easily solved and yields T (n) = n+ 1 for all n ≥ 0.

� If on the other hand χ(l) = −1, then Tr(ρ̃(Frobl)) = 2 logp(Nm(l))ϵ
by Lemma 6.2.3. Again by Lemma 6.2.4, we obtain the recursion

L(n+ 1) = 2 logp(Nm(l))ϵ · L(n) + L(n− 1)

with L(0) = 1 and L(1) = 2 logp(Nm(l))ϵ. One deduces

L(2n) = 1 and L(2n− 1) = 2n logp(Nm(l))ϵ for all n ≥ 1.

� In the �nal case, we raise the expressions from Lemma 6.2.5 to the
appropriate exponent to �nd

φ(Uπn
1
) = (−1 + logp(π1)ϵ)

n = (−1)n(1− n logp(π1)ϵ).

Similarly, we obtain φ(Uπn
2
), completing the proof.

Remark 6.2.7. By considering the quotient of two uniformisers at a
given place, it is not di�cult to convince oneself that for any idèles
α1, α2 supported only at p1 and p2 respectively, it holds that

φ(Uα1) = (−1)vp1 (α1)(1− logp(α1)ϵ) and φ(Uα2) = 1 + logp(α2)ϵ.

This extends the formulae for πn1 and πn2 above.

Corollary 6.2.8. Let l ∤ p be a prime ideal of F and let n ∈ N. Recalling
ρ(I) := #{J ⊂ OL | NmL

F (J) = I} for I ⊂ OF , we have that

φ(Tln) = ρ(ln) +
1

2
(n+ 1)

(
1− χ(ln)

)
logp(Nm(l))ϵ.

Proof. Indeed, we have seen before in Chapter 3 that

ρ(ln) =


n+ 1 if χ(l) = 1;

0 if χ(l) = −1 and n is odd;

1 if χ(l) = −1 and n is even.

These quantities match the integral parts of φ(Tln) from Proposition
6.2.6 above. As for the in�nitesimal part, we remark that we get no
contribution if and only if χ(ln) = 1, and as such, the expression 1−χ(ln)
is twice the indicator function for the case χ(l) = −1 and n is odd.
Combining these two parts yields the corollary.
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The appearance of the ρ-function in the integral part should not be
surprising, as this simply corresponds to the Eisenstein series we are
deforming; compare with Proposition A.2.9 and Lemma A.2.10.

Because we have well-de�ned operators Tln for any integral ideal l ∤ p,
we may by multiplying these expressions together extend this to a well-
de�ned notion of an operator TJ for any integral ideal J ⊂ OF coprime
to p. Using this notion, we arrive at the following Corollary from the
above computations.

Corollary 6.2.9. Let J ⊂ OF be any ideal coprime to p. Then

φ(TJ) = ρ(J) +
1

2

∑
ln∥J

(
(n+ 1)

(
1− χ(ln)

)
ρ(J/ln)

)
logp(Nm(l))ϵ.

Proof. By de�nition
TJ =

∏
ln∥J

Tln .

One may write out, keeping in mind that ϵ2 = 0, that

φ(TJ) =
∏
ln∥J

(
ρ(ln) +

1

2
(n+ 1)

(
1− χ(ln)

)
logp(Nm(l))ϵ

)
=
∏
ln∥J

ρ(ln) +
1

2

∑
ln∥J

(n+ 1)
(
1− χ(ln)

)
logp(Nm(l))ϵ

∏
tm∥J/ln

ρ(tm).

The corollary now follows from the multiplicativity of ρ.

For any integral ideal J coprime to p, we de�ne F(J) ∈ N by

logp(F(J)) :=
1

2

∑
ln∥J

(
(n+ 1)

(
1− χ(ln)

)
ρ(J/ln)

)
logp(Nm(l)).

This quantity has the following crucial property. As in Chapter 3, we
will refer to those prime powers ln∥J with χ(ln) = −1, as the special
primes of the ideal J . Note that p1 and p2 can also be special primes, if
we relax the condition that J be coprime to p, as we will soon do.

Proposition 6.2.10. Let J ⊂ OF be any integral ideal coprime to p.
Then

φ(TJ) = ρ(J) + logp(F(J))ϵ.

