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CHAPTER5
Deformation theory
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The aim of this chapter is to carry out Step 2 of the proof of Theorem
B as explained in Section 2.4. We remind the reader that our stategy is
ultimately to perform certain operations on a cuspidal p-adic family of
modular forms passing through the appropriate p-stabilisation E(p)

1,χ of the
Hilbert Eisenstein series E1,χ. However, there are no easy ways to obtain
such a family. Our approach is therefore to obtain this by deforming the
Galois representation ρ = 1 ⊕ χ associated with the Eisenstein series
E

(p)
1,χ instead, and compute from this the associated family of modular

forms that we need to carry out our proof.
However, this approach requires us to show that these deformations

are in fact modular; that is, that these Galois representations actually
come from modular forms. This is done by proving a so-called R = T
theorem, where R typically denotes a certain universal deformation ring,
and T a certain Hecke algebra. Proving such a theorem is the main focus
of this chapter.

Similar results have been obtained in Pozzi's thesis [Poz19] for the
ground �eld Q and in the case that the prime p is irregular, as opposed to
the regular case as we are in here, since χ(pi) ̸= 1 for i ∈ {1, 2}. For other
closely related works in these directions, see [BDP22, BD16, BDS20,
BC06, DKV18]. With small adjustments, our R = T theorem can also
be deduced from the results of [Bet20], where very similar methods to
the ones we will employ throughout this chapter were used.

We start by recalling some results from class �eld theory and use these
to compute various Galois cohomology groups, that will play a key role
throughout. For representability reasons that we will explain in Section
5.2, we should rigidify the decomposable representation ρ = 1⊕χ before
attempting to deform it. This rigidi�ed representation is denoted ρη.
We will consider a class of deformations that are called nearly ordinary
and show that it admits a universal deformation ring Rno

ρη . Next, we
construct from a key result of Hida in [Hid89a] a Galois representation
onto Hida's nearly ordinary cuspidal Hecke algebra T localised at the
Eisenstein series E(p)

1,χ from Appendix A.2. We show that it must be a
lift of ρη, so that by universality, this will yield a map T : Rno

ρη → T,
where T denotes the appropriate Hecke algebra. Using various results
from commutative algebra, we can then show the following.

Theorem 5.0.1. The map T : Rno
ρη → T is an isomorphism.

Throughout this chapter, we let Qp := Qp(1) denote the Galois mod-
ule with trivial GF -action, whereas Qp(χ) denotes the same module but
with the action of GF through the character χ : GF → {±1}.
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Furthermore, for any GF -module A, we let Z1(GF , A) denote the
group of continuous 1-cocycles for GF with values in A. All cohomology
groups in this chapter will be derived from group cohomology and will
as such be quotients of the groups Z1(GF , A).

Finally, throughout this chapter, we will denote

G := Gal(L/F ) = ⟨σF ⟩ ∼= Z/2Z

and to simplify notation, we write for i ∈ {1, 2} the decomposition group

Gpi := GFpi

∼= Gal(F pi/Fpi) inside GF .

5.1 Some Galois cohomology

Our main tool to compute Galois cohomology groups comes from the
following result, which relies on global class �eld theory. It can be found
as Lemma 1.1.1 in [Poz19] or as Lemma 3.2 in [DPV23].

Proposition 5.1.1. We have the following exact sequence:

0→ Hom(Gab
L ,Qp)→

∏
v|p

Hom(L×
v ,Qp)→ Hom(OL[1/p]×,Qp).

We opt to omit its proof, for it is standard, yet somewhat lengthy.
However, we do stress that the proof of this result uses the fact that L is
totally imaginary, allowing us to easily identify the connected component
of the identity inside the idele class group. Therefore, we may not use
this proposition with the �eld L replaced by either F or Q. The next
result aims to connect the cohomology groups for GF to those for GL.

Lemma 5.1.2. Restriction to GL ⊂ GF yields isomorphisms

H1(GF ,Qp) ∼= Hom(GL,Qp)
G;

H1(GF ,Qp(χ)) ∼= Hom(GL,Qp(χ))
G.

Proof. Note that the action of GL on Qp(χ) is trivial. We may then use
the in�ation-restriction sequence to obtain that

0→ H1(G,Qp)→ Hom(GF ,Qp)→ Hom(GL,Qp)
G → H2(G,Qp)

is exact, and similarly that also

0→ H1(G,Qp(χ))→ H1(GF ,Qp(χ))→ Hom(GL,Qp(χ))
G → H2(G,Qp(χ))
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is exact. To prove the lemma, we thus reduce to showing that the groups
H1(G,Qp), H2(G,Qp), H1(G,Qp(χ)) and H2(G,Qp(χ)) are all trivial.
Using that G is cyclic, we identify these spaces with

H1(G,−) = ker(N )

im(∆)
and H2(G,−) = ker(∆)

im(N )
,

where ∆ = 1 − σF and N = 1 + σF in the group ring Z[G]. In both
cases, one of these maps is zero, whereas the other is multiplication by
2, which is a bijective map on Qp. All claims follow.

We now identify the spaces on the right hand side of Lemma 5.1.2.
Any �nite dimensional G-representation V can be decomposed as a �nite
sum of copies of 1 and χ. Henceforth, for φ ∈ {1, χ}, we will let V φ

denote the sum of all φ-eigenspaces inside V .

Lemma 5.1.3. For φ ∈ {1, χ}, it holds that

Hom(GL,Qp(φ))
G ∼= Hom(GL,Qp)

φ.

Proof. Recall that the action of some g ∈ GF on some homomorphism
f ∈ Hom(GL,Qp(φ)) is de�ned as g · f : x 7→ φ(g)f(gxg−1). To be
invariant under this action, we thus require that φ(g)f(gxg−1) = f(x)
for all x ∈ GL. On the other hand, the action of some g ∈ GF on some
homomorphism f ∈ Hom(GL,Qp) is de�ned as g ·f : x 7→ f(gxg−1). So,
to be in the φ-eigenspace, we thus require that φ(g)f(gxg−1) = f(x) for
all x ∈ GL. These two conditions agree.

Lemma 5.1.4. It holds that

dim
(
Hom(GL,Qp)

1
)
= 1 and dim (Hom(GL,Qp)

χ) = 2.

Proof. For i ∈ {1, 2}, the space Hom(L×
pi ,Qp) is 3-dimensional and

spanned by ordpi , the p-adic logarithm logp and its composition with
the non-trivial element from Gal(Lpi/Qp). Since the primes above p in
F are inert in L, the action of G �xes the former, but interchanges the
latter two basis elements. It follows that

dim
(
Hom(L×

p1 × L
×
p2 ,Qp)

1
)
= 4 and dim

(
Hom(L×

p1 × L
×
p2 ,Qp)

χ
)
= 2.

For the rightmost term, we observe that the image of the norm map

OL[1/p]× → OF [1/p]×
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has �nite index. Indeed, we know that the map O×
L → O

×
F has index

at most 2, and since the primes above p in F are inert in L, the claim
follows. After tensoring with Qp, these Galois modules are therefore
isomorphic. Therefore, using Dirichlet's unit theorem, we �nd that

dim
(
Hom(OL[1/p]×,Qp)

1
)
= 3 and Hom(OL[1/p]×,Qp)

χ = 0.

We now consider the short exact sequence from Proposition 5.1.1:

0→ Hom(GL,Qp)→ Hom(L×
p1 × L

×
p2 ,Qp)→ Hom(OL[1/p]×,Qp).

All of these spaces are �nite dimensional G-representations. As such,
they can be decomposed into a direct sum of 1 and χ-eigenspaces. First,
we take 1-eigenspaces to �nd

0→ Hom(GL,Qp)
1 → Hom(L×

p1 × L
×
p2 ,Qp)

1 → Hom(OL[1/p]×,Qp)
1.

