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Chapter 1

Preliminaries

This chapter is a gentle introduction the theory we will need for the subsequent part of
the thesis. The reader familiar with the basics of C*-algebras and K-theory can safely
skip ahead to Section 1.7 where we define the geodesic compactification and introduce a
fundamental example.

Unless stated otherwise, all algebras will be assumed to be over the complex numbers.

1.1 C#*-algebras

Let A be an algebra over C. By an involution on A we mean a map

x: A= A a— *(a) :=a”

satisfying the following properties for any a,b € A and A € C

o (at+b)*=a"+0b"

o (ab)* =b*a*

e (\a)* = \a*.
Definition 1.1. A (complex) pre-C*-algebra is a (complex) algebra A with an involution
* : A — A, and a submultiplicative norm (meaning ||ab|| < |al|||b] for all a,b € A)

satisfying
|la*all = HaH2 VacA (1.1)

A (semi-)norm satisfying equation (1.1) will be called a C*(-semi-)-norm. A C*-algebra is
a complete pre-C*-algebra. We call a C*-algebra unital if there is an element 1 € A such
that

al=1a=a
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for all a € A. A C*-algebra A is called commutative if for all a;,as € A we have
aijag = a0 .

We call the innocuous looking equation (1.1) the C*-identity. It has profound conse-
quences for the theory of C*-algebras, which separates it from the theory of, say, Banach
*_algebras (complete normed algebras with an isometric involution).

A morphism or *~homomorphism ¢ : A — B between two C*-algebras is an algebra
homomorphisms which commutes with the involution, i.e.

If A and B are unital C*-algebras, then a morphism
¢:A—> B
is called unital if it maps the unit in A to the unit in B.

Example 1.2. A representation of a C*-algebra A is a morphism 7 : A — B(H) for
some Hilbert space H. The representation is said to be faithful if 7 is injective and non-
degenerate if m(A)H is dense in H.

The prototypical example of a C*-algebra is the algebra of bounded linear maps on a
fixed complex Hilbert space H, denoted B(H), with the supremum norm given on 7' €
B(H) by

I T]] = supj) <1 1T ()

The involution in B(H) is given by sending a map to its adjoint.
It is convenient to have a unit in the C*-algebra. The next example gives the to most
common ways to add a unit to a non-unital C*-algebra.

Example 1.3. Let A be a nonunital C*-algebra. The unitization of A, denoted AT, is the
universal C*-algebra satisfying the following property:

It is the smallest unital C*-algebra containing A as an ideal in the sense that any
morphism f : A — B from A to a unital C*-algebra B lifts to a unique unital morphism
f : AT — B.

The multiplier algebra of A, denoted M (A), is the universal C*-algebra satisfying the
following property:

It is the largest C*-algebra containing A as an essential ideal (Definition 1.9). Equiva-
lently, let B be any C*-algebra containing A as an essential ideal. Then there is a unique
map B — M (A) such that the inclusion 14 : A — M(A) factors through

A— B — M(A).
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We will see concrete realisations of these two algebras later when we define Hilbert C*-
modules in Section 1.4, but let us mention that for a locally compact (but noncompact)
Hausdorff space X we have

Co(X)+ = C(X U {oc}),

where X U{oc} is the one-point compactification or the Alexandroff compactification of X
and
M(Co(X)) = C(BX)

with X the Stone—Cech compactification of X.

The next two results are some of the many consequences of equation (1.1).

Theorem 1.4 ((Gelfand-Naimark) [41, Theorem 3.4.1] ). Any C*-algebra is a C*-subalgebra
of B(H) for some Hilbert space H.

Proposition 1.5 ([41] Cor. 2.1.2). Let A be an algebra with an involution * : A — A.
Then there is at most one norm on A, making it a C*-algebra.

Example 1.6. Let A be any C*-algebra. Then define a norm on the n’fold direct sum of
A (treated as a vector space over C)

AD---©A
—_

n

by
(b1, ba)ll2 o= [[bby + - - + b2 || M2,

Now define the algebra of A-valued n x n-matrices M, (A). This is an algebra over C with
an involution given by the complex conjugate

(aij)* = (aj,),

and product given by the usual matrix multiplication:
n
(ai ) (bis) = (O airbij)-
k=1

The norm
n n

[(aij)l == sup O (arzb), -, > (an,bj)
[(b1,-sbn)ll2=1 || 5 j=1 )

determines a C*-norm on M, (A) making it into a C*-algebra, hence it is the unique C*-
norm on M, (A).
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Any morphism ¢ : A — B induces a map
¢: My(A) = Mn(B)  (aij) = d(ai;) (1.2)

which can be shown to be a *-homomorphism of C*-algebras.

Proposition 1.5 tells us that a C*-norm on A is uniquely determined by the algebraic
structure of A. This gives a close connection between the algebraic properties of A and
the topological properties of A, which makes it possible to translate theorems of algebra
into the language of C*-algebras. For example, here is a C*-analogue of the classical
Wedderburn theorem!

Example 1.7. Any finite dimensional C*-algebra A (i.e. A C B(H) for a finite dimensional
Hilbert space H), is isomorphic to a direct sum of full matrix algebras

k

A~ @Mni(C).

i=n

Example 1.8. Let us give another important example of C*-algebras, namely commutative
C*-algebras Cy(X), of complex-valued functions on a locally compact Hausdorff space X
vanishing at infinity. Recall that a function f on a locally compact space X is said to
vanish at infinity if for any € > 0 there is a compact subset K. C X such that

f@l<e VaogK.
We can multiply and add two functions f, h € Cy(X) pointwise as follows

(fo)(2) = f(@)h(x)  (f+h)(z) = f(z)+h(x), xeX

Similarly we define scalar multiplication by (Af)(x) = \f(z) x € X, € C. The norm
on Cp(X) making it a C*-algebra, called the supremum norm, is defined by

1F1l = supgex!f (@)l (1.3)

Note that Cp(X) is unital if and only if X is compact, in which case Cyp(X) = C(X), with
unit given by the constant function X 3 z+— 1 € C.

If X is any topological space, then the algebra Cy(X) can be defined just as in Example
1.8 and does produce a C*-algebra with respect to the supremum norm (eq. (1.3)). The
reason we restrict ourselves to locally compact Hausdorff spaces is that given a commutative
C*-algebra Cy(X) there always exists a (unique up to homeomorphism) locally compact
Hausdorff space Y and an isomorphism of C*-algebras

! Another example is Kadison’s transitivity theorem which generalizes Jacobson’s transitivity theorem,
but we will not need it here.
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Co(Y) =~ Co(X).

Given a commutative C*-algebra A, we can always write A = Cy(Y) for some locally
compact Hausdorff space Y. For this reason, from now on X will always denote a locally
compact Hausdorff space. The space Y is called the Gelfand dual (or the spectrum) of A
which, as a set, consists of all *-homomorphisms

C()(Y) — C.

The assignment

determines a contravariant functor from the category of locally compact Hausdorff spaces
with morphisms given by proper continuous maps, to the category of commutative C*-
algebras, by sending a proper map f : X — X’ to the map

CQ(X/)%CO(X) h+— hof hECo(X,).

Note that we need properness of f to ensure that f o A vanishes at infinity on X. The
Gelfand transform determines a contravariant equivalence of categories between the unital
commutative C*-algebras with unital morphisms and the category of compact Hausdorff
spaces. In the non-unital case we need to take care of what morphisms we allow 2. If
f: X — Y is a proper map, then the induced map

Co(Y) = Co(X)  hw>hof

3

sends approximate units in Cp(Y') to approximate units in Cy(X) °, so we cannot find a

map X X Y — X corresponding to the inclusion into the first factor
CX)=»CX)aCY)=C(XUY).

Definition 1.9. Let A be a C*-algebra. A closed *-invariant subalgebra of I C A is called
a C*-subalgebra of A. If I C A is a C*-subalgebra for which

al,IaC 1 YaeA

then I is called an ideal of A.
An ideal I C A is called essential, if for any other ideal J C A, we have

InJ={0}=J=0.

2See for instance [39, p. 9] for a category which is equivalent to the commutative C*-algebra category.
3 An approximate unit of a C*-algebra A is a net e, of positive elements such that for all z € A we have
lleix — z|| — 0 as ¢ — oco.
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An example of an essential ideal is Cp((0,1)) inside C([0,1]). A typical non-example
is the following: Let I C A be an ideal of A and B any (non-trivial) C*-algebra, then
I ® {0} C A® B is a non-essential ideal.

Let us collect some basic properties of C*-algebras.

