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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Abstract

Quarantine length for individuals who have been at risk for infection with SARS-CoV-2 has

been based on estimates of the incubation time distribution. The time of infection is often

not known exactly, yielding data with an interval censored time origin. We give a detailed

account of the data structure, likelihood formulation and assumptions usually made in the

literature: (i) the risk of infection is assumed constant on the exposure window and (ii) the

incubation time follows a specific parametric distribution. The impact of these assumptions

remains unclear, especially for the right tail of the distribution which informs quarantine

policy. We quantified bias in percentiles by means of simulation studies that mimic reality

as close as possible. If assumption (i) is not correct, then median and upper percentiles are

affected similarly, whereas misspecification of the parametric approach (ii) mainly affects

upper percentiles. The latter may yield considerable bias. We suggest a semiparametric

method that provides more robust estimates without the need of a parametric choice.

Additionally, we used a simulation study to evaluate a method that has been suggested if all

infection times are left censored. It assumes that the width of the interval from infection to

latest possible exposure follows a uniform distribution. This assumption gave biased results

in the exponential phase of an outbreak. Our application to open source data suggests

that focus should be on the level of information in the observations, as expressed by the

width of exposure windows, rather than the number of observations.

Keywords SARS-CoV-2 � incubation time � interval censored data � semiparametric

� quarantine period � uniform infection risk
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

2.1 Introduction

Isolation of individuals with established SARS-CoV-2 infection and quarantining individuals

with higher risk of infection (risk contacts) were two of the widely adopted policy measures

to slow down the spread of the virus upon its emergence in 2020. Quarantine length for

risk contacts is commonly based on the incubation time distribution, i.e. the time from

infection to symptom onset [Cowling et al., 2007]. At the beginning of the SARS-CoV-2

pandemic, the WHO recommended a quarantine length of 14 days from the last time

that a risk contact was exposed to an infected individual [WHO, 2020]. Country-specific

quarantine lengths deviate from the WHO recommendation, depending on the policy aim,

such as ’flattening the curve’ in the Netherlands and - until July 2021 - ’zero spread’ in

Vietnam. A stricter policy requires a longer quarantine period.

Because of its relevance for policy makers, empirical estimates of the incubation time

distribution were made soon after the start of the SARS-CoV-2 pandemic, mostly based on

early data from Wuhan, China. Xin et al. performed a systematic review and meta-analysis

of published studies until September 25, 2020 that reported mean, median and/or 95th

percentile of the incubation time along with 95% confidence intervals (CIs) [Xin, Wong,

Murphy, Yeung, Ali, Wu and Cowling, 2021]. Individual estimates of the 95th percentile

ranged from 3.2 to 18.3 days. The pooled estimates of the 95th percentile were dependent

on the chosen parametric distribution: 12.6 days (7 studies; 95% CI, 11.2–14.0) and 14.1

days (5 studies; 95% CI, 12.3–15.8) for estimates based on lognormal distribution and

Weibull distribution, respectively. These estimates concern the ’wild’ type; in comparison,

new variants seem to have a shorter incubation time [Wu et al., 2022].

While the event time (time of symptom onset) is generally observed, the big challenge

is knowing the time origin (time of infection). Mostly, we only know the start and end

of the exposure window, and often just the end. This makes the infection time interval

censored or left censored. Most studies assumed a uniform distribution of infection risk

within the exposure period. This has the advantage that the time scale can be reversed

and traditional methods for interval and right censored time-to-event data can be used.

In case all infection times are left censored, this approach cannot be used because

all data would be right censored on the reversed time scale. For such data, another

approach has been suggested which makes assumptions similar to those in renewal
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2.2. Data collection and methods

process theory [Deng et al., 2020; Qin et al., 2020].

While the systematic review by Xin et al. focused on the estimates, the aim of our study

is to review the methods used to estimate the SARS-CoV-2 incubation time distribution. We

give a detailed account of the data structure, the likelihood formulation and the assumptions

commonly made in the literature (Section 2.2). By means of simulations we studied the

robustness of these assumptions (Section 2.3 and 2.4). The focus of this paper is on the

impact of these assumptions on the estimates of the median and upper tail percentiles,

as the quarantine length is based on these quantities. As an illustration, percentiles of

the SARS-CoV-2 incubation time distribution are estimated using openly available data

from the first months of the pandemic (Section 2.5).

2.2 Data collection and methods

2.2.1 Data on infection time

For most infectious diseases it is difficult to obtain information on time of infection. Estimates

of the HIV incubation time distribution were mostly based on data from cohort studies,

where participants were tested for the presence of HIV antibodies once every three to six

months. Since antibodies can be detected within the first months after infection and the

median incubation time to AIDS is about ten years, using the midpoint of the seroconversion

window as infection time gives negligible bias [Law and Brookmeyer, 1992].

The situation with SARS-CoV-2 is very different. Time from infection to symptom

onset varies from a few days to a few weeks. Many symptoms for Covid-19 are not very

specific, may have another cause and many individuals remain asymptomatic. Since

antibodies develop several weeks after infection, diagnosis of acute infection is based

on the RT-PCR test for the presence of RNA. Information on infection time is obtained

from four possible sources:

(i) time of direct contact with one or more infected individuals;

(ii) a time period during which an individual was at risk of infection, without having

information on specific contacts;

(iii) time of a first positive RT-PCR test;

(iv) time of symptom onset.
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Intensive tracing of all contacts of diagnosed individuals can provide a rich source

of information if the incidence of infection is low. However, data quality is hampered by

recall bias of the time of contact, the presence of several possible infectors, and the true

source of infection may even be missed. Also, in infection clusters where the possible

contacts are known, it may be unknown who infected whom.

If no specific contacts are known, there may be general information on the window of

exposure. Infected but still undiagnosed individuals can end a period of infection risk if they

are quarantined and have no further contact with others. As an example, in the first 1.5

years of the pandemic, the Vietnamese government quarantined all direct contacts (F1) of

an infected case (F0) in an allocated facility with active monitoring, and the second line

(F2) of contacts at home. The earliest estimates [Backer et al., 2020; Lauer et al., 2020] of

the SARS-CoV-2 incubation time were based on individuals who left Wuhan before they

developed symptoms. Assuming that the virus was absent outside Wuhan at that time,

departure from Wuhan ends the exposure window. These individuals had a minimum

incubation time which is the time span between departure and disease onset. Most studies

additionally included individuals who arrived in Wuhan during the first outbreak in January

2020. This defines their start of the infection risk period and gives a maximum incubation

time. If for nobody the start of the exposure window is known, additional assumptions

as discussed in Section 2.2.3 are required.

A positive test result only provides information on the infection time if the person tested

positive before symptom onset. An earlier negative test does not provide any information

because the person may already be infected at that time. Although symptom onset is

the end point of the incubation time, it provides information on an individual’s maximum

incubation time if the start of his exposure window is known.

Data on infection and symptom onset have primarily been collected for public health

purposes to contain further spread of the virus and monitor individuals with symptoms.

They have not been collected in a rigorous scientific way. Many studies are based on

data from government websites, which lack detailed information on the data collection

process, on the choices made with respect to allocation of infection source and on the

definition of symptom onset used.
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2.2. Data collection and methods

Figure 2.1: Timeline for interval censored observations of incubation time (infection to symptom
onset).
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2.2.2 Likelihood and assumptions for interval censored infection
times

We start by describing the approach used when some individuals have an interval censored

exposure window. For individual i (i = 1, . . . , N ), let Eil and Eir be the calendar times

that denote the start and end of the exposure window respectively (Figure 2.1). Eil may

be missing or set at a value before the start of the outbreak. Let Si be the calendar

time of symptom onset.
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Denote by gi(·|eil, eir) the density of the infection time, given the individual’s exposure

window. We allow gi to depend on the individual. Let f(·) and F (·) be the density

and cumulative distribution function of the incubation time and h(·, ·) the density of

the exposure interval.