Surjectivity on the right is equivalent with Leopoldt's conjecture for L.
Since L/Q is abelian, and as such, this conjecture is known and the claim
about the dimension now follows. Next, taking χ-eigenspaces, we obtain
a sequence

0→ Hom(GL,Qp)
χ → Hom(L×

p1×L
×
p2 ,Qp)

χ → Hom(OL[1/p]×,Qp)
χ = 0,

and the proof is complete by our dimension computations above.

Combining all the above, we obtain the following two core results.

Corollary 5.1.5. The group Hom(GF ,Qp) is 1-dimensional and spanned
by the p-adic cyclotomic character:

ϕp : GF → Gal(F (ζ∞p )/F ) ∼= Z×
p

logp−−→ Qp.

Proof. Combining Lemma 5.1.2 with Lemma 5.1.3, we obtain an isomor-
phism Hom(GF ,Qp) ∼= Hom(GL,Qp)

1 and by Lemma 5.1.4, this space is
1-dimensional, as claimed. As it contains the p-adic cyclotomic character
as de�ned above, which is clearly non-zero, this character must span the
space, completing the proof.

Corollary 5.1.6. For i ∈ {1, 2}, the groups H1(Gpi ,Qp(χ)) are both
1-dimensional, and restriction gives an isomorphism

H1(GF ,Qp(χ)) ∼= H1(Gp1 ,Qp(χ))⊕H1(Gp2 ,Qp(χ)).
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Proof. Using analogous arguments to those in the proofs of Lemma 5.1.2
and Lemma 5.1.3, one can show that

H1(Gpi ,Qp(χ)) ∼= Hom(GLpi
,Qp(χ)) ∼= Hom(GLpi

,Qp)
χ.

In the proof of Lemma 5.1.4, we showed that the natural map

Hom(GL,Qp)
χ ∼−→ Hom(L×

p1 × L
×
p2 ,Qp)

χ

is an isomorphism. Another application of Lemma 5.1.2 and Lemma
5.1.3 now yields the claimed isomorphism. The dimension of the spaces
Hom(GLpi

,Qp)
χ were also computed as part of the proof of Lemma 5.1.4,

and indeed both of these spaces contributed 1 dimension to the total 2-
dimensional space Hom(GL,Qp)

χ, completing the proof.

To conclude this section, we will record one more result about the
GF -modules Qp and Qp(χ) that we will need later.

Lemma 5.1.7. It holds that

H2(GF ,Qp) = 0 and H2(GF ,Qp(χ)) = 0.

Proof. We use the global Euler characteristic formula, also used by Pozzi
in [Poz19] in the proof of Lemma 1.5.2; see [Lu11]. Now, since F has
two real places, we compute that

dim H2(GF ,Qp) = dim H1(GF ,Qp)− dim H0(GF ,Qp)

+ 2 dim H0(GR,Qp)− 2 dim Qp

= 1− 1 + 2− 2 = 0,

where we used Corollary 5.1.5 and Corollary 5.1.6. Similarly, using
Proposition 5.1.4, we compute that

dim H2(GF ,Qp(χ)) = dim H1(GF ,Qp(χ))− dim H0(GF ,Qp(χ))

+ 2 dim H0(GR,Qp(χ))− 2 dim Qp(χ)

= 2− 0 + 0− 2 = 0,

because complex conjugation in Gal(C/R) acts non-trivially through χ,
as the �eld L is not totally real.
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5.2 Nearly ordinary deformation rings

We now start our journey into deformation theory. Similar treatments
in various settings can be found in Pozzi's thesis [Poz19] and the works
[BDP22, BD16, BDS20, BC06, DKV18].

In this section we start our study of the in�nitesimal deformations
of the representation ρ = 1 ⊕ χ. The following lemma connects these
deformations to the results from the previous section. From now on,
Qp[ϵ] denotes the ring of dual numbers over Qp. Therefore, ϵ2 = 0.

Lemma 5.2.1. Let ρ̃ : GF → GL2(Qp[ϵ]) be a group homomorphism that
reduces to ρ = 1⊕χ after composition with the natural map Qp[ϵ]→ Qp.
Let a, b, c, d : GF → Qp be those functions such that

ρ̃(x) =

(
1 + ϵ

(
a(x) b(x)
c(x) d(x)

))
· ρ(x)

for all x ∈ GF . Then these functions must respectively satisfy

a, d ∈ Hom(GF ,Qp), and b, c ∈ Z1(GF ,Qp(χ)).

Proof. This will follow from the condition that ρ̃ is a group homomor-
phism. Indeed, one may write out that for any x, y ∈ GF ,

ρ̃(xy) =

(
1 + a(xy)ϵ χ(xy)b(xy)ϵ
c(xy)ϵ χ(xy)(1 + d(xy)ϵ)

)
.

On the other hand, we expand the product ρ̃(x)ρ̃(y) to obtain(
1 + (a(x) + a(y))ϵ χ(xy)(χ(x)b(y) + b(x))ϵ
(c(x) + χ(x)c(y))ϵ χ(xy)(1 + (d(x) + d(y))ϵ)

)
.

Comparing coe�cients, we �nd that

a(xy) = a(x) + a(y), b(xy) = b(x) + χ(x)b(y),

c(xy) = c(x) + χ(x)c(y), d(xy) = d(x) + d(y).

This is our lemma.

However, in order to obtain a good theory of deformations, it is
essential to work with a residually indecomposable representation, as
becomes appararent from Proposition 1 in Mazur's [Maz89]. We have
many ways to rigidify the reducible representation ρ = 1 ⊕ χ, some of
which are classi�ed in the following proposition.
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Proposition 5.2.2. For any η ∈ Z1(GF ,Qp(χ)), the representation

ρη : GF → GL2(Qp) : τ 7→
(
1 χ(τ)η(τ)
0 χ(τ)

)
has no non-scalar endomorphisms if and only if η ̸= 0 ∈ H1(GF ,Qp(χ)).

Proof. We �rst verify that ρη is a group homomorphism:(
1 χ(στ)η(στ)
0 χ(στ)

)
=

(
1 χ(σ)η(σ)
0 χ(σ)

)(
1 χ(τ)η(τ)
0 χ(τ)

)
.

Comparing the top-right entries, we obtain equality if and only if

η(στ) = η(σ) + χ(σ)η(τ) ⇐⇒ η ∈ Z1(GF ,Qp(χ)).

To show the claim about endomorphisms, it su�ces to show that the
centraliser of the image of ρη consists of solely scalar matrices. To this
end, we must investigate when(

a b
c d

)(
1 χ(τ)η(τ)
0 χ(τ)

)
=

(
1 χ(τ)η(τ)
0 χ(τ)

)(
a b
c d

)
for some �xed a, b, c, d ∈ Qp. Comparing the top-left entry yields the
relation that a = a + cχ(τ)η(τ). Hence choosing τ such that η(τ) ̸= 0
forces c = 0. The relation above is then satis�ed if and only if the
top-right entries match up, yielding

aχ(τ)η(τ) + bχ(τ) = b+ dχ(τ)η(τ) ⇐⇒ (a− d)η(τ) = b(χ(τ)− 1).

If a = d, then the above forces b = 0 and as such the matrix is scalar. If
a ̸= d, then η is a scalar multiple of the map τ 7→ χ(τ)− 1. This means
that η is a coboundary, completing the proof.

De�nition 5.2.3. Let CQp denote the category of local complete Noethe-
rian Qp-algebras with residue �eld Qp. For any A ∈ CQp , we let mA de-
note its maximal ideal. Given any object (A,mA) of CQp , a lift of ρη to A
is a representation ρ : GF → GL2(A) that reduces to ρη after composing
with the natural map GL2(A) → GL2(Qp) induced by the natural map
A 7→ A/mA

∼= Qp. We say that two lifts are equivalent if they are con-
jugate by a matrix in the kernel of the map GL2(A)→ GL2(Qp) above.
A deformation of ρη to A is an equivalence class of lifts of ρη to A.

