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CHAPTER 4

(Genus theory and quaternion
algebras
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In this chapter we carry out Step 1 of our p-adic analytic proof of
Theorem B as outlined in Section 2.4. First, we construct two exact
sequences using elementary arithmetic in biquadratic fields and basic
class field theory. Next, we will explore genus theory, a study pioneered
by Carl Friedrich Gaufs, which allows us to describe a map connecting
these two exact sequences to form a longer one. We proceed to define
an F-quadratic form detr on B, that refines the quaternion norm in the
sense that tr o detp = Nm and we give various formulae to compute it
concretely. Finally, we combine these preliminaries to prove the bijec-
tive nature of an explicit and purely algebraic construction that links
quaternions in a rational quaternion algebra with class number 1 (or
equivalently, with type number 1) to Op-ideals of a specified norm. This
construction is used to rewrite the left hand side of Theorem B into a
more useful form in Section 6.1.

Throughout this chapter, we will let ey € O} denote a fundamental
unit for the field F. By Dirichlet’s Unit Theorem, the group OF is,
up to torsion, also free of rank 1 and as such, we may also specify a
fundamental unit €, € O] . In particular, this means that

Of ={#£1} x (ep) and OF = pur, % (er),

where p, C OF denotes the finite subgroup of roots of unity in L.

Our efforts are aimed at studying By; the definite quaternion algebra
over Q with discriminant —¢. Recall that R, C B, denotes a maximal
order and that we assume that it is unique up to conjugation. In Section
4.4, we will explain how the two embeddings o; : O; — R, for i € {1,2}
allow us to view B, as a 1-dimensional L-vector space. In Section 4.5,
we explain how the set of all pairs of embeddings O; — B, for i € {1,2}
carries a faithful action of Pic(K7) x Pic(K3) and how one can associate
a reflex ideal q1 C Op to any pair of embeddings in the orbit of (aq, as).

For any choice of [¢1] € Pic(K7) and [co] € Pic(K3), we will show
the existence of an F-quadratic form detplc,co] : B, — F with the
property that tr o detp|c1, co] = Nm. The following is proved in [HY12]
and encompasses the main result of this chapter.

Theorem 4.0.1. For any v € F*, the number of triples
(b, [e1], [e2]) € (OF \ Ry /| OF) x Pic(K1) x Pic(K>)
satisfying the property that detp[ci, co](b) = v, equals p(uqleF).

Proof. The assumption that R, is the only maximal order of B, means
for i € {1,2} that any elliptic curve E; with CM by O; with supersingular
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reduction at ¢ must satisfy End(£;) = R,;. Then Hom(E, Es) = R, and
we may identify the form degqy; in [HY12] by the form detp introduced
above. Without defining Oy(v, E1, E3) here, we remark that the proof
of Proposition 2.18 in [HY12] shows that the quantity we are trying to
count is equal to

UMYX L X 1 q(¢): O(VanE):p(til’D )7
#0O; #@ Z Z R 1;[ ¢ 1, £2 1 Dr

[e1],[e2] PEB
detF[chcg}((b):y

where the second equality follows from Corollary 2.34 in [HY12]. O

In [HY12], this counting problem is tackled using an adélic approach,
which has the drawback that it is not very explicit. The main purpose
of this chapter is to describe an explicit bijection between the two sets
whose cardinalities are related in Theorem 4.0.1 in the case that the
quaternion algebra B has a unique maximal order, which has the added
benefit of being global and not adélic in nature. We sketch this now.

Any pair ([c1], [e2]) € Pic(K1) x Pic(K2) yields an L-vector space
structure on B and thus allows us to choose an L-linear isomorphism
t[er,¢a) © By = L. Even though this isomorphism is not unique, one
may define an L-ideal associated with b € B, by writing I[c1, ca]p =
tler, e2](b)/ifer, c2](Ry). The following is this chapter’s main result.

Theorem 4.0.2. For anyv € F*, the association (b, [c1], [ca]) = I[c1, calp
establishes a bijection between the set of

(b, [e1], [e2]) € (OF \ Ry /| OF) x Pic(K1) x Pic(K>)

with the property that detp[ci,co](b) = v and the sel of integral ideals
I C Op, such that Nmp p(I) = vq; 'Dr.

Before we start, we record here some important properties of the field
F' and the character x that we will use numerous times throughout all
remaining chapters.

Lemma 4.0.3. [t holds that x(Dp) = —1. In addition, ep > 0, and
therefore #Pic(F)T = 2#Pic(F).

Proof. The extension L/F is a CM-extension unramified at all finite
places, so x is totally odd and the first statement is immediate. There-
fore, the ideal (v/D) cannot be trivial in the narrow class group. If ep
were not totally positive, then (v/D) = (ezv/D) would have been trivial;
therefore er > 0. The final statement also follows. O
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4.1 Two exact sequences
To get started, we need the following simple lemma.

Lemma 4.1.1. The torsion subgroup pur, C OF is given by O7 OF.

Proof. For (, € L it must hold that ¢(n) < 4, where ¢ denotes Euler’s
totient function. This leaves only a few options: if n € {5,10}, then
L = Q(¢3) is not biquadratic. If (g € L, then L = Q({g) and L has
the quadratic subfields Q(i), Q(v/2) and Q(+/—2), but none of these
have coprime discriminants, so L = Q((g) is not among the fields we
consider. If (12 € L, then L = Q(¢12) = Q(4,v/3), satisfying the claim
from the lemma. In all other cases, the torsion of Of only defines at
most a quadratic extension of QQ, and as such will come from one of the
imaginary quadratic subfields of L. O

Proposition 4.1.2. The following sequence is exact:

N
1= {£1} = OF x OF U=, ox TP 0%+

Proof. We check each entry. Exactness at {1} is trivial. Exactness
at O7 x OF is also clear, because we assume D; # Dy and because
O = {£1} unless D € {—3,—4}, both unit groups only share {£1} in
all cases. It remains to prove exactness at O . Clearly, for any u; € O,
we have that

Nmy/p(u;) = Nmg, jo(ui) = 1,

because the norm from an imaginary quadratic field is positive definite.
For the other inclusion, let u € Of be given such that Nmy p(u) = 1.
By Lemma 4.1.1 above, we have

Op = (07 03) x (ex)

As a result, we may write that u = uluQe’Z for some u; € le and
ug € OF, so that

1=Nmp,p(u) = Nmp,p(u)Nmpp(ug)Nmpp(ef ) = Nmpp(ep)*.