Proposition 1.10 ([41] Chapter 2). Let A, B be C*-algebras, and ¢ : A — B a morphism
of C*-algebras. Then

1. The map ¢ is contractive, meaning ||p(a)|| < ||lal|;
2. Ker(¢) is an ideal in A;
3. The inclusion ¢(A) C B is a closed C*-subalgebra of B;

4. There is an isomorphism

A/Ker(9) =~ ¢(A);

5. If A and B are two C*-algebras, then their direct sum A ® B is a C*-algebra with
respect to the operations

(a1,b1) + (az,b2) = (a1 + a2, b1 + bo)
(a1,b1)(az,b2) = (araz, bibz)
(a1,b1)" = (a7, b7)

Aaq,b1) = (Aag, Aby)

for (a;,b;) € A® B and X € C, and norm given by ||(a,b)|| = max(||al, ||b]])-

Tensor products of C*-algebras are more subtle as there are several choices of norms
on the algebraic tensor product of two C*-algebras. We will not delve into the theory of
tensor products for C*-algebras here, but refer the interested reader to the very thorough
exposition in [11]. Let us just define one norm, which in some interesting cases turns out
to be the only pre-C*-norm on the algebraic tensor product.

We denote by A1 ® Ay the algebraic tensor product of two C*-algebras Ay, As. This is
the linear span of the simple tensors (a; ® az) with involution

(a1 ®a2)* =aj ® a3,

and product
(a1 ® ag)(a} ® ab) = ara] © agadl,.
The tensor product of two Hilbert spaces H; ® Hs is a Hilbert space in its own right with

respect to the inner product

(w@w, v @w') = (v, {w,w) v,v" € Hy,w,w' € Hs.
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Definition 1.11. Let A; and A be two C*-algebras with faithful representations m; : A —
B(H;). Then we have an injective *-preserving algebra homomorphism

T Qe A1 © Ag —>B(H1®H2)
given by
T @m(a®d)(h@h) = ni(a)(h) @ m(a)(H).

The minimal or spatial tensor product, denoted A; ® Ao, is the completion of A; ® As in
B(Hl X Hg)

Since A1 ® Az is a subalgebra of B(H ® H) closed under involution, it is clear that the
minimal tensor product norm is a pre-C*-norm on the algebraic tensor product. It remains
to be verified that the norm is independent of choice of faithful representations m;. We
refer the reader to [11, Chap. 3] for the proof of this fact. In case one of the algebras is
commutative, this is the only norm on the algebraic tensor product making its completion
a C*-algebra.

We will also need the following definition:

Definition 1.12. A short exact sequence of C*-algebras 0 - B — E — A — 0 is called
an extension of B by A. Note that B then must be isomorphic to an ideal of E.

The theory of extensions of C*-algebras will be covered in some detail later in Section
1.6. For now, let us give a simple example: For a commutative C*-algebra (ref. Ex 1.8) if
V C X is a closed subset, we can define a C*-subalgebra given by

I(V) :={f € Co(X) | flv =0}

which is easily seen to be an ideal of Cp(X). All ideals of Cy(X) arise in this way for some
closed subset of X. Letting O = X\V be the complement of V' then it is easy to show we
have an isomorphism

I(V) = Co(0) C Co(X)
and the quotient algebra is given by
Co(X)/Co(0) = Co(X\O) = Co(V).
This gives us an extension of C*-algebras
0— Co(0) = Co(X) = Co(V) — 0. (1.4)
For example if M is a manifold with boundary OM and interior M, we get an extension
0 — Co(M) — Co(M) — Co(OM) — 0.

An operator system is a closed and *-invariant subspace F' C A of a unital C*-algebra
A, such that 14 € F.
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Definition 1.13 ([11, Definition 3.7.5]). Let E be a unital C*-algebra. An extension
0+B—ESA—0

is called locally split if for every finite dimensional operator system F' C A there exists a
unital completely positive map o : F' — F such that m oo = idp.

Definition 1.14. A C*-algebra A is said to be nuclear if for any C*-algebra B there is a
unique pre-C*-norm on A ® B.

Definition 1.15. A C*-algebra A is called exact if for any exact sequence of C*-algebras
0-I5EL B0

the sequence
051042, FeA Be Ao

is exact, where ¢ ® id and p ® id are the maps given on simple tensors in / ® A and B® A
by
t®idm®a) =t(a) ®a and pRidboa)=pb) Oa

respectively, and extended to the C*-tensor product.

We mention without proof that any nuclear C*-algebra is exact, but the converse is
in general not true. One family of examples of exact C*-algebras which are not nuclear
are the reduced group C*-algebra of discrete non-amenable subgroups of GL,(C) (see
Theorem 1.37). Further, the following example shows that not all nuclear C*-algebras are
commutative.

Example 1.16. Let H be a Hilbert space. A finite rank operator ' : H — H is a linear
map of the form

k
F(x) = Zyz@vl,a})
n=1

for some finite set x;,y; € H.

Let Bg,(H) denote the collection of all finite rank operators on H and let K := K(H)
denote the closure of Bg,(H). The algebra K can be shown to be nuclear C*-algebra sitting
in B(H) as an essential ideal.

Definition 1.17. An operator 7' € K(H) defined in Example 1.16 is called a compact
operator. A compact operator is a bounded linear map T : H — H satisfying any of the
following equivalent conditions ([41, Chap. 2.4])

1. For any bounded U C H, T'(U) has compact closure;
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2. T is the norm limit of finite rank operators
3. T is in the norm limit of finite sums of rank 1 projections

4. T € (N;cp(m) I where I runs over all ideals of B(H) containing Biin(H).

Let K = K(I?(N)) be the C*-algebra of compact operators on a separable infinite
dimensional Hilbert space (i.e. a Hilbert space with a countable infinite orthonormal
basis).

Definition 1.18. A C*-algebra A is called stable if A ® K ~ A. For any C*-algebra B,
the C*-algebra B ® K is called the stabilization of B.

The stabilization B®K is stable, since the tensor product is associative and KQK ~ K.

Positive elements If A = C(X) is a commutative C*-algebra, then the subset A} =
{f e C(X) | f >0} of real-valued positive functions on X has the following properties:

1. Each element f € A, has a unique square root in Ay ;

2. The set A4 is a cone in A, meaning it is closed under addition and multiplication by
R>o;

3. Every element in A is of the form |f|?> = ff for some function f € A;

4. Every f € A can be written as

f=h—-fati(fs— f1)
for some f; € Ay.

The elements in A are called positive elements of A. For a general C*-algebra we have a
similar definition:

Definition 1.19. Let A be any C*-algebra and define
Ay :={a"a|ac A}.
The elements in A, are called positive, and A, is called the positive cone of A.
We have:
Proposition 1.20 ([41] Sec. 2.2). The positive cone satisfies the following properties

1. The set Ay is a cone in A, meaning it is closed under sums and multiplication by
RZO
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2. Bvery a € A+ has a unique square root in Ay, i.e. there is an element b € AL such
that b*> = a;

3. every a € A can be written as
a=ay —ag+i(az — ay)
fora; € Ay.

Now if ¢ : A — B is a morphism of C*-algebras then

¢(a*a) = ¢(a)"d(a)

hence ¢(Ay) C By. Similarly, the induced maps on matrix algebras

¢ : Mn(A) = Mn(B)  ¢[(aij)] = [¢(ai;)]

also preserves positive elements (being themselves morphisms of C*-algebras).
The following definition gives a weakening of the notion of morphisms of C*-algebras,
that is useful in applications (see Example 1.49)

Definition 1.21. A bounded linear map ¢ : A — B between C*-algebras is called positive
if

¢(Ay) C By.

It is called contractive if ||¢(a)| < ||a]| for all a € A.
A positive map is called completely positive if the induced map

¢ Mp(A) = Mn(B)  [ay] = [¢(aiz)],

is positive for all n € N. Similarly it is called a completely positive contractive map if the
induced maps

are positive and contractive for all n € N.

1.2 Group actions and crossed products

Throughout this thesis, all groups will be assumed to be locally compact and Hausdorff
topological groups, and, unless mentioned otherwise, unimodular, meaning the left and
right Haar measures agree (Definition 2.21). In this section we will see what happens when
a group G acts on a C*-algebra A. A good reference for this material is [44].
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Definition 1.22. A group action of a locally compact topological group G on a C*-algebra
is a group homomorphism

G — Aut(A).

The action is called continuous if the map
GxA—A (g,a) — agy(a)
is continuous. It is called strongly continuous if for all a € A, the map
G— A g agla)
is continuous.

Clearly a continuous action is strongly continuous, but the converse may fail. So it
would be better to call it weakly continuous, but we will adhere to the convention of
Definition 1.22. Whenever there is a group action on a C*-algebra, it will always be
assumed to be strongly continuous.

Example 1.23. Assume X is a space with a continuous action of a group G, i.e. the map
GxX—>XxX (g,z) — (x,g7)

is continuous. Then the action of G induces a strongly continuous action of G on Cy(X)
by
(9f)(@) = (g~ ). (1.5)

Definition 1.24. A G-C*-algebra or a C*-dynamical system (A, ), is a C*-algebra A
together with a strongly continuous action o : G — Aut(A) of a group G.
A morphism of G-C*-algebras

¢:(Aa) = (B,f)

is a morphism of C*-algebras

¢p:A— B
that commutes with the action of GG, that is,
P(ag(a)) = By(d(a)).
Similar to Definition 1.12, we have the following:
Definition 1.25. A short exact sequence
0—+B—->FE—>A—-0

of G-C*-algebras, where each map commutes with the group action, is called an equivariant
extension of G-C*-algebras.
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We will often write A for a G-C*-algebra (A, «), when the action is clear from the
context.