De�nition 5.2.4. We de�ne the functor Dρη : CQp → Set by sending
any (A,mA) ∈ CQp to the set of deformations of ρη to A. The tangent
space to such a deformation functor is de�ned as Dρη(Qp[ϵ]).
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Proposition 5.2.5. If η ̸= 0 ∈ H1(GF ,Qp(χ)), the functor Dρη is
represented by a universal deformation ring Rρη .

Proof. This is done analogously to the proof of Proposition 1.2.6 in
[Poz19], where the burden is reduced to showing the absence of non-
scalar endomorphisms and �nite dimensionality of the tangent spaces,
by virtue of Proposition 1 in [Maz89]. The former is taken care of by
Proposition 5.2.2, and for the latter we may bound the dimension of the
tangent space of the functor Dρη by the dimension of the tangent space
of its semisimpli�cation; Dρ0(Qp[ϵ]). The structure of this tangent space
has already been established in Lemma 5.2.1; we leave it to the reader to
check that two lifts are equivalent if and only if all four matrix entries are
cohomologous. By Corollary 5.1.5 and Corollary 5.1.6, the dimension of
this tangent space is 1 + 2 + 2 + 1 = 6; in particular, it is �nite.

From now on, we assume that η ̸= 0 ∈ H1(GF ,Qp(χ)) to ensure that
the results from Proposition 5.2.2 and Proposition 5.2.5 apply. Next,
we introduce the notion of being nearly ordinary. In fact, to proceed,
we must additionally require that η|Gp2

= 0. The reason as to why is
immediate from the following observation; the line ⟨e2⟩ is only �xed by
Gp2 if this condition on η is satis�ed. Note that this �xes η uniquely up
to scalar multiplication, as a result of Corollary 5.1.6.

De�nition 5.2.6. Consider triples (ρ, L1, L2) where ρ is a lift of ρη to
some (A,mA) ∈ CQp and Li is a free direct summand of A2 such that
Li lifts the line ⟨ei⟩ of Q2

p for i ∈ {1, 2}. We say that two such triples
(ρ, L1, L2) and (ρ′, L′

1, L
′
2) are equivalent if for some g ∈ ker(GL2(A)→

GL2(Qp)) it holds that ρ = gρ′g−1 and Li = gL′
i for i ∈ {1, 2}. We let

D�l
ρη be the functor sending an object (A,mA) to the set of equivalence

classes of triples (ρ, L1, L2) as de�ned above.

Proposition 5.2.7. The functor D�l
ρη is represented by RρηJX,Y K.

Proof. This mildly generalises Lemma 1.3.2 in [Poz19]. We de�ne a
bijection

Hom(RρηJX,Y K, A)→ D�l
ρη(A)

by sending some map f : RρηJX,Y K→ A to the representation

GF → GL2(Rρη)→ GL2(RρηJX,Y K)→ GL2(A)

induced by the universal representation and the map f itself, together
with the lines Lf,1 = ⟨e1+f(X)e2⟩ ⊂ A2 and Lf,2 = ⟨f(Y )e1+e2⟩ ⊂ A2.
Because f is a morphism of local rings, f(X), f(Y ) ∈ mA and thus after
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composing with the quotient map A/mA
∼= Qp, the line Lf,i will reduce

to ⟨ei⟩ for i ∈ {1, 2}, as desired. This shows that the map is well de�ned.
For surjectivity, we consider an arbitrary triple (ρA, L1, L2). By the

universal property of Rρη , possibly after conjugation with an element
from ker(GL2(A) → GL2(Qp)), there exists a map Rρη → A such that
ρA is obtained from the universal representation after composing with
this map. It remains to choose an appropriate image of X. To this end,
we note that L1 = ⟨a · e1 + b · e2⟩ ⊂ A2 lifts ⟨e1⟩ by de�nition. After
composing with the quotient map A/mA → Qp, this shows that a /∈ mA,
or equivalently a ∈ A×, and that b ∈ mA. We then map X to a−1b,
so that indeed ⟨e1 + a−1be2⟩ = ⟨ae1 + be2⟩ = LA. Very similarly, we
construct the appropriate image for Y , showing surjectivity.

For injectivity, we must consider two morphisms f, f ′ : RρηJX,Y K→
A that have the same images (ρ, L1, L2) = (ρ′, L′

1, L
′
2) under the above

association. In particular, this means that they give rise to the same
deformation, and hence by the universal property of Rρη , there exists a
unique map Rρη → A that induces them from the universal deformation.
However, by construction, these two deformations are induced by the two
maps Rρη → RρηJX,Y K → A induced by f and f ′. These maps must
thus coincide; in other words, f and f ′ must agree when restricted to Rρη .
This means that ρ and ρ′ are not only equivalent, they are in fact equal.
Note that ρ = gρg−1 for some g ∈ ker(GL2(A)→ GL2(Qp)) would entail
�nding an endomorphism for ρ; as we have shown before, this forces g to
be scalar. Hence L1 = gL′

1 = L′
1, so ⟨e1+f(X)e2⟩ = ⟨e1+f ′(X)e2⟩, and

so it follows that f(X) = f ′(X). Very similarly, we �nd f(Y ) = f ′(Y ),
completing the proof.

De�nition 5.2.8. Let Dno
ρη : CQp → Set be the subfunctor of D�l

ρη send-
ing an object (A,mA) ∈ CQp to the equivalence class of triples (ρ, L1, L2)
as above with the properties that the line L1 is Gp1-stable and the line
L2 is Gp2-stable. We call such deformations nearly ordinary, and these
induce for i ∈ {1, 2} characters ϑi : Gpi → (A/Li)

× ∼= A×, called the
associated quotient characters. Note that, since the line Li lifts ⟨ei⟩ for
i ∈ {1, 2}, it holds that ϑ1 ≡ χ mod mA and ϑ2 ≡ 1 mod mA.

This practice of keeping track of the lines �xed by the decomposition
groups is necessary in case the prime de�ning the decomposition group is
irregular, because the line �xed by this group need not be unique. For us,
χ(pi) ̸= 1 for i ∈ {1, 2}, so we are in the regular case, and therefore the
�xed line will be unique, as Proposition 5.3.8 below will show. However,
there is no harm in keeping track of this line at �rst in the regular case
too, and we will do so in this section.
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Proposition 5.2.9. The functor Dno
ρη is represented by a universal de-

formation ring Rno
ρη .

Proof. This resembles part of Proposition 1.3.5(i) in [Poz19], but we
repeat the argument here. The idea is to �nd an ideal I ⊂ RρηJX,Y K
such that in the bijection

Hom(RρηJX,Y K, A)→ D�l
ρη(A),

the image of an element on the left is contained in the subset Dno
ρη (A) if

and only if it factors through RρηJX,Y K/I. This would yield a bijection

Hom(RρηJX,Y K/I,A)→ Dno
ρη (A),

establishing the desired conclusion Rno
ρη
∼= RρηJX,Y K/I. It remains to

identify I. Let us consider a representative for the universal deformation

ρuniv =

(
a b
c d

)
and investigate when its universal line Luniv = ⟨e1+Xe2⟩ is stable under
the action of Gp1 via ρuniv. By changing bases, this happens when(

1 0
−X 1

)(
a b
c d

)(
1 0
X 1

)
=

(
a+ bX b

c+ (d− a)X − bX2 d− bX

)
�xes the line ⟨e1⟩ on Gp1 . This is easy to read o�; it happens when

c(σ) + (d(σ)− a(σ))X − b(σ)X2 vanishes for all σ ∈ GFp1
.

