Universiteit

w4 Leiden
The Netherlands

CM-values of p-adic Theta-functions
Daas, M.A.

Citation
Daas, M. A. (2024, October 30). CM-values of p-adic Theta-functions.
Retrieved from https://hdl.handle.net/1887/4106986

Version: Publisher's Version
Licence agreement concerning inclusion of doctoral
License: thesis in the Institutional Repository of the

University of Leiden

Downloaded from: https://hdl.handle.net/1887/4106986

Note: To cite this publication please use the final published version (if
applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/4106986

CM-values of p-adic ©-functions

Proefschrift

ter verkrijging van
de graad van doctor aan de Universiteit Leiden,
op gezag van rector magnificus prof.dr.ir. H. Bijl,
volgens besluit van het college voor promoties
te verdedigen op woensdag 30 oktober 2024
klokke 16:00 uur

door

Michael Alexander Daas
geboren te Zaandijk, Nederland
in 1997



Promotores:

Prof. dr. J. B. Vonk
Prof. dr. P. Stevenhagen

Promotiecommissie:

Prof. dr. ir. G. L. A. Derks

Prof. dr. D. S. T. Holmes

Prof. dr. P. Charollois (Sorbonne Université)
Prof. dr. H. Darmon (McGill University)
Dr. A. Pozzi (University of Bristol)



i

Publications and preprints

Parts of this thesis are based on the following paper:

Michael A. Daas. CM-values of p-adic ©-functions. arXiv preprini
arXiv:2309.17251, 2023






Contents

Publications and preprints iii
Contents v
A guide to notation vii
The relevant fields . . . .. ... ... .. L. ix
Quaternion algebras . . . . . .. ... Lo xi
1 The work of Gross and Zagier 1
1.1 Classical CM-theory . . . . . . .. ... ... .. ..... 3
1.2 Singular moduli . . . . . .. ..o o 6
1.3 Intersection numbers of embeddings . . . .. .. ... .. 11
1.4 Extended example . .. ... ... .. ... ... ..... 14
1.5 TIrrational examples . . . . . . . ... ... 19
1.6 Analytic proof . . . . . ... L 22
2 Main results 27
2.1 Shimura curvesover C . . . . . . .. ... ... ... ... 28
2.2 The p-adic point of view . . . . . .. ... ... 34
2.3 Parallels with RM-theory . . .. ... ... ... ..... 38
2.4 OQutline of the thesis . . . . ... ... ... ........ 42
3 Moduli of false elliptic curves 43
3.1 Arakelov degrees of stacks . . . ... ... ... L. 45
3.2 An elementary formula . . . . . ... ..o 48
33 From MtoXy .. .. . .. . . ... 52
3.4 Groupactions . . . . . ... ..o Lo 55

3.5 Proof of Theorem A . . . . . . . . . ... .. ... .... 57



vi CONTENTS

4 Genus theory and quaternion algebras 61
4.1 Two exact SeqUENCES . . . . . v . v v vt 64
4.2 Genustheory . . . .. ..o 67
4.3 The key exact sequence . . . . . ... ... 70
44 An F-quadratic form . . . . .. ... ... L. 73
4.5 From quaternions toideals. . . . . . ... ... ... ... 79

5 Deformation theory 85
5.1 Some Galois cohomology . . . . .. ... .. ... ... .. 87
5.2 Nearly ordinary deformation rings . . .. ... ... ... 91
5.3 Computing tangent spaces . . . . . . . . . ... ... ... 95
5.4 Representations on Hecke algebras . . . .. ... ... .. 101
5.5 A modularity theorem . . . . .. .. ... ... ... ... 110

6 The p-adic analytic proof 113
6.1 Rewriting the ©-series . . . . . .. . ... ... ... ... 114
6.2 Extracting a, from p . . . . . ..o 120
6.3 Proof of Theorem B . . . . .. .. ... .. .. ..... 126

A Various types of modular forms 131
A.1 Adelic modular forms. . . . ... .. ... ... ... ... 132
A.2 C(lassical Hilbert modular forms . . . . . . ... ... ... 134
A3 pstabilisations . . . . ... Lo 139
A.4 Adelic Hilbert modular forms . . . . ... ... ... ... 142
A5 p-adic modular forms and Hida families . . ... ... .. 146

Bibliography 149

Summary 155

Samenvatting 159

Acknowledgements 163

Curriculum Vitae 165



A guide to notation



viii A GUIDE TO NOTATION

Keeping track of notation in a long text on mathematics can be a
daunting task for a reader of any level of mathematical experience. Espe-
cially when proofs become increasingly technical with many moving parts
and auxilliary variables, maps and objects, it is very easy to lose track of
every little bit of notation that was introduced beforehand. Even though
the author likes to convince himself that every reader will carefully go
through their work from start to finish, reading every page with equal
interest and energy, reality is often different, and skipping certain proofs,
sections or chapters is a common cause for confusion about notation.

For this reason, this thesis aims to approach the problem of identify-
ing missing pieces of notation in a very systematic manner that should, if
executed without error by the author, in principle allow one to get a hold
of notation after checking only a few easy to locate places in the thesis,
without having to skim many pages of mathematics, tracking down the
seemingly first instance of a certain symbol.

If in any instance while perusing this thesis, a certain piece of notation
is used, you should find its meaning in a finite number of quick steps:

e It could be that the notation is introduced earlier in the proof you
are reading; this happens for example with dummy variables used
in some matrix manipulations.

e If not, then it is possible that this notation is either introduced
or repeated from earlier sections at the very start of the current
section; this happens for example when notation from a previous
section is carried over to the next and is thus repeated for the
reader’s convenience.

e If not, then it is possible that this notation is either introduced
or repeated from earlier chapters at the very start of the current
chapter; this happens for example when specific objects from the
main results from earlier chapters are used again in the present
chapter.

e If not, then the notation is introduced below; this is the case for
some of the most fundamental pieces of notation that will be used
many times throughout the entire thesis.

If any instance of notation fails to be tracked down after following the
steps outlined above, the author would be happy to receive their well-
deserved reprimand through any medium of the reader’s preference.
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The relevant fields

As is standard, we let Z denote the integers and N := Z> the positive
integers. Next, we let Q, R and C denote the fields of rationals, reals
and complex numbers respectively. Furthermore, H C C denotes the
complex upper half plane H := {z € C | im(z) > 0}. For any field M,
we let M be an algebraic closure of M and we let Gy = Gal(M /M)
denote its absolute Galois group.

If M is a number field, then Oj; denotes its ring of integers and
Pic(M) the ideal class group of the maximal order Oys. Furthermore,
we let Hps denote the Hilbert class field of M, so that the Artin map
yields an isomorphism Pic(M) = Gal(Hys/M).

For any rational prime p, by Q, we will mean the field of p-adic
numbers. Let C, be a completion of @p. We may now define the p-adic
upper half plane as

Hp = Pl(cp) \Pl(@p)y

where P!(—) denotes the projective line over the field considered. For
any number field M and rational prime ¢, we define My := M ®g Qq.

Throughout this thesis, we specify two coprime fundamental dis-
criminants Dy, Dy < 0. Write K; := Q(v/D;) for i € {1,2} with rings of
integers O and Oy and Hilbert class fields Hy and Hs respectively. We
write w; := #O; for i € {1,2} and let D := DDy > 0. Next, we let
F := Q(v/D) be the real quadratic field and L := Q(v/Dy, v/Ds) be the
biquadratic field completing the following field diagram:

L
X

K, F Ky

Q

Explicitly, we will denote the elements of these Galois groups by
Gal(F/Q)={1,0} and Gal(L/Q)={1,01,02,0F},

where 01,09 and o are all involutions with fixed fields Ky, K9 and F
respectively.
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For any subset S C F, we let ST C S denote the subset of totally
positive elements of S. For x € F, the notation z > 0 also denotes that
x is totally positive and these are used interchangeably.

The Artin map induces an isomorphism

Pic(F)* 5 Gal(H} /F),

where H;,E denotes the narrow Hilbert class field of F'. Because precisely
those primes dividing the discriminant ramify, the field extension L/F
is unramified at all finite places. Since L/F is also abelian, the field L
must be contained in H}r and as such, we obtain a natural quotient map
by restriction

x : Gp — Gal(H} /F) — Gal(L/F) = {£1}.

The composition of the above two maps also defines a character on the
narrow ideal class group of F', which we will, by slight abuse of notation,
also denote by x : Pic(F)T — {£1}.

We let Dp denote the different ideal of F' and we define

p(I) :=#{J C Op | Nmp(J) =TI}

for any ideal I C Op.

We let N be a positive integer that is the product of two distinct
prime numbers p and ¢, so we may write N = pq. But for the co-
primality of D; and Ds, all the notation introduced above has so far
been independent of one another. However, we must make the follow-
ing crucial assumption about how the integer N interacts with the fields
introduced above.

Throughout this thesis, we will make the assumption that both p
and q are inert in both K; and Ko.

As a result, both p and ¢ must split in F' and we let p1,po C Op
denote the two primes above p respectively, and similarly q1,q2 C Op.
Also, both p and ¢ are in particular unramified in L/Q.
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Quaternion algebras

For any ring R, we let R* denote the subgroup of units in R.

For any positive squarefree integer M, we let Bj; denote the unique
(up to isomorphism) quaternion algebra for which a finite prime is ram-
ified if and only if it divides M. In particular, if M contains an even
number of prime factors, Bys must be indefinite, and if M contains an
odd number of prime factors, Bjs must be definite.

For any such quaternion algebra Bjs we let Ry C Bjs denote a
maximal order; this choice need not be unique, even up to conjugation.

Because we assume the prime ¢ to be inert in both K; and Ks, we
can find embeddings o : O1 = By and ag : Oy — By, see |Voi2l|.

We assume throughout that R, is the only maximal order of B,
up to conjugation. That is, we assume that ¢ € {2,3,5,7,13}.

Choose any splitting By < M2(Q,). This matrix algebra acts on C,
through fractional linear transformations:

ifA:(CCL b), then A-z:az+b

d cz+d
We compute the fixed points for the action of A through

b
PO BN ez +(d—a)z—b=0.
cz+d

This also shows that every element in the ring C,[A] shares the same
fixed points. If ¢ # 0, one checks that the two fixed points coincide if
and only if (24 — tr(A4))? = 0, so the ring C,[A] would not be reduced.
If ¢ =0, then A satisfies the equation (A — a)(A — d) = 0 over Q).

Through the embeddings «; : O; — Ry for i € {1,2} and this split-
ting, the orders O; act on C, too. Clearly, their images in M>(Qy)
must be reduced. In addition, any element from K; \ Q for ¢ € {1,2} is
quadratic over Q,, because p is inert in both fields. As such, their im-
ages under the splitting cannot be upper-triangular and so these images
always have two conjugate fixed points in H,,.

We will denote the common fixed points for the action of O; on H,,
through the embedding o; : O; — R, with 7; and 7/, for i € {1, 2}.
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The work of Gross and Zagier
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Let ££/Q an elliptic curve and let r,; denote the rank of the group
E(Q), which is finite by the Mordell-Weil theorem. We may associate to

FE an L-function
o0

L(E,s) = Zannfs,
n=1
which converges as soon as Re(s) > 3/2 and which by the modularity
theorem, proved by Wiles and Taylor, allows an analytic continuation to
the whole complex plane. The Conjecture of Birch and Swinnerton-Dyer
predicts that the order of vanishing r,, of L(E, s) at s = 1, often referred
to as the analytic rank of E, is equal to the algebraic rank ra,. More
precisely, it relates the non-zero value of the ray-th derivative L) (E, 1)
to various arithmetic invariants associated with the elliptic curve E/Q.

In its complete generality, this BSD-conjecture, as it has come to
be known, is still open. In fact, it is listed as one of the Millennium
Problems by the Clay Mathematics Institute and is widely recognised as
one of the most important and influencial conjectures in all of modern
mathematics. As of today, almost all the partial progress towards the
conjecture has been achieved for curves with rank at most 1.

The work of Gross, Kohnen and Zagier in [GZ86, GKZS87| constitutes
a rare instance of such progress on this notoriously difficult open prob-
lem. The former gave a relation between the heights of Heegner divisor
classes on the Jacobian of modular curves and the first derivatives at
s = 1 of the L-series of certain modular forms. The latter computed the
height pairings of two distinct Heegner divisor classes to show that re-
lated quantities can be suitably combined to form the Fourier coefficients
of a Jacobi form.

More concretely, using the theory of Heegner points, Theorem 7.4 in
[GZ86| shows the following for elliptic curves E/Q with L(E,1) = 0. If
Qg denotes the real period of a regular differential on F, then for the
explicitly computable a € QQ as predicted by the BSD-conjecture and for
some P € E(Q), it holds that

L'(B,1)=a-Qp - (P,P),

where (—, —) denotes the canonical global height pairing on E(Q). In
particular, this proves that, if rap = 1, then we must have 75, > 1.
Later, by varying one of the discriminants instead, the heights of
Heegner cycles were also shown in [KRY04] to be connected to the deriva-
tive of a weight 3/2 Eisenstein series for SLa(Z). The Kudla program
aims to study the arithmetic properties of the first derivative of certain
Eisenstein series and to connect these with a specific class of arithmetic
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cycles and the special values of certain L-functions. Another relevant
instance of a result in this direction can be found in [Sch09].

This thesis aims to generalise the collaborative work [GZ84| by Gross
and Zagier that precedes the results of [GZ86, GKZ87| described above.
In view of these results, the setting in [GZ84| can be regarded as the
Xo(1)-case of the work done in [GZ86] and |[GKZ87|, the height pairing
on whose Jacobian vanishes by virtue of the curve being of genus zero.
Similarly, our main theorems will reflect the results in [GZ84] and we
explain in Remark 2.3.1 how these results are to be interpreted in a
more general framework as is done above.

This first introductory chapter contains very little original work and
its purpose is mainly to provide the reader with the necessary background
information to fully appreciate the context within which the main results
of this thesis are best viewed. In particular, we investigate the main
results of [GZ84] and interpret both its statement and its proofs to justify
the ways in which this thesis aims to generalise them.

1.1 Classical CM-theory

The formulation of class field theory in the 20th century has been one
of the greatest achievements in the field of algebraic number theory,
describing the structure of all abelian extensions of a number field in
terms of the arithmetic inside this field. In particular, it promises for
every number field K an abelian extension called the Hilbert class field
Hy which is unramified at every prime and maximal for this property.
Even though its existence is known, its explicit construction and that of
other class fields in complete generality has been a long standing open
problem, known both as Kronecker’s Jugendtraum and as Hilbert’s 12th
Problem. At the International Congress of Mathematicians in the year
1900, Hilbert called this problem “one of the most profound and far
reaching in the theory of numbers and of functions”.

All abelian extensions of Q are described by the Kronecker-Weber
Theorem, which produces these extensions as generated by values of the
function r — €™ for r € Q; also known as roots of unity. The most
natural next step would be to consider the class fields associated with
quadratic extensions of Q and to attempt to find a function similar to
the one above that mimics this striking property.

For imaginary quadratic fields, such results were obtained through
study of Klein’s j-function, given by

§(1) = q 7! + 744 + 196884q + 214937609> + . . .,
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1T

where q = €™ and 7 € H. This function is also integral to the study of
isomorphism classes of elliptic curves, as it yields an isomorphism

j:SLa(Z)\ H = P(C).

This work does not introduce the concept of elliptic curves; we assume
the reader to be familiar with these objects. For a comprehensive in-
troduction to elliptic curves, we refer the reader to Silverman’s excellent
The Arithmetic of Elliptic Curves [Sil09)].

Throughout this section, K will be an imaginary quadratic field with
ring of integers O. One may compute for instance that

Fj(V=5) =20.5. (1975 + 884+/5).

One may then observe that H = K (+/5) is in fact the Hilbert class field
of K = Q(v/=5), the field over which the input is defined. One of the
key results of classical CM theory is that this is no coincidence, and in
fact holds very generally. Until recently, the case of CM-fields were the
only class of number fields for which explicit class field theory had been
provably realised, though large breakthroughs have been made recently
by Dasgupta and Kakde in their works [DK23a| and [DK23b]. The CM-
values of the j-function are often called singular moduli.

To explain the results from CM theory most conceptually, we opt
to approach the classical theory of complex multiplication in a modern
adeélic language that will allow for swift and intuitive generalisations to
the setting of Shimura curves in Chapter 2, as will be the focus of this
thesis. Let Z denote the profinite integers and let  C GLy(Z) be a com-
pact open subgroup. Examples o£ K include the closures of congruence
subgroups of GLa(Z) inside GL2(Z). For each such K, we may define the
open modular curve Y through the following adélic description:

Yic(C) = (KN SLy(Z)) \ H = GL2(Q) \ (H* x GLy(AfY)/ K),

where H* = C \ R denotes the union of the two half planes. This
isomorphism sends 7 € H to the object GL2(Q) (7,1 - K).

We will fix an embedding o : O — M2(Z) and we let 7 € H denote
the unique fixed point of the image of o under its action on H*. Then
7 € H denotes a choice of a CM-point in the upper half plane. Since
K™ is a dense subgroup of Af;(n’x, by continuity « extends uniquely to an
embedding A{;?’X — GLQ(A&H), which we will by slight abuse of notation
also denote by «. Then we obtain a natural map

KX\ AR = GLy(Q) \ (HE x GLy(Aflh) |
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which sends some ideéle s € Af[i?’x to the pair (7,a(s)). Note that this
is well-defined, as the image of K fixes 7 by definition. We stress that
K \A??’X = K*C* \ Aj, and thus by global class field theory this is
isomorphic to Gal(K?"/K) using the Artin map, denoted by [—, K]. The
following theorem is often referred to as the Main Theorem of Complex
Multiplication, see Theorem 4.19 in [Del71].

Theorem 1.1.1. Consider the following commutative diagram:

KX\ AR ———— GLy(Q) \ (H* x GLo(A]))

x| |/ %
Gal(K*®/K) —-----me - e » Yie(C).

Then the image of 0 is contained in Yic(Q) and n is Galois-equivariant.

We illustrate its power by deducing from this an adélic version of
Shimura reciprocity, specialising to the CM-points on the curve Yj(1).
Recall that every left-ideal in My(Z) is principal.

Corollary 1.1.2. Let 7 € H be the CM-point associated with the embed-
ding a : O — My(Z). Then it holds that j(7) € H. Further, leta C O
be an ideal and let x € Ms(Z) be such that a(a)Ma(Z) = x- My(Z). Then
it holds that

O ]

1

where =4 -7 € H is a CM-point for the embedding = a(—).

~

Proof. We apply Theorem 1.1.1 in that case that K = GL2(Z). For
s € Ain’x, the map 7 from Theorem 1.1.1 is given by

(s, K]) = GLa(Q) (7, a()GLa(2))
To work out which point on the modular curve this corresponds to, we
recall the easy to check equality of groups A" — QZ, and using strong
approximation results, one can deduce from this that also
GLao(Af) = GLy(Q)GLy ().

We may then decompose

a(s) =xzy with 2 € GLy(Q) and ye€ GLQ(Z).
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We then find that

GLo(Q) (7, a(5)GLa(Z) ) = GLa(Q) (7, 2yGLa(Z)
= GL(Q) (gflT, 1. GLQ(Z)) .

In other words, we may describe the map 7 : Gal(K**/K) — Y,(1)(Q)
by the formula
n([s, K]) = 211 € SLa(Z) \ H;

this is well-defined because the ambiguity in the choices of z and y is
measured by GL2(Q) N GLy(Z) = GLa(Z). Set U = [], O, where the
product is taken over all finite places v of K. If s € U, then by continuity
it follows that a(s) € GLQ(Z) and therefore we may take x = 1. This
shows once again that the CM-point 7 is defined over the Hilbert class
field H of K.

To refine this, we must consider more general s € Af;?’x such that
(s, K]|g = [a, H/K]. We claim that the My(Z)-ideal generated by the
image «a(a) is equal to x - Ma(Z) with = as defined above. To see this,
we recall that the quotient

GL2 (A /GL,(Z)

is in bijection with set of fractional My (Z)-ideals inside M2(Q). Indeed,
any such class can be represented by an element from GLy(Q), which
defines a fractional My(Z)-ideal inside M3(Q) as this element is well-
defined up to an element from GL2(Z), which does not affect the resulting
My (Z)-ideal. This shows that indeed a(s) induces the ideal x - M(Z)
and thus so will a(a) by virtue of our choice of s. O

1.2 Singular moduli

In their paper [GZ84], Gross and Zagier studied the differences between
singular moduli. For example,

1++/—43 14+ +v/—163
(L) <+2> _j <+2> —219.36. 53 .73 37.433.

Aside from this number being rather smooth, one may observe that all
its prime divisors are inert in both Q(v/—43) and Q(+/—163). More
precisely, all of these primes occur as the factor of a number of the form
43-163—x? for some |z| < /43 - 163, as the equality 43-163—9? = 16-433
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exemplifies. These patterns persist when repeating the experiment with
other, possibly non-rational singular moduli if one takes the norm down
to Q. This thesis aims to study factorisation phenomena that display a
parallel with the observations made and subsequently explained by Gross
and Zagier in [GZ84].

Before stating the factorisation formulas, we require some notation.
Suppose that m is an integer supported at primes that are not inert in
F/Q. Assume that there is a unique prime ¢ both dividing m an odd
number of times, say 2k + 1 times, with the additional property that any
prime ideal [ of F' above ¢ satisfies x(I) = —1. We will call such primes
the special primes of the integer m; terminology that we will use again
in Chapter 6. Further, let {¢;} be the set of exponents of primes dividing
m with the property that all primes of F' lying above them split in L/F.
Then we set

F(m):=¢X where X =(k+1)[](ci+1),

and simply F(m) = 1 for all other m € Q. Finally, let 7,79 € H be
CM-points of discriminants D; and Dy respectively. Then Gross and
Zagier proved the following in [GZ84].

Theorem 1.2.1. With all notation from above, it holds that

_8 D — 22
Nmg (j(71) = j(12)) "1v2 = + H F< 456 )
22<D
22=D mod 4

We illustrate this theorem in a few simple cases for discriminants of
class number 1. We record here the following CM curves:

. 14+v-=7
Er:y?+ay=a3—2>—2x—1 has CM by Z[Z];

Fi:y?+y=a®—2>—Tx+10 has CM by Z[

1+\/—T9]
2

1+ \/—11} .
2 Y

)

Fi:y?+y=2a>—382+90 has CM by Z{

1++/—43
Ey3:y? +y =2 —860x + 9707 has CM by Z [m] .

One computes from this the quantities
i(Br) = =3%%  j(En) = -2'%;
J(Br) = —2'98% j(Bs) = —2'°3%5°.
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Example 1.2.2. Let us first choose D, —7 and Dy = —11. Then
D = D1Ds =77, and so we make the following table.

x +1 ] £3 | +5 | £7
D 19 |17 |13 ] 7
F2y 1917 13] 7

Indeed, one computes that
§(B7) — j(EBy) = —335% + 215 = 29393 = 713 - 17 - 19,

as predicted by Theorem 1.2.1. Note here that the norm of the rational
invariant down to Q is just the identity, and the exponent 8/(wjws) = 2
corresponds to the fact that we double count each entry in our table by

virtue of 2 giving the same outcome.

Example 1.2.3. Let us now choose D,
D = D1Ds =171, and so we make the following table.

x 1 | 43 ] £5 ] +7 | £9 | =11
bz 311313 [3.7]13] 3
F(P=) ] 32 [31 ]3] 32 [13] 3

One might enjoy verifying that

J(Er7) — j(E)

which agrees with Theorem 1.2.1.

Example 1.2.4. Finally, we choose D;
D = D1Ds = 301, and so we make the following table.

—335% 4+ 21933 = 881361 = 37 - 13- 31,

—7 and Dy = —19. Then

—7 and Dy = —43. Then

@ +1 [+3] £5 | +7 | +9 | £11 | £13 [ £15 | +17
Do 11352 [73]3-23[3%.7[5-11[3%5[3-11]| 19 | 3
FeH ] 3 || 2 | 752 | 5 | 3 | 19] 3

We leave it to the reader to check that indeed,

J(Er) — j(Ea3)

in perfect accordance with Theorem 1.2.1.

—335% + 2183353 — 884732625 = 3% .53 .7.19 .73,
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Gross and Zagier in [GZ84] gave two proofs of this formula, and the
dissimilarities between these proofs cannot be overstated. In this section
we briefly discuss their first proof, and leave a discussion of the second
to Section 1.6. The idea of this first proof is to count and compare the
prime factors of both sides of the equality proposed by Theorem 1.2.1.
As the right hand side is already expressed in fairly elementary terms,
the difficulty comes from analysing the left hand side. The starting point
for this method is Proposition 2.3 in [GZ84], which reads as follows.

Theorem 1.2.5. Let ¢ be a prime number and let A be the complete
discrete valuation ring of a finite field extension of Q™. Let m be a
uniformiser and let v be the discrete valuation on A satisfying v(m) = 1.
Let By and Es be elliptic curves over A with good reduction and associ-
ated j-invariants j1,jo € A. For any positive integer n, let Iso,(F1, E2)
denote the number of isomorphisms from E1 to Ey defined over the ring

A/m™. Then
20(j1 — j2) = leon(El, Es).

n>1

This formula refines the elementary observation that for elliptic curves
E1, E5/Q with good reduction at a rational prime ¢, it holds that

U] j1—jo = E, = Ey over Fy.

According to Theorem I1.6.1 in [Sil94], the algebraic numbers j; and
jo are in fact algebraic integers, implying that both F; and FEs have
potentially good reduction at the prime ¢. Therefore, the assumption of
good reduction in Theorem 1.2.5 above is not in fact a restriction and
may be assumed without loss of generality.

We thus reduce to determining the numbers Iso,(E;, Eq) for each
positive integer n. The next key observation is that if £y and FEs have
CM by O; and O; respectively, in case this quantity is non-zero, both
E1 = E,/F, must have supersingular reduction at £. Indeed, for i €
{1,2}, we have an injective map

(070 Oz — End(F/ﬁg)

If £y and Es instead had ordinary reduction at ¢, this endomorphism
ring would have been an order in an imaginary quadratic field, and as
such would not have been able to receive embeddings from two such
orders of different coprime discriminants.

We recall the Deuring correspondence. Let B, denote the definite
rational quaternion algebra ramified only at £ and co. We fix a maximal
order Ry C By.
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Let E/F; be a fixed supersingular elliptic curve equipped with an
isomorphism 7 : End(E) = R, which we may Q-linearly extend to an
isomorphism 7 : End(E)®Q = By. For any integral left Ry-ideal I C Ry,
one may define the group scheme theoretic intersection

E[I] := ﬂ E[nYa)] andset Ej:=E/E[I.
a€cl

The elliptic curve E; is again supersingular and comes with a natural
projection morphism ¢; : ' — Ej. Lemma 42.2.7 in [Voi21] states that
the map

Jr:Hom(Er, E) = I : ¢ — n(vér)

is an isomorphism of left R-modules. Now the Deuring correspondence,
Theorem 42.3.2 in [Voi2l], states the following.

Theorem 1.2.6. Let Ey/Fy be a fived supersingular elliptic curve with
End(Ey) = Ry. Then the associations

E— Hom(E,Ey) and Er<1I

define an equivalence between the categories of supersingular elliptic curves
over Fy and the category of invertible left Ry-modules.

This allows us to transpose the problem at hand into a counting
problem inside the quaternion algebra By. Let zo € A denote a fixed
element satisfying a quadratic equation over Q with discriminant Ds.
As is explained in [GZ84], each f € Iso,(E1, E2) gives rise, through the
association f + f~1 o [x2] o f, to an endomorphism of E; modulo 7"
with trace and norm equal to that of z9, also inducing multiplication by
x9 on Lie(E7). To prove this is a bijective correspondence, one requires
the following refinement of a theorem by Deuring; this is Proposition 2.7
in [GZ84].

Proposition 1.2.7. Given any elliptic curve E over A/7™ and an endo-

morphism [z2] : E — E with the properties above, there exists an elliptic
curve E over A and an endomorphism [x3] of E, unique up to isomor-

phism, lifting the pair (E,[x2]) such that [x2] induces multiplication by
zo on Lie(E).

This means that, to determine the sizes of the sets

{fil o [xg] o f ’ f S ISOn(El, EQ)} C End(E1 mod 7'('“),
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we may instead consider the sets

Sp:={g € End(E1 mod ") | tr(g) = tr(zz),
Nm(g) = Nm(z3), g =z on Lie(E1)}.

To determine the cardinalities of these sets, we use the explicit descrip-
tion of End(E; mod 7n") from Lemma 3.5 in [GZ84|. It claims that

ng{<_iﬁ i) y a,BeKl}CMQ(Kl),

and this isomorphism sends End(FE; mod 7") to those matrices satis-
fying that o € D;{}, the inverse different of K, and f € D}}f”_lﬁ/a,
further satisfying that & = A8 mod O;. Here \ is such that A2 = —/
mod Dk, and a C K; is a fractional ideal of K; determined by the
precise prime above ¢ of H; we are considering.

Finally, this counting problem is solved in the remainder of Section 3
in [GZ84| for all possible splitting behaviours of the prime ¢ in the fields
Kq and Ks. This allows one to finally compare the result to the right
hand side of Theorem 1.2.1, completing the first proof.

1.3 Intersection numbers of embeddings

In this section, we describe an alternative formulation of Theorem 1.2.1
described above. Namely, key to the algebraic proof of Theorem 1.2.1
were the existence of two embeddings

a; : O; = End(E),

where the latter ring is a maximal order inside the quaternion algebra
By. Both to formulate and to prove our generalisations of Theorem 1.2.1,
which will be the main focus of this thesis, in the chapters that follow
we will also work with such embeddings, so we elaborate on how these
concepts occur in the original setting of [GZ84] as well.

Suppose that a prime ¢ is inert in both O; and Oy. Fix a set of
representative left Ry-ideals Clp(R) = {I1,I2,...,I,} for the left-class
set of R. Define R; := Ry, as the associated right order for the ideal I;
for j € {1,...,n}, so that all conjugacy classes of maximal orders of By
occur either once or twice among the R;.

By Corollary 1.1.2, for ¢ € {1, 2}, the elliptic curves E; with CM by O;
are a principal homogeneous space for the action of Pic(K;). Therefore,
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the number of elliptic curves E; with CM by O; is given by h;, where h;
denotes #Pic(Kj;).

Let a1 : K1 — By and as : Ko — By denote embeddings. For
O € {01,032} and R C B, a maximal order, define

Emb(O,R,R*) :={a: O — R}/ ~,

where a ~ 3 if and only if a = £B¢~! for some ¢ € R*. Theorem 30.4.7
in [Voi21] states for ¢ € {1,2} that

Z #Emb(O;, Rj, RY) = 2h,.
j=1

Therefore, this set is in bijection with the set of elliptic curves with CM
by O; as considered above if we identify embeddings if they are equal after
applying the involution on B,. This bijection suggests that Pic(K;) acts
on this set too and indeed that is so; we explore this further in Section
4.5. We stress here that we count each maximal order separately for each
time it occurs as the right order of a left ideal class in the class group of
By, which can happen either once or twice, as explained in the first two
sections of [Gro87].

Let [ be a prime above the prime number ¢ in the compositum of
the fields Q(j(F1)) and Q(j(E2)), and let v denote the [-adic valuation.
Since { is assumed inert in both Kj, it must split completely in the ex-
tension H;/K; for i € {1,2}. As such, the prime ¢ must split completely
in Q(j(F;))/Q as well, and so both the set of primes [ above ¢ and the set
of pairs of CM elliptic curves (F1, E2) up to isomorphism are principal
homogeneous spaces for the action of Pic(K7) x Pic(K2).

We may consider both E; and Es to be defined over Q(j(m1),j(m2)),
and we wish to determine

vi(j1(E1) = j2(Er)).

In the previous section, we considered the reductions of £; and Fy mod-
ulo I and appealed to Theorem 1.2.5. Alternatively, one may note that
the reduction maps induce embeddings «; : O; — End(E;) C By. Vary-
ing [, for both curves we get different reductions over F,, which may
induce embeddings into different maximal orders.

We write I'; and I'y for the subgroups stabilising the images of oy
and ao respectively. It is easy to show that for ¢ € {1,2}, it holds that
#I'; = #0O. As By is a definite quaternion algebra, the group R*
is finite for any maximal order R C B,. We will need the following
definition, in the style of the PhD thesis of James Rickards [Ric21].
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Definition 1.3.1. Let 4,7 € {1,...,n} and let o : O; — R; and
az : Oy — R; be two embeddings. If 7 = j, define the intersection
number (a1 Naz)e to be the greatest ¢t € N for which im (1) and im(a2)
agree modulo 7 R; = (1R, Tf i # j, we set (aq Nag), = 0.

It should be noted that embeddings into the same maximal order
always have a positive intersection number. However, even if R; = R;
as sets but ¢ # j, we still say that embeddings into R; and R; do not
intersect. We now claim the following theorem.

Theorem 1.3.2. Let Ey and Eo be elliptic curves with complexr multi-
plication by O1 and Oy respectively and let ¢ be a rational prime that is
inert in both O1 and Os. Let | be a prime of Q(j(E1),j(E2)) above ¢
and let a1 : O1 = R; and o : Oy — R; for some i, j € {1,...,n} be the
pair of embeddings that corresponds to it. Suppose that both E1 and Es
have good reduction at . If i # j, then U j(E1) — j(E2). If i = j, then

w(i(Br) —j(E2) = Y (a1n(uagu™)),,

T1\R* /T2
where R=R; =Rj andu e 'y \ R* /Ts.

Proof. For the sake of exposition, we assume throughout the proof that
D; ¢ {—3,—4} for i € {1,2}, so that 'y \ R* / 'y = R*/{+1}.
We appeal to Theorem 1.2.5 to reduce to showing that

2 Z (041 N (uagu_l))z = Z ISOn(El, Eg)

RX /{£1} n>1

Clearly both curves are supersingular at [. Theorem 1.2.6 immediately
yields that E1 = Ey if and only if i = j. This proves the result in case
i # 7, for | j(E1) — j(E») if and only if E1 & Fs.

Now assume that i = j, so E1 = Ey and therefore Isoq (E1, F2) # 2.
We will prove the theorem by establishing for any n a bijection between
Iso,(E1, E2) and the set of u € R* /{£1} such that

(1N (UOQU_I))Z >n,

from which the desired equality would immediately follow.

Let us first illustrate the simple case of n = 1. Then, the isomor-
phisms from Ej to E; over Fy are in bijection with the automorphisms
of either E; over that same field, which thus biject with R*. On the
other hand, any u € R* will contribute at least 1 to the sum of inter-
section numbers on the left hand side. The factor of 2 makes up for our
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dividing out by {#1}. This concludes this case. For n > 1, we sup-
pose that Iso,(E1, E2) # O, so there exists some isomorphism f : Ej
mod /" = Ey mod ™. As explained in the previous section, through
the association f + gy := f~1 o [z2] o f we obtain for each element
[ € Iso,(Eq, E2) a unique endomorphism gy € End(E; mod ¢") that
satisfies the same equation as some fixed xo with Oy = Z[zg]. First
note that g5 € a1(O1) mod " 1R. Indeed, from the explicit descrip-
tion of End(E; mod ¢") from the previous section, we deduce, using the
observation that £7~! | 3, that

a 0

End(E mod (") = {(0 -

) } = a1(01) mod ("R,

where we also used that modulo ¢~ there is no difference between
taking o inside O; or Dy, by the coprimality of D; with ¢. The element
gs for each f € Iso,(E1,E2) defines an embedding O, — R. This
embedding must be conjugate to e through an element v € R* and by
construction, the images of these embeddings must agree mod (" ' R.
This element u is only uniquely defined in the group R*/{%1}, so the
association we constructed is injective. It remains to show that it is
also surjective for each n > 1. Now suppose that some embedding s =
utag(—)u : Oy — R agrees with oy : O — R modulo /""'R. Then
in particular, we find that fa(x2) € a1(O1) mod £*'R. Using the
isomorphism from Lemma 3.5 in [GZ84] as above, we conclude that it
even holds that S(z2) € End(E mod ¢") with trace, norm and action on
Lie(E1) identical to the element o € Oy. As reasoned in the beginning
of Section 3 of [GZ84|, using their Proposition 2.7, every endomorphism
with these properties must be of the form f~! o [xs] o f for some f €
Iso,(E1, E2). This proves surjectivity. O

1.4 Extended example

We illustrate Theorem 1.3.2 using the following singular moduli;

j <1+2 V_67> =—2.3%3.5%. 113
j (1 ha V2_163> =—218.3%.5%.23% . 29%;
j (1 + \/—67> y <1 + v/ —163
2

5 ):215-37-53-72-13-139-331.
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We will verify the formula from Theorem 1.3.2 for various rational primes.
Throughout this section, we will for z,y € Q* adopt the notation (z,y)g
for the quaternion algebra over Q with the explicit Q-basis

(z,9)g == Q+Qi+Qj+Qk
with the multiplication rules

=z j =y and ij=—ji=k.

The trace form is given by tr(a + bi 4+ ¢j + dk) = 2a, and the norm by

Nm(a + bi + ¢j + dk) = a® — zb* — yc? + zyd>.