Example 1.26. Let G be a group. A unitary representation of G is a continuous group
homomorphism

¢:G—=UBH))  ¢g):=U,

from G to the group of unitaries on a Hilbert space H. We get a strongly continuous action
on B(H) and K(H) by
ay(T) :==U,TU,.

for T'e B(H) or T' € K(H) respectively.

Definition 1.27. A function f: G — A is called compactly supported if

supp(f) :={9€ G | f(g) #0} CG

is compact. The set C.(G, A) of compactly supported A-valued functions admits the struc-
ture of an algebra over C with respect to the operations given, for any f,h € C.(G, A),
by

o (f+h)(g)=f(g)+Nlg)
o (fxh)(g9) = [gf(s)as(h(s™ g))ds.

where the integral is the (Bochner) integral with respect to the Haar measure ds on G. The
product x : C.(G, A) = C.(G, A) is called the convolution product. We can also define an
involution on C.(G, A) by

o [*(9) = ay(f(g71)")
turning C.(G, A) into a x-algebra.

The natural substitute for representations of C.(G, A) are the integrated forms of co-
variant representations. Let us go through the definitions.

Definition 1.28. A covariant representation (or covariant pair) for a G-C*-algebra (A, a)
is a pair (7, u) where

m:A— B(H)
is a non-degenerate representation of A, and
u:G— U(H) g ug
is a unitary representation (Example 1.26) of G satisfying the so called covariance relation:

m(ag(a)) = ugm(a)uy. (1.6)
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Given a covariant representation of a G-C*-algebra (A, a) there is a natural way to
induce a *-preserving algebra homomorphism of C.(G, A) on B(H) called the integrated
form of (¢, u).

Definition 1.29. Given a covariant representation (7,u) of (A, «), the integrated form is
the representation
Txu:C.(G,A) — B(H)

given for an f € C.(G, A) by the Bochner integral

(mxu)(f):= /eG m(f(s))usds.

The operator (7 xu)(f) := [, ., 7(f(s))usds is the unique operator in B(H) which acts
on a vector v € H by

v / ) o)

There may be no C*-norm on C.(G, A) but we can always find pre-C*-norms whose
completion give a C*-algebras (see Definition 1.1). We will now define the two most
common norms on C.(G, A), denoted by || - ||, and || - ||

Recall that the left regular representation of G is the unitary representation

MG = ULAG) g

where

N = fg™')  forall f € L*(G).

We define L?(G, H) to be the Hilbert space completion of C.(G, H) with respect to the
inner product

(f. Y = /G (F(9).h(g))dg  (f.h € Cu(G, H))

where dg denotes the Haar measure on G (see [54, Appendix 1.4]). Let 7 : A — B(H) be
any faithful non-degenerate representation of our C*-algebra A, then we can extend 7 to
a representation 7 : A — B(L%*(G, H)) given by

7(a)(h)(g) == m(ay-1(a))h(g) ac€ Ahc B(Lz(G,A)),g eq.
A long, but simple computation will show that the pair (7, \) is a covariant pair for (A, «).

Definition 1.30. The reqular representation of a G-C*-algebra is the integrated form of
the covariant pair (7, ). That is, it is the representation

7x\:C.(G, A) — B(L*(G, H))
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given for any f € C.(G, A), h € L*(G,A) and g € G by

(& % N (F)(B)(g) = / (a1 (£()))h(g~s)ds.

G

Definition 1.31. The reduced crossed product of a C*-dynamical system (A, «), is the
completion of C.(G, A) with respect to the norm

[fllr =17 AAON e CelG, A).
The completion of C.(G, A) is denoted
Axp oG or A, G.

Definition 1.32. The mazimal or universal crossed product is the completion of C.(G, A)
with respect to the norm

1£I}:= sup [l > u(f)]

(m,u)

where (7, u) runs over all covariant representations of (A, ). The completion of C.(G, A)
is denoted
Ax, G or AxG.

We refer the reader to the book of Williams [54] for the proof that these are indeed
pre-C*-norms on C.(G, A) satisfying the C*-identity (eq. (1.1)). For crossed products by
discrete groups the book of Phillips [46] is also recommended.

Let us state the following property showing the maximality of the universal C*-norm
among all “sensible” norms on C.(G, A):

Lemma 1.33. Let || - ||z be a pre-C*-norm on C.(G, A) given by a representation of
mt: Ce(G,A) - B(H)

which is norm-decreasing with respect to the L' norm on C.(G, A) i.e. the norm

I = | [ s starauta)|
Then for all f € C.(G, A) we have || f|: < || f]]
Proof. The assertion follows from [54, Corollary 2.46]. O

The reduced crossed product is in general not the minimal pre-C*-norm on C.(G, A),
however.
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Example 1.34 (Group C*-algebras). Let G be a group. Let id : G — C be the trivial G
action on C (i.e. the trivial representation of G) id(g) = 1 for all g € G. Then the crossed

product
Cr(G) =Cxpq G

is called the reduced group C*-algebra of G (see [54, Example 7.9]), while
C*(G) =Cx;q G
is the (full) group C*-algebra of G (see [54, Example 2.33]).

Both the reduced and universal crossed product C*-algebras retain some information
about the underlying dynamical system. In general, however, one loses information about
the underlying dynamics when passing to the associated crossed product C*-algebra, as
there are several examples of isomorphic crossed product C*-algebras arising from vastly
different topological dynamical systems (Cp(X), ) (see [45] for several examples of this).

1.3 Exactness of the reduced crossed product functor

Given an equivariant morphism ¢ : A — B of two G-C*-algebras, we can define a map

o Cc(Gv A) — Cc(Gv B) ¢(f)(g) = ¢(f(g)) (1'7)

which induces maps

p:AxG— BxG ¢: Ax,G— Bx,G.

The equivariance of ¢ makes the induced maps a *-homomorphism of the crossed products
C*-algebras. A natural question is: Under which conditions an extension of G-C*-algebras

0—+B—-F—-A—=0

gives us an extension of the associated crossed product C*-algebras

0— B N(r),ﬁ G—F XI(T)KY G— A X(T)@ G?

Definition 1.35. A group G is called ezact (or C*-exact) if for any extension of G-C*-
algebras
0—-I—-A—A/I—=0

the associated sequence of reduced crossed products
0=1x,G—>Ax,G— (A/]) %, G—=0

is also exact, i.e., — X, G is an exact functor on the category of G-C*-algebras with
equivariant morphisms.
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It is known that the full crossed product functor — x GG is always an exact functor for
any group G.

Some authors call G exact if CX(G) is an exact C*-algebra, which amounts to the
minimal tensor product functor — ® C(G) being exact (Definition 1.15). In general this
is weaker than our definition, but we will see the two definitions agree for discrete groups.
Here are some of the main theorems regarding exactness of groups:

Theorem 1.36 ([19, Theorem 6]). Let K be a field, n > 1 a positive integer and G C
GL,(K) any discrete subgroup. Then the reduced group C*-algebra C}(G) is exact.

It turns out that if ' is any discrete group we have
Cr(T) is an exact C*-algebra < — X, I' is an exact functor

The implication < is always true for any locally compact group since if I' acts trivially
on a C*-algebra A, then A %, I' ~ A @i, C;(T"). The other direction is proved in [31,
Theorem 5.2]. Hence we have the following

Theorem 1.37 ([31, Theorem 5.2] ). If K is any field and T' any discrete linear subgroup
of GL,,(K) then the functor
— X, I

1S exact.

The authors of [31] prove this theorem by proving the following, slightly stronger state-
ment: For any discrete group I' and a I'-equivariant extension 0 - B — E — A — 0 the
sequence

0—-Bx, ' FEx, ' >Ax.T—=0 (1.8)

is exact if and only if the sequence

0 (BxD)@CHT) > (ExT) @ CHT) = (AxT)®@CHT) — 0 (1.9)

is exact. This gives us a way to determine if a sequence of crossed products is exact even
in cases where the functor — x,. I' is not exact. Before listing some of these cases, we will
need the following definition:

Definition 1.38 ([11, Definition 4.3.5] ). An action of a discrete group I' on a compact
space X is called amenable if there exists a net of weak*-continuous maps

m; : X — Prob(T") x = my

such that for each s € T’

lim sup [|s,mf —m§®[; = 0
1—00 reX

where the norm is given for a measure u € Prob(T") by

il = ()]

vyel
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Any action of an amenable group on a compact space X is amenable in the sense of Def-
inition 1.38, but there are plenty of amenable actions by non-amenable groups. Amenable
actions on a compact space X induce strongly continuous group actions on C'(X ), and there
is a similar notion of amenability on the C*-algebraic level, though they become quite tech-
nical. We refer the interested reader to [11] section 4.5 for arbitrary unital C*-algebras and
discrete groups. For us the following will suffice as our definition

Proposition 1.39. Let T be a discrete group and A a nuclear T'-C*-algebra. Then the
action of I on A is amenable if and only if

Ax,T
18 nuclear.