So Nmyp p(er) € F'is a kth root of unity. However, F' is totally real, and
as such, it follows that if k # 0, it must hold that Nmy, p(er) € {£1}.
However, this would imply that the image of O} under the map Nmj, JF I8
at most {£1}, which is nonsense, as O C O} and on this free subgroup
of rank 1, the map Nmy p is just squaring. O
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Remark 4.1.3. Note that if u € Of, then
u? € 07O Nmy p(0f) C 070505

Indeed, since Nmg, /g is positive definite, it follows for any u € Of that
Nmy q(u) = Nmg, jo(Nmpk, (v)) = 1.

We may then employ the pretty trick of invoking the equality

u? = uQNmL/@(u) = w30y (u)oa(u)or(u)
= NmL/K1 (u) - NmL/K2 (u) - NmL/F(u)a
showing the claim. This also shows that

(05" : Nmp,p(O)] < 2.

There are natural maps Pic(K;) — Pic(L) by sending I C O; to the
ideal 10y, C Or. Multiplied together, these combine to form a map

Pic(K1) x Pic(K2) — Pic(L).
For the second exact sequence, we will again require a small lemma.
Lemma 4.1.4. For any [J] € Pic(L),
[J] = [or(J)] € Pic(L)/ (Pic(K1) x Pic(Ky)).

Proof. We use a trick similar to the one in Remark 4.1.3. Indeed, we
have that
Nmy g : Pic(L) — Pic(Q) = {0}

is the trivial map. As such, we find that

[J] = [J] + N q(J)] = 2[J] + [01(I)] + [o2(J)] + [07(J])]
= [Nmp g, (J)] + [Nmp g, (J)] + [or(])]
= [or(J)] mod Pic(K;) x Pic(Ka),
completing the proof. O

Proposition 4.1.5. The following sequence is exact:

. . . Nmp,r . + X
Pic(K;) x Pic(K3) — Pic(L) —— Pic(F)" = {£1} — 1.
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Proof. This time we start checking exactness on the left hand side. At
{£1} it is clear from the definition and the surjectivity of the restriction
map Gal(H}./F) — Gal(L/F). For exactness at Pic(F)", we employ a
commutative square from class field theory:

Pic(L) —=— Gal(H./L)

o] Jre

Pic(F)T™ —— Gal(H} /F).

The image of the norm map in the left column coincides with the image
of the restriction map on the right, which is equal to Gal(H}./L). By
definition, this equals the kernel of y. Finally, we show exactness at
Pic(L). First, similar to before, we have for any [I;] € Pic(Kj;),

Nmy,,p(li) = Nmp, o(i) € Pic(Q) = {0},

and as such, indeed [I;] will be in the kernel. We now let M C Hj, denote
the fixed field of the image of Pic(K;) x Pic(K2) inside of Pic(L) =
Gal(Hr/L). By the above, we may again use class field theory to note
that

Pic(K71) x Pic(K3) C ker(Nmy,/x)

if and only if
Gal(Hp/M) C ker(Gal(Hy /L) — Gal(H} /F)) = Gal(HL/H}).

As such, it follows that H?; C M. Tt also follows that to show exactness,
it suffices to show that the fields H;,E and M are in fact equal. To this
end, let 7 € Gal(Hp /L) be arbitrary. Then by class field theory, it corre-
sponds to some class [J] € Pic(L) and the class [op(J)] will correspond
to opTon’ € Gal(HL/L). We know that [J] and [op(J)] agree up to
Pic(K1) x Pic(K3), and as such, it follows that 7 and JFTO'EI agree in
the quotient group Gal(M /L), i.e. their restrictions to M coincide.
Note that M/L is unramified everywhere because M C Hp. Hence
M/F is only ramified at infinity. If it would be abelian, then by the
maximiality of H;C for these properties, it would follow that M C H;E,
completing the proof. Indeed, let 7 € Gal(M/L). Then the above says
that 7 = O‘FTO';1 on M. In other words, 7 and orp commute. Now
Gal(M/L) is abelian by definition of Hj, and since Gal(M/F) is gen-
erated by Gal(M/L) and o, all of which commute, it follows that the
whole group Gal(M/F) is abelian, as desired. O
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Our next goal will be to describe a rather subtle map O;’Jr —
Pic(K7) x Pic(K3) that connects the two exact sequences from Propo-
sitions 4.1.2 and 4.1.5. To do this, however, we will need some results
from genus theory.

4.2 Genus theory

We briefly review Gauk’s genus theory in the language of group coho-
mology. Throughout this section, we let I(F') denote the group of Op-
ideals and P(F') C I(F') the subgroup of principal ideals. Also, we let
P(F)* C P(F) denote the subgroup of principal ideals generated by a
totally positive element. Then by definition, we have

Pic(F) := I(F)/P(F) and Pic(F)" :=I(F)/P(F)".

I

Because F'/Q is of degree 2, its Galois group G := Gal(F/Q) = (o)
727 is cyclic. We may use the elements

N:=14+0 and A:=1-0

in the group ring Z[G] to define for any G-module the group H°(G, A) :=
ker(A) = A%, the group of o-invariants, and for any n > 1:
_ ker(N)

H*™ (G, A) = (A

AO'
im(N)

and H*(G,A) :=

which makes sense since NA = AN =1 — 02 = 0. We get to where we
want to be through a series of quick lemmas.