We assume incubation (e to s) and infection (e) time distributions to be independent.

The contribution to the likelihood from individual i is

l(eil, eir, si) = h(eil, eir)
∫ eir

eil

gi(t|eil, eir)f(si − t)dt. (2.1)

Note that commonly Eil, Eir and Si are observed up to a day precise, but this discretisation

is not taken into account in the likelihood.

The infection time distribution can be defined at the population level or at the individual

level. For the earliest studies on the SARS-CoV-2 incubation time, no individual contact data

was used, while the pandemic was in its exponential phase. This suggests using a single

population wide distribution g, similar to what has been used for studies on the HIV incuba-

tion time where left, right and interval censored infection time are present [Geskus, 2001].

For SARS-CoV-2 there are several reasons to assume an individual exposure dis-

tribution gi(·|(eil, eir)) instead. Infection rates can be very local and depend on the

setting in which transmission occurred (at home, at work, in a public place). Also, contact

rates fluctuate with an individual’s willingness to comply with preventive and lockdown

measures. And if contact tracing, precautionary quarantining and testing are related

to suspected infection, then the time of infection is more likely to be close to the end

of one’s exposure window.

Most studies on the SARS-CoV-2 incubation time assume that the risk of infection is

constant on the exposure window. Then, the contribution of gi(·|eil, eir) to the likelihood

reduces to a constant ( 1
eir−eil

) that can be left out, yielding

l(eil, eir, si) ∝
∫ eir

eil

f(si − t)dt = F (si − eil) − F (si − eir). (2.2)

and we end up maximizing

N∑
i=1

log [F (si − eil) − F (si − eir)] . (2.3)

Hence, by assuming a constant risk of infection on the exposure window, the time axis

can be reversed and standard methodology for interval censored data can be applied. If
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2.2. Data collection and methods

the infection time is left censored, it is possible to treat it as interval censored by choosing

the start of the exposure window far before the start of the outbreak. When the time axis

is reversed, this transforms into a right censored observation.

The validity of assuming a constant infection risk can be questioned, as the risk within

the exposure window may vary by calendar time (if the outbreak is in the exponential

growth phase), location and by type of contact (e.g. infection in a household or at work).

We performed a simulation study to quantify the bias when the actual infection time is

monotonically increasing or decreasing whereas a constant risk is assumed (Section 2.3).

Common practice is to describe the incubation time using parametric models such as

lognormal, gamma and Weibull and choose the one that provides the most conservative

tail percentile [Cowling et al., 2007; Nishiura, 2007] or the best-fitting distribution based on

AIC [Held et al., 2019]. As there are few observations in the tail, the best fitting distribution

and the parameter estimates will mainly be based on the larger amount of information in

the middle of the distribution. As a consequence, the estimates of the tail percentiles will

strongly depend on the assumed parametric distribution and the form of the incubation

time distribution in the middle part. However, there is little biological evidence to support

the assumption that the incubation time follows one single parametric distribution over the

whole domain. A systematic review showed that the estimates of the 95th percentile of the

SARS-CoV-2 incubation time distribution vary according to the choice of the parametric

model [Xin, Wong, Murphy, Yeung, Ali, Wu and Cowling, 2021]. Also, confidence intervals

for the tail percentiles will be too narrow if assumptions are made that are uncertain to hold.

We investigated the presence of bias under the assumption of an incorrect parametric

distribution in a simulation study (Section 2.3).

2.2.3 Likelihood and assumptions for the approach of Qin, Deng et al.

An analysis by Qin et al. [Qin et al., 2020], later refined by Deng et al. [Deng et al., 2020],

used data from 1211 individuals who developed symptoms after they had left Wuhan during

the first exponential phase of the outbreak. The authors only included individuals travelling

between January 19 and 23 2020, which is the time from the first public awareness of

the severity of the outbreak until the city’s lockdown right before Chinese New Year. To

further ensure that all individuals were infected in Wuhan, the authors excluded cases

who left Wuhan with their infected relatives and friends.
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Figure 2.2: Timeline for observations of forward time (departure from Wuhan, China, to symptom
onset) to estimate incubation time (infection to symptom onset). As departure in this context marks
the end of the exposure window and the start of the exposure window is unknown, the time of
infection is left censored.

t

Real:
Time of
infection Departure

Symptom
onset

Backward time (A) Forward time (V )

Incubation time (T )

E D S

Left censored

t
D S

Forward time (V )

For each subject i ∈ {1, . . . , N}, date of travel Di and symptom onset Si were available

(Figure 2.2). The incubation time Ti can be written as the sum of the forward Vi = Si − Di

and backward time Ai = Di − Ei. Since only the forward time Vi is observed, additional

assumptions need to be made to estimate the incubation time. The authors assumed that

the time of leaving Wuhan can be seen as an observation time from a truncated renewal

process that has reached the equilibrium state, where time of infection and symptom onset

are renewal times. However, strictly speaking, this is not a renewal process, as there is

no sequence of events of similar type. Rather, each individual has only two events of

different type and their timelines overlap in calendar time.

More precisely, they assumed that travel is independent of infection and symptom onset

and occurred randomly after infection according to Ai ∼ U(0, τ) with τ set at 30 days. Left

truncation arose because individuals that developed symptoms while still in Wuhan were

excluded from analysis. Denote by f , F and µ the probability density function, cumulative

distribution function and mean value of the incubation time distribution, respectively. Qin et

al. derived that the density of the forward time h(v) for the individuals in the data set is

h(v) = 1 − F (v)
µ

0 ≤ v ≤ τ. (2.4)

This implies that the density of the included forward time is monotonically decreasing. Since

the backward time A is assumed to follow a uniform distribution, it can be shown that the

backward and forward time of the included data have the same distribution, denoted by h(.).
The authors found that the forward times were not monotonically decreasing and

therefore, they allowed for an additional risk of infection during travel, yielding the following
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2.2. Data collection and methods

mixture distribution for the observed forward times

q(v, π) = πf(v) + (1 − π)h(v), v > 0 (2.5)

where π is the probability to get infected at the departure time from Wuhan. Note that the

forward time Vi equals the incubation time Ti if infection occurs on the day of travel.

The estimation method proposed by Deng et al. [Deng et al., 2020] improved Qin et al.

’s method [Qin et al., 2020] because it takes into account that the symptom onset day is

essentially an interval of 24 hours, due to the fact that the daily reports round information

by day. Deng et al. add and subtract 0.5 to each forward time, i.e. v+
i = vi + 0.5 and

v−
i = vi − 0.5, yielding the following contribution of individual i to the likelihood:

l(vi) = π{F (v+
i ) − F (v−

i )} + (1 − π){H(v+
i ) − H(v−

i )}. (2.6)

In the remainder of this paper, only the method of Deng is discussed. Results from the

method of Qin et al. were very similar.

The validity of the assumption that travel occurs randomly between infection and day 30,

i.e. A ∼ U(0, 30), is uncertain. Since the outbreak started in a fully susceptible population

without any prevention measures, the incidence was likely to increase exponentially. Also,

many people left Wuhan in the few days before the lockdown and Chinese New Year.

To investigate the robustness of the method in this particular context, we performed

a simulation study with exponential growth of infection incidence and varying rates of

leaving Wuhan (Section 2.4).