We are mostly interested in amenable actions due to the following theorem:

Theorem 1.40 ([11, Theorem 4.3.4] ). Let A be any C*-algebra and T' a discrete group
acting amenably on A. Then

Ax, I'=AxT.

So in case the action of I' is amenable there is a unique pre-C*-norm on C.(G, A). Let
us see an example of amenable actions

Example 1.41. Let G be a unimodular Lie group and I' C G a discrete subgroup with
I'\G of finite volume with respect to the restricted Haar measure of G. Let H C G be a
closed subgroup. Then the action of I' on G/H is amenable if and only if H is amenable.
If T is an arbitrary discrete subgroup of G then the action of I' on G/H is amenable if H
is amenable (see [55, Corollary 4.3.7]).

As a special case of this, if G is a connected semisimple Lie group with finite center
and maximal compact subgroup K, I' C G a lattice (meaning I'\G has finite volume) and
P C G is a parabolic subgroup (Definition 2.47), then the action of I' on G/P is amenable
if and only if P is a minimal parabolic subgroup (as these are the only amenable parabolic
subgroups of G).

We will now list a few of the cases where the sequence of equation (1.8) is exact in the
next lemma.

Lemma 1.42. For T' any discrete group, the sequence (1.8) is exact in the following cases
1. The action of T is amenable on all C*-algebras in the sequence.
2. A is nuclear and the action of I' on A is amenable.
3. There is a unique C*-norm on the algebraic tensor product A xI' ® C}(T).

4. The sequence 0 = BxT' — ExT'— AxT — 0 is locally split (or semisplit).
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5. The sequence 0 — B — E — A — 0 is locally split by I'-equivariant maps (or
equivariantly semisplit).

Proof. Case 1) follows from the fact that for any I'-C*-algebra B with an amenable T’
action we have B x,, ' = B x I', and — x I' is an exact functor.

Case 2): The conditions assure that the crossed product A x I' is nuclear, hence the
claim follows from Case 3 above.

Note that B x I' is nuclear always implies that B is nuclear. If the action is amenable,
the converse also holds. For transformation groupoids given by the action of a discrete
group on a locally compact Hausdorff space, Theorem 3.5 of [2] A %, I" is nuclear if and
only if the action of I' is amenable.

Case 3) follows from the correspondence of the sequences (1.8) and (1.9) and Corollary
3.7.3 [11], which states that the sequence

0—>B®D—-FE®D—>A®D —0

is exact if the algebraic tensor product A ® D admits a unique C*-norm, which happens
for instance when either A or D are nuclear.

Case 4) If the sequence 0 - B - F — A — 0 is locally split (or semisplit), then by
Proposition 3.7.6 of [11] the sequence

0—-B®D—-E®RD—=ARD—=0

is exact for any C*-algebra D.

Case 5) If the sequence 0 - B — EF — A — 0 is equivariantly locally split/semisplit,
then the sequence 0 — I'xI' - AXI' — (A/I)xI" — 0 is locally split/semisplit respectively,
so we can use Case 4). O

1.4 Hilbert C*-modules

If we think of C as a C*-algebra, a complex Hilbert space H is nothing but a special module
over the C*-algebra C with an inner product taking values in C. The next definition is a
natural generalization of the notion of Hilbert spaces where C is replaced by an arbitrary
C*-algebra -

Definition 1.43 ( [34] p. 2). A right pre-Hilbert A-module, is a (complex) linear space
H, with a right A-module structure, together with a map (—, —) : H x H — A satisfying

1. Mza) = (A\r)a = x(Xa) for allz € H, a € A and X € C,

2. (z,ay + Bz) = alx,y) + Bz, z) for all z,y,z € H, and all o, B € C,
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3. (x,ya) = (x,y)a for z,y € H and all a € A,

4. (z,y)* = (y,x) for all z,y € H,
5. (z,z) > 0; and (z,2) =0=x=0forall x € H,
If H is complete with respect to the norm
] = [[(z, )|/
it is called a right Hilbert A-module.

It should be clear that Definition 1.43 is modelled on the definition Hilbert spaces, in
fact since C is a C*-algebra, it is easy to show that

Example 1.44. A right Hilbert C-module is a Hilbert space.

The analogy between Hilbert spaces and right Hilbert C*-modules is not perfect though.
Recall that for a Hilbert space H, any bounded linear map T : H — H has an adjoint,
meaning there is a map 1% : H — H satisfying

(T'(x),y) = (=, T"(y))

for all z,y € H. The map T™ is uniquely determined and automatically linear and bounded
if T'is. For Hilbert C*-modules we have a similar notion

Definition 1.45. Let H be a right Hilbert A-module. By an operator on H we mean a
bounded C-linear map L : H — H for which

L(za) = L(x)a for all z € H,a € A.

An operator L : H — H is called adjointable if there exists another operator L* such that
(L(x),y) = (x,L*(y)) for all x,y € H.

The set of adjointable operators on H are denoted L£L4(H) or L(H).

As Definition 1.45 would suggest, there can be non-adjointable operators on Hilbert
C*-modules. An example of non-adjointable operators can be found in [34, p. 8]. We have
the following:

Lemma 1.46 ([34] p.8). Let H be a Hilbert A-module. Then L(H) is a C*-algebra with
respect to the norm

[T := sup [T (z)] = sup sup {Tz, ). (1.10)

€ rxeH ye
[lzll=1 llzll=1|jy||=1
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We shall now look at a class of operators which are always adjointable

Definition 1.47. Let A be a C*-algebra and H be a Hilbert A-module (Definition 1.43).
The rank one operators are the operators of the form

Oy : H—H Ory(2) = x(y, 2) forall z€e H

where z,y € H. The compact operators in H, denoted K(H) is the closed linear span

K(H) := Span{f,, | x,y € H}
where the closure is taken with respect to the operator norm defined by eq. (1.10).

A little bit of work shows that for any =,y € H 60, , is adjointable with adjoint given
by
07y = Oy

It follows that K(H) C L(H).

Example 1.48. Let us look at a useful example of a Hilbert module. As a byproduct we
will get a concrete realization of the multiplier algebra defined in Example 1.3. Let A be
a C*-algebra. Define a map

(—,—):AxA— A (a,b) :=a*b, a,be A. (1.11)
This can be shown to be an A-valued inner product satisfying properties (1)-(4) of Defini-
tion 1.43 hence A is a pre-Hilbert module over itself. Completeness follows from complete-
ness of A using the C*-identity (Equation (1.1)):
Il a)|I'? = (all)'/? = Jal|-

So A is a Hilbert A-module with respect to the inner product of equation (1.11).
It turns out that if A is nonunital, we have

L(A)=M(A) and K(A)=A.

Example 1.49 ([34] p. 7). Let A be a unital C*-algebra and, B C A any C*-subalgebra
containing the unit of A. If H is a Hilbert A-module, let ¢ : A — B be a map satisfying

1. ¢|p = Idp;

2. ¢ is a contractive completely positive map (Definition 1.21);
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The map ¢ satisfying property (1) and (2) is called a conditional expectation from A to B.
By a result of Tomiyama ([11, Theorem 1.5.10]) if ¢ is contractive and satisfies property
(1), it is automatically completely positive and B-linear, meaning

¢(ab) = ¢(a)b foralla € A and b € B.

As in Example 1.48 we may treat A as a Hilbert A-module with inner product
(a1,a2) 4 := ajas

The Hilbert module A becomes a Hilbert B-module with respect to the B-valued inner
product

(z,y)B = o((x,y)4) z,y € H.

The complete positivity of ¢ is exactly what is needed to ensure that (—, —)p satisfies
property (5) of Definition 1.43, since if a; € H (i = 1,...,n) is any finite sequence of
elements in H, then

n

o1 O and a) | =>> ¢(aiay))
=1 j=1

i=1 j=1

which is is positive for all finite sums Y ;" | a; in A if and only if ¢ is completely positive
(see the proof of [34, Lemma 4.3(i)]).

1.5 K-theory

Operator K-theory is an example of what is called a generalized homology theory on
C*-algebras extending the topological K-theory for compact topological spaces through
Gelfand duality. We will define both operator K-theory and (compactly supported) topo-
logical K-theory in this section and return to this material later when we introduce equiv-
ariant KK-theory in the next section. Let us start with topological K-theory.

As previously, X denotes a locally compact Hausdorff space, and all vector bundles will
be assumed to be complex and of finite rank. Additionally we will assume any vector bundle
m: F — X to be trivial outside a compact set. Note that saying that a bundle £ — X
on a locally compact but noncompact Hausdorff space X is trivial outside a compact set,
is equivalent to saying that E is the restriction of a bundle E* :— X U {oco} on the one
point compactification of X.

We denote by e” = X x C" the trivial bundle of rank n over X.

