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CHAPTER 3

Moduli of false elliptic curves
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Assisted by the PhD thesis written by Andrew Phillips [Phil5]|, this
chapter aims to approach Theorem A geometrically to give a first proof
of Giampietro’s conjectures. We stress here once again that using these
results, our proof of Theorem A is rather straightforward. Therefore,
the weight and novelty of this thesis rests mostly on the forthcoming
chapters instead. Throughout this chapter, we fix N € {6, 10, 22}.

Recall that modular curve Xo(1) acts as a coarse moduli space for
the set of elliptic curves up to isomorphism. This is done by sending
7 € H to the elliptic curve E. = C/A; where A; = Z + Z7. As one can
choose various bases for the lattice A, this induces a bijection

Yo(1) = SLa(Z) \ H = {E/C an elliptic curve}/ iso.

A similar construction realises Xy as the coarse moduli space of false
elliptic curves; roughly speaking, these are abelian surfaces A with the
property that the maximal order Ry C By embeds into the endomor-
phism ring of A. We say that such surfaces have quaternionic multipli-
cation by Ry. To 7 € ‘H one associates the lattice

A, = Ry - G) cC2.

By construction, this lattice is stable under left-multiplication by Ry and
as such, this maximal order embeds into End(4;), where A = C?/A..
This association yields a bijection

Xn(C) =Ry \H = {A/C a false elliptic curve}/ iso.

We use this description to illustrate why it is natural to define CM-points
on the Shimura curve Xy as the fixed point in H for the action of the
fields K; on H through some fixed embeddings o; : O; — Ry for i €
{1,2}. Roughly, we say a false elliptic curve A has CM by an imaginary
quadratic order O if there exists an embedding O — Endpg, (A); in other
words, there must be a subring of endomorphisms isomorphic to O that
commutes with the given subring of endomorphisms isomorphic to Ry.
The following lemma explains that with these definitions, CM-points on
X correspond to false elliptic curves with CM.

Lemma 3.0.1. Let P € H be the fized point for the action of some
embedding a; : O; — Ry. Then P € Xy corresponds to a false elliptic
curve with complex multiplication by O;.
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Proof. Let A = C?/Ap with Ap as defined above. We must find for any
z € O; an endomorphism k(z) that commutes with the Rj-action on A.
Note that if for some z € O,

0i(z) = (Z Z) then  ay(x) - (f) - (gig) — (cP+d) (113)

So we set k(x) to be scalar multiplication by ¢cP +d on A = C?/Ap. It
remains to show that this is a ring homomorphism. To this end, choose
an embedding K; — C and assume without loss of generality that ¢ > 0
if and only if x € H. This is possible since a;(y/D;) cannot be upper
triangular, for if so, its square would have positive trace, whereas D; < 0.
For z € ‘H we compute that

—d+ /D,
P>+ dP=aP+b < P="_ +2 (z)
C

where
Di(z) = (a — d)? + 4bc = Tr(oy(z))? — 4det (i (z)) = tr(z)? — 4 Nm(z).
Therefore, we find that

Pt d— tr(a;(x)) ;- \/T(:U) _ tr(z) + \/tr(x2)2 —4 Nm(x)'

This describes the unique solution in # to the equation X? — tr(z)X +
Nm(z) = 0, which is . Whence ¢P 4+ d = x and the homomorphism
property is immediate. O

3.1 Arakelov degrees of stacks

Unfortunately, the curve Xy is only a coarse moduli space for false
elliptic curves. To obtain a fine moduli space, we will need to work with
algebraic stacks. An overview of the theory of stacks will not be given
here, but for a brief yet clear introduction, we refer the reader to Section
7 of [Vis89]. We start with some definitions.

Definition 3.1.1. A false elliptic curve over a scheme S is a pair (A4, )
where A — S is an abelian scheme of relative dimension 2 and ¢: Ry —
Endg(A) is a ring homomorphism. For ¢ € {1,2}, a false elliptic curve
over an Op-scheme S with complex multiplication by O; is a triple
(A, ¢, k) where (A, ) is a false elliptic curve over S and x: O; — Endg,, (4)
is a ring map such that the action on the Lie algebra is through the nat-
ural structure map O; — O, — Og(S).
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Definition 3.1.2. Let M be the algebraic stack, regular and flat of rel-
ative dimension 1 over Spec(Qp,), such that M(S) for any Op-scheme S
denotes the category of false elliptic curves (A,¢) over S satisfying for
any x € Ry the property that any s € S has an affine open neighbour-
hood Spec(R) — S such that Lie(A,g) is a free R-module of rank 2 and
there is an equality of polynomials in R[T] of the form

char(u(r), Lie(A/g) = (T — z)(T — 7),
where (...) denotes the main involution on By. This 2-dimensional stack
M is usually referred to as (the integral model of) a Shimura curve.

