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CHAPTER 1

The work of Gross and Zagier
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Let ££/Q an elliptic curve and let r,; denote the rank of the group
E(Q), which is finite by the Mordell-Weil theorem. We may associate to

FE an L-function
o0

L(E,s) = Zannfs,
n=1
which converges as soon as Re(s) > 3/2 and which by the modularity
theorem, proved by Wiles and Taylor, allows an analytic continuation to
the whole complex plane. The Conjecture of Birch and Swinnerton-Dyer
predicts that the order of vanishing r,, of L(E, s) at s = 1, often referred
to as the analytic rank of E, is equal to the algebraic rank ra,. More
precisely, it relates the non-zero value of the ray-th derivative L) (E, 1)
to various arithmetic invariants associated with the elliptic curve E/Q.

In its complete generality, this BSD-conjecture, as it has come to
be known, is still open. In fact, it is listed as one of the Millennium
Problems by the Clay Mathematics Institute and is widely recognised as
one of the most important and influencial conjectures in all of modern
mathematics. As of today, almost all the partial progress towards the
conjecture has been achieved for curves with rank at most 1.

The work of Gross, Kohnen and Zagier in [GZ86, GKZS87| constitutes
a rare instance of such progress on this notoriously difficult open prob-
lem. The former gave a relation between the heights of Heegner divisor
classes on the Jacobian of modular curves and the first derivatives at
s = 1 of the L-series of certain modular forms. The latter computed the
height pairings of two distinct Heegner divisor classes to show that re-
lated quantities can be suitably combined to form the Fourier coefficients
of a Jacobi form.

More concretely, using the theory of Heegner points, Theorem 7.4 in
[GZ86| shows the following for elliptic curves E/Q with L(E,1) = 0. If
Qg denotes the real period of a regular differential on F, then for the
explicitly computable a € QQ as predicted by the BSD-conjecture and for
some P € E(Q), it holds that

L'(B,1)=a-Qp - (P,P),

where (—, —) denotes the canonical global height pairing on E(Q). In
particular, this proves that, if rap = 1, then we must have 75, > 1.
Later, by varying one of the discriminants instead, the heights of
Heegner cycles were also shown in [KRY04] to be connected to the deriva-
tive of a weight 3/2 Eisenstein series for SLa(Z). The Kudla program
aims to study the arithmetic properties of the first derivative of certain
Eisenstein series and to connect these with a specific class of arithmetic
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cycles and the special values of certain L-functions. Another relevant
instance of a result in this direction can be found in [Sch09].

This thesis aims to generalise the collaborative work [GZ84| by Gross
and Zagier that precedes the results of [GZ86, GKZ87| described above.
In view of these results, the setting in [GZ84| can be regarded as the
Xo(1)-case of the work done in [GZ86] and |[GKZ87|, the height pairing
on whose Jacobian vanishes by virtue of the curve being of genus zero.
Similarly, our main theorems will reflect the results in [GZ84] and we
explain in Remark 2.3.1 how these results are to be interpreted in a
more general framework as is done above.

This first introductory chapter contains very little original work and
its purpose is mainly to provide the reader with the necessary background
information to fully appreciate the context within which the main results
of this thesis are best viewed. In particular, we investigate the main
results of [GZ84] and interpret both its statement and its proofs to justify
the ways in which this thesis aims to generalise them.

1.1 Classical CM-theory

The formulation of class field theory in the 20th century has been one
of the greatest achievements in the field of algebraic number theory,
describing the structure of all abelian extensions of a number field in
terms of the arithmetic inside this field. In particular, it promises for
every number field K an abelian extension called the Hilbert class field
Hy which is unramified at every prime and maximal for this property.
Even though its existence is known, its explicit construction and that of
other class fields in complete generality has been a long standing open
problem, known both as Kronecker’s Jugendtraum and as Hilbert’s 12th
Problem. At the International Congress of Mathematicians in the year
1900, Hilbert called this problem “one of the most profound and far
reaching in the theory of numbers and of functions”.

All abelian extensions of Q are described by the Kronecker-Weber
Theorem, which produces these extensions as generated by values of the
function r — €™ for r € Q; also known as roots of unity. The most
natural next step would be to consider the class fields associated with
quadratic extensions of Q and to attempt to find a function similar to
the one above that mimics this striking property.

For imaginary quadratic fields, such results were obtained through
study of Klein’s j-function, given by

§(1) = q 7! + 744 + 196884q + 214937609> + . . .,
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where q = €™ and 7 € H. This function is also integral to the study of
isomorphism classes of elliptic curves, as it yields an isomorphism

j:SLa(Z)\ H = P(C).

This work does not introduce the concept of elliptic curves; we assume
the reader to be familiar with these objects. For a comprehensive in-
troduction to elliptic curves, we refer the reader to Silverman’s excellent
The Arithmetic of Elliptic Curves [Sil09)].

Throughout this section, K will be an imaginary quadratic field with
ring of integers O. One may compute for instance that

Fj(V=5) =20.5. (1975 + 884+/5).

One may then observe that H = K (+/5) is in fact the Hilbert class field
of K = Q(v/=5), the field over which the input is defined. One of the
key results of classical CM theory is that this is no coincidence, and in
fact holds very generally. Until recently, the case of CM-fields were the
only class of number fields for which explicit class field theory had been
provably realised, though large breakthroughs have been made recently
by Dasgupta and Kakde in their works [DK23a| and [DK23b]. The CM-
values of the j-function are often called singular moduli.

To explain the results from CM theory most conceptually, we opt
to approach the classical theory of complex multiplication in a modern
adeélic language that will allow for swift and intuitive generalisations to
the setting of Shimura curves in Chapter 2, as will be the focus of this
thesis. Let Z denote the profinite integers and let  C GLy(Z) be a com-
pact open subgroup. Examples o£ K include the closures of congruence
subgroups of GLa(Z) inside GL2(Z). For each such K, we may define the
open modular curve Y through the following adélic description:

Yic(C) = (KN SLy(Z)) \ H = GL2(Q) \ (H* x GLy(AfY)/ K),

where H* = C \ R denotes the union of the two half planes. This
isomorphism sends 7 € H to the object GL2(Q) (7,1 - K).