Definition 1.50. We define the Whitney sum of two vector bundles ; : E; — X (i = 1,2)
to be the vector bundle

Ey @ Ey :={(v1,v2,2) € E1 X Ey x X | m(v1) = me(v2) = x}
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Definition 1.51 ([22] p. 39). Two vector bundles E; — X (i = 1,2) are called stably
isomorphic, denoted E71 >~ Fo, if there is a trivial vector bundle ¢” — X such that

BEi1®e" =FEy®e™

Definition 1.52. Given a bundle 7 : E — X over X and a continuous map f:Y — X,
the pullback of E by f is the bundle

ffE—=Y

with total space
FTE={(v,y) e E®Y | f(y) =m(v)}
and bundle map (f*m) : f*E — Y given by projection onto the second factor.

It should be clear that the pullback of a bundle preserves the rank of the bundle, and
that the pullback of a trivial bundle is trivial. We also have the that for any set O C Y
and continuous map ¢ : X — Y and bundle £ — Y, we have ¢*(E|o) = (¢"E)|4-1(0)-
Combined, these three properties give us the following:

Lemma 1.53. Let 7 : E — X be a bundle, and K C X a compact subset such that the
restrictiont|x\g : Elx\x — X\K is trivial. Let ¢ : Y — X be a proper map. Then ¢*E
1s trivial outside a compact set in'Y .

Denote by [E] and [E’] the stable isomorphism class of the bundles F and E’ re-
spectively. Then the equivalence class of their sum [E @ E’] only depends on the stable
isomorphism class of E and E’, so we may define an operation on the collection of stable

isomorphism classes by
[E]® [E] = [E® E].

Denote by V(X)) the collection of all stable isomorphism classes of bundles over X. This
is an abelian semigroup with respect to Whitney sums, and the class [¢°] (the rank-zero
bundle) is the zero element

The next proposition has important consequences for the theory, and is one of the
reasons we restrict our attention to vector bundles that are trivial outside a compact set.

Proposition 1.54 ([42, Proposition 1.7.9] ). If X is compact, then any vector bundle over
X is a subbundle of a trivial bundle e for some n. Equivalently, for any bundle £ — X,
there is a bundle E' — X, and n € N such that

EQE =¢€".

One consequence of Proposition 1.54 is that the semigroup V' (X) has the cancellation
property, meaning
[E1] @ [Eb] = [En] @ [E3] = [Ea] = [E3]
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since we may add a bundle E] to each side for which E] @ E; = e™ for some m.
Knowing this, we can form the Grothendieck group Gr(V (X)) as the collection of formal
differences
{[E1] = [Eo] | [Ei] € V(X)}/ ~

with addition defined by ([E1]—[E2])+([E}]|—[F%]) := ([E1® E}|—[E2® EY]) and identifying
elements
[B1] — [Ea] ~ [EY] — [Eo] & [E1 © By) = [Eq & By,

Definition 1.55. The (unreduced compactly supported complex) topological K-theory
group of X is defined to be
KY(X) := Gr(V(X)).

Now, to steer things towards operator K-theory, assume that X is compact, so that
Co(X)=C(X) and let
M« (C) = lim M,(C)

be the algebraic direct limit of n x n-matrices with complex coefficients and connecting
morphisms

M, (C) — Myp4+1(C) x — diag(z, 0).

The Serre-Swan theorem tells us that there is a 1-1 correspondence between isomorphism
classes of complex vector bundles on X and homotopy classes of projection valued contin-
uous maps X — My (C) (see [26, Section 4.1]).

The Whitney sum of two projection valued functions p,p’ € C(X, M (C)) is given by

p®p = diag(p,p’),

i.e. by the block diagonal matrix with entries p and p’ along the diagonal. The sta-
ble equivalence relations of vector bundles translate to certain equivalence relations the
corresponding projection valued functions, which produces a semigroup under addition.
Taking the Grothendieck group gives us the operator K-theory groups for C'(X), denoted
Ko(C(X)) which agrees with K°(X).

With this example in mind, let A be an arbitrary unital C*-algebra and consider the
projections in the algebraic direct limit

C(A, My (C)) = Mx(A) = linlgI M, (A),
ne
where the connecting morphisms are simply the maps
M, (A) = M,41(A) M—Ma®0

given by padding a matrix in M,, with zeros. Recall that an element in M, is represented
by some element in M, (A) for some n € N (see Example 1.6). For any two elements in
p,q € My (A) we define their sum p @ ¢ to be the block diagonal matrix diag(p, q).
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Projections in My (A) are, as for C*-algebras, the elements p € My (A) for which
p=p’=p"
We are now ready to define the equivalence relation:

Definition 1.56. Two projections p,q € My (A) are called equivalent, denoted p ~ ¢, if
there is a rectangular A valued matrix v such that

p=v*v q = vv*.
Assuming A is unital, we define:

Definition 1.57. Two projections p,q € My (A) are called stably equivalent if there is an
n € N such that
In®p~1,Dq

where I, is the n x n-identity matrix.

Let V(A) be the collection of stable equivalence classes of projections in My (A). This
is a semigroup with the cancellation property, with respect to addition given by diagonal
concatenation of block matrices. We define, just as in the topological case:

Definition 1.58. Let A be a unital C*-algebra, then the K-theory group of A is
Ko(A) = Gr(V(A)).
If A is nonunital, then we define
Ko(A) = Ker(1y : Ko(AT) = Ko(C) = Z)

where + : AT — C is the canonical unital *~homomorphism from the unitization of A.

Bott periodicity and the six—term exact sequence of K-theory
Definition 1.59. Let A be a C*-algebra. The suspension of A is the C*-algebra
SA:=Cy(R,A)

of continuous functions from R to A vanishing at infinity. Similarly, we denote then n-fold
suspension by

S"A == Cy(R", A).

For a *-homomorphism ¢ : A — B we define the mapping cone of ¢ to be

Oy :={(a, f) € A® C([0,1], B) | f(0) = ¢(a), f(1) = 0}.



1.5. K-THEORY 33

We define higher K-groups as follows
Definition 1.60. Let A be any C*-algebra, then for n € N define
K,(A) = Ko(S"A).

Let us go through some of the basic properties of the K;(A)-groups, starting with
functoriality: If
¢p:A— B

is a *-~homomorphism, we get a morphism of the associated matrix C*-algebras
Mn(A) = Mn(B)  (aij) = (¢(aiy))-
This gives us a map

¢ V(S"A) = V(S"B)  olp] == [6(p)]

which can be shown to commute with addition, so by the universal properties of the
Grothendieck group induces a map

¢x : Kp(A) — K, (B).
Hence we have the following
Proposition 1.61. For any n € N, the assignment
A— Ky(A)
is a functor from the category of C*-algebras to the category of abelian groups.

Next, let us state the following fundamental theorem

Proposition 1.62 (Bott periodicity [41, Theorem 7.5.1 7). For any C*-algebra A there
s an isomorphism

Let us see what the K-theory functor does to extensions of C*-algebras

Theorem 1.63 ([41, Theorem 7.5.18]). Given an extension
0=BSEL A0

of C*-algebra, we have a 6-term exact sequence of K-groups:
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Ko(B) —— Ko(E) —— Ko(A)

aT la

Ki(A) «5— Ki(E) < — Ki(B)

The maps p, and ¢, are induced by functoriality of K;. Let us see how the maps 0,
called the connecting morphisms, are constructed in [41]. Let

0-BSE%H A0
be an extension of C*-algebras. We have natural maps
j:B—=C, k:SA— C,

to the mapping cone of p (Definition 1.59) where j(b) = (¢(b),0) and k(f) = (0, f) are
the inclusion maps. It is shown in [41, Lemma 7.5.12] that j, : Ko(B) — Ko(Cp) is an
isomorphism. We now define the connecting map to be

0= (ju) ki : Ko(SA) = K1(A) — Ko(B)
Using a similar construction for the extension
0—>SB—SE—SA—0
and Bott periodicity obtain the map

1.6 Equivariant extensions and KK-theory

The interplay between extensions of C*-algebras and K-homology dates back to the now
classical work of Brown, Douglas and Fillmore (][9], [10]) where the authors, motivated by
the study of essentially normal operators, set out to classify extensions of the form

0-K—-FE—-C(X)—0

where K := K(I?(Z)) are the compact operators on a separable infinite dimensional Hilbert
space. By what seems a coincidence the Ext-group they defined turned out to be isomorphic
to the K-homology of the space X, that is the abstract homology theory dual to topological
K-theory defined in the previous section. The definition of the Ext-group was later extended
to include extensions of the form

0—-K—=F—=>A4—0
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for arbitrary stable C*-algebras A (see Definition 1.18) at the expense of making Ext a
semigroup. Voiculescu then showed [52] that if A is separable, the semigroup is actually a
monoid (i.e. has a zero element) with unit the class of any split extension. The invertible
elements of Ext(A) were later characterized by Arveson in [3] (see also [27, Theorem 3.2.9])
as those extensions for which the associated “Busby invariant” (Def. 1.69) map ¢ : A —
Q(B) lifts to a completely positive contractive map 1 : A — M (B), which is easily proved
to be equivalent to having a completely positive contractive splitting of the quotient map
in the extension. This is automatic if A is nuclear, by the lifting theorem of Choi and
Effros [12].