Lemma 4.2.1. [t holds that H'(G, F**) = 0 and H*(G,05") = 0.

Proof. For the first claim, let z € F** be such that Nm(z) = 1. We
must find y € F>** such that y/o(y) = x. The existence of such a
y € F* is assured by Hilbert 90, so it suffices to verify that it can be
chosen totally positively. Indeed, if not, then y/o(y) would be negative
under some embedding F' — R, contradicting that = > 0.

For the second, we take z € O5'" such that o(x) = z. This means
that x € Z*" = {1}, and as such, the cohomology group is trivial. [

Lemma 4.2.2. It holds that H'(G, 05" 2 72/27Z.

Proof. We consider those € O3 such that Nm(z) = 1. Because they
are totally positive, this set equals all of (’);’Jr. Since Oy = {£1} x
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€F), USIN emma 4.0.3, we find that = (ep). dince epo(ep) =
ing L 4.0.3, we find that 0" Si

Nm(ep) = 1, it follows that ek /o(ek) = €2, so the elements of the form

y/o(y) asy € O;’Jr form a subgroup of index 2. O

Lemma 4.2.3. It holds that P(F)"° /Q*% = Z/2Z. In addition, it
also holds that H*(G, P(F)™) = 0.

Proof. The short exact sequence defining P(F)™" reads
1Ot - F5F 5 P(F)T — 1.

Using that F7 = Q and Lemma 4.2.1, part of the long exact sequence
associated with this will then read

0— Q%" = P(F)™ - HY(G,05) = 0— HY(G,P(F)") - 0— ...

By Lemma 4.2.2, the first claim follows. Since the latter group we are
after is now in between two zeroes, it must be zero itself as well. ]

Lemma 4.2.4. It holds that Pic(F)*[2] = Pic(F)*7.
Proof. Note that for any ideal I € I(F), it holds that
I-0(I)=(Nm(I)) € P(F)*, and thus [I]+ [o(I)] =0 € Pic(F)*.
As such, it follows that
[I] € Pic(F)*[2] «= [I] =[0(])] € Pic(F)" <= [I] € Pic(F)™°,
as claimed. ]

Theorem 4.2.5. Let s denote the number of primes dividing D =
D1Dy > 0. Then Pic(F)"[2] is a finite abelian 2-group of rank s — 1,
generated by the ramified primes.

Proof. The short exact sequence defining Pic(F)™ reads
1— P(F)t = I(F) — Pic(F)" — 1.
As such, the start of its long exact sequence will read
1 — P(F)™" — I(F)? — Pic(F)"[2] — 1,

where we used both Lemma 4.2.3 and Lemma 4.2.4 above. It thus suffices
to determine the rank of

Iy I(F)7/QF | I(F)7/Q*F

P(F)y*e  P(F)ro/Q<+  Z/2Z
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where we again used Lemma 4.2.3. We complete the proof by establishing
an isomorphism
I(F) Q" =[] 2/2z,
r|D

in which we send an ideal I € I(F)? to the s-tuple {v,(Nm([))},p
mod 2. Since all ramified prime ideals v lying over r | D are fixed by the
Galois action, it is clear that this map is surjective. To show injectivity,
let I = o(I) be any ideal in the kernel. By dividing out v? = (r) € QT
enough times, we may assume without loss of generality that Nm(7) is
coprime with D. Similarly, we may divide I by any inert prime to assume
without loss of generality that I is only divisible by primes that split in
F/Q. But if (t) = to(t) for some prime ¢t and t | I, then o(t) | o(I) =T
and as such, it follows that even ¢ | I. Thus we may divide out such
primes too to find that there are no primes left to consider; I = (1) and
the claim is proved. O

In other words, the s ramified primes generate the 2-torsion in the
narrow class group but since its rank is s — 1, there must be some relation
between them. We wish to identify this relation explicity. It turns out
that the origin of this relation depends on the fundamental unit of F.

Theorem 4.2.6. There exists some yp € Op with the properties that
er =yr/o(yr) and Nm(yp) | D. Further,

> [l =0€Pic(F)".

r|Nm(yr)

Proof. Since ep > 0 by Lemma 4.0.3, it follows that Nm(ep) = 1. The
existence of some yr € F* such that yr/o(yr) = €p is then assured
by Hilbert 90. As in Lemma 4.2.1, it follows that even yr € F>T. In
particular it follows that (yr) = (o(yr)) and as such (yp) € I(F)°.
Using the same argument as in the proof of Theorem 4.2.5, it follows
that we may adjust (yr) by a rational number ¢ € Q to obtain an ideal
(cyr) of norm dividing D. Since cyr/o(cyr) = yr/o(yr) = €r, we may
rename cyp to yr to obtain Nm(yp) | D. Finally, it follows from its
norm that the ideal [(yr)] = 0 € Pic(F)" must factor as the product of
the prime ideals lying over the ramified primes dividing it.

It now remains to show that this relation is non-trivial. In other
words, we must exclude that Nm(yr) = 1, or equivalently, that y € O;’Jr.
However, this is immediate from the proof of Lemma 4.2.2, which shows
that the generator e of (’);’+ cannot be of the form yr/o(yr) if yp itself
is taken from (’);’+. O
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4.3 The key exact sequence
We can now describe the map
¢ : O = Pic(K1) x Pic(Ka)
whose existence was claimed before.
o If the map Nmk : OF — O3 is surjective, then ¢ := 0.

e Otherwise, we let ¢(ep) be the pair ([I1], [I2]) € Pic(K) x Pic(K?2)
where I and Iy are such that Nm(/;) - Nm(l2) = Nm(yr) | D,
where yr is as in the second part of Theorem 4.2.6.