2.2.4 Software

All analyses were performed in R version 4.1.1 [R Core Team, 2021] and R Studio

version 2021.09.20 ("Ghost Orchid") [RStudio Team, 2021] software environment. R code

is available from github.com/vharntzen/simstudy_incubationtime. This work

was performed using the computing resources from the Academic Leiden Interdisciplinary

Cluster Environment (ALICE) provided by Leiden University.
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

2.3 Simulation study I - Interval censored observations

2.3.1 Setup

Individual exposure window widths were sampled randomly from the observed exposure

windows in five open source data sets [Backer et al., 2020; Lauer et al., 2020; Linton et al.,

2020; Tindale et al., 2020] which we refer to as empirical widths.

To examine the impact of the assumption of constant risk of infection in the exposure

window, three different infection risk distributions were simulated on the individual exposure

windows: i) constant risk (g(t) ∼ U(El, Er)), ii) exponential growth with five-day doubling

time of the incidence (g(t) ∝ e0.14t) which reflects the initial phase of the outbreak in

Wuhan [Dorigatti et al., 2020], and iii) a declining risk of transmission (g(t) ∝ p(1 − p)t−1

where p = 0.2 on [El, Er]), which may reflect household transmission. Figure 2.3b shows

the risk functions for an exposure window of 10 days. The inverse cumulative distribution

function (CDF) method was used. Moreover, to study how the impact of this assumption is

affected by the exposure window width, more extreme scenarios were considered in which

the widths were sampled after doubling or squaring the empirical widths.

To examine the impact of assuming an incorrect parametric distribution, incubation

times were generated from a lognormal and Weibull distribution with parameters from Lauer

et al. [2020]. We also generated incubation times from a more heavy-tailed Burr distribution,

chosen such that the median was comparable to the two other distributions but with a

considerably larger 95th percentile (Figure 2.3c). Note that whereas the exposure window

is discrete, no discretisation was applied to the time of infection and symptom onset.

Data generation

For each observation, an exposure window width (Er − El), infection time E and incubation

time T were sampled. Three different distributions of width were considered: the observed

(’empirical’) widths, all widths doubled and all widths squared (e.g. an observed width of 4

would become 8 and 16 respectively). Time of symptom onset S was set to S = E + T .

If S < Er, we set Er = S: Covid-19 related symptom onset determines the end of the

exposure window as infection certainly took place before. For each scenario, 1000 data

sets with size N = 100 and 500 were generated. Details about the algorithm can be

found in Supplement 2.7.1 (Algorithm 3).
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2.3. Simulation study I - Interval censored observations

Figure 2.3: Distributions used in simulation study I. a Distribution of exposure window widths in five
openly available data sets from early in the pandemic. Shades of grey refer to the corresponding
paper by author (and location) [Backer et al., 2020; Lauer et al., 2020; Linton et al., 2020; Tindale
et al., 2020]. b Infection risk distribution in the exposure window in three different scenarios, indicated
by colour. c Distributions of incubation time used for simulation study and their median, 95th and
99th percentiles (represented by vertical bars). The parameterizations of Weibull (shape = 2.453,
scale = 6.258) and lognormal (meanlog = 1.621, sdlog = 0.418) were based on SARS-CoV-2 specific
estimates by Lauer et al. [Lauer et al., 2020]; the choice of Burr distribution is such, that its median is
comparable to the other distributions, but the tail is more heavy (m = 8.5, s = 2, f = 2).
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Estimation

For each of the generated data sets, the 50th, 90th, 95th, 97.5th, and 99th percentiles

of the incubation time distribution were estimated using three parametric approaches, a

semiparametric and a nonparametric approach. Maximum likelihood estimators (MLEs)

assuming parametric distributions (gamma, lognormal and Weibull) were obtained by

using the flexsurv package [Jackson, 2016] while for the nonparametric maximum

likelihood estimator (NPMLE) the survival package was used. For the semiparametric

approach, a penalized Gaussian mixture (PGM) was employed using the smoothSurv

package [Komárek et al., 2005]. The smoothing factor λ was chosen based on the maximum

AIC in a sequence of values (0.1 to 5.6, or 0.5 to 5.5 with step size 0.5 for data sets of

size 100 or 500, respectively) . More details are given in Supplement 2.7.5.

For the percentiles in the parametric approaches, 95% CIs were obtained using

parametric bootstrap as implemented in the flexsurv package. A method to obtain

CIs for the NPMLE was explored (M out of N (M<N) bootstrap [Lee and Pun, 2006]).

However, due to the size of the data set in this study, this technique was inadequate for

the upper percentiles without smoothing, and CIs are not shown. Often, the estimate was

equal to the upper limit of the CI. This is because the confidence interval disappears once

the estimate of the cumulative distribution function reaches the value 1. More details can

be found in Supplement 2.7.4. For PGM, 95% CIs are obtained by basic bootstrap based

on 1000 replications. To limit the computation time, instead of finding the optimal λ for

each bootstrapped data set, the λ as obtained for the estimator itself was used for each

bootstrap replication. In addition, for each single run (estimate including its bootstrapped

confidence interval) we specified an upper time limit of three hours.

To assess the performance of the five estimation approaches, we report the mean

deviation of the estimate from the true value (as estimate of bias), as well as the 25th

and 75th percentiles of the deviations over all runs. We also report mean width of the

95% CI and its coverage.

2.3.2 Results

In this section results are shown for sample size N = 100 and three percentiles. Results

for N = 500 and other percentiles are provided in Supplement 2.7.2
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2.3. Simulation study I - Interval censored observations

Incorrect parametric assumption introduces considerable bias in the tail estimates.

Figure 2.4 displays bias (a) and coverage probability (b) for the three chosen incubation

time distributions and the five estimation approaches. The infection risk in the exposure

window had a uniform distribution, as assumed in all five approaches. Estimates of the

median and tail percentiles did not show any bias when the assumed distribution was the

same as the true underlying distribution (see Figure 2.4a and Supplemental Figure 2.10a,

middle and right panel, closed diamonds). Among all other combinations, NPMLE and

PGM showed the smallest bias (cf. open diamonds). The variation (represented by vertical

bars connecting quartiles of the estimates) in PGM was less than with the NPMLE, due

to smoothing, and comparable to the parametric approaches. The incorrect parametric

assumption led to a bias ranging from less than half a day for the median to more than

three days in the 99th percentile. The direction of the bias differed between the median and

the tail percentiles. For example, for data generated from a Burr distribution (left panel),

the bias was slightly upward for the median and downward for the tail percentiles when a

gamma or Weibull distribution was assumed, and in the opposite directions when assuming

a lognormal. As a consequence, there is a percentile between the median and the 99th

percentile where the estimate happens to be unbiased.

For most scenarios, the coverage deviated from 95% when the assumed distribution

was different from the true one (Figure 2.4b and Supplemental Figure 2.10b, open

diamonds). Coverage for the median dropped to lower levels when sample size increased

(cf. Figure 2.4b and Supplemental Figure 2.10b, open diamonds). When the true distribution

was Burr, different patterns were seen depending on the assumed distribution. Assuming a

gamma or Weibull distribution yielded poor coverage when the percentile of interest was

further towards the end of the tail. The lognormal distribution showed better coverage,

especially in the tail for N = 100, where it was close to 95%. The latter may be related to

the relatively wide confidence intervals (Supplemental Table 2.2). PGM showed fairly good

coverage for all scenarios. For PGM, the coverage was based on a considerably smaller

number of Monte Carlo replications but with at least 500 for each scenario (Supplemental

Tables 2.1-2.6, rightmost column).
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Figure 2.4: Results of simulation study investigating the impact of assuming an incorrect parametric
distribution of incubation time: bias (a) of estimated percentiles and (b) coverage of 95% confidence
intervals. Vertical bars represent the inter quartile range of the deviation between estimate and
true value. Five different estimation methods were used (x-axis): maximum likelihood estimator
(MLE) assuming a gamma (GA), lognormal (LN) or Weibull (WB) distribution, nonparametric MLE
(NP) and penalized Gaussian mixture (PG), respectively. Incubation times were generated from
Burr, lognormal and Weibull distribution and a constant infection risk on the exposure window was
assumed. Data set size: N = 100.
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2.3. Simulation study I - Interval censored observations

If the true infection risk in the exposure interval strongly deviates from uniform,
assuming a constant risk of infection on the exposure window is only appropriate
when intervals are relatively narrow.