In addition, F(J) is a power of a single rational prime. If J is a primitive
ideal, then it even holds that F(J) = F (Nm(J))2, where F is as in our
main results, Theorem A and Theorem B.
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Proof. The �rst claim follows from Corollary 6.2.9 and the de�nition of
F(J). For the second, we note that the only summands in the expression
de�ning F(J) that could possibly contribute are those for the special
primes of J . If there are no such primes, then F(J) = 1. If there is more
than special prime, one of which being ln, then its contribution will also
vanish. Namely, in that case it holds that ρ(J/ln) = 0, as the existence
of a special prime obstructs an ideal from being a norm from the �eld
L. We conclude that F(J) = 1 in that case too. Only the case in which
there is a unique special prime remains, proving that F(J) is a power
of the underlying rational prime ℓ, as claimed. Finally, our primitivity
assumption forces all primes dividing J to split in F/Q and to all lie
above di�erent rational primes, and as such, the prime factorisation of J
in F matches the prime factorisation of its norm in Q. From the proof
of Proposition 3.2.5 in Chapter 3, it follows that the exact exponent of
ℓ occuring in the expression of Giampietro's F can also be written as
(n+ 1)ρ(J/ln)/2, proving the claimed equality.

By Theorem 5.0.1, the morphism φ : T→ Qp[ϵ] computed above will
correspond to a cuspidal family of p-adic Hilbert modular forms, which
we will denote by E(p)

1,χ(ϵ). In the next section, we will be interested in
the �rst derivative with respect to ϵ of the diagonal restriction of this
family with respect to the ideal tλ = D−1

F q1. To simplify notation, we
will thus set aν := ap(DF q−1

1 ν), as these will be the relevant coe�cients
to compute the desired diagonal restriction, see in Appendix A.2.

For notational convenience, for any ideal J ⊂ OF , we let J̃ denote
its p-deprivation; in other words, J̃ denotes the ideal J with all factors
of p1 and p2 removed. Finally, we introduce the notation Jν for the ideal
νDF q−1

1 . We now state the main result of this section.

Theorem 6.2.11. For any ν ∈ (D−1
F q1)

+, it holds that

aν = (−1)vp1 (ν)
(
ρ(J̃ν) + logp(F(J̃ν))ϵ− ρ(J̃ν) logp(ν/ν ′)ϵ

)
.

Proof. Using the same argument as in Theorem 3.13 in [DPV23], we may
use the relations proved by Hida for classical forms also in this setting.
By the results of Section 1 in [Hid91] and Proposition A.4.4, for any
ν ∈ (D−1

F q1)
+, we must consider the idèle α = νdϖ−1

q1 , where ϖq1 is any
idèle that equals 1 everywhere away from q1, where it is a uniformiser,
and where d ∈ A×

F is such that it generates the ideal DF and is trivial
at p. Let ν̃ denote the idèle that is equal to ν everywhere away from p,
where it is equal to 1. Then ν = ν̃νp1νp2 and we note that α generates
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the ideal Jν , so that J̃ν is generated by the idèle ν̃dϖ−1
q1 . Using Remark

6.2.7, we compute that

φ(Tα) = φ(Tν̃dϖ−1
q1
)φ(Uνp1 )φ(Uνp2 )

= φ(T
J̃ν
) · (−1)vp1 (νp1 )(1− logp(νp1)ϵ) · (1 + logp(νp2)ϵ)

= (−1)vp1 (ν)
(
ρ(J̃ν) + logp(F(J̃ν))ϵ

)
(1− logp(νp1)ϵ)(1 + logp(ν

′
p1)ϵ)

= (−1)vp1 (ν)
(
ρ(J̃ν) + logp(F(J̃ν))ϵ

)(
1− logp(νp1/ν

′
p1)ϵ

)
= (−1)vp1 (ν)

(
ρ(J̃ν) + logp(F(J̃ν))ϵ− ρ(J̃ν) logp(ν/ν ′)ϵ

)
;

this is the statement of the theorem. We used here that vp2 can be
identi�ed with v′p1 , since under the isomorphism OF ⊗Zp ∼= OFp1

×OFp2
,

the element ν is sent to (ν, ν ′).

6.3 Proof of Theorem B

In Theorem 6.2.11, we computed the relevant Fourier coe�cients for the
diagonal restriction with respect to the ideal D−1

F q1 of the cuspidal family
of p-adic Hilbert modular forms E(p)

1,χ(ϵ) associated with the morphism φ :
T→ Qp[ϵ] induced by the deformation ρ̃ de�ned in Lemma 6.2.1. Taking
its derivative with respect to the parameter ϵ amounts to considering only
the ϵ-part. Let ∆ denote the diagonal restriction operator for the ideal
D−1
F q1. As E

(p)
1,χ(ϵ) is p-adically a cusp form by Lemma A.3.3, we have

∆
d

dϵ
E

(p)
1,χ(ϵ) =

∞∑
n=1

( ∑
ν∈(D−1

F q1)+

tr(ν)=n

d

dϵ
aν

)
qn.

By Theorem 6.2.11 and the equation above, this yields for any n ∈ N,

an

(
∆
d

dϵ
E

(p)
1,χ(ϵ)

)
=

∑
ν∈(D−1

F q1)+

tr(ν)=n

(−1)vp1 (ν)
(
logpF(J̃ν)−ρ(J̃ν) logp(ν/ν ′)

)
.