The prime ( = 2

The algebra By = H = (—1,—1)q is that of the Hamilton quaternions.
Its unique maximal order (up to conjugacy) is given by

l+it+j+k

Ro=7+Zi+7Zj+7Z :

Computing its units of norm 1 is equivalent to solving a?+b?+c?+d? = 1
in integers, or all half-integers. This yields 24 solutions, so the group of
interest 'y \ Ry / I'y consists of 12 elements.

To give embeddings of the rings of integers Z[(1 + /—67)/2] and
Z[(1 + +/—163)/2] into Ry, we must find quaternions satisfying

22 —x+17=0 and 2> —2+41=0

respectively. This means that we are looking for x € Rp satisfying
tr(z) = 1 and nrd(z) = 17 or nrd(x) = 41 respectively. Clearly, the
first condition amounts to specifying a = 1/2, so all other coefficients
are half integers, and we reduce to expressing 67 and 163 as the sum of
three odd squares respectively. We find among the solutions

<1+\/—67> 1+3i£35£7k
a1 =
2

2

and

2 2

Since the images x and 1 — x are considered to induce the same em-
bedding, one easily finds all 12 embeddings from the above examples for
both discriminants.

(1—1—\/—163) 1+£9+95+k
a9 = .



16 1. THE WORK OF (GROSS AND ZAGIER

To examine the formula from Theorem 1.3.2, we note that, since the
quaternion algebra has a unique maximal order, by definition each of
the 12 terms in the sum contributes at least 1. This already gives us 12
factors of 2, so we are left to justify the remaining 15 — 12 = 3.

We let a1 be given by the embedding above with only plus signs and
investigate for which choices of ao the images of the embeddings agree
modulo 2Rs. One checks that this means that the coefficients in the
numerators of the generators must all agree mod 4. This gives us

1-99—-9j—-k 1—-i—95—9k 1—-9i—35—9k
, , and ——.
2 2 2
One verifies that in each case, these elements do not agree modulo 4Rs.
We have thus found three embeddings for which the intersection number
is 2. This brings our final number of factors of 2 in the difference to
94 2-3 =15, as predicted by Theorem 1.3.2.

The prime (=3

To analyse the situation at the prime ¢ = 3, we must introduce Bs =
(—1,-3)g. It has a maximal order given by

1+ 1+ k

s =27 0

This time, we obtain 12 units of norm 1, so after dividing out by 41, the
group I'1 \ R}/ T'y contains 6 elements. To construct the embeddings a4
and ag, we are again looking for elements of norms 17 and 41 respectively,
of which the rational part equals 1/2. Similar to before, we find

14/ 1+
a1< i 67>= ‘2”+2¢+2k;.

+ Zj + Zk.

2

For ag, all possible images are given by

1+75 1+75

Again, all of these embeddings contribute at least 1 to the sum of in-
tersection numbers from Theorem 1.3.2, meaning that we have already
found at least 6 factors of 3 in the difference between the j-invariants.
Now we are left to compare the image of oy to the image of every pos-
sibility for ay modulo 3R3. One verifies that only # —1¢—k will do
the trick. However, modulo 9R3, these images are distinct. This means
that we get an intersection number of 2 for one embedding, bringing our
final total of factors of 3 to 5-1+ 2 =7, once more in accordance with
our computations.
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The prime ¢ =5

We once again start by introducing the quaternion algebra Bs = (-2, —5)q.
Its unique conjugacy class of maximal orders has the representative

1+j+k _i+2j+k
1%:Z*é+ +Zw+i+

Now we find 6 units in total, so that the group I'; \ R/ I'y consists of
3 elements. Examples of the embeddings are

1++—67\ 2+ 3i+5k 1++—163\ 2+9+7k
aq 5 = and a9 5 = .

+ Zj + k.

4 4
The only other possibilities for the image of as are
2—-9i—T7k 1 11 3
e S (i = k) + 25
1 and 5 ( 1 7 4k> j

We leave it to the reader to check that these are the only choices of signs
that produces an element in R;5. There are no congruences to be found
this time, yielding 3 factors of 5, as Theorem 1.3.2 predicts.

The prime (=7
We continue to study By = (—1,—7)g. It has the maximal order
1+j _i+k
—z- 7
Ry 5 + 5

It is easy to see that in this case, we only have +1 and 47 as units of
norm 1, so I'y \ R/ T'y has order 2. As for the embeddings, we find

<1+¢tw> 14 2i+3j <1+ww%> 14107 + 35
al = 2 =
2

+ Zj + k.

and o

2 2 2

indeed giving us the 4/2 = 2 embeddings that we expected. One checks
that no choice of signs will result in orders that agree modulo 7R7. There-
fore, both embeddings will only contribute 1 to the sum, giving 2 factors
of 7 in total, once more as expected by Theorem 1.3.2.

The primes ¢ =11

This example is interesting because it is the smallest prime for which
there is not a unique maximal order, but in fact there are two distinct
conjugacy classes. We have By = (-1, —11)g and

i+ k 1+

+z—-

RL =7+7Zi+7
11 + Za + B B
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and

14 . .
7 +J2+2k+ZZ+2‘Z1+5k

are two representatives. For the possible embeddings, we only find

1++/—67\ 1+13i—3k I1++v—-163\ 143y
i 5 = and as 5 =

RZ = + Zj + 2Zk

4.
1 5 + 41
We see that «; and ag embed into different maximal orders of By, thus

giving intersection number zero. Indeed, we did not find any factors of
11 in our difference of j-invariants.

The primes ¢ > 13

For our last small prime that we will check, we record that B3 =
(—2,—13)g and now there is a unique conjugacy class of maximal or-
der again, given by

1+j+k

i+ 2%+ k
3 =17 7
Ri3 5 + 1

+ Zj + Tk.

The units of norm 1 are given by +1, so that we will get unique embed-
dings o and aq, given by

<1+\/—67> 2+ (110 + k) (1—1—\/—163> 2+ (i — bk)
o1 = and oo = .
2 4 2 4

A moment’s inspection now shows that these embeddings do not agree

modulo 13R;3, thus giving an intersection number of 1. We therefore

get 1 factor of 13 in the difference of j-invariants, as expected from the

numbers themselves and Theorem 1.3.2.

For embeddings «1 and «s to exist in the first place, the prime ¢
must be inert in both Ky and K. In our case, this already shows that
our difference in j-invariants will have no factors of £ for all 13 < £ < 31.
Using this elementary observation, we may already disregard 75% of all
primes from our considerations. Of those that remain, one should find
that only for £ = 139 and ¢ = 331 there will be embeddings that map
into the same maximal order; for all other primes, the embeddings will
land inside distinct maximal orders. The number of distinct maximal
orders grows approximately as £/12 as £ increases; a precise formula can
be found in the first chapter of |Gro87|. Therefore, it will become in-
creasingly unlikely that two embeddings will belong to the same maximal
order, thus contributing a prime factor to the difference of j-invariants.
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1.5 Irrational examples

To illustrate the way in which Theorem 1.3.2 is in some sense more
refined than Theorem 1.2.1, we must consider irrational singular moduli.
Recall that the field Q(v/—5) has class number 2, whereas Q(1/5) has
class number 1. In this section, we will consider the following values:
7 (V/=5) =2°-5- (1975 + 884V/5);
1 - ,
(27

j(\/—75)—j<1+2\m> = (2+V5)-5V5-13-17- (8 +3V5) - (6 + V5).

Note that Nm(2 4+ v/5) = 22 —5 = —1, so the first factor is a mere unit.
Also, Nm(8+43v/5) = 82 —5-32 = 19 and Nm(6 +/5) = 62 —5 = 31, so
that the last two factors represent primes above 19 and 31 respectively.
These will be the most interesting primes for us.

The case ¢/ =19

We start by writing Big = (—1, —19)q, which has two distinct conjugacy
classes of maximal orders, given by

1+ i+ k .
Rigzsz+Z =L+ Zk;
1+j+2% _i+2j+k
R =7 “; A i+ + Zj + 2Tk

Using this, it is easy to establish that in R%g the units are given by +1 and
+i, whereas in ng the only units are given by £1. We expect to find two
different R}, -conjugacy classes of embeddings of Z[/—5], corresponding
to its class number. We are looking for traceless elements of norm 5, and
naively one would find # and % as the only possibilities. Only the
latter family lands in one of the above two maximal orders. In fact, it is
contained in both maximal orders, provided we choose the right signs in
the case of R2,. We therefore must interpret the two distinct families of
embeddings as
al(vV/=5) = Z—;k €Rly and oai(v—5) = ! —g k € R3,.

The situation for the other seems more familiar, as there we expect and
find only the embedding

<1 + ﬁ) 1 3i—k

oy | ——

=+
2 27 4

2
€ RZ.
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So we are left to interpret these results properly. Each of the two embed-
dings a1 corresponds to one of the primes above 19 in the factorisation of
the difference between singular moduli. The first embeds into R},, and
thus when comparing it to the embedding as landing inside R34, they
have intersection number 0. The second embedding does reach Ry, so
for each of the embeddings aw, of which there is only one, we get a prime
factor. This is the single factor of the prime above 19 that we observe
in the factorisation, in perfect accordance with Theorem 1.3.2.

The case ¢ = 31

To illustrate the arithmetic complexity of the right hand side of The-
orem 1.3.2, we conclude this example by analysing the algebra B3 =
(—1,—31)g. This has three distinct conjugacy classes of maximal or-
ders, representatives of which are given by

145 L i+k
R§1:Z—;‘7+ZH2 +7j + Tk;

145 . i—k
R§1:Z#+Zz4 +Zj + 2Zk.

T i
R§1:Z&+2k+ZZ+é +ZZJ; + 3Zk.

The units in R}ﬂ are £1 and +i¢, whereas the other two orders only
contain £1. Searching for the possible embeddings «; leaves us with

Ti+k

-2+ k
€R2 and ol(VoB) =+ TH TR s

al(v/=5) =+ R

For the other we indeed find a single embedding,

14+ =7 1 i+j5—-k .
(Y T) bk gy

We find ourselves in a very similar situation as before. Indeed, the em-
bedding ai reaches a different maximal order than ag, and so for one
of the two primes above 31 we will not get any factors. For the other,
however, the unicity of ag gives us via a2 one factor, as expected from

Theorem 1.3.2.
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Two irrational non-singular moduli

Let us conclude our numerous illustrative examples with one in which
both singular moduli are irrational. To be precise, we explore

j (V=5) =255 (1975 + 884V/5);
j (V—=13) = —20.3%. 5% . (15965 + 4428V/13);

147
j(V=b)—j (+2> =2%.5. (2693600 — 221v/5 + 747225V/13).
Factoring this difference is a tad tricky, so for now we will content our-
selves with its norm

240 . 56.132.37%2.139-179 - 211 - 251.

We will focus on the prime ¢ = 37. Even though the discriminants —20
and —52 are not in fact coprime, one only expects the formula to fail
for the shared prime 2, so we are free to consider the prime ¢ = 37
here. One final time, we introduce Bsy = (—2, —37)g, which has three
conjugacy classes of maximal orders, of which only two are distinct, which
is caused by two of the ideal classes in the quaternion algebra having the
same maximal order. This is actually the smallest prime at which this
phenomenon occurs. The maximal orders are then given by

2 itk L 1-itj
Ry =7+Zi+Z Z’J +Z ;“;
1+5+k i+67+k .

R:. =R} =1 ‘; +7Z ; +Z(j + k) + 2Zk.

All orders only have the numbers £1 as units. For the possible images
of v/—5 we find

Ti+2j—k
a1 (vV=5) = i+
For the images of v/—13, we establish

3i + 2j + 3k
ap(v/—13) = iTj € R}, = R3,.

€ R%, = R;..

We reiterate that the order R3, = R3. is to be considered twice; once
for each ideal class. Namely, in doing so, for each of the two (identical)
embeddings a1, we find that only one of the two (identical) embeddings
ag lands in the same order, hence contributing a factor of some prime
above 37. Hence we have explained the two factors of 37 in the above
norm, which is what we sought to do.
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1.6 Analytic proof

Whereas the first proof of Theorem 1.2.1 in [GZ84], outlined in Section
1.2, made use of CM-theory, the other analysed a family of Hilbert Eisen-
stein series. More precisely, the second strategy employed by Gross and
Zagier in [GZ84| was to consider a family F , (s) of non-holomorphic par-
allel weight 1 Hilbert Eisenstein series, indexed by a complex parameter
s. Some of the properties of its s = O-specialisation E , are described
in Section A.2 in Appendix A. For the ideal class of the inverse different
D;l, this specialisation vanishes, which implies that the first derivative
of this family with respect to the weight parameter s, is a meaningful
object to study.

Gross and Zagier in [GZ84] studied the diagonal restriction, denoted
by A below, of this first derivative with respect to the weight-parameter
s, which must be a real analytic modular form of weight 2 for SLa(Z).
One then applies the holomorphic projection operator ! to find
(1.2) ehol (AiELX(s)

d 50> € My(To(1)) = {0}.

Most of the effort that goes into this analytic proof of Theorem 1.2.1
is to compute the Fourier coefficients of the expression on the left hand
side, without appealing to its eventual vanishing as found above. With
careful analysis to circumvent convergence issues, one finds that the first
of these coefficients splits up in two terms; one equal to the logarithm of
the norm of j(71) — j(72), and the other to the logarithm of the explicit
formula that was to be proved. It is crucial to note that this proof does
not use any CM-theory whatsoever. It is a p-adic analogue of this proof
that will be the main focus of this thesis.

To understand this approach in greater detail, we would need to
explain why both the difference between the two j-invariants occurs as a
result of these operations, as well as the finite elementary formula from
Theorem 1.2.1. Let us start with the difference between j-invariants.

Roughly, a Green’s function G(x,y) on a Riemann surface X with
a distinguished point co is a symmetric function with the property that
for fixed y € X , the function G(—, y) is harmonic on X \ {y, oo}, having
a log-pole at the removed points. If such a function exists, it must be
unique up to a constant and this function can then be used to define
an archimedean height pairing between certain divisors on X. On P!,
there is an obvious choice for such a function: G(z,y) = log|zr — y|?.
Therefore, the function

logj(r1) = j(m2)[* : (SL2(Z) \ H)* = C
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is a natural Green’s function on SLo(Z)\ H. There are general strategies
to construct Green’s functions on modular curves, however. To this end,
we define the weight 0 Eisenstein series

E(1,s):= % Z im(7)”

2s”
c,deZ |CT + d‘
ged(e,d)=1
Next, one constructs a function G4(x,y) using an average over SLy(Z) of

functions built from a Legendre function (Qs—1 of the second type. One
may then show that

lirri Gs(m1,72) +47E(11, ) + 4mE(12,5) — 4mp(s) — 24,
5—

describes another Green’s function on SLg(Z) \ H, where ¢ is a function
expressed in elementary terms. Comparing their asymptotics, it follows
that it must equal log |7(m1) — j(72)|>. Next, one proves the expression

Grmm)==2 Y u)Qus (n/VD).

n>\/5
n=D mod 2

(1.3)

wiwz

where the numbers p(n) are integers related to a certain counting prob-
lem for integral binary quadratic forms. These numbers can be shown
to be linked to the explicit formula that appears in Theorem 1.2.1.

The non-holomorphic Hilbert Eisenstein series Ej,(z,2’,s) intro-
duced by Hecke of weight 1 for SLo(OFr) is defined by

s ysy’5|mz+ n|—25|mlzl —i—n’\_QS
> x(@Nm(@)t 32 EEwa
[a]€Pic(F)+ (mm)ea?/{£1) (mz +n)(m'z' +n/)
(m,n)#(0,0)

where z = x + iy and 2’ = 2’/ + iy, which specialises to the Hilbert
Eisenstein series F, for s = 0. The Fourier expansion of this object
is known, and this allows one to compute the diagonal restriction of the
derivative

ds
By construction, this function on H transforms like a modular form
of weight 2 under the action of SLy(Z) and is asymptotically given by
Alog(y) + B+ O(y~°) for some A, B € C and € > 0. We can write this
function as a Fourier expansion of the form

Ei(2,2,5)|s=o0-

o0

Z am (y)€2m'mz'

m=—0o0
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A result of Sturm then allows us to compute the holomorphic projection,
the first coefficient of which is defined by

oo 24A
lim (477/ ay(y)e 4 ™y® dy + )
0

s—0

This result must vanish, since the computed object is now contained in
M>(To(1)) = {0}. Performing the computation, we find the same terms
appearing as in Equation 1.3, establishing an equality and ultimately the
result of Theorem 1.2.1.

The results of [GZ84] and |[GKZ87| show that the outcome of this
procedure for a family of Hilbert Eisenstein series, consisting of taking a
diagonal restriction, a derivative and a holomorphic projection, is very
generally related to the height pairing of certain divisors on the rele-
vant modular curves. Since these height pairings are given by Green’s
functions and log |j(71) — j(72)|? describes such a Green’s function, the
appearance of the difference between singular moduli in the result of this
computation, need not be surprising. In fact, it is the vanishing of this
height pairing, by virtue of the genus of the curve Yy(1) = SLy(Z) \ H
being zero, that ensures the algebraicity of this difference, as opposed to
its transcendence.

We conclude this section by sketching a more direct connection be-
tween the logarithm of the explicit elementary formula that occurs in
Theorem 1.2.1 and the diagonal restriction of the derivative with respect
to the weight parameter of a family of Hilbert modular forms specialising
to E1y. Recall that an ideal m C Op is said to be primitive if it is not
divisible by any rational prime. We need the following result.

Proposition 1.6.1. Let m C Op be a primitive ideal with at least one
spectal prime. Then

log(F(Nm( ZX ) log(Nm([1)).

Ilm

Proof. Let us abbreviate the equality and conditions from the proposi-
tion to saying that (%) holds. We use implicit induction to extend the
set of ideals m for which we know that (x) holds until we have reached
the full set of primitive integral ideals with y(m) = —1.

Throughout, we let r be a rational prime that is not inert in F/Q
and we let v C OF be a prime above it. We assume that r { Nm(m).
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First suppose that x(t) = —1. We will show that (%) holds for t2*+1
for any non-negative integer k. Indeed, we compute that

2k+1
> x(1)log(Nm(1)) =log(r) Y (=1)"n = —(k + 1) log(r);
I|e2k+1 n=0

which by definition equals — log(F(r?**1)).
Suppose now that () holds for m and suppose that y(vr) = 1. We
claim that (x) also holds for mt* for any k& > 0. We compute that

Z x(I)log(Nm(I ZZX (It") log(Nm(It"))

I|mek n=0 I|m
(k+1) ZX ) log(Nm(7 +anog ZX
Ilm Ilm

—(k+1)log(F(Nm(m)) = — log(F(Nm(mtk))

where we used Lemma A.2.10 and the observation that having a special
prime means that p(m) = 0, as follows from its proof.

Suppose now that (x) holds for m and suppose that x(v) = —1. We
claim that (x) also holds for mt* for any & > 0. We compute that

Z x(I)log(Nm(I) ZZXIt log(Nm(It"))

I|mek n=0 Ilm
k k
=3 (=13 (D) log(Nm(D) + > (~1)"nlog(r) 3 x(I)
— Im n=0 Ilm

—log(F(Nm(m)) if k is even;
0 if £ is odd.

—_— 3
o

Here we again used Lemma A.2.10 in view of the information that m has
at least one special prime. If k is even, then by definition, F(Nm(m)) =
F(Nm(mt*)), so the desired conclusion follows. If k is odd, then the ideal
me¥ would have more than 1 special prime. By definition, this causes the

F-value of its norm to vanish, completing the proof of this case too. O

What follows is mostly heuristic, but it will hint at something pro-
found. By Proposition 2.1 in [DDP11], for each positive integer k, there



26 1. THE WORK OF (GROSS AND ZAGIER

exists a parallel weight k& Hilbert modular form Ej , (k) with normalised
Fourier coefficients m C Op given by

a(m, By (k) = Y x(DNm(1)*,
Ijm

of which the object from Proposition A.2.9 is the k = 1-specialisation.
Of course, the parameter k is discrete, so naively taking a derivative with
respect to this weight parameter, is mathematically unsound. Disregard-
ing this and formally doing so anyway, we would obtain

a(m, By (k) =Y x(I) log(Nm(I))Nm(I)**.

Ilm

a4
dk
As such, specialising at k£ = 1 would yield

d
%a(m, Eq(k)|k=1 = ZX ) log(Nm(T)),
Ilm

which is the same quantity as appears in Proposition 1.6.1. We now
consider the diagonal restriction of this hypothetical object for the ideal
class D;l. The nth Fourier coefficient of the result will introduce a
sum over all elements v € Dgl’+ of fixed trace n. It is easy to check
that these elements are precisely those integral elements of the form
v = (x +nVD)/2vD where 22 < n?>D. Putting all these observations
together, we obtain for the first coefficient of the result the expression

Y x(DlogNm@) = Y logF<D;m2);

VEDFl + IvDp x2<D
22=D mod 4

this is the right hand side of Theorem 1.2.1.

Even though this argument is heuristic and not rigorous, it still il-
lustrates why the precise order of operations as carried out by Gross
and Zagier in [GZ84] might lead to an explicit formula as it appears in
Theorem 1.2.1. Indeed, taking a derivative with respect to the weight
parameter and subsequently a diagonal restriction seems to produce the
terms that we are after. As we will explain in the next chapter, this
deep phenomenon seems to allow itself for various generalisations, of
which this thesis is but one example. However, this still leaves much to
be explored in the future.
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CHAPTER 2

Main results
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Ever since the conception of Theorem 1.2.1 by Gross and Zagier in
[GZ84], people have searched for generalisations of these kinds of fac-
torisation phenomena. One place for such investigations has been the
arithmetic of Shimura curves; the main results of this thesis will be such
generalisations. Major contributions to the field in this setting were
previously achieved by Shou-Wu Zhang in [Zha01, YZZ13|, vastly gen-
eralising the work of [GZ86, GKZ87] on modular curves to the Shimura
curve setting. This thesis, however, will venture in a slightly direction.

2.1 Shimura curves over C

To motivate the definition of Shimura curves, we recall that the open
modular curve Yy(1) is defined as

Yo(1) := SLy(Z) \ H.

If Xo(1) denotes its compactification by adding the cusp at infinity, the
j-function exhibits an isomorphism

j: Xo(1) = PYC).

The group SL2(Z) can be viewed as an index 2 subgroup of the unit
group GL2(Z) of the ring My(Z), which in turn is a maximal order in
the split quaternion algebra Ms(Q). If we regard the determinant form
det : My(Q) — Q as the natural norm on the algebra Ms(Q), then
one may obtain the group SLo(Z) from this quaternion algebra by first
choosing a maximal order and subsequently considering the subgroup of
units of norm 1. It is the generalisation of this procedure that defines the
family of Shimura curves over C as we will consider them in this thesis.

Let N be a squarefree positive integer divisible by an even number of
primes. Now let By denote the quaternion algebra over Q with discrim-
inant N; that is, it is ramified at all primes dividing IV, and is split at
all other places. Since it is indefinite, it has a maximal order Ry that is
unique up to conjugation and By can be embedded into Ms(R). Choos-
ing such a splitting, the subgroup Ry ; C Ry consisting of all elements
of unit norm can be regarded as actiné on the complex upper half plane
H. In view of the above discussion, we now consider the quotient

Xy =Ry, \ H.

This is called the Shimura curve of level N. In contrast to the case of
X1 = Xo(1),if N > 1, we need not add any cusps, as one can show that
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this quotient is already compact. Furthermore, as is the case for modular
curves, X is an algebraic curve and in fact has a model defined over Q.
Next, we observe that each element of the normaliser

N(Ry,) = {b e BY bR, = BY b}

induces an automorphism of the curve Xy . Indeed, the left-multiplication
by b-map C — C decends to a map Xy — Xy, as

b (Ry.2) = By (b-2).

Clearly Q*Ry; C N(Ry ). but all of these elements induce trivial
automorphisms of Xy. The following lemma classifies what remains
after this realisation.

Lemma 2.1.1. The normaliser N'(Ry; ;) satisfies

N(Ry)/Q Ry, ={wa | d>0, d|N}=]]z/2z
r|N

where the product v | N is taken over all prime divisors r of N.

Proof. This is stated early in Chapter 43 of [Voi2l]. O

This group is called the Atkin-Lehner group and is typically denoted
by Wx. As the lemma above suggests, it is generated by commuting
involutions w, for every rational prime r | N. Note that for the modular
curve Xo(1) the Atkin-Lehner group is trivial, as Xo(1) can be regarded
as the NV = 1-case of the construction above.

The following result is crucial for us, which will be a special case
of Proposition 2.1 in [Pad23|, which was originally proved by Ogg in
[Ogg83].

Proposition 2.1.2. Let ¢ denote the Fuler totient function. Then the
algebraic curve Xn has genus equal to

9(Xn) =1+ ‘P(g) _ 64(4N) B 63(31\7)7

w116 (3))

where for k € Z,
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Corollary 2.1.3. The Shimura curve Xy is of genus 0 if and only if
N € {1,6,10,22}.

Proof. Clearly g(X1) = g(Xo(1)) = 0. Let N € N be such that ¢g(Xy) =
0 and let 7(IV) denote the number of primes dividing N. Suppose that
we can find «, 8,7 > 0 such that

o(N) > a2™™MV/N, eqs(INV) < ,6’2T(N) and e3(N) < WQT(N).
Then it follows from Proposition 2.1.2 that

)a\/ﬁ—?)ﬁ—élv

Xn) > 1427
g(Xn) > 1+ 12

4 2
, 50 g(Xy) > 1if N > <35+7> .

(%

More sharply, if 7(IN) = 2, we even have that

avV N — 308 — 4~
3

g(Xn)>1+

38+ 4y — 3\ 2
)

,sog(XN)>OifN><

To compute «, we note that

©(N) p—1 p—1 )
L S ——, and ——>1 if p>T1.
21(N) /N }_J[V 2,/p 2,/p

If N is odd, then we may take o = 1/2 and trivially § = v = 1 to find
that g(Xn) > 1 assoon as N > 196. Since 2-3-5-7 > 196, it follows that
7(N) = 2, and therefore g(Xy) > 0 as soon as N > 64. If N contains
a prime factor p > 3 that is not —1 mod 12, then either e4(N) = 0 or
e3(N) = 0 and we may take either 5 =0 or v = 0, to find g(Xy) > 0
always. This only leaves the curve X33, but one checks that g(X3s3) = 1.

Therefore N must be even, so henceforth we may take § < 1/2.

Suppose that N is not divisible by 3. Noting that indeed g(X19) = 0
but g(X14) = 1, we may assume that N contains a prime factor p > 11.
We may then again take o = 1/2, 8 = 1/2 and 7 = 1 to find that
g(Xn) > 1 as soon as N > 121. Thus again 7(N) = 2 and we find
g(Xn) > 0 as soon as N > 25. This leaves only the curve Xgo, which
indeed satisfies g(X22) = 0.

It remains to study the case that 6 | N, when we may also take
~v < 1/2. Checking that g(Xg) = 0, we may assume that 7(N) > 4. We
may then take o = 1/5, f =~ = 1/2 to find that g(Xx) > 1 as soon as
N > 306. Since 2-3-5-11 > 306, this leaves only the curve Xs19. But
one checks that g(X219) = 5, so the proof is complete. O
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We assume throughout the rest of this thesis that N € {6, 10, 22}.
Then X admits an isomorphism

N XN S P

which yields a generator jy of the function field of Xy. However, in
contrast to the modular curve case, we now longer have a cusp that we
may use to normalise jy in a natural way, as was done with Klein’s j-
function. As such, there is no canonical choice for this function jy and
it is so far defined only up to automorphism of P!. Recall that

Aut(P') 2 PGL; through <Z Z) [21 1 29] := [az1 + b2o, c21 + d23).

If all primes dividing IV are inert in some imaginary quadratic field K,
we can find an embedding a : O — Ry and for each such embedding,
there is a unique point P € H fixed by the action of the image of the
embeddings under the fixed splitting By — M3(R). Then P is called
the CM-point associated with the embedding a.

By Shimura’s reciprocity law, as explained on the first pages of
[Shi67], if jn is chosen appropriately, the value jy(P) for a point P € Xy
with complex multiplication by Ok is defined over the Hilbert class field
H of the field K. In fact, this is a natural consequence of the adélic Main
Theorem of Complexr Multiplication in the setting of Shimura curves,
again see Theorem 4.19 in [Del71]. It requires only minimal adjustments
compared to Theorem 1.1.1, illustrating the power of this formulation.
For the sake of exposition, we specialise to the maximal compact open
subgroup case.

Theorem 2.1.4. Let By /Q be an indefinite quaternion algebra and let
N € N be its discriminant. Consider the following commutative diagram:

KX\ AR ———— BR(Q)\ (H* x BR(A])

-5 |/ @
Gal(Kab/K) ,,,,,,,,,, [ > XN((C)

Then the image of n is contained in X n(Q) and n is Galois-equivariant.

As a result we have the following corollary; a version of Shimura
reciprocity that we will need later.
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Corollary 2.1.5. For a CM point P € X associated with the embedding
a: Og — Ry, it holds that P € Xy(H). Let a C Ok be an ideal and
let x € Ry be such that a(a)Ry = xRy. Then

pPlHr/E] — 3=l p e Xy,
where =1 - P is a CM-point for the embedding v~ 'a(—)z : Ox — Ry.

Proof. The power of the formulation of Theorem 2.1.4 lies in the fact that
one may deduce Corollary 2.1.5 from it very similariy as to how we de-
duced Corollary 1.1.2 from Theorem 1.1.1. One merely needs to replace
the algebraic group GLg by the algebraic group By and all arguments
will go through without difficulty. O

With these algebraicity results known, and their strong analogy with
the Xo(1)-setting from the previous chapter, one may wonder about a
generalisation of Theorem 1.2.1 as proved by Gross and Zagier in [GZ84].

Elkies in |Elk98] numerically computed the CM-values for certain
choices of a generator of the function field of certain Atkin-Lehner quo-
tients of X, but not all values could be proved. However, the apparent
smoothness of the resulting numbers did not go unnoticed. Using the
theory of Borcherds lifts, Errthum in [Errll] was able to prove the cor-
rectness of many of Elkies’s computations, but no conjectures as to the
general structure of the values were posed. Some further explicit com-
putations for particular choices of the generator of the function field can
be found in [Voi09] and more general rational points on Atkin-Lehner
quotients are studied in [Cla03].

Instead of choosing a function jy, one may observe that the cross-
ratio of its values is well-defined and independent of any choices. We
recall that for any distinct x,y, 2z, w in some field, the cross-ratio is de-

fined as
z—x w—y

[2,y, 2, w] = :
Z—Yy w—=x

We invite the reader to check that if

A= <CCL Z) , then indeed [Az, Ay, Az, Aw] = [z,y, z, w].

In 2022, Sofia Giampietro and Henri Darmon in [GD22|, as part of the
first author’s master thesis, chose a prime p | N and conducted extensive
numerical computations with the quantities

In(Pr) — jn(P2) jn(Pp) — N (P3)
IN(P)) = jn(P2)  jn(P1) = in(Py)
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where for a CM-point P on the curve Xy, we write P’ := w,(Frob,(P))
where Frob, denotes Frobenius at p in the CM-field of definition for P.
The definition of P’ may seem very little intuitive at first, but the logic
behind this construction will become apparent in the next section.

As an example of these computations, Section 5 in [GD22] elaborates
on the case of N =6, D; = —43 and Dy = —163, computing that

F [InP) — N () v (P) _jN(PQ/)] _ (2'29.257'277)2
Cin(P) = jn(P2)  jn(Pr) — jn(PL) 73137241

In parallel with Equation 1.1, one can check that all primes that occur
on the right hand side are inert in both K; and Ks. More strongly, they
are even prime divisors of a number of the form 43 - 163 — 22 for some
lz| < /43 -163, as the equality 43 - 163 — 192 = 24 - 277 exemplifies.
In fact, in this case, the authors did conjecture a general formula for
this quantity. If we let {a,—a,b, —b} denote the four square roots of
D = D1 Dy modulo 2N, and define

Nm

(2.1) 5(z) =

4+1 if x =4a mod 2N;
—1 ifx=4b mod 2N,

then the following was conjectured in [GD22]. Its proof will be one of
the main focusses of this thesis and can be found in Chapter 3.

Theorem A. Let N € {6,10,22}. For any pair of points Py and
Py on Xy with CM by O;, the norm
. . . / . / :tz
Nt He [IN(P) = jn(Pe) N (P1) — jn(Py) | w12
© in(P]) —in(P2) jn(P1) — jn(P)
JIN (L7 IN(L2) N1 IN L9
is equal to the finite product
D — ZL‘2 ()
= F .
(%)
z2<D

z2=D mod 4N

. J

The similarity with Theorem 1.2.1 is apparent, even though, as our
explicit examples show, the changed argument of the F-function causes
most of the primes occurring in the two factorisations to be different.
Finally, it is worth noting that in the concluding section of |[GD22|, the
computations from [Errll] are shown to all be in accordance with the
above result, giving strong validity to the statement above.
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The statement of this theorem seems to suggest a resolution in the
language of CM abelian varieties over the complex numbers C, and in
Chapter 3, we will carry out such a proof. However, following the treat-
ment in [GD22|, we also opt to approach this problem over the p-adics
instead, for reasons we will explain in Section 2.3. The next section
outlines how several powerful results combine to facilitate this.

2.2 The p-adic point of view

Using the p-adic uniformisation of Shimura curves, the authors of |[GD22]
related the quantity from Theorem A to one of a p-adic nature as follows.
Recall that N € {6,10,22} and write N = pq in such a way that ¢ €
{2,3,5}, so as to ensure that B, contains a unique maximal order Rj.
We let H, = P}(C,) \ P}(Q,) denote Drinfeld’s p-adic upper half plane.
By choosing a splitting B; — M2(Q)), we obtain an action of B, on
Hp. Furthermore, we let R,[1/p] be a maximal Z[1/p]-order in B, and
by Rg4[1/p];* we will denote its units of unit norm. This group is infinite,
and the quotient R,[1/p] \ Hp is a compact curve over C,,.

A priori, it is not clear that this quotient should be related to the
curve Xy in any way, since these objects are constructed using different
quaternion algebras. Therefore, all the more surprising becomes the
following celebrated theorem of Cerednik and Drinfeld, originally proved
in [Cer76, Dri76] and well explained in [BC91].

Theorem 2.2.1. The quotient Ry[1/p]y \ H, is isomorphic to Xn over
Cyp, with the isomorphism itself being defined over Q2, the unique quadratic
unramified extension of Q,. The Cerednik-Drinfeld isomorphism

ngD : Rg[1/p)7 \ Hp = Xn(Cp),

satisfies the property that for any T € Ry[1/p]; \H,p and § € Gal(Q,/Qy),
it holds that

CD (5(7)) — 8(¢°P (1)) if § € Gal(Q,/Qy2);
soem)= {wp 6(eUP(7))  if 0 & Gal(Q,/Qp2).

This is a deep result, and we refrain from commenting on its proof.
We relate the two stories told above by summarising everything in the
single diagram below, where we wrote I' = R,[1/p]{ for clarity.

One of the advantages of this p-adic viewpoint is that the function
jn @ Xn(Cp) = PY(C,) enjoys a more explicit description after ap-
pealing to the isomorphism from Theorem 2.2.1. Namely, the function
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H, H
F\l R;f,l\l
I\ Hp)/sz ﬂ XN/Qp2 XN/C — R]ff,l \H
\ /
XNjg
|
Pl

fields of such curves are generated by the titular p-adic ©-functions. For
a comprehensive treatment of these objects, we refer to Section 2.2 of
[GvdP06]. We recall their definitions and main properties. We define for
any wi, w2 € H, the infinite p-adic product

zZ — ywy
2.2 O(wy,we; 2) = S
(22) (e =[] —
YERG[1/p]}f
As shown in Section 2.2 of [GvdP06], this product converges for any
value of z € H,, as long as the denominator never vanishes. This function

satisfies for any v € Ry[1/p]; the relation
O (w1, wz;72) = ¢(7)O (w1, wo; 2)

for a certain factor of automorphy c(v) € C;. As explained in Section 3
of [GD22], if Xy is of genus 0, as we are assuming, this factor of auto-
morphy vanishes and as such, the expression above describes a rational
function on the quotient Ry[1/p];* \ H, with divisor 2(w;) — 2(wsz). The
factor of 2 here is caused by the trivially acting element —1 € Ry[1/p]{,
which is the only such element other than the identity itself.

Recall that for i € {1,2}, we fixed embeddings «; : O; — R, and
that for its image inside M»(Q)), there now exist two Galois conjugate
common fixed CM-points in H,,. It follows from Theorem 2.2.1 that if the
CM-point 7; € H, maps to the CM-point P; € X under the Cerednik-
Drinfeld isomorphism ¢“P| then 7/ will map to P/ = w,(Frob,(P)),
explaining the perhaps somewhat non-obvious definition of the point P/
from the previous section.