The theory was greatly generalized by Kasparov in [29] and later in [30] laying the
foundations of KK-theory, the bivariant K-theory which bears his name. A new semigroup
Ext(A, B) was defined which extends the definition of Ext(A) to extensions of the form

0—+-B—-F—-A—0

so Ext(A) = Ext(K, A). Kasparov then proved using his generalized Stinespring dilation
theorem, that

KK, (A, B) = KK(SA, B) = Ext(A, B)°

where Ext(A, B)? denotes the subgroup of Ext(4, B) of invertible elements and SA =
C(0,1)®A is the suspension of A. The group KK-groups introduced by Kasparov generalize
K-theory and its dual theory K-homology in the sense that (assuming A is separable)

KK(C, A) = Ko(A)  KK(A,C) = K°(A).

The isomorphism uses the characterization of invertible elements in Ext(A, B) given by
the existence of a completely positive splitting ¢ : A — E of the quotient map p: £ — A of
the extension. The splitting also gives a concrete realization of the KK!-cycle representing
the extension.

Parallel to this, a theory of equivariant extensions and equivariant KK-theory emerged.
The equivariant KK-groups were defined by Kasparov in [30], but it was not linked to
an equivariant Ext-group. The equivariant version of the Ext-semigroup was defined in
[51] which also gave a characterization of invertibility of elements by means of equivariant
completely positive splittings, and proved an isomorphism

Extg(A, B)? ~ KK (A, B)

just as in the non-equivariant case, but this time we need B to be equivariantly Kg :=
K(6D,,en L?(G))-stable rather than just K-stable. We will focus entirely on the equivariant
side of the story here, but the non-equivariant case can always be recovered by setting

G = {0}.
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1.6.1 Equivariant KK-theory

Let us start by recalling the definition of equivariant K K-theory, and the equivariant
extension semigroup Extq. For a good reference to KK-theory see for instance [5] where
there is a short description on equivariant KK-theory in Chapter VIII.20. The book [27]
is also a good reference to KK-theory, which focuses heavily on extensions of C*-algebras,
but equivariant KK-theory is not covered.

Throughout this section G will denote a locally compact group and all C*-algebras will
be assumed to be separable, meaning they have a countable dense subset or equivalently,
can be represented on a Hilbert space with a countable basis. Recall that we call a C*-
algebra A a G-C*-algebra (Def. 1.24) if it is endowed with a strongly continuous action of
G, that is, an action for which the map

G— A g+ ag(a)

is continuous for all a € A, where ay € Aut(A) denotes the group action of g on A.
If (A, G, a) is a G-C*-algebra, a right Hilbert A-module will be assumed to also have a
group action satisfying the following compatibility conditions:

Definition 1.64 ([5, Definition 20.1.1] ). Let (4, G, a) be a G-C*-algebra. An equivariant
right Hilbert A-module is a right Hilbert A-module H (in the sense of Definition 1.43) with
an action of G by bounded invertible linear transformations for which

G—R g |(gz,gz)| (1.12)

is continuous and
g(wa) = (gr)ay(a).

From now on, any Hilbert module over a G-C*-algebra, will be assumed to be equiv-
ariant.

An action of G on H satisfying equation (1.12) is called a continuous G-action. As in
the case of Hilbert spaces, an action of G on H induces an action of G on the adjointable
operators L(H) by (¢T)(x) = ¢gT'(g~ '), which is not in general continuous with respect
to the operator topology on L(H), just strictly continuous, i.e. for each x € H the map
g — (¢gT)(x) is continuous.

Definition 1.65 ([5] Definition 20.1.2). An operator T' € L(H) for which g — ¢T is
operator norm-continuous is called a G-continuous operator.

We are now ready to define equivariant Kasparov modules:

Definition 1.66 ([5, Definition 20.2.1] ). An odd Kasparov G-module for the G-algebras
(A, B) is a triple (H, ¢, F') where H is a countably generated (equivariant) right Hilbert
B-module with a continuous action of G, ¢ : A — L(H) is an equivariant *-homomorphism
and F' € L(H) is G-continuous operator such that
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o [F¢(a)] € K(H)

o (F?

(F* = 1)¢(a) € K(H)
o (F*—F)¢(a) € K(H)
o (9F — F)¢(a) € K(H)
foralla € A and g € G.

An equivariant Kasparov module is call degenerate if we have

[F.é(a)] = (F? = 1)¢(a) = (F* — F)¢(a) = (gF — F)¢(a) = 0.

The set of degenerate Kasparov G-modules will be denoted by D (A, B).

Given a Kasparov G-module (H, ¢, F) for (A, B), let f4:C — A and f8: B — D be
two equivariant *-homomorphisms. Then the pullback of (H, ¢, F) by fa is a Kasparov
G-module for (C, B) given by

fa(H,¢,F) = (H,po fa, F).
Similarly, the pushforward of (H, ¢, F) by f? is a Kasparov G-module over (A, D) given
by
fP(H,6,F)=(H@pD,¢®1,F®1)
Two Kasparov G-modules (Hy, ¢1, F1), (Ha, ¢2, F») for (A, B) are said to be unitarily
equivalent, denoted by (Hy, ¢1, F1) =~ (Ha, ¢2, F»), if there is a unitary v € L(Hp, Ha)

intertwining the action Qf Q, ¢; and F;. They are said to be homotopic if there is a
Kasparov G-module (H, ¢, F') for (A, C([0,1], B)) such that

(evo)w(H,d, F) ~y (H,¢,F)  and  (ev))«(H,p, F) ~, (H', ¢, F'),

where ev; : C([0,1], B) — B is the evaluation at t. We can add two Kasparov modules,
just as in the non-equivariant case, by defining

(H.¢,F)& (H,¢',\F):=HeH,¢& ¢, FOF) (1.13)

The collection of all Kasparov G-modules for (A, B) becomes an abelian semigroup with
respect to addition. We denote this semigroup by Eg(A, B). Finally

Definition 1.67. Denote by KK} (A, B) the quotient of Eg(A, B) by the relation of ho-
motopy equivalence.

Proposition 1.68 ([5, Proposition 20.2.3] ). KK} (A, B) is an abelian group with respect
to addition given on Kasparov modules by eq. (1.13).
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Next, let us define the equivariant extension group Extg (A, B) following [51]. An
extension of G-C*-algebras
0+BLHEL A0

is called an equivariant extension of B by A if both + and p are equivariant, though some
authors prefer to call this an equivariant extension of A by B. For ease of notation we will
refer to the extensions by its middle algebra and write (E). Two G-extensions (F) and
(E') of B by A are said to be isomorphic if there is a x-homomorphism E — E’ such that
the following diagram commutes:

0 B E A s 0
0 B E' A > 0.

The homomorphism E — E’ is then necessarily an equivariant *-isomorphism ([51]
Theorem 2.2). As with non-equivariant extensions, there is a 1 to 1 correspondence between
isomorphism classes of G-extensions and elements in Homg (A, Q(B)), the set of equivariant
s-homomorphisms from A to the Corona algebra Q(B) = M (B)/B. The construction of
the extension associated with a given Busby map ¢ : A — Q(B), is given by the pullback
diagram

M(B) —*= Q(B)

where gp : M(B) — Q(B) is the quotient map and 7" and p are the canonical maps of the
pullback construction. Explicitly, we have

Ey ={(a,m) € A® M(B) | ¢(a) = qp(m)},

with p and T the projections onto the first and second factor respectively and the associated
extension being
0—=B—=FEy— A

where the inclusion B — E is induced by the inclusion of B — M (B).
Conversely, given a G-extension we associate to it a map ¢ : A — Q(B). To define ¢,
we need to first define the map T : F — M (B) which is given implicitly by the equation

(T (e)b) = eu(b).

The injectivity of ¢ ensures T is uniquely determined.
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The map T restricts to the identity on B, since for any b,b’ € B we have
(T(e(6))b) = o(t/)e(b) = (VD).

So T(¢(b')) acts by left multiplication by o on B in M(B), which is exactly how ¥ is
imbedded into M(B). Given any splitting s (not necessarily linear) of p : E — A, we
define:

Definition 1.69. The Busby map for the extension (F) is the map
p=gpoTos.