Figure 2.5 shows (a) bias in estimates of median and tail percentiles and (b) coverage

probability when the infection risk distribution on the individual’s exposure window is

monotonically increasing (exponential growth) or decreasing (household transmission),

respectively. The first resulted in consistent overestimation (see Figure 2.5a and Supple-

mental Figure 2.11a, middle panel), whereas the latter showed consistent underestimation

(cf. Figure 2.5a, right panel), when the incubation time distribution was either chosen

correctly (diamonds, Weibull) or modeled flexibly (circles, PGM). Note that for some

parametric distributions, the two different biases discussed in this paper cancel each other

out (Supplemental Tables B1-6). Violation of the uniform assumption led to similar bias

in the median as compared to the tail percentiles, when the parametric assumption was

correct (diamonds in Figure 2.5a, middle and right panel). This contrasts what was seen

for the incorrect parametric assumption (cf. Figure 2.4a), namely that tail percentiles were

more heavily affected than the median. Bias differed by exposure window width. Assuming

a constant risk of infection in situations where this assumption is violated led to bias up to

three days with a monotonically increasing infection risk on exposure windows of squared

width (cf. Figure 2.5a, middle panel, right column).

Under a constant risk of infection (Figure 2.5a, left panel), even though the uniform

assumption holds, the bias in the PGM estimate of the tail percentiles was around one day

or larger. This is a consequence of the penalty that is imposed to guarantee smoothness

of the distribution. For PGM, likewise parametric approaches, the tail behaviour is partly

extrapolated from the part of the distribution where there are more observations, but for

PGM this extrapolation is more local. Moreover, some of the bias may be due to the

limitation discussed in Supplement E. However, in most scenarios this residual bias was

smaller than with the incorrect parametric choice (Supplemental Tables B1-6).

For both approaches, coverage deviated from 95% when risk of infection was not

constant on the exposure window (see Figure 2.5b and Supplemental Figure B2b). Under

exponential growth (middle panel), by using the empirical exposure window size the

coverage was good assuming Weibull and poor using PGM, due to differences in bias. In

case of declining risk (right panel), the coverage for Weibull was poor and for PGM was
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

good. Coverage was considerably lower for the median than for the far right tail (cf. first vs.

third rows) even though bias in the estimates using the correct distribution (represented by

diamonds) is similar across percentiles. This is because the coverage proportion for the

percentiles does not solely depend on the bias, but on the length of the confidence intervals

as well. In fact, the CIs for the median were much smaller (Supplemental Tables B1-6).

2.4 Simulation study II - Renewal process

2.4.1 Setup

Scenarios

In this simulation study, we investigated the validity of the approach of Deng [Deng et al.,

2020; Qin et al., 2020], and in particular the impact of the assumption that leaving Wuhan

occurred randomly after infection. We simulated the early weeks of the outbreak in Wuhan,

assuming that the incidence of SARS-CoV-2 infections grew exponentially and that the

rate of individuals leaving Wuhan sharply increased as the lockdown approached [Gibbs

et al., 2020]. We also repeated the data generation process as in the simulation study

by Deng et al. [2020], in which no epidemic curve was assumed.

Data generation

For each scenario, we chose sample sizes of N = 500 and N= 1200 and generated 1000

data sets. Incubation times were drawn from lognormal and Weibull distributions with

parameters as estimated by Lauer et al. [2020] and a more heavy-tailed Burr distribution,

chosen such that the median was comparable to the two other distributions but with a

considerably larger 95th percentile (Figure 2.3c).

R code for generating data according to the method proposed by Deng is available on

github.com/naiiife/wuhan (accessed 06/30/2020). Travel days were drawn from a

uniform distribution on domain [0,30], with infection as time origin 0. Denote by π (with

π = 0, 0.1, 0.2) the additional infection probability due to the travel. If an individual was

infected before departure, then incubation time Ti and travel time ci were drawn repeatedly

until Ti > c, This implies that only individuals with symptom onset after travel were included.

More details are provided in Algorithm 1.
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2.4. Simulation study II - Renewal process

Figure 2.5: Results of simulation study investigating the impact of assuming a constant risk of
infection: (a) bias and (b) coverage proportion of percentiles (rows) estimated by MLE assuming
Weibull and PGM model (shapes). Vertical bars represent the inter quartile range of the deviation
between estimate and true value. Data was generated using different infection risk distributions
(panels) and exposure window widths (x-axis). Incubation times were generated from the Weibull
distribution. Data set size: N = 100.
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Algorithm 1: Algorithm to generate observations of forward time V of SARS-CoV-
2, as proposed by Deng.

Result: Data set with i = 1, 2, ...N observations of forward time V , where N = 500
or 1200.

for i ← 1 to N do
draw D ∼ Bernoulli(π);
if D = 1 (infected during travel) then

return Vi ∼ lognormal(..., ...)∗ or Weibull(..., ...)∗ or Burr(..., ..., ...);
else

repeat
draw Ti ∼ lognormal(..., ...)∗ or Ti ∼ Weibull(..., ...)∗ or
Ti ∼ Burr(..., ..., ...);

draw ci ∼ U(0, 30);
until Ti > ci;
Vi ← Ti − ci;
return Vi;

end

Our alternative generation method (Algorithm 2) mimicked the infection and travel

processes in the eighteen days between January 5th and the lockdown of Wuhan on

January 23rd, 2020. Resembling the population of Wuhan, we assumed 10 million

susceptibles as initial population. As in the real data from the study of Deng, only those

who travelled between January 19th and 23rd and developed symptoms afterwards were

included. We took January 5th, 2020 as a starting date as those infected before were

not likely to meet the criteria. Each day from January 5th to 18th, the same number of

people (150,0000) entered and left Wuhan. From January 19th to 23th, no individuals

entered Wuhan, but outbound travelling rate increased to 300,000 per day. The number of

new infections on January 5th was chosen to be 125. The daily incidence of SARS-CoV-2

increased according to a five-day doubling time [Dorigatti et al., 2020]. For the infecteds,

incubation times were drawn and discretised using R function round(). This can be

interpreted as all events (infection, symptom onset, travel) happening at noon. We selected

individuals who left Wuhan between January 19th and 23th, and developed symptoms

during or after their day of travel. The travelling rates and initial number of new infections

were chosen such that this yielded approximately 1200 observations, comparable to the

real data used by Deng (1211 observations). Additionally, from each data set a smaller

data set was obtained by randomly sampling 500 observations. Note that the probability
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of travelling was unrelated to infection status.

Algorithm 2: Algorithm to generate observations of forward time V , taking into
account the exponential growth of SARS-CoV-2 incidence and the sharp increase
in people leaving Wuhan, China, before the lockdown. The rate of people entering
and leaving Wuhan and initial number of new infections were chosen such that
this yielded approximately 1200 observations.