We will fix an embedding o : O — M2(Z) and we let 7 € H denote
the unique fixed point of the image of o under its action on H*. Then
7 € H denotes a choice of a CM-point in the upper half plane. Since
K™ is a dense subgroup of Af;(n’x, by continuity « extends uniquely to an
embedding A{;?’X — GLQ(A&H), which we will by slight abuse of notation
also denote by «. Then we obtain a natural map

KX\ AR = GLy(Q) \ (HE x GLy(Aflh) |
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which sends some ideéle s € Af[i?’x to the pair (7,a(s)). Note that this
is well-defined, as the image of K fixes 7 by definition. We stress that
K \A??’X = K*C* \ Aj, and thus by global class field theory this is
isomorphic to Gal(K?"/K) using the Artin map, denoted by [—, K]. The
following theorem is often referred to as the Main Theorem of Complex
Multiplication, see Theorem 4.19 in [Del71].

Theorem 1.1.1. Consider the following commutative diagram:

KX\ AR ———— GLy(Q) \ (H* x GLo(A]))

x| |/ %
Gal(K*®/K) —-----me - e » Yie(C).

Then the image of 0 is contained in Yic(Q) and n is Galois-equivariant.

We illustrate its power by deducing from this an adélic version of
Shimura reciprocity, specialising to the CM-points on the curve Yj(1).
Recall that every left-ideal in My(Z) is principal.

Corollary 1.1.2. Let 7 € H be the CM-point associated with the embed-
ding a : O — My(Z). Then it holds that j(7) € H. Further, leta C O
be an ideal and let x € Ms(Z) be such that a(a)Ma(Z) = x- My(Z). Then
it holds that

O ]

1

where =4 -7 € H is a CM-point for the embedding = a(—).

~

Proof. We apply Theorem 1.1.1 in that case that K = GL2(Z). For
s € Ain’x, the map 7 from Theorem 1.1.1 is given by

(s, K]) = GLa(Q) (7, a()GLa(2))
To work out which point on the modular curve this corresponds to, we
recall the easy to check equality of groups A" — QZ, and using strong
approximation results, one can deduce from this that also
GLao(Af) = GLy(Q)GLy ().

We may then decompose

a(s) =xzy with 2 € GLy(Q) and ye€ GLQ(Z).
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We then find that

GLo(Q) (7, a(5)GLa(Z) ) = GLa(Q) (7, 2yGLa(Z)
= GL(Q) (gflT, 1. GLQ(Z)) .

In other words, we may describe the map 7 : Gal(K**/K) — Y,(1)(Q)
by the formula
n([s, K]) = 211 € SLa(Z) \ H;

this is well-defined because the ambiguity in the choices of z and y is
measured by GL2(Q) N GLy(Z) = GLa(Z). Set U = [], O, where the
product is taken over all finite places v of K. If s € U, then by continuity
it follows that a(s) € GLQ(Z) and therefore we may take x = 1. This
shows once again that the CM-point 7 is defined over the Hilbert class
field H of K.

To refine this, we must consider more general s € Af;?’x such that
(s, K]|g = [a, H/K]. We claim that the My(Z)-ideal generated by the
image «a(a) is equal to x - Ma(Z) with = as defined above. To see this,
we recall that the quotient

GL2 (A /GL,(Z)

is in bijection with set of fractional My (Z)-ideals inside M2(Q). Indeed,
any such class can be represented by an element from GLy(Q), which
defines a fractional My(Z)-ideal inside M3(Q) as this element is well-
defined up to an element from GL2(Z), which does not affect the resulting
My (Z)-ideal. This shows that indeed a(s) induces the ideal x - M(Z)
and thus so will a(a) by virtue of our choice of s. O

1.2 Singular moduli

In their paper [GZ84], Gross and Zagier studied the differences between
singular moduli. For example,

1++/—43 14+ +v/—163
(L) <+2> _j <+2> —219.36. 53 .73 37.433.

Aside from this number being rather smooth, one may observe that all
its prime divisors are inert in both Q(v/—43) and Q(+/—163). More
precisely, all of these primes occur as the factor of a number of the form
43-163—x? for some |z| < /43 - 163, as the equality 43-163—9? = 16-433
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exemplifies. These patterns persist when repeating the experiment with
other, possibly non-rational singular moduli if one takes the norm down
to Q. This thesis aims to study factorisation phenomena that display a
parallel with the observations made and subsequently explained by Gross
and Zagier in [GZ84].

Before stating the factorisation formulas, we require some notation.
Suppose that m is an integer supported at primes that are not inert in
F/Q. Assume that there is a unique prime ¢ both dividing m an odd
number of times, say 2k + 1 times, with the additional property that any
prime ideal [ of F' above ¢ satisfies x(I) = —1. We will call such primes
the special primes of the integer m; terminology that we will use again
in Chapter 6. Further, let {¢;} be the set of exponents of primes dividing
m with the property that all primes of F' lying above them split in L/F.
Then we set

F(m):=¢X where X =(k+1)[](ci+1),

and simply F(m) = 1 for all other m € Q. Finally, let 7,79 € H be
CM-points of discriminants D; and Dy respectively. Then Gross and
Zagier proved the following in [GZ84].

Theorem 1.2.1. With all notation from above, it holds that

_8 D — 22
Nmg (j(71) = j(12)) "1v2 = + H F< 456 )
22<D
22=D mod 4

We illustrate this theorem in a few simple cases for discriminants of
class number 1. We record here the following CM curves:

. 14+v-=7
Er:y?+ay=a3—2>—2x—1 has CM by Z[Z];

Fi:y?+y=a®—2>—Tx+10 has CM by Z[

1+\/—T9]
2

1+ \/—11} .
2 Y

)

Fi:y?+y=2a>—382+90 has CM by Z{

1++/—43
Ey3:y? +y =2 —860x + 9707 has CM by Z [m] .