Comparing divisors, we obtain the equality

. . 2
jn o eP(2) —jno soCD(w1)>
IN 0 @CP(2) — jn o 9CP(wa) )

O (w1, we; z) = c(wy, ws) <
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where c(wy,w2) € C; is some unknown constant. This constant seem-
ingly prevents us from relating the precise norms of the expressions on
both sides of this equation to achieve a p-adic analogue of Theorem A.
However, a simple trick allows us to circumvent these concerns. Indeed,
we may evaluate the above expression at two different values z; and 2o,
and subsequently divide out the constant ¢(wq,ws) to find the uncondi-
tional equality

@(wl, wa; 21)

. CD . CD . CD . CD 2
= |JNO© Z1)sJN© 22),JNO wi1),JN© wa)| -
O(wn. g 22) [inoe®P (21), inoe™P (22), ino™ (w1), jnop®” (w2)]

In fact, a cross-ratio also appears on the right hand side, as

O(wy, wy;21) _ 11 21 — YW1 22 — YW
O (w1, w; 22) L P2 — w2 22 — YW1
YERG[1/p];
- H [21, 22, yw1, ywa].
YERG[1/p]f

In view of Theorem A, it should now be natural to set z1 = 71, 20 = 77,
wy = 72 and wy = 75. If we let P; be the image of 7; for ¢ € {1, 2} under
the isomorphism p®P, then we obtain the equality

I [roordsmeyms] = G (Py), v (P, v (Pe), v (P3))%
YERq[1/pl{

In Section 4.5, we will define an action of the class group Pic(Kj;) on the
set of embeddings O; — R, and as such, also on the set of CM-points
for the orders O; for i € {1,2}. A product over Pic(K;) x Pic(Ks2) then
corresponds to taking the norm of the p-adic quantities above, which
should conjecturally be algebraic and contained in the field Hy Ho, down
to the field L. However, these algebraic numbers are in fact always
contained in a degree 2h1ho subfield of Hy Hs, which will cause this norm
to L to always be contained in the real quadratic field F.

To algebraically describe the final step down to Q, we let 7 € R,
denote any quaternion with Nm(7) = p. We now define

O(ca] -1, [ea] - s [ea] - 72)

O(le1] - 1, [ea] - 75 [ea] - 73)

oDy, D2) = ]

[e1][e2]

and
O([er] - 71, [ea] - 75 [ea] - 72)

P02 = 11 g o el =)

[e1][e2]
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where the products are taken over all [c;] € Pic(K7) and [ca] € Pic(K3).
We then also claim the following p-adic version of Theorem A, the proof
of which will be the main focus of this thesis.

7

Theorem B. It holds that

O(D1, Ds) \ ez D — 22\°®

(emm) -+ I #(%)

0,(D1, Ds) i AN '
22=D mod 4N

Clearly, Theorem A and Theorem B are equivalent.

We conclude this section by recording a proposition that aims to
relate the result from Theorem 1.3.2 to the differences between the fixed
points associated with the embeddings «; : O; — R,. It illustrates that
these fixed points contain a lot of arithmetic information about the pair
of embeddings that defined them.

Since we expect only primes ¢ that are inert in both K; and Ko
to contribute to the eventual norm of the algebraic quantities we are
considering in Theorems A and B, we will restrict ourselves to this class
of primes when formulating and proving the following result, once more
strengthening the ties between our results and Theorem 1.2.1. Finally,
we remark that, even though the following proposition is formulated in
terms of the matrix algebra Ms(Zy), by choosing a splitting it is actually
applicable to every rational quaternion algebra Bjs as long as £ 1 M.

Proposition 2.2.2. Let £ be a rational prime that is inert in both K
and Ky. Let oy : Op — Ma(Zy) and ag : Oy — Mo(Zy) be embeddings
with associated fized points 71 € Zyp2 and 1o € Zy2. Then vy(m1 — 72) i
equal to the largest k € Z>o such that the images of oy and oo coincide
modulo €% My(Zy).

Proof. Let us suppose that the image aq(y/D1) is given by

a+ D1

c —a C

(a b ) with fixed point 7 =
where D; = a® + bc is one of the discriminants in question. Further
suppose that the image ag(v/D2) is given by

VD
(x Y ) with fixed point 7 = u,

zZ —X z
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where Dy = 22 + yz is the other discriminant. First, we claim that
b,c,y,z € Z;. Indeed, if this were not the case, then D; = a®> mod ¢
and Dy = 22 mod ¢. However, then the prime ¢ would not have been
inert in the fields K7 and Ks; a contradiction. Therefore we find that

T =19 €l = z(la+/D1) —c(z 4+ V/D2) € Zp.
Now note that we can write Zy = Zy + Zy/D1. Therefore, we find that
T — Ty € €ngg < za—cx € Eng and zDji — VD e Kng.
Suppose that these congruences hold for some value of k. Then
2Dy =c¢VD mod *7, — zQD% =c*DyDy mod ¢*7,.
We continue to compute that
22Dy =Dy mod 7y = 22(a® + be) = A(2® +yz) mod (*7Z,.

Using that za = cx mod ¢*Z,, we conclude that 22bc = c?yz mod (*Z,,
and so zb = cy mod ¢*Z,. Now define t € Z, to solve the equation
z = te. Then we find that tca = cx mod ¢¥Z,, and as such, ta = ¢
mod ¢*Z,. Furthermore, we find that tcb = cy mod ¢¥Z,, and as such
tb =y mod ¢¥Z,. This means that

<x y>5t<a b) mod % Ms(Zy).
z —x c —a

As the images a1(v/D1) and as(+/Ds) are both traceless, this is equiva-
lent to the images of the embeddings agreeing modulo ¢¢7Z,.
Conversely, suppose that the above matrix congruence holds true
for some t € Z;. Then we find that za = tca = cx mod (%74, and
similarly, as now Dy = t2D; mod Kng, we find that 2Dy = teDy = e/ D
mod ¢(*Z,, proving the other direction too. O

2.3 Parallels with RM-theory

In the spirit of the original paper by Gross and Zagier [GZ84], our ap-
proach to proving Theorem A and Theorem B is two-fold. First we
present a direct proof of Theorem A using CM-theory, which one could
say is the standard approach for problems of this nature. It is not surpris-
ing that such a proof exists, and in fact, using the results from Phillips’s
thesis [Phil5], the proof is rather straightforward.
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Much more interesting is our second proof, which proves Theorem B
directly, not relying on any CM-theory whatsoever and is done purely
by studying the infinitesimal p-adic deformation theory of the Galois
representation associated with an appropriate p-stabilisation of the par-
allel weight 1 Hilbert Eisenstein series E , described in Section A.2 and
studied in Section 1.6. Captured in one equation, letting A once again
denote the diagonal restriction, Theorem B will be a consequence of the
claim that the first Fourier coefficient of the ordinary projection

cord (AiEg)((e)) € S2(Tp(NV)),

must vanish, once more strengthening the parallels with the analytic
proof in [GZ84] that we sketched in Section 1.6 and which we similarly
captured succinctly in Equation 1.2.

Our main motivation for this second proof, which constitutes the
focus of this manuscript, originates from the recent advancements in the
theory of real multiplication, as we will now explain.

A most naive attempt at using the j-function also to generate abelian
extensions of real quadratic fields to mimic the results of Corollary 1.1.2
is complicated by the observation that the real line R is not contained
in the field of definition H of j. A more conceptual way of phrasing this
obstruction, is that the infinite place of a real quadratic field is split,
whereas it is not for imaginary quadratic fields. As H, = P1(C,)\P'(Q,)
and all p-adic embeddings of a number field land inside Q) if and only
if p splits completely, a real quadratic field does have points inside the
p-adic upper half plane as soon as p does not split.

Building upon this insight and influences from the theory of linking
numbers of modular knots, in [DV21], Darmon and Vonk proposed a p-
adic real quadratic analogue of the differences between singular moduli
as studied in [GZ84]; a certain rigid meromorphic cocycle for the group
SLo(Z[1/p]), whose RM-values conjecturally often generate the appro-
priate Hilbert class fields for real quadratic fields. Certain cases of these
conjectures have recently been proved and while this emerging theory
should be well connected with many other areas of mathematics, no-
table among these the theory of Borcherds products and their ostensible
connections to both p-adic heights and intersection numbers of geodesics
on Shimura curves, many aspects remain to be explored.

The RM-values of the rigid meromorphic cocycles introduced in [DV21]
in many ways behave like a p-adic real quadratic analogue of the dif-
ferences between singular moduli as studied in [GZ84]|, as these RM-
values conjecturally display factorisations of an intricacy similar to those
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claimed by Theorem 1.2.1. More recently, these constructions were
generalised to different quaternion algebras than the matrix algebra in
[Geh20, GMX21], reflecting the step from modular curves to Shimura
curves as outlined earlier in this chapter, and to more general orthogo-
nal groups in [DGL23].

Historically, the study of CM-theory has largely been facilitated by
its connection to the geometry of abelian varieties and the moduli spaces
that govern them. The development of an analogous RM-theory is com-
plicated by the lack of such obvious connections to geometry. It is for
this reason that the analytic proof in [GZ84] is of particular interest,
as its independence from CM-theory contrasted strongly with the other,
more algebraic, proof.

Darmon, Pozzi and Vonk used similar ideas in [DPV21, DPV23|,
studying the ordinary projection of the diagonal restriction of the first
derivative with respect to the weight parameter of a p-adic family of
Hilbert modular Eisenstein series attached to more general odd charac-
ters of the narrow class group of a real quadratic field. They computed
its Fourier coefficients and these quantities proved to be related to both
Stark-Heegner points and Gross-Stark units, enriching the analogy be-
tween the classical theory of complex multiplication and its extension to
real quadratic fields.

In a similar spirit, Dasgupta and Kakde in [DK23a, DK23b] recently
proved the Brumer-Stark conjecture away from 2 and used these ideas to
prove the p-part of the integral Gross-Stark conjecture for the Brumer-
Stark p-units in CM abelian extensions of a totally real field using the
theory of group ring valued Hilbert modular forms. Another recent
breakthrough towards Hilbert’s 12th problem was recently established
in [BCG23]|, highlighting the buzzing research activity surrounding the
ideas and techniques that drive the main concepts explored in this thesis.

The p-adic nature of these advancements in the RM setting raises the
question of the applicability of some of these techniques in the CM set-
ting, where the theory is much more understood and other methods than
those employed in this thesis are also available. The main motivation
for this manuscript is to answer this question in one particular setting,
proving the same theorem both using the geometric moduli interpreta-
tion of the Shimura curve Xy, and not using this interpretation at all,
and instead relying purely on the newly developed techniques from mod-
ern RM theory. This is especially interesting in view of the presently
still unknown geometric framework within which the modern develop-
ments in RM-theory should best be described. Finally, we remark that
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the present work serves as a direct p-adic transposition of the analytic
proof by Gross and Zagier in [GZ84| because we study an appropriate
p-stabilisation of the exact same Hilbert Eisenstein series £ , but using
p-adic instead of archimedean methods.

Additionally, our work hints at an occurrence of a non-archimedean
instance of the Kudla program, which is presently being investigated
more intensively than ever. Even though it has classically been mostly
studied in an archimedean context, recent years have seen some instances
of similar results in non-archimedean settings. Examples of this include
the results from [DPV21, DPV23|, but also for instance the works [DT08]
and [LN19]. This emerging “p-adic Kudla program” still leaves much to
be explored in the forthcoming years. It is also for this reason that in
the present work, we do not explore the possibly third approach using
Borcherds lifts in a similar style of [Errl1] when proving the CM-values
from [Elk98|, even though the success of such an approach should be
expected as well.

Remark 2.3.1. If we relax the condition that the Shimura curve Xy be
of genus zero, then the quotient (D1, D2)/O,(D1, D2) from Theorem
B can no longer be expected to be algebraic and indeed it generally will
not be, for it will consist of both an algebraic part, determined above,
and a transcendental part given by an appropriate p-adic height pairing
on the Jacobian of the Shimura curve Xy, which vanishes in the genus
zero case. Define for i € {1,2} the divisors on Xy by the formulas

Di= Y la]-(P-P)

[e;]€Pic(K;)

Let T, denote the natural Hecke correspondence on the Jacobian of Xy
and let (—, —), denote the p-adic Schneider height pairing as computed
in [Gro86, Wer96|. Even though Werner’s result in [Wer96| only pertains
to the quotient by Schottky groups, using the results from Section 4 of
[vdP92]|, one expects this to be extendable to quotients by groups such
as Ry[1/p]y. One may conjecture an equality of the form

or d m
eord (AdeEﬁ’;(e)) =3 (D1, T Ds), ¢ € S2(To(N)).

m>1

This p-adic instance of the Kudla program would bear strong resem-
blance to various previous works in an archimedean setting; most no-
tably to Theorem V.1 in [GKZ87]. It would also resemble some of the
results by Zhang in [Zha0l, YZZ13|.
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2.4 Outline of the thesis

In Chapter 3, we describe an approach that mirrors the ideas behind
Gross and Zagier’s original algebraic proof in [GZ84], exploiting the mod-
uli interpretation of the Shimura curve Xy and the theory of complex
multiplication. We appeal to the main result of the PhD thesis of An-
drew Phillips [Phil5]|, which computes the intersection numbers of certain
substacks of the full moduli stack that parametrise CM abelian varieties,
following ideas of Howard and Yang in [HY12]. Using these results, the
proof of Theorem A is rather straightforward.

The weight of this thesis is concentrated in our proof of Theorem B.
For this, we follow the general strategy of the main arguments presented
in [DPV23|. The core idea is to deform Egp)z as a p-adic cusp form.
To obtain such a family of deformations, we first deform a rigidification
py of the decomposable representation p = 1 @ x associated with Efp))(
We then justify that these representations come from modular forms
by means of proving a so-called R = T-theorem. With this family of
modular forms in hand, we finish the proof through a computation.

Our second proof can thus be divided into three distinct steps.

Step 1: In Chapter 4, we describe an F-quadratic form detr on By
refining the quaternion norm to F. Together with a construction that
associates to a quaternion an Op-ideal, we derive a bijection between
the elements of R, with a fixed detp-value and the set of O-ideals of a
certain norm. In Section 6.1, we use this to rewrite the left hand side of
Theorem B in a more useful form.

Step 2: Chapter 5 proves an R = T theorem using similar methods
as in Pozzi’s thesis [Poz19] and the works [BDP22, BD16, BDS20, BC06],
using fundamental results from Hida in [Hid89b, Hid89a|. This is done
by constructing a lift of p, to Hida’s cuspidal nearly ordinary Hecke
algebra and comparing the dimensions of this Hecke algebra T" and the
nearly ordinary deformation ring R. This is used in Section 6.2.

Step 3: In Chapter 6, we consider one particular deformation and,
supported by the result of Chapter 5, compute the infinitesimal family
of deformations of E%pi that corresponds to it. After taking its diagonal
restriction, its derivative with respect to the weight parameter and ap-
plying the ordinary projection operator, we argue why the result must
vanish identically. Ultimately, we conclude the proof of Theorem B by
computing explicitly the Fourier coefficients and equating the first of
these coefficients to zero.
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CHAPTER 3

Moduli of false elliptic curves
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Assisted by the PhD thesis written by Andrew Phillips [Phil5]|, this
chapter aims to approach Theorem A geometrically to give a first proof
of Giampietro’s conjectures. We stress here once again that using these
results, our proof of Theorem A is rather straightforward. Therefore,
the weight and novelty of this thesis rests mostly on the forthcoming
chapters instead. Throughout this chapter, we fix N € {6, 10, 22}.

Recall that modular curve Xo(1) acts as a coarse moduli space for
the set of elliptic curves up to isomorphism. This is done by sending
7 € H to the elliptic curve E. = C/A; where A; = Z + Z7. As one can
choose various bases for the lattice A, this induces a bijection

Yo(1) = SLa(Z) \ H = {E/C an elliptic curve}/ iso.

A similar construction realises Xy as the coarse moduli space of false
elliptic curves; roughly speaking, these are abelian surfaces A with the
property that the maximal order Ry C By embeds into the endomor-
phism ring of A. We say that such surfaces have quaternionic multipli-
cation by Ry. To 7 € ‘H one associates the lattice

A, = Ry - G) cC2.

By construction, this lattice is stable under left-multiplication by Ry and
as such, this maximal order embeds into End(4;), where A = C?/A..
This association yields a bijection

Xn(C) =Ry \H = {A/C a false elliptic curve}/ iso.

We use this description to illustrate why it is natural to define CM-points
on the Shimura curve Xy as the fixed point in H for the action of the
fields K; on H through some fixed embeddings o; : O; — Ry for i €
{1,2}. Roughly, we say a false elliptic curve A has CM by an imaginary
quadratic order O if there exists an embedding O — Endpg, (A); in other
words, there must be a subring of endomorphisms isomorphic to O that
commutes with the given subring of endomorphisms isomorphic to Ry.
The following lemma explains that with these definitions, CM-points on
X correspond to false elliptic curves with CM.

Lemma 3.0.1. Let P € H be the fized point for the action of some
embedding a; : O; — Ry. Then P € Xy corresponds to a false elliptic
curve with complex multiplication by O;.
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Proof. Let A = C?/Ap with Ap as defined above. We must find for any
z € O; an endomorphism k(z) that commutes with the Rj-action on A.
Note that if for some z € O,

0i(z) = (Z Z) then  ay(x) - (f) - (gig) — (cP+d) (113)

So we set k(x) to be scalar multiplication by ¢cP +d on A = C?/Ap. It
remains to show that this is a ring homomorphism. To this end, choose
an embedding K; — C and assume without loss of generality that ¢ > 0
if and only if x € H. This is possible since a;(y/D;) cannot be upper
triangular, for if so, its square would have positive trace, whereas D; < 0.
For z € ‘H we compute that

—d+ /D,
P>+ dP=aP+b < P="_ +2 (z)
C

where
Di(z) = (a — d)? + 4bc = Tr(oy(z))? — 4det (i (z)) = tr(z)? — 4 Nm(z).
Therefore, we find that

Pt d— tr(a;(x)) ;- \/T(:U) _ tr(z) + \/tr(x2)2 —4 Nm(x)'

This describes the unique solution in # to the equation X? — tr(z)X +
Nm(z) = 0, which is . Whence ¢P 4+ d = x and the homomorphism
property is immediate. O

3.1 Arakelov degrees of stacks

Unfortunately, the curve Xy is only a coarse moduli space for false
elliptic curves. To obtain a fine moduli space, we will need to work with
algebraic stacks. An overview of the theory of stacks will not be given
here, but for a brief yet clear introduction, we refer the reader to Section
7 of [Vis89]. We start with some definitions.

Definition 3.1.1. A false elliptic curve over a scheme S is a pair (A4, )
where A — S is an abelian scheme of relative dimension 2 and ¢: Ry —
Endg(A) is a ring homomorphism. For ¢ € {1,2}, a false elliptic curve
over an Op-scheme S with complex multiplication by O; is a triple
(A, ¢, k) where (A, ) is a false elliptic curve over S and x: O; — Endg,, (4)
is a ring map such that the action on the Lie algebra is through the nat-
ural structure map O; — O, — Og(S).
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Definition 3.1.2. Let M be the algebraic stack, regular and flat of rel-
ative dimension 1 over Spec(Qp,), such that M(S) for any Op-scheme S
denotes the category of false elliptic curves (A,¢) over S satisfying for
any x € Ry the property that any s € S has an affine open neighbour-
hood Spec(R) — S such that Lie(A,g) is a free R-module of rank 2 and
there is an equality of polynomials in R[T] of the form

char(u(r), Lie(A/g) = (T — z)(T — 7),
where (...) denotes the main involution on By. This 2-dimensional stack
M is usually referred to as (the integral model of) a Shimura curve.

We are interested in two particular substacks of this stack; those
defining the false elliptic curves with complex multiplication by O; for
i € {1,2}. Let Y; for ¢ € {1,2} be the algebraic stack over Spec(Op)
with Y;(S) the category of false elliptic curves over the Op-scheme S
with complex multiplication by O;. By forgetting the CM-structure, we
have a morphism of stacks J; — M. We further define

J =1 Xpm Mo

By definition of the pullback of stacks, J now denotes the algebraic
stack over Spec(Op) with J(S) the category of triples (A1, Ao, f) where
A; = (A, 1, k) for i € {1,2} is a false elliptic curve over the Op-scheme
S with complex multiplication by O; and where f: A; — As is an
isomorphism of false elliptic curves.

Following |[Phil5], we proceed to refine the stack J by associating
to every triple (A1, As, f) € J(S) a pair of objects (9, v) as follows. It
is easy to show that there exists a unique ideal my C Ry of index NZ.
For i € {1,2}, there is a unique surjective ring map 6;: O; — Ry/my
making the following diagram commute, where A;[my| denotes the group

O; Endg, /my (Ai[mx])

N

Ry /my

scheme of the mpy-torsion inside A;.
Since Op = 01 ®z O2, we obtain a well-defined surjective ring map
¥: 601 ®03: O — Ry/my. For brevity, we will denote

V := Hom(Opr, R/my).
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We let ay = ker(d) N OF be the reflex ideal. Since ker(d) is an Op-ideal
of norm N2, it follows that ay is an Op-ideal of norm N. As such, as
N = pq, there are precisely four possibilities for ay;

ap € {P1q1, p1a2, P2dr, p2q2} =: Z.
Next, as in Proposition 2.3 in [HY12], one can construct a map
degey: Homp, (A1, A2) — D'

satisfying the defining property that tr(g(degCM(f)) = deg*(f), where
deg®(f) denotes the false degree of the morphism f asin Definition 2.2.15
in [Phil5], which satisfies the property that deg*(f) = 1 for all isomor-
phisms f. This construction is very similar to the one to be outlined in
Section 4.4 of this thesis, so we will not give more details here. As such,
we may consider the element v = degcy(f) € Dp'. Then tr(v) = 1.

For any 9 € V, we define Xy to be the algebraic stack over Spec(Or)
with Xy(S) for any Op-scheme S the category of triples (A1, Ao, f) €
J(S) with the property that the pair (A1, Ag) induces the map ¥ € V
by the construction outlined above.

For any v € D', we let Xy, denote the algebraic stack over Spec(Op,)
with Xy, (S) for any Or-scheme S the category of triples (A, As, f) €
Xy(S) with the property that degey(f) = v on every component of S.

We then obtain the decompositions

j:|_|X0 and Xy = |_| X
IEY veDL?
tr(v)=1

The main result of [Phil5| concerns the Arakelov degree of the stacks Xy,
which is defined as

deg(Xy) : Z log(|F,|) Z

tCOL r€Xy (k)

Iength((’)ig) )
|[Aut(z)[

where t C Oy, is a prime, where k = F, and where OSh denotes the
strictly Henselian local ring of Xy for the étale topology at ‘the geometric
point z. By the decomposition above, we have

(3.1) deg(Xy) = Z deg(Xy..).
veDL !
tr(y):l
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Lastly, we define the finite set

where y, denotes the character defined by the unramified extension of
local fields L./ Ft, obtained by completing these fields at the prime v and
a prime of L above it. For I C Op, it holds that x.(I) = y(¢)°d(),
Theorem 2 in [Phil5| then says the following.

Theorem 3.1.3. Let v € F satisfy tr(v) = 1. Suppose that Diffy(v) =
{r} for some prime v C Op. If r{ N, the degree of Xy, satisfies

exp(deg(Xy,)) = /2 where t, = ord.(vtDp) - p(vayte'Dp).

If r | N, depending on whether v divides ay or not, we must replace the
term ord.(vtDr) by ord.(v) or ord.(vt) respectively.

Ifv ¢ D' or #Diffy(v) # 1, then the degree is always 0. In addition,
if v % 0, then the degree is always 0.

This result gives us an explicit formula for the Arakelov degrees of
the stacks Xy, and as such, also of the degrees of the stacks Xy. It is
also clear from the result that the degree of the stack Xy, only depends
on the ideal ay € Z and not on the precise map ¥ € V. Therefore, the
same holds true for the degree of Xy too. This allows us to define for
any a € Z and v € F the quantities

X(a,v) :=deg(Xy,) and X(a):=deg(Xy),

where ¥ € V is arbitrary such that ay = a. In the next section we will
show that these expressions, when combined appropriately, constitute
the right hand side of Theorem A. The remainder of this chapter aims
to relate the degrees of the stacks Xy to the left hand side, ultimately
establishing equality.

3.2 An elementary formula

We first prove a sequence of smaller lemmas, that each will take care of a
separate part of the translation process between Phillips’s more abstract
ideal arithmetic and Gross and Zagier’s and Giampietro’s elementary
formulas involving the F-function defined in Section 1.2.

Recall the definition of a special prime for a positive integer m as
being a prime ¢ that divides m an odd number of times and such that
each prime [ of F' above ¢ satisfies x([) = —1.
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Lemma 3.2.1. Let v € D;LJF with tr(v) = 1. Then the ideal vDFp is
wntegral, principal and primitive.

Proof. We write v = (2 ++/D)/2v/D for some odd integer z. Using that
Dr = (V/D), we find that vDp = ((x 4+ v/D)/2). This is clearly integral
and principal, and it is primitive because no rational prime r can divide
it. Indeed, the element (z + v/D)/2r can never be integral for a prime
r. This completes the proof. O

Lemma 3.2.2. Let v = (z++/D)/2v/D for some integer = be such that
some a € T satisfies a | vDp. If v € Diffy(v) and r =t NZ, then r is a
special prime of the integer (D — 2%)/4N.

Proof. Recall that for I € Op, it holds that x.(I) = x(t)°" (D).

Suppose that v € Diffy(v), or in other words, x.(vaDr) = —1. By
the explicit description of x, it now follows that x(t) = —1, so t is inert
in L/F. Therefore, r is not inert in F.

Now note that x:(vaDr) = x.(va~!Dp), as squares of ideals are
always in the kernel of x,. By Lemma 3.2.1, this latter ideal is both
integral and still primitive, and as such, only one of the two primes
above r in F can occur in its factorisation. This multiplicity is then
equal to the multiplicity with which r occurs in the norm of the ideal.
As x:(vDp) = —1, this number must be odd, establishing that r is indeed
a special prime of the integer (D — x2)/4N. O

Lemma 3.2.3. Let I C Op be an ideal with explicit prime factorisation
I = ’it?mi I1; 5?'7 where all the primes s; split in L/F and all v; are
inert in L/F. Then we have

p(1) = [ (n; +1).

J

Proof. We look prime by prime. The unique ideal R; of L lying over t;
has norm tf. Hence only 98 has norm t2.

For any of the s;, we find two primes in L lying above it, say &; and
&’. The norm of 6?6;1) is equal to 597 and so we find n; + 1 possible
ideals with norm 5;”, corresponding to a € {0,...,n;}. ]

Lemma 3.2.4. Let v € D;LJF with tr(v) = 1. Then there is at most
one ideal a € T such that p(va='Dp) > 0.

Proof. A necessary condition for the quantity p(ra~!'Dr) to be positive,
is that the ideal va='Dp be integral. In other words, we must have
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a | vDp. However, by Lemma 3.2.1, this latter ideal is primitive, and
two different such a € 7 dividing it would mean that either p or ¢ would
also divide it. This proves the lemma. O

Now note that a | vDr if and only if (z ++/D)/2 € a. Applying the
nontrivial automorphism o of F'/Q to this inclusion, we see that

(z+VD)/2€a > (—z+VD)/2 € o(a).

The norm of vDp is given by (22 — D) /4, so if this is divisible by N, then
x? — D must be divisible by 2N, and so 2> = D mod 2N. Therefore,
vDp can only be divisible by some a € 7 if z = +a,+b mod 2N, where
a and b are as in Equation 2.1. Recall from the previous section that the
reflex ideal ay must be an element of the set

T := {p1q1, P12, P2q1, P2da}-

The first and last are Galois conjugate and so are the second and third.
Combining all this, we define

+1  if ag € {p1q1,p2q2};

() = 6(ag) = ‘
=1 if ay € {p192, p2q1},

with these Galois orbits chosen in such a way that this sign agrees with

the choices from Equation 2.1. The following theorem will be the key

consequence of Phillips’s work in [Phil5]. It connects the degrees of

certain stacks to the explicit formula found in Theorem A.

Theorem 3.2.5. Let v € D;1’+ with tr(v) = 1. Then we can write
v = (x++v/D)/2VD for some integer x with 2> < D. Furthermore,

_ g2 3(z)
F (D4N > = [J exp(6(a)X(a,v)).

ael

Proof. If the norm of vDp is not divisible by NV, then the ideal yalglt_lDF
is not integral for any choice of ay and t. So no matter the case of The-
orem 3.1.3 we are in, X (a,v) = 0. The right hand side of the equation
will thus be 1, as is the left hand side.

We thus assumie that some a € Z divides vD. By Lemma 3.2.4, there
is then only one such a. By the same argument as above, any other ideal
in Z will not contribute to the product on the right hand side. Hence we
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may restrict our view to the unique a € Z dividing vD. By definition,
the signs 0(z) and d(a) will agree in this case. Thus we are left to prove

P (255 = explden(Fan)

We distinguish two cases. First suppose that Diffy(r) does not consist
of exactly one prime. Then Theorem 3.1.3 tells us that the right hand
side again becomes equal to 1. On the other hand, we note that we are
in the situation of Lemma 3.2.2 and thus the primes occuring in Diff, (v)
biject with the special primes of (D —z2)/(4N). By definition, now that
we do not have exactly one such prime, F' equals 1 too.

We may thus from now on suppose that Diffy(v) consists of exactly
one prime v. We again distinguish two cases. First suppose that r { N.
Then we may use Theorem 3.1.3 to reduce to checking that

D —z? tr)2 —1.-1
F N )= where ¢, = ord.(vtD) - p(va” "t Dp).

We claim that the ideal factorisation of va=lt~'Dp is of the form as in

Lemma 3.2.3. Let [ be a prime divisor of this ideal lying over the rational
prime ¢ and let n € N be such that [*||va= 't~ 1Dp.

If [ splits in L/F, there is nothing to show. If not, n being odd
would imply that [ € Diffy(v) = {r}, yielding a contradiction unless
[ = v. However, in that case, the added factor of t=! makes the odd
multiplicity of v in va~!Dp even again.

We are thus in the position to apply Lemma 3.2.3 to va~ 't~ 'Dp.
Using the notation from said lemma, we compute that

plva 1 Dp) = [J(n; + 1),
J
where the n; are the multiplicities with which primes in F' that split in
L/F divide va—'tv=!Dp. Again, by Lemma 3.2.1, this ideal is primitive
so its ideal factorisation in F' reflects the factorisation of its norm in Z.
Let 2k + 1 denote the odd multiplicity with which v divides vDp. Then
since r { N, we compute that

ord(vtDp)
2

So, the right hand side becomes (k + 1) [[;(n; +1). Indeed, this agrees
with our definition of F, as the norm of va 'Dg is (D — x2)/(4N),
completing the proof in this case.

=k+1.
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Finally, we must consider the case of r | N. We claim that we are
always in the case that the prime v € Diffy(v) above r divides a. Namely,
by Lemma 3.2.4, the only prime ideals over r dividing vDp are, by our
choice of a, those occuring in a. Hence any prime over r occuring at all in
the factorisation of va~!Dp must also divide a. Hence, we use Theorem
3.1.3 to reduce ourselves to proving that

(D—fUQ) _ te/2 _ —1,.-1
F =r where ¢, =ordy(v) - p(va”'p~ "Dp).
AN

Our accounting for the factor contributed by p(va='p~!Dp) is very sim-
ilar to the argument given above. For the other factor, we note that
ordy(v) = ord, (vDF) as we assume D and N to be coprime. Let 2k + 1
be the multiplicity with which v divides vaDp, so it divides vDr exactly
2k times. Together with the factor 1/2, this contributes a factor of k
to the exponent ¢, on the right hand side. On the left hand side, we
note that 2k is equal to the multiplicity with which r divides the norm
(D —2?)/4 of vDp. Hence the number (D — x2)/(4N) contains precisely
2k —1 =2(k — 1) + 1 factors of r. Thus indeed, using the definition of
F, we also find on this side an added factor of (k — 1) +1 = k. O

3.3 From M to Xy

The main goal of the sections that follow will be to reinterpret the
Arakelov degrees of the stacks Xy for ¥ € V as quantities involving
cross-ratios of the function jy : Xy — P!. Most terms appearing in the
formula of the Arakelov degree are straightforward, the most profound
one being the length of certain strictly Henselian local rings on stacks.
This section aims to relate these numbers to lengths of rings associated
with the algebraic curve Xy instead.

Proposition 3.3.1. Recall that w; := #0O. . Then we have

1
deg(Xy) = s Z log(|F|) Z Iength((’)ﬁgw Bos (’)i};x),
tCOy, r€Xy (k)

where the sum is taken over all isomorphism classes x = (A1, As, f) €

Xy(k) and where k = ..
Proof. Recall that by definition, J = Y1 X Yo. This means that

sh __mmsh __ »sh sh
O‘Xﬂ,w - sz - Oyl,as ®O§\}/llx OyQ,m'
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Further invoking Theorem 4.1.3 in [Phil5|, which says that |[Aut(z)| =
wyws for all points x, the result follows from the definition of the Arakelov
degree. O

Let Y; — X be the closed subscheme supported on the 4h; points
with CM by O; for i € {1,2}. As is outlined in Section II of [Vis89],
we have a natural map 7 : M — Xy. As Xy is smooth and M is a
Deligne-Mumford stack, by the miracle flatness theorem, the map m must
in fact be flat. We have summarised the situation in the cube below.

(V1N Y2) Y1k
\\\s \\\,4
(Y1N0Yz) l Y1k
Vo l Myj,
\\\\) .,
Yok XN/k

We proceed with the following useful lemma.

Lemma 3.3.2. Two triples (Aq, Ao, f), (A}, AY, g) € Xy(k) are isomor-
phic if and only if A; = A} fori e {1,2}.

Proof. To give a morphism (A1, As, f) — (A}, A}, g) is to give mor-
phisms ¢ : A7 — A and ¢ : Ay — A, such that the following diagram
commutes:

A 2 A

il £
Ay 5 A
Such a morphism (A1, Ao, f) — (A, A}, g) is an isomorphism if and
only if both ¢ and ¢ are isomorphisms. This proves one direction.
Conversely, consider two triples (A1, Ag, f) and (A], A}, g) and sup-
pose that A; and A are isomorphic for i € {1,2}. Choose ¢ : A} — A}
as such an isomorphism and set 1) = go ¢ o f~!. Being the composition
of isomorphisms, this map is also an isomorphism and it makes the dia-
gram commute; thus this describes an isomorphism between the triples
(A1, A, f) and (A, A}, g) and the bijection has been proved. O
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This is useful, as the set of CM-points without any additional infor-
mation has a very well-understood structure, as we will see in the next
section. For now, we content ourselves with proving the following key
proposition, which establishes our goal for this section.

Proposition 3.3.3. Fiz a prime ideal v C Ok and a geometric point
x = (A1, As, f) € Xy(k) where k =TF.. Then

length((’)igﬁyx) =2 length(O%@ ®O§?N71 O%,x)'

Proof. We will use a few results on stacky intersection theory from
[Vis89] for the map 7 : M — Xpy. All local rings we consider are
for the étale topology on the respective schemes. On the rational Chow
group, Definition 3.6 states that the proper push forward of a cycle D on
a stack is defined to be the image cycle multiplied by the relative degree
of the map from the cycle and its image. Since k is perfect and the num-
ber of automorphisms for CM false elliptic curves is constant, Corollary
2.5 in [Vis89] implies that this degree is the reciprocal of the size of the
automorphism group of our point. Using Lemma 4.1.3 in [Phil5|, we
then find

1

)

In addition, the above also shows that pushing forward the stacky in-
tersection Y1 N Vo along m will divide the result by Aut(z) = wjwe;
whence

1

w1w2

T (V1 - o)z = length(O%, ).

As we know 7 to be flat, we have a well-defined notion of a pull-back of
cycles along 7. A general false elliptic curve admits only two automor-
phisms, namely +1. Therefore, deg(m) = 1/2. Very generally, one has
the formulae

i 1
7 (Y;) = deg(m)w; Vi = %yi, so that 7*m, = deg(n) = 7

We may now use the projection formula from stacky intersection theory
(compare with the Stacks Project [0BOC]) to compute that on the other
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hand, it holds that

(V1 - Y2)z = T <37T*(Y1) 'yz)

= L () D), = (Vi m(D)),

2
= — (Yl : 7Y2) (Y1 -Y2),
w1 w2 z wi1w2

2 h
= w1w21ength((’)§/l’z ®O§}1 - (’)Y% ).

Now compare these two expressions for m.(V; - V2),. O

For notational convenience, we let (Y7 X Y3)y(k) denote the set of
pairs of CM-points over k that induce ¥ : O, — Ry/my.

Corollary 3.3.4. It holds that

deg(Xﬁ — Z log |F ‘ Z length(og‘%,fh ®(’)§?N Oi};Az)'
tCO (Y1 ><Y2)19(k)

Proof. Starting with Proposition 3.3.1, we use the independence proved
in Lemma 3.3.2 of the isomorphism class of a triple from its third com-
ponent to replace the sum over x € Xy(k) by a sum (A1,Az2) € (Y7 x
Y2)y(k), using that those pairs for which Ay and As are not isomorphic
yield no contribution because the points do not intersect. Next, we re-
place Iength(OSh ) by its scheme-theoretic analogue using Proposition
3.3.3 above to complete the proof. ]

3.4 Group actions

Let Wy = {1, wp, wy, wn} denote the Atkin-Lehner group, consisting of
the identity and three non-trivial involutions. It is explained in Phillips’s
thesis [Phil5] how the group Pic(K;) x Wi acts on the set of false elliptic
curves with CM by O; over any Op-scheme S. It is important to know
how the group actions on these embeddings relate to the reflex ideal.
This is established in the following quick lemmas.