Result: Data set with ≈ 1200 observations of forward time V .
1. Initialize;
P ← 1 : 10, 000, 000 (population of Wuhan);
S ← 1 : 10, 000, 000 (susceptible population of Wuhan);
E, D, V infection day, travel day and forward time of infecteds;
I0 ← 125 (number of newly infecteds on January 5th);
2. Infection and travel process;
for t ← 1 to 19 (January 5th to 23rd, 2020) do

infect I0e0.14(t−1) with indices K ⊂ S;
E[K] ← t;
S ← S[−K];
if t < 15 (before January 19th) then

add 150, 000 (people entering Wuhan);
S ← S[+150, 000], P ← P [+150, 000] ;
remove 150, 000 (people leaving Wuhan with indices M ⊂ P );
P ← P [−M ];
S ← S[−(M ∩ S)];

else if t ≥ 15 (January 19th to 23rd) then
remove 300, 000 people leaving Wuhan, with indices M ⊂ P ;
P ← P [−M ];
S ← S[−(M ∩ S)];
Rt ← indices M ∩ (P \ S);
D[M ] ← t;
for ∀i in Rt do

T [i] ← lognormal(..., ...) or Weibull(..., ...) or Burr(..., ..., ...);
if (E[i] + T [i]) ≥ D[i] select (i.e. left Wuhan between Jan 19th and 23rd

and symptom onset on or after travel);
V [i] ← E[i] + T [i]) − D[i];

end
end
If N = 500 then V ← sample 500 from V ;
return (V )
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Estimation

For each of the generated data sets, the 50th, 90th, 95th, 97.5th, and 99th percentiles

of the incubation time distribution were estimated using maximum likelihood estimation

assuming gamma, lognormal and Weibull distributions.

For each percentile, we report the mean deviation of the estimate from the true value

(as estimate of bias), as well as the 25th and 75th percentiles of the deviations over all

runs (Figure 2.7). For the mixture approach, we report the average estimate of π and

its 95% CI based on a normal approximation, conform Deng. Coverage probabilities

for the percentiles are not reported as our main interest is in the bias, bootstrapping

as proposed by Deng is computationally demanding, and the authors did not provide

the coverage in their work either.

2.4.2 Results

In this section results from the estimation method of Deng and data set size N ≈ 1200

(range: 1064 to 1272) are discussed. Smaller sample size (N = 500) showed similar

trends. See Supplement 2.7.3 for the additional results. With the assumptions as

made by Deng and π = 0, the forward and backward time densities were equal and

monotonically decreasing. This is no longer true when data were generated as in our

new approach (Figure 2.6).
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2.4. Simulation study II - Renewal process

Figure 2.6: Summary of forward and backward times (black and grey) in 1000 combined data sets
generated by two different approaches (panels) for the following settings: sample size approximately
1200, π = 0, incubation time follows a Weibull distribution. Note that in the upper panel the two
curves overlay.
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Little to no bias in estimates when travel day is sampled from uniform distribution
and (mixture) model is correctly specified.

Results based on the data generation approach of Deng are shown in Figure 2.7. Fig-

ures 2.7a and 2.7c visualize the bias and mean of the estimates of π in the mixture

approach. Figure 2.7e shows the bias in the approach without mixture component. Colours

refer to the distribution chosen to generate the incubation times given on the x-axis. If

for data generated with π = 0.2 the correct parametric distribution was chosen, median,

tail percentiles and π show little to no bias (see Figures 2.7a and 2.7c, right panel, filled

diamonds). Similarly, for the correctly chosen parametric distribution, the estimates didn’t

show any bias when data was generated with π = 0 and the model did not include a

mixture component (cf. Figure 2.7e, left panel, filled diamonds). When data was generated

with π = 0 and a mixture model was fitted little to no bias was observed either. However,

when data was generated with π = 0.2 but analyzed without a mixture component, even

the correctly chosen parametric model was strongly biased (Figure 2.7e, right panel).

When data generation incorporates epidemic and travel trends, estimates of me-
dian and tail percentiles were heavily biased, even when the correct parametric
distribution was chosen.

When no mixture component was included in the likelihood, the bias in the percentiles

was considerable (cf. Figure 2.7f). Per contra, when data was generated with π = 0 and

a mixture model was fitted, this bias was reduced (cf. Figure 2.7b, filled diamonds). Our

alternative data generation process makes infection close to travel more likely whereas

a uniform distribution is assumed in the model. Hence, the model gives an upward

bias in the incubation time distribution. Allowing for additional infections on the day of

travel via the mixture approach can capture some of this model misspecification. It even

gives a downward bias because the true infection date is mostly before the day of travel.

It yields large estimates of π even though the data was generated without an excess

risk while travelling (cf. Figure 2.7d).

When the choice of the parametric distribution is incorrect, bias in tail estimates
can be as high as four days.

Figure 2.7a, b, e, f show that for almost all scenarios, bias in the percentiles was larger

when the wrong parametric distribution was chosen (represented by open diamonds). In
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particular when the incubation times were generated from a Burr distribution, estimates

of median and tail percentiles were strongly biased and showed large variability. The

parameter π was strongly overestimated in the mixture approach for incorrect parametric

distributions (see Figure 2.7c-d).
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Figure 2.7: (Caption next page.)
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Figure 2.7: Results from a simulation study investigating estimation of incubation time distribution
using an method inspired by renewal process theory. Sample size is (approximately) 1200. Incubation
times were generated from three different distributions: Burr (blue); lognormal (orange); Weibull
(purple). Data generation: (a, c, e) Dengs method; (b, d, f) new method, i.e. epidemic outbreak with
π = 0. Estimation approach: mixture including π (a, b, c, d) or excluding π (e,f). Fig. a,b,e,f and c-d
show the bias in the estimate of the percentiles and the average estimate of π, respectively. Vertical
bars represent the inter quartile range of the deviation between estimate and true value. Dashed
lines represent either zero bias, or the π with which the data was generated.
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2.5 Data illustration

2.5.1 Open source data

Six publicly available data sets [Backer et al., 2020; Lauer et al., 2020; Linton et al., 2020;

Tindale et al., 2020; Yang et al., 2020] with observations collected between 2020/01/31

and 2020/02/29 were combined. Five data sets consisted of individuals infected in China;

one data set concerned individuals with local transmission in Singapore as well. The

sample size ranged from 52 to 178. Fifteen individuals with interval censored time of

symptom onset from one data set [Lauer et al., 2020] were excluded from the analysis.

Excluding another 70 asymptomatic individuals, 836 individuals were used. We divided the

observations into five groups: exactly observed day of infection, interval censored day of

infection with exposure window size smaller than or equal to the median width of four days,

interval censored with wider exposure window, and left censored without information on

the incubation time (end of exposure window is before, or coincides with symptom onset,

respectively). Figure 2.8a visualizes all included observations and Figure 2.8b shows the

frequency of each observation type per data set. Following common practice in these

studies, missing information on the start of exposure window (left censored observations)

was replaced by December 31st, 2019. Note that this is actually not needed, as the

observations can be analyzed as left censored as well.

There are two important characteristics of the data that are beyond the scope of

this paper but worth mentioning. First, individuals may have been included in multiple

data sets. Second, as observations were collected while spread was ongoing, right

truncation may occur: individuals who got infected shortly before the end of the follow-up

of the study are only included if they have a short incubation period. This phenomenon

leads to underestimation of quantiles of the incubation time distribution, that is stronger

during an exponential growth phase. Linton et al. [2020] and Xin et al. [2021] accounted

for right truncation, incorporating exponential growth in the number of infections over

calendar time in the likelihood.

2.5.2 Results

Figure 2.9 shows the estimates of the median and tail percentiles and their 95% CIs based

on different partitions of the data, using the approach discussed in Section 2.2.2 (PGM
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was run with an AIC-based choice of λ chosen from 0.5 to 5.5 with step size 0.5 and the

same was done for the bootstrap runs to obtain 95% CI). For the NPMLE, confidence

intervals were obtained as included in the function survfit from R package survival.