Note that the I; for ¢ € {1,2} are uniquely determined as the product
over all primes in O; above the primes dividing ged(D;, Nm(yr)). We
now verify that these choices correctly combine the exact sequences from
Propositions 4.1.2 and 4.1.5. This connection requires a relation between
the sizes of the class groups involved in terms of the fundamental units
of the fields F and L. This relation is given by the analytic class num-
ber formula. Recall that the Dedekind zeta-function associated with a
number field M is defined by

Guls) = J] (1 Nmpgg(e)™) ™"
tCOpm

One conventionally writes (g = ¢, the Riemann-zeta function.

Proposition 4.3.1. The following equality holds true:

CL(s) - ¢(5)* = Ciy () - Cro () - Cr(5).

Proof. We use the Euler product expansion to reduce to showing an
equality between the factors contributed by a single rational prime r.
There are three cases: either r splits completely in L, or it is inert in
precisely two of the fields Ky, Ko and F' and split in the third, or it is
ramified in precisely two subfields. For primes of the first kind, we must
verify that

(=) (=) = (=) (=) (),
which is obviously true. For primes of the second kind, we check that

L= 2 (1) = (1= %) (1) (1-r7)>,
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which is again clearly true. In the final case, depending on the splitting
of the prime in the unramified field extension, we must check that

(=) () = ) () ()
and that
(=) (=) = (1= 17) (1= ) (1= %)
This completes the proof. 0

Recall the analytic class number formula for any number field M,

2" (2m)*Regprhm
UJM\/DM ’

where r denotes the number of real embeddings of M and s the number of
pairs of complex embeddings; Reg;, denotes the regulator, hys the class
number, wys the number of roots of unity and Dj; the discriminant. In
combination with Proposition 4.3.1, this yields the following.

lim (s —1)Cur(s) =

Proposition 4.3.2. The following equality holds true;
2]10g\eLHhL = ‘IOgIGFHfbthhF.

Proof. We obtain the following residues from the class number formula,
using Lemma 4.1.1 to write wy = wywa,

lim(s — 1){(s) = 1;

s—1
2mhy
li -1 = ;
lim (s = )G, (9) = — 2
2mho

ii_)rri(s — 1)Cr,(8) = m;

: _ Nlogler|lhr
ll_%(s - 1)CF(S) - m )

. (2m)°[logler Az
1 -1 = .
sl—IH(S )CL(S) wle\/DL/2

Hence Proposition 4.3.1 gives us that

(27")2“0g|6LHhL: 27Th1 ) 27Th2 .|10g‘€FHhF
wlng/DL/Q wl\/Dl UJQ\/DQ \/D1D2
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Cancelling some terms on both sides, we obtain
2|10g|€L||hL _ ‘10g|6F||h1h2hF
vDr, DDy ’

According to Theorem 3 in [Wil70], we have Dy, = D?D3 because we
assumed D; and Ds to be coprime, and as such, the equality reduces to
the one from the proposition. O

Theorem 4.3.3. With ¢ : O — Pic(K;) x Pic(K2) as defined at the
start of this section, the following sequence is exact:

1 {£1} OF x O o) o5
Pic(K1) x Pic(Ky) — Pic(L) —— Pic(F)* {1} 1.

Proof. By Proposition 4.1.2 and 4.1.5, it suffices to show exactness at
(’);’Jr and Pic(K7) x Pic(K2). Recall from Lemma 4.0.3, we know that
erp > 0 and 2hp = hJIE. We must distinguish two cases.

First suppose that the map O] — O;”L = (ep) is surjective, so
that ¢ = 0 by definition. The sequence is then trivially a complex,
so we reduce to showing that the map Pic(K;) x Pic(K2) — Pic(L) is
injective. To this end, we note that Nm¥(ez) = e and from Remark
4.1.3 we conclude that €2 € O;O5(ep). As such, €2 = (e for some
root of unity ¢, and by applying o to this expression, also op(ep)? =
¢ el Multiplying these two expressions yields Nm#(ep)? = ¢2F and so
it follows that k = 1. Taking absolute values, we find that |ez|?> = |ep|
and as such, 2log|er| = log|ep|. Appealing to Proposition 4.3.2, which
now yields that hy = hihohpr, we obtain that 2hy = hlhgh—; and so
Proposition 4.1.5 implies the desired injectivity.

It remains to examine the case in which e > 0 and the map O] —
O;’+ = (ep) is not surjective. We first show that our choice of ¢ makes
the whole into a complex. Indeed, the composition

OF — 03" % Pic(Ky) x Pic(Ka)

is trivial because Nm%(ez) = €2 maps to the pair ([I7], [I3]) € Pic(K1) x
Pic(K3y); these classes are trivial because I; and I are supported only
at ramified primes, which are all 2-torsion. Next, we note that

(er) = Ot % Pic(Ky) x Pic(Ka) — Pic(L)
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is always the zero map. Indeed, the ideal I1Is C Op by construction
contains the same primes as the ideal yrOp, so they must be equal.

Exactness at O3 is equivalent to the claim that ¢(ep) is nontrivial.
Suppose the contrary and write I} = (y1) and Is = (y2) for some y; € Oy
and yo € Q2. Now set u = yr/(y1y2) € L. Then it is immediate that
Nm(u) = 1. We even claim that v € Of. Indeed, its possible non-
zero valuations are supported on the ramified primes and by the norm
equality, one will divide yp if and only if it divides one of the y;. The
ramified primes in two quadratic subfields extend to the same primes in
L, hence they will cancel out. We may now compute that

2

mi(u) = uop(u) = Ui - vE _ __YF

= €F,

by construction of the element yr. This contradicts the norm map (’)Z —
O = (er) not being surjective.

Finally, as Nm%(ep) = €2, now, using an argument analogous to the
one used in the previous case, we deduce that log |er| = log|ep| in this
case. One final application of Proposition 4.3.2, combined with 2hp =
h;ﬁ, now yields that 4hy = hlhgh;ﬁ. Proposition 4.1.5 shows that the
kernel of the map Pic(K) x Pic(K2) — Pic(L) contains exactly 1 non-
trivial element. As the image ¢(ep) hits such an element, it surjects onto
the kernel and exactness of the whole sequence has been established. [

4.4 An F'-quadratic form

We now pivot to a seemingly unrelated algebraic construction, which
mimics the construction of the form degcyy in [HY12] and which will
turn out to be intimately linked with the results proved hitherto. The
setting for the remainder of this chapter will be as follows.