Lemma 3.4.1. Let (A1, A2) be a CM-pair inducing the morphism 9 €
V. Then for any pair of ideals ([c1], [c2]) € Pic(K1) x Pic(K2), the CM-
pair ([c1] - Ay, [c2] - A2) also induces the map ¥ € V.
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Proof. This is almost immediate from the disccusion in [Phil5| on page
39. There the action of the product of the Picard groups on the CM
pairs of Shimura curves is described and it is shown that this leaves the
induced ring maps (’)Kj — By /my invariant. O

Lemma 3.4.2. Let (A1, As) be a CM-pair inducing the reflex ideal a =
piq; € Z. Then the CM-pairs (w,- A1, Ag) and (A1, wy- Az) induce reflex
ideal prq; with k # i, and the CM-pairs (wq - A1, Ag) and (A1, wy - A2)
induce reflex ideal p;q; with | # 7.

Proof. As described in [Phil5]|, the action of w), is given by conjugation
with an element 7 in By of norm p on the embedding ¢ : Ry — End(A).
This means that the action on ¥, which is induced by ¢ and &, is also
given by conjugation by 7. Extending scalars to Q,, Equation (2.20) in
[MY12] shows that we have the decomposition Ry = Z,2 @ Zy,m with
the action of 7 given by zm = 7wz, where o is the unique automorphism
of Gal(Q,2/Qp). Here we may choose Z,» = ¥1(K1) ® Zy. Then this
shows that conjugating with 7 induces the non-trivial automorphism on
the image of ¥ and thus will change the reflex prime above p, as claimed.
The situation for w, is analogous. O

Corollary 3.4.3. For any given 9 € V, the space (Y1 X Ya)y(k) is a
principal homogeneous space for the action of Pic(K;) x Pic(Ka). In
addition, the set V itself is a principal homogenous space for the action
of Wy X Wi and the set T is so for Wy C Wy X Wi acting diagonally.

Proof. The first two claims follow from Lemma 3.4.1 and Lemma 3.4.2
above, together with the elementary fact that #) = 16 and the knowl-
edge that the set of CM-points for O; is a principal homogeneous space
for the action of Pic(K;) x Wy, as shown in [Phil5]. For the third, note
that w, and w, change the reflex ideal at one prime, so in order to leave
it invariant, we must act by the same operator on both CM-points. [

Lemma 3.4.4. For any CM-point P, it holds that P" € Pic(K;) - wq(P).

Proof. Recall that P’ := w,(Frob,(P)). By applying w, to the above
equation, it follows that it suffices to show that Frob,(P) € Pic(K;) -
wn (P). As the set of CM-points for O; is a principal homogeneous space
for the action of Pic(K;) x Wi, by Lemma 3.4.3 above we reduce to com-
paring the reflex ideal associated with the pairing of the points Frob,(P)
and wy (P) with any other CM-point. Now indeed, by Lemma 3.4.2, the
latter induces the Galois conjugate reflex ideal compared to P, which
coincides with the Galois action of Frob,(P). O
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3.5 Proof of Theorem A

In order to obtain a new formula for deg(Xy) for ¥ € V, as a result of
Corollary 3.3.4, we must proceed to analyse the quantities

h h
length (0%1 JAq ®O§?N 0;2 VAl )

for (A1, As) € (Y1 xY2)y(k). This analysis is facilitated by the existence
of the isomorphism

in Xy = PL
We will need the following theorem.

Theorem 3.5.1. For any positive integer N, the Shimura curve Xy is
semistable and has good reduction at all the primes not diwviding N .

This is proved for instance in Morita’s master thesis [Mor70]. Let
t C Op be a prime and let Xy, be a semistable model of Xy over
Spec(Or). Further, let W, denote the ring of integers of the completion
of the maximal unramified extension of L,. By Theorem 3.5.1, if v { N,
the completed local ring of any Wy -point on Xy must be isomorphic to
We[z]. If v | N, then because we chose a semistable model of Xy, at all
geometric singular points on the special fibre the completed local ring is
isomorphic to W[z, y]/(zy — @), where w denotes a uniformiser inside
We. Because all CM-points are globally defined over the fields H; for
i € {1,2} by Corollary 2.1.5, both of which are unramified at r because
we assume 7 be coprime to both D; for i € {1,2}, CM-points can never
reduce to singular points on the special fibre of Xy by Remark 2.4.3 in
[Rom13]. As such, the completed local ring at a geometric CM-point on
XN, is always isomorphic to We[x].

Similar to Proposition 2.26 in [HY12], we find that the completion
of the strictly Henselian local ring of a CM point on the special fibre is
isomorphic to W;. Therefore, for z € (Y1 x Y3)y(k), we obtain two maps

Spec(W,) — Spec(OF. ) =5 Spec(W:[X])

XN,z

induced by the unique (up to local units) scalar multiple jn . of jy that
induces an isomorphism over W, away from the singular points, if there
are any. These maps correspond to two ring maps W [X] — W..

Lemma 3.5.2. Let R be a commutative ring and consider two maps
f1, fa: R[z] — R defined by f1(z) = a and fo(x) = b for certain a,b € R.
Then

R O f1,Rlz]. f2 R=R/(a—0b).
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We omit the proof, as it is just commutative algebra. If we let Py,
denote the CM-point on Xy defining the CM-false elliptic curve A;, then
the lemma above has the following immediate corollary.

Corollary 3.5.3. For any prime v C O and pair of CM points © =
(A1, Ag) € (Y1 x Yo)y(k) where k =T, it holds that

length (0%, @0 O%.2) = ve(ive(Pay) = jve(Pay))-

Proof. We apply Lemma 3.5.2 to equate the left hand side of the above
expression to length (Wt/(jN,t(PAl) —jN,t(PAQ))). We leave it to the
reader to check that this length is just the v-adic valuation. O

Corollary 3.5.4. Let 9 € V. Then it holds that

deg(Xy) = —— Z log(IFe) Y we(ine(Plera,) = ine(Ples)a,)),
YCO [61],[62]

where the latter sum ranges over all [¢1] € Pic(K1) and [cz] € Pic(K?).

Proof. First substitute the result from Corollary 3.5.3 into the expression
found in Corollary 3.3.4. The proof is then complete by Corollary 3.4.3,
which identifies (Y7 x Y2)yg(k) as a principal homogeneous space for the
action of the group Pic(K7) x Pic(K3). O

Now let V' = (W, x Wy) -9 C V where W, = {1,w,} C Wy. We will

study the sum
Z d(V)deg(Xy).
yeV’

Proposition 3.5.5. Let ¥ € V. Then it holds that

Z d()deg(Xy) =

JeV’

2 . . . .
Wy logNm[]N(Pfh)v]N(P;h)ajN(PAQ)ajN(PAQ)]'

Proof. The key idea is that for any prime v C O, the sum

25 Ut ]Nt PAl)_]Nf(PA2))
gey’

is equal to

< jNyt(PA1> - jN,t(PAz) . jN,t(quA1> - jN,t(quA2)>
INe(WePA,) = iNe(Pay)  JNe(Pay) — iNe(wePay)
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This cross-ratio is independent of the precise way we scaled our function
JnN,e, and as such, we may replace every instance of it by our original
fixed choice of jy. Next, by Lemma 3.4.4, we find that for certain classes
[di] € Pic(K;) for i € {1,2}, we have the equality w,Pa, = [di] - Py
Therefore, we may further rewrite this sum to

jn(Pay) — jn(Pay)  In(di] - Py,) —jn([do] - Py,)
“\in(di]- Py ) —jin(Pa,)  Jn(Pa,) —in([do]-Py,) )

If we now introduce the sum over Pic(K7) x Pic(K3), the twist by the
classes [d;] € Pic(K;) for i € {1,2} can be ignored, and we obtain

/

Z ; jN,r(P[cl]-Al) — jN7t(P[02}.A2) ' jNvt(P[cl]-Al) _jNvt(P[ICQ]-A2>
(eial) T\UNa(Plyay) — INe(Peslas)  ine(Pieygay) = ine(Pl,) a,)

Now recall Shimura’s reciprocity law, Corollary 2.1.5, which has the con-
sequence that taking an average over the class groups amounts to tak-
ing the norm of the cross ratio above in the unramified field extension
HyHs/L. In other words,

IT Un(Pega) in(Pa,):in(Peyas)s in (Pl a,)]

[e1][e2]

is equal to the norm N4 [j(Pa, ), jv (P, ). n (P, in (P, )]. Com-
bining all of this, using Corollary 3.5.4, we have proved that the left hand
side of the proposition is equal to

2

wiwz

> Tog(|Fel)ve (Nmf ™ [ (Pa,). i (P, ). in (Pas).in(Ph,)] ) -
tCOy,

We thus complete the proof is we can show for any = € L that

> log(|Fel)ve(x) = log(Nm(x)), so that [ |Fe|*™ = Nm(a).
tCOyp, rcOp,

Indeed, this follows by factoring the principal ideal Oy, into prime ideals
and then using the definition of the ideal norm. O

Proof. (of Theorem A) We exponentiate the result of Proposition 3.5.5
to find that

T exp(6(9)deg(Xy)) = Nm [jN(PA1)7jN(PJ/;1)7]'N(PA2)7]-N(PA2)]ﬁ
deV/
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so that we reduce to showing that

_ g2 5(z)
[T exo(6@)deg(xy)) =+ ] F<D4N > .

vey’ z2<D
22=D mod 4N

Now we recall the result of Theorem 3.2.5, and on both sides we now
take a product over all v € D}1’+ with tr(v) = 1. We then obtain that

[ #(%5) - T vt

2z2<D veDL Lt ael
x2=D mod 4N tr(l/):
—Hexp( Z X (a, u) :Hexp(é(a)X(a)).
acl l,efpfl T+ acT
tr(u):l

We have thus reduced to showing that

H exp(0(9)deg(Xy)) H exp(0 (a)).

veV’ acl

Both sides of this equation display a product with four factors, so we
complete the proof if we make four pairs of equal factors. Choose 9 € V'
arbitrarily and assume without loss of generality that its associated reflex
ideal equals ay = p1g1 € Z. Then by construction,

6(1)deg(Xy) = d6(a) X (a).

By Lemma 3.4.2, the other elements of V', explicitly (wq,1)-9, (1,wy) 0
and (wg,wy) - ¥, induce reflex ideals p1qz, p1g2 and a respectively. To
complete the proof, we will show that X (a) = X(o(a)) for any a € Z.
For if so, then the latter two elements of V' also have equal contributions
as the ideals o(p1g2) = p2q1 and o(a) = paqa respectively, and we win.
As X(a) is the sum over all X (a, ), it suffices to examine these latter
quantities. Indeed, Theorem 3.1.3 shows that X (a,v) = X(o(a),o(v)),
as is obtained by applying o to all quantities occurring in that theorem.
Since we sum over all v € D;LJF of unit trace, a set which is stable under
the action of o, equality follows and the proof is complete. O
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CHAPTER 4

(Genus theory and quaternion
algebras
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In this chapter we carry out Step 1 of our p-adic analytic proof of
Theorem B as outlined in Section 2.4. First, we construct two exact
sequences using elementary arithmetic in biquadratic fields and basic
class field theory. Next, we will explore genus theory, a study pioneered
by Carl Friedrich Gaufs, which allows us to describe a map connecting
these two exact sequences to form a longer one. We proceed to define
an F-quadratic form detr on B, that refines the quaternion norm in the
sense that tr o detp = Nm and we give various formulae to compute it
concretely. Finally, we combine these preliminaries to prove the bijec-
tive nature of an explicit and purely algebraic construction that links
quaternions in a rational quaternion algebra with class number 1 (or
equivalently, with type number 1) to Op-ideals of a specified norm. This
construction is used to rewrite the left hand side of Theorem B into a
more useful form in Section 6.1.

Throughout this chapter, we will let ey € O} denote a fundamental
unit for the field F. By Dirichlet’s Unit Theorem, the group OF is,
up to torsion, also free of rank 1 and as such, we may also specify a
fundamental unit €, € O] . In particular, this means that

Of ={#£1} x (ep) and OF = pur, % (er),

where p, C OF denotes the finite subgroup of roots of unity in L.

Our efforts are aimed at studying By; the definite quaternion algebra
over Q with discriminant —¢. Recall that R, C B, denotes a maximal
order and that we assume that it is unique up to conjugation. In Section
4.4, we will explain how the two embeddings o; : O; — R, for i € {1,2}
allow us to view B, as a 1-dimensional L-vector space. In Section 4.5,
we explain how the set of all pairs of embeddings O; — B, for i € {1,2}
carries a faithful action of Pic(K7) x Pic(K3) and how one can associate
a reflex ideal q1 C Op to any pair of embeddings in the orbit of (aq, as).

For any choice of [¢1] € Pic(K7) and [co] € Pic(K3), we will show
the existence of an F-quadratic form detplc,co] : B, — F with the
property that tr o detp|c1, co] = Nm. The following is proved in [HY12]
and encompasses the main result of this chapter.

Theorem 4.0.1. For any v € F*, the number of triples
(b, [e1], [e2]) € (OF \ Ry /| OF) x Pic(K1) x Pic(K>)
satisfying the property that detp[ci, co](b) = v, equals p(uqleF).

Proof. The assumption that R, is the only maximal order of B, means
for i € {1,2} that any elliptic curve E; with CM by O; with supersingular
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reduction at ¢ must satisfy End(£;) = R,;. Then Hom(E, Es) = R, and
we may identify the form degqy; in [HY12] by the form detp introduced
above. Without defining Oy(v, E1, E3) here, we remark that the proof
of Proposition 2.18 in [HY12] shows that the quantity we are trying to
count is equal to

UMYX L X 1 q(¢): O(VanE):p(til’D )7
#0O; #@ Z Z R 1;[ ¢ 1, £2 1 Dr

[e1],[e2] PEB
detF[chcg}((b):y

where the second equality follows from Corollary 2.34 in [HY12]. O

In [HY12], this counting problem is tackled using an adélic approach,
which has the drawback that it is not very explicit. The main purpose
of this chapter is to describe an explicit bijection between the two sets
whose cardinalities are related in Theorem 4.0.1 in the case that the
quaternion algebra B has a unique maximal order, which has the added
benefit of being global and not adélic in nature. We sketch this now.

Any pair ([c1], [e2]) € Pic(K1) x Pic(K2) yields an L-vector space
structure on B and thus allows us to choose an L-linear isomorphism
t[er,¢a) © By = L. Even though this isomorphism is not unique, one
may define an L-ideal associated with b € B, by writing I[c1, ca]p =
tler, e2](b)/ifer, c2](Ry). The following is this chapter’s main result.

Theorem 4.0.2. For anyv € F*, the association (b, [c1], [ca]) = I[c1, calp
establishes a bijection between the set of

(b, [e1], [e2]) € (OF \ Ry /| OF) x Pic(K1) x Pic(K>)

with the property that detp[ci,co](b) = v and the sel of integral ideals
I C Op, such that Nmp p(I) = vq; 'Dr.

Before we start, we record here some important properties of the field
F' and the character x that we will use numerous times throughout all
remaining chapters.

Lemma 4.0.3. [t holds that x(Dp) = —1. In addition, ep > 0, and
therefore #Pic(F)T = 2#Pic(F).

Proof. The extension L/F is a CM-extension unramified at all finite
places, so x is totally odd and the first statement is immediate. There-
fore, the ideal (v/D) cannot be trivial in the narrow class group. If ep
were not totally positive, then (v/D) = (ezv/D) would have been trivial;
therefore er > 0. The final statement also follows. O
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4.1 Two exact sequences
To get started, we need the following simple lemma.

Lemma 4.1.1. The torsion subgroup pur, C OF is given by O7 OF.

Proof. For (, € L it must hold that ¢(n) < 4, where ¢ denotes Euler’s
totient function. This leaves only a few options: if n € {5,10}, then
L = Q(¢3) is not biquadratic. If (g € L, then L = Q({g) and L has
the quadratic subfields Q(i), Q(v/2) and Q(+/—2), but none of these
have coprime discriminants, so L = Q((g) is not among the fields we
consider. If (12 € L, then L = Q(¢12) = Q(4,v/3), satisfying the claim
from the lemma. In all other cases, the torsion of Of only defines at
most a quadratic extension of QQ, and as such will come from one of the
imaginary quadratic subfields of L. O

Proposition 4.1.2. The following sequence is exact:

N
1= {£1} = OF x OF U=, ox TP 0%+

Proof. We check each entry. Exactness at {1} is trivial. Exactness
at O7 x OF is also clear, because we assume D; # Dy and because
O = {£1} unless D € {—3,—4}, both unit groups only share {£1} in
all cases. It remains to prove exactness at O . Clearly, for any u; € O,
we have that

Nmy/p(u;) = Nmg, jo(ui) = 1,

because the norm from an imaginary quadratic field is positive definite.
For the other inclusion, let u € Of be given such that Nmy p(u) = 1.
By Lemma 4.1.1 above, we have

Op = (07 03) x (ex)

As a result, we may write that u = uluQe’Z for some u; € le and
ug € OF, so that

1=Nmp,p(u) = Nmp,p(u)Nmpp(ug)Nmpp(ef ) = Nmpp(ep)*.

So Nmyp p(er) € F'is a kth root of unity. However, F' is totally real, and
as such, it follows that if k # 0, it must hold that Nmy, p(er) € {£1}.
However, this would imply that the image of O} under the map Nmj, JF I8
at most {£1}, which is nonsense, as O C O} and on this free subgroup
of rank 1, the map Nmy p is just squaring. O
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Remark 4.1.3. Note that if u € Of, then
u? € 07O Nmy p(0f) C 070505

Indeed, since Nmg, /g is positive definite, it follows for any u € Of that
Nmy q(u) = Nmg, jo(Nmpk, (v)) = 1.

We may then employ the pretty trick of invoking the equality

u? = uQNmL/@(u) = w30y (u)oa(u)or(u)
= NmL/K1 (u) - NmL/K2 (u) - NmL/F(u)a
showing the claim. This also shows that

(05" : Nmp,p(O)] < 2.

There are natural maps Pic(K;) — Pic(L) by sending I C O; to the
ideal 10y, C Or. Multiplied together, these combine to form a map

Pic(K1) x Pic(K2) — Pic(L).
For the second exact sequence, we will again require a small lemma.
Lemma 4.1.4. For any [J] € Pic(L),
[J] = [or(J)] € Pic(L)/ (Pic(K1) x Pic(Ky)).

Proof. We use a trick similar to the one in Remark 4.1.3. Indeed, we
have that
Nmy g : Pic(L) — Pic(Q) = {0}

is the trivial map. As such, we find that

[J] = [J] + N q(J)] = 2[J] + [01(I)] + [o2(J)] + [07(J])]
= [Nmp g, (J)] + [Nmp g, (J)] + [or(])]
= [or(J)] mod Pic(K;) x Pic(Ka),
completing the proof. O

Proposition 4.1.5. The following sequence is exact:

. . . Nmp,r . + X
Pic(K;) x Pic(K3) — Pic(L) —— Pic(F)" = {£1} — 1.
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Proof. This time we start checking exactness on the left hand side. At
{£1} it is clear from the definition and the surjectivity of the restriction
map Gal(H}./F) — Gal(L/F). For exactness at Pic(F)", we employ a
commutative square from class field theory:

Pic(L) —=— Gal(H./L)

o] Jre

Pic(F)T™ —— Gal(H} /F).

The image of the norm map in the left column coincides with the image
of the restriction map on the right, which is equal to Gal(H}./L). By
definition, this equals the kernel of y. Finally, we show exactness at
Pic(L). First, similar to before, we have for any [I;] € Pic(Kj;),

Nmy,,p(li) = Nmp, o(i) € Pic(Q) = {0},

and as such, indeed [I;] will be in the kernel. We now let M C Hj, denote
the fixed field of the image of Pic(K;) x Pic(K2) inside of Pic(L) =
Gal(Hr/L). By the above, we may again use class field theory to note
that

Pic(K71) x Pic(K3) C ker(Nmy,/x)

if and only if
Gal(Hp/M) C ker(Gal(Hy /L) — Gal(H} /F)) = Gal(HL/H}).

As such, it follows that H?; C M. Tt also follows that to show exactness,
it suffices to show that the fields H;,E and M are in fact equal. To this
end, let 7 € Gal(Hp /L) be arbitrary. Then by class field theory, it corre-
sponds to some class [J] € Pic(L) and the class [op(J)] will correspond
to opTon’ € Gal(HL/L). We know that [J] and [op(J)] agree up to
Pic(K1) x Pic(K3), and as such, it follows that 7 and JFTO'EI agree in
the quotient group Gal(M /L), i.e. their restrictions to M coincide.
Note that M/L is unramified everywhere because M C Hp. Hence
M/F is only ramified at infinity. If it would be abelian, then by the
maximiality of H;C for these properties, it would follow that M C H;E,
completing the proof. Indeed, let 7 € Gal(M/L). Then the above says
that 7 = O‘FTO';1 on M. In other words, 7 and orp commute. Now
Gal(M/L) is abelian by definition of Hj, and since Gal(M/F) is gen-
erated by Gal(M/L) and o, all of which commute, it follows that the
whole group Gal(M/F) is abelian, as desired. O
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Our next goal will be to describe a rather subtle map O;’Jr —
Pic(K7) x Pic(K3) that connects the two exact sequences from Propo-
sitions 4.1.2 and 4.1.5. To do this, however, we will need some results
from genus theory.

4.2 Genus theory

We briefly review Gauk’s genus theory in the language of group coho-
mology. Throughout this section, we let I(F') denote the group of Op-
ideals and P(F') C I(F') the subgroup of principal ideals. Also, we let
P(F)* C P(F) denote the subgroup of principal ideals generated by a
totally positive element. Then by definition, we have

Pic(F) := I(F)/P(F) and Pic(F)" :=I(F)/P(F)".

I

Because F'/Q is of degree 2, its Galois group G := Gal(F/Q) = (o)
727 is cyclic. We may use the elements

N:=14+0 and A:=1-0

in the group ring Z[G] to define for any G-module the group H°(G, A) :=
ker(A) = A%, the group of o-invariants, and for any n > 1:
_ ker(N)

H*™ (G, A) = (A

AO'
im(N)

and H*(G,A) :=

which makes sense since NA = AN =1 — 02 = 0. We get to where we
want to be through a series of quick lemmas.

Lemma 4.2.1. [t holds that H'(G, F**) = 0 and H*(G,05") = 0.

Proof. For the first claim, let z € F** be such that Nm(z) = 1. We
must find y € F>** such that y/o(y) = x. The existence of such a
y € F* is assured by Hilbert 90, so it suffices to verify that it can be
chosen totally positively. Indeed, if not, then y/o(y) would be negative
under some embedding F' — R, contradicting that = > 0.

For the second, we take z € O5'" such that o(x) = z. This means
that x € Z*" = {1}, and as such, the cohomology group is trivial. [

Lemma 4.2.2. It holds that H'(G, 05" 2 72/27Z.

Proof. We consider those € O3 such that Nm(z) = 1. Because they
are totally positive, this set equals all of (’);’Jr. Since Oy = {£1} x
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€F), USIN emma 4.0.3, we find that = (ep). dince epo(ep) =
ing L 4.0.3, we find that 0" Si

Nm(ep) = 1, it follows that ek /o(ek) = €2, so the elements of the form

y/o(y) asy € O;’Jr form a subgroup of index 2. O

Lemma 4.2.3. It holds that P(F)"° /Q*% = Z/2Z. In addition, it
also holds that H*(G, P(F)™) = 0.

Proof. The short exact sequence defining P(F)™" reads
1Ot - F5F 5 P(F)T — 1.

Using that F7 = Q and Lemma 4.2.1, part of the long exact sequence
associated with this will then read

0— Q%" = P(F)™ - HY(G,05) = 0— HY(G,P(F)") - 0— ...

By Lemma 4.2.2, the first claim follows. Since the latter group we are
after is now in between two zeroes, it must be zero itself as well. ]

Lemma 4.2.4. It holds that Pic(F)*[2] = Pic(F)*7.
Proof. Note that for any ideal I € I(F), it holds that
I-0(I)=(Nm(I)) € P(F)*, and thus [I]+ [o(I)] =0 € Pic(F)*.
As such, it follows that
[I] € Pic(F)*[2] «= [I] =[0(])] € Pic(F)" <= [I] € Pic(F)™°,
as claimed. ]

Theorem 4.2.5. Let s denote the number of primes dividing D =
D1Dy > 0. Then Pic(F)"[2] is a finite abelian 2-group of rank s — 1,
generated by the ramified primes.

Proof. The short exact sequence defining Pic(F)™ reads
1— P(F)t = I(F) — Pic(F)" — 1.
As such, the start of its long exact sequence will read
1 — P(F)™" — I(F)? — Pic(F)"[2] — 1,

where we used both Lemma 4.2.3 and Lemma 4.2.4 above. It thus suffices
to determine the rank of

Iy I(F)7/QF | I(F)7/Q*F

P(F)y*e  P(F)ro/Q<+  Z/2Z
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where we again used Lemma 4.2.3. We complete the proof by establishing
an isomorphism
I(F) Q" =[] 2/2z,
r|D

in which we send an ideal I € I(F)? to the s-tuple {v,(Nm([))},p
mod 2. Since all ramified prime ideals v lying over r | D are fixed by the
Galois action, it is clear that this map is surjective. To show injectivity,
let I = o(I) be any ideal in the kernel. By dividing out v? = (r) € QT
enough times, we may assume without loss of generality that Nm(7) is
coprime with D. Similarly, we may divide I by any inert prime to assume
without loss of generality that I is only divisible by primes that split in
F/Q. But if (t) = to(t) for some prime ¢t and t | I, then o(t) | o(I) =T
and as such, it follows that even ¢ | I. Thus we may divide out such
primes too to find that there are no primes left to consider; I = (1) and
the claim is proved. O

In other words, the s ramified primes generate the 2-torsion in the
narrow class group but since its rank is s — 1, there must be some relation
between them. We wish to identify this relation explicity. It turns out
that the origin of this relation depends on the fundamental unit of F.

Theorem 4.2.6. There exists some yp € Op with the properties that
er =yr/o(yr) and Nm(yp) | D. Further,

> [l =0€Pic(F)".

r|Nm(yr)

Proof. Since ep > 0 by Lemma 4.0.3, it follows that Nm(ep) = 1. The
existence of some yr € F* such that yr/o(yr) = €p is then assured
by Hilbert 90. As in Lemma 4.2.1, it follows that even yr € F>T. In
particular it follows that (yr) = (o(yr)) and as such (yp) € I(F)°.
Using the same argument as in the proof of Theorem 4.2.5, it follows
that we may adjust (yr) by a rational number ¢ € Q to obtain an ideal
(cyr) of norm dividing D. Since cyr/o(cyr) = yr/o(yr) = €r, we may
rename cyp to yr to obtain Nm(yp) | D. Finally, it follows from its
norm that the ideal [(yr)] = 0 € Pic(F)" must factor as the product of
the prime ideals lying over the ramified primes dividing it.

It now remains to show that this relation is non-trivial. In other
words, we must exclude that Nm(yr) = 1, or equivalently, that y € O;’Jr.
However, this is immediate from the proof of Lemma 4.2.2, which shows
that the generator e of (’);’+ cannot be of the form yr/o(yr) if yp itself
is taken from (’);’+. O
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4.3 The key exact sequence
We can now describe the map
¢ : O = Pic(K1) x Pic(Ka)
whose existence was claimed before.
o If the map Nmk : OF — O3 is surjective, then ¢ := 0.

e Otherwise, we let ¢(ep) be the pair ([I1], [I2]) € Pic(K) x Pic(K?2)
where I and Iy are such that Nm(/;) - Nm(l2) = Nm(yr) | D,
where yr is as in the second part of Theorem 4.2.6.

Note that the I; for ¢ € {1,2} are uniquely determined as the product
over all primes in O; above the primes dividing ged(D;, Nm(yr)). We
now verify that these choices correctly combine the exact sequences from
Propositions 4.1.2 and 4.1.5. This connection requires a relation between
the sizes of the class groups involved in terms of the fundamental units
of the fields F and L. This relation is given by the analytic class num-
ber formula. Recall that the Dedekind zeta-function associated with a
number field M is defined by

Guls) = J] (1 Nmpgg(e)™) ™"
tCOpm

One conventionally writes (g = ¢, the Riemann-zeta function.

Proposition 4.3.1. The following equality holds true:

CL(s) - ¢(5)* = Ciy () - Cro () - Cr(5).

Proof. We use the Euler product expansion to reduce to showing an
equality between the factors contributed by a single rational prime r.
There are three cases: either r splits completely in L, or it is inert in
precisely two of the fields Ky, Ko and F' and split in the third, or it is
ramified in precisely two subfields. For primes of the first kind, we must
verify that

(=) (=) = (=) (=) (),
which is obviously true. For primes of the second kind, we check that

L= 2 (1) = (1= %) (1) (1-r7)>,
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which is again clearly true. In the final case, depending on the splitting
of the prime in the unramified field extension, we must check that

(=) () = ) () ()
and that
(=) (=) = (1= 17) (1= ) (1= %)
This completes the proof. 0

Recall the analytic class number formula for any number field M,

2" (2m)*Regprhm
UJM\/DM ’

where r denotes the number of real embeddings of M and s the number of
pairs of complex embeddings; Reg;, denotes the regulator, hys the class
number, wys the number of roots of unity and Dj; the discriminant. In
combination with Proposition 4.3.1, this yields the following.

lim (s —1)Cur(s) =

Proposition 4.3.2. The following equality holds true;
2]10g\eLHhL = ‘IOgIGFHfbthhF.

Proof. We obtain the following residues from the class number formula,
using Lemma 4.1.1 to write wy = wywa,

lim(s — 1){(s) = 1;

s—1
2mhy
li -1 = ;
lim (s = )G, (9) = — 2
2mho

ii_)rri(s — 1)Cr,(8) = m;

: _ Nlogler|lhr
ll_%(s - 1)CF(S) - m )

. (2m)°[logler Az
1 -1 = .
sl—IH(S )CL(S) wle\/DL/2

Hence Proposition 4.3.1 gives us that

(27")2“0g|6LHhL: 27Th1 ) 27Th2 .|10g‘€FHhF
wlng/DL/Q wl\/Dl UJQ\/DQ \/D1D2
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Cancelling some terms on both sides, we obtain
2|10g|€L||hL _ ‘10g|6F||h1h2hF
vDr, DDy ’

According to Theorem 3 in [Wil70], we have Dy, = D?D3 because we
assumed D; and Ds to be coprime, and as such, the equality reduces to
the one from the proposition. O

Theorem 4.3.3. With ¢ : O — Pic(K;) x Pic(K2) as defined at the
start of this section, the following sequence is exact:

1 {£1} OF x O o) o5
Pic(K1) x Pic(Ky) — Pic(L) —— Pic(F)* {1} 1.

Proof. By Proposition 4.1.2 and 4.1.5, it suffices to show exactness at
(’);’Jr and Pic(K7) x Pic(K2). Recall from Lemma 4.0.3, we know that
erp > 0 and 2hp = hJIE. We must distinguish two cases.

First suppose that the map O] — O;”L = (ep) is surjective, so
that ¢ = 0 by definition. The sequence is then trivially a complex,
so we reduce to showing that the map Pic(K;) x Pic(K2) — Pic(L) is
injective. To this end, we note that Nm¥(ez) = e and from Remark
4.1.3 we conclude that €2 € O;O5(ep). As such, €2 = (e for some
root of unity ¢, and by applying o to this expression, also op(ep)? =
¢ el Multiplying these two expressions yields Nm#(ep)? = ¢2F and so
it follows that k = 1. Taking absolute values, we find that |ez|?> = |ep|
and as such, 2log|er| = log|ep|. Appealing to Proposition 4.3.2, which
now yields that hy = hihohpr, we obtain that 2hy = hlhgh—; and so
Proposition 4.1.5 implies the desired injectivity.

It remains to examine the case in which e > 0 and the map O] —
O;’+ = (ep) is not surjective. We first show that our choice of ¢ makes
the whole into a complex. Indeed, the composition

OF — 03" % Pic(Ky) x Pic(Ka)

is trivial because Nm%(ez) = €2 maps to the pair ([I7], [I3]) € Pic(K1) x
Pic(K3y); these classes are trivial because I; and I are supported only
at ramified primes, which are all 2-torsion. Next, we note that

(er) = Ot % Pic(Ky) x Pic(Ka) — Pic(L)
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is always the zero map. Indeed, the ideal I1Is C Op by construction
contains the same primes as the ideal yrOp, so they must be equal.

Exactness at O3 is equivalent to the claim that ¢(ep) is nontrivial.
Suppose the contrary and write I} = (y1) and Is = (y2) for some y; € Oy
and yo € Q2. Now set u = yr/(y1y2) € L. Then it is immediate that
Nm(u) = 1. We even claim that v € Of. Indeed, its possible non-
zero valuations are supported on the ramified primes and by the norm
equality, one will divide yp if and only if it divides one of the y;. The
ramified primes in two quadratic subfields extend to the same primes in
L, hence they will cancel out. We may now compute that

2

mi(u) = uop(u) = Ui - vE _ __YF

= €F,

by construction of the element yr. This contradicts the norm map (’)Z —
O = (er) not being surjective.

Finally, as Nm%(ep) = €2, now, using an argument analogous to the
one used in the previous case, we deduce that log |er| = log|ep| in this
case. One final application of Proposition 4.3.2, combined with 2hp =
h;ﬁ, now yields that 4hy = hlhgh;ﬁ. Proposition 4.1.5 shows that the
kernel of the map Pic(K) x Pic(K2) — Pic(L) contains exactly 1 non-
trivial element. As the image ¢(ep) hits such an element, it surjects onto
the kernel and exactness of the whole sequence has been established. [

4.4 An F'-quadratic form

We now pivot to a seemingly unrelated algebraic construction, which
mimics the construction of the form degcyy in [HY12] and which will
turn out to be intimately linked with the results proved hitherto. The
setting for the remainder of this chapter will be as follows.

Recall that we fixed two embeddings «; : K; — By for i € {1,2}.
This turns By into a 1-dimensional L-vector space as follows. Let x € K1
and y € Ka. Then the action of the element zy € L on some vy € By is
defined by (zy) * v := a1(x)yaz(y). We may extend this definition to
the whole of L by Q-linearity and the observation that L = K7 ® Ko.
Since [L : Q] = [By : Q] = 4, indeed B, must be 1-dimensional over L.

For notational convenience, we define

A= 061(\/D71) and B := ag(@).

Note that A% = a1(v/D1)? = a1(D1) = D; and similarly B> = Ds.
Furthermore, as they are traceless, we have A = —A and B = —B.
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The goal of this section is to refine the usual Q-quadratic norm form
Nm : B; — Q to an F-quadratic form B, — F whose trace to Q coincides
with the reduced norm pairing. To this end, let us commence with a brief
intermezzo on linear algebra over various base fields. In the forthcoming,
both K and M number fields such that M/K is a finite extension. Let
V be a finite dimensional M-vector space.

Lemma 4.4.1. Every K-linear map f:V — K is uniquely of the form
trar/i © g for some M-linear map g : V. — M.

Proof. Let d = dimp (V) and n = [M : K], so that dimg (V) =
nd. It is then obvious that the set {f : V — K | fis K-linear}
is an nd-dimensional K-vector space. Similarly, the set {g : V —
M | g is M-linear} is a d dimensional M-vector space, and hence also
an nd-dimensional K-vector space. Composing with the trace gives a
K-linear map between these two vector spaces, so to establish the bijec-
tion it suffices to show injectivity. If tr o g = 0, then restricted to any
1-dimensional M-subspace V' of V, the map trogly : V! 2 M — M is
the zero map. Every M-linear map M — M is given by mutliplication by
some element a € M. However, since the trace form is non-degenerate,
the trace of this map is only identically zero when a = 0. It follows
that g|;, = 0 for all 1-dimensional V' C V, and thus g = 0, proving the
injectivity and hence the claim. O

Recall that a K-bilinear form f: V xV — K is called M-equivariant
it f(v, \w) = f(Av,w) for all v,w € V and A € M.

Lemma 4.4.2. Every M-equivariant K-bilinear form f:V xV — K
18 the trace of a unique M -bilinear form g:V xV — M.

Proof. Let w € V be arbitrary. Then the map f(—,w) : V — K is
K-linear and thus by the above uniquely of the form tr(g,(—)) for some
M-linear map ¢, : V. — M. We claim that the formula g(v,w) = g (v)
constitutes the desired M-bilinear map. This is clearly M-linear in the
first component. For the second, for A € M, note that since

tr(gw1+)\w2 (U)) = f(v7w1 + Aw?) = f(U, wl) + f(va )\’U)Q)
= tr(gw; (v)) + f(Av, w2) = tr(gu, (v) + Agw, (v)),
the non-degeneracy of the trace allows us to conclude that gy, +iw, =

Gw, + Aguw,. This establishes M-linearity in the second argument. The
uniqueness is clear from the construction. ]
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Proposition 4.4.3. There exists a unique F-quadratic form detp :
By — F with the property that trp/g(detr(v)) = Nm(y) for all v € By.
In addition, detp(7) is totally positive for any v € By

Proof. Consider the Q-bilinear form

fi:Bgx By —Q:(71,7) = tr(miz) /2.