We used the log-log transformation which made some of the upper bounds undefined. For

more details, see Supplement 2.7.4. The confidence intervals using only the 32 exact

observations were quite wide and became much narrower after adding the 216 observations

with narrow exposure windows as the amount of information increased. Estimates of the

percentiles became smaller. This is likely due to the change in relative contributions

of the data sets, which may have different characteristics, resulting in differences in

corresponding estimates. The data set from Tianjin, China, by Tindale et al. contains the

majority of exact observations while the one by Yang et al. contains most of the (narrow)

interval censored observations. These authors estimated median incubation periods of

8.06 (95% CI 3.35; 5.72) and 5.4 (95% CI 4.8; 6.0), respectively. Next, we added the

185 individuals with wider exposure windows and 238 individuals for whom the start of

exposure was unknown but the end of exposure was before symptom onset. This changed

the estimates slightly in the upward direction, which may be explained by recall bias:

more recent exposure (and infection) tends to be memorised better than exposure longer

ago. Hence, individuals with a short incubation time are more likely to have a narrow

exposure window than those with a longer incubation time. Therefore, estimates based on

narrow exposure windows may be biased in the downward direction. The CI width didn’t

change much. Lastly, adding the 165 with only the end of exposure known changed the

estimates and the CI widths very little. Note that they would not have changed at all if the

infection times of individuals with unknown start of exposure window had been treated

as left censored. This behaviour was seen in all estimated percentiles. For all methods,

the width of the confidence intervals increased with the shift towards the (further) tail

percentiles. Weibull and gamma approaches estimated the median higher than lognormal.

For the tail percentiles this was reversed. Note that the estimate using the semiparametric

PGM method was always in-between the two most extreme parametric estimates. This

corresponds with our findings from simulation study I (Section 2.3).
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Figure 2.8: Open source data to estimate the incubation time of SARS-CoV-2: (a) Visualization of
individual timelines. Time is given as time from last possible exposure in days. Grey bars and dots
indicate the exposure window and its midpoint (if any). Black dots indicate symptom onset. Cases
are ordered by exposure window width and time between end of exposure and symptom onset. (b)
Type of observations per data set. Data sets are indicated by first author. Bar height represents the
number of observations in each data set.

39



2.5. Data illustration

Figure 2.9: Estimates of percentiles of the incubation time distribution based on different partitions
of the data (panels) and estimation approaches (x-axis). Five different estimation methods were
used: maximum likelihood estimator (MLE) assuming a gamma (GA), lognormal (LN) or Weibull
(WB) distribution, nonparametric MLE (NP) and penalized Gaussian mixture (PG), respectively. Point
estimates along with 95% CI are provided. When the upper bound of the CI was undefined, the lower
bound is connected to the estimate instead (blue dashed line, NP).
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2.6 Discussion

Estimates of the incubation time distribution have been and will be essential to inform policy

makers at the start of an outbreak of a new pathogen like SARS-CoV-1 or SARS-CoV-2.

The most challenging part is to obtain accurate data on the infection time. Most infection

times are left or interval censored. We discussed and evaluated methods to estimate the

incubation time of SARS-CoV-2. Our focus was on the commonly made assumptions and

the resulting bias in estimates of the median and upper tail percentiles.

Most estimates are based on data sets in which not all infection times are left censored

but at least some individuals have an interval censored infection time. To simplify estimation,

standard practice has been to assume (i) a parametric distribution and (ii) a constant risk

of infection within the exposure window. We examined the impact of both assumptions (i

and ii) in a simulation study. Different parametric and nonparametric approaches (MLE

assuming gamma, lognormal, Weibull; NPMLE) were considered. In addition, we proposed

a semiparametric approach, that avoids the arbitrary choice of a parametric family yet

preserves the smoothness of a parametric curve. We investigated the bias if the true

infection risk in the exposure window is exponentially increasing (e.g. an evolving outbreak)

or declining (e.g. household transmission). While an incorrect parametric choice mainly

affected the upper percentiles, incorrectly assuming a constant risk affected the median

and upper percentiles equally. We discuss the impact of each assumption in more detail.

Parameters are estimated based on all observations. The majority of observations is

located in the middle. Accordingly, tail behaviour is forced to follow the behaviour in the

middle of the distribution. For this reason, estimates of the tail percentiles were not robust

to an incorrect parametric assumption of the incubation time distribution. In contrast to the

pooled estimate of the 95th percentile based on earlier estimates (13.1 days [Xin, Wong,

Murphy, Yeung, Ali, Wu and Cowling, 2021]), a recent study by Zhang et al. [2021] reported

that more than 10% of individuals have an incubation time of more than 14 days. With

our heavy-tailed Burr distribution, assuming a gamma or Weibull distribution estimated the

99th percentile almost 4 days too small. The semiparametric approach proposed here -

penalized Gaussian mixture- provides a good alternative. In smaller data sets it outperforms

NPMLE, that often has the last jump to the value 1 before the upper percentiles of the true

distribution. See Supplement 2.7.4 for details. However, the smoothing parameter λ needs
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to be chosen carefully and the default procedure in the smoothSurv package did not

always give satisfactory results (Supplement 2.7.5). Moreover, for an incorrect parametric

choice the confidence intervals tend to be too small for estimates of the tail percentiles.

The confidence interval length for PGM and MLE assuming lognormal were fairly similar

if the true distribution was Burr or lognormal (both heavy-tailed in our parameterisation).

When the true distribution was Weibull, confidence interval length of PGM was most similar

to the length obtained by the correct parametric choice.

The bias in the tail percentiles, introduced by falsely assuming a constant risk, tended to

be smaller than the bias that can be attributed to the incorrect parametric choice. We saw

that the bias increased with increasing average widths. If there is no recall bias, restricting to

narrow exposure windows in the data gives the smallest bias, but it throws away information.

For many infectious diseases, like SARS-CoV-1 and Ebola, start of infectiousness

coincides with or occurs after symptom onset. However, for SARS-CoV-2, 47.3% (95% CI:

34.0 to 61.0) of individuals remained asymptomatic throughout the course of infection [Sah

et al., 2021], while presymptomatic and asymptomatic transmission can occur [Chau et al.,

2020; Tindale et al., 2020]. Ideally, the distribution of time from infection to having detectable

infection rather than incubation time should inform quarantine length for potentially infected

individuals. For many infectious diseases, this will be almost similar to the time from

infection to start of infectiousness (latency time). The standard procedure to detect

SARS-CoV-2 infection is to perform a PCR-test, giving rise to interval censored event

times. Estimation requires both a last negative and first positive PCR-test for at least

part of the individuals. As both the start- and endpoint are interval censored (doubly

interval censored data), estimation of these distributions is more complicated [Reich et al.,

2009]. As a consequence, such estimates are rare and only became available later in the

pandemic [Xin, Li, Wu, Li, Lau, Qin, Wang, Cowling, Tsang and Li, 2021].

Another way to avoid handling interval censored observations as such is restricting to

exact observations or imputing or backtracing the infection moment. From literature it is

known that restricting to exactly observed infection day leads to underestimation, due to

recall bias: as individuals tend to recall more recent exposure more easily, observations

of short incubation periods are more likely to be exact observations than those of long

incubation periods. Midpoint imputation of the infection moment on the exposure window

leads to bias as well [Cowling et al., 2007]. Besides, it is only applicable when the start
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of the exposure window is known. A recent study [Ejima et al., 2021] utilized viral load

measurements to backtrace the actual infection moment but such data is usually lacking.