We are interested in two particular substacks of this stack; those
defining the false elliptic curves with complex multiplication by O; for
i € {1,2}. Let Y; for ¢ € {1,2} be the algebraic stack over Spec(Op)
with Y;(S) the category of false elliptic curves over the Op-scheme S
with complex multiplication by O;. By forgetting the CM-structure, we
have a morphism of stacks J; — M. We further define

J =1 Xpm Mo

By definition of the pullback of stacks, J now denotes the algebraic
stack over Spec(Op) with J(S) the category of triples (A1, Ao, f) where
A; = (A, 1, k) for i € {1,2} is a false elliptic curve over the Op-scheme
S with complex multiplication by O; and where f: A; — As is an
isomorphism of false elliptic curves.

Following |[Phil5], we proceed to refine the stack J by associating
to every triple (A1, As, f) € J(S) a pair of objects (9, v) as follows. It
is easy to show that there exists a unique ideal my C Ry of index NZ.
For i € {1,2}, there is a unique surjective ring map 6;: O; — Ry/my
making the following diagram commute, where A;[my| denotes the group

O; Endg, /my (Ai[mx])

N

Ry /my

scheme of the mpy-torsion inside A;.
Since Op = 01 ®z O2, we obtain a well-defined surjective ring map
¥: 601 ®03: O — Ry/my. For brevity, we will denote

V := Hom(Opr, R/my).
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We let ay = ker(d) N OF be the reflex ideal. Since ker(d) is an Op-ideal
of norm N2, it follows that ay is an Op-ideal of norm N. As such, as
N = pq, there are precisely four possibilities for ay;

ap € {P1q1, p1a2, P2dr, p2q2} =: Z.
Next, as in Proposition 2.3 in [HY12], one can construct a map
degey: Homp, (A1, A2) — D'

satisfying the defining property that tr(g(degCM(f)) = deg*(f), where
deg®(f) denotes the false degree of the morphism f asin Definition 2.2.15
in [Phil5], which satisfies the property that deg*(f) = 1 for all isomor-
phisms f. This construction is very similar to the one to be outlined in
Section 4.4 of this thesis, so we will not give more details here. As such,
we may consider the element v = degcy(f) € Dp'. Then tr(v) = 1.

For any 9 € V, we define Xy to be the algebraic stack over Spec(Or)
with Xy(S) for any Op-scheme S the category of triples (A1, Ao, f) €
J(S) with the property that the pair (A1, Ag) induces the map ¥ € V
by the construction outlined above.

For any v € D', we let Xy, denote the algebraic stack over Spec(Op,)
with Xy, (S) for any Or-scheme S the category of triples (A, As, f) €
Xy(S) with the property that degey(f) = v on every component of S.

We then obtain the decompositions

j:|_|X0 and Xy = |_| X
IEY veDL?
tr(v)=1

The main result of [Phil5| concerns the Arakelov degree of the stacks Xy,
which is defined as

deg(Xy) : Z log(|F,|) Z

tCOL r€Xy (k)

Iength((’)ig) )
|[Aut(z)[

where t C Oy, is a prime, where k = F, and where OSh denotes the
strictly Henselian local ring of Xy for the étale topology at ‘the geometric
point z. By the decomposition above, we have

(3.1) deg(Xy) = Z deg(Xy..).
veDL !
tr(y):l
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Lastly, we define the finite set

where y, denotes the character defined by the unramified extension of
local fields L./ Ft, obtained by completing these fields at the prime v and
a prime of L above it. For I C Op, it holds that x.(I) = y(¢)°d(),
Theorem 2 in [Phil5| then says the following.

Theorem 3.1.3. Let v € F satisfy tr(v) = 1. Suppose that Diffy(v) =
{r} for some prime v C Op. If r{ N, the degree of Xy, satisfies

exp(deg(Xy,)) = /2 where t, = ord.(vtDp) - p(vayte'Dp).