We claim that it is F-equivariant. Indeed, by Q-linearity it suffices to
compute, using cyclicity of the trace, that

f (\/5* 71,72) = tr (A1 B7) /2 = tr (iAy2B) /2= f (71, VD x 'yz) ;

where we used the anticommutivity of conjugation. We may then apply
Proposition 4.4.2 to the F-equivariant quadratic form f(v,v) = Nm(y)
to obtain a unique F-bilinear form g : B, x B; — F whose trace equals
f. It follows that detp(x) = g(x, ) satisfies the required property.

It remains to verify that its values are totally positive. Let v € B
be arbitrary and write detp(y) = a for convenience. Since detp is F-
quadratic, we have that detp(zy) = 22a for all x € F. Since B, is
positive definite, it follows that tr(z2a) > 0 for all x € F*.

Identify a with its image under one of the real embeddings, so that
o(a) is the image under the other. We see that a + (o(z)/x)%0(a) > 0
for all possible x € F*. Choosing any € F* with |o(z)| < |z| ensures
that lim, o (o(x)/x)™ = 0; whence a > 0 and similarly o(a) > 0. O

Even though it is convenient to know that a form
detp : Bq — F

satisfying the properties from Proposition 4.4.3 exists, it might also be
desirable to be able to compute it. It is natural to start with identifying
the F-bilinear form g : B, x B; — I whose trace is supposed to equal
the Q-bilinear form f : By x By = Q : (71,72) — tr(7172) /2. This is
established in the next lemma.

Lemma 4.4.4. The form

tr(v172) n tr(Ay1 B¥2)

: B B F:
g qX q_> (71?72)'_) 4 4\/E

is F'-bilinear and satisfies tro g = f.
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Proof. The second property is clear, and so by Q-linearity it suffices to
show that

g(\/ﬁ *91,72) = \/59(71,72) =g, VD x V2)
for any v1,v2 € By. To this end, we compute that

tr(Av; B7)  tr(A%y B%*y
g(\/f)*%?,m): r(Ay ’YQ)+ r(A*y1B*3)

4 4D
A~v1 B Ao
:tf( " B72) +\/5tr(7172)
4 4
2\/59(71,72)-

Similarly, we may use cyclicity of the trace to compute that

t Ao B tr(Av1 BAv B
9(71,\/5*72)= r(y1 A2 )+ r(Av Y2 B)

4 4D
_ tr(nB7RA) 4 tr(Ay1 B*724)
4 4vD
tr(Av, By tr(A%y1 %
_ wAnBR) | 5 0(Ann)
4 4D
= VDg(y1,72);
this proves the lemma. ]

Corollary 4.4.5. It holds that

N A~y B¥
detp: By — F iy m('y)+tr( i 7).

2 4vD
Proof. This is immediate from the above by restricting to the diagonal
where v1 = 79, as this is how detr is constructed. O

We next want to relate this expression to the fixed points 7, 7/ for
the actions of K; for C, for i € {1,2}. The following lemma connects
the trace above to these fixed points.

Lemma 4.4.6. Let a,b,c € C, be such that 11 is a root of the polynomial
aT? + bT + ¢, normalised such that a equals the bottom left entry of A.
Let v € By be arbitrary and let x,y,z € C, be such that ym> is a root of
the polynomial xT? + yT + z, normalised such that x equals the bottom
left entry of YBy~'. Then

—2tr(AyB75) = (2cz + 2az — by)Nm(7).
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Proof. We prove this first for v = 1, and we write
A= (%1 2 and B = bt .
s3 —81 t3 —t1

$1t1 + satg  sito — sotq
83ty — s1t3  s3ta + s1t1

Then

tr(AB) = tr ( ) = 2s1t1 + Sots + s3to.

Since the matrices A and B fix 71 and 7o respectively, these numbers
must satisfy the equations

837—12 - 2317—1 — S92 = 0 and t3T22 — 2t1’7’2 — 1o = 0.
Now note that the discriminants of these equations are given by
A(sT + s2s3) =4D1  and  4(t] + tat3) = 4Ds

respectively, where these equalities are a result of the equations A% = Dy
and B? = D respectively. It follows that

(a’7 b7 C) = (837_2817_82) a“nd (x7y7 Z) = (t37_2t17_t2)'
We may then finally compute that
2cx 4 2az — by = —2s9t3 — 253t — 4s1ta = 2tr(AB);

this proves the claim for v = 1. Now for arbitrary v € By, consider the
embedding o, : Ky — By defined as yas(—)y~!. It is easy to see that
now 7o is a fixed point for the image of o). For these two embeddings,
the special case above implies that

—2tr(AyBy 1) = 2cx + 2az — by.

Multiplying both sides by Nm(7) and using that y~! = 5/Nm(y) then
vields the desired formula. O

Corollary 4.4.7. Let a,b,c,x,y,z € C, be as in Lemma 4.4.6. Then

1 2 2az — b
detp : By — F : v~ Nm(y) <26$_;\/a52y>.

Proof. This is a direct consequence of combining Corollary 4.4.5 and
Lemma 4.4.6 above. O
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The following is crucial, though it will require a slightly laborious
computation to verify. However, it will allow us to deduce the expression
for detp that will be most useful for our purposes. We invite the reader
to compare these expressions to Equation 2.2.

Proposition 4.4.8. Let a,b,c,x,y,z € C, be as in Lemma 4.4.6. Then

(11 —ym)(m] — 1) 1 L 2cx + 2az — by

(1 — 7)) (Y2 —y74) 2 VD

the change of sign being caused by exchanging 7;, 7, for some i € {1,2}.

Proof. We may label the two roots 7 and 7 of aT? +bT + ¢ in such way
that 7 —7] = 2v/D1/a, which follows from its equation and discriminant.
Similarly, we choose 75 and 74 in such a way that yr» — 74 = 2¢/Da/x.
Then one computes that

(n =) =) _ (= ym)(ef =)

(11— 1) (72 —773) 4/D

One may now expand (11 — y72) (7] — y74) to find it equals

<—b+2¢ﬁ1_ —y+2\/D7> <—b—2¢ﬁ1_ —y—2m>

2a 2x 2a 2x
(—bz + 22v/D1 + ay — 2av/D3)(—bx — 22/D1 + ay + 2a\/Dy)
- (2az)2
(b? — 4D1)z? + a®(y? — 4D3) — 2axby + S8ax\/D1 Dy
- (2ax)?
4acz? + 4a’xz — 2axby + 8axv/D
- (2ax)?
2cx + 2az — by + 4V D
- 2ax ’
Combining this with the above proves the proposition. O

Theorem 4.4.9. The form detp : B, — F is given by

(11— y72) (1] —773)

detr ) =N e m =y

for all v € By and where 7; and 7] for i € {1,2} are the fixed points for
the action of the image of a; : Oy — By — M3(Q)) on C,.

Proof. This follows from combining the results of Corollary 4.4.7 and
Proposition 4.4.8 above. O
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4.5 From quaternions to ideals

The goal of this section is to prove Theorem 4.0.1 from [HY12| using an
explicit, global bijection. Recall that the embeddings a1 and s turn B,
into a 1-dimensional L-vector space, and as such, we may choose some
isomorphism

L: By Ny

of L-vector spaces. We use this to define for any b € B, the ideal
Iy :=u(b)/u(Ry) C L.

Lemma 4.5.1. The set «(Ry) defines a fractional ideal in L and for any
b € Ry, the ideal I is both integral and independent of the choice of
isomorphism v : By = L of L-vector spaces.

Proof. Recall that a fractional ideal in L is a finitely generated sub-Op-
module of L, so since it is clearly finitely generated, for the first claim
it suffices to verify that ¢(R,) is an Op-module. To this end, we observe
that if x € O7 and y € Oy, it follows that for any b € R,

(@y)u(b) = t((zy) x b) = v(ar(2)baz(y)) € u(Ry),

because for i € {1,2}, the embeddings o;; map O; into Ry, so that indeed
ai(z)baz(y) € Ry. Now to complete the proof of the first claim we need
merely observe that, by the coprimality of Dy and Do, we have

Op = 01 @z Os.
To see that I;, is an integral ideal for any b € R, by definition
R ={z€L|2(R,) COL},

so that indeed for any z € ((R;)™1, it holds that in 2.(b) € Of, whence
I, C Op. Finally, to see the independence of I from ¢, we note that any
two isomorphisms of 1-dimensional L-vector spaces agree up to a scalar,
so any other ¢/ can be written as A for some A € L*. Then indeed

Y)W (R = (b) - {ze L |2/ (R) COL}
={\(b)z € L| Aze(Ry) C Or}
={ub)Z € L|2u(R,) C O}
= u(b)e(Ry) ™,

using the bijective substitution 2’ = Az. O



80 4. (ENUS THEORY AND QUATERNION ALGEBRAS

It is through the norm of the ideal I, from L down to F' that the
importance of the form det : B; — F' from the previous section becomes
apparent. We will use some of the results proved in [HY12]. Their
strategy to compute this norm is to do this locally at every prime. There
are two cases to consider: those primes above ¢, and all the others. This
gives rise to the following two results from [HY12], the proofs of which
we do not include here for to avoid needless repetition.

Proposition 4.5.2. Let £ # q be any prime number. Then there is
some Oy € FZX that is a generator of the Opy-ideal Dpy such that we
may choose the isomorphism v : By — L in such a way that

detp(—) = &, "N, /g, (e(-))
and such that ¢ takes Ry ®7 Zy to Opy.
Proof. This is Lemma 2.16 in [HY12]. O

To state the second result, we must define the reflex ideal of O above
the rational prime ¢ associated with the pair of embeddings oy, as. Let
IT € R, be an element of norm g. Then the reflex ideal is defined as

Fker (O — Ry = Ry/TI=TFp),

where the first map, given by z — z % 1, is not a ring morphism, but
by the commutativity of the rightmost ring, it is not difficult to see that
this composite is actually a ring morphism and as such, defines an ideal
in Op. We make our choice of q1,q2 C Op in such a way that q; is the
relevant reflex ideal for the fixed pair of embeddings aq, as.

Proposition 4.5.3. For some 8 € F = Fy; x F5 such that vg, (8) = 1
and vq,(B) = 0 we can choose v in such a way that

detp (=) =B Nmy, /5, («(-))
and such that v takes Ry @7z Zq to Op 4.
Proof. This is Proposition 2.22 in [HY12]. O
These two results combine to prove the following key result.
Proposition 4.5.4. For any b € By, the ideal Ij satisfies

Nmy, p(I,) = detp(b)q; ' Dp.
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Proof. By unique ideal factorisation into primes, it suffices to check the
claimed equality everywhere locally. First consider any prime £ # gq.
Then on the right hand side, we have the ideal detp(b)Dpy. On the
left hand side, we use the independence of I, from our choice of ¢ to
make the choice from Proposition 4.5.2. This maps +(R) ™! simply to the
unit ideal, whereas from dety(b) = 6, 'Nmy, o/, (¢(b)) it follows that the
ideal generated by the norm of ¢(b) agrees with dydetr(b). By definition
of &y, these two ideals agree. For the primes above ¢, the argument is
similar, now noting that the right hand side of the theorem localises to
detF(b)qf1 because we assumed ¢ to be coprime to Dy and Dy. As
from Proposition 4.5.3 generates the ideal qi, the claim follows. O

Lemma 4.5.5. Let u; € O fori € {1,2}. Then for any b € By,
det p(ujug *x b) = detp(b).

Proof. We use Corollary 4.4.5 to reduce the lemma to observing that
Nm(ujug * b) = Nm(uibug) = Nm(b) by multiplicativity, and

tr(A(uyusg * b) B(uiug * b)) = tr(Auibus Buzbuy)
= tr(uyuy AbBugtizh) = tr(AbBb),

using both cyclicity of the trace and the fact that u; € K7 and us € Ko
commute with A and B respectively. O

Any attempt at constructing a bijection between quaternions and
ideals using only one choice of embeddings is doomed to fail for the
simple fact that «(R,), and as such I, will always be in the same ideal
class. We must take into account the action of the Picard groups on the
embeddings, the definition of which we shall now recall. Recall that we
assume that B, has class number 1. Under this assumption, Corollary
30.4.23 in [Voi21] gives us group actions of Pic(K;) for i € {1,2} on the
set of R -conjugacy classes of embeddings O; — R,. For [J] € Pic(K7),
this action is given by

[J]-a1(=) = a(—)¢ where a1(J)R, = ER,.

The action of Pic(K3) is similar, but now as(J) acts from the right.
From now on, we will write ¢[c1, ¢2] for an isomorphism of 1-dimensional
L-vector spaces B — L where B is equipped with the L-vector space
structure induced by the embeddings [c1] - a1 and [c2] - aa, where [¢1] €
Pic(K1) and [c2] € Pic(K3) are any representatives. This leaves some
ambiguity coming from conjugation by R, but this does not affect the
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counting problem we aim to solve, so we may ignore it. Further, let
I[eq, ca]p denote the ideal associated with b using the embedding ¢[ey, co]
and let detp[ci, co] be the resulting F-bilinear quadratic form.

Proposition 4.5.6. Let [c1] € Pic(Ky) and [co] € Pic(K2) be given.
Then the class of I|[c1, caly inside of Pic(L) is given by [c1] + [ca] + [I).

Proof. 1t suffices to show this for [c2] = 0 € Pic(K3), for two applications
of this special case are enough to deduce the general case. Let now
J C O; be any ideal and let ./ be any L-vector space isomorphism
/! B — L using the modified action (zy) *xb = ([J] - a1)(z)baz(y). We
must show that

[V(Rg)] = [(Rg)] + [J] € Pic(L).

Without loss of generality we set +(1) = /(1) = 1, so that «(z x 1) =
xt(l) = x for all x € L and similarly for x. If z = yz for y € K; and
z € Ky, we may then write that

z€l/(Ry) < wzx1€R, < (yz)x1€R,
= (J-a)Waz(s) € By > € ar(y)éas(z) € R,
= ar(y)fas(z) € {Rg = au(J) Ry
— (yz)xf€ca(J)Ry <= xzx{€a(J)Ry
= x(§) € u(J)(Ry) = JL(Ry).

This holds for all z € L by linearity. Since ¢(§) is a fixed scalar, it follows
that [(/(Rq)] = [t(Rq)] + [J], as desired. O

The following result connects this construction with the most subtle
part of the exact sequence from Theorem 2.3.3. Indeed, now the explicit
map ¢ : O — Pic(K7) x Pic(K3) comes into the picture. The follow-
ing proposition relates the values of the detp-function for two pairs of
ideals in Pic(K7) x Pic(K2) whose image in Pic(L) are the same.

Proposition 4.5.7. Let ([c1], [c2]), ([d1], [d2]) € Pic(K7) x Pic(K2) be
two distinct pairs satisfying that [c1] + [c2] = [di] + [d2] € Pic(L). Then

detF[cl, CQ](Rq) Nep - detp[dl, dz](Rq) 75 g,

where detp[—, —](Ry) denotes the set of values of detp|—, —| on the ele-
ments of Ry.
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Proof. The existence of such distinct pairs is by Theorem 4.3.3 ensured
when Nm#%(O7) does not surject onto (’);’Jr, so we find ourselves in this
case. For notational convenience, we will also assume that ([d1], [d2]) =
([0],[0]), so that ([c1],[c2]) = ¢(er). The reader will find it easy to
deduce the general case from this special one.

Denote the form induced by ([c1], [c2]) by det’z. We observe that it
suffices to establish an element b € R, such that det’z(1) = ep detp(b).
Still under the simplifying assumption that R, has class number 1, we
may choose &1,& € Ry such that aq(c1)Ry = §1 Ry and Ryaa(ca) = Ryéo.
We then claim that

, _ Nm(&)
f.Bq—>F.b|—>Nm(§2)

satisfies the defining property for det’:(b). Indeed,

=

Also, it is F-quadratic for the action x induced by the embeddings o =
§1a1§f1 and of, = £2a2§;1, because

det p(6710E2).

Tr(detp (& b)) = Nm(¢; 'b€2) = Nm(b).

FVD xb) = S o (6016100 (VD) 6202 (V/Da)65 162)

detF(\/E* (51_1552) =D - f(b);

proving our claim. By considering the index of both ideals, it must
follow that Nm(§;) = Nm(¢;) for ¢ € {1,2}. By our definition of the
connecting map ¢ in Theorem 4.3.3, we thus have Nm(&1£2) = Nm(yp)
where yr/o(yr) = ep. We now set

_ o(yr)
Nm(§2)

Indeed, using the F-linearity of detp, we compute that

«(§'&) € Ry

epdetr(8) = 2 sdety (0L (616) ) = 2005 (o)

_ Nm(yr) Nm(&2) ot (1) — dot’
~ Nm(&)? Nm(«fl)d tr(1) = detp(L),

as claimed. This completes the proof. O
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We are now ready to prove the main result of this chapter.

Theorem 4.0.2. For anyv € F, the association (b, [c1], [ca]) = I[c1, calp
establishes a bijection between the set of

(b, [c1], [e2]) € (OF \ Ry /| OF) x Pic(K1) x Pic(K>)

with the property that detplci, ca](b) = v and the set of integral ideals
I C Or, such that Nmp, p(I) = uql_lDF.

Proof. Well-definedness of the association has already been established.
Our strategy is to take some ideal I C Oy, with norm as described and
to reason that there is a unique triple (b, [c1], [c2]) mapping to it.

We start by observing that I maps under the norm map to the ideal
class of [q~'Dp] inside Pic(F)". Similarly, for any given (b, [c1], [c2]), we
have by Proposition 4.5.4 that the ideal class of Nm&(I[cy, ea]p) equals
the class of [(7'Dp] as well. By Theorem 4.3.3, these two ideal classes in
Pic(L) must therefore differ up to an element from Pic(K7) x Pic(K2).
Using Proposition 4.5.6, this means that there exist [¢1] € Pic(K7) and
[c2] € Pic(K3) such that the class [I] agrees with the class [I[c1, ca]p] for
any choice b € B,.

The ambiguity in the choice of ([¢1], [c2]) € Pic(K7) x Pic(K2) here
is, by Theorem 4.3.3, measured by O;’+/ Nmy,p(Of). On the other
hand, for any such choice of ([c1],[c2]), the ideal I - i[c1, co](Rq) will
be principal. Because t[cq, 2] is bijective, we find some b € B, with
I -1, c2)(Rq) = (te1,c2](b)); in other words, we obtain some b € B,
with I = I[e1, c2]p. Using Proposition 4.5.4, comparing norms to F' yields
that detp(b) € F' and v € F generate the same Op-ideal, and as such,
they must agree up to a unit from (9;’+, where we used that detp(b)
and v are both totally positive. We may only modify b by an element of
Of without changing I[c1, ca]p, which will modify det(b) by an element
of Nmp,,»(OF) by a computation similar to that in the proof of Lemma
4.5.5. The failure to equate dety(b) and v is thus again measured by
(’);’J“/ NmL/F((’)Z). By Proposition 4.5.7, there is a unique choice of
([e1], [e2]) such that this obstruction can be lifted.

We make this choice and find some b € By such that I = I[cq, oy
and detp(b) = v. Because the first condition determines b uniquely up
to multiplication by an element u € O and Nmk(u) = 1 if and only if
u € O] OF, this shows that b is determined uniquely up to an element
from OO. By Lemma 4.5.5, this ambiguity remains. To complete the
proof, we must still show that b € R,;. One can check this locally using
Proposition 4.5.2 and Proposition 4.5.3; in this instance, we opt to leave
the details to the reader. O
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CHAPTER 5

Deformation theory
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The aim of this chapter is to carry out Step 2 of the proof of Theorem
B as explained in Section 2.4. We remind the reader that our stategy is
ultimately to perform certain operations on a cuspidal p-adic family of
modular forms passing through the appropriate p-stabilisation Eip >)< of the
Hilbert Eisenstein series £ . However, there are no easy ways to obtain
such a family. Our approach is therefore to obtain this by deforming the
Galois representation p = 1 @ x associated with the Eisenstein series
E@C instead, and compute from this the associated family of modular
forms that we need to carry out our proof.

However, this approach requires us to show that these deformations
are in fact modular; that is, that these Galois representations actually
come from modular forms. This is done by proving a so-called R =T
theorem, where R typically denotes a certain universal deformation ring,
and T a certain Hecke algebra. Proving such a theorem is the main focus
of this chapter.

Similar results have been obtained in Pozzi’s thesis |Poz19| for the
ground field Q and in the case that the prime p is irregular, as opposed to
the regular case as we are in here, since x(p;) # 1 fori € {1,2}. For other
closely related works in these directions, see [BDP22, BD16, BDS20,
BC06, DKV18]. With small adjustments, our R = T theorem can also
be deduced from the results of [Bet20], where very similar methods to
the ones we will employ throughout this chapter were used.

We start by recalling some results from class field theory and use these
to compute various Galois cohomology groups, that will play a key role
throughout. For representability reasons that we will explain in Section
5.2, we should rigidify the decomposable representation p = 1& x before
attempting to deform it. This rigidified representation is denoted p,.
We will consider a class of deformations that are called nearly ordinary
and show that it admits a universal deformation ring Rﬁf]) Next, we
construct from a key result of Hida in [Hid89a| a Galois representation
onto Hida’s nearly ordinary cuspidal Hecke algebra T localised at the
Eisenstein series Efp; from Appendix A.2. We show that it must be a
lift of p,, so that by universality, this will yield a map T : RES — T,
where T denotes the appropriate Hecke algebra. Using various results
from commutative algebra, we can then show the following.

Theorem 5.0.1. The map 7T : RES — T 4s an isomorphism.

Throughout this chapter, we let Q, := Q,(1) denote the Galois mod-
ule with trivial G p-action, whereas Q,(x) denotes the same module but
with the action of G through the character x : Gp — {£1}.
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Furthermore, for any Gp-module A, we let Z'(Gp, A) denote the
group of continuous 1-cocycles for G with values in A. All cohomology
groups in this chapter will be derived from group cohomology and will
as such be quotients of the groups Z'(Gp, A).

Finally, throughout this chapter, we will denote

G :=Gal(L/F) = (op) 2 Z/2Z
and to simplify notation, we write for ¢ € {1, 2} the decomposition group

Gy, = Gr, = Gal(Fy,/F,,) inside GF.

5.1 Some Galois cohomology

Our main tool to compute Galois cohomology groups comes from the
following result, which relies on global class field theory. It can be found
as Lemma 1.1.1 in [Poz19] or as Lemma 3.2 in [DPV23].

Proposition 5.1.1. We have the following exact sequence:
0 — Hom(G%”,Q,) — [ [ Hom(L),Q,) — Hom(OL[1/p]*, Qp).
vlp

We opt to omit its proof, for it is standard, yet somewhat lengthy.
However, we do stress that the proof of this result uses the fact that L is
totally imaginary, allowing us to easily identify the connected component
of the identity inside the idele class group. Therefore, we may not use
this proposition with the field L replaced by either F' or Q. The next
result aims to connect the cohomology groups for Gr to those for Gr.

Lemma 5.1.2. Restriction to G;, C Gr yields isomorphisms

Hl(GFy Qp) (GL7 Qp) ;
H'(Gr,Qp(x)) = Hom(G, Qp(x))“.

Proof. Note that the action of G, on Q,(x) is trivial. We may then use
the inflation-restriction sequence to obtain that

0 — HY(G,Q,) — Hom(Gr,Q,) — Hom(G1,Q,)% — H*(G,Q,)
is exact, and similarly that also

0= H'Y(G,Qp(x)) = H'(GF,Qy(x)) = Hom(G1,Qp(x))” = H*(G,Qy(x))
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is exact. To prove the lemma, we thus reduce to showing that the groups
HY(G,Q,), H(G,Qy), H'(G,Qy(x)) and H(G,Qy(x)) are all trivial.
Using that G is cyclic, we identify these spaces with
ker(N) ker(A)
HY (G, —) = d H*G,-)= —>
where A =1 —op and N = 1 + op in the group ring Z[G]. In both
cases, one of these maps is zero, whereas the other is multiplication by
2, which is a bijective map on Q,. All claims follow. O

We now identify the spaces on the right hand side of Lemma 5.1.2.
Any finite dimensional G-representation V' can be decomposed as a finite
sum of copies of 1 and x. Henceforth, for ¢ € {1, x}, we will let V¥
denote the sum of all p-eigenspaces inside V.

Lemma 5.1.3. For ¢ € {1, x}, it holds that
Hom (Gr, Qy()) = Hom(G'r, @p)?

Proof. Recall that the action of some g € G on some homomorphism
f € Hom(GpL,Q,(¢)) is defined as g - f : @ — ¢(g9)f(gzg~!). To be
invariant under this action, we thus require that ¢(g)f(gzg™') = f(x)
for all x € Gr. On the other hand, the action of some g € Gr on some
homomorphism f € Hom(Gp, Q) is defined as g- f : x — f(grg~!). So,
to be in the p-eigenspace, we thus require that ¢(g) f(gzg~!) = f(x) for
all x € Gr. These two conditions agree. O

Lemma 5.1.4. It holds that
dim (Hom(GL,Qp)]l) =1 and dim(Hom(Gp,Qp)¥) = 2.

Proof. For i € {1,2}, the space Hom(Ly;,Q,) is 3-dimensional and
spanned by ordy,, the p-adic logarithm log,, and its composition with
the non-trivial element from Gal(Ly,/Q,). Since the primes above p in
F' are inert in L, the action of G fixes the former, but interchanges the
latter two basis elements. It follows that

dim (Hom(L}, x L}, Q,)") =4 and dim (Hom(L; x Ly, Qp)Y) =2.

For the rightmost term, we observe that the image of the norm map

Or[1/p]* — OF[1/p]*
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has finite index. Indeed, we know that the map O] — Oj has index
at most 2, and since the primes above p in F' are inert in L, the claim
follows. After tensoring with Q,, these Galois modules are therefore
isomorphic. Therefore, using Dirichlet’s unit theorem, we find that

dim (Hom(OL[l/p]X,Qp)]l) =3 and Hom(Op[1/p]*, Q)X =0.
We now consider the short exact sequence from Proposition 5.1.1:

0 — Hom(Gr,Q,) — Hom(LpX1 X L;Q,Qp) — Hom (O [1/p]*,Qp).

All of these spaces are finite dimensional G-representations. As such,
they can be decomposed into a direct sum of 1 and y-eigenspaces. First,
we take 1-eigenspaces to find

0 — Hom(Gyp, Qp)]l — Hom(LpX1 X LpXQ, Qp)]l — Hom(OL[l/p]X,Qp)]l.

Surjectivity on the right is equivalent with Leopoldt’s conjecture for L.
Since L/Q is abelian, and as such, this conjecture is known and the claim
about the dimension now follows. Next, taking y-eigenspaces, we obtain
a sequence

0 — Hom(Gr, Q)X — Hom(Ly, XLy, Qp)* — Hom(OL[1/p]™,Qp)* = 0,
and the proof is complete by our dimension computations above. O
Combining all the above, we obtain the following two core results.

Corollary 5.1.5. The group Hom(Gp,Qy) is 1-dimensional and spanned
by the p-adic cyclotomic character:

ép: Gp — Gal(F(C°)/F) = 2 %, Q,.

Proof. Combining Lemma 5.1.2 with Lemma 5.1.3, we obtain an isomor-
phism Hom(Gr, Q,) = Hom(Gf,Q,)! and by Lemma 5.1.4, this space is
1-dimensional, as claimed. As it contains the p-adic cyclotomic character
as defined above, which is clearly non-zero, this character must span the
space, completing the proof. O

Corollary 5.1.6. For i € {1,2}, the groups H(Gp,,Qy(x)) are both
1-dimensional, and restriction gives an isomorphism

HY(Gr, Qp(x)) = H' (Gyy, Qp(X)) & H' (Gpy, Qp(x))-
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Proof. Using analogous arguments to those in the proofs of Lemma 5.1.2
and Lemma 5.1.3, one can show that

HY(Gy,, Qp(x)) = Hom(GY,, , Qp(x)) = Hom(G, , Qp)X.

In the proof of Lemma 5.1.4, we showed that the natural map
Hom(Gyp,Qp)X = Hom(LpX1 X LpXZ,Qp)X

is an isomorphism. Another application of Lemma 5.1.2 and Lemma
5.1.3 now yields the claimed isomorphism. The dimension of the spaces
Hom(GLpi ,Qp)X were also computed as part of the proof of Lemma 5.1.4,
and indeed both of these spaces contributed 1 dimension to the total 2-
dimensional space Hom(Gp,, Qp)X, completing the proof. O

To conclude this section, we will record one more result about the
Gp-modules Q, and Q,(x) that we will need later.

Lemma 5.1.7. It holds that
Hz(GF7Qp) =0 and Hz(GF7Qp(X)) = 0.

Proof. We use the global Euler characteristic formula, also used by Pozzi
in [Poz19| in the proof of Lemma 1.5.2; see [Lull]. Now, since F' has
two real places, we compute that

dim H*(Gr,Q,) = dim H'(Gr,Q,) — dim H*(GF,Q,)
+2 dim H°(Gg,Q,) — 2 dim Q,
=1-14+2-2=0,

where we used Corollary 5.1.5 and Corollary 5.1.6. Similarly, using
Proposition 5.1.4, we compute that

dim H?(Gr,Qy(x)) = dim H (G, Q,(x)) — dim H°(Gr,Qu(x))

+ 2 dim H°(Ggr, Q,(x)) — 2 dim Q,(x)
=2-0+0-2=0,

because complex conjugation in Gal(C/R) acts non-trivially through ¥,
as the field L is not totally real. O
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5.2 Nearly ordinary deformation rings

We now start our journey into deformation theory. Similar treatments
in various settings can be found in Pozzi’s thesis [Poz19| and the works
[BDP22, BD16, BDS20, BC06, DKV18|.

In this section we start our study of the infinitesimal deformations
of the representation p = 1 & x. The following lemma connects these
deformations to the results from the previous section. From now on,
Qp[€] denotes the ring of dual numbers over Q,. Therefore, €2 = 0.

Lemma 5.2.1. Let p: Gp — GL2(Qple]) be a group homomorphism that
reduces to p = 1@ x after composition with the natural map Qple] — Q.
Let a,b,c,d : Gp — Q, be those functions such that

= (14 (i) 20)) o

for all x € Gp. Then these functions must respectively satisfy
a,d € Hom(Gr,Q,), and b,c€ Z'(Gp, Qu(x)).

Proof. This will follow from the condition that p is a group homomor-
phism. Indeed, one may write out that for any =,y € Gp,

- _ (1+a(zy)e X (zy)b(xy)e
play) = ( cay)e  x(ey)(1+ d(wy>e>> '

On the other hand, we expand the product p(z)p(y) to obtain

(1 + (a(z) + a(y))e  x(xy)(x(2)b(y) + b(x))e >
(c(z) + x(z)e(y))e x(xy)(1+ (d(x) +d(y))e) )

Comparing coefficients, we find that

a(zy) = a(z) +a(y), bzry) = b(x) + x(2)b(y),
c(ry) = c(z) + x(x)c(y), d(zy) = d(z)+ d(y).

This is our lemma. O

However, in order to obtain a good theory of deformations, it is
essential to work with a residually indecomposable representation, as
becomes appararent from Proposition 1 in Mazur’s [Maz89|. We have
many ways to rigidify the reducible representation p = 1 & x, some of
which are classified in the following proposition.
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Proposition 5.2.2. For any n € Z'(Gr,Qyu(x)), the representation

pyp: Grp — GL2(Qyp) : 7 — <(1) X(;zzgﬂ>

has no non-scalar endomorphisms if and only if n # 0 € HY(Gp, Qp(X)).

Proof. We first verify that p, is a group homomorphism:

o )=o) 6 )

Comparing the top-right entries, we obtain equality if and only if

n(o7) = n(o) + x(o)n(r) <= 1€ Z(Gr, QX))

To show the claim about endomorphisms, it suffices to show that the
centraliser of the image of p, consists of solely scalar matrices. To this
end, we must investigate when

9626w

for some fixed a,b,c,d € Q,. Comparing the top-left entry yields the
relation that @ = a + ¢x(7)n(7). Hence choosing 7 such that n(r) # 0
forces ¢ = 0. The relation above is then satisfied if and only if the
top-right entries match up, yielding

ax(T)n(r) +bx () = b+ dx(T)n(1) <= (a—d)n(1) = b(x(1) - 1),

If @ = d, then the above forces b = 0 and as such the matrix is scalar. If
a # d, then 7 is a scalar multiple of the map 7 — x(7) — 1. This means
that 7 is a coboundary, completing the proof. O

Definition 5.2.3. Let Cg, denote the category of local complete Noethe-
rian Qp-algebras with residue field Q,. For any A € Cg,, we let m4 de-
note its maximal ideal. Given any object (A, m4) of Cg,, a lift of p, to A
is a representation p : Gp — GL2(A) that reduces to p, after composing
with the natural map GLa(A) — GL2(Q,) induced by the natural map
A A/my = Q,. We say that two lifts are equivalent if they are con-
jugate by a matrix in the kernel of the map GL2(A4) — GL2(Q,) above.
A deformation of p, to A is an equivalence class of lifts of p, to A.

Definition 5.2.4. We define the functor D, : Cg, — Set by sending
any (A,my4) € Cp, to the set of deformations of p; to A. The tangent
space to such a deformation functor is defined as D), (Qp[e]).
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Proposition 5.2.5. If n # 0 € H'(Gp,Qy(x)), the functor D, is
represented by a universal deformation ring R, .

Proof. This is done analogously to the proof of Proposition 1.2.6 in
|Poz19|, where the burden is reduced to showing the absence of non-
scalar endomorphisms and finite dimensionality of the tangent spaces,
by virtue of Proposition 1 in [Maz89|. The former is taken care of by
Proposition 5.2.2, and for the latter we may bound the dimension of the
tangent space of the functor D,, by the dimension of the tangent space
of its semisimplification; D, (Q,€]). The structure of this tangent space
has already been established in Lemma 5.2.1; we leave it to the reader to
check that two lifts are equivalent if and only if all four matrix entries are
cohomologous. By Corollary 5.1.5 and Corollary 5.1.6, the dimension of
this tangent space is 1 +2 4 2 4+ 1 = 6; in particular, it is finite. O

From now on, we assume that 7 # 0 € H'(Gp, Q,(x)) to ensure that
the results from Proposition 5.2.2 and Proposition 5.2.5 apply. Next,
we introduce the notion of being nearly ordinary. In fact, to proceed,
we must additionally require that 77|Gp2 = 0. The reason as to why is
immediate from the following observation; the line (es) is only fixed by
G, if this condition on 7 is satisfied. Note that this fixes 1 uniquely up
to scalar multiplication, as a result of Corollary 5.1.6.

Definition 5.2.6. Consider triples (p, L1, Lo) where p is a lift of p, to
some (A,my) € Cg, and L; is a free direct summand of A? such that
L; lifts the line (e;) of Q3 for i € {1,2}. We say that two such triples
(p, L1, L2) and (p, L}, L}) are equivalent if for some g € ker(GLa(A) —
GL2(Qp)) it holds that p = gp’g~t and L; = gL, for i € {1,2}. We let
Dg] be the functor sending an object (A, m4) to the set of equivalence
classes of triples (p, L1, L2) as defined above.

Proposition 5.2.7. The functor D%}] is represented by R, [X,Y].
Proof. This mildly generalises Lemma 1.3.2 in [Poz19]. We define a
bijection
fil
Hom(R,, [X,Y],A) — D, (A)
by sending some map f : R, [X,Y] — A to the representation

Gr — GLa(R,,) — GLa(R,, [X,Y]) — GLa(A)

induced by the universal representation and the map f itself, together
with the lines Ly1 = (e1+ f(X)e2) C A% and Lyo = (f(Y)e1 +ea) C A%
Because f is a morphism of local rings, f(X), f(Y) € my4 and thus after
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composing with the quotient map A/my = Q,, the line Ly ; will reduce
to (e;) for ¢ € {1,2}, as desired. This shows that the map is well defined.

For surjectivity, we consider an arbitrary triple (pa, L1, L2). By the
universal property of R, , possibly after conjugation with an element
from ker(GL2(A) — GL2(Qp)), there exists a map R, — A such that
pA is obtained from the universal representation after composing with
this map. It remains to choose an appropriate image of X. To this end,
we note that L1 = (a-e; + b-ex) C A? lifts (e1) by definition. After
composing with the quotient map A/my — Qy, this shows that a ¢ my,
or equivalently a € A*, and that b € my. We then map X to a™'b,
so that indeed (e; + a~lbes) = (ae; + bes) = La. Very similarly, we
construct the appropriate image for Y, showing surjectivity.

For injectivity, we must consider two morphisms f, ' : R, [X,Y] —
A that have the same images (p, L1, L2) = (p/, L}, L)) under the above
association. In particular, this means that they give rise to the same
deformation, and hence by the universal property of R, , there exists a
unique map R, — A that induces them from the universal deformation.
However, by construction, these two deformations are induced by the two
maps R, — R, [X,Y] — A induced by f and f’. These maps must
thus coincide; in other words, f and f’ must agree when restricted to R, .
This means that p and p’ are not only equivalent, they are in fact equal.
Note that p = gpg~! for some g € ker(GLg(A) — GL2(Q,)) would entail
finding an endomorphism for p; as we have shown before, this forces g to
be scalar. Hence Ly = gL} = L}, so (e1+ f(X)e2) = (e1+ f'(X)ez), and
so it follows that f(X) = f/(X). Very similarly, we find f(Y) = f'(Y),
completing the proof. O

Definition 5.2.8. Let D" : Cg, — Set be the subfunctor of Dﬁl send-
ing an object (A, my) € C@ to the equivalence class of triples (p, Ll, Ly)
as above with the properties that the line L; is G, -stable and the line
Ls is Gy,-stable. We call such deformations nearly ordinary, and these
induce for i € {1,2} characters 9; : Gy, — (A/L;)* = A*, called the
associated quotient characters. Note that, since the line L; lifts (e;) for
i € {1,2}, it holds that ¥; = x mod my and ¥3 =1 mod my4.