Proposition 6.3.1. The object ∆ d
dϵE

(p)
1,χ(ϵ) is an overconvergent p-adic

modular form of weight 2. Its ordinary projection eord
(
∆ d
dϵE

(p)
1,χ(ϵ)

)
is

a classical modular form in S2(Γ0(N)).

Proof. We have seen before that the weight character for ∆E
(p)
1,χ(ϵ) is

constant, and because for the ϵ = 0-specialisation its weight is 1+1 = 2,



6.3. Proof of Theorem B 127

the result will be of constant weight 2. Its specialisation does not vanish,
but by subtracting a constant family, Lemma 2.1 in [DPV21] yields that
its derivative is still an overconvergent p-adic modular form of weight 2.
By Coleman's Classicality Theorem, which can be found as Theorem 6.1
in [Col96], its ordinary projection is of slope 0 < 1 and hence classical.
Further, it is a cusp form because E(p)

1,χ is a p-adic cusp form by Lemma
A.3.3. For the level, since we used the ideal DF q−1

1 , the tame level of
our diagonal restriction will be q. The level of its ordinary projection is
then obtained by multiplying its tame level by p. Combining all of this,
we obtain an object in S2(Γ0(N)), as claimed.

If we apply the operator eord from Appendix A.5, we obtain

a1

(
eord

(
d

dϵ
∆E

(p)
1,χ(ϵ)

))
= lim

n→∞
apn!

(
d

dϵ
∆E

(p)
1,χ(ϵ)

)
= lim

n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=pn!

(−1)vp1 (ν)
(
logpF(J̃ν)− ρ(J̃ν) logp(ν/ν ′)

)
.

We analyse the two terms occuring in this expression separately. De�ne

A := lim
n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=pn!

(−1)vp1 (ν)ρ(J̃ν) logp(ν/ν ′)

and
B := lim

n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=pn!

(−1)vp1 (ν) logp(F(J̃ν)).

For the sake of brevity, we extend the de�nition of vp to F by setting it
equal to vp1 × vp2 there; this will save some space in what is to come.

Proposition 6.3.2. It holds that

A =
2

w1w2
logp (Θ(D1, D2))−

2

w1w2
logp (Θp(D1, D2)) .

Proof. We note that since χ(Jν) = χ(DF )χ(q1) = (−1)2 = 1, the parities
of vp1(Jν) and vp2(Jν) being di�erent would imply that χ(J̃ν) = −1, and
as such, ρ(J̃ν) = 0 by Corollary A.2.11. Hence we may write

A = lim
n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=pn!

vp(ν)≡(0,0)

ρ(J̃ν) logp(ν/ν
′)− lim

n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=pn!

vp(ν)≡(1,1)

ρ(J̃ν) logp(ν/ν
′),
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both congruences being modulo 2. For the �rst term, one may observe
that ρ(J̃ν) = ρ(Jν). In fact, ρ(Jν) = 0 unless vp(ν) ≡ (0, 0) mod 2, and
as a result, we may even write the �rst term as

lim
n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=pn!

ρ(Jν) logp(ν/ν
′) =

2

w1w2
logp (Θ(D1, D2)) ,

where we appealed to Proposition 6.1.4 and the fact that the limit exists
when taken over all tr(ν) = p2n; as such, the limit taken over tr(ν) = pn!

exists too and equals the same value, as n! is even for n ≥ 2. For the
second term, one may observe that p | ν, and as such, we may make the
substitution ν ↔ pν, further using that ρ(J̃ν) = ρ(Jpν), to obtain

lim
n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=pn!

vp(ν)≡(1,1)

ρ(J̃ν) logp(ν/ν
′) = lim

n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=pn!−1

ρ(Jν) logp(ν/ν
′),

where we were allowed to omit the bottom subscript for the same reason
as before. We conclude by Proposition 6.1.6.

Proposition 6.3.3. It holds that

B =
∑

Nm(a)=N

∑
ν∈(D−1

F a)+

tr(ν)=1

δ(a) logp(F (Nm(Jν)/p)).