Let I1 ⊂ RρηJX,Y K be the ideal generated by all the elements above.
Then for any A, using linearity of the map f : RρηJX,Y K → A and all
conditions involved, the line L1 is �xed by Gp1 if and only if f(I1) = 0;
in other words, when f factors through the quotient ring RρηJX,Y K/I1.

Similarly, we de�ne an ideal I2 ⊂ RρηJX,Y K with the property
that Gp2 �xes the line L2 when f factors through the quotient ring
RρηJX,Y K/I2. It is now easy to see that we may set I = I1 + I2 to
complete the proof.

5.3 Computing tangent spaces

Recall that the tangent space to a deformation functor D : CQp → Set is
de�ned as its value on the ring of dual numbers Qp[ϵ] ∈ CQp . Henceforth,
we will also use the notation

tD := D(Qp[ϵ]).
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Lemma 5.3.1. Let V be the free Qp-module of rank 2 with its GF -action
given by ρη. Let tρη be the tangent space to Dρη . Then tρη is isomorphic
to H1(GF ,End(V )).

Proof. This is Proposition 1 on page 284 of [CSS13], which provides us
with the explicit bijection

H1(GF ,End(V ))→ tρη

by mapping Θ to the lift (1 + ϵΘ)ρη ∈ Dρη(Qp[ϵ]). Checking this is just
a calculation and we leave it to the curious reader to verify.

We stress here that the action of GF on End(V ) is given by gM =
ρη(g)

−1Mρη(g) for any g ∈ GF and M ∈ End(V ) ∼= M2(Qp). This GF -
module is also often written as ad(ρη), the adjoint representation. We
will do so henceforth.

Lemma 5.3.2. There is a well-de�ned map of GF -modules

φ1 : ad(ρη)→ Qp(χ) :

(
x y
z w

)
7→ z.

Proof. Since this is clearly a group homomorphism, it su�ces to verify
the Galois-equivariance. To this end, we compute that(

1 −η
0 χ

)(
x y
z w

)(
1 χη
0 χ

)
=

(
1 −η
0 χ

)(
x xχη + yχ
z zχη + wχ

)
=

(
x− zη xχη + yχ− zχη2 − wχη
zχ zη + w

)
.

This shows that conjugation indeed induces multiplication by χ on the
bottom-left entry, completing the proof.

Now letW1 = ker(φ1); in other words, we have a short exact sequence

0→W1 → ad(ρη)→ Qp(χ)→ 0.

We proceed to re�ne W1 slightly.

Lemma 5.3.3. There is a well-de�ned map of GF -modules

φ2 :W1 → Qp ⊕Qp :

(
x y
0 w

)
7→ (x,w).
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Proof. Once again, we are left to verify Galois equivariance. This be-
comes apparent from the following specialisation of the computation from
the proof of Lemma 5.3.2 above;(

1 −η
0 χ

)(
x y
0 w

)(
1 χη
0 χ

)
=

(
x xχη + yχ− wχη
0 w

)
,

obtained by setting z = 0. Indeed, we see that x and w remain untouched
by the Galois action, as desired.

We now de�ne W2 = ker(φ2), so that we have a short exact sequence

0→W2 →W1 → Qp ⊕Qp → 0.

The following result completes the �ltration and allows us to start com-
puting cohomology groups using long exact sequences.

Lemma 5.3.4. There is a well-de�ned map of GF -modules

W2 → Qp(χ) :

(
0 y
0 0

)
7→ y.

Proof. Indeed, we copy the computation from before once more to �nd(
1 −η
0 χ

)(
0 y
0 0

)(
1 χη
0 χ

)
=

(
1 −η
0 χ

)(
0 yχ
0 0

)
=

(
0 yχ
0 0

)
,

which completes the proof.

Proposition 5.3.5. The group H1(GF ,W1) is 3-dimensional. On the
other hand, it holds that H2(GF ,W1) = 0.

Proof. Since χ ̸= 1, it is clear that

H0(GF ,Qp(χ)) = 0 and H0(GF ,Qp ⊕Qp) = Qp ⊕Qp.

Further, one may observe that

H0(GF ,W1) =WGF
1 =

{
M ∈W1 | ρ−1Mρ =M

}
=W1 ∩

{
M ∈M2(Qp) |Mρ = ρM

}
= ⟨id⟩ ∼= Qp,

since in the proof of Proposition 5.2.2, we showed that only scalar matri-
ces commute with the image of ρη for η ̸= 0 ∈ H1(GF ,Qp(χ)). Finally,
we recall Lemma 5.1.7, which states that H2(GF ,Qp(χ)) = 0. Combin-
ing all of this, the long exact sequence associated with the short exact
sequence de�ning W2 becomes

0→ Qp → Qp⊕Qp → H1(GF ,Qp(χ))→ H1(GF ,W1)→ H1(GF ,Qp⊕Qp)→ 0.
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We now �nd that

dim H1(GF ,W1)+2 = 1+dim H1(GF ,Qp(χ))+dim H1(GF ,Qp⊕Qp).

Applying Corollary 5.1.5 and Corollary 5.1.6, we conclude that

dim (H1(GF ,W1)) = 1 + 2 + 2− 2 = 3,

completing the proof of the �rst claim. For the second, we look slightly
further along in the long exact sequence, to �nd

. . .→ H2(GF ,Qp(χ))→ H2(GF ,W1)→ H2(GF ,Qp ⊕Qp)→ . . .

Now again, by Lemma 5.1.7, the �rst and last terms here must vanish,
and as such, so will H2(GF ,W1).

Theorem 5.3.6. The tangent space tρη is 5-dimensional.

Proof. Using the isomorphism

tρη
∼= H1(GF , ad(ρη))

from Lemma 5.3.1, we reduce to computing the dimension of the latter
cohomology group. We now use the long exact sequence associated with
the short exact sequence de�ning W1. Recalling that

H0(GF ,Qp(χ)) = 0 and H2(GF ,W1) = 0

by Proposition 5.3.5 above, we conclude that part of this sequence reads

0→ H1(GF ,W1)→ H1(GF , ad(ρη))→ H1(GF ,Qp(χ))→ 0.

In particular, by Corollary 5.1.6 and Proposition 5.3.5, we �nd that

dim H1(GF , ad(ρη)) = dim H1(GF ,W1) + dim H1(GF ,Qp(χ)) = 5,

completing the proof.

With this in hand, we will next concern ourselves with the tangent
spaces associated with the two other deformation functors we introduced;

t�lρη := D�l
ρη(Qp[ϵ]) and tnoρη := Dno

ρη (Qp[ϵ]).
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Lemma 5.3.7. The space t�lρη is isomorphic to H1(GF , ad(ρη))⊕Q2
p.

Proof. By its de�nition and using Proposition 5.2.7, we have

t�lρη = Hom(R�l
ρη ,Qp[ϵ]) = Hom(RρηJX,Y K,Qp[ϵ]).

Now observe that we may choose the images of X and Y arbitrarily and
independently in the maximal ideal Qpϵ and can thus be speci�ed with
two additional numbers. We then obtain the isomorphism

Hom(RρηJX,Y K,Qp[ϵ]) ∼= Hom(Rρη ,Qp[ϵ])⊕Q2
p.

Finally, using Lemma 5.3.1, we �nd that

Hom(Rρη ,Qp[ϵ]) ∼= Dρη(Qp[ϵ]) ∼= tρη
∼= H1(GF , ad(ρη)).

This proves the result.

Proposition 5.3.8. A triple (Θ, λ1, λ2) ∈ H1(GF , ad(ρη)) ⊕ Q2
p corre-

sponds to a nearly ordinary deformation of ρη if and only if

c|Gp1
= λ1(1− χ) and χb|Gp2

= λ2(χ− 1), where Θ =

(
a b
c d

)
.