If r | N, depending on whether v divides ay or not, we must replace the
term ord.(vtDr) by ord.(v) or ord.(vt) respectively.

Ifv ¢ D' or #Diffy(v) # 1, then the degree is always 0. In addition,
if v % 0, then the degree is always 0.

This result gives us an explicit formula for the Arakelov degrees of
the stacks Xy, and as such, also of the degrees of the stacks Xy. It is
also clear from the result that the degree of the stack Xy, only depends
on the ideal ay € Z and not on the precise map ¥ € V. Therefore, the
same holds true for the degree of Xy too. This allows us to define for
any a € Z and v € F the quantities

X(a,v) :=deg(Xy,) and X(a):=deg(Xy),

where ¥ € V is arbitrary such that ay = a. In the next section we will
show that these expressions, when combined appropriately, constitute
the right hand side of Theorem A. The remainder of this chapter aims
to relate the degrees of the stacks Xy to the left hand side, ultimately
establishing equality.

3.2 An elementary formula

We first prove a sequence of smaller lemmas, that each will take care of a
separate part of the translation process between Phillips’s more abstract
ideal arithmetic and Gross and Zagier’s and Giampietro’s elementary
formulas involving the F-function defined in Section 1.2.

Recall the definition of a special prime for a positive integer m as
being a prime ¢ that divides m an odd number of times and such that
each prime [ of F' above ¢ satisfies x([) = —1.
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Lemma 3.2.1. Let v € D;LJF with tr(v) = 1. Then the ideal vDFp is
wntegral, principal and primitive.

Proof. We write v = (2 ++/D)/2v/D for some odd integer z. Using that
Dr = (V/D), we find that vDp = ((x 4+ v/D)/2). This is clearly integral
and principal, and it is primitive because no rational prime r can divide
it. Indeed, the element (z + v/D)/2r can never be integral for a prime
r. This completes the proof. O

Lemma 3.2.2. Let v = (z++/D)/2v/D for some integer = be such that
some a € T satisfies a | vDp. If v € Diffy(v) and r =t NZ, then r is a
special prime of the integer (D — 2%)/4N.

Proof. Recall that for I € Op, it holds that x.(I) = x(t)°" (D).

Suppose that v € Diffy(v), or in other words, x.(vaDr) = —1. By
the explicit description of x, it now follows that x(t) = —1, so t is inert
in L/F. Therefore, r is not inert in F.

Now note that x:(vaDr) = x.(va~!Dp), as squares of ideals are
always in the kernel of x,. By Lemma 3.2.1, this latter ideal is both
integral and still primitive, and as such, only one of the two primes
above r in F can occur in its factorisation. This multiplicity is then
equal to the multiplicity with which r occurs in the norm of the ideal.
As x:(vDp) = —1, this number must be odd, establishing that r is indeed
a special prime of the integer (D — x2)/4N. O

Lemma 3.2.3. Let I C Op be an ideal with explicit prime factorisation
I = ’it?mi I1; 5?'7 where all the primes s; split in L/F and all v; are
inert in L/F. Then we have

p(1) = [ (n; +1).

J

Proof. We look prime by prime. The unique ideal R; of L lying over t;
has norm tf. Hence only 98 has norm t2.

For any of the s;, we find two primes in L lying above it, say &; and
&’. The norm of 6?6;1) is equal to 597 and so we find n; + 1 possible
ideals with norm 5;”, corresponding to a € {0,...,n;}. ]

Lemma 3.2.4. Let v € D;LJF with tr(v) = 1. Then there is at most
one ideal a € T such that p(va='Dp) > 0.

Proof. A necessary condition for the quantity p(ra~!'Dr) to be positive,
is that the ideal va='Dp be integral. In other words, we must have



50 3. MODULI OF FALSE ELLIPTIC CURVES

a | vDp. However, by Lemma 3.2.1, this latter ideal is primitive, and
two different such a € 7 dividing it would mean that either p or ¢ would
also divide it. This proves the lemma. O

Now note that a | vDr if and only if (z ++/D)/2 € a. Applying the
nontrivial automorphism o of F'/Q to this inclusion, we see that

(z+VD)/2€a > (—z+VD)/2 € o(a).