This practice of keeping track of the lines fixed by the decomposition
groups is necessary in case the prime defining the decomposition group is
irreqular, because the line fixed by this group need not be unique. For us,
x(pi) # 1 for i € {1,2}, so we are in the regular case, and therefore the
fixed line will be unique, as Proposition 5.3.8 below will show. However,
there is no harm in keeping track of this line at first in the regular case
too, and we will do so in this section.
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Proposition 5.2.9. The functor Dgs is represented by a universal de-
formation ring RES.

Proof. This resembles part of Proposition 1.3.5(i) in [Poz19|, but we
repeat the argument here. The idea is to find an ideal I C R, [X,Y]
such that in the bijection

Hom(R,, [X,Y], 4) — Dg}] (A),

the image of an element on the left is contained in the subset Dje(A) if
and only if it factors through R, [X,Y]/I. This would yield a bijection

Hom(R,,[X,Y]/I,A) — D,°(A),

establishing the desired conclusion R;° = R, [X,Y]/I. It remains to
identify I. Let us consider a representative for the universal deformation

univ __ [ @ b
= ()

and investigate when its universal line L'V = (e; + Xe3) is stable under
the action of Gy, via p""V. By changing bases, this happens when

<—1X (1)> (Z 2) <)1< (1)> - <c+ (diZ)b))((— bX? d—be>

fixes the line (e1) on Gy,. This is easy to read off; it happens when
c(o) + (d(o) — a(c))X —b(c)X? vanishes for all o € G, -

Let Iy C R, [X,Y] be the ideal generated by all the elements above.
Then for any A, using linearity of the map f : R, [X,Y] — A and all
conditions involved, the line L, is fixed by Gy, if and only if f(I;) = 0;
in other words, when f factors through the quotient ring R,, [X,Y]/I1.

Similarly, we define an ideal I C R, [X,Y] with the property
that Gy, fixes the line Lo when f factors through the quotient ring
R, [X,Y]/I>. Tt is now easy to see that we may set [ = I; + I3 to
complete the proof. O

5.3 Computing tangent spaces

Recall that the tangent space to a deformation functor D : Cg, — Set is
defined as its value on the ring of dual numbers Q,[e] € Cg,. Henceforth,
we will also use the notation

tp = D(Qyp[e]).



96 5. DEFORMATION THEORY

Lemma 5.3.1. Let V be the free Q,-module of rank 2 with its G p-action
gwen by py. Let t, be the tangent space to D), . Then t,, is isomorphic
to HY(Gp,End(V)).

Proof. This is Proposition 1 on page 284 of [CSS13], which provides us
with the explicit bijection

HY(Gp,End(V)) — t,,

by mapping © to the lift (14 €0)p, € D,, (Qp[e]). Checking this is just
a calculation and we leave it to the curious reader to verify. O

We stress here that the action of Gr on End(V) is given by gM =
pn(9) "' Mpy(g) for any g € Gp and M € End(V) = M5(Q,). This G-
module is also often written as ad(p,), the adjoint representation. We
will do so henceforth.

Lemma 5.3.2. There is a well-defined map of Gp-modules

zZ w

1+ ad(py) = Qp(x) : (‘r y) =z

Proof. Since this is clearly a group homomorphism, it suffices to verify
the Galois-equivariance. To this end, we compute that

Lo=n\ (= y\ (L xn\_ (1 —n\ (v zxn+yx
0 x z w)\0 x 0 x z  Zxn+ wyx

_ [z == axn+yx —2xn’ - wxn
z2x zn +w '

This shows that conjugation indeed induces multiplication by x on the
bottom-left entry, completing the proof. O

Now let W1 = ker(¢1); in other words, we have a short exact sequence
0 — Wi — ad(p,) = Qp(x) — 0.
We proceed to refine W slightly.

Lemma 5.3.3. There is a well-defined map of Gp-modules

02 W1 = Q®Q,: (g g}) — (2, w).
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Proof. Once again, we are left to verify Galois equivariance. This be-
comes apparent from the following specialisation of the computation from
the proof of Lemma 5.3.2 above;

Lo=n\(z y\ (L xn\_ (v @xxn+yx —wxn
0 x 0 w/\0 ¥ 0 w ’
obtained by setting z = 0. Indeed, we see that x and w remain untouched
by the Galois action, as desired. O
We now define Wy = ker(¢3), so that we have a short exact sequence

0—=Wy =W - Q,®Q, — 0.

The following result completes the filtration and allows us to start com-
puting cohomology groups using long exact sequences.

Lemma 5.3.4. There is a well-defined map of Gp-modules

Wy — Qp(x) : <8 g) = .

Proof. Indeed, we copy the computation from before once more to find

()68 6 V)6 6869,

which completes the proof. O

Proposition 5.3.5. The group H'(Gp,W1) is 3-dimensional. On the
other hand, it holds that H*(Gp, W;) = 0.

Proof. Since x # 1, it is clear that

H(Gp,Qp(x)) =0 and H°(Gp,Q,®Qp) =Q, ® Q.

Further, one may observe that

HYGp,Wy) =W ={M e W, | p~'Mp =M}
=Win {M S MQ(QP) ’ Mp: pM} = <1d> =~ QP’
since in the proof of Proposition 5.2.2, we showed that only scalar matri-
ces commute with the image of p, for n # 0 € HY(Gr,Qp(x)). Finally,
we recall Lemma 5.1.7, which states that H?(Gr, Qp(x)) = 0. Combin-

ing all of this, the long exact sequence associated with the short exact
sequence defining Wy becomes

0— Qp — @P@QP — Hl(GF7Qp(X)) — Hl(GF,Wl) — H1<GF,QP@QP) — 0.
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We now find that
dim H'(Gp,W1)+2 = 1+dim H'(Gr,Qy(x)) +dim H' (G, Q, & Qp).
Applying Corollary 5.1.5 and Corollary 5.1.6, we conclude that

dim (H'(Gp,W1)) =1+2+2-2=3,

completing the proof of the first claim. For the second, we look slightly
further along in the long exact sequence, to find

o= H*(Gp,Qp(x)) = H*(Gr,W1) = H*(GFr,Qp®Q,) — ...

Now again, by Lemma 5.1.7, the first and last terms here must vanish,
and as such, so will H2(Gp, W). O

Theorem 5.3.6. The tangent space t,, is 5-dimensional.
Proof. Using the isomorphism
tpn = HI(GFa ad(ﬂn))

from Lemma 5.3.1, we reduce to computing the dimension of the latter
cohomology group. We now use the long exact sequence associated with
the short exact sequence defining W;. Recalling that

HY(Gp,Qy(x)) =0 and H*(Gp,Wi) =0
by Proposition 5.3.5 above, we conclude that part of this sequence reads
0 — H (Gp,W1) — H (Gr,ad(p,)) = HY(Gr,Qy(x)) — 0.
In particular, by Corollary 5.1.6 and Proposition 5.3.5, we find that
dim H'(Gp,ad(p,)) = dim H'(Gp, W1) + dim H'(Gr,Q,(x)) = 5,
completing the proof. O

With this in hand, we will next concern ourselves with the tangent
spaces associated with the two other deformation functors we introduced;

tg}v = D?}v (Qple]) and trplf; = DES(Qp[e]).
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Lemma 5.3.7. The space tg; is isomorphic to H'(Gp,ad(p,)) ® QI%.
Proof. By its definition and using Proposition 5.2.7, we have
t8! = Hom(R},, Qpe]) = Hom(R,, [X, YT, Qp[e)).

Now observe that we may choose the images of X and Y arbitrarily and
independently in the maximal ideal Qpe and can thus be specified with
two additional numbers. We then obtain the isomorphism

Hom(RPn [[X7 Y]]a Qp [6]) = Hom(Rﬂna Qp [6]) S2) Q?y
Finally, using Lemma 5.3.1, we find that
Hom(Ry,, Qple]) = D, (Qple]) = t,, = H' (G, ad(py)).
This proves the result. O
Proposition 5.3.8. A triple (0,1, \2) € H'(Gp,ad(p,)) ® Q. corre-

sponds to a nearly ordinary deformation of p, if and only if

a b
cla,, =M1 =x) and xbla,, =ra(x—1), where @:(c d)‘

Proof. By its definition and using Proposition 5.2.9, we have
tp, = Hom(R,", Qple]) = Hom(R,, [ X, Y]/I, Qple]),

where I = I1+ 15 as in the proof of Proposition 5.2.9. In other words, the
tangent space tj” is identified with those elements from Hom(R,, [X, Y], Qpe])
for which all images of expressions generating the ideal I vanish inside

Qple]. 1f
univ __ [ & /8

then the ideal I is generated by the expressions
v(x) + (8(z) — ()X — B(x)X? for all € Gy, ;
By) + (aly) = 6(y)Y —(y)Y? forally € Gp,.

Now let ¢ € Hom(R,, [X,Y],Qyle]). By Lemma 5.3.7 above, there is a
unique triple (6, A1, \2) € HY(Gp,ad(p,)) & QIQ, such that

a f 1+ae xn+ x[na+ble
= 1 =
<P<7 5) (1+€O)py < ce X + x[nc+ dle
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and such that ¢(X) = Ae and ¢(Y) = Age. We can now compute the
constraints posed by the vanishing on I, using that €2 = 0 to simplify
our expressions, to be

c=M(l-x) onGp and xn+x[na+ble+(l—x)e=0 on Gp,.

However, 1 is chosen to be trivial on Gy,, and as such, we obtain the two
expressions that we were to prove. O

Lemma 5.3.9. There is a well-defined surjective homomorphism

[ HY(Gp,ad(py)) = H' (Gp,, Qu(x)) @ H (Gpy, Qu(x))

given by, adopting the usual notation for the components of ©,

(@, )\1, /\2) — (C‘Gpl R b|G’p2)-

Proof. The proof of Theorem 5.3.6 showed the existence of a surjective
map

HI(GF’ ad(py)) — HI(GF’ Qp(x))

which is easily seen to be given by mapping © € H(Gp,ad(p,)) to
¢ € HY(Gr,Qp(x)). On the other hand, when restricting to Gp,, by
virtue of 77’G,,2 = 0, the representation p, reduces to 1 @ x. Using
Lemma 5.2.1, it follows that also blg,, € H'(Gp,,Qy(x)). Combining
these two maps yields f. For its surjectivity, it suffices to show that f
its not trivial on the second component. However, the map restricted
to the submodule HY(GF, W2) of HY(Gp,ad(p,)) is clearly surjective,
completing the proof. O

Proposition 5.3.10. The tangent space t is in bijection with ker(f).

Proof. For i € {1,2}, fix z; € Gy, \ Gr. Given O € ker(f), we may
construct a nearly ordinary triple (0, A1, A2) using the association

O — (0,c(x1)/2,b(x2)/2).

This is in fact nearly ordinary, because by virtue of © being in the kernel
of f, the cocycles c|y, and by, are coboundaries and as such, are given
by clp, = p1(1—x) and xb|p, = po(x — 1) for certain pq, o2 € Qp. Using
that x(z;) = —1 by construction, evaluating yields that u; = ¢(z1)/2
and pgo = b(x2)/2 are uniquely determined. Comparing with Proposition
5.3.8, this shows that the triple is indeed nearly ordinary. Conversely,
to any nearly ordinary triple we may associate its first component O,
since by Proposition 5.3.8, for nearly ordinary triples, c|p, and b|,, must
be coboundaries, and thus © must in fact be inside ker(f) . Since these
operations are evidently inverse, this establishes the proposition. O
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Corollary 5.3.11. The tangent space t;g is 3-dimensional.

Proof. Using Lemma 5.3.9 and Proposition 5.3.10 above, we have iden-
tified this tangent space as the kernel of the surjective map

f : tpn — Hl(Gpvap(X)) @ Hl(GP27 QP(X))

Using Theorem 5.3.6 and Corollary 5.1.6, we may now conclude that
dim ¢,° =5 — 2 = 3;
n

as claimed. ]

5.4 Representations on Hecke algebras

Let T := hig(K(p™),Q,) denote the nearly ordinary Hecke algebra
as defined in [Hid89a| and sketched in Appendix A.5. We recall that this
inherently adélic object is generated by Hecke operators Tj for prime
ideals | C Op with [ p, and operators Uy, for i € {1,2} as m; ranges
over the uniformisers of Op,,. Let E , denote the parallel weight (1,1)
Hilbert Eisenstein series as defined in Appendix A.2 and let

fo= (1= Vo) (1 + Vi) Bry = B

be the appropriate p-stabilisation that is core to all our arguments. A
priori there are four ways to p-stabilise E1 ., corresponding with the signs
(+,4), (+,—), (=, +) and (—, —). The choices (—,+) and (+, —) yield
equivalent theories, but with the roles of p; and po reversed. However,
the other two choices will not work for our purposes for two reasons. First
and foremost, from the proof of Lemma A.3.3, one easily deduces that
these two other choices do not yield a p-adic cusp form, and therefore
we have no hope of deforming it as one.

The second reason is more subtle, and it will manifest itself through-
out this section. If we choose the same sign twice, then associated with
this p-stabilisation is a nearly ordinary deformation problem in which
we would insist both Gy, and Gy, to fix a lift of the same line among
(e1) or (e9). This is because the sign of the p-stabilisation is connected
to the quotient character of the associated nearly ordinary Galois rep-
resentation we are deforming. This character is x for the line (e;) and
1 for (ez). Evaluated at p; for i € {1,2}, these characters yield —1 and
1 respectively. In this sense, our choice of p-stabilisation matches our
Definition 5.2.8 of a nearly ordinary deformation.
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There are again two reasons for why it is important to work with
a deformation problem in which the stable lines for the decomposition
groups are lifts of different lines. The first is that it enables us to carry
out the strategy that we will follow in this section; in particular, in the
proof of Proposition 5.4.10 we will use that the nearly ordinary condition
affects the lower left entry for one of the decomposition groups, and the
upper right entry for the other, cutting out a 1-dimensional subspace of
the 2-dimensional space H!(Gr, Q,(x)). Without this information, it is
not obvious how to proceed.

The second reason for this importance is again rather subtle and will
only manifest itself in Chapter 6. To prove Theorem B, we will have to
take the diagonal restriction of an infinitesimal cuspidal p-adic family of
modular forms with respect to the ideal D;lql. However, as explained
in Remark A.3.6, its € = 0 specialisation will not vanish. In view of
Lemma 2.1 in |[DPV21], which requires this vanishing to ensure that
the derivative of such a family is still an overconvergent modular form,
this fact might jeopardise our strategy. However, we remedy this issue
by choosing in Section 6.2 a deformation in the so-called anti-parallel
weight direction, which ensures that the weight of the diagonal restriction
of our family remains constant. Then we may still use Lemma 2.1 in
[DPV21] to conclude that our derivative is an overconvergent modular
form by subtracting a constant family; we use this trick in the proof
of Proposition 6.3.1. The weight character for nearly ordinary modular
forms can be computed from the two quotient characters. If we had
been working with a deformation problem in which both decomposition
groups would have fixed lines lifting the same line, then the two quotient
characters would have been equal and we would not have had the freedom
required to write down a deformation with the properties that we need.

The modular form f = E%p >)< defines a morphism T"® — @Q,, by sending
a Hecke operator to its f-eigenvalue. Let T be the nilreduction of the
completion of the localisation of T" at the prime ideal my given by the
kernel of this morphism. Let K be its ring of fractions, which is a product
of fields. Then Hida proved the following in [Hid89a].

Theorem 5.4.1. There exists a unique semisimple Galois representation
7 : Gp — GLo(K) with the following properties:

e 7 is continuous, odd and unramified outside p;

e For each prime 11 p, it holds that

det(1 — 7(Frob))X) = 1 — TiX + (H)Nm([) X?;
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e For i € {1,2} there exist characters €;,6; : Gp, — T* such that,
up to equivalence, when restricted to Gy,, the representation m is
of the form

w(a):<€ié”) 5;0)) for o€ Gy,

o If we identify Gg? & F,; through the arithmetic local reciprocity
map, then we have the identity 6;(x) = U, for all x € Fy;.

To obtain from this a deformation of p,,, we are to refine this represen-
tation in two ways. First, we must find a stable lattice inside K? so that
we obtain a representation Grp — GL2(T) instead, which we may then
reduce modulo its maximal ideal my. Secondly, we must insist that this
reduction equals p;,. Let us achieve these two results in succession. The
former will turn out to consume most of the work. The techniques used
in this section reflect strongly those employed in Section 4 of [DKV18|,
but again see also the works |Poz19, BDP22, BD16, BDS20, BC06].

Lemma 5.4.2. There exist an element v € G and a basis of {e1,e2}
of K2 such that x(v) = —1 and in addition,

(MO
=4 )
where Ay =1 mod my and Ay = —1 mod my, and such that the unique

lines fized by the subgroup Gy, fori € {1,2}, can be written as (e1 +y;e2)
where y; € K*.

Proof. This is the content of Lemma 4.3, Equation 64 in Section 4.2 and
Lemma 4.6 in [DKV18|. The fact that there must be a unique fixed line
comes down to the fact that « is irreducible, and the statement about
the lines being in general position is not deep considering K is a product
of fields, and as such, almost all lines are of that form. O

In any basis as in the lemma above, write

for certain functions a,b,c,d : Gp — K.
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Lemma 5.4.3. The functions a and d take values in T. In fact, it holds
that a =1 mod my and d = x mod my.

Proof. For any prime [1{ p, using Theorem 5.4.1, we have that
a(Froby) + d(Frob() = Tr(n(Froby)) =11 € T.

In other words, the continuous map Tr(7) : Grp — K takes on inte-
gral values for every element Froby for [ f p. By Chebotarev’s Density
Theorem, these Galois elements are dense inside G, and as such, by
continuity the result follows for all of Gp. We may then observe that
also

A1a(Froby) 4+ Aad(Froby) = Tr(w(yFroby)) € T.

Combining these two expressions and using that A\ — Ay € T* then yields
that ¢ and d both must have integral image themselves, completing the

proof of the first claim. To see the second, we observe that T = 1 + x(I)

mod my because f = E%p; has eigenvalue 1 4+ x([) for the operator 7.

Again, by continuity, this implies that for any ¢ € G, it holds that
a(o) +d(o) =Tr(n(0)) =1+ x(o) mod my
and as such, it also holds that
a(o) —d(o) = Ma(o) + Aad(o) = Tr(n(yo)) =1 — x(0) mod my.
Combining these two equations shows the claim from the lemma. O
Lemma 5.4.4. For any 0,7 € Gp, it holds that b(c)c(T) € my.

Proof. This follows from the fact that « is a homomorphism;

Comparing the top left entry then yields the equality
a(or) = a(o)a(r) + b(o)c(T).

By the above, all values of @ must be contained in 1+mT, and as such,
the expression b(o)c(7) must be inside of my for all 0,7 € Gp. O

Definition 5.4.5. Let B denote the T-submodule of K generated by all
elements of the form b(o) for 0 € G, and C the analogous submodule
using the elements ¢(o).
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Lemma 5.4.6. There are well-defined injective maps

jp : Homp(B/m;B,T/m;) — H (Gr,Qp(x)) : ¢+ x - (0 b);
Jjo : Homp(C/meC,T/my) — HI(GFan(X)) tY o

Proof. To show that the maps are well-defined, we write out the equa-
tions for the off-diagonal entries we obtain when we require 7 to be a
homomorphism. These yield respectively that

b(or) =d(7)b(o) + a(o)b(r) and c¢(o7) = a(r)e(o) + d(o)e(T).

We may now write out, using that a and d take values in T and as such
commute with the application of ¢ by its assumed T-linearity,

(x - (¢ob))(o7) = x(07)p(b(07))

(o7)(d(T)(b(0) + ( )3(b(7)))
(UT)(X(T)¢(6(U)) (b(r))) mod my
X (¢0b))(0) +x(o )( (@0 b))(7),

showing well-definedness. A very similar calculation shows that ¢ oc €
ZYGr,Qu(x)). It remains to show that, if the result is a coboundary,
then ¢ must have been identically zero, again because the proof for jo will
be very similar. So let us suppose that for some A € T/my, it holds that
X (¢pob) = A(1—x). In particular, this means that G, C ker(x - (¢ob)),
or equivalently, G, C ker(¢ob). Any other element of Gp can be written
as y7 for some 7 € G. Using that b(vy) = 0, as can be read off from the
matrix 7(y), we compute that

(9ob)(y7) = d(7)(¢ob) (7)+a(y)(dob)(T) = d(7)-¢(0)+1-0 =0 mod my,

showing that ¢ob is trivial everywhere. Since ¢ is defined on the module
generated by all the images of b, it must be trivial itself. O

/‘\XX

We continue to exploit the knowledge that 7 is nearly ordinary to
obtain certain local information about the entries b and ¢, which we will
later use to deduce further global properties of the modules B and C.
It is quite remarkable how a subtle dance between global properties and
information about local restrictions turns out to provide us with all the
conclusions that we need.
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Lemma 5.4.7. It holds that e, = 1 mod my and 61 = x mod my.
Similarly, it holds that e = x mod my and 62 =1 mod my.

Proof. We have seen before that Tr(7(c)) = 1+ x(0) mod my for all
o € Gp, so if we have shown the above claims for d; and 5, the results
for €1 and e; follow. To determine &1, we recall from Theorem 5.4.1 that
01(x) = Uy, for all x € Ggl? = F,;. By construction, the p-stabilisation
f= E%p; = (1 —=V,,)(1 + V,,)Ery is a Ur, -eigenvector with eigenvalue
—1 for all uniformisers my inside F,;. Therefore, Ur, = —1 = x(p1)
mod my and so 61 = x mod my; the proof for d3 is similar. O

Proposition 5.4.8. The map ¢ mod m;C is a coboundary when re-
stricted to Gy, . Similarly, the map x-b mod mB is a coboundary when
restricted to Gy, .

Proof. We only show the claim about ¢ mod m;C, for the result for x-b
mod myB can be proved analogously. Let

(£ )

be the change of basis matrix that changes 7 into the upper triangular
form from Theorem 5.4.1 on Gyp,. Then it must satisfy for all o € Gy, ,

() o) (£ 2)=C ) (7 alo)

By Lemma 4.6 in [DKV18|, we may assume that x, z € K*. Comparing
the bottom left entries, we obtain that

zc(o) + zd(o) = ze1 (o), or equivalently, c¢(o) = 2(61(0) —d(0)).

Choose any 7 € Gy, such that x(7) = —1. Using Lemma 5.4.7 above
in combination with Lemma 5.4.3, we find that ¢(7) =1 # —1 = d(7)
mod my, and as a result, it follows that e;(7) — d(7) ¢ ms. In other

words, it belongs to T*. This shows that

2 = (1) - (61(7') — d(T))il e C,

since C' was the T-module generated by the images of c¢. Therefore
e(0) = = (e1(0) — d(0)) = = (1= x(0)) mod mC,

which shows that c is a coboundary mod m;C on Gy, . O]
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Corollary 5.4.9. The map ¢ mod myC is not a coboundary when re-
stricted to Gy,. Similarly, the map x -b mod myB is not a coboundary
when restricted to Gy, .

Proof. Again, we only show the claim about ¢ mod m;C, for the result
for x - b mod myB can be proved analogously. Let us therefore suppose
that c is a coboundary when restricted to both G}, and Gj,. We claim
that c is then a coboundary globally.

To see this, first note that ¢ € H'(Gp, C/m;C) if the action of Gp
on C/myC is through the character x. Indeed, by Lemma 5.4.3,

c(or) = a(1)c(o) + d(o)e(r) = c(o) + x(o)c(r) mod m;C.

Through a proof similar to that of Corollary 5.1.6, we may now conclude
that the natural restriction maps

HY(GF,C/m;C) = HY Gy, C/m;C) @ H (Gp,,C/m;O)

induce an isomorphism; here we have implicitly used that C/m;C is a
finitely generated module over T/m;T = Q,, as shown in Lemme 4 in
[BCO6]. Any cocycle that is a coboundary at the two places above p of
F', must thus have been globally trivial to begin with. It follows that
there exists some A € C'/m;C such that c(c) = A- (1 —x(0)) mod m;C.
In particular, it follows that 0 = ¢(y) = 2A mod m;C, and as such, it
follows that A = 0 mod m¢C and hence C/m;C = 0. By Nakayama’s
Lemma, it follows from this that C' = 0 globally, and as such, ¢ must be
the zero-cocycle. However, 7 is irreducible; this is a contradiction and
this completes the proof. O

Proposition 5.4.10. Both B and C are free T-modules of rank 1.

Proof. Using the same argument as Lemme 4 in [BCO06], it follows that
both B and C' are T-modules of finite type. We claim that it suffices to
show that the images of the maps jp and jo are 1-dimensional inside
HY(Gp,Qp(x)). Indeed, if this is true, by the injectivity established
by Lemma 5.4.6, using that T/m;T = Q,, it would follow that the
space Homr(B/m¢B,Q)) is 1-dimensional. In other words, B/m;B is
generated by a single element. Using Nakayama’s Lemma, the same
must then hold for B itself, completing the proof. Of course, the proof
for C is analogous. Now, Proposition and Corollary 5.4.9 combine to
imply that both b and ¢ will be locally trivial at precisely one of the
two places above p. These constraints cut out a 1-dimensional subspace
HY(Gy,,Qp(x)) € HY(GF,Qp(x)); this proves the proposition. O
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Corollary 5.4.11. There ezists a basis of K> such that the image of
7 takes values in T? and is upper triangular mod my. The T-module
spanned by these basis vectors is Gp-stable.

Proof. By Proposition 5.4.10 above, we can find an element by € B
generating the T-module B. Now consider the basis {bpei, €2}, in which

7 looks like ) i )lfl
m(o) = <c(0)bg d(o) )

Since B = T - by, it follows that b(c)by* € T for all 0 € Gp. By
Lemma 5.4.4, it further follows that c(o)bg € my for all o € Gp. This

means that 7 takes values in T?, and as such, it stabilises the lattice
M = <b061,62>. O]

We now rescale our original choice of basis vectors as in the corollary
above, to avoid having to continue to take by with us in all our future
calculations.

Proposition 5.4.12. The representation m in the basis above is, up to
a scalar unit multiple of one of the basis vectors, a lift of py.

Proof. From Lemma 5.4.3 and the corollary above, we know that
a=1 modmy, d=x modmy and c¢c=0 mod my,

so it suffices to show that b(c) = A-n mod my for some A € Q. Recall
that n is characterised up to such a scalar A by being a generator for
the 1-dimensional subspace of H*(Gr, Q,(x)) of cocycles that vanish on
the decomposition group Gy, C Gr. This means that it suffices to show
that b(o) € my for all o € Gy, to complete the proof. However, we
already assume that b mod my is a coboundary when restricted to Gy,,
and similarly to before, evaluating at v then yields that b mod m; must
vanish on all of Gp,. As aresult, it must be a scalar multiple of 7. Since b
mod my cannot be trivial when restricted to Gy, , as a result of Corollary
5.4.9, it follows that b mod my is even a non-zero scalar multiple of 7.
As such, we may scale the basis by a further unit to ensure equality,
completing the proof. O

Finally, to conclude that 7 in any basis that satisfies the conclusion
from Proposition 5.4.12 is actually a deformation of p, when it comes
to the specific nearly ordinary deformation problem at hand, it remains
to identify free direct summands of rank 1 inside T? on which suitable
restrictions of 7 act scalar. We are given the existence of such lines in K2,
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and to obtain the necessary lines in T?, we follow the general reasoning
in the proof of Proposition 2.3.1 in [Poz19].

Theorem 5.4.13. Consider © from Theorem 5.4.1 in any basis satis-
fying the conclusion from Proposition 5.4.12. Then w defines a nearly
ordinary deformation of p.

Proof. Tt suffices to exhibit for i € {1,2} a free direct summand L; of
rank 1 inside T? which is stable under the restriction 7|c,, and which
lifts e;. We demonstrate how to obtain Lq; the construction of Lo is
analogous. Recall that we can find matrices satisfying

(o) o) (£ 2)=C ) (7 )

with x, z € K*| yielding the equalities

T

b(o) = ;(61(0’) —a(o)) and c(o) = g(el(a) — d(0)).

After this change of basis, the stable line for the image of m will be

generated by
(:L‘ y> el (m) .
z w z

If ¢ = x mod my, we would find using identical reasoning as in the
proof of Lemma, 5.4 that b mod m; must be a coboundary on Gy, , con-
tradicting that c¢ is already a coboundary there in view of Corollary
5.4.9. As such, it follows that ¢; =1 mod my and again choosing some
7 € Gy, \ G, we find that

<1

Lo =cn)(alr) —dr) " emy.

where we used that ¢ takes values in my. We thus set

1= ()

Indeed, this line is fixed by 7 and as z/x € my, the line L; reduces to
(e1). This completes the proof. O



110 5. DEFORMATION THEORY

5.5 A modularity theorem

The goal of this section will be to prove an isomorphism RES = T. We
have already constructed the map; indeed, Theorem 5.4.13 claims that
there exists a nearly ordinary deformation 7 of p;, to T satisfying various
properties. By the universal property of R;}S, this induces a map

T:REO—V]T
n

that induces this deformation from p".

Lemma 5.5.1. The map T : Rgs — T is surjective.

Proof. Let A = Q,[X,Y,Z] be as defined in Section 2.2 and 3.1 in
[BDS20]. Both Rj? and T carry a natural A-algebra structure and the
map 7 defined above is generally A-linear. Since T is generated over A
by the operators Ti, (I) and U, for x € O ® Z,, it suffices to show that
these are contained in the image of 7. We use the defining relation that
7 =T o p"™V to show for [} p that

T(Tr(puniV(Frob[))) = Tr(T(puniV(Frob[))) = Tr(w(Froby)) = T;.
Similarly,
T(det(puniV(Frob;))) = det(7(Froby)) = (HNm(I).

It now suffices to consider the operators U, for v € F' ® Z;, = F,, X Fy,.
Use the stable lines for p"™V and 7 to construct bases. If we then let A
denote the bottom right entry of p"™V  we then obtain for z € F, that
T(A(z)) = 61(z) = Up. The top-left entry yields the same result for
x € Fpé, completing the proof. O

To show that the map 7T : Rgs — T must in fact be an isomorphism,
we use some general results from commutative algebra. Namely, it turns
out that we have now gathered enough data to proceed by commutative
algebraic considerations.

Lemma 5.5.2. Let k be a field and (A,m4) and (B,mp) be local k-
algebras. Suppose that dimy(ma/m?%) = dim(B) < oo and that there is
a surjective map of k-algebras A — B. Then A and B are both reqular
local rings with the same finite Krull dimension.

Proof. Write dimy(m/m?%) = dim(B) = d. Using the surjective map
A — B, it follows that dim(A) > dim(B) = d. By Krull’s Principal Ideal
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Theorem, see the Stacks Project [00KD], it also holds that dim(A) <
dimy(ma/m?%) = d. It follows that dim(A) = d and as such, A is regular.
Similarly, the existence of the surjection implies that dimy(mp/m%) <
dimy(m/m?%) = d. However, again by Krull’s Principal Ideal Theorem,
we know that also dimg(mp/m%) > dim(B) = d. We conclude that
also dimg(mp/m%) = d and so, B must also be regular and of the same
dimension as A. O

Proposition 5.5.3. Let k be a field and let (A,my4) and (B,mp) be
Noetherian reqular local k-algebras with the same finite Krull dimension.
Then every surjective map f : A — B must be an isomorphism.

Proof. Because f is a map of local rings, it follows that f(my) C mp
and as such, f(m’) C m% for any integer n > 1. This means that for
any integer n > 1, the morphism f descends to a map

fn i A/m’} — B/m’,.

We will show that each f, is an isomorphism. Assuming this, it would
follow that f itself must be an isomorphism. Indeed, if f(a) = 0 for
some a € A, then also f,(a) = 0 for all n > 1 and as such, a € m’} for
all n > 1. But by Krull’s Intersection Theorem, see the Stacks Project
[00IP], we may then conclude that a = 0, completing the proof.

It remains to show that each f, is an isomorphism. We prove this
with induction, starting with the observation that the map A — B/mp
k is a surjective map to a field, so its kernel must be a maximal ideal of
A. Since A is a local ring, it follows that this maximal ideal must be m4
and as such, f; : A/my — B/mp must be an isomorphism.

Now suppose that for some n > 1, we have shown that f,, is an
isomorphism. Consider the diagram

0 —— my/miH —— A/m" —— A/m —— 0

| |fon lfn

0 —— mpy/mpt —— B/mit —— B/ml —— 0

If we can show that the map m”/m’;tt — m%/m’%™ is always an iso-
morphism of k-vector spaces, then by the five lemma we would conclude
our induction step.

To this end, we let b1,...,by € mp be a k-basis of the tangent space
mB/mQB. Because f is surjective, we can find aq,...,aq € A such that
f(a;)) = b; for all 1 < i < d. Because f; was an isomorphism, we



112 5. DEFORMATION THEORY

know that even ai,...,aq € my. In fact, we claim that these elements
form a basis for the tangent space mg/m?%. Indeed, they are linearly
independent over k, for if they were not, we would find non-zero \; € k
such that

d d
Z Aia; € mi g Z ;b € f(mi) C sz
=1 i=1

However, this contradicts the linear independence of the b;. By the reg-
ularity assumption and the fact that A and B have the same dimension,
their tangent spaces must also have the same dimension. This shows
that the map m4/m% — mp/m% induced by f is an isomorphism.

To finish the proof, we appeal to Lemma 10.106.1 in the Stacks
Project [00NO], which implies that k-bases for m% /m’;t! and m?, /m’;H
are given by

d d d
{H a’ | n; >0, an = n} and {H b
= i=1

respectively. Now we remark that

d d
f (H a;?i> =
i=1

=1

d
m; > 0, Zmz = n}
i=1

to conclude that f takes one basis to another, thus inducing an isomor-
phism of k-vector spaces. This concludes the proof. O

Theorem 5.0.1. The map T : RE?] — T is an isomorphism.

Proof. Corollary 5.3.11 shows that dim(tES) = 3 and from Proposition
A 5.5, it follows that T is equidimensional of dimension 3. By Lemma
5.5.1, the map T is surjective. Now Lemma 5.5.2 implies that both RES
and T are regular of the same Krull dimension; namely 3. Because they
are also Noetherian, Proposition 5.5.3 implies that the surjective map T
must in fact be an isomorphism, completing the proof. ]
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CHAPTER 6

The p-adic analytic proof
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The aim of this final chapter is to carry out Step 3 of the proof
of Theorem B as outlined in Section 2.4 by following in rough lines the
following steps. First, using the results from Chapter 4, we rewrite the
defining formula for the cross ratio of CM-values of the ©-function into a
more convenient form. Next, we will consider one particular infinitesimal
deformation of the rigidified Galois representation p, defined in Section
5.2 and supported by the main result from Chapter 5, we compute the
morphism from the Hecke algebra that corresponds to it. From this, we
determine the Fourier coefficients of the infinitesimal cuspidal family of p-
adic modular forms centered around E%p; that corresponds to it. Finally,
we take its diagonal restriction, take its derivative with respect to the
weight parameter and apply the ordinary projection operator. We argue
that the first Fourier coefficient of the result of this computation must
vanish, and comparing its explicit description to 0 then will yield The-
orem B. This approach mimics the strategies used in [DPV21, DPV23|.
For notational convenience, thoughout this chapter, we will for v € F
denote V' := o(v) € F; its Galois conjugate.

6.1 Rewriting the O-series

Recall that our main object of interest was defined as

O(er] 71, lea) - 7: 2] - 72)

O(le] - 1, [e1] - 75 [ea] - 73)

O(D1,Dy) = []

[e1][ez]

where by [¢;] - 7; for [¢;] € Pic(K;) we mean the fixed point in H,, for the
embedding [¢;] - ;. We remark here that the point [¢;] - 7; is only well
defined up to multiplication by R, but this does not change the value
of the ©-functions we are computing, since

/ /
bro, b
@(7'1,’7'{;7'5) [7-177—17 T2, 7-2]7

O (71, 1;T2) H
beRy[1/p)}

where we defined the cross-ratio as

(Tl — sz)(T{ — bTé)
(11 — b1 (1] — bT2)

[T1,7],bTo, bTs] =

Let @7 denote the embedding ay precomposed with the non-trivial auto-
morphism of K;. Recall Section 4.4, in which we associated to every pair
of embeddings O; — R, for i € {1,2} an F-quadratic form refining the
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quaternion norm on By. If detp denotes that form for the pair (a1, a2),
let det’> denote that form for the pair (a7, as). These two forms relate
to each other through the following lemma.

Lemma 6.1.1. The functions detr and det’s are Gal(F/Q)-conjugates.