Proof. By its de�nition and using Proposition 5.2.9, we have

tnoρη = Hom(Rno
ρη ,Qp[ϵ]) = Hom(RρηJX,Y K/I,Qp[ϵ]),

where I = I1+I2 as in the proof of Proposition 5.2.9. In other words, the
tangent space tnoρη is identi�ed with those elements from Hom(RρηJX,Y K,Qp[ϵ])
for which all images of expressions generating the ideal I vanish inside
Qp[ϵ]. If

ρuniv =

(
α β
γ δ

)
,

then the ideal I is generated by the expressions

γ(x) + (δ(x)− α(x))X − β(x)X2 for all x ∈ Gp1 ;

β(y) + (α(y)− δ(y))Y − γ(y)Y 2 for all y ∈ Gp2 .

Now let φ ∈ Hom(RρηJX,Y K,Qp[ϵ]). By Lemma 5.3.7 above, there is a
unique triple (Θ, λ1, λ2) ∈ H1(GF , ad(ρη))⊕Q2

p such that

φ

(
α β
γ δ

)
= (1 + ϵΘ)ρη =

(
1 + aϵ χη + χ[ηa+ b]ϵ
cϵ χ+ χ[ηc+ d]ϵ

)
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and such that φ(X) = λ1ϵ and φ(Y ) = λ2ϵ. We can now compute the
constraints posed by the vanishing on I, using that ϵ2 = 0 to simplify
our expressions, to be

c = λ1(1− χ) on Gp1 and χη+ χ[ηa+ b]ϵ+ λ2(1− χ)ϵ = 0 on Gp2 .

However, η is chosen to be trivial on Gp2 , and as such, we obtain the two
expressions that we were to prove.

Lemma 5.3.9. There is a well-de�ned surjective homomorphism

f : H1(GF , ad(ρη))→ H1(Gp1 ,Qp(χ))⊕H1(Gp2 ,Qp(χ))

given by, adopting the usual notation for the components of Θ,

(Θ, λ1, λ2) 7→
(
c|Gp1

, b|Gp2

)
.

Proof. The proof of Theorem 5.3.6 showed the existence of a surjective
map

H1(GF , ad(ρη))→ H1(GF ,Qp(χ))

which is easily seen to be given by mapping Θ ∈ H1(GF , ad(ρη)) to
c ∈ H1(GF ,Qp(χ)). On the other hand, when restricting to Gp2 , by
virtue of η|Gp2

= 0, the representation ρη reduces to 1 ⊕ χ. Using
Lemma 5.2.1, it follows that also b|Gp2

∈ H1(Gp2 ,Qp(χ)). Combining
these two maps yields f . For its surjectivity, it su�ces to show that f
its not trivial on the second component. However, the map restricted
to the submodule H1(GF ,W2) of H1(GF , ad(ρη)) is clearly surjective,
completing the proof.

Proposition 5.3.10. The tangent space tnoρη is in bijection with ker(f).

Proof. For i ∈ {1, 2}, �x xi ∈ Gpi \ GL. Given Θ ∈ ker(f), we may
construct a nearly ordinary triple (Θ, λ1, λ2) using the association

Θ 7→
(
Θ, c(x1)/2, b(x2)/2

)
.

This is in fact nearly ordinary, because by virtue of Θ being in the kernel
of f , the cocycles c|p1 and b|p2 are coboundaries and as such, are given
by c|p1 = µ1(1−χ) and χb|p2 = µ2(χ− 1) for certain µ1, µ2 ∈ Qp. Using
that χ(xi) = −1 by construction, evaluating yields that µ1 = c(x1)/2
and µ2 = b(x2)/2 are uniquely determined. Comparing with Proposition
5.3.8, this shows that the triple is indeed nearly ordinary. Conversely,
to any nearly ordinary triple we may associate its �rst component Θ,
since by Proposition 5.3.8, for nearly ordinary triples, c|p1 and b|p2 must
be coboundaries, and thus Θ must in fact be inside ker(f) . Since these
operations are evidently inverse, this establishes the proposition.
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Corollary 5.3.11. The tangent space tnoρη is 3-dimensional.

Proof. Using Lemma 5.3.9 and Proposition 5.3.10 above, we have iden-
ti�ed this tangent space as the kernel of the surjective map

f : tρη → H1(Gp1 ,Qp(χ))⊕H1(Gp2 ,Qp(χ))

Using Theorem 5.3.6 and Corollary 5.1.6, we may now conclude that

dim tnoρη = 5− 2 = 3;

as claimed.

5.4 Representations on Hecke algebras

Let Tno := hn.o.
1,0 (K(p∞),Qp) denote the nearly ordinary Hecke algebra

as de�ned in [Hid89a] and sketched in Appendix A.5. We recall that this
inherently adèlic object is generated by Hecke operators Tl for prime
ideals l ⊂ OF with l ∤ p, and operators Uπi for i ∈ {1, 2} as πi ranges
over the uniformisers of OF,pi . Let E1,χ denote the parallel weight (1, 1)
Hilbert Eisenstein series as de�ned in Appendix A.2 and let

f := (1− Vp1)(1 + Vp2)E1,χ = E
(p)
1,χ

be the appropriate p-stabilisation that is core to all our arguments. A
priori there are four ways to p-stabilise E1,χ, corresponding with the signs
(+,+), (+,−), (−,+) and (−,−). The choices (−,+) and (+,−) yield
equivalent theories, but with the roles of p1 and p2 reversed. However,
the other two choices will not work for our purposes for two reasons. First
and foremost, from the proof of Lemma A.3.3, one easily deduces that
these two other choices do not yield a p-adic cusp form, and therefore
we have no hope of deforming it as one.

The second reason is more subtle, and it will manifest itself through-
out this section. If we choose the same sign twice, then associated with
this p-stabilisation is a nearly ordinary deformation problem in which
we would insist both Gp1 and Gp2 to �x a lift of the same line among
⟨e1⟩ or ⟨e2⟩. This is because the sign of the p-stabilisation is connected
to the quotient character of the associated nearly ordinary Galois rep-
resentation we are deforming. This character is χ for the line ⟨e1⟩ and
1 for ⟨e2⟩. Evaluated at pi for i ∈ {1, 2}, these characters yield −1 and
1 respectively. In this sense, our choice of p-stabilisation matches our
De�nition 5.2.8 of a nearly ordinary deformation.
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There are again two reasons for why it is important to work with
a deformation problem in which the stable lines for the decomposition
groups are lifts of di�erent lines. The �rst is that it enables us to carry
out the strategy that we will follow in this section; in particular, in the
proof of Proposition 5.4.10 we will use that the nearly ordinary condition
a�ects the lower left entry for one of the decomposition groups, and the
upper right entry for the other, cutting out a 1-dimensional subspace of
the 2-dimensional space H1(GF ,Qp(χ)). Without this information, it is
not obvious how to proceed.

The second reason for this importance is again rather subtle and will
only manifest itself in Chapter 6. To prove Theorem B, we will have to
take the diagonal restriction of an in�nitesimal cuspidal p-adic family of
modular forms with respect to the ideal D−1

F q1. However, as explained
in Remark A.3.6, its ϵ = 0 specialisation will not vanish. In view of
Lemma 2.1 in [DPV21], which requires this vanishing to ensure that
the derivative of such a family is still an overconvergent modular form,
this fact might jeopardise our strategy. However, we remedy this issue
by choosing in Section 6.2 a deformation in the so-called anti-parallel
weight direction, which ensures that the weight of the diagonal restriction
of our family remains constant. Then we may still use Lemma 2.1 in
[DPV21] to conclude that our derivative is an overconvergent modular
form by subtracting a constant family; we use this trick in the proof
of Proposition 6.3.1. The weight character for nearly ordinary modular
forms can be computed from the two quotient characters. If we had
been working with a deformation problem in which both decomposition
groups would have �xed lines lifting the same line, then the two quotient
characters would have been equal and we would not have had the freedom
required to write down a deformation with the properties that we need.