To see that ¢ does not depend on the choice of splitting, assume s1, s5 : A — E are two
splittings of the quotient map p : E — A of the extension (E), that is po s; = id4. We
have that for any a € A p(s1(a) — s2(a)) = 0, hence s1(a) — s2(a) € ¢(B). Thus

qggoT osi(a) —gpoTosz(a)=qp(T(s1(a) — s2(a))) =0

since T'(¢(B)) is contained in B C M (B). Two G-extensions are called unitarily equivalent
if there is a unitary u € M(B) with gu —u € B for all g € G and a *-homomorphism
E — E' such that the following diagram commutes

0 > B E > A > 0
o L]
0 » B > B/ > A > 0

The map E — E’ is necessarily an isomorphism, but need not be equivariant. In what
follows we use ~, to indicate unitary equivalence of extensions. The next lemma shows
what this amounts to at the level of Busby maps

Lemma 1.70. Given two equivariant *-homomorphisms

i € Homg(A, Q(B))

their extensions (Eg,) (i = 1,2) are unitarily equivalent if and only if there is a u € M(B)
such that

* 9q5(u) = qg(u) for all g € G;
o Ad(u)o ¢1 = ¢2.
Proof. Assume u € M(B) is as in the Lemma. We have
Ei:= Ey, = {(a,m) € A® M(B) | $i(a) = qp(m)}

but ¢(a) = qp(m) & P(a) = Ady,w)(ge(m)) = qp(Ady(m)) hence the map id & Ady, :
A® M(B) — A® M(B) restricts to an isomorphism E; — E3 which makes the following
diagram commute
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0 > B > F A > 0
po ]
0 > B > B A > 0

Conversely, assume the above diagram commutes for some v € M(B) and an arbitrary
isomorphism f : Fy — Es. Using the implicit definition of the maps T; : E; — M(B):
(Ti(e)b) = e (b)

substituting ¢; = f o 15 0 Ady~ the left hand side becomes

11(T1(e)b) = (f o 12)(Ady=(T1(e))Ady= (b)),

while the right hand side reads

et (b) = f o w2(Ta(f~" (e)) Adu (b)).

Putting these together gives us

Tyof = Ad,oTs.

Let s1 : A — E7 be any splitting of the quotient maps p; : £1 — A. The map s5 = fosy,
is then a splitting for po and the Busby map thus related by

(Z)l =qpo T1 o 81
=qpo(Ad,oTro f)o(foss)
= qp o (Ady 0 Ty 0 s2)
= AdQB(U) o(qgpoTrosy) = Aqu(u) ° ¢2

Finally, for a unitary u € M(B) we have gu —u € B if and only if g¢p(u) = gp(u),
which concludes the proof. O

Remark 1.71. Since gp(u) is a unitary in Q(B), the reader may wonder why we did
not simply pick a unitary in Q(B) when defining unitary equivalence. There is nothing
seriously wrong with this approach, but the resulting Ext-groups (to be defined shortly)
have been less used in practice.

More precisely, if in the definition of unitary equivalence we pick an invariant unitary
u € Q(B) rather than one in M(B) we get what is called “weak” unitary equivalence in
[5], and another Extg group that does not agree with the usual Extg-group of Definition
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1.72 (see for instance [15] section V.6 for an example using the Cuntz algebra in the non-
equivariant case). The reason they differ boils down to the fact that not all unitaries in
Q(B) can be lifted to unitaries in M (B).

To define addition of two extensions, we will need to make some extra assumptions on
the algebra B. We need to assume B is stable (Def. 1.18), i.e. that there is a *-isomorphism

B~B®K

where K has the trivial G-action. Assuming B is stable, let (E;) (i = 1,2) be two G-
extensions of B by A. Then we define their sum to be the extension

0= MyB) S5 ES A0

~  Jlet b
2= ¢

the quotient map is given by

where

ei € E;, by € B, pi(er) =p2(62)}

. e1r b
P=p1Dp2: [bl 1] — pi(er)
2 €2

and the inclusion 7 is the obvious one. This is an extension of B by A since when B is
stable we have My(B) ~ B . At the level of Busby invariants this additive structure takes
the form

oL@ da=¢
where

¢'(a) = Adg, () (#1(a)) + Adg, v, (P2(a))

for any choice of G-invariant isometries V; € M(B) with ViVj* + WLV5* = 1. To prove
the existence of such isometries, we use the fact that B is stable, since then we have an
imbedding M(K) ® M(B) C M(B ® K) ~ M(B) and any two isometries W; € M(K)
with Wi Wy + WoW5 give isometries V; = W; @ 1 € M(K) ® M(B) C M(B) which are
G-invariant and satisfy ViV|" + VoVy" = 1.

Similar to the non-equivariant case, an extension (Ej) associated with the map ¢ €
Homg (A, Q(B)) is called degenerate if ¢ lifts to an equivariant *-homomorphism

$:A— M(B).

This is equivalent to the quotient map p : E — A being split by an equivariant x-
homomorphism. To see why, let s : A — FE be a splitting of p assumed without loss
of generality to be linear. Then

T(s(ad’) = s(a)s(a’)) = ¢(aa’) — $(a)d(a’) = 0.
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Hence s(aa’) — s(a)s(a’) € KerT. Now p(s(aa’) — s(a)s(a’)) = aa’ — aa’ = 0 hence
s(aa’) — s(a)s(a’) € KerT'N B,

but since T" acts as the identity on B, this means kerT'N B = {0} and so s is multiplicative.
The fact that s is *-preserving and equivariant can be proved similarly.

We can now define an equivalence relation on Homg (A, Q(B)) by saying ¢ ~ ¢ if and
only if there are degenerate *-homomorphisms ¢g, ¢ € Homg (A, Q(B)) such that*

¢ D do =y ¢ © .
Definition 1.72. The equivariant extension semigroup is defined as
Exta(A, B) = Homg (4, Q(B))/ ~
and Extg(A4, B)? denotes the subgroup of invertible elements in Extg(A, B).

As in the non-equivariant case, there is a way to characterize G-extensions which are
invertible using splittings. Let Kg := K(EP,,cyy L*(G)) with G acting diagonally by the
regular representation. Then we have

Theorem 1.73 ([51, Theorem 8.1] ). An extension
0>B®Keg—-FE—+A®Kg—0 (1.14)
is invertible if and only if the sequence
0-BRKeg®Keg - FEKg > AQKs®Kg — 0 (1.15)
obtained by tensoring everything with Kg, is equivariantly semisplit.

Clearly if the extension 0 - BRKg — E — A ® Kg — 0 is equivariantly semisplit in
the first place, by the equivariant completely positive map

$s:ARKg > F
then the sequence of equation (1.15) would also be equivariantly semisplit, by the map
s®id: ARKg®Ka - F®Kg
so being equivariantly semisplit after tensoring with K¢ is weaker than being equivariantly

semisplit.
We will need the following definition:

4This should be reminiscent of the way Kasparov’s KK-groups are defined as operator homotopy equiv-
alence classes of Kasparov modules modulo degenerate modules.
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Definition 1.74 ([51, Definition 9.1]). A G-C*-algebra B is called K-proper if for any
countably generated Hilbert B-module F with a continuous G-action, there is an isomor-
phism

E& (Bo LXG)®) ~ B LXG)*

as Hilbert B-modules, where

L(G)* =P IL*G)

neN
is the infinite sum of L?(G).

So a C*-algebra is K-proper if it satisfies an equivariant version of Kasparov’s stabiliza-
tion theorem. The definition is a generalization of proper actions on topological spaces, in
the sense that if B = Cy(X) for some locally compact Hausdorff proper G-space X, then
B is K-proper.

This is by no means the only candidate for a generalization of proper actions to G-C*-
algebras (see [48] [38], [30]). See also [37, Theorem 8.5 | for several equivalent definitions
of K-proper actions. We are now ready to state the main theorem of [51] which reads

Theorem 1.75 ([51] Theorem9.2). Assume A, B are G-C*-algebras with B K -proper.
Then
Extg(A, B®Kg)? ~ KK (A, B)

We will not repeat the proof here. However, in the next section we will see how to
assign a class to an equivariantly semisplit G-extension of commutative C*-algebras (see
Example 1.84). Commutative C*-algebras are very far from being stable though, so we
will first need make precise what it means for an equivariant KK-cycle to be “associated”
with an extension of non-separable and/or non K-proper C*-algebra. If

0-BLSEL A0

is a G-extension, then by tensoring everything with Kg we get a G-extension

0= BoKe % Eoke 2% A9 Ke — 0
which in turn gives an element in Ext¢(B®Kg, A®Kg)? = KK} (B, A). We refer to this
element as the class corresponding to the extension.

1.7 An example from harmonic analysis

We will now introduce an example, studied in [36], where classical harmonic analysis is
used to produce an equivariant completely positive splitting of an extension and a class in
equivariant K K-theory.

First, we will need to define the geodesic compactification of symmetric spaces of non-
positive curvature. Our main reference will be [16, Section 1.7]:
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Definition 1.76. A Hadamard manifold is a complete simply connected Riemannian man-
ifold with non-positive sectional curvature.

The important feature of Hadamard manifolds is the following:

Theorem 1.77 (Hadamard). For any Hadamard manifold X and any point xo € X, the
exponential map exp : T, X — X 1is a global diffeomorphism.

Let X be a Hadamard manifold of dimension n.

Definition 1.78. For each z € X and v € T, X, we denote by v;, : R — X the unique
geodesic in X with

Yzw(0) = and 73/6,1)(0) =v

The geodesic 7, , is called a directed geodesic (or a geodesic ray) centered at z in direction
.