The norm of vDp is given by (22 — D) /4, so if this is divisible by N, then
x? — D must be divisible by 2N, and so 2> = D mod 2N. Therefore,
vDp can only be divisible by some a € 7 if z = +a,+b mod 2N, where
a and b are as in Equation 2.1. Recall from the previous section that the
reflex ideal ay must be an element of the set

T := {p1q1, P12, P2q1, P2da}-

The first and last are Galois conjugate and so are the second and third.
Combining all this, we define

+1  if ag € {p1q1,p2q2};

() = 6(ag) = ‘
=1 if ay € {p192, p2q1},

with these Galois orbits chosen in such a way that this sign agrees with

the choices from Equation 2.1. The following theorem will be the key

consequence of Phillips’s work in [Phil5]. It connects the degrees of

certain stacks to the explicit formula found in Theorem A.

Theorem 3.2.5. Let v € D;1’+ with tr(v) = 1. Then we can write
v = (x++v/D)/2VD for some integer x with 2> < D. Furthermore,

_ g2 3(z)
F (D4N > = [J exp(6(a)X(a,v)).

ael

Proof. If the norm of vDp is not divisible by NV, then the ideal yalglt_lDF
is not integral for any choice of ay and t. So no matter the case of The-
orem 3.1.3 we are in, X (a,v) = 0. The right hand side of the equation
will thus be 1, as is the left hand side.

We thus assumie that some a € Z divides vD. By Lemma 3.2.4, there
is then only one such a. By the same argument as above, any other ideal
in Z will not contribute to the product on the right hand side. Hence we
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may restrict our view to the unique a € Z dividing vD. By definition,
the signs 0(z) and d(a) will agree in this case. Thus we are left to prove

P (255 = explden(Fan)

We distinguish two cases. First suppose that Diffy(r) does not consist
of exactly one prime. Then Theorem 3.1.3 tells us that the right hand
side again becomes equal to 1. On the other hand, we note that we are
in the situation of Lemma 3.2.2 and thus the primes occuring in Diff, (v)
biject with the special primes of (D —z2)/(4N). By definition, now that
we do not have exactly one such prime, F' equals 1 too.

We may thus from now on suppose that Diffy(v) consists of exactly
one prime v. We again distinguish two cases. First suppose that r { N.
Then we may use Theorem 3.1.3 to reduce to checking that

D —z? tr)2 —1.-1
F N )= where ¢, = ord.(vtD) - p(va” "t Dp).

We claim that the ideal factorisation of va=lt~'Dp is of the form as in

Lemma 3.2.3. Let [ be a prime divisor of this ideal lying over the rational
prime ¢ and let n € N be such that [*||va= 't~ 1Dp.

If [ splits in L/F, there is nothing to show. If not, n being odd
would imply that [ € Diffy(v) = {r}, yielding a contradiction unless
[ = v. However, in that case, the added factor of t=! makes the odd
multiplicity of v in va~!Dp even again.

We are thus in the position to apply Lemma 3.2.3 to va~ 't~ 'Dp.
Using the notation from said lemma, we compute that

plva 1 Dp) = [J(n; + 1),
J
where the n; are the multiplicities with which primes in F' that split in
L/F divide va—'tv=!Dp. Again, by Lemma 3.2.1, this ideal is primitive
so its ideal factorisation in F' reflects the factorisation of its norm in Z.
Let 2k + 1 denote the odd multiplicity with which v divides vDp. Then
since r { N, we compute that

ord(vtDp)
2

So, the right hand side becomes (k + 1) [[;(n; +1). Indeed, this agrees
with our definition of F, as the norm of va 'Dg is (D — x2)/(4N),
completing the proof in this case.

=k+1.
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Finally, we must consider the case of r | N. We claim that we are
always in the case that the prime v € Diffy(v) above r divides a. Namely,
by Lemma 3.2.4, the only prime ideals over r dividing vDp are, by our
choice of a, those occuring in a. Hence any prime over r occuring at all in
the factorisation of va~!Dp must also divide a. Hence, we use Theorem
3.1.3 to reduce ourselves to proving that

(D—fUQ) _ te/2 _ —1,.-1
F =r where ¢, =ordy(v) - p(va”'p~ "Dp).
AN

Our accounting for the factor contributed by p(va='p~!Dp) is very sim-
ilar to the argument given above. For the other factor, we note that
ordy(v) = ord, (vDF) as we assume D and N to be coprime. Let 2k + 1
be the multiplicity with which v divides vaDp, so it divides vDr exactly
2k times. Together with the factor 1/2, this contributes a factor of k
to the exponent ¢, on the right hand side. On the left hand side, we
note that 2k is equal to the multiplicity with which r divides the norm
(D —2?)/4 of vDp. Hence the number (D — x2)/(4N) contains precisely
2k —1 =2(k — 1) + 1 factors of r. Thus indeed, using the definition of
F, we also find on this side an added factor of (k — 1) +1 = k. O