Recall that we fixed two embeddings «; : K; — By for i € {1,2}.
This turns By into a 1-dimensional L-vector space as follows. Let x € K1
and y € Ka. Then the action of the element zy € L on some vy € By is
defined by (zy) * v := a1(x)yaz(y). We may extend this definition to
the whole of L by Q-linearity and the observation that L = K7 ® Ko.
Since [L : Q] = [By : Q] = 4, indeed B, must be 1-dimensional over L.

For notational convenience, we define

A= 061(\/D71) and B := ag(@).

Note that A% = a1(v/D1)? = a1(D1) = D; and similarly B> = Ds.
Furthermore, as they are traceless, we have A = —A and B = —B.
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The goal of this section is to refine the usual Q-quadratic norm form
Nm : B; — Q to an F-quadratic form B, — F whose trace to Q coincides
with the reduced norm pairing. To this end, let us commence with a brief
intermezzo on linear algebra over various base fields. In the forthcoming,
both K and M number fields such that M/K is a finite extension. Let
V be a finite dimensional M-vector space.

Lemma 4.4.1. Every K-linear map f:V — K is uniquely of the form
trar/i © g for some M-linear map g : V. — M.

Proof. Let d = dimp (V) and n = [M : K], so that dimg (V) =
nd. It is then obvious that the set {f : V — K | fis K-linear}
is an nd-dimensional K-vector space. Similarly, the set {g : V —
M | g is M-linear} is a d dimensional M-vector space, and hence also
an nd-dimensional K-vector space. Composing with the trace gives a
K-linear map between these two vector spaces, so to establish the bijec-
tion it suffices to show injectivity. If tr o g = 0, then restricted to any
1-dimensional M-subspace V' of V, the map trogly : V! 2 M — M is
the zero map. Every M-linear map M — M is given by mutliplication by
some element a € M. However, since the trace form is non-degenerate,
the trace of this map is only identically zero when a = 0. It follows
that g|;, = 0 for all 1-dimensional V' C V, and thus g = 0, proving the
injectivity and hence the claim. O

Recall that a K-bilinear form f: V xV — K is called M-equivariant
it f(v, \w) = f(Av,w) for all v,w € V and A € M.

Lemma 4.4.2. Every M-equivariant K-bilinear form f:V xV — K
18 the trace of a unique M -bilinear form g:V xV — M.

Proof. Let w € V be arbitrary. Then the map f(—,w) : V — K is
K-linear and thus by the above uniquely of the form tr(g,(—)) for some
M-linear map ¢, : V. — M. We claim that the formula g(v,w) = g (v)
constitutes the desired M-bilinear map. This is clearly M-linear in the
first component. For the second, for A € M, note that since

tr(gw1+)\w2 (U)) = f(v7w1 + Aw?) = f(U, wl) + f(va )\’U)Q)
= tr(gw; (v)) + f(Av, w2) = tr(gu, (v) + Agw, (v)),
the non-degeneracy of the trace allows us to conclude that gy, +iw, =

Gw, + Aguw,. This establishes M-linearity in the second argument. The
uniqueness is clear from the construction. ]
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Proposition 4.4.3. There exists a unique F-quadratic form detp :
By — F with the property that trp/g(detr(v)) = Nm(y) for all v € By.
In addition, detp(7) is totally positive for any v € By

Proof. Consider the Q-bilinear form

fi:Bgx By —Q:(71,7) = tr(miz) /2.

We claim that it is F-equivariant. Indeed, by Q-linearity it suffices to
compute, using cyclicity of the trace, that

f (\/5* 71,72) = tr (A1 B7) /2 = tr (iAy2B) /2= f (71, VD x 'yz) ;

where we used the anticommutivity of conjugation. We may then apply
Proposition 4.4.2 to the F-equivariant quadratic form f(v,v) = Nm(y)
to obtain a unique F-bilinear form g : B, x B; — F whose trace equals
f. It follows that detp(x) = g(x, ) satisfies the required property.

It remains to verify that its values are totally positive. Let v € B
be arbitrary and write detp(y) = a for convenience. Since detp is F-
quadratic, we have that detp(zy) = 22a for all x € F. Since B, is
positive definite, it follows that tr(z2a) > 0 for all x € F*.

Identify a with its image under one of the real embeddings, so that
o(a) is the image under the other. We see that a + (o(z)/x)%0(a) > 0
for all possible x € F*. Choosing any € F* with |o(z)| < |z| ensures
that lim, o (o(x)/x)™ = 0; whence a > 0 and similarly o(a) > 0. O

Even though it is convenient to know that a form
detp : Bq — F

satisfying the properties from Proposition 4.4.3 exists, it might also be
desirable to be able to compute it. It is natural to start with identifying
the F-bilinear form g : B, x B; — I whose trace is supposed to equal
the Q-bilinear form f : By x By = Q : (71,72) — tr(7172) /2. This is
established in the next lemma.

Lemma 4.4.4. The form

tr(v172) n tr(Ay1 B¥2)

: B B F:
g qX q_> (71?72)'_) 4 4\/E

is F'-bilinear and satisfies tro g = f.
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Proof. The second property is clear, and so by Q-linearity it suffices to
show that

g(\/ﬁ *91,72) = \/59(71,72) =g, VD x V2)
for any v1,v2 € By. To this end, we compute that

tr(Av; B7)  tr(A%y B%*y
g(\/f)*%?,m): r(Ay ’YQ)+ r(A*y1B*3)

4 4D
A~v1 B Ao
:tf( " B72) +\/5tr(7172)
4 4
2\/59(71,72)-

Similarly, we may use cyclicity of the trace to compute that

t Ao B tr(Av1 BAv B
9(71,\/5*72)= r(y1 A2 )+ r(Av Y2 B)

4 4D
_ tr(nB7RA) 4 tr(Ay1 B*724)
4 4vD
tr(Av, By tr(A%y1 %
_ wAnBR) | 5 0(Ann)
4 4D
= VDg(y1,72);
this proves the lemma. ]

Corollary 4.4.5. It holds that

N A~y B¥
detp: By — F iy m('y)+tr( i 7).