The modular form f = E
(p)
1,χ de�nes a morphism Tno → Qp by sending

a Hecke operator to its f -eigenvalue. Let T be the nilreduction of the
completion of the localisation of Tno at the prime ideal mf given by the
kernel of this morphism. Let K be its ring of fractions, which is a product
of �elds. Then Hida proved the following in [Hid89a].

Theorem 5.4.1. There exists a unique semisimple Galois representation
π : GF → GL2(K) with the following properties:

� π is continuous, odd and unrami�ed outside p;

� For each prime l ∤ p, it holds that

det(1− π(Frobl)X) = 1− TlX + ⟨l⟩Nm(l)X2;
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� For i ∈ {1, 2} there exist characters ϵi, δi : Gpi → T× such that,
up to equivalence, when restricted to Gpi , the representation π is
of the form

π(σ) =

(
ϵi(σ) ∗
0 δi(σ)

)
for σ ∈ Gpi .

� If we identify Gab
pi
∼= F×

pi through the arithmetic local reciprocity
map, then we have the identity δi(x) = Ux for all x ∈ F×

pi .

To obtain from this a deformation of ρη, we are to re�ne this represen-
tation in two ways. First, we must �nd a stable lattice inside K2 so that
we obtain a representation GF → GL2(T) instead, which we may then
reduce modulo its maximal ideal mf . Secondly, we must insist that this
reduction equals ρη. Let us achieve these two results in succession. The
former will turn out to consume most of the work. The techniques used
in this section re�ect strongly those employed in Section 4 of [DKV18],
but again see also the works [Poz19, BDP22, BD16, BDS20, BC06].

Lemma 5.4.2. There exist an element γ ∈ GF and a basis of {e1, e2}
of K2 such that χ(γ) = −1 and in addition,

π(γ) =

(
λ1 0
0 λ2

)
.

where λ1 ≡ 1 mod mf and λ2 ≡ −1 mod mf , and such that the unique
lines �xed by the subgroup Gpi for i ∈ {1, 2}, can be written as ⟨e1+yie2⟩
where yi ∈ K×.

Proof. This is the content of Lemma 4.3, Equation 64 in Section 4.2 and
Lemma 4.6 in [DKV18]. The fact that there must be a unique �xed line
comes down to the fact that π is irreducible, and the statement about
the lines being in general position is not deep considering K is a product
of �elds, and as such, almost all lines are of that form.

In any basis as in the lemma above, write

π(σ) =

(
a(σ) b(σ)
c(σ) d(σ)

)
for certain functions a, b, c, d : GF → K.
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Lemma 5.4.3. The functions a and d take values in T. In fact, it holds
that a ≡ 1 mod mf and d ≡ χ mod mf .

Proof. For any prime l ∤ p, using Theorem 5.4.1, we have that

a(Frobl) + d(Frobl) = Tr(π(Frobl)) = Tl ∈ T.

In other words, the continuous map Tr(π) : GF → K takes on inte-
gral values for every element Frobl for l ∤ p. By Chebotarev's Density
Theorem, these Galois elements are dense inside GF , and as such, by
continuity the result follows for all of GF . We may then observe that
also

λ1a(Frobl) + λ2d(Frobl) = Tr(π(γFrobl)) ∈ T.

Combining these two expressions and using that λ1−λ2 ∈ T× then yields
that a and d both must have integral image themselves, completing the
proof of the �rst claim. To see the second, we observe that Tl ≡ 1+χ(l)

mod mf because f = E
(p)
1,χ has eigenvalue 1 + χ(l) for the operator Tl.

Again, by continuity, this implies that for any σ ∈ GF , it holds that

a(σ) + d(σ) = Tr(π(σ)) ≡ 1 + χ(σ) mod mf

and as such, it also holds that

a(σ)− d(σ) ≡ λ1a(σ) + λ2d(σ) = Tr(π(γσ)) ≡ 1− χ(σ) mod mf .

Combining these two equations shows the claim from the lemma.

Lemma 5.4.4. For any σ, τ ∈ GF , it holds that b(σ)c(τ) ∈ mf .

Proof. This follows from the fact that π is a homomorphism;(
a(στ) b(στ)
c(στ) d(στ)

)
= π(στ) = π(σ)π(τ) =

(
a(σ) b(σ)
c(σ) d(σ)

)(
a(τ) b(τ)
c(τ) d(τ)

)
.

Comparing the top left entry then yields the equality

a(στ) = a(σ)a(τ) + b(σ)c(τ).

By the above, all values of a must be contained in 1+mfT, and as such,
the expression b(σ)c(τ) must be inside of mf for all σ, τ ∈ GF .

De�nition 5.4.5. Let B denote the T-submodule of K generated by all
elements of the form b(σ) for σ ∈ GF , and C the analogous submodule
using the elements c(σ).
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Lemma 5.4.6. There are well-de�ned injective maps

jB : HomT(B/mfB,T/mf )→ H1(GF ,Qp(χ)) : ϕ 7→ χ · (ϕ ◦ b);
jC : HomT(C/mfC,T/mf )→ H1(GF ,Qp(χ)) : ψ 7→ ψ ◦ c.

Proof. To show that the maps are well-de�ned, we write out the equa-
tions for the o�-diagonal entries we obtain when we require π to be a
homomorphism. These yield respectively that

b(στ) = d(τ)b(σ) + a(σ)b(τ) and c(στ) = a(τ)c(σ) + d(σ)c(τ).

We may now write out, using that a and d take values in T and as such
commute with the application of ϕ by its assumed T-linearity,

(χ · (ϕ ◦ b))(στ) = χ(στ)ϕ(b(στ))

= χ(στ)
(
d(τ)ϕ(b(σ)) + a(σ)ϕ(b(τ))

)
≡ χ(στ)

(
χ(τ)ϕ(b(σ)) + ϕ(b(τ))

)
mod mf

= (χ · (ϕ ◦ b))(σ) + χ(σ)(χ · (ϕ ◦ b))(τ),

showing well-de�nedness. A very similar calculation shows that ψ ◦ c ∈
Z1(GF ,Qp(χ)). It remains to show that, if the result is a coboundary,
then ϕmust have been identically zero, again because the proof for jC will
be very similar. So let us suppose that for some λ ∈ T/mf , it holds that
χ · (ϕ◦ b) = λ(1−χ). In particular, this means that GL ⊂ ker(χ · (ϕ◦ b)),
or equivalently, GL ⊂ ker(ϕ◦b). Any other element of GF can be written
as γτ for some τ ∈ GL. Using that b(γ) = 0, as can be read o� from the
matrix π(γ), we compute that

(ϕ◦b)(γτ) = d(τ)(ϕ◦b)(γ)+a(γ)(ϕ◦b)(τ) ≡ d(τ)·ϕ(0)+1·0 = 0 mod mf ,

showing that ϕ◦b is trivial everywhere. Since ϕ is de�ned on the module
generated by all the images of b, it must be trivial itself.

We continue to exploit the knowledge that π is nearly ordinary to
obtain certain local information about the entries b and c, which we will
later use to deduce further global properties of the modules B and C.
It is quite remarkable how a subtle dance between global properties and
information about local restrictions turns out to provide us with all the
conclusions that we need.
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Lemma 5.4.7. It holds that ϵ1 ≡ 1 mod mf and δ1 ≡ χ mod mf .
Similarly, it holds that ϵ2 ≡ χ mod mf and δ2 ≡ 1 mod mf .