One computes from this the quantities
i(Br) = =3%%  j(En) = -2'%;
J(Br) = —2'98% j(Bs) = —2'°3%5°.
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Example 1.2.2. Let us first choose D, —7 and Dy = —11. Then
D = D1Ds =77, and so we make the following table.

x +1 ] £3 | +5 | £7
D 19 |17 |13 ] 7
F2y 1917 13] 7

Indeed, one computes that
§(B7) — j(EBy) = —335% + 215 = 29393 = 713 - 17 - 19,

as predicted by Theorem 1.2.1. Note here that the norm of the rational
invariant down to Q is just the identity, and the exponent 8/(wjws) = 2
corresponds to the fact that we double count each entry in our table by

virtue of 2 giving the same outcome.

Example 1.2.3. Let us now choose D,
D = D1Ds =171, and so we make the following table.

x 1 | 43 ] £5 ] +7 | £9 | =11
bz 311313 [3.7]13] 3
F(P=) ] 32 [31 ]3] 32 [13] 3

One might enjoy verifying that

J(Er7) — j(E)

which agrees with Theorem 1.2.1.

Example 1.2.4. Finally, we choose D;
D = D1Ds = 301, and so we make the following table.

—335% 4+ 21933 = 881361 = 37 - 13- 31,

—7 and Dy = —19. Then

—7 and Dy = —43. Then

@ +1 [+3] £5 | +7 | +9 | £11 | £13 [ £15 | +17
Do 11352 [73]3-23[3%.7[5-11[3%5[3-11]| 19 | 3
FeH ] 3 || 2 | 752 | 5 | 3 | 19] 3

We leave it to the reader to check that indeed,

J(Er) — j(Ea3)

in perfect accordance with Theorem 1.2.1.

—335% + 2183353 — 884732625 = 3% .53 .7.19 .73,
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Gross and Zagier in [GZ84] gave two proofs of this formula, and the
dissimilarities between these proofs cannot be overstated. In this section
we briefly discuss their first proof, and leave a discussion of the second
to Section 1.6. The idea of this first proof is to count and compare the
prime factors of both sides of the equality proposed by Theorem 1.2.1.
As the right hand side is already expressed in fairly elementary terms,
the difficulty comes from analysing the left hand side. The starting point
for this method is Proposition 2.3 in [GZ84], which reads as follows.

Theorem 1.2.5. Let ¢ be a prime number and let A be the complete
discrete valuation ring of a finite field extension of Q™. Let m be a
uniformiser and let v be the discrete valuation on A satisfying v(m) = 1.
Let By and Es be elliptic curves over A with good reduction and associ-
ated j-invariants j1,jo € A. For any positive integer n, let Iso,(F1, E2)
denote the number of isomorphisms from E1 to Ey defined over the ring

A/m™. Then
20(j1 — j2) = leon(El, Es).

n>1

This formula refines the elementary observation that for elliptic curves
E1, E5/Q with good reduction at a rational prime ¢, it holds that

U] j1—jo = E, = Ey over Fy.

According to Theorem I1.6.1 in [Sil94], the algebraic numbers j; and
jo are in fact algebraic integers, implying that both F; and FEs have
potentially good reduction at the prime ¢. Therefore, the assumption of
good reduction in Theorem 1.2.5 above is not in fact a restriction and
may be assumed without loss of generality.

We thus reduce to determining the numbers Iso,(E;, Eq) for each
positive integer n. The next key observation is that if £y and FEs have
CM by O; and O; respectively, in case this quantity is non-zero, both
E1 = E,/F, must have supersingular reduction at £. Indeed, for i €
{1,2}, we have an injective map

(070 Oz — End(F/ﬁg)

If £y and Es instead had ordinary reduction at ¢, this endomorphism
ring would have been an order in an imaginary quadratic field, and as
such would not have been able to receive embeddings from two such
orders of different coprime discriminants.

We recall the Deuring correspondence. Let B, denote the definite
rational quaternion algebra ramified only at £ and co. We fix a maximal
order Ry C By.
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Let E/F; be a fixed supersingular elliptic curve equipped with an
isomorphism 7 : End(E) = R, which we may Q-linearly extend to an
isomorphism 7 : End(E)®Q = By. For any integral left Ry-ideal I C Ry,
one may define the group scheme theoretic intersection

E[I] := ﬂ E[nYa)] andset Ej:=E/E[I.
a€cl

The elliptic curve E; is again supersingular and comes with a natural
projection morphism ¢; : ' — Ej. Lemma 42.2.7 in [Voi21] states that
the map

Jr:Hom(Er, E) = I : ¢ — n(vér)

is an isomorphism of left R-modules. Now the Deuring correspondence,
Theorem 42.3.2 in [Voi2l], states the following.

Theorem 1.2.6. Let Ey/Fy be a fived supersingular elliptic curve with
End(Ey) = Ry. Then the associations

E— Hom(E,Ey) and Er<1I

define an equivalence between the categories of supersingular elliptic curves
over Fy and the category of invertible left Ry-modules.

This allows us to transpose the problem at hand into a counting
problem inside the quaternion algebra By. Let zo € A denote a fixed
element satisfying a quadratic equation over Q with discriminant Ds.
As is explained in [GZ84], each f € Iso,(E1, E2) gives rise, through the
association f + f~1 o [x2] o f, to an endomorphism of E; modulo 7"
with trace and norm equal to that of z9, also inducing multiplication by
x9 on Lie(E7). To prove this is a bijective correspondence, one requires
the following refinement of a theorem by Deuring; this is Proposition 2.7
in [GZ84].

Proposition 1.2.7. Given any elliptic curve E over A/7™ and an endo-

morphism [z2] : E — E with the properties above, there exists an elliptic
curve E over A and an endomorphism [x3] of E, unique up to isomor-

phism, lifting the pair (E,[x2]) such that [x2] induces multiplication by
zo on Lie(E).

This means that, to determine the sizes of the sets

{fil o [xg] o f ’ f S ISOn(El, EQ)} C End(E1 mod 7'('“),
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we may instead consider the sets

Sp:={g € End(E1 mod ") | tr(g) = tr(zz),
Nm(g) = Nm(z3), g =z on Lie(E1)}.