2 4vD
Proof. This is immediate from the above by restricting to the diagonal
where v1 = 79, as this is how detr is constructed. O

We next want to relate this expression to the fixed points 7, 7/ for
the actions of K; for C, for i € {1,2}. The following lemma connects
the trace above to these fixed points.

Lemma 4.4.6. Let a,b,c € C, be such that 11 is a root of the polynomial
aT? + bT + ¢, normalised such that a equals the bottom left entry of A.
Let v € By be arbitrary and let x,y,z € C, be such that ym> is a root of
the polynomial xT? + yT + z, normalised such that x equals the bottom
left entry of YBy~'. Then

—2tr(AyB75) = (2cz + 2az — by)Nm(7).
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Proof. We prove this first for v = 1, and we write
A= (%1 2 and B = bt .
s3 —81 t3 —t1

$1t1 + satg  sito — sotq
83ty — s1t3  s3ta + s1t1

Then

tr(AB) = tr ( ) = 2s1t1 + Sots + s3to.

Since the matrices A and B fix 71 and 7o respectively, these numbers
must satisfy the equations

837—12 - 2317—1 — S92 = 0 and t3T22 — 2t1’7’2 — 1o = 0.
Now note that the discriminants of these equations are given by
A(sT + s2s3) =4D1  and  4(t] + tat3) = 4Ds

respectively, where these equalities are a result of the equations A% = Dy
and B? = D respectively. It follows that

(a’7 b7 C) = (837_2817_82) a“nd (x7y7 Z) = (t37_2t17_t2)'
We may then finally compute that
2cx 4 2az — by = —2s9t3 — 253t — 4s1ta = 2tr(AB);

this proves the claim for v = 1. Now for arbitrary v € By, consider the
embedding o, : Ky — By defined as yas(—)y~!. It is easy to see that
now 7o is a fixed point for the image of o). For these two embeddings,
the special case above implies that

—2tr(AyBy 1) = 2cx + 2az — by.

Multiplying both sides by Nm(7) and using that y~! = 5/Nm(y) then
vields the desired formula. O

Corollary 4.4.7. Let a,b,c,x,y,z € C, be as in Lemma 4.4.6. Then

1 2 2az — b
detp : By — F : v~ Nm(y) <26$_;\/a52y>.

Proof. This is a direct consequence of combining Corollary 4.4.5 and
Lemma 4.4.6 above. O
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The following is crucial, though it will require a slightly laborious
computation to verify. However, it will allow us to deduce the expression
for detp that will be most useful for our purposes. We invite the reader
to compare these expressions to Equation 2.2.

Proposition 4.4.8. Let a,b,c,x,y,z € C, be as in Lemma 4.4.6. Then

(11 —ym)(m] — 1) 1 L 2cx + 2az — by

(1 — 7)) (Y2 —y74) 2 VD

the change of sign being caused by exchanging 7;, 7, for some i € {1,2}.

Proof. We may label the two roots 7 and 7 of aT? +bT + ¢ in such way
that 7 —7] = 2v/D1/a, which follows from its equation and discriminant.
Similarly, we choose 75 and 74 in such a way that yr» — 74 = 2¢/Da/x.
Then one computes that

(n =) =) _ (= ym)(ef =)

(11— 1) (72 —773) 4/D

One may now expand (11 — y72) (7] — y74) to find it equals

<—b+2¢ﬁ1_ —y+2\/D7> <—b—2¢ﬁ1_ —y—2m>

2a 2x 2a 2x
(—bz + 22v/D1 + ay — 2av/D3)(—bx — 22/D1 + ay + 2a\/Dy)
- (2az)2
(b? — 4D1)z? + a®(y? — 4D3) — 2axby + S8ax\/D1 Dy
- (2ax)?
4acz? + 4a’xz — 2axby + 8axv/D
- (2ax)?
2cx + 2az — by + 4V D
- 2ax ’
Combining this with the above proves the proposition. O

Theorem 4.4.9. The form detp : B, — F is given by

(11— y72) (1] —773)

detr ) =N e m =y

for all v € By and where 7; and 7] for i € {1,2} are the fixed points for
the action of the image of a; : Oy — By — M3(Q)) on C,.

Proof. This follows from combining the results of Corollary 4.4.7 and
Proposition 4.4.8 above. O
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4.5 From quaternions to ideals

The goal of this section is to prove Theorem 4.0.1 from [HY12| using an
explicit, global bijection. Recall that the embeddings a1 and s turn B,
into a 1-dimensional L-vector space, and as such, we may choose some
isomorphism

L: By Ny

of L-vector spaces. We use this to define for any b € B, the ideal
Iy :=u(b)/u(Ry) C L.

Lemma 4.5.1. The set «(Ry) defines a fractional ideal in L and for any
b € Ry, the ideal I is both integral and independent of the choice of
isomorphism v : By = L of L-vector spaces.