Moreover, estimates may be biased if the strong assumptions that are made are incorrect.

Two earlier studies investigated the validity of assuming a parametric distribution and a

constant risk on the exposure window [Reich et al., 2009; Cowling et al., 2007]. Cowling

et al. noted discrepancies in the tails for different parametric models and named the

nonparametric estimate as the gold standard [Cowling et al., 2007]. In line with our results,

Reich et al. observed that for incorrect parametric choice, coverage for the median was

lower as sample size increased [Reich et al., 2009]. The impact of assuming a constant risk

on the exposure window was explored for a limited number of deviating risk distributions

(piecewise uniform and spiked distribution) and two most extreme scenarios (all infected at

beginning of the exposure window, all at the end) [Reich et al., 2009; Cowling et al., 2007].

The authors noted that the tail estimates were more sensitive to the choice of parametric

distribution (i) than to the uniform assumption (ii), although performance was poor for the

spiked distribution. This is similar to our findings. We contribute to their work by quantifying

the bias for several scenarios inspired by SARS-CoV-2.

When data consist of only left censored observations of infection time, the above method

based on the likelihood of interval censored data cannot be used. Alternative methods are

needed, based on additional assumptions. Our second simulation study shows that the

method proposed by Qin is not valid for the setting of an emerging outbreak [Qin et al.,

2020]. Nevertheless, their method may be useful with data from individuals arriving in

countries with a strict quarantine policy, if infection rates in the country of departure and

arrival rates are relatively stable. Examples of such countries are Vietnam, China, New

Zealand, Australia and Taiwan during part of the pandemic.

Qin et al. performed a sensitivity analysis where they assumed an exponential density

for the time from infection to departure. This led to an extra parameter in the likelihood

of the forward times, which was estimated to be almost equal to zero. They concluded

that the likelihood of forward times is approximately valid, even if the assumption of a

uniform distribution of time from infection to departure does not hold. This is uncertain

for two reasons. First, it was based on one real data set only. Second, it is difficult

to assess how an exponential distribution for time from infection to departure relates to

an exponential increase in the number of infections over calendar time which is much
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closer to what happened in reality. The authors compared their approach to the approach

for interval censored data, but this comparison doesn’t make sense. Their generation

method for interval censored data leads to a different data set and it additionally has a

conceptual mistake (see Supplemental Algorithm 4).

So far we discussed the marginal incubation time distribution, neglecting its dependence

on covariables like age and comorbidities which may explain part of the differences between

studies. Regression of incubation time on such covariables is needed to come up with

a more personalized quarantine length, for example depending on age [Pak, Langohr,

Ning, Martínez, Melis and Shen, 2020]. It is important to stress that also other factors are

involved in choice of quarantine length. One example is the expectation of how people

will adhere to it, which may be improved if quarantine period is shorter. Moreover, in

countries that implement quarantining in allocated facilities, the capacity and economic

costs may play a role. When policy makers aim for zero SARS-CoV-2 infections, more

extreme percentiles than included in this paper might be needed to determine the length of

the quarantine period. To accurately estimate percentiles in the far right tail, approaches

based on extreme value theory may be more appropriate.

Quarantine length is based on the right tail of the incubation time distribution. Due to

the interval censored time of infection, parametric assumptions are commonly made. We

show that this can introduce only mild up to rather severe bias, mainly in the tail percentiles.

Especially to inform quarantine length, a semiparametric method is a better option and can

be used with available R software. Whether the bias of the parametric methods is of clinical

relevance depends on the aim of the policy. This cannot be seen separate from its societal

context (ethics and resources) and disease characteristics (risk of severe outcome and

transmissibility). Quarantine is a powerful measure for disease control, but cumbersome,

and requires accurate and congruent estimates in the literature to optimally inform decision

makers. The penalized Gaussian mixture approach avoids the arbitrary choice between

parametric distributions and reduces bias in tail percentiles.

The amount of smoothness can be chosen automatically using the standard procedure

in the function smoothSurvReg [Komárek, 2020]. If the resulting density shows a too

wiggly pattern, the level of smoothness may be increased by increasing the value of

the penalty term. We recommend to report the number of observations stratified by

exposure window width, which gives additional information on the uncertainty in the
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estimate on top of the sample size.
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2.7 Supplementary material

2.7.1 Generation algorithms

Algorithm 3 describes the data generation process in Section 2.3.1. The output is a data

set with observations of incubation time, where the origin is interval censored.

Algorithm 3: Algorithm to simulate data with interval censored time origin.
Result: Data set with N observations of incubation time.
for i ← 1 to N do

sample ,i from set of exposure window widths;
draw i on (0,,i ) according to constant risk (i ∼ U(,i,,i )) or exponential growth
(i ∝ e0.14t) or household transmission (i ∝ p(1 − p)t−1 where p = 0.2);

draw i ∼ lognormal(..., ...) or ∼ Weibull(..., ...) or ∼ Burr(..., ..., ...);
i ←i +i;
if i ≤,i then

,i ←i;
end

end
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Algorithm 4 describes an alternative generation method by Deng et al. [2020], that aimed

to provide observations with interval censored time origin. However, we noticed an error in

this procedure, and as such the resulting observations are not truly interval censored.

The width of the exposure window C was drawn from a uniform distribution on (0, 30) and

added to the forward time V , yielding observations (V , V +C), see highlighted line. However,

this does not guarantee that the actual incubation time is contained within this interval. For

example, let us assume D = 0, c = 8, C = 5 and T = 10. Then, the true incubation time

(T ) is not contained in the interval (V, V + C) = (2, 7). Hence, this approach is not valid.

Algorithm 4: Algorithm to generate interval censored observations using forward
time V of SARS-CoV-2, as proposed by Deng. There is a conceptual incorrectness
in the code, see second to last line.

Result: Data set with N observations of forward time V , where N = 500 or 1200.
for i ← 1 to N do

draw D ∼ Bin(π);
if D = 1 (infected during travel) then

draw Vi ∼ lognormal(..., ...) or ∼ Weibull(..., ...) or ∼ Burr(..., ..., ...);
draw Ci ∼ U(0, 30);

else if D = 0 (infected before travel) then
draw Ti ∼ lognormal(..., ...) or ∼ Weibull(..., ...) or ∼ Burr(..., ..., ...);
draw ci ∼ U(0, 30);
while Ti < c do

draw Ti ∼ lognormal(..., ...) ∗ ∗ or ∼ Weibull(..., ...) or
∼ Burr(..., ..., ...);

draw ci ∼ U(0, 30);
end
Vi ← Ti − ci;
draw Ci ∼ U(0, 30) (incorrect);

return Vi, Vi + Ci

end
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

2.7.2 Tables and figures Simulation study I

Due to feasibility constraints, a time limit was imposed on each of the 1000 Monte Carlo

replications per scenario (3 hours for PGM; 2.78 hours for other approaches).
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2.7. Supplementary material

Figure 2.10: Results of simulation study investigating the impact of assuming incorrect parametric
distribution of incubation time: bias (a) of estimated percentiles and (b) coverage of 95% confidence
intervals. Five different estimation methods were used (x-axis): maximum likelihood estimator (MLE)
assuming a gamma (GA), lognormal (LN) or Weibull (WB) distribution, nonparametric MLE (NP) and
penalized Gaussian mixture (PG), respectively. Incubation times were generated from Burr, lognormal
and Weibull distribution and a constant infection risk on the exposure window was assumed. Data
set size: N = 500.
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Figure 2.11: Results of simulation study investigating the impact of assuming a constant risk of
infection: (a) bias and (b) coverage proportion of percentiles (rows) estimated by MLE assuming
Weibull and PGM model (shapes). Data was generated using different infection risk distributions
(panels) and exposure window widths (x-axis). Incubation times were generated from the Weibull
distribution. Data set size: N = 500.
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities
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2.7. Supplementary material