To determine the cardinalities of these sets, we use the explicit descrip-
tion of End(E; mod 7n") from Lemma 3.5 in [GZ84|. It claims that

ng{<_iﬁ i) y a,BeKl}CMQ(Kl),

and this isomorphism sends End(FE; mod 7") to those matrices satis-
fying that o € D;{}, the inverse different of K, and f € D}}f”_lﬁ/a,
further satisfying that & = A8 mod O;. Here \ is such that A2 = —/
mod Dk, and a C K; is a fractional ideal of K; determined by the
precise prime above ¢ of H; we are considering.

Finally, this counting problem is solved in the remainder of Section 3
in [GZ84| for all possible splitting behaviours of the prime ¢ in the fields
Kq and Ks. This allows one to finally compare the result to the right
hand side of Theorem 1.2.1, completing the first proof.

1.3 Intersection numbers of embeddings

In this section, we describe an alternative formulation of Theorem 1.2.1
described above. Namely, key to the algebraic proof of Theorem 1.2.1
were the existence of two embeddings

a; : O; = End(E),

where the latter ring is a maximal order inside the quaternion algebra
By. Both to formulate and to prove our generalisations of Theorem 1.2.1,
which will be the main focus of this thesis, in the chapters that follow
we will also work with such embeddings, so we elaborate on how these
concepts occur in the original setting of [GZ84] as well.

Suppose that a prime ¢ is inert in both O; and Oy. Fix a set of
representative left Ry-ideals Clp(R) = {I1,I2,...,I,} for the left-class
set of R. Define R; := Ry, as the associated right order for the ideal I;
for j € {1,...,n}, so that all conjugacy classes of maximal orders of By
occur either once or twice among the R;.

By Corollary 1.1.2, for ¢ € {1, 2}, the elliptic curves E; with CM by O;
are a principal homogeneous space for the action of Pic(K;). Therefore,
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the number of elliptic curves E; with CM by O; is given by h;, where h;
denotes #Pic(Kj;).

Let a1 : K1 — By and as : Ko — By denote embeddings. For
O € {01,032} and R C B, a maximal order, define

Emb(O,R,R*) :={a: O — R}/ ~,

where a ~ 3 if and only if a = £B¢~! for some ¢ € R*. Theorem 30.4.7
in [Voi21] states for ¢ € {1,2} that

Z #Emb(O;, Rj, RY) = 2h,.
j=1

Therefore, this set is in bijection with the set of elliptic curves with CM
by O; as considered above if we identify embeddings if they are equal after
applying the involution on B,. This bijection suggests that Pic(K;) acts
on this set too and indeed that is so; we explore this further in Section
4.5. We stress here that we count each maximal order separately for each
time it occurs as the right order of a left ideal class in the class group of
By, which can happen either once or twice, as explained in the first two
sections of [Gro87].

Let [ be a prime above the prime number ¢ in the compositum of
the fields Q(j(F1)) and Q(j(E2)), and let v denote the [-adic valuation.
Since { is assumed inert in both Kj, it must split completely in the ex-
tension H;/K; for i € {1,2}. As such, the prime ¢ must split completely
in Q(j(F;))/Q as well, and so both the set of primes [ above ¢ and the set
of pairs of CM elliptic curves (F1, E2) up to isomorphism are principal
homogeneous spaces for the action of Pic(K7) x Pic(K2).

We may consider both E; and Es to be defined over Q(j(m1),j(m2)),
and we wish to determine

vi(j1(E1) = j2(Er)).

In the previous section, we considered the reductions of £; and Fy mod-
ulo I and appealed to Theorem 1.2.5. Alternatively, one may note that
the reduction maps induce embeddings «; : O; — End(E;) C By. Vary-
ing [, for both curves we get different reductions over F,, which may
induce embeddings into different maximal orders.

We write I'; and I'y for the subgroups stabilising the images of oy
and ao respectively. It is easy to show that for ¢ € {1,2}, it holds that
#I'; = #0O. As By is a definite quaternion algebra, the group R*
is finite for any maximal order R C B,. We will need the following
definition, in the style of the PhD thesis of James Rickards [Ric21].
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Definition 1.3.1. Let 4,7 € {1,...,n} and let o : O; — R; and
az : Oy — R; be two embeddings. If 7 = j, define the intersection
number (a1 Naz)e to be the greatest ¢t € N for which im (1) and im(a2)
agree modulo 7 R; = (1R, Tf i # j, we set (aq Nag), = 0.

It should be noted that embeddings into the same maximal order
always have a positive intersection number. However, even if R; = R;
as sets but ¢ # j, we still say that embeddings into R; and R; do not
intersect. We now claim the following theorem.

Theorem 1.3.2. Let Ey and Eo be elliptic curves with complexr multi-
plication by O1 and Oy respectively and let ¢ be a rational prime that is
inert in both O1 and Os. Let | be a prime of Q(j(E1),j(E2)) above ¢
and let a1 : O1 = R; and o : Oy — R; for some i, j € {1,...,n} be the
pair of embeddings that corresponds to it. Suppose that both E1 and Es
have good reduction at . If i # j, then U j(E1) — j(E2). If i = j, then

w(i(Br) —j(E2) = Y (a1n(uagu™)),,

T1\R* /T2
where R=R; =Rj andu e 'y \ R* /Ts.

Proof. For the sake of exposition, we assume throughout the proof that
D; ¢ {—3,—4} for i € {1,2}, so that 'y \ R* / 'y = R*/{+1}.
We appeal to Theorem 1.2.5 to reduce to showing that

2 Z (041 N (uagu_l))z = Z ISOn(El, Eg)

RX /{£1} n>1

Clearly both curves are supersingular at [. Theorem 1.2.6 immediately
yields that E1 = Ey if and only if i = j. This proves the result in case
i # 7, for | j(E1) — j(E») if and only if E1 & Fs.

Now assume that i = j, so E1 = Ey and therefore Isoq (E1, F2) # 2.
We will prove the theorem by establishing for any n a bijection between
Iso,(E1, E2) and the set of u € R* /{£1} such that

(1N (UOQU_I))Z >n,

from which the desired equality would immediately follow.