Proof. We have seen before that Tr(π(σ)) ≡ 1 + χ(σ) mod mf for all
σ ∈ GF , so if we have shown the above claims for δ1 and δ2, the results
for ϵ1 and ϵ2 follow. To determine δ1, we recall from Theorem 5.4.1 that
δ1(x) = Ux for all x ∈ Gab

pi
∼= F×

pi . By construction, the p-stabilisation

f = E
(p)
1,χ = (1 − Vp1)(1 + Vp2)E1,χ is a Uπ1-eigenvector with eigenvalue

−1 for all uniformisers π1 inside F×
pi . Therefore, Uπ1 ≡ −1 = χ(p1)

mod mf and so δ1 ≡ χ mod mf ; the proof for δ2 is similar.

Proposition 5.4.8. The map c mod mfC is a coboundary when re-
stricted to Gp1. Similarly, the map χ ·b mod mfB is a coboundary when
restricted to Gp2.

Proof. We only show the claim about c mod mfC, for the result for χ ·b
mod mfB can be proved analogously. Let(

x y
z w

)
be the change of basis matrix that changes π into the upper triangular
form from Theorem 5.4.1 on Gp1 . Then it must satisfy for all σ ∈ Gp1 ,(

a(σ) b(σ)
c(σ) d(σ)

)(
x y
z w

)
=

(
x y
z w

)(
ϵ1(σ) ∗
0 δ1(σ)

)
.

By Lemma 4.6 in [DKV18], we may assume that x, z ∈ K×. Comparing
the bottom left entries, we obtain that

xc(σ) + zd(σ) = zϵ1(σ), or equivalently, c(σ) =
z

x

(
ϵ1(σ)− d(σ)

)
.

Choose any τ ∈ Gp1 such that χ(τ) = −1. Using Lemma 5.4.7 above
in combination with Lemma 5.4.3, we �nd that ϵ1(τ) ≡ 1 ̸≡ −1 ≡ d(τ)
mod mf , and as a result, it follows that ϵ1(τ) − d(τ) /∈ mf . In other
words, it belongs to T×. This shows that

z

x
= c(τ) ·

(
ϵ1(τ)− d(τ)

)−1 ∈ C,

since C was the T-module generated by the images of c. Therefore

c(σ) ≡ z

x

(
ϵ1(σ)− d(σ)

)
≡ z

x

(
1− χ(σ)

)
mod mfC,

which shows that c is a coboundary mod mfC on Gp1 .
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Corollary 5.4.9. The map c mod mfC is not a coboundary when re-
stricted to Gp2. Similarly, the map χ · b mod mfB is not a coboundary
when restricted to Gp1.

Proof. Again, we only show the claim about c mod mfC, for the result
for χ · b mod mfB can be proved analogously. Let us therefore suppose
that c is a coboundary when restricted to both Gp1 and Gp2 . We claim
that c is then a coboundary globally.

To see this, �rst note that c ∈ H1(GF , C/mfC) if the action of GF
on C/mfC is through the character χ. Indeed, by Lemma 5.4.3,

c(στ) = a(τ)c(σ) + d(σ)c(τ) ≡ c(σ) + χ(σ)c(τ) mod mfC.

Through a proof similar to that of Corollary 5.1.6, we may now conclude
that the natural restriction maps

H1(GF , C/mfC)
∼−→ H1(Gp1 , C/mfC)⊕H1(Gp2 , C/mfC)

induce an isomorphism; here we have implicitly used that C/mfC is a
�nitely generated module over T/mfT ∼= Qp, as shown in Lemme 4 in
[BC06]. Any cocycle that is a coboundary at the two places above p of
F , must thus have been globally trivial to begin with. It follows that
there exists some λ ∈ C/mfC such that c(σ) ≡ λ · (1−χ(σ)) mod mfC.
In particular, it follows that 0 = c(γ) ≡ 2λ mod mfC, and as such, it
follows that λ ≡ 0 mod mfC and hence C/mfC = 0. By Nakayama's
Lemma, it follows from this that C = 0 globally, and as such, c must be
the zero-cocycle. However, π is irreducible; this is a contradiction and
this completes the proof.

Proposition 5.4.10. Both B and C are free T-modules of rank 1.

Proof. Using the same argument as Lemme 4 in [BC06], it follows that
both B and C are T-modules of �nite type. We claim that it su�ces to
show that the images of the maps jB and jC are 1-dimensional inside
H1(GF ,Qp(χ)). Indeed, if this is true, by the injectivity established
by Lemma 5.4.6, using that T/mfT ∼= Qp, it would follow that the
space HomT(B/mfB,Qp) is 1-dimensional. In other words, B/mfB is
generated by a single element. Using Nakayama's Lemma, the same
must then hold for B itself, completing the proof. Of course, the proof
for C is analogous. Now, Proposition and Corollary 5.4.9 combine to
imply that both b and c will be locally trivial at precisely one of the
two places above p. These constraints cut out a 1-dimensional subspace
H1(Gpi ,Qp(χ)) ⊂ H1(GF ,Qp(χ)); this proves the proposition.



108 5. Deformation theory

Corollary 5.4.11. There exists a basis of K2 such that the image of
π takes values in T2 and is upper triangular mod mf . The T-module
spanned by these basis vectors is GF -stable.

Proof. By Proposition 5.4.10 above, we can �nd an element b0 ∈ B
generating the T-module B. Now consider the basis {b0e1, e2}, in which
π looks like

π(σ) =

(
a(σ) b(σ)b−1

0

c(σ)b0 d(σ)

)
.

Since B = T · b0, it follows that b(σ)b−1
0 ∈ T for all σ ∈ GF . By

Lemma 5.4.4, it further follows that c(σ)b0 ∈ mf for all σ ∈ GF . This
means that π takes values in T2, and as such, it stabilises the lattice
M = ⟨b0e1, e2⟩.

We now rescale our original choice of basis vectors as in the corollary
above, to avoid having to continue to take b0 with us in all our future
calculations.

Proposition 5.4.12. The representation π in the basis above is, up to
a scalar unit multiple of one of the basis vectors, a lift of ρη.

Proof. From Lemma 5.4.3 and the corollary above, we know that

a ≡ 1 mod mf , d ≡ χ mod mf and c ≡ 0 mod mf ,

so it su�ces to show that b(σ) ≡ λ · η mod mf for some λ ∈ Q×
p . Recall

that η is characterised up to such a scalar λ by being a generator for
the 1-dimensional subspace of H1(GF ,Qp(χ)) of cocycles that vanish on
the decomposition group Gp2 ⊂ GF . This means that it su�ces to show
that b(σ) ∈ mf for all σ ∈ Gp2 to complete the proof. However, we
already assume that b mod mf is a coboundary when restricted to Gp2 ,
and similarly to before, evaluating at γ then yields that b mod mf must
vanish on all of Gp2 . As a result, it must be a scalar multiple of η. Since b
mod mf cannot be trivial when restricted to Gp1 , as a result of Corollary
5.4.9, it follows that b mod mf is even a non-zero scalar multiple of η.
As such, we may scale the basis by a further unit to ensure equality,
completing the proof.

Finally, to conclude that π in any basis that satis�es the conclusion
from Proposition 5.4.12 is actually a deformation of ρη when it comes
to the speci�c nearly ordinary deformation problem at hand, it remains
to identify free direct summands of rank 1 inside T2 on which suitable
restrictions of π act scalar. We are given the existence of such lines in K2,
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and to obtain the necessary lines in T2, we follow the general reasoning
in the proof of Proposition 2.3.1 in [Poz19].

Theorem 5.4.13. Consider π from Theorem 5.4.1 in any basis satis-
fying the conclusion from Proposition 5.4.12. Then π de�nes a nearly
ordinary deformation of ρη.