Proof. Recall that a fractional ideal in L is a finitely generated sub-Op-
module of L, so since it is clearly finitely generated, for the first claim
it suffices to verify that ¢(R,) is an Op-module. To this end, we observe
that if x € O7 and y € Oy, it follows that for any b € R,

(@y)u(b) = t((zy) x b) = v(ar(2)baz(y)) € u(Ry),

because for i € {1,2}, the embeddings o;; map O; into Ry, so that indeed
ai(z)baz(y) € Ry. Now to complete the proof of the first claim we need
merely observe that, by the coprimality of Dy and Do, we have

Op = 01 @z Os.
To see that I;, is an integral ideal for any b € R, by definition
R ={z€L|2(R,) COL},

so that indeed for any z € ((R;)™1, it holds that in 2.(b) € Of, whence
I, C Op. Finally, to see the independence of I from ¢, we note that any
two isomorphisms of 1-dimensional L-vector spaces agree up to a scalar,
so any other ¢/ can be written as A for some A € L*. Then indeed

Y)W (R = (b) - {ze L |2/ (R) COL}
={\(b)z € L| Aze(Ry) C Or}
={ub)Z € L|2u(R,) C O}
= u(b)e(Ry) ™,

using the bijective substitution 2’ = Az. O
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It is through the norm of the ideal I, from L down to F' that the
importance of the form det : B; — F' from the previous section becomes
apparent. We will use some of the results proved in [HY12]. Their
strategy to compute this norm is to do this locally at every prime. There
are two cases to consider: those primes above ¢, and all the others. This
gives rise to the following two results from [HY12], the proofs of which
we do not include here for to avoid needless repetition.

Proposition 4.5.2. Let £ # q be any prime number. Then there is
some Oy € FZX that is a generator of the Opy-ideal Dpy such that we
may choose the isomorphism v : By — L in such a way that

detp(—) = &, "N, /g, (e(-))
and such that ¢ takes Ry ®7 Zy to Opy.
Proof. This is Lemma 2.16 in [HY12]. O

To state the second result, we must define the reflex ideal of O above
the rational prime ¢ associated with the pair of embeddings oy, as. Let
IT € R, be an element of norm g. Then the reflex ideal is defined as

Fker (O — Ry = Ry/TI=TFp),

where the first map, given by z — z % 1, is not a ring morphism, but
by the commutativity of the rightmost ring, it is not difficult to see that
this composite is actually a ring morphism and as such, defines an ideal
in Op. We make our choice of q1,q2 C Op in such a way that q; is the
relevant reflex ideal for the fixed pair of embeddings aq, as.

Proposition 4.5.3. For some 8 € F = Fy; x F5 such that vg, (8) = 1
and vq,(B) = 0 we can choose v in such a way that

detp (=) =B Nmy, /5, («(-))
and such that v takes Ry @7z Zq to Op 4.
Proof. This is Proposition 2.22 in [HY12]. O
These two results combine to prove the following key result.
Proposition 4.5.4. For any b € By, the ideal Ij satisfies

Nmy, p(I,) = detp(b)q; ' Dp.
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Proof. By unique ideal factorisation into primes, it suffices to check the
claimed equality everywhere locally. First consider any prime £ # gq.
Then on the right hand side, we have the ideal detp(b)Dpy. On the
left hand side, we use the independence of I, from our choice of ¢ to
make the choice from Proposition 4.5.2. This maps +(R) ™! simply to the
unit ideal, whereas from dety(b) = 6, 'Nmy, o/, (¢(b)) it follows that the
ideal generated by the norm of ¢(b) agrees with dydetr(b). By definition
of &y, these two ideals agree. For the primes above ¢, the argument is
similar, now noting that the right hand side of the theorem localises to
detF(b)qf1 because we assumed ¢ to be coprime to Dy and Dy. As
from Proposition 4.5.3 generates the ideal qi, the claim follows. O

Lemma 4.5.5. Let u; € O fori € {1,2}. Then for any b € By,
det p(ujug *x b) = detp(b).

Proof. We use Corollary 4.4.5 to reduce the lemma to observing that
Nm(ujug * b) = Nm(uibug) = Nm(b) by multiplicativity, and

tr(A(uyusg * b) B(uiug * b)) = tr(Auibus Buzbuy)
= tr(uyuy AbBugtizh) = tr(AbBb),

using both cyclicity of the trace and the fact that u; € K7 and us € Ko
commute with A and B respectively. O

Any attempt at constructing a bijection between quaternions and
ideals using only one choice of embeddings is doomed to fail for the
simple fact that «(R,), and as such I, will always be in the same ideal
class. We must take into account the action of the Picard groups on the
embeddings, the definition of which we shall now recall. Recall that we
assume that B, has class number 1. Under this assumption, Corollary
30.4.23 in [Voi21] gives us group actions of Pic(K;) for i € {1,2} on the
set of R -conjugacy classes of embeddings O; — R,. For [J] € Pic(K7),
this action is given by

[J]-a1(=) = a(—)¢ where a1(J)R, = ER,.

The action of Pic(K3) is similar, but now as(J) acts from the right.
From now on, we will write ¢[c1, ¢2] for an isomorphism of 1-dimensional
L-vector spaces B — L where B is equipped with the L-vector space
structure induced by the embeddings [c1] - a1 and [c2] - aa, where [¢1] €
Pic(K1) and [c2] € Pic(K3) are any representatives. This leaves some
ambiguity coming from conjugation by R, but this does not affect the



82 4. (ENUS THEORY AND QUATERNION ALGEBRAS

counting problem we aim to solve, so we may ignore it. Further, let
I[eq, ca]p denote the ideal associated with b using the embedding ¢[ey, co]
and let detp[ci, co] be the resulting F-bilinear quadratic form.

Proposition 4.5.6. Let [c1] € Pic(Ky) and [co] € Pic(K2) be given.
Then the class of I|[c1, caly inside of Pic(L) is given by [c1] + [ca] + [I).

Proof. 1t suffices to show this for [c2] = 0 € Pic(K3), for two applications
of this special case are enough to deduce the general case. Let now
J C O; be any ideal and let ./ be any L-vector space isomorphism
/! B — L using the modified action (zy) *xb = ([J] - a1)(z)baz(y). We
must show that

[V(Rg)] = [(Rg)] + [J] € Pic(L).