Let us first illustrate the simple case of n = 1. Then, the isomor-
phisms from Ej to E; over Fy are in bijection with the automorphisms
of either E; over that same field, which thus biject with R*. On the
other hand, any u € R* will contribute at least 1 to the sum of inter-
section numbers on the left hand side. The factor of 2 makes up for our
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dividing out by {#1}. This concludes this case. For n > 1, we sup-
pose that Iso,(E1, E2) # O, so there exists some isomorphism f : Ej
mod /" = Ey mod ™. As explained in the previous section, through
the association f + gy := f~1 o [z2] o f we obtain for each element
[ € Iso,(Eq, E2) a unique endomorphism gy € End(E; mod ¢") that
satisfies the same equation as some fixed xo with Oy = Z[zg]. First
note that g5 € a1(O1) mod " 1R. Indeed, from the explicit descrip-
tion of End(E; mod ¢") from the previous section, we deduce, using the
observation that £7~! | 3, that

a 0

End(E mod (") = {(0 -

) } = a1(01) mod ("R,

where we also used that modulo ¢~ there is no difference between
taking o inside O; or Dy, by the coprimality of D; with ¢. The element
gs for each f € Iso,(E1,E2) defines an embedding O, — R. This
embedding must be conjugate to e through an element v € R* and by
construction, the images of these embeddings must agree mod (" ' R.
This element u is only uniquely defined in the group R*/{%1}, so the
association we constructed is injective. It remains to show that it is
also surjective for each n > 1. Now suppose that some embedding s =
utag(—)u : Oy — R agrees with oy : O — R modulo /""'R. Then
in particular, we find that fa(x2) € a1(O1) mod £*'R. Using the
isomorphism from Lemma 3.5 in [GZ84] as above, we conclude that it
even holds that S(z2) € End(E mod ¢") with trace, norm and action on
Lie(E1) identical to the element o € Oy. As reasoned in the beginning
of Section 3 of [GZ84|, using their Proposition 2.7, every endomorphism
with these properties must be of the form f~! o [xs] o f for some f €
Iso,(E1, E2). This proves surjectivity. O

1.4 Extended example

We illustrate Theorem 1.3.2 using the following singular moduli;

j <1+2 V_67> =—2.3%3.5%. 113
j (1 ha V2_163> =—218.3%.5%.23% . 29%;
j (1 + \/—67> y <1 + v/ —163
2

5 ):215-37-53-72-13-139-331.
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We will verify the formula from Theorem 1.3.2 for various rational primes.
Throughout this section, we will for z,y € Q* adopt the notation (z,y)g
for the quaternion algebra over Q with the explicit Q-basis

(z,9)g == Q+Qi+Qj+Qk
with the multiplication rules

=z j =y and ij=—ji=k.

The trace form is given by tr(a + bi 4+ ¢j + dk) = 2a, and the norm by

Nm(a + bi + ¢j + dk) = a® — zb* — yc? + zyd>.

The prime ( = 2

The algebra By = H = (—1,—1)q is that of the Hamilton quaternions.
Its unique maximal order (up to conjugacy) is given by

l+it+j+k

Ro=7+Zi+7Zj+7Z :

Computing its units of norm 1 is equivalent to solving a?+b?+c?+d? = 1
in integers, or all half-integers. This yields 24 solutions, so the group of
interest 'y \ Ry / I'y consists of 12 elements.

To give embeddings of the rings of integers Z[(1 + /—67)/2] and
Z[(1 + +/—163)/2] into Ry, we must find quaternions satisfying

22 —x+17=0 and 2> —2+41=0

respectively. This means that we are looking for x € Rp satisfying
tr(z) = 1 and nrd(z) = 17 or nrd(x) = 41 respectively. Clearly, the
first condition amounts to specifying a = 1/2, so all other coefficients
are half integers, and we reduce to expressing 67 and 163 as the sum of
three odd squares respectively. We find among the solutions

<1+\/—67> 1+3i£35£7k
a1 =
2

2

and

2 2

Since the images x and 1 — x are considered to induce the same em-
bedding, one easily finds all 12 embeddings from the above examples for
both discriminants.

(1—1—\/—163) 1+£9+95+k
a9 = .
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To examine the formula from Theorem 1.3.2, we note that, since the
quaternion algebra has a unique maximal order, by definition each of
the 12 terms in the sum contributes at least 1. This already gives us 12
factors of 2, so we are left to justify the remaining 15 — 12 = 3.

We let a1 be given by the embedding above with only plus signs and
investigate for which choices of ao the images of the embeddings agree
modulo 2Rs. One checks that this means that the coefficients in the
numerators of the generators must all agree mod 4. This gives us

1-99—-9j—-k 1—-i—95—9k 1—-9i—35—9k
, , and ——.
2 2 2
One verifies that in each case, these elements do not agree modulo 4Rs.
We have thus found three embeddings for which the intersection number
is 2. This brings our final number of factors of 2 in the difference to
94 2-3 =15, as predicted by Theorem 1.3.2.

The prime (=3

To analyse the situation at the prime ¢ = 3, we must introduce Bs =
(—1,-3)g. It has a maximal order given by

1+ 1+ k

s =27 0

This time, we obtain 12 units of norm 1, so after dividing out by 41, the
group I'1 \ R}/ T'y contains 6 elements. To construct the embeddings a4
and ag, we are again looking for elements of norms 17 and 41 respectively,
of which the rational part equals 1/2. Similar to before, we find

14/ 1+
a1< i 67>= ‘2”+2¢+2k;.

+ Zj + Zk.

2

For ag, all possible images are given by

1+75 1+75

Again, all of these embeddings contribute at least 1 to the sum of in-
tersection numbers from Theorem 1.3.2, meaning that we have already
found at least 6 factors of 3 in the difference between the j-invariants.
Now we are left to compare the image of oy to the image of every pos-
sibility for ay modulo 3R3. One verifies that only # —1¢—k will do
the trick. However, modulo 9R3, these images are distinct. This means
that we get an intersection number of 2 for one embedding, bringing our
final total of factors of 3 to 5-1+ 2 =7, once more in accordance with
our computations.
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The prime ¢ =5

We once again start by introducing the quaternion algebra Bs = (-2, —5)q.
Its unique conjugacy class of maximal orders has the representative

1+j+k _i+2j+k
1%:Z*é+ +Zw+i+

Now we find 6 units in total, so that the group I'; \ R/ I'y consists of
3 elements. Examples of the embeddings are

1++—67\ 2+ 3i+5k 1++—163\ 2+9+7k
aq 5 = and a9 5 = .