Proof. First note that, by Lemma 6.2.10, it holds that F(J̃ν) = 1 as soon
as χ(J̃ν) = 1, because this implies that the number of special primes is
even, and thus in particular not one. Since χ(Jν) = 1, it follows that
one of p1 and p2 must be special to get a non-zero contribution to the
sum. Since ν contains the full p-part of Jν , this implies that vp(Nm(ν))
must be odd. By Lemma 6.1.7, it follows that pn! | ν if tr(ν) = pn!.
It follows that all contributing summands to the n-th term in the limit
are lifted from those ν of unit trace. In fact, since J̃pn!ν = J̃ν and
vp1(Jpn!ν) ≡ vp1(Jν) mod 2 for n ≥ 2, each summand induced by some
ν of unit trace is independent of n. The limit thus equals its �rst term;

B =
∑

ν∈(D−1
F q1)+

tr(ν)=1
vp(Nm(ν)) odd

(−1)vp1 (Jν) logp(F(J̃ν)).
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Note that the ideal J̃ν is always primitive by Lemma 3.2.1. As it is
prime to p by de�nition, it follows from Proposition 6.2.10 that F(J̃ν) =
F (Nm(J̃ν))

2 in all cases. Because the number of factors of p in Nm(Jν)
is odd for all the terms contributing to the sum, Nm(Jν)/p will have an
even number, as does Nm(J̃ν). As a result, the F -values of these integers
must be the same. We conclude that

B = 2
∑

ν∈(D−1
F q1)+

tr(ν)=1
vp(Nm(ν)) odd

(−1)vp1 (Jν) logp(F (Nm(Jν)/p)).

Note that we may omit any congruence conditions on vp(Nm(ν)), as
in the case of the number of factors of p dividing Nm(Jν) being even,
dividing by p makes p a special prime of Nm(Jν)/p. As such, its F -value
must be a power of p, of which the p-adic logarithm vanishes. Since
contributing ν must contain a factor of p1 or p′1, we have proved that

B = 2
∑

ν∈(D−1
F p1q1)+

and ν∈(D−1
F p2q1)+

tr(ν)=1

(−1)vp1 (Jν) logp(F (Nm(Jν)/p)).

Adding in those ν ∈ (D−1
F q2)

+ is the same as adding a term for the
Galois-conjugate of every ν ∈ (D−1

F q1)
+. For every non-zero term in the

sum, we have that vp1(Jν′) ̸≡ vp1(Jν) mod 2 and Nm(Jν′) = Nm(Jν).
In other words, the summands for ν and ν ′ would agree up to a sign.
Finally, δ(a) measures this sign together with (−1)vp1 (ν).

To complete the proof, we will only need one more result about the
ordinary projection that we have now computed. Namely, we will show
that its �rst Fourier coe�cient must always vanish.

Lemma 6.3.4. The form eord
(
∆ d
dϵE

(p)
1,χ(ϵ)

)
is a Up-eigenvector with

eigenvalue −1.

Proof. By de�nition of the Up operator, we should check that apm = −am
for all m ∈ N. The coe�cient for am can be split up into the two terms

lim
n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=m·pn!

(−1)vp1 (ν)ρ(J̃ν) logp(ν/ν ′)
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and
lim
n→∞

∑
ν∈(D−1

F q1)+

tr(ν)=m·pn!

(−1)vp1 (ν) logp(F(J̃ν)).

For the former, one may trace through the proof of Proposition 6.3.2
to �nd that the limit is only dependent on the parity of the numbers
vp(m) + n! for n ≥ 2, the di�erence being a sign when we move from
m to pm, caused by the factor (−1)vp1 (ν). For the latter, the proof of
Proposition 6.3.3 reduces the contributions to those ν of trace m/pvp(m),
once again the only di�erence being the sign (−1)vp1 (ν) dependent on the
parity of vp(m). We leave the details to the reader.

Corollary 6.3.5. For N ∈ {6, 10, 22}, it holds that

eord
(
∆
d

dϵ
E

(p)
1,χ(ϵ)

)
= 0.

Proof. For N ∈ {6, 10}, one checks that S2(Γ0(N)) = 0 so the result
follows from Proposition 6.3.1. It remains to analyse the case that N =
22, when the space S2(Γ0(22)) is 2-dimensional and spanned by two
oldforms. Recall that we assumed q ∈ {2, 3, 5, 7, 13}, so we need only
check the case that p = 11 and q = 2. It is easy to check that the
operator U11 acts trivially on S2(Γ0(22)), so by Lemma 6.3.4, the result
follows.

Proof. (of Theorem B) We conclude from Corollary 6.3.5 that A+B = 0.
Using Proposition 6.3.2 and Proposition 6.3.3, this shows that

2

w1w2
logp

(
Θ(D1, D2)

Θp(D1, D2)

)
=

∑
Nm(a)=N

∑
ν∈(D−1

F a)+

tr(ν)=1

δ(a) logp(F (Nm(Jν)/p)).

Finally, for ν = (x+
√
D)/2

√
D, it holds that

Nm(Jν)/p =
D − x2

4N
.

This proves Theorem B up to an element from ±pZ, as this is the kernel
of logp. We conclude by Proposition 6.1.8 that the factors of p on both
sides match up too, which reduces our ambiguity to a mere sign. This is
permitted by Theorem B and concludes the proof.