Proof. It su�ces to exhibit for i ∈ {1, 2} a free direct summand Li of
rank 1 inside T2 which is stable under the restriction π|Gpi

and which
lifts ei. We demonstrate how to obtain L1; the construction of L2 is
analogous. Recall that we can �nd matrices satisfying(

a(σ) b(σ)
c(σ) d(σ)

)(
x y
z w

)
=

(
x y
z w

)(
ϵ1(σ) ∗
0 δ1(σ)

)
,

with x, z ∈ K×, yielding the equalities

b(σ) =
x

z

(
ϵ1(σ)− a(σ)

)
and c(σ) =

z

x

(
ϵ1(σ)− d(σ)

)
.

After this change of basis, the stable line for the image of π will be
generated by (

x y
z w

)
e1 =

(
x
z

)
.

If ϵ1 ≡ χ mod mf , we would �nd using identical reasoning as in the
proof of Lemma 5.4 that b mod mf must be a coboundary on Gp1 , con-
tradicting that c is already a coboundary there in view of Corollary
5.4.9. As such, it follows that ϵ1 ≡ 1 mod mf and again choosing some
τ ∈ Gp1 \GL, we �nd that

z1
x1

= c(τ)
(
ϵ1(τ)− d(τ)

)−1 ∈ mf .

where we used that c takes values in mf . We thus set

L1 =

〈(
1
z/x

)〉
.

Indeed, this line is �xed by π and as z/x ∈ mf , the line L1 reduces to
⟨e1⟩. This completes the proof.
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5.5 A modularity theorem

The goal of this section will be to prove an isomorphism Rno
ρη
∼= T. We

have already constructed the map; indeed, Theorem 5.4.13 claims that
there exists a nearly ordinary deformation π of ρη to T satisfying various
properties. By the universal property of Rno

ρη , this induces a map

T : Rno
ρη → T

that induces this deformation from ρuniv.

Lemma 5.5.1. The map T : Rno
ρη → T is surjective.

Proof. Let Λ = QpJX,Y, ZK be as de�ned in Section 2.2 and 3.1 in
[BDS20]. Both Rno

ρη and T carry a natural Λ-algebra structure and the
map T de�ned above is generally Λ-linear. Since T is generated over Λ
by the operators Tl, ⟨l⟩ and Ux for x ∈ OF ⊗ Zp, it su�ces to show that
these are contained in the image of T . We use the de�ning relation that
π = T ◦ ρuniv to show for l ∤ p that

T
(
Tr(ρuniv(Frobl))

)
= Tr

(
T (ρuniv(Frobl))

)
= Tr(π(Frobl)) = Tl.

Similarly,

T
(
det(ρuniv(Frobl))

)
= det(π(Frobl)) = ⟨l⟩Nm(l).

It now su�ces to consider the operators Ux for x ∈ F ⊗ Zp ∼= Fp1 × Fp2 .
Use the stable lines for ρuniv and π to construct bases. If we then let ∆
denote the bottom right entry of ρuniv, we then obtain for x ∈ F×

p1 that
T
(
∆(x)

)
= δ1(x) = Ux. The top-left entry yields the same result for

x ∈ F×
p2 , completing the proof.

To show that the map T : Rno
ρη → T must in fact be an isomorphism,

we use some general results from commutative algebra. Namely, it turns
out that we have now gathered enough data to proceed by commutative
algebraic considerations.

Lemma 5.5.2. Let k be a �eld and (A,mA) and (B,mB) be local k-
algebras. Suppose that dimk(mA/m

2
A) = dim(B) < ∞ and that there is

a surjective map of k-algebras A → B. Then A and B are both regular
local rings with the same �nite Krull dimension.

Proof. Write dimk(mA/m
2
A) = dim(B) = d. Using the surjective map

A→ B, it follows that dim(A) ≥ dim(B) = d. By Krull's Principal Ideal
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Theorem, see the Stacks Project [00KD], it also holds that dim(A) ≤
dimk(mA/m

2
A) = d. It follows that dim(A) = d and as such, A is regular.

Similarly, the existence of the surjection implies that dimk(mB/m
2
B) ≤

dimk(mA/m
2
A) = d. However, again by Krull's Principal Ideal Theorem,

we know that also dimk(mB/m
2
B) ≥ dim(B) = d. We conclude that

also dimk(mB/m
2
B) = d and so, B must also be regular and of the same

dimension as A.

Proposition 5.5.3. Let k be a �eld and let (A,mA) and (B,mB) be
Noetherian regular local k-algebras with the same �nite Krull dimension.
Then every surjective map f : A→ B must be an isomorphism.

Proof. Because f is a map of local rings, it follows that f(mA) ⊂ mB

and as such, f(mn
A) ⊂ mn

B for any integer n ≥ 1. This means that for
any integer n ≥ 1, the morphism f descends to a map

fn : A/mn
A → B/mn

B.

We will show that each fn is an isomorphism. Assuming this, it would
follow that f itself must be an isomorphism. Indeed, if f(a) = 0 for
some a ∈ A, then also fn(a) = 0 for all n ≥ 1 and as such, a ∈ mn

A for
all n ≥ 1. But by Krull's Intersection Theorem, see the Stacks Project
[00IP], we may then conclude that a = 0, completing the proof.

It remains to show that each fn is an isomorphism. We prove this
with induction, starting with the observation that the map A→ B/mB

∼=
k is a surjective map to a �eld, so its kernel must be a maximal ideal of
A. Since A is a local ring, it follows that this maximal ideal must be mA

and as such, f1 : A/mA → B/mB must be an isomorphism.
Now suppose that for some n ≥ 1, we have shown that fn is an

isomorphism. Consider the diagram

0 mn
A/m

n+1
A A/mn+1

A A/mn
A 0

0 mn
B/m

n+1
B B/mn+1

B B/mn
B 0

fn+1 fn

If we can show that the map mn
A/m

n+1
A → mn

B/m
n+1
B is always an iso-

morphism of k-vector spaces, then by the �ve lemma we would conclude
our induction step.

To this end, we let b1, . . . , bd ∈ mB be a k-basis of the tangent space
mB/m

2
B. Because f is surjective, we can �nd a1, . . . , ad ∈ A such that

f(ai) = bi for all 1 ≤ i ≤ d. Because f1 was an isomorphism, we
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know that even a1, . . . , ad ∈ mA. In fact, we claim that these elements
form a basis for the tangent space mA/m

2
A. Indeed, they are linearly

independent over k, for if they were not, we would �nd non-zero λi ∈ k
such that

d∑
i=1

λiai ∈ m2
A

f(·)
=⇒

d∑
i=1

λibi ∈ f(m2
A) ⊂ m2

B.

However, this contradicts the linear independence of the bi. By the reg-
ularity assumption and the fact that A and B have the same dimension,
their tangent spaces must also have the same dimension. This shows
that the map mA/m

2
A → mB/m

2
B induced by f is an isomorphism.

To �nish the proof, we appeal to Lemma 10.106.1 in the Stacks
Project [00NO], which implies that k-bases for mn

A/m
n+1
A and mn

B/m
n+1
B

are given by{
d∏
i=1

ani
i

∣∣∣ ni ≥ 0,
d∑
i=1

ni = n

}
and

{
d∏
i=1

bmi
i

∣∣∣ mi ≥ 0,
d∑
i=1

mi = n

}

respectively. Now we remark that

f

(
d∏
i=1

ani
i

)
=

d∏
i=1

bni
i

to conclude that f takes one basis to another, thus inducing an isomor-
phism of k-vector spaces. This concludes the proof.

Theorem 5.0.1. The map T : Rno
ρη → T is an isomorphism.

Proof. Corollary 5.3.11 shows that dim(tnoρη) = 3 and from Proposition
A.5.5, it follows that T is equidimensional of dimension 3. By Lemma
5.5.1, the map T is surjective. Now Lemma 5.5.2 implies that both Rno

ρη
and T are regular of the same Krull dimension; namely 3. Because they
are also Noetherian, Proposition 5.5.3 implies that the surjective map T
must in fact be an isomorphism, completing the proof.