Without loss of generality we set +(1) = /(1) = 1, so that «(z x 1) =
xt(l) = x for all x € L and similarly for x. If z = yz for y € K; and
z € Ky, we may then write that

z€l/(Ry) < wzx1€R, < (yz)x1€R,
= (J-a)Waz(s) € By > € ar(y)éas(z) € R,
= ar(y)fas(z) € {Rg = au(J) Ry
— (yz)xf€ca(J)Ry <= xzx{€a(J)Ry
= x(§) € u(J)(Ry) = JL(Ry).

This holds for all z € L by linearity. Since ¢(§) is a fixed scalar, it follows
that [(/(Rq)] = [t(Rq)] + [J], as desired. O

The following result connects this construction with the most subtle
part of the exact sequence from Theorem 2.3.3. Indeed, now the explicit
map ¢ : O — Pic(K7) x Pic(K3) comes into the picture. The follow-
ing proposition relates the values of the detp-function for two pairs of
ideals in Pic(K7) x Pic(K2) whose image in Pic(L) are the same.

Proposition 4.5.7. Let ([c1], [c2]), ([d1], [d2]) € Pic(K7) x Pic(K2) be
two distinct pairs satisfying that [c1] + [c2] = [di] + [d2] € Pic(L). Then

detF[cl, CQ](Rq) Nep - detp[dl, dz](Rq) 75 g,

where detp[—, —](Ry) denotes the set of values of detp|—, —| on the ele-
ments of Ry.
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Proof. The existence of such distinct pairs is by Theorem 4.3.3 ensured
when Nm#%(O7) does not surject onto (’);’Jr, so we find ourselves in this
case. For notational convenience, we will also assume that ([d1], [d2]) =
([0],[0]), so that ([c1],[c2]) = ¢(er). The reader will find it easy to
deduce the general case from this special one.

Denote the form induced by ([c1], [c2]) by det’z. We observe that it
suffices to establish an element b € R, such that det’z(1) = ep detp(b).
Still under the simplifying assumption that R, has class number 1, we
may choose &1,& € Ry such that aq(c1)Ry = §1 Ry and Ryaa(ca) = Ryéo.
We then claim that

, _ Nm(&)
f.Bq—>F.b|—>Nm(§2)

satisfies the defining property for det’:(b). Indeed,

=

Also, it is F-quadratic for the action x induced by the embeddings o =
§1a1§f1 and of, = £2a2§;1, because

det p(6710E2).

Tr(detp (& b)) = Nm(¢; 'b€2) = Nm(b).

FVD xb) = S o (6016100 (VD) 6202 (V/Da)65 162)

detF(\/E* (51_1552) =D - f(b);

proving our claim. By considering the index of both ideals, it must
follow that Nm(§;) = Nm(¢;) for ¢ € {1,2}. By our definition of the
connecting map ¢ in Theorem 4.3.3, we thus have Nm(&1£2) = Nm(yp)
where yr/o(yr) = ep. We now set

_ o(yr)
Nm(§2)

Indeed, using the F-linearity of detp, we compute that

«(§'&) € Ry

epdetr(8) = 2 sdety (0L (616) ) = 2005 (o)

_ Nm(yr) Nm(&2) ot (1) — dot’
~ Nm(&)? Nm(«fl)d tr(1) = detp(L),

as claimed. This completes the proof. O
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We are now ready to prove the main result of this chapter.

Theorem 4.0.2. For anyv € F, the association (b, [c1], [ca]) = I[c1, calp
establishes a bijection between the set of

(b, [c1], [e2]) € (OF \ Ry /| OF) x Pic(K1) x Pic(K>)

with the property that detplci, ca](b) = v and the set of integral ideals
I C Or, such that Nmp, p(I) = uql_lDF.

Proof. Well-definedness of the association has already been established.
Our strategy is to take some ideal I C Oy, with norm as described and
to reason that there is a unique triple (b, [c1], [c2]) mapping to it.

We start by observing that I maps under the norm map to the ideal
class of [q~'Dp] inside Pic(F)". Similarly, for any given (b, [c1], [c2]), we
have by Proposition 4.5.4 that the ideal class of Nm&(I[cy, ea]p) equals
the class of [(7'Dp] as well. By Theorem 4.3.3, these two ideal classes in
Pic(L) must therefore differ up to an element from Pic(K7) x Pic(K2).
Using Proposition 4.5.6, this means that there exist [¢1] € Pic(K7) and
[c2] € Pic(K3) such that the class [I] agrees with the class [I[c1, ca]p] for
any choice b € B,.

The ambiguity in the choice of ([¢1], [c2]) € Pic(K7) x Pic(K2) here
is, by Theorem 4.3.3, measured by O;’+/ Nmy,p(Of). On the other
hand, for any such choice of ([c1],[c2]), the ideal I - i[c1, co](Rq) will
be principal. Because t[cq, 2] is bijective, we find some b € B, with
I -1, c2)(Rq) = (te1,c2](b)); in other words, we obtain some b € B,
with I = I[e1, c2]p. Using Proposition 4.5.4, comparing norms to F' yields
that detp(b) € F' and v € F generate the same Op-ideal, and as such,
they must agree up to a unit from (9;’+, where we used that detp(b)
and v are both totally positive. We may only modify b by an element of
Of without changing I[c1, ca]p, which will modify det(b) by an element
of Nmp,,»(OF) by a computation similar to that in the proof of Lemma
4.5.5. The failure to equate dety(b) and v is thus again measured by
(’);’J“/ NmL/F((’)Z). By Proposition 4.5.7, there is a unique choice of
([e1], [e2]) such that this obstruction can be lifted.

We make this choice and find some b € By such that I = I[cq, oy
and detp(b) = v. Because the first condition determines b uniquely up
to multiplication by an element u € O and Nmk(u) = 1 if and only if
u € O] OF, this shows that b is determined uniquely up to an element
from OO. By Lemma 4.5.5, this ambiguity remains. To complete the
proof, we must still show that b € R,;. One can check this locally using
Proposition 4.5.2 and Proposition 4.5.3; in this instance, we opt to leave
the details to the reader. O