2.7.3 Tables and figure Simulation study II
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Figure 2.12: (Caption next page.)
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2.7. Supplementary material

Figure 2.12: Results of simulation study investigating estimation of incubation time distribution using
an method inspired by renewal process theory. Sample size is 500. Incubation times were generated
from three different distributions: Burr (blue); lognormal (orange); Weibull (purple). Data generation:
left panel a, c, e Dengs method; right panel b, d, f new method: epidemic outbreak with π = 0.
Estimation approach: mixture including π (Fig. a, b, c, d) or excluding π (e,f). Fig. a,b,e,f and c-d
show the bias in the estimate of the percentiles and the average estimate of π respectively. The lines
represent either zero bias, or the π with which the data was generated.
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

2.7.4 Note on NPMLE

There are some issues when using the NPMLE for estimation of percentiles of the

incubation time distribution. This especially holds with data on the SARS-CoV-2 incubation

time that are small in size and discrete in nature. We explain the issues using the open

source data set provided by Lauer et al. [2020] (Figure 2.8).

Figure 2.13 visualizes the uncertainty in the incubation time per individual via grey

horizontal lines. Each line starts at the minimum possible incubation time and it ends at

the maximum possible incubation time if it is smaller than 15 days; most individuals have

an upper limit of 15 days or larger. The solid black curve is the NPMLE of the cumulative

distribution function (CDF). The grey shaded area denote intervals in which the NPMLE is

not uniquely defined. For example, the last jump in the NPMLE can be at day 9, 10 or 11.

This is a consequence of the interval censored nature of the data, with one individual having

a minimum incubation time of 9 days, and another individual having a maximum incubation

time of 11 days; there is no further information in-between. The dashed horizontal line

represents the 95th percentile. The dashed line crosses the black curve in a grey shaded

area, which implies that the 95th percentile is between 9 and 11 days.

In simulation study I (Section 2.3) we saw that for small data sets, the NPMLE often

had its last jump from a value below 0.95 to the value 1, and the location of the jump

was not uniquely defined. In that case, the midpoint of the horizontal segment was

returned by the function quantile.survfit from the R survival package that we

used. As a consequence, each of the estimated tail percentiles of 95 and higher has

the same value. We used the confidence intervals as provided by the survfit function,

which are known to be inconsistent. The NPMLE does not have
√

n convergence rate

and the central limit theorem does not hold [Anderson-Bergman, 2017]. It is known

that an "n-out-of-n" bootstrap sampling gives inconsistent confidence intervals and that

m-out-of-n subsampling is needed.

The large jumps in the tail also impact the confidence intervals. Confidence intervals

for the CDF reduce to zero width (using option ’plain’ in the survfit function) once the

estimate reaches the value 1. For the other options (’log’ and ’log-log’) the confidence

interval is missing. Confidence intervals for the percentiles (the horizontal direction) are

typically based on the confidence intervals for the CDF (the vertical direction): lower and

upper bound of the confidence interval for the percentile are the points where a horizontal
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Figure 2.13: Minimum and maximum possible incubation time for each individual along with
the NPMLE. Grey horizontal lines represent the interval from the minimum to maximum possible
incubation time in days for each observation. Intervals are sorted by maximum possible incubation
time. The solid black line represents the NPMLE of the cumulative distribution function (CDF). The
grey shaded areas represent the Turnbull intervals where the jump location is not uniquely defined.
The jumps in the curve without grey shaded are a represent a point mass on a specific incubation
time instead. The dashed line represents the 95th percentile. The figure restricts to the first fifteen
days.

line at the percentile crosses the vertical confidence intervals. If the last jump in the NPMLE

goes from a value below 0.95 to the value 1, the upper bound of the confidence interval

around the 95th percentile (and higher ones) coincides with the estimate (option ’plain’)

of the percentile or is missing (options ’log’ and ’log-log’).

2.7.5 Note on PGM

The penalized Gaussian mixture approach (PGM) is implemented in R package

smoothSurv [Komárek, 2020]. As default, the function smoothSurvReg chooses the

optimal smoothing parameter λ from a grid of values e2:−9 based on AIC in a bootstrap

routine. We found that sometimes a small λ value was selected that gave a density estimate

with multiple modes, while we generated data from a distribution with a unimodal density.

We think that with real data a unimodal incubation time distribution is more common. The
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2. Biases in estimation of the incubation time distribution, with focus on upper tail probabilities

Table 2.11: Performance of penalized Gaussian mixture approach with different settings regarding
smoothing parameter λ: standard (default grid of λ in smoothSurvReg function, i.e. e2:−9) and
alternative (sequence of λ’s 0.1 to 5.6 by steps of 0.5). We generated 1000 data sets with 100
observations from a Weibull distribution with a constant risk of infection on and empirical width of
the exposure window. p25 and p75 denote the first and third percentile of the deviations between
true value and estimate; TO denotes the percentage of runs that timed out. Note that the percentage
TO is lower than for the same scenario in Table 2.3 as for the latter, besides point estimates their
Confidence Intervals were calculated as well.

Approach Percentile (%) Bias p25 p75 MSE TO (%)
50 -0.04 -0.31 0.20 0.14 0
90 -0.06 -0.38 0.26 0.23 0
95 0.07 -0.36 0.48 0.38 0
97.5 0.26 -0.34 0.83 0.74 0

Standard

99 0.59 -0.25 1.44 1.71 0
50 -0.07 -0.32 0.17 0.13 0.1
90 -0.05 -0.35 0.26 0.21 0.1
95 0.14 -0.26 0.54 0.36 0.1
97.5 0.41 -0.11 0.90 0.73 0.1

Alternative

99 0.86 0.16 1.54 1.76 0.1

package does not incorporate such a constraint. When fitting PGM to real data, we advise

to plot the resulting distribution, and to adjust the grid of λ values only when a too wiggly

pattern is observed. However, in our simulations, an automatised procedure was needed,

and computation time was limited. Accordingly, we chose a lowest value in our sequence

of λ values by plotting densities for some λ values, and chose the smallest one that gave a

unimodal distribution. We chose a sequence of 0.5 to 5.5, or 0.1 to 5.6 (step size 0.5) for

data sets of size 100 or 500, respectively. Figure 2.14a shows a histogram of the chosen λ

for each of 1000 runs for one scenario (Weibull incubation times; constant risk of infection;

data set size 100). Using the default range, choosing λs smaller than 0.5 is frequent,

yielding a wiggly pattern (Figure 2.14b). The difference in performance between the two

procedures is small (Table 2.11). Our choice gave estimates with a slightly smaller mean

squared error for all percentiles considered, except for the most extreme one. However,

bias tended to be slightly larger. Note that the results for the alternative approach were

regenerated such that they randomly deviate from the results in Table 2.3.
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Figure 2.14: Comparison between standard (default grid of λ in smoothSurvReg function, i.e. e2:−9

and alternative (sequence of λs 0.1 to 5.6 by steps of 0.5) choice of lambda’s in penalized Gaussian
mixture approach. The alternative approach was employed to automatise the approach and save
computation time in the simulation study. We generated 1000 data sets with 100 incubation times from
a Weibull distribution with a constant risk of infection on and empirical with of the exposure window.
Panel (a) summarizes the chosen λ for each run using the standard and alternative procedure (black
and grey); panel (b) shows the fitted incubation time distribution for one data set. The chosen λ was
smaller than 0.5 and a wiggly pattern is observed.
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