+ Zj + k.

4 4
The only other possibilities for the image of as are
2—-9i—T7k 1 11 3
e S (i = k) + 25
1 and 5 ( 1 7 4k> j

We leave it to the reader to check that these are the only choices of signs
that produces an element in R;5. There are no congruences to be found
this time, yielding 3 factors of 5, as Theorem 1.3.2 predicts.

The prime (=7
We continue to study By = (—1,—7)g. It has the maximal order
1+j _i+k
—z- 7
Ry 5 + 5

It is easy to see that in this case, we only have +1 and 47 as units of
norm 1, so I'y \ R/ T'y has order 2. As for the embeddings, we find

<1+¢tw> 14 2i+3j <1+ww%> 14107 + 35
al = 2 =
2

+ Zj + k.

and o

2 2 2

indeed giving us the 4/2 = 2 embeddings that we expected. One checks
that no choice of signs will result in orders that agree modulo 7R7. There-
fore, both embeddings will only contribute 1 to the sum, giving 2 factors
of 7 in total, once more as expected by Theorem 1.3.2.

The primes ¢ =11

This example is interesting because it is the smallest prime for which
there is not a unique maximal order, but in fact there are two distinct
conjugacy classes. We have By = (-1, —11)g and

i+ k 1+

+z—-

RL =7+7Zi+7
11 + Za + B B
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and

14 . .
7 +J2+2k+ZZ+2‘Z1+5k

are two representatives. For the possible embeddings, we only find

1++/—67\ 1+13i—3k I1++v—-163\ 143y
i 5 = and as 5 =

RZ = + Zj + 2Zk

4.
1 5 + 41
We see that «; and ag embed into different maximal orders of By, thus

giving intersection number zero. Indeed, we did not find any factors of
11 in our difference of j-invariants.

The primes ¢ > 13

For our last small prime that we will check, we record that B3 =
(—2,—13)g and now there is a unique conjugacy class of maximal or-
der again, given by

1+j+k

i+ 2%+ k
3 =17 7
Ri3 5 + 1

+ Zj + Tk.

The units of norm 1 are given by +1, so that we will get unique embed-
dings o and aq, given by

<1+\/—67> 2+ (110 + k) (1—1—\/—163> 2+ (i — bk)
o1 = and oo = .
2 4 2 4

A moment’s inspection now shows that these embeddings do not agree

modulo 13R;3, thus giving an intersection number of 1. We therefore

get 1 factor of 13 in the difference of j-invariants, as expected from the

numbers themselves and Theorem 1.3.2.

For embeddings «1 and «s to exist in the first place, the prime ¢
must be inert in both Ky and K. In our case, this already shows that
our difference in j-invariants will have no factors of £ for all 13 < £ < 31.
Using this elementary observation, we may already disregard 75% of all
primes from our considerations. Of those that remain, one should find
that only for £ = 139 and ¢ = 331 there will be embeddings that map
into the same maximal order; for all other primes, the embeddings will
land inside distinct maximal orders. The number of distinct maximal
orders grows approximately as £/12 as £ increases; a precise formula can
be found in the first chapter of |Gro87|. Therefore, it will become in-
creasingly unlikely that two embeddings will belong to the same maximal
order, thus contributing a prime factor to the difference of j-invariants.
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1.5 Irrational examples

To illustrate the way in which Theorem 1.3.2 is in some sense more
refined than Theorem 1.2.1, we must consider irrational singular moduli.
Recall that the field Q(v/—5) has class number 2, whereas Q(1/5) has
class number 1. In this section, we will consider the following values:
7 (V/=5) =2°-5- (1975 + 884V/5);
1 - ,
(27

j(\/—75)—j<1+2\m> = (2+V5)-5V5-13-17- (8 +3V5) - (6 + V5).

Note that Nm(2 4+ v/5) = 22 —5 = —1, so the first factor is a mere unit.
Also, Nm(8+43v/5) = 82 —5-32 = 19 and Nm(6 +/5) = 62 —5 = 31, so
that the last two factors represent primes above 19 and 31 respectively.
These will be the most interesting primes for us.

The case ¢/ =19

We start by writing Big = (—1, —19)q, which has two distinct conjugacy
classes of maximal orders, given by

1+ i+ k .
Rigzsz+Z =L+ Zk;
1+j+2% _i+2j+k
R =7 “; A i+ + Zj + 2Tk

Using this, it is easy to establish that in R%g the units are given by +1 and
+i, whereas in ng the only units are given by £1. We expect to find two
different R}, -conjugacy classes of embeddings of Z[/—5], corresponding
to its class number. We are looking for traceless elements of norm 5, and
naively one would find # and % as the only possibilities. Only the
latter family lands in one of the above two maximal orders. In fact, it is
contained in both maximal orders, provided we choose the right signs in
the case of R2,. We therefore must interpret the two distinct families of
embeddings as
al(vV/=5) = Z—;k €Rly and oai(v—5) = ! —g k € R3,.

The situation for the other seems more familiar, as there we expect and
find only the embedding

<1 + ﬁ) 1 3i—k

oy | ——

=+
2 27 4

2
€ RZ.
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So we are left to interpret these results properly. Each of the two embed-
dings a1 corresponds to one of the primes above 19 in the factorisation of
the difference between singular moduli. The first embeds into R},, and
thus when comparing it to the embedding as landing inside R34, they
have intersection number 0. The second embedding does reach Ry, so
for each of the embeddings aw, of which there is only one, we get a prime
factor. This is the single factor of the prime above 19 that we observe
in the factorisation, in perfect accordance with Theorem 1.3.2.

The case ¢ = 31

To illustrate the arithmetic complexity of the right hand side of The-
orem 1.3.2, we conclude this example by analysing the algebra B3 =
(—1,—31)g. This has three distinct conjugacy classes of maximal or-
ders, representatives of which are given by

145 L i+k
R§1:Z—;‘7+ZH2 +7j + Tk;

145 . i—k
R§1:Z#+Zz4 +Zj + 2Zk.