3.3 From M to Xy

The main goal of the sections that follow will be to reinterpret the
Arakelov degrees of the stacks Xy for ¥ € V as quantities involving
cross-ratios of the function jy : Xy — P!. Most terms appearing in the
formula of the Arakelov degree are straightforward, the most profound
one being the length of certain strictly Henselian local rings on stacks.
This section aims to relate these numbers to lengths of rings associated
with the algebraic curve Xy instead.

Proposition 3.3.1. Recall that w; := #0O. . Then we have

1
deg(Xy) = s Z log(|F|) Z Iength((’)ﬁgw Bos (’)i};x),
tCOy, r€Xy (k)

where the sum is taken over all isomorphism classes x = (A1, As, f) €

Xy(k) and where k = ..
Proof. Recall that by definition, J = Y1 X Yo. This means that

sh __mmsh __ »sh sh
O‘Xﬂ,w - sz - Oyl,as ®O§\}/llx OyQ,m'
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Further invoking Theorem 4.1.3 in [Phil5|, which says that |[Aut(z)| =
wyws for all points x, the result follows from the definition of the Arakelov
degree. O

Let Y; — X be the closed subscheme supported on the 4h; points
with CM by O; for i € {1,2}. As is outlined in Section II of [Vis89],
we have a natural map 7 : M — Xy. As Xy is smooth and M is a
Deligne-Mumford stack, by the miracle flatness theorem, the map m must
in fact be flat. We have summarised the situation in the cube below.

(V1N Y2) Y1k
\\\s \\\,4
(Y1N0Yz) l Y1k
Vo l Myj,
\\\\) .,
Yok XN/k

We proceed with the following useful lemma.

Lemma 3.3.2. Two triples (Aq, Ao, f), (A}, AY, g) € Xy(k) are isomor-
phic if and only if A; = A} fori e {1,2}.

Proof. To give a morphism (A1, As, f) — (A}, A}, g) is to give mor-
phisms ¢ : A7 — A and ¢ : Ay — A, such that the following diagram
commutes:

A 2 A

il £
Ay 5 A
Such a morphism (A1, Ao, f) — (A, A}, g) is an isomorphism if and
only if both ¢ and ¢ are isomorphisms. This proves one direction.
Conversely, consider two triples (A1, Ag, f) and (A], A}, g) and sup-
pose that A; and A are isomorphic for i € {1,2}. Choose ¢ : A} — A}
as such an isomorphism and set 1) = go ¢ o f~!. Being the composition
of isomorphisms, this map is also an isomorphism and it makes the dia-
gram commute; thus this describes an isomorphism between the triples
(A1, A, f) and (A, A}, g) and the bijection has been proved. O
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This is useful, as the set of CM-points without any additional infor-
mation has a very well-understood structure, as we will see in the next
section. For now, we content ourselves with proving the following key
proposition, which establishes our goal for this section.

Proposition 3.3.3. Fiz a prime ideal v C Ok and a geometric point
x = (A1, As, f) € Xy(k) where k =TF.. Then

length((’)igﬁyx) =2 length(O%@ ®O§?N71 O%,x)'

Proof. We will use a few results on stacky intersection theory from
[Vis89] for the map 7 : M — Xpy. All local rings we consider are
for the étale topology on the respective schemes. On the rational Chow
group, Definition 3.6 states that the proper push forward of a cycle D on
a stack is defined to be the image cycle multiplied by the relative degree
of the map from the cycle and its image. Since k is perfect and the num-
ber of automorphisms for CM false elliptic curves is constant, Corollary
2.5 in [Vis89] implies that this degree is the reciprocal of the size of the
automorphism group of our point. Using Lemma 4.1.3 in [Phil5|, we
then find

1

)

In addition, the above also shows that pushing forward the stacky in-
tersection Y1 N Vo along m will divide the result by Aut(z) = wjwe;
whence

1

w1w2

T (V1 - o)z = length(O%, ).