Proof. This is immediate from Lemma 4.4.4. Indeed, there it was shown
that the bilinear form associated with dety was given by

tr(v172) n tr(Ay1B¥2)
2 o/D
where A = a1 (v/D1) and B = ag(y/D3). The effect of changing to a7 is

to replace A by —A, which clearly yields the Galois conjugate bilinear
form in the formula above. O

By x By = F: (71,72) —

Lemma 6.1.2. For any b € B,, we have

detF(b)
71,71, bTo, b)) = — .
(72,71, b2, b72) = =30 )
Proof. Recall from Theorem 4.4.9 that
(11 — bro) (7] — b7Y)
(11 — 1) (bra — b75)

detp(b) = Nm(b)

Similarly, using Lemma 6.1.1 and the final claim of Proposition 4.4.8, to
obtain the value of det’»(b) we swap 71 and 7 to find

(11 — bra) (11 — b7%)

detp(b) = Nm(O) = om — b7

Since the denominators agree up to a sign, the result follows from divid-
ing these two expressions. O

The following lemma will be used implicitly and without mention
throughout the remainder of this section.

Lemma 6.1.3. The mazimal order R, is stable under its involution.

Proof. Let b € R, be arbitrary. Then Z[b] C R, must be a finitely
generated Z-module since R, is. But Z[b] is a subring of a quadratic
number field, and it is well known that such rings are finitely generated
if and only if b is integral over Z. In particular, its minimal polynomial in
Z[X] must be monic. This minimal polynomial is given by X2 —tr(b)X +
Nm(b) = 0. It follows that in particular, tr(b) must be an integer and
since 1 € Ry, it follows that also b = tr(b) — b € R,. O
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We are now ready for the main result of this section.

Proposition 6.1.4. The following equality holds true:

2 . v -
log, ©(D1, Dg) = lim Z log,, <7> - p(va; ' Dr).

wi1ws9 n—o0
ve@p'a)t
tr(v)=p*"

Proof. We apply Lemma 6.1.2 to the expression defining ©(D1, Ds), ig-
noring the sign by pairing each quaternion with its negative. We obtain

O(Dy, Dy) = H H detp|c1, c2](b)

det’ b’
[e1],e2] beRy[1/p) e F[Cl,CQ]( )

where the first product is taken over all [¢;] € Pic(K;) for i € {1,2}.
Now let b € Ry[1/p]y". In other words, Nm(b) = 1 and there exists some
minimal k > 0 such that B := pFb € R,. This association induces a
bijection

Ry1/plf = || {B € Ry |pt B, Nm(B) =p*}.
k=0

We define for any n > 0 the set
Ry(n) = {B € R, | Nm(B) :pQ”}.

Now we observe the association B — p"~*B induces a bijection

n

| | {B €R,|ptB, Nm(B) :ka} = Ry(n).
k=0

By Z-linearity, we find that

detF[cl, CQ](pn_kb) _ detF[cl, CQ] (b)
detz[c1, co] (p"Fb)  det’n[c1, ca](b)’

As such, we may use the above bijections to write

detp Cl, 02 b)

@(DlaDQ = lim H H —‘
e [c1],[ca] BERG(n detF [c1, e2] (D)

We now change the way in which we view these finite products over which
we take the limit. Instead of ranging over all b € R4(n) and recording its
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associated det p[ci, co]-value, we will range over each possible detp|c1, cal-
value and record how often it is reached by some b € R4(n). Recalling
that b € R,(n) means that Tr(det[ci, c2]p(b)) = Nm(b) = p?® and that
the values of detp[cy, co] are always totally positive, we may rewrite the
above to

v\ #{(b.[c1] [e2]) | det pler,e2](b)=v}
I ()

/

@(Dl, Dg) = lim

n—oo

)

v>>0,
tr(v)=p>"

where (b, [c1], [c2]) € Rq(n)xPic(K7)xPic(K2). Now we invoke Theorem
4.0.2, using that # (O O5) = wiws/2, to find that

wi1w2

5 p(var D),

#{(b,[c1]; [e2]) | detper, 2] (b) = v} =

where g is the reflex prime induced by the two embeddings a; and ao
and p counts the number of integral ideals of L with given norm in F.
Applying the p-adic logarithm now yields the result. O

We continue this section by examining the closely associated quantity
©p(D1, D2). Recall that 7 € R, denoted a quaternion with Nm(w) = p.
Then we have the following lemma.

Lemma 6.1.5. Right multiplication by 7 induces o bijection between
Ry[1/p)f = {b € Ry[1/p]* | Nm(b) = 1}

and the set
Ry[1/p} = {b € Ry[1/p]* | Nm(b) = p}.

Proof. Is it clear that this map is well-defined and injective. For surjec-
tivity, we remark that if b € Ry[1/p]* satisfies Nm(b) = p, then

(b7/p) - 7 = b(Tm)/p = b,
with b7/p € Ry[1/ply’, completing the proof. O

Proposition 6.1.6. The following equality holds true:

. v _
lim > log, () - p(var ' Dr),

n—o0 -
ve(Dy q1)™
tr(v)=p2nt!

logp ©p(D1, Ds) = e
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Proof. Using Lemma 6.1.5 above, we rewrite

O(ry, 7y 7T2) H (71 — b(ﬂ'Tz)) (7‘{ — b(m-é))
O(m, m;77s) beRlL/pl (11 = b(w73)) (7] — b(772))
_ (- Tz) (1 — (bm)73)
B H 5 (7'1 )T )(T{ - (bT[')TQ)

beRy([1/p)]

_ (
beR,[1/p (

One may now repeat the proof of Proposition 6.1.4 above verbatim to
arrive at the desired conclusion. O

We conclude this section by proving that the formula from Theorem
B correctly counts the factors of p on both sides of the equation. This is
necessary to do separately, as our application of log, forces us to forfeit
any information regarding the number of factors of p on both sides, by
virtue of log,(p) = 0. Therefore, we are forced to count these factors by
hand first. We need a small elementary lemma.

Lemma 6.1.7. Let v € D;l be such that tr(v) = p" for some positive

integer n and suppose further that vy, (v) # vp, (v) or that vy(Nm(v)) is
odd. Then p™ | v.

Proof. Let us write

/D 2 _ 2nD
V\/B:W, so that Nm(V\/ﬁ):%.

Write x = p*y where p{y. If k > n, we are done. If not, we find that

n—k D 2 2n72kD

WD = pkw and Nm(vvD) = p%%
If vy, (V) % vp, (v), then the fraction (y+p" *v/D)/2 must still contain a
factor of p; for some i € {1,2}. As such, its norm must still be divisible
by p. If v,(Nm(v)) is odd, the same conclusion follows. But this means
that p | y; this is a contradiction. ]

Proposition 6.1.8. It holds that
+2 @(Dl,DQ) > < (D—$2>>
v = o(x)v, | F | —— .
w1wW2 p (@p<D1,D2) ng ( ) p AN
z2=D mod 4N
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Proof. The proof of Theorem 6.1.4 showed that, before applying log,,,

+2 ) v\ p(vay ' Dr)
ownD)" = lim I ()
ve(Dgla) ™t
tr(v)=p>"

and similarly for ©,(D, D) as a result of Proposition 6.1.6. We claim
that the pi-adic valuation of each term in the limit is constant. Indeed,
only terms with vy, (v) # vy, (V') = vy, (v) can contribute to the pi-adic
valuation of this expression. By Lemma 6.1.7, this means that only those
v lifted from trace 1 can contribute. This contribution is independent of
n because p(p*"vq; 'Dr) = p(vq; 'Dr). We then conclude that

+2 _
oyt ODLD2) = > p(va; D) (09 () = v ()
VE(D;,lql)Jr
tr(v)=1
= Z p<Vq1_1DF)UP1 (v) - Z p(VqZ_IDF)Upl ).
VE(D;1p1q1)+ VE(DElplqz)"'
tI‘(l/)Zl tr(y):l

Note that for all contributing terms, we must have that vy, (v) is even;
indeed, otherwise p; is a special prime of qulDF and as such, its value
under p would vanish.

On the other hand, we remark that either vy, (v) = 0 or vp, (v) = 0 for
any v € D;l of trace 1. As such, it follows that p(p?"*'vq; 'Dr) = 0 for
any v € D;l of trace 1; indeed, at least one of the p; for i € {1,2} must
be a special prime. Following the argument above, we conclude that
Vp, (Op(D1, D2)) = 0. For the po-adic valuation, an analogous argument
applies.

By definition of the F-function, its value is only a power of p if
the prime p divides the quantity Nm(vv/D)/N = (D — 2?)/4N an odd
number of times. In other words, the corresponding element v € D;l
of trace 1 must contain an even number of factors of one of the p; for
i € {1,2}. These are the same v € D' of trace 1 that we found earlier
to contribute to the valuation of ©(D1, D3). The agreement between the
exponent in the definition of the F-value and the function p has been
shown before in the proof of Theorem 3.2.5; the alternating sum matches
up all terms and equality has been established. ]
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6.2 Extracting a, from p

In this section we will compute the p-adic modular form that is associated
with a particular nearly ordinary deformation as considered in Chapter
5, of which we have proved its modularity in Theorem 5.0.1. We record
its existence in the following lemma.

Lemma 6.2.1. There ezists a deformation p: Gp — Qple] of the form

(3 2))6 )

where ¢, € Hom(Gr,Qp) denotes the p-adic cyclotomic character from
in Proposition 5.1.5 and where b: Gp — Qy satisfies blg,, = 0.

Proof. First note that the vanishing of the lower-left entry forces both
diagonal entries to be elements from Hom(Gp, Qp) = (¢p) as a result of
Lemma 5.3.3. We may choose them freely, as the proof of Proposition
5.3.5 shows that the map

HY(Gp,W1) — H (Gp,Q, ® Q)

is surjective. Finally, one verifies that we may always adjust the top-right
entry by an element from H' (G, Qp(x)). Since its restriction to Gy, is
always in H'(Gyp,, Qp(x)) as n vanishes there as a result of Lemma 5.2.1,
by the isomorphism from Corollary 5.1.6 we can in particular make this
restriction vanish. This completes the proof. ]

By construction, the lines (e;) and (e2) are now fixed by Gy, and Gy,
respectively under the action of p. It follows that the quotient characters
0; from Theorem 5.4.1 for this deformation are given by

0 =x—XxPpe and o =1+ @pe.

Since det(p) is constant, after identifying (Op ® Z,)* = (’)}X,p1 X (’)f,p2 =
Iy, x I,, it is a general fact that the weight character of the modular
form associated with this Galois representation is given by d; x d2. In
particular, the weight character for the diagonal restriction is the map

(Z@22,) = (Or ©22,)* 2 OF, x O0F, = Qyld,

where A here denotes the diagonal embedding. Using that x is trivial
on the inertia subgroups I,, C Gy, for i € {1,2}, as the extension L/F
is unramified, we trace through the maps to find

z = (z,2) — 01(x)d2(x) = (1 —log,(x)e) (1+log,(x)e) = 1.
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In particular, the diagonal restriction is of constant weight. This shows
that the above deformation describes an infinitesimal family of modular
forms in the so-called anti-parallel weight direction. We will use this in
the proof of Proposition 6.3.1 to allow us to conclude that the derivative
with respect to the weight parameter of our family is in fact a modular
object, even though the specialisation of this family does not vanish.

By its universal property, the deformation p comes from some map
Rgf]’ — Qple]. By Theorem 5.0.1, the isomorphism yields a unique asso-
ciated map ¢ : T — Qp[e]. The majority of this section will be dedicated
to computing this morphism.

Recall that T is generated by the operators 77 and (I) for all primes
[ of I coprime to p, and the operators Uy, and Uy, where m,m2 € A%
are local uniformisers at p; and po respectively.

Theorem 5.4.1 dictates how we should deduce the images of the vari-
ous Hecke operators from the associated representation. Indeed, it shows
that ¢(T7) should correspond to the trace of p(Froby), whereas ([)Nm(I)
should correspond to its determinant. Finally, the images of the opera-
tors Uy, are deduced from the values 6;(m;) for i € {1,2}. We will now
determine these quantities in this order.

Lemma 6.2.2. For any 7 € Gp it holds that
Tr(p(7)) = 1+ x(7) + (1 = x(7))dp(7)e.
Proof. By writing out the definition of p(7), we find that
Tr(p(1)) = 1+ @p(7)e + Xx(T)(1 = dp(7)e).
Rewriting then yields the result. O

Lemma 6.2.3. Let ¢ : T — Qple] be the morphism induced by the
deformation p and let 14 p be a prime ideal of F. Then

B 2 if x(I) =1;
P (1) = {QIng(Nm([))e if (1) = —1.

Proof. We split cases, using that ¢(77) = Tr(p(Froby)) as long as [{ p. If
X(Frob) = 1, then Lemma 6.2.2 yields the claim.
If x(Froby) = —1, however, Lemma 6.2.2 then yields that

Tr(p(Froby)) = 2¢,(Frob)e.

We complete the proof by remarking that by definition, Frob; will raise
the topological generator (e~ of the extension F((pe~)/F to the power
Nm([), so the result follows by tracing through the definition of ¢,. O
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We continue with the images of the diamond operators.
Lemma 6.2.4. For any prime ideal 11 p of F, it holds that
e((ONm([)) = x(Froby).

Proof. Recall that the image of Frob; has determinant ¢(([)Nm([)). In
our case, the determinant is kept constant, so this is x(Froby). ]

Finally, we determine the images of the operators Uy, for m; a uni-
formiser of Op, for i € {1,2}.

Lemma 6.2.5. Let m; for i € {1,2} be a uniformiser of Op, . Then
©(Uxr,) = =1 +1logy(m)e and (Ur,) =1+ log,(m2)e.

Proof. Since the images of the operators Uy, for i € {1,2} agree with the
images of the elements 7; under the map &;, suppressing the local reci-
procity map, this follows from combining the earlier found expressions

0 =x—XxPpe and o =1+ ¢pe

with the definition of the map ¢,, with the p-adic logarithm extended
to all of Q through the Iwasawa branch, as x(m;) = —1 because the
primes p; for ¢ € {1,2} are inert in the extension L/F. O

Proposition 6.2.6. Let ¢ : T — Qple] be the morphism induced by the
deformation p, let [ 1 p be a prime ideal of F and n > 0 an integer. Then

n+1 if x() = 1;
¢(Tin) = { (n+ 1) log,(Nm(l)e if x(I) = =1 and n is odd;
1 if x(I) = =1 and n is even.

Further, for m; for i € {1,2} a uniformiser of O, , it holds that

@(Unp) = (=1)"(1 — nlog,(m)e);
©(Uzp) = 1+ nlog,(m)e.

2

Proof. We remind the reader of the essential recursion relation
T[n+1 == ﬂnﬂ - <[>Nm([)’1—1[n71

for 14 p, whereas Urn = U for the adéles above p.
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e If x(Frob;) = 1, then Tr(5(Frob()) = 2 by Lemma 6.2.3. Further
using Lemma 6.2.4, we obtain the recursion

Tn+1)=2T(n)—T(n—-1) with T(0)=1, T(1)=2.
This is easily solved and yields T'(n) = n + 1 for all n > 0.

e If on the other hand x(I) = —1, then Tr(5(Froby)) = 2log,(Nm(T))e
by Lemma 6.2.3. Again by Lemma 6.2.4, we obtain the recursion

L(n+1) = 2log,(Nm(l))e - L(n) + L(n — 1)
with L(0) =1 and L(1) = 2log,(Nm([))e. One deduces
L(2n) =1 and L(2n—1) = 2nlog,(Nm(l))e foralln > 1.

e In the final case, we raise the expressions from Lemma 6.2.5 to the
appropriate exponent to find

©(Urn) = (=1 +log,(m1)e)" = (=1)"(1 — nlog,(m1)e).

Similarly, we obtain ¢(Uzn), completing the proof. O

éL
Remark 6.2.7. By considering the quotient of two uniformisers at a

given place, it is not difficult to convince oneself that for any idéles
a1, ag supported only at p; and po respectively, it holds that

¢(Uay) = (=1)11)(1 —log,(a1)e) and @(Ua,) = 1+ log,(az)e.
This extends the formulae for 77" and 75 above.

Corollary 6.2.8. Let [ p be a prime ideal of F' and let n € N. Recalling
p(I) :=#{J C O | Nmk(J) = I} for I C O, we have that

n 1 mn
#(Tin) = p(I") + 5 (n+ 1)(1 = x(I")) log, (Nm(1) )e.
Proof. Indeed, we have seen before in Chapter 3 that

n+1 if x() =1;
p(") =<0 if x(I) = —1 and n is odd;
1 if x(I) = —1 and n is even.

These quantities match the integral parts of ¢(7i») from Proposition
6.2.6 above. As for the infinitesimal part, we remark that we get no
contribution if and only if x(I") = 1, and as such, the expression 1—x(I")
is twice the indicator function for the case x(I) = —1 and n is odd.
Combining these two parts yields the corollary. O
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The appearance of the p-function in the integral part should not be
surprising, as this simply corresponds to the Fisenstein series we are
deforming; compare with Proposition A.2.9 and Lemma A.2.10.

Because we have well-defined operators Ti» for any integral ideal [ { p,
we may by multiplying these expressions together extend this to a well-
defined notion of an operator Ty for any integral ideal J C OF coprime
to p. Using this notion, we arrive at the following Corollary from the
above computations.

Corollary 6.2.9. Let J C OF be any ideal coprime to p. Then
1 n n
P(Ty) = p(7) + 5 3 (0 +1)(1 = (1) p(/1")) Tog, (Nm(1))e.
g

Proof. By definition

T, =[] T

m||J

One may write out, keeping in mind that ¢ = 0, that

o(T3) = TT (p(0) + 5+ 1)(1 = x(1)) Tog, (Nm(D)c)

m|J
= H p(I") + Z( +1)(1 = x(I")) log, (Nm(I H p(t™).
g [”IIJ t'”HJ/[”
The corollary now follows from the multiplicativity of p. O

For any integral ideal J coprime to p, we define F(J) € N by

log, (F(J)) = 5 3 ((n -+ 1)(1 = x() (/1)) log, (Nm (D).

m|J

This quantity has the following crucial property. As in Chapter 3, we
will refer to those prime powers ["||J with x(I") = —1, as the special
primes of the ideal J. Note that p; and po can also be special primes, if
we relax the condition that J be coprime to p, as we will soon do.

Proposition 6.2.10. Let J C Of be any integral ideal coprime to p.
Then

o (Ty) = plJ) + log, (F(J))e.

In addition, F(J) is a power of a single rational prime. If J is a primitive
ideal, then it even holds that F(J) = F(Nm(J))?, where F is as in our
main results, Theorem A and Theorem B.



6.2. EXTRACTING a, FROM p 125

Proof. The first claim follows from Corollary 6.2.9 and the definition of
F(J). For the second, we note that the only summands in the expression
defining F(J) that could possibly contribute are those for the special
primes of J. If there are no such primes, then F(J) = 1. If there is more
than special prime, one of which being [ then its contribution will also
vanish. Namely, in that case it holds that p(J/I") = 0, as the existence
of a special prime obstructs an ideal from being a norm from the field
L. We conclude that F(J) =1 in that case too. Only the case in which
there is a unique special prime remains, proving that F(J) is a power
of the underlying rational prime ¢, as claimed. Finally, our primitivity
assumption forces all primes dividing J to split in F/Q and to all lie
above different rational primes, and as such, the prime factorisation of J
in F' matches the prime factorisation of its norm in Q. From the proof
of Proposition 3.2.5 in Chapter 3, it follows that the exact exponent of
£ occuring in the expression of Giampietro’s F' can also be written as
(n+ 1)p(J/1")/2, proving the claimed equality. O

By Theorem 5.0.1, the morphism ¢ : T — Qy[e] computed above will
correspond to a cuspidal family of p-adic Hilbert modular forms, which
we will denote by Efpg((e) In the next section, we will be interested in
the first derivative with respect to € of the diagonal restriction of this
family with respect to the ideal ¢, = ’D;lql. To simplify notation, we
will thus set a, := a,(Dpq; 'v), as these will be the relevant coefficients
to compute the desired diagonal restriction, see in Appendix A.2.

For notational convenience, for any ideal J C Op, we let J denote
its p-deprivation; in other words, J denotes the ideal J with all factors
of p1 and po removed. Finally, we introduce the notation J,, for the ideal
VDFql_l. We now state the main result of this section.

Theorem 6.2.11. For any v € (Dz'q1)*, it holds that
ay = (1)) (p(J,) + log,(F(J,))e — p(Jy) log, (v/V)e).

Proof. Using the same argument as in Theorem 3.13 in [DPV23], we may
use the relations proved by Hida for classical forms also in this setting.
By the results of Section 1 in [Hid91| and Proposition A.4.4, for any
v € (Dz'q1)*, we must consider the idéle o = deq_ll, where twy, is any
ideéle that equals 1 everywhere away from qp, where it is a uniformiser,
and where d € A is such that it generates the ideal Dy and is trivial
at p. Let U denote the ideéle that is equal to v everywhere away from p,
where it is equal to 1. Then v = vip, 1y, and we note that o generates



126 6. THE p-ADIC ANALYTIC PROOF

the ideal J,, so that j,: is generated by the idéle ﬁdwq_ll. Using Remark
6.2.7, we compute that

P(Ta) = ¢(Trger )2 (Uny, (U, )

P(T5) - (1)1 (1 — log, (14, )e) - (1 + log,, (v, )e)

(=) (p(J,) + Logy (F(1,))e) (1~ log, (v, )e) (1 + log, (15, )e)
(=1)ve ¥ ((Jy)—i—logp Jy))e)( —log,, (v, /13, )¢ )

(—1)"1 ") (p(J,) + log, (F(J))e — () log,(v/v)e);

this is the statement of the theorem. We used here that vy, can be
identified with v{al, since under the isomorphism Or ®Zy, = O, x Op,,,
the element v is sent to (v,1/). O

6.3 Proof of Theorem B

In Theorem 6.2.11, we computed the relevant Fourier coefficients for the
diagonal restriction with respect to the ideal D;lql of the cuspidal family

of p-adic Hilbert modular forms Egp))((e) associated with the morphism ¢ :
T — Qp[e] induced by the deformation p defined in Lemma 6.2.1. Taking
its derivative with respect to the parameter e amounts to considering only
the e-part. Let A denote the diagonal restriction operator for the ideal

D;lql. As Efp;(e) is p-adically a cusp form by Lemma A.3.3, we have

d - d
ApERO=3( X gew)a
n=1 ve(Dp'a)t
tr(v)=n

By Theorem 6.2.11 and the equation above, this yields for any n € N,

d vpq (v T T
o (BGEO) = X (1) (log, )l oy (/1)
ve(Dp'a)t
tr(v)=n
Proposition 6.3.1. The object A%E%ﬁi(e) s an overconvergent p-adic
modular form of weight 2. Its ordinary projection e°™d <A%E¥2(e)> 1S
a classical modular form in Say(To(N)).

Proof. We have seen before that the weight character for AEE?((G) is
constant, and because for the e = 0-specialisation its weight is 1+ 1 = 2,
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the result will be of constant weight 2. Its specialisation does not vanish,
but by subtracting a constant family, Lemma 2.1 in [DPV21] yields that
its derivative is still an overconvergent p-adic modular form of weight 2.
By Coleman’s Classicality Theorem, which can be found as Theorem 6.1

in [Col96], its ordinary projection is of slope 0 < 1 and hence classical.

(p)
1,x

A.3.3. For the level, since we used the ideal DFql_l, the tame level of
our diagonal restriction will be ¢q. The level of its ordinary projection is
then obtained by multiplying its tame level by p. Combining all of this,
we obtain an object in Sa(I'g(N)), as claimed. O

Further, it is a cusp form because E;"/ is a p-adic cusp form by Lemma

If we apply the operator €4 from Appendix A.5, we obtain

d : d
ay <eord <d€AE8’))((6)>> = ”11_>H;O Ayt <d6AE¥?{(€)>

= lim Z (—1)”p1(”)(10gp f(JN,,) — p(JNl,) logp(u/z/)).

n—oo 1
ve(Dg q1)t
tr(v)=p™

We analyse the two terms occuring in this expression separately. Define

A= 1lim Y (1) Wp(],) log,(v/V)

n—oo 1
ve(Dp an)t
tr(v)=p™

and .
B:=lm >  (~1)"®log,(F(J,)).

n—oo
ve(Dptq)t
tr(v)=p™
For the sake of brevity, we extend the definition of v, to F' by setting it

equal to vy, X vy, there; this will save some space in what is to come.

Proposition 6.3.2. It holds that

Proof. We note that since x(.J,,) = x(Dr)x(q1) = (=1)? = 1, the parities
of vy, (J,) and vy, (J,) being different would imply that x(.J,) = —1, and
as such, p(J,) = 0 by Corollary A.2.11. Hence we may write

A=lim > p(J)log,(v/v) = lim 7 p(J,)log,(v/V)),
ve(@p'a)t ve@p'a)t
tr(v)=p™ tr(v)=p™

vp(¥)=(0,0) up()=(1,1)
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both congruences being modulo 2. For the first term, one may observe

that p(J,) = p(Jy). In fact, p(J,) = 0 unless v,(r) = (0,0) mod 2, and
as a result, we may even write the first term as

lim Y p(f)log,(v/v) = log, (©(D1, Dy)),

n—00 -
ve(Pr q1)*

tr(v)=p™

w1w2

where we appealed to Proposition 6.1.4 and the fact that the limit exists
when taken over all tr(v) = p?"; as such, the limit taken over tr(v) = p™
exists too and equals the same value, as n! is even for n > 2. For the
second term, one may observe that p | v, and as such, we may make the

substitution v <> pv, further using that p(J,) = p(Jp), to obtain

lim Y p(d)log,(v/V) = lim Y p(Jy)log,(v/V),

n—oo n—o0

ve(Dptq)t ve(Dpta)t
tr(v)=p™" tr(v)=p™—1
vp(v)=(1,1)

where we were allowed to omit the bottom subscript for the same reason
as before. We conclude by Proposition 6.1.6. O

Proposition 6.3.3. It holds that

B= ) Y. d(a)log,(F(Nm(J,)/p)).
Nm(a)=N l/G(D}:ch)Jr
tr(v)=1

Proof. First note that, by Lemma 6.2.10, it holds that F(J,) = 1 as soon
as X(JNV) = 1, because this implies that the number of special primes is
even, and thus in particular not one. Since x(J,) = 1, it follows that
one of p; and po must be special to get a non-zero contribution to the
sum. Since v contains the full p-part of .J,, this implies that v,(Nm(v))
must be odd. By Lemma 6.1.7, it follows that p™ | v if tr(v) = p™.
It follows that all contributing summands to the n-th term in the limit
are lifted from those v of unit trace. In fact, since J,m, = J, and

Vp, (Jynty) = vy, (Jy) mod 2 for n > 2, each summand induced by some

P
v of unit trace is independent of n. The limit thus equals its first term;
B= Y (U™ log,(F(),

VG(D;1q1)+
tr(v)=1

vp(Nm(v)) odd
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Note that the ideal j,j is always primitive by Lemma 3.2.1. As it is

prime to p by definition, it follows from Proposition 6.2.10 that F(J,) =
F(Nm(JNV))2 in all cases. Because the number of factors of p in Nm(J,)
is odd for all the terms contributing to the sum, Nm(.J,)/p will have an
even number, as does Nm(j;). As a result, the F-values of these integers

must be the same. We conclude that

B=2 Y (~1)"log,(F(Nm(J,)/p)).

VG(D;1q1)+
tr(v)=1
vp(Nm(v)) odd

Note that we may omit any congruence conditions on v,(Nm(v)), as
in the case of the number of factors of p dividing Nm(.J,) being even,
dividing by p makes p a special prime of Nm(.J,)/p. As such, its F-value
must be a power of p, of which the p-adic logarithm vanishes. Since
contributing v must contain a factor of p; or p}, we have proved that

B=2 Y (-1 log,(F(Nm(J,)/p)).

VG('D;lplq1)+
and VG(D;1p2q1)+
tr(v)=1

Adding in those v € (D;1q2)+ is the same as adding a term for the
Galois-conjugate of every v € (D;lql)Jﬂ For every non-zero term in the
sum, we have that vy, (J,/) # vy, (Jy) mod 2 and Nm(J,/) = Nm(J,).
In other words, the summands for v and v/ would agree up to a sign.
Finally, §(a) measures this sign together with (—1)v1 (). O

To complete the proof, we will only need one more result about the
ordinary projection that we have now computed. Namely, we will show
that its first Fourier coefficient must always vanish.

Lemma 6.3.4. The form e°™ (A%E%&(e)) is a Up-eigenvector with
etgenvalue —1.

Proof. By definition of the U, operator, we should check that ap,, = —anm
for all m € N. The coefficient for a,, can be split up into the two terms

lim S (—)™©p(T) log, (/)
ve(Dp'ai)t
tr(v)=m-p™
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and

lim Y (=1)" ) log, (F(J,)).

n—oo

ue(’l);lql)+

tr(v)=m-p™
For the former, one may trace through the proof of Proposition 6.3.2
to find that the limit is only dependent on the parity of the numbers
vp(m) + n! for n > 2, the difference being a sign when we move from
m to pm, caused by the factor (—1)"1(*). For the latter, the proof of
Proposition 6.3.3 reduces the contributions to those v of trace m/ pvr(m)
once again the only difference being the sign (—1)%1*) dependent on the
parity of v,(m). We leave the details to the reader. O

Corollary 6.3.5. For N € {6, 10,22}, it holds that
. d
eord (A(RE@((G)) = 0.

Proof. For N € {6,10}, one checks that Sa(T'o(N)) = 0 so the result
follows from Proposition 6.3.1. It remains to analyse the case that N =
22, when the space S2(I'0(22)) is 2-dimensional and spanned by two
oldforms. Recall that we assumed ¢ € {2,3,5,7,13}, so we need only
check the case that p = 11 and ¢ = 2. It is easy to check that the
operator Uy acts trivially on S3(I'9(22)), so by Lemma 6.3.4, the result
follows. O

Proof. (of Theorem B) We conclude from Corollary 6.3.5 that A+B = 0.
Using Proposition 6.3.2 and Proposition 6.3.3, this shows that

w12w2 log, <@@p((]_)l)117,1]?)22))> - Z Z 6(a)log,(F(Nm(J,)/p)).

m(a)= NI/E(D_ )
tr(v)=

Finally, for v = (z + v/D)/2V/D, it holds that

D — 22

Nm(J,,)/p = AN

This proves Theorem B up to an element from £p?, as this is the kernel
of log,. We conclude by Proposition 6.1.8 that the factors of p on both
sides match up too, which reduces our ambiguity to a mere sign. This is
permitted by Theorem B and concludes the proof. O
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forms
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This appendix assumes the reader to be familiar with the theory
of classical modular forms. A comprehensive introduction to classical
modular forms can be found in [DS05]. We will start by briefly recalling
their automorphic perspective and we will subsequently generalise this
treatment to more general types of modular forms in the sections that
follow. First, we change the ground field from Q to a real quadratic
field F' and then we describe an adélic approach to Hilbert modular
forms. Finally, we will leave the archimedean setting and consider p-adic
modular forms instead, briefly introducing Hida families, as we will need
them for our methods in Chapter 6.

A.1 Adelic modular forms

In order to motivate some of the later sections, we take a moment to illus-
trate the way in which the classical modular forms can be reinterpreted
in an adélic language. We closely follow the treatment and notation from
[Deil2]. Throughout this section, let

502 =4 (% ") |aber a? 12 =1}
b a

this is the stabiliser of ¢ € C under the action of SLy(R). Further, for
notational convenience, for any commutative ring R we denote

Gr:=GLy(R) and Gg:=SLy(R).

One may choose a Haar measure on the group G} and if ' C G4 is a
discrete subgroup, we obtain a natural Haar measure on the quotient
space '\ G%&. We use this to define the space

L*(T\ Gg) = {f:F\G]ﬁ%(Csuch that / ]f(x)]zdx<oo}.
Gl

The map

C — Ms(Q) : a+ bi (Z _ab)
restricts to an isomorphism of groups

{z€C:|z| =1} =T = SO(2).
Therefore, for any k& € Z we can define the character

_\k
er : SO(2) = T induced by the map T ANy
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We may now define the subspace

LT\ Gp)lex] = {f € L*(U\ Gg) | f(zu) = ex(u) f(z), Yu € SO(2)}.
Let |, denote the usual slash operator, and for brevity, we will denote

Ja(z) ==cz+d forany «= <Z Z) € SLa(R).

Let Sk(I') denote the space of weight k cuspforms for I'. The following
is Proposition 3.3.4 in [Deil2].

Proposition A.1.1. Let I' C SLy(Z) be a congruence subgroup and
k€ Z. Gwen f € Sg(T'), define the map

¢ : Gi — C  through ¢s(a) = (flra) (i).
This association induces an (isometric) injection
Si(I) = L*(T'\ G)e—x)-

Proof. We content ourselves for now with verifying that indeed it holds
that ¢ € L*(T'\ Gk)le—g). To this end, we compute for v € I" that

¢r(va) = (fleva) (i) = (flry) [ke) (1) = (flra) (1) = ¢5(a),

using the I'-invariance of f. This shows that ¢ : I'\ G — C is well-
defined. Square-integrability follows from the vanishing of f at all cusps,
so its remains to verify that ¢y lands in the required e_j-eigenspace.
Indeed, we compute for u € SO(2) that

¢ r(zu) = ((flez) [kw) (1) = 3u () 7% (flrz) (i) = e_x(u)dy (@),

where we used that j,(i)™* = ¢_z(u) by definition and that ui = i. This
completes the proof sketch. O

The proposition above allows us to view classical modular forms as
elements of the space L?(I'\ G})[e_x]; in particular is shows that the
weight is perhaps more naturally viewed as a character, as opposed to a
positive integer as the classical theory seems to suggest. In fact, we have
a natural eigenspace decomposition

L*(T\ Gg) = D L*(T\ Gi)[ex].
keZ



134 A. VARIOUS TYPES OF MODULAR FORMS

It is in this sense that studying the space L*(I'\ G4) is akin to studying
all classical modular forms of all possible weights at once. We can refine
the above result if we let A denote the Q-adéles, Afi® the finite Q-adeéles,

ZR — | T (E RX .

Let Z denote the ring of profinite integers. The following statement is
now purely group-theoretic, see Proposition 7.2.4 in [Deil2].

Lemma A.1.2. Let " be a congruence subgroup and let Kt be the closure
of I in G5. Then the map

[\ Gg = Go\ Gy /Kr

giwen by I'e — Go(1,2)Kr is a Gﬁ—equivam’ant isomorphism, where we
wrote (1,x) € Gpan X Gr = Ga.

This has the following consequence, which allows us to view classi-
cal modular forms as adélic objects, using Proposition A.1.1. This is
Theorem 7.2.5 in |Deil2].

Theorem A.1.3. Let I' be a congruence subgroup and let Kt be the
closure of I' in Gz. Then restriction induces a (unitary) Gﬁg—equivariant
1somorphism

L*(GgZr \ Ga /Kr) = L*(T'\ Gg).

The elements from L?(GgZg \ Ga) are called automorphic forms.
Through the arrows

Sk(T) = L*(T'\ Gg)[e_x] = L*(T'\ Gg) = L*(GoZr \ Ga /KT),

we have now realised classical modular forms as special cases of the more
general concept of an automorphic form. The class of automorphic forms
is more broad however, for it also includes objects like Maafs-waveforms,
as explained in Section 2.8 in [Deil2]. We opt to not dive deeper into
this theory here, however, thus concluding this section.

A.2 Classical Hilbert modular forms

Throughout this section, we fix an embedding F' C R, and for v € F', we
let v/ = o(v) € F denote its Galois conjugate. It is our aim to sketch
a theory of modular forms, but now with the base field F' instead of Q.
We follow the notation from Chapter 2 in [DDP11].
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Definition A.2.1. For 2 = (21,22) € C x C and k = (k1,k2) € Z2,
define for a,b € F the quantity

(az + ) := (azy +b)F(a 20 + V)F2.
We will also write
GLI(F) := {A € GLy(F) | det(A) > 0}.
Definition A.2.2. Let v € GL; (F) and z = (21, 22) € H x H. We set
. az1+b az+V PN
TrE= cz1+d dz+d T=\e d)-
A fundamental domain for this group action, roughly speaking, is the
union of hp = #Pic(F) different open subsets of the product H x H.

This explains in part why the class numbers hr and, more precisely,
h} = #Pic(F)*, will appear centrally in the theory.

Definition A.2.3. The action of v € GLJ (F') defined above induces the
weight k = (ky1,k2) € Z? action on the space of functions H x H — C.

Fler(z) = det()2det(v)"2/(ez + d) 7€ f (v2).
Definition A.2.4. For each class A € Pic(F)", we fix a representative
ideal t\ C Op with [ty] = A. We use it to define the groups I'y as

{<Z Z) € GL3 (F):a,d € Op, be t;'Dg', c € tyDp, adbceoﬁ}.

Definition A.2.5. A weight k € Z? classical Hilbert modular form is
an h;ﬁ—tuple of holomorphic functions

MHhHxH—-C,
where A € Pic(F)*, such that fy|xy = f) for all v € T).

This means that fy for any A € Pic(F)" has a Fourier expansion

(21, 22) = ax(0) + Z ax (v)e2mitartaar),

+
vety

Definition A.2.6. The coefficients a)(v) are called the unnormalised
Fourier coefficients of f. They may be normalised to eradicate the initial
choices of the representative ideals t) by setting for each integral ideal
m C Op,

a(m, f) := ax(v)Nm(ty) " Fr1+k2)/2 (ki=k2)/2,

where A = —[m] € Pic(F)" and v € t{ is such that mt) = (v).
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Lemma A.2.7. The normalised Fourier coefficients a(m, f) are well-
defined for any m C OF.