T i
R§1:Z&+2k+ZZ+é +ZZJ; + 3Zk.

The units in R}ﬂ are £1 and +i¢, whereas the other two orders only
contain £1. Searching for the possible embeddings «; leaves us with

Ti+k

-2+ k
€R2 and ol(VoB) =+ TH TR s

al(v/=5) =+ R

For the other we indeed find a single embedding,

14+ =7 1 i+j5—-k .
(Y T) bk gy

We find ourselves in a very similar situation as before. Indeed, the em-
bedding ai reaches a different maximal order than ag, and so for one
of the two primes above 31 we will not get any factors. For the other,
however, the unicity of ag gives us via a2 one factor, as expected from

Theorem 1.3.2.
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Two irrational non-singular moduli

Let us conclude our numerous illustrative examples with one in which
both singular moduli are irrational. To be precise, we explore

j (V=5) =255 (1975 + 884V/5);
j (V—=13) = —20.3%. 5% . (15965 + 4428V/13);

147
j(V=b)—j (+2> =2%.5. (2693600 — 221v/5 + 747225V/13).
Factoring this difference is a tad tricky, so for now we will content our-
selves with its norm

240 . 56.132.37%2.139-179 - 211 - 251.

We will focus on the prime ¢ = 37. Even though the discriminants —20
and —52 are not in fact coprime, one only expects the formula to fail
for the shared prime 2, so we are free to consider the prime ¢ = 37
here. One final time, we introduce Bsy = (—2, —37)g, which has three
conjugacy classes of maximal orders, of which only two are distinct, which
is caused by two of the ideal classes in the quaternion algebra having the
same maximal order. This is actually the smallest prime at which this
phenomenon occurs. The maximal orders are then given by

2 itk L 1-itj
Ry =7+Zi+Z Z’J +Z ;“;
1+5+k i+67+k .

R:. =R} =1 ‘; +7Z ; +Z(j + k) + 2Zk.

All orders only have the numbers £1 as units. For the possible images
of v/—5 we find

Ti+2j—k
a1 (vV=5) = i+
For the images of v/—13, we establish

3i + 2j + 3k
ap(v/—13) = iTj € R}, = R3,.

€ R%, = R;..

We reiterate that the order R3, = R3. is to be considered twice; once
for each ideal class. Namely, in doing so, for each of the two (identical)
embeddings a1, we find that only one of the two (identical) embeddings
ag lands in the same order, hence contributing a factor of some prime
above 37. Hence we have explained the two factors of 37 in the above
norm, which is what we sought to do.



22 1. THE WORK OF (GROSS AND ZAGIER

1.6 Analytic proof

Whereas the first proof of Theorem 1.2.1 in [GZ84], outlined in Section
1.2, made use of CM-theory, the other analysed a family of Hilbert Eisen-
stein series. More precisely, the second strategy employed by Gross and
Zagier in [GZ84| was to consider a family F , (s) of non-holomorphic par-
allel weight 1 Hilbert Eisenstein series, indexed by a complex parameter
s. Some of the properties of its s = O-specialisation E , are described
in Section A.2 in Appendix A. For the ideal class of the inverse different
D;l, this specialisation vanishes, which implies that the first derivative
of this family with respect to the weight parameter s, is a meaningful
object to study.

Gross and Zagier in [GZ84] studied the diagonal restriction, denoted
by A below, of this first derivative with respect to the weight-parameter
s, which must be a real analytic modular form of weight 2 for SLa(Z).
One then applies the holomorphic projection operator ! to find
(1.2) ehol (AiELX(s)

d 50> € My(To(1)) = {0}.

Most of the effort that goes into this analytic proof of Theorem 1.2.1
is to compute the Fourier coefficients of the expression on the left hand
side, without appealing to its eventual vanishing as found above. With
careful analysis to circumvent convergence issues, one finds that the first
of these coefficients splits up in two terms; one equal to the logarithm of
the norm of j(71) — j(72), and the other to the logarithm of the explicit
formula that was to be proved. It is crucial to note that this proof does
not use any CM-theory whatsoever. It is a p-adic analogue of this proof
that will be the main focus of this thesis.

To understand this approach in greater detail, we would need to
explain why both the difference between the two j-invariants occurs as a
result of these operations, as well as the finite elementary formula from
Theorem 1.2.1. Let us start with the difference between j-invariants.

Roughly, a Green’s function G(x,y) on a Riemann surface X with
a distinguished point co is a symmetric function with the property that
for fixed y € X , the function G(—, y) is harmonic on X \ {y, oo}, having
a log-pole at the removed points. If such a function exists, it must be
unique up to a constant and this function can then be used to define
an archimedean height pairing between certain divisors on X. On P!,
there is an obvious choice for such a function: G(z,y) = log|zr — y|?.
Therefore, the function

logj(r1) = j(m2)[* : (SL2(Z) \ H)* = C
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is a natural Green’s function on SLo(Z)\ H. There are general strategies
to construct Green’s functions on modular curves, however. To this end,
we define the weight 0 Eisenstein series

E(1,s):= % Z im(7)”

2s”
c,deZ |CT + d‘
ged(e,d)=1
Next, one constructs a function G4(x,y) using an average over SLy(Z) of

functions built from a Legendre function (Qs—1 of the second type. One
may then show that

lirri Gs(m1,72) +47E(11, ) + 4mE(12,5) — 4mp(s) — 24,
5—

describes another Green’s function on SLg(Z) \ H, where ¢ is a function
expressed in elementary terms. Comparing their asymptotics, it follows
that it must equal log |7(m1) — j(72)|>. Next, one proves the expression

Grmm)==2 Y u)Qus (n/VD).

n>\/5
n=D mod 2

(1.3)

wiwz

where the numbers p(n) are integers related to a certain counting prob-
lem for integral binary quadratic forms. These numbers can be shown
to be linked to the explicit formula that appears in Theorem 1.2.1.