As we know 7 to be flat, we have a well-defined notion of a pull-back of
cycles along 7. A general false elliptic curve admits only two automor-
phisms, namely +1. Therefore, deg(m) = 1/2. Very generally, one has
the formulae

i 1
7 (Y;) = deg(m)w; Vi = %yi, so that 7*m, = deg(n) = 7

We may now use the projection formula from stacky intersection theory
(compare with the Stacks Project [0BOC]) to compute that on the other



3.4. GROUP ACTIONS 55

hand, it holds that

(V1 - Y2)z = T <37T*(Y1) 'yz)

= L () D), = (Vi m(D)),

2
= — (Yl : 7Y2) (Y1 -Y2),
w1 w2 z wi1w2

2 h
= w1w21ength((’)§/l’z ®O§}1 - (’)Y% ).

Now compare these two expressions for m.(V; - V2),. O

For notational convenience, we let (Y7 X Y3)y(k) denote the set of
pairs of CM-points over k that induce ¥ : O, — Ry/my.

Corollary 3.3.4. It holds that

deg(Xﬁ — Z log |F ‘ Z length(og‘%,fh ®(’)§?N Oi};Az)'
tCO (Y1 ><Y2)19(k)

Proof. Starting with Proposition 3.3.1, we use the independence proved
in Lemma 3.3.2 of the isomorphism class of a triple from its third com-
ponent to replace the sum over x € Xy(k) by a sum (A1,Az2) € (Y7 x
Y2)y(k), using that those pairs for which Ay and As are not isomorphic
yield no contribution because the points do not intersect. Next, we re-
place Iength(OSh ) by its scheme-theoretic analogue using Proposition
3.3.3 above to complete the proof. ]

3.4 Group actions

Let Wy = {1, wp, wy, wn} denote the Atkin-Lehner group, consisting of
the identity and three non-trivial involutions. It is explained in Phillips’s
thesis [Phil5] how the group Pic(K;) x Wi acts on the set of false elliptic
curves with CM by O; over any Op-scheme S. It is important to know
how the group actions on these embeddings relate to the reflex ideal.
This is established in the following quick lemmas.

Lemma 3.4.1. Let (A1, A2) be a CM-pair inducing the morphism 9 €
V. Then for any pair of ideals ([c1], [c2]) € Pic(K1) x Pic(K2), the CM-
pair ([c1] - Ay, [c2] - A2) also induces the map ¥ € V.



56 3. MODULI OF FALSE ELLIPTIC CURVES

Proof. This is almost immediate from the disccusion in [Phil5| on page
39. There the action of the product of the Picard groups on the CM
pairs of Shimura curves is described and it is shown that this leaves the
induced ring maps (’)Kj — By /my invariant. O

Lemma 3.4.2. Let (A1, As) be a CM-pair inducing the reflex ideal a =
piq; € Z. Then the CM-pairs (w,- A1, Ag) and (A1, wy- Az) induce reflex
ideal prq; with k # i, and the CM-pairs (wq - A1, Ag) and (A1, wy - A2)
induce reflex ideal p;q; with | # 7.

Proof. As described in [Phil5]|, the action of w), is given by conjugation
with an element 7 in By of norm p on the embedding ¢ : Ry — End(A).
This means that the action on ¥, which is induced by ¢ and &, is also
given by conjugation by 7. Extending scalars to Q,, Equation (2.20) in
[MY12] shows that we have the decomposition Ry = Z,2 @ Zy,m with
the action of 7 given by zm = 7wz, where o is the unique automorphism
of Gal(Q,2/Qp). Here we may choose Z,» = ¥1(K1) ® Zy. Then this
shows that conjugating with 7 induces the non-trivial automorphism on
the image of ¥ and thus will change the reflex prime above p, as claimed.
The situation for w, is analogous. O

Corollary 3.4.3. For any given 9 € V, the space (Y1 X Ya)y(k) is a
principal homogeneous space for the action of Pic(K;) x Pic(Ka). In
addition, the set V itself is a principal homogenous space for the action
of Wy X Wi and the set T is so for Wy C Wy X Wi acting diagonally.

Proof. The first two claims follow from Lemma 3.4.1 and Lemma 3.4.2
above, together with the elementary fact that #) = 16 and the knowl-
edge that the set of CM-points for O; is a principal homogeneous space
for the action of Pic(K;) x Wy, as shown in [Phil5]. For the third, note
that w, and w, change the reflex ideal at one prime, so in order to leave
it invariant, we must act by the same operator on both CM-points. [

Lemma 3.4.4. For any CM-point P, it holds that P" € Pic(K;) - wq(P).