Proof. The only choice we make during their construction is that of the
element v € tj\' generating the ideal mty. Let € € (’);”L denote a totally
positive unit and let 4 = ev be any other such choice. Then we must
show that ay(v) = a(u)e#=#2)/2 Indeed, we compute that

f(z1,22) = fl <8 (1)> (21,22) = le/Q(G/)kQMf(GZl,6'22)~

Now note that e¥1/2(¢')k2/2 = ¢Mi=k2)/2" 35 ¢ > 0 implies that e’ =
Nm(e) = 1. Now comparing the coefficient in front of e2milz1utzau') —
eZmilzievtz2€ V') on hoth sides yields the claimed equality. O

Remark A.2.8. The observant reader might have noticed the strik-
ing absence of any conditions regarding holomorphicity at the cusps in
Definition A.2.5. Rather remarkably, such conditions are automatically
satisfied for holomorphic functions satisfying the transformation proper-
ties given above. This is called Koecher’s principle and can be found for
instance as Theorem 1.20 in [Bru08|.

To introduce the most vital example for the purposes of this thesis,
we must first define the complex L-function

L(x.s):= Y x(a)Nm(a)~*,

aCOp

which converges as soon as Re(s) > 1 and allows a holomorphic con-
tinuation to all of C. The following is a special case of the much more
general Proposition 2.1 in [DDP11].

Proposition A.2.9. There exists a parallel weight k =1 = (1,1) Hilbert
modular form FE, with normalised Fourier coefficients

1+ x(A
(0,51 = X g0,
and for m C Op,
m El,X ZX
Ilm

Using the following lemma, we may rewrite these coefficients in a
more concrete way.
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Lemma A.2.10. For any ideal m C Op, it holds that
S (1) = plm) > 0.

Ilm

Proof. Because both x and p are multiplicative, we can rewrite

k
Yox) =TI > x) and p(m)= ] o).

Ilm vk ||m =0 th]|m

We thus complete the proof after showing that for every prime v C Op,

Zx(t) =p(tf) =41 if x(v) = —1 and k is even;
=0 0 if x(r) = —1 and k is odd.

This is easily verified for the leftmost term, and counting ideals is easy
after recalling that x(tr) measures the splitting behaviour of vin L/F. O

Corollary A.2.11. Suppose that x(m) = —1. Then
p(m) =0, and as such, (E1y)m =0.

Proof. Tt is clear from Proposition A.2.9 that the constant term vanishes
in this case, so consider now the higher Fourier coefficients.

Using the same product expansion as in the proof of Lemma A.2.10,
it follows that the result must vanish if there exists some prime t of
Op with x(r) = —1 dividing m an odd number of times. Again by
multiplicativity of x, this is ensured if x(m) = —1, as we assume.

Alternatively, Proposition 4.1.5 in Chapter 4 shows that the image of
the norm map leL7 is contained in the kernel of y, hence in particular
m is not a norm. O

Since y is totally odd, it holds that x(Dg) = —1; see also Proposition
4.0.3. Therefore, it follows from the above that

(E17X)[D;1] == O.

This fact has historically come to be known as Hecke’s sign error, as after
missing a single minus sign in an otherwise impressive calculation, Hecke
once mistakenly concluded the incorrect non-vanishing of the Hilbert
Eisenstein series above. However, as unfortunate as this may have been
for Hecke at the time, this fact was later exploited by Gross and Zagier
in |GZ84], and lies at the foundation of their analytic proof of Theorem
1.2.1, as described in Section 1.6. To understand that method, we will
need to introduce the following concept.
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Definition A.2.12. The diagonal restriction of a weight k = (k1, k2) €
Z? Hilbert modular form f : H x H — C is defined as the map

Af:H —C given by Af(z)= f(z,2);
one checks that this must be a classical modular form of weight ki + ko.

From a more algebraic perspective, we may try to describe this op-
eration on the level of g-expansions. To this end, we remark that setting
21 = 29 = z in the expression e2m(:1v+22) yieldg 2miztr(v) — qtr()
where q = €*™* as usual. In other words, the diagonal restriction col-
lects elements v € F' of fixed trace and together these constitute the
Fourier coefficients of the classical modular form.

Concretely, one chooses some fractional F-ideal m with respect to
which to compute the diagonal restriction, and one obtains for the Fourier
coefficients

an(Anf)= > a(vm™,f).
vem™
tr(v)=n

For those primes | C Op that satisfy [[] = [0] € Pic(F)", we may

write [ = (w) for some w € O}r. Let B C I'y be a set of representatives

with
1 0
F)\ <0 w) F/\ = I_l F)\"y.

As explained in [MS15], one may then define the Hecke operator T} as

ﬂfA — wk1/271(w/)k2/271 Z f‘k’Y
yEB

One can check that this definition is independent of the choice of w.
This definition displays strong similarities to its classical counterpart.
One may further define diamond operators ([) to recursively set

T =T Ty — (D™ L ()2 T

However, the failure of the triviality of the narrow class group prevents
us from using the above definition to define operators Ti» for each prime
ideal [. This suggests that perhaps the theory is more easily set up in an
adeélic or local language, as opposed to the global language considered
hitherto. Together with the results from Section A.1l, this more than
justifies the ideas contained in the Section A.4, which, along with the
section thereafter, forms the technical heart of this appendix.
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A.3 p-stabilisations

We recall the notion of a p-stabilisation for a classical modular form.

Definition A.3.1. Let f € S;(I'g(V)) for some positive integer N and
let p{ N be a prime number. Define its Hecke polynomial as

X% —ap(f)X +p" = (X — a)(X - B);

this is the characteristic polynomial of Frobenius at p for the Galois
representation associated with the modular form f. We say that f is
reqular at p whenever o # (5.

From now on, we let p { N be such a regular prime and for any
f € S[T(N)) we define

fa(2) = f(2) = Bf(pz) and  fs(2) := f(2) — af (p2).

It is clear that these are both elements of S(I'o(Np)) and they are called
the two p-stabilisations of f. The following lemma explains this.

Lemma A.3.2. Let f € S(I'o(N)) be a normalised eigenform. Then both
fa and fg are normalised eigenforms of level Np, with Up-eigenvalues o
and B respectively.

Proof. 1t is easy to check that both f, and fg remain 7T-eigenvectors for
each prime ¢ # p with the same eigenvalue. We thus reduce to analysing
the operators T), on S(I'g(V)) and U, on S(I'g(Np)).

By symmetry, it suffices to show that U,f, = af,. We prove this
on the level of g-expansions. On the left hand side, the n-th Fourier
coefficient is equal to

tnp(fo) = anp(f) = Ban(f)
whereas on the right hand side, it is equal to
aan(f) — aBayp(f).
To prove equality, it thus suffices to show that
anp(f) = (@ + Ban(f) = aBany(f) = ap(fan(f) = anp-

Now use that f is a normalised eigenform and as such, coprime coeffi-
cients are multiplicative. Writing n = p*m with p{m, we divide out by
am(f) to reduce to showing that

Apht1 = ap(f)apk(f) — pkilapk—l;
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this is trivial for £ = 0 and for positive k again ensured by the fact that
f is a normalised eigenform and the well known recursive definition of
the Hecke operators for prime powers. O

A p-stabilised modular form can be viewed as a p-adic modular form,
see Section A.5. We mimic Definition A.3.1 and consider various ways
to p-stabilise the object Eq . Let Vj,, and V,, be the level raising opera-
tors, denoted as |p, in Section 2.6 in [DK20|. On the normalised Fourier
coefficients of the Hilbert modular form f, these operators act through
the rules

a(m/p;, f) if pi | my

CL)\(O, V;Jlf) = A\, (01 f) and a(mv V;sz) = .
0 otherwise.

These operators refine the classical level raising operation f(z) — f(pz)
in the sense that for a Hilbert modular form f, it holds that

‘/131‘/;32]0(21;22) = sz%1f(£’l;£’2) = f(pzlapZQ)-

We now specialise to the form FE1 ,, whose associated Galois representa-
tion of G is given by p = 1@ x. For i € {1,2} its Hecke polynomial,
which is the characteristic polynomial of Frobenius, is then given by

X%+ [1(pi) 4+ x(pa)] X + L(pa)x(pi) = X — 1,

as x(p;) = —1. There are therefore four possible ways for us to p-stabilise
the modular form E ,, given by

(1 + VP1)(1 * %2)E1,X'
For the purposes of this thesis, we choose the stabilisation

B} = (1= V) (1 + Vi) B
and fix it throughout this thesis. For a discussion explaining this choice
conceptually, see the start of Section 5.4. However, we do note here that
our choice for opposite signs for this p-stabilisation has the following
consequence.
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Lemma A.3.3. The form Ey?( is a p-adic Hilbert cusp form.

Proof. Tt is noted above, and on page 461 of [DDP11] and Equation 10
in [DK20] it is shown, that the constant term of the result of applying
level-raising operator at a certain class A\ € Pic(F)* is the constant term
at the class A\p;. With Proposition 2.1 in [DDP11], or equivalently our
Proposition A.2.9, we find that the constant term of E@C at any class A
equals

[(1 +x(V) = (1 =xW) + (1 =x() = (1+ x()\))] LF(4X’O) =0.

This shows that Eip 3( vanishes at all the cusps lying over oo, and therefore
it must be a p-adic cusp form. O

(p)

1y @ bit more explicit.

The following makes the form F

Proposition A.3.4. The normalised Fourier coefficients of the form

E(p)

1y are gien by

o (m B = (<1 (),

where m denotes the p-depletion of m C O, obtained from m by remov-
ing all factors of primes of F above p.

Proof. By the rules above, we find for any nonzero integral ideal m C Op,

a(m, EP)) = a(m, By) — a(m/p1, E1y) + a(m/pa, Ery) — a(m/p, Ery),

where we adopt the convention a(n, E1,) = 0 if n is a non-integral
fractional ideal of F'. Lemma A.2.9 and Lemma A.2.10 now combine to
yield
a(m, BY)) = p(m) — p(m/p1) + p(m/p2) — p(m/p)

For the function p to be non-zero, the proof of Corollary A.2.11 shows
that both the number of factors of both p; for i € {1,2} must be even.
Therefore, at most one of these four terms can be non-zero. The sign
of this term is determined by the parity of vy, (m). Finally, an even
number of factors of p; for i € {1,2} does not change the outcome of the
p-function; the result follows. O
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Remark A.3.5. Suppose that the ideal m is coprime to p, satisfies
x(m) = —1 and is stable under the non-trivial automorphism o of F/Q.

We then claim that the diagonal restriction of E( P) with respect to the
ideal m vanishes identically. This would follow 1f we can show that

<1/m, E&l) = — (V m, Ef;) for all v € m™, for then the contribu-
tions of v and v/ € o(m) = m to the appropriate Fourier coefficient

would cancel out. To see this, first note that p(vm=1) = p(v’m~1) be-
cause these ideals are Galois conjugates. Second, the contribution of v

can only be non-zero if x(vm~!) = 1 by the proof of Lemma A.2.11, so
the total number of factors of primes of F' above p inside v must be odd.
Therefore (—1)%1®) = —(=1)%2() = —(—=1)»:1 () We conclude using
Proposition A.3.4.

Remark A.3.6. From the remark above, we conclude that the diagonal
)

restriction of Egpx with respect to the ideal D;l vanishes. However, it

()

does not show that the diagonal restriction of EY, with respect to the

ideal D;lcn vanishes, and indeed it generally will not. The importance
and subtleties caused by this observation are explained at the start of
Section 5.4 and in the proof of Proposition 6.3.1.

A.4 Adelic Hilbert modular forms

We aim to redo most of the previous sections in an adélic language
from the automorphic perspective outlined in Section A.1. This theory
was developed in the second half of the 20th century, and later refined
by Hida over the scope of many papers, including but not limited to
[Hid89b, Hid91, Hid89a|. These works also discuss p-adic modular forms,
which will be the focus of the next section. We refer to Hida’s work for
a comprehensive introduction; here we only recall some definitions and
focus on what we will need for our purposes. We shall closely adhere to
the notation used in Section 2.1 in Fornea’s thesis [Forl9|.
We define the algebraic group

GF = ReSF/QGLZFa

where Resp/q denotes the Weil-restriction of scalars. In view of Propo-
sition A.1.1, we set i:= (i,i) € H x H and let CL be the stabiliser of i
under the natural action of the group Gp(R)™, which we recall denotes
the subgroup of Gr(R) of all matrices with totally positive determinant.
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Further, we let K C Gp(A") be a compact open subgroup, which
will be the level of the modular object we will define momentarily. Note
the similarities here with the case of Q: the ring of finite adéles A{}n can

be written as F@} The ring (5;: may be compared to Z and the closure

~

Kt C SLo(Z) of a congruence subgroup I' C SLy(Z) describing the level
of a classical modular form will indeed be a compact open subgroup.
This is the group that appears in Theorem A.1.3.

Let k = (k1, ko) € Z? and w = (wq,w2) € Z? be such that k — 2w =
m1 for some integer m, where 1 = (1,1).

Definition A.4.1. A Hilbert modular form of weight (k, w) is a function
f: Gr(Ap) — C satistying the following properties:

e For any a € Gp(Q) and u € K - CY, it holds that f(azu) =
F(2)Jiew (Uoo, 1)1, where uy € Gr(R). Here we wrote for

A= <Z Z) , that jk w (A, 2) := det(A) ™V (cz + d)k7

adopting the notation det(A)~™" and (cz + d)¥ from Section A.2.

e For every x € GF(A%H), define the function f, : H x H — C given
by fz(2) := f(TUoo)jkw(Uoco, 1), Where us € Gp(R)™ is such that
Usol = 2 € H x H. Then f, is holomorphic.

If in addition for all x € Gp(A) and all additive measures on F'\ Ap it

holds that
1 a
f (( > .I‘) da =0,
Lo (G

then we say that f is a cuspform.

We denote the space of cuspforms of weight (k,w) and level K C
Gr(AM) by Sk w(K). Let m C OF be an integral ideal. We then define
the subgroups

m

GF(Z) | cc m@F};

m
S

(m)‘d—lEm@F

|
|



144 A. VARIOUS TYPES OF MODULAR FORMS

Definition A.4.2. Let p be a rational prime and m C Op an ideal.
Suppose that p and m are coprime and let K C GF(Z) be a compact
open subgroup satisfying Vi(m) C K C Up(m). We then define for any
positive integer n the subgroups

K(p") := K N Vi1 (p"OF) C K.

We now describe the unique adélic g-expansion associated with Hilbert
modular forms as defined above. Let dp € A{;n’x be fixed such that
drOp = Dr and let Hr denote the Hilbert class field of F'. By the Prin-
cipal Ideal Theorem, for each ideal a C Op, the ideal aOp,, is principal.
For each prime ideal v C Op, we may thus choose a generator {t} € Og,,
of this ideal and we extend this definition multiplicatively to define {a}
for any ideal a C Op.

Let Pic(F,m)™ denote the narrow ray class group of F with modulus
m C Op. For each \ € Pic(F,m)", we may fix a) € A{}H’X such that we
have the decomposition

Ap= || Fraxdet(Via(m))FXT.
AePic(F,m)+
By construction, we will have [a,] := [axOFr] = A € Pic(F)*. This

induces a similar decomposition

Gr(d)= || GrQtVii(m)Gr(R)*Y, where ty := <a8 1)'
AEPic(F,m)+

We may decompose any z € H X H as 2 = Tso + iys for uniquely
determined 2o, € R X R and yoo € RT x RT. Now let f € Sk w(V1,1(m))
and define for any A € Pic(F,m)" the map

fA:HXH%C:zHy;Wf(t)\(ySO 55100))

Using the theory outlined in Section A.2, one shows that this function
admits a Fourier expansion of the form

KR = 3 el pemat),

ve(axDph)+

We are now ready to define the adélic and p-adic g-expansions of f. One
may deduce from the decomposition above that any y € A%H’XFOXO”L
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can be decomposed as y = yagldpu for some v € F*% and u €
det(U(m))FX". We then define the functions

a(_ajj LAE%Xlléﬂ_—ﬁ(c and ap(—7f):}gghxfzz+'_;(@7
to be zero outside of 6FFOXO’+, and otherwise through the formulas

a(y, f) == a(v, ALYV aila,

and
ap(y, f) = a(v, fA)yy Va3 o ag-

If we now define the maps
ep: CxC:(21,22) — exp(2mi(z1 + 22))

and
Xr:Ap/F = C* iz ep(zo0),

the following is Theorem 1.1 in [Hid91].

Theorem A.4.3. Each holomorphic Hilbert cuspform f € Skw(Vi,1(m))
admits an adélic q-expansion of the form

£(55) = e X alvmde, D)"Y er v (va),

veF+
fin, X ~x,+ X
where y € A" Foo'm and x € Aj,.

We now define Hecke operators acting on these objects, following Sec-
tion 2.1.2 of [Forl9|. These act on the space Sk w(K), where Vi 1(m) C
K C Up(m) for some ideal m C Op. Choose a prime p above p in
F. Similar to before, we may for each ideal a C Op define an element
{a}p, € Opyp such that aOpp = {a},0p,. We will assume that {a}, =1
whenever a is prime to pOp. This notion can be extended to all adéles
by considering the ideal that it generates.

Let [ C Op be a prime ideal not dividing m and let @w € Op; C A
be a local uniformiser. Then we define for f € Sk w(K),

Tif (@) = (=} Fab).

beB

where B C Gp(A) is such that

Viam (5 9) viatm = L viaGme

beB
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In addition, we define (I)f(x) = f(zw). If [ | m, we use the same
definition, but now we will denote the resulting operators by U, and
(w) respectively, as they will depend on the precise choice of uniformiser
w at [. To capture this effect, for a local unit a € H”m O}X,’[, we define the
operator T'(a, 1) using the same definition above, but with w replaced by
a. Finally, we may extend the above definitions to define the operators
Tin and Ugn using the usual recursive relations.

To each element from A}, we may now associate one or more Hecke

operators as follows. Let y € 6}7 N A%. Then we can write

y=a H wf([)u, where a € H(’);[ and u € det Vj 1(m).
[COR [\m

If we let n C OF denote the ideal locally generated by the wf([)

we define the Hecke operator

, when

Ty :=T(a, )T, [JUL.

[[m

This associates with each adéle y € 61: N A} uniquely a Hecke opera-
tor. The Opp-subalgebra of End(Skw(/)) generated by the operators
described above is denoted hy w (K, OFp); the Hecke algebra. The fol-
lowing result can be shown to hold by construction.

Proposition A.4.4. Let f € Skw(K) be a Hilbert modular eigenform,
normalised such that a(1, f) = 1. Then the T-eigenvalue of f is given
by the Fourier coefficient a(y, f).

A.5 p-adic modular forms and Hida families

In this thesis, we will not set up the theory of p-adic modular forms in
great detail. For a very clear introduction to the topic and the notion
of overconvergent modular forms, consult for example [Von21|. We will
however recall a few concepts in the setting over Q that will illustrate
our definitions in the setting from Section A.4 above.

Definition A.5.1. A p-adic modular form for SLo(Z) is a power se-
ries f(q) € Qp[q] with the property that there is a sequence f; €
M, (SLa(Z)) with rational Fourier coefficients such that

lim infren (v0p(f (@) — fi(@)) = oc.

7
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In other words, a p-adic modular form can be viewed as the p-adic
limit of g-expansions of classical modular forms. One can show that
the weights k; of the classical modular forms f; must also converge to a
limit p-adically, thus establishing a well-defined notion of the weight k =
lim k; of the p-adic modular form defined above. The reader should find
it easy to generalise this notion to more general congruence subgroups
I' € SLy(Z) with level p{ N.

Classical modular forms of weight 2k for I' are in bijection with the
global sections of the kth tensor power of the sheaf of holomorphic differ-
entials on the modular curve Xt through an elementary argument. For
I' =T1(N), the curve X;(NN)(C) = I'1 (N)\H parametrizes elliptic curves
together with an N-torsion point. Let A, denote the Hasse-invariant of
an elliptic curve. Then one may define for 0 < r < 1 the subsets

X (Cp) = {x € Xi(N)(Cp) | vp(Ap(z)) < r}.
Then X;(C,)°™ := Xo(C,) denotes the ordinary locus of X1(N)(C,),
corresponding to all elliptic curves with ordinary reduction at p. It was
shown by Katz that p-adic modular forms as defined above biject with
the holomorphic differentials on X;(C,)°™d. Those modular forms that
extend to holomorphic differentials on X, (C,) for some r > 0 are called
(r-)overconvergent.

Definition A.5.2. An overconvergent modular form is called ordinary
if it is a Up-eigenvector with eigenvalue a p-adic unit. Recall that, if
f=>anq" is a(n overconvergent) modular cuspform, then

oo
Upf = Z apnq"”.
n=1

Definition A.5.3. The ordinary projection operator is defined as

. i
e = lim U™,
n—oo P

One checks that the image of €' is indeed always an ordinary over-

convergent modular form, and

am<60rdf> - nh_)rglo At (f)

We finally aim to generalise these notions to Hida’s adélic setting over the
real quadratic field F'. We will follow Section 2.2 in [For19]. Recall the
notation from Section A.4 and let V;1(m) C K C Up(m) be a compact
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open subgroup. We mimic the idea of p-adic Hilbert modular forms being
the limit of classical Hilbert modular forms, by first setting

Skew (K(p™), Opyp) = lim Sy w (K(p"), OFyp),

which is a module over the p-adic Hecke algebra

hic,w (K (p™°), OFyp) := lim hy w (K (p"™), OFp).

This algebra contains operators of the form
T, = lim = T, {y}* Vy¥ 1.
% P

As before, the supremum of the p-adic valuation of the a,(—, f) defines
a p-adic norm on the space Sk w (K (p™), Opp). The object of interest is
now defined as its completion;

3k,W(I((poo)v OF,P)?
much like Definition A.5.1.

Definition A.5.4. Let the nearly ordinary Hecke algebra be the largest
subalgebra hy 3 (K(p™), OFp) C hiew(K(p™), Opy) in which T}, is a p-
adic unit. Define the (nearly) ordinary projection operator by e°™¢ :=
lim,, o0 T;L! and we let the space of nearly ordinary p-adic cuspforms be

Skw(E(p®),0p,) = ISk w(K (p™), OFy).

We will need the following result later to prove a modularity theorem,
which is Theorem 2.4 in [Hid89b].

Proposition A.5.5. The nearly ordinary Hecke algebra defined above,
hiw (K (p™), OFyp), is finite and torsion-free over a ring A = Opy[Wr],
where there i1s an isomorphism Wp = Zf;.

In formulating the above result, we implicitly used that Leopoldt’s
defect vanishes for F', which is known as F'/Q is abelian. This concludes
our brief mathematical promenade that took us from the well-known the-
ory of classical modular forms to the depths of Hida’s adélic description
of Hilbert modular forms; a language that we use in Chapter 6.
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Summary

In the 1980s, Gross and Zagier studied the differences between singular
moduli, which are the CM-values of Klein’s j-function. For example,

1++/—43 1++/—163
]<+2> _j<+2> —9219.36 .53 .73 .37.433.

They proved that these numbers obey very predictable prime factorisa-
tions and that the primes that occur in these expressions are relatively
small and inert in both CM-fields in question. These remarkable proper-
ties sparked a chain of investigations that fuelled many deep results and
crucial ideas across various areas of mathematics over the decades that
followed, which continue to inspire mathematicians to this day.

We prove a p-adic version of the work by Gross and Zagier on the
differences between singular moduli by proving a set of conjectures by
Sofia Giampietro and Henri Darmon, who investigated the factorisation
of a rational invariant associated to a pair of CM-points on a genus
zero Shimura curve, obtained as the ratio of the CM-values of p-adic
O-functions. As did Gross and Zagier, we give two proofs; an algebraic
proof using CM-theory, and more interestingly, also an analytic proof
using p-adic infinitesimal deformations of an Hilbert Kisenstein series.
Since there are no explicit formulae for its cuspidal p-adic deformations,
we instead compute the Frobenius traces of an appropriate Galois de-
formation, and show their modularity via an R = T theorem. This
approach aims to bridge the gap between classical CM-theory and the
more recent p-adic advances in the theory of real multiplication.

Chapter 1 serves to illustrate the context within which this thesis
is best viewed and starts by introducing CM-theory from an adélic per-
spective. We present the factorisation results by Gross and Zagier on the
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differences between singular moduli and illustrate these through various
examples. We reinterpret their results in the language of intersection
numbers of pairs of embeddings and by means of numerous examples
this viewpoint is made very concrete. We sketch both the algebraic and
analytic proofs of these factorisation results; especially the analytic proof
will serve as a great inspiration for the strategy followed in Chapter 6,
albeit in a non-archimedean setting as opposed to an archimedean one.

Thereafter, in Chapter 2, we introduce a certain class of Shimura
curves associated with indefinite rational quaternion algebras. After
outlining some of their basic properties, we describe the conjectures by
Giampietro and Darmon and stress the parallels with the results by
Gross and Zagier. We then discuss how the p-adic uniformisation of
Shimura curves can be used to approach these conjectures p-adically,
and an equivalent non-archimedean statement is posed. We outline the
general strategies for the proofs of these key results and we stress the
similarities between our approach and recent advancements in the theory
of real multiplication, among other recent developments.

In Chapter 3, we describe an approach that mirrors the ideas behind
Gross and Zagier’s original algebraic proof, exploiting the moduli inter-
pretation of the Shimura curve and the theory of complex multiplication.
We appeal to the main result of the PhD thesis of Andrew Phillips, which
computes the degree of certain refinements of the moduli stack of false
elliptic curves, following ideas of Howard and Yang. Using these results,
the proof of Theorem A is rather straightforward.

The weight of this thesis is concentrated in our proof of Theorem B.
For this, we follow the general strategy of the main arguments presented
in work done by Darmon, Pozzi and Vonk. We study a p-stabilisation
of the same Hilbert Eisenstein series as did Gross and Zagier. In this
sense, our approach is a true p-adic transposition of their seminal work.
This second proof can be divided into three distinct steps, which we will
now outline and which will reflect the three chapters that take up the
full treatment of this approach.

In Chapter 4, we start by recalling some background on genus theory,
a study pioneered by Gauk. We prove the exactness of a key sequence
using basic class field theory and group cohomology. Next, we prove
the existence of and give various different expressions for a quadratic
form refining the norm form on a quaternion algebra, which allows us
to describe an algebraic construction that associates to a quaternion a
certain ideal in a biquadratic field. Through this, we derive a bijection
between quaternions and certain elements in a real quadratic field of fixed
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trace. This allows us to rewrite the CM-values of p-adic ©-functions in
a meaningfully different way in Section 6.1.

Since, unlike as in the work of Gross and Zagier, the g-expansion of
a cuspidal p-adic family passing through the p-stabilised Hilbert Eisen-
stein series is not a-priori known, we obtain such a family by deforming
a rigidification of the decomposable representation associated with this
Eisenstein series. More precisely, we will consider all nearly ordinary de-
formations, which are all such deformations for which the decomposition
groups at both primes above p each fix a distinct line. This approach
requires us to prove the modularity of such deformations to justify con-
structing from this deformation the required family of modular forms.

Therefore, Chapter b proves an R = T theorem, a famous instance of
which occurred in the proof by Wiles of Fermat’s Last Theorem. Here,
R denotes the universal nearly ordinary deformation ring, and 7" denotes
Hida’s cuspidal nearly ordinary Hecke algebra. Using similar methods
as in Pozzi’s and Betina’s theses, along with many other works, and us-
ing fundamental results from Hida, we construct a lift of the rigidified
representation to the nearly ordinary Hecke algebra, though some addi-
tional care is required to circumvent the difficulties of some cohomology
groups being 2-dimensional, rather than 1-dimensional. Comparing the
dimensions of the Hecke algebra and the resulting deformation ring, the
R =T theorem follows purely by commutative algebra.

Finally, in Chapter 6, we consider one particular nearly ordinary
deformation and explicitly compute the infinitesimal family of cuspidal
deformations of the Hilbert Eisenstein series that corresponds to it. After
taking its diagonal restriction, its derivative with respect to the weight
parameter and applying the ordinary projection operator, we argue why
the result must vanish identically. Ultimately, we conclude the proof
of Theorem B by computing explicitly the Fourier coefficients of the
mostly theoretically used ordinary projection and equating the first of
these coefficients to zero.

Appendix A provides a brief introduction to various types of modu-
lar forms. It assumes the theory of classical modular forms and starts
by outlining their automorphic perspective, and we will subsequently
generalise this treatment to more general types of modular forms in the
sections that follow. First, we change the ground field from Q to a real
quadratic field. Then we combine our treatments and describe an adélic
approach to Hilbert modular forms and Hida families, as we will need
them for our methods in Chapter 6, leaving the archimedean world and
considering p-adic modular forms instead.
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Samenvatting

In de jaren 1980 bestudeerden Gross en Zagier de verschillen tussen sin-
guliere moduli; de CM-waarden van Klein’s j-functie. Bijvoorbeeld,

1++/—43 1++/—163
]<+2> _j<+2> —9219.36 .53 .73 .37.433.

Ze bewezen dat deze getallen voorspelbare priemfactorisaties genieten
en dat de priemgetallen die in deze uitdrukkingen voorkomen relatief
klein en inert zijn in beide CM-lichamen in kwestie. Deze opmerkelijke
eigenschappen gaven de aanzet tot een lange reeks aan wiskundige ex-
pedities die in de daaropvolgende decennia leidden tot vele diepgaande
resultaten en cruciale ideeén in verschillende gebieden van de wiskunde,
die wiskundigen tot op de dag van vandaag blijven inspireren.

We bewijzen een p-adische versie van het werk van Gross en Zagier
over de verschillen tussen singuliere moduli door een vermoeden van Sofia
Giampietro en Henri Darmon te bewijzen, die de factorisatie onderzoch-
ten van een rationale invariant geassocieerd met een paar CM-punten op
een genus nul Shimura kromme, verkregen als de kruisverhouding van
de CM-waarden van p-adische ©-functies. Net als Gross en Zagier geven
we twee bewijzen; een algebraisch bewijs met behulp van CM-theorie, en
ook een interessanter analytisch bewijs met behulp van p-adische infini-
tesimale deformaties van Hilbert Eisenstein-reeksen. Aangezien er geen
expliciete formules zijn voor dit soort cuspidale p-adische vervormingen,
berekenen we deze middels de Frobenius-sporen van de geassocieerde
Galoisdeformatie en tonen we hun modulariteit aan middels een R = T-
stelling. Deze methode hoopt de kloof te overbruggen tussen de klassieke
CM-theorie en de meer recente p-adische ontwikkelingen in de theorie van
de reéle vermenigvuldiging.
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Hoofdstuk 1 behandelt de context waarin dit proefschrift geplaatst
dient te worden. Het introduceert de nodige achtergrond over CM-theorie
vanuit een adelisch perspectief en de factorisatiestellingen van Gross en
Zagier over de verschillen tussen singuliere moduli worden uitgelegd en
toegelicht middels verschillende voorbeelden. We herinterpreteren hun
resultaten in de taal van snijdingsgetallen van paren van embeddingen en
illustreren dit perspectief met een veelvoud aan voorbeelden. Zowel de
algebraische als de analytische bewijzen van deze factorisatieresultaten
worden geschetst.

In Hoofdstuk 2 introduceren we vervolgens een bepaalde klasse van
Shimura krommen geassocieerd met indefiniete rationale quaternional-
gebra’s. We schetsen enkele kerneigenschappen van deze krommen en
beschrijven dan de vermoedens van Giampietro en Darmon met een fo-
cus op de parallellen met de resultaten van Gross en Zagier. Vervolgens
bespreken we hoe de p-adische uniformisatie van Shimura krommen ge-
bruikt kan worden om deze vermoedens p-adisch te benaderen, en we ver-
talen het vermoeden naar deze equivalente niet-archimedische context.
We schetsen de algemene strategie voor het bewijs van deze kernresulta-
ten en we behandelen de sterke overeenkomsten met recente vorderingen
in de theorie van de reéle vermenigvuldiging.

In Hoofdstuk 3 beschrijven we een bewijs dat de ideeén achter het
oorspronkelijke algebraische bewijs van Gross en Zagier weerspiegelt, ge-
bruikmakend van de moduli interpretatie van de Shimura kromme en de
theorie van complexe vermenigvuldiging. We doen een beroep op het
belangrijkste resultaat van het proefschrift van Andrew Phillips, die de
graad van bepaalde verfijningen van de moduli stack van zogenaamde
valse elliptische krommen berekende, gebruikmakend van ideeén van Ho-
ward en Yang. Met behulp van deze resultaten is het bewijs van Stelling
A vrij eenvoudig.

De focus van deze scriptie ligt op ons bewijs van Stelling B. Hier-
voor volgen we een algemene strategie uiteengezet in eerder werk van
Darmon, Pozzi en Vonk. We bestuderen een p-stabilisatie van dezelfde
Hilbert Eisenstein-reeks die gebruikt werd door Gross en Zagier. In die
zin is ons werk een heus p-adisch analogon van hun werk. Dit tweede be-
wijs kan verdeeld worden in drie verschillende stappen, die we nu zullen
behandelen en die de drie verschillende hoofdstukken reflecteren waaruit
dit bewijs is opgebouwd.

In Hoofdstuk 4 herhalen we wat achtergrondinformatie over genus-
theorie, iets wat Gauf reeds lang geleden ontwikkeld heeft. Middels
klasselichamentheorie en groepencohomologie bewijzen we de exactheid
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van een uiterst belangrijke rij. Vervolgens bewijzen we het bestaan van
een kwadratische vorm die de gebruikelijke normvorm op een quaternio-
nenalgebra verfijnt, en we geven hiervoor verschillende expliciete formu-
les. We gebruiken dit om een algebraische constructie op te zetten die
een bepaalde quaternion associeert met een ideaal in een bikwadratisch
lichaam. Hieruit leiden we een bijectie af tussen quaternionen en be-
paalde elementen in een reéel kwadratisch lichaam met een vast spoor.
Hierdoor kunnen we de CM-waarden van p-adische ©-functies op een
betekenisvolle manier herschrijven in Sectie 6.1, waar we deze resultaten
nodig hebben.

Anders dan in het werk van Gross en Zagier, is de g-expansie van
een cuspidale p-adische familie die door de Hilbert Eisenstein-reeks gaat
niet a-priori bekend. Daarom verkrijgen we zo'n familie door een rigi-
dificatie van de ermee geassocieerde decomposeerbare representatie te
vervormen. Om precies te zijn, zullen we alle bijna ordinaire deformaties
beschouwen; dat zijn alle deformaties waarvoor de decompositiegroepen
van de twee priemen boven p elk een aparte lijn vasthouden. Deze be-
nadering vereist dat we de modulariteit van zulke deformaties bewijzen
om te rechtvaardigen dat we hieruit de gezochte familie van modulaire
vormen kunnen construeren.

Hoofdstuk 5 bewijst daarom een R = T-stelling, waarvan een be-
roemd voorbeeld voorkwam in het bewijs van Wiles van de laatste stelling
van Fermat. Hier duidt R de universele bijna ordinaire deformatiering
aan, en T Hida’s cuspidale bijna ordinaire Hecke-algebra. Gebruikma-
kend van vergelijkbare methoden als in de proefschriften van Pozzi en
Betina en vele andere bronnen, en door fundamentele resultaten van Hida
te gebruiken, construeren we een lift van de gerigidificeerde representatie
naar de bijna ordinaire Hecke-algebra, hoewel op sommige plekken extra
zorg nodig is omdat sommige cohomologiegroepen 2-dimensionaal zijn,
in plaats van 1-dimensionaal. Uit de vergelijking van de dimensies van de
Hecke-algebra en de deformatiering volgt dan de gezochte R = T-stelling.

Tenslotte beschouwen we in Hoofdstuk 6 een specifieke bijna ordi-
naire deformatie en berekenen we expliciet de infinitesimale familie van
deformaties van de Hilbert Eisenstein-reeks die ermee correspondeert.
Na het nemen van de afgeleide naar de infinitesimale gewichtsparameter
van zijn diagonale restrictie en het toepassen van de p-adische ordinaire
projectieoperator, tonen we aan dat het resultaat identiek nul moet zijn.
Uiteindelijk completeren we het bewijs van Stelling B door expliciet de
Fouriercoéfficiénten van de meestal louter theoretisch gebruikte ordinaire
projectie te berekenen en de eerste van deze gelijk aan nul te stellen.
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Appendix A geeft een korte introductie tot verschillende typen van
modulaire vormen. Het veronderstelt de theorie van klassieke modulaire
vormen als bekend voor de lezer, en legt uit hoe ze gezien kunnen worden
vanuit een meer automorf perspectief. In de daaropvolgende secties veral-
gemeniseren we deze behandeling naar meer algemene modulaire vormen.
Eerst veranderen we het grondlichaam van Q in een reéel kwadratisch
lichaam. Tenslotte combineren we deze behandelingen en beschrijven we
een adeélische benadering van Hilbert modulaire vormen en Hida fami-
lies, omdat we die nodig hebben voor onze methoden in Hoofdstuk 6.
Hiervoor verlaten we de archimedische wereld en beschouwen in plaats
daarvan p-adische modulaire vormen.
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