The non-holomorphic Hilbert Eisenstein series Ej,(z,2’,s) intro-
duced by Hecke of weight 1 for SLo(OFr) is defined by

s ysy’5|mz+ n|—25|mlzl —i—n’\_QS
> x(@Nm(@)t 32 EEwa
[a]€Pic(F)+ (mm)ea?/{£1) (mz +n)(m'z' +n/)
(m,n)#(0,0)

where z = x + iy and 2’ = 2’/ + iy, which specialises to the Hilbert
Eisenstein series F, for s = 0. The Fourier expansion of this object
is known, and this allows one to compute the diagonal restriction of the
derivative

ds
By construction, this function on H transforms like a modular form
of weight 2 under the action of SLy(Z) and is asymptotically given by
Alog(y) + B+ O(y~°) for some A, B € C and € > 0. We can write this
function as a Fourier expansion of the form

Ei(2,2,5)|s=o0-

o0

Z am (y)€2m'mz'

m=—0o0
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A result of Sturm then allows us to compute the holomorphic projection,
the first coefficient of which is defined by

oo 24A
lim (477/ ay(y)e 4 ™y® dy + )
0

s—0

This result must vanish, since the computed object is now contained in
M>(To(1)) = {0}. Performing the computation, we find the same terms
appearing as in Equation 1.3, establishing an equality and ultimately the
result of Theorem 1.2.1.

The results of [GZ84] and |[GKZ87| show that the outcome of this
procedure for a family of Hilbert Eisenstein series, consisting of taking a
diagonal restriction, a derivative and a holomorphic projection, is very
generally related to the height pairing of certain divisors on the rele-
vant modular curves. Since these height pairings are given by Green’s
functions and log |j(71) — j(72)|? describes such a Green’s function, the
appearance of the difference between singular moduli in the result of this
computation, need not be surprising. In fact, it is the vanishing of this
height pairing, by virtue of the genus of the curve Yy(1) = SLy(Z) \ H
being zero, that ensures the algebraicity of this difference, as opposed to
its transcendence.

We conclude this section by sketching a more direct connection be-
tween the logarithm of the explicit elementary formula that occurs in
Theorem 1.2.1 and the diagonal restriction of the derivative with respect
to the weight parameter of a family of Hilbert modular forms specialising
to E1y. Recall that an ideal m C Op is said to be primitive if it is not
divisible by any rational prime. We need the following result.

Proposition 1.6.1. Let m C Op be a primitive ideal with at least one
spectal prime. Then

log(F(Nm( ZX ) log(Nm([1)).

Ilm

Proof. Let us abbreviate the equality and conditions from the proposi-
tion to saying that (%) holds. We use implicit induction to extend the
set of ideals m for which we know that (x) holds until we have reached
the full set of primitive integral ideals with y(m) = —1.

Throughout, we let r be a rational prime that is not inert in F/Q
and we let v C OF be a prime above it. We assume that r { Nm(m).
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First suppose that x(t) = —1. We will show that (%) holds for t2*+1
for any non-negative integer k. Indeed, we compute that

2k+1
> x(1)log(Nm(1)) =log(r) Y (=1)"n = —(k + 1) log(r);
I|e2k+1 n=0

which by definition equals — log(F(r?**1)).
Suppose now that () holds for m and suppose that y(vr) = 1. We
claim that (x) also holds for mt* for any k& > 0. We compute that

Z x(I)log(Nm(I ZZX (It") log(Nm(It"))

I|mek n=0 I|m
(k+1) ZX ) log(Nm(7 +anog ZX
Ilm Ilm

—(k+1)log(F(Nm(m)) = — log(F(Nm(mtk))

where we used Lemma A.2.10 and the observation that having a special
prime means that p(m) = 0, as follows from its proof.

Suppose now that (x) holds for m and suppose that x(v) = —1. We
claim that (x) also holds for mt* for any & > 0. We compute that

Z x(I)log(Nm(I) ZZXIt log(Nm(It"))

I|mek n=0 Ilm
k k
=3 (=13 (D) log(Nm(D) + > (~1)"nlog(r) 3 x(I)
— Im n=0 Ilm

—log(F(Nm(m)) if k is even;
0 if £ is odd.

—_— 3
o

Here we again used Lemma A.2.10 in view of the information that m has
at least one special prime. If k is even, then by definition, F(Nm(m)) =
F(Nm(mt*)), so the desired conclusion follows. If k is odd, then the ideal
me¥ would have more than 1 special prime. By definition, this causes the

F-value of its norm to vanish, completing the proof of this case too. O

What follows is mostly heuristic, but it will hint at something pro-
found. By Proposition 2.1 in [DDP11], for each positive integer k, there
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exists a parallel weight k& Hilbert modular form Ej , (k) with normalised
Fourier coefficients m C Op given by

a(m, By (k) = Y x(DNm(1)*,
Ijm

of which the object from Proposition A.2.9 is the k = 1-specialisation.
Of course, the parameter k is discrete, so naively taking a derivative with
respect to this weight parameter, is mathematically unsound. Disregard-
ing this and formally doing so anyway, we would obtain

a(m, By (k) =Y x(I) log(Nm(I))Nm(I)**.

Ilm

a4
dk
As such, specialising at k£ = 1 would yield

d
%a(m, Eq(k)|k=1 = ZX ) log(Nm(T)),
Ilm

which is the same quantity as appears in Proposition 1.6.1. We now
consider the diagonal restriction of this hypothetical object for the ideal
class D;l. The nth Fourier coefficient of the result will introduce a
sum over all elements v € Dgl’+ of fixed trace n. It is easy to check
that these elements are precisely those integral elements of the form
v = (x +nVD)/2vD where 22 < n?>D. Putting all these observations
together, we obtain for the first coefficient of the result the expression

Y x(DlogNm@) = Y logF<D;m2);

VEDFl + IvDp x2<D
22=D mod 4

this is the right hand side of Theorem 1.2.1.

Even though this argument is heuristic and not rigorous, it still il-
lustrates why the precise order of operations as carried out by Gross
and Zagier in [GZ84] might lead to an explicit formula as it appears in
Theorem 1.2.1. Indeed, taking a derivative with respect to the weight
parameter and subsequently a diagonal restriction seems to produce the
terms that we are after. As we will explain in the next chapter, this
deep phenomenon seems to allow itself for various generalisations, of
which this thesis is but one example. However, this still leaves much to
be explored in the future.