Proof. Recall that P’ := w,(Frob,(P)). By applying w, to the above
equation, it follows that it suffices to show that Frob,(P) € Pic(K;) -
wn (P). As the set of CM-points for O; is a principal homogeneous space
for the action of Pic(K;) x Wi, by Lemma 3.4.3 above we reduce to com-
paring the reflex ideal associated with the pairing of the points Frob,(P)
and wy (P) with any other CM-point. Now indeed, by Lemma 3.4.2, the
latter induces the Galois conjugate reflex ideal compared to P, which
coincides with the Galois action of Frob,(P). O
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3.5 Proof of Theorem A

In order to obtain a new formula for deg(Xy) for ¥ € V, as a result of
Corollary 3.3.4, we must proceed to analyse the quantities

h h
length (0%1 JAq ®O§?N 0;2 VAl )

for (A1, As) € (Y1 xY2)y(k). This analysis is facilitated by the existence
of the isomorphism

in Xy = PL
We will need the following theorem.

Theorem 3.5.1. For any positive integer N, the Shimura curve Xy is
semistable and has good reduction at all the primes not diwviding N .

This is proved for instance in Morita’s master thesis [Mor70]. Let
t C Op be a prime and let Xy, be a semistable model of Xy over
Spec(Or). Further, let W, denote the ring of integers of the completion
of the maximal unramified extension of L,. By Theorem 3.5.1, if v { N,
the completed local ring of any Wy -point on Xy must be isomorphic to
We[z]. If v | N, then because we chose a semistable model of Xy, at all
geometric singular points on the special fibre the completed local ring is
isomorphic to W[z, y]/(zy — @), where w denotes a uniformiser inside
We. Because all CM-points are globally defined over the fields H; for
i € {1,2} by Corollary 2.1.5, both of which are unramified at r because
we assume 7 be coprime to both D; for i € {1,2}, CM-points can never
reduce to singular points on the special fibre of Xy by Remark 2.4.3 in
[Rom13]. As such, the completed local ring at a geometric CM-point on
XN, is always isomorphic to We[x].

Similar to Proposition 2.26 in [HY12], we find that the completion
of the strictly Henselian local ring of a CM point on the special fibre is
isomorphic to W;. Therefore, for z € (Y1 x Y3)y(k), we obtain two maps

Spec(W,) — Spec(OF. ) =5 Spec(W:[X])

XN,z

induced by the unique (up to local units) scalar multiple jn . of jy that
induces an isomorphism over W, away from the singular points, if there
are any. These maps correspond to two ring maps W [X] — W..

Lemma 3.5.2. Let R be a commutative ring and consider two maps
f1, fa: R[z] — R defined by f1(z) = a and fo(x) = b for certain a,b € R.
Then

R O f1,Rlz]. f2 R=R/(a—0b).
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We omit the proof, as it is just commutative algebra. If we let Py,
denote the CM-point on Xy defining the CM-false elliptic curve A;, then
the lemma above has the following immediate corollary.

Corollary 3.5.3. For any prime v C O and pair of CM points © =
(A1, Ag) € (Y1 x Yo)y(k) where k =T, it holds that

length (0%, @0 O%.2) = ve(ive(Pay) = jve(Pay))-

Proof. We apply Lemma 3.5.2 to equate the left hand side of the above
expression to length (Wt/(jN,t(PAl) —jN,t(PAQ))). We leave it to the
reader to check that this length is just the v-adic valuation. O

Corollary 3.5.4. Let 9 € V. Then it holds that

deg(Xy) = —— Z log(IFe) Y we(ine(Plera,) = ine(Ples)a,)),
YCO [61],[62]

where the latter sum ranges over all [¢1] € Pic(K1) and [cz] € Pic(K?).

Proof. First substitute the result from Corollary 3.5.3 into the expression
found in Corollary 3.3.4. The proof is then complete by Corollary 3.4.3,
which identifies (Y7 x Y2)yg(k) as a principal homogeneous space for the
action of the group Pic(K7) x Pic(K3). O

Now let V' = (W, x Wy) -9 C V where W, = {1,w,} C Wy. We will

study the sum
Z d(V)deg(Xy).
yeV’

Proposition 3.5.5. Let ¥ € V. Then it holds that

Z d()deg(Xy) =

JeV’

2 . . . .
Wy logNm[]N(Pfh)v]N(P;h)ajN(PAQ)ajN(PAQ)]'

Proof. The key idea is that for any prime v C O, the sum

25 Ut ]Nt PAl)_]Nf(PA2))
gey’

is equal to

< jNyt(PA1> - jN,t(PAz) . jN,t(quA1> - jN,t(quA2)>
INe(WePA,) = iNe(Pay)  JNe(Pay) — iNe(wePay)
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This cross-ratio is independent of the precise way we scaled our function
JnN,e, and as such, we may replace every instance of it by our original
fixed choice of jy. Next, by Lemma 3.4.4, we find that for certain classes
[di] € Pic(K;) for i € {1,2}, we have the equality w,Pa, = [di] - Py
Therefore, we may further rewrite this sum to

jn(Pay) — jn(Pay)  In(di] - Py,) —jn([do] - Py,)
“\in(di]- Py ) —jin(Pa,)  Jn(Pa,) —in([do]-Py,) )

If we now introduce the sum over Pic(K7) x Pic(K3), the twist by the
classes [d;] € Pic(K;) for i € {1,2} can be ignored, and we obtain

/

Z ; jN,r(P[cl]-Al) — jN7t(P[02}.A2) ' jNvt(P[cl]-Al) _jNvt(P[ICQ]-A2>
(eial) T\UNa(Plyay) — INe(Peslas)  ine(Pieygay) = ine(Pl,) a,)

Now recall Shimura’s reciprocity law, Corollary 2.1.5, which has the con-
sequence that taking an average over the class groups amounts to tak-
ing the norm of the cross ratio above in the unramified field extension
HyHs/L. In other words,

IT Un(Pega) in(Pa,):in(Peyas)s in (Pl a,)]

[e1][e2]

is equal to the norm N4 [j(Pa, ), jv (P, ). n (P, in (P, )]. Com-
bining all of this, using Corollary 3.5.4, we have proved that the left hand
side of the proposition is equal to

2

wiwz

> Tog(|Fel)ve (Nmf ™ [ (Pa,). i (P, ). in (Pas).in(Ph,)] ) -
tCOy,

We thus complete the proof is we can show for any = € L that

> log(|Fel)ve(x) = log(Nm(x)), so that [ |Fe|*™ = Nm(a).
tCOyp, rcOp,

Indeed, this follows by factoring the principal ideal Oy, into prime ideals
and then using the definition of the ideal norm. O

Proof. (of Theorem A) We exponentiate the result of Proposition 3.5.5
to find that

T exp(6(9)deg(Xy)) = Nm [jN(PA1)7jN(PJ/;1)7]'N(PA2)7]-N(PA2)]ﬁ
deV/
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so that we reduce to showing that

_ g2 5(z)
[T exo(6@)deg(xy)) =+ ] F<D4N > .

vey’ z2<D
22=D mod 4N

Now we recall the result of Theorem 3.2.5, and on both sides we now
take a product over all v € D}1’+ with tr(v) = 1. We then obtain that

[ #(%5) - T vt

2z2<D veDL Lt ael
x2=D mod 4N tr(l/):
—Hexp( Z X (a, u) :Hexp(é(a)X(a)).
acl l,efpfl T+ acT
tr(u):l

We have thus reduced to showing that

H exp(0(9)deg(Xy)) H exp(0 (a)).

veV’ acl

Both sides of this equation display a product with four factors, so we
complete the proof if we make four pairs of equal factors. Choose 9 € V'
arbitrarily and assume without loss of generality that its associated reflex
ideal equals ay = p1g1 € Z. Then by construction,

6(1)deg(Xy) = d6(a) X (a).

By Lemma 3.4.2, the other elements of V', explicitly (wq,1)-9, (1,wy) 0
and (wg,wy) - ¥, induce reflex ideals p1qz, p1g2 and a respectively. To
complete the proof, we will show that X (a) = X(o(a)) for any a € Z.
For if so, then the latter two elements of V' also have equal contributions
as the ideals o(p1g2) = p2q1 and o(a) = paqa respectively, and we win.
As X(a) is the sum over all X (a, ), it suffices to examine these latter
quantities. Indeed, Theorem 3.1.3 shows that X (a,v) = X(o(a),o(v)),
as is obtained by applying o to all quantities occurring in that theorem.
Since we sum over all v € D;LJF of unit trace, a set which is stable under
the action of o, equality follows and the proof is complete. O