Now fix a point g € X and write v, := 7z,,,. We define:

Definition 1.79 ([16, Section 1.27 1.7]). The geodesic boundary of X is defined to be
X(00) 1= {0 | o] = 1}
We topologize X (00) in such a way that the map
X (00) = S T, X, Yo U

is a homeomorphism, i.e. the pullback or weak topology induced by the map X (co) —
Sn—t,

For any open set U C X (00) ~ 8" ! € T,,, X and r > 0, define

SY ::< U 'yv(t)> uvU

vel t>r
which is a truncated cone of rays centered at zg in the direction of vectors in U.
Definition 1.80 ([16] Sec. 1.7). The geodesic compactification of X is (as a set) the
disjoint union
X = X U X(c0).

We endow X U X (co0) with the topology generated by the open sets of X together with
SU where U ranges over all open sets in S”~! and r over all positive numbers.
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The topology on X U X (00) given in Definition 1.80 is called the cone topology, and
makes X UX (co) homeomorphic to the closed n-ball, with X its interior points and X (co) ~
5™~ its boundary.

It is useful to have the following convergence criterion in mind: Given a sequence of
points (x;)ien in X, then z; — v € X(o0) if and only if d(z;,x9) — oo and the vector
v; € Ty, X pointing in the direction of the geodesic connecting ¢ and x; converges to v
in S"~! C T,,X. Thus for any geodesic ray 7, and any sequence of points z; € 7,(RT)
for which d(xg,z;) — oo, the sequence (z;);en converges in the geodesic compactification
to v € S"7! ~ X (00). Not all convergent sequences are of this form though, as there are
sequences z; € X such that z; — v € X(00), but d(z;,v,) := infy~o d(zi, 7, (t)) — oo as
17— 00.

There is another way to describe the points in X (co0), sometimes more convenient in
practice, which we will now define. Let

P={o|r€X,veS" CT,X}

be the set of all (unit speed) geodesic rays in X (Definition 1.78). Then define an equiva-
lence relation on P by

v~ & sup d(y(t),7'(t)) < oo (1.16)
teR+

We have the following lemma

Lemma 1.81 ( [16, Proposition 1.7.3] ). For any xo € X, the set P/ ~ is in bijection with
the geodesic rays of the form

Vao,w forve S" Ty X.

Example 1.82. It may be helpful to think of what Lemma 1.81 looks like when X is the
euclidean space R™. In this case the Lemma simply states that if v is any geodesic ray in
R, then ~ is parallel to a unique geodesic ray centered at 0. So Lemma 1.81 is an analogue
of Euclid’s parallel postulate® for Hadamard manifolds.

However, the case of R™ may leave the reader wondering why we use geodesic rays at
all, and not just geodesics. After all in R™ for two geodesics 7,7 : R — R™ (i.e. straight
lines) the conditions

sup d(v(t),7'(t)) < oo (1.17)
teRt

and
tselﬁg d(y(t),7'(t)) < o0 (1.18)

Swhich is equivalent to the statement that any straight line is parallel to a unique straight line through
a point
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and

sup d(y(t),7'(t)) < o0

teR
are all equivalent to the condition that d(y(t),~'(t)) is constant in ¢t. We mention that in
case the space X has negative curvature, there are geodesics which satisfy (1.17) but do not
satisfy (1.18), and that are not constant in ¢ in either direction. That is, there are geodesics
which are “parallel” in the positive direction, but diverge in the negative direction.

Under the bijection established by Lemma 1.81 the set P/ ~ inherits a topology from

X (00). It is thus possible to view X (00) as a quotient of the space of all geodesics in X.

One bonus of this description is that the G-action on X (00) is now simple to express. It is
just

gh’x,v] = Ygz,(dg)v> (119)

which is the image of +; , under the action of G on X.
With X any Riemannian space, we denote by Iso(X) its isometry group, and Iso(X)°
the connected component of the isometry group of X.

Proposition 1.83 ([16] p. 30). Any isometry ¢ : X — X extends to a homeomorphism
¢: X UX(00) = X UX(c0).

The extension makes X U X (00) a G = Iso(X)-space. The action of G on X (o) is given
by equation (1.19).

The case of the hyperbolic spaces Now assume X = H" is the real hyperbolic n-space.
Then H" is a Hadamard manifold, and thus we can define its geodesic compactification

Hr := H* U OH".

By Proposition 1.83, the isometry group G = Iso(H")? = SO°(1,n), acts on H" by home-
omorphisms that extend the isometric action of G on H".

Indeed if n = 2, then H? can be identified with the disk D € R? ~ C. An orientation
preserving isometry acts on H? by a M&bius transformation:

0 2 — A
619

Z > a €D, eR.

1—az

The Mobius actions act by homeomorphisms on the closed disk I but they are not
isometries with respect to the angular metric on S* unless a = 0. We then get an equivariant
extensions of G-C*-algebras

0— Co(H") & C(H") L C(oH™) — 0. (1.20)
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Let now T be a discrete torsion-free subgroup I' C G = Iso(H")? = SO(n, 1)°. Using
Theorem 1.37, we get an exact sequence of crossed products

0 — Co(H) 30, T 2 O(HT) », T L% C(9H™) %0, T — 0. (1.21)

By Theorem 1.63 this induces a six term exact sequence in K-theory:

Ko(Co(H") %, T) —— Ko(C(H?) %, T') —— Ko(C(JH) %, T)

o o

K1 (C(OH") %, T) +—— Ky(C(H") x, T) +—— K1(Co(H") x, T)

For any torsion free discrete subgroup I' of G, I' acts properly and freely on H"™ and it is
well known that this implies

Ki(Co(H) 30, T) = K;(Co(H"/T)).

In case I satisfies certain technical conditions, which are known to hold if I' is cocompact®,
we also have

Ki(C(H") », T') = K;(C}(I)).

Thus the K-theory of two interesting C*-algebras make their appearance in the above 6-
term sequence: One is the continuous functions on the space H"/T", which is a classifying
space for free and proper I' actions, the other is the reduced group C*-algebra of I" (see
Ex. 1.34) CX(I).
The extension of equation (1.20) is equipped with a completely positive equivariant
splitting
C(OH™) — C(H")

defined by integration against the Poisson kernel which for H"™ with the ball model takes
the form

1— 2
PiEUXOH' 3R P(o,6) = ‘?n (1.22)
l’ J—
where | — | is the euclidean distance. It is a well-known fact that all bounded harmonic

functions f on H™ which can be extended continuously to OH" can be written as an integral
fla)= [ PO,

for some function f € C(OH™). The assignment f — f has the following properties:

5The condition on I' we are tacitly requiring is that it should satisfy the Baum-Connes conjecture with
coefficients in C and C(H"). Then K (Co(H") %, T') = K!°"(T', Co(H")) = K!°P(I",C) = K;(C}(T)) where
the first and third equality follows from the Baum-Connes conjecture, and the second is the content of
Lemma 5 of [17]
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e The function f extends to the whole geodesic compactification H" and restricts to f
on OH" ~ §™~ 1.

e The map f — f is a G-equivariant completely positive splitting of the quotient map
q: C(H») — C(0H").

We saw in Section 1.6 how these equivariant semisplittings are used to determine if
the extension can be represented by a class in KK§(C(OH"), Co(H")). We will see later
in Chapter IV how to create a K Ké—cycle representing a G-equivariant extension using a
G-equivariant semisplitting. In the case of the extension of equation (1.20) however, we
can clearly construct the corresponding Kasparov module as follows:

Example 1.84. We repeat here the construction in Section 3.2 of [36]. Let G’ = Iso(H")" =
SO(1,n)? and write p, = P(z,—)dv for x € H", where dv is the Lebesgue measure on
OH" ~ S"~1. The family p, satisfies

Kgz = Gxlx, geG, xeH"

and p, varies continuously with z in the sense that if x; — x, then

_ f(u)dpe(v) = | f(0)dpa(v)
OH" OH"

for all f € C(0H"). Now define

TyH" = H" x oH .
The map

p:C.(THH") — C.(H), p(¥)(x) := /8 U(z,v)dpug (v)

H”L
is a conditional expectation, hence (see Example 1.49) we get a pre-Hilbert Cy(H")-module
structure on C.(T1H") given by the inner product

(f, ) @) =p(ff) (@), el f f €Ce(TiH").

Denote by L?(T{H", pa) co () the completion of C.(T1H™) with respect to this inner prod-
uct. As the notation suggests, we think of L?(T3H", ,U,m>CO(Hn) as sections of a continuous
field of Hilbert spaces (L?(C(0H™)), i), fibered over H", which vanish at infinity. We
also have an action of C(0H") on L?(T{H", pa)co(mny by adjointable operators, given by
multiplication:

(f-U)(z,v) = f(v)¥(x,v) f € C(OH), ¥ € C.(TyH").
Let p € £(L*(T\H", [ )zecy(En)) be the adjointable operator given by
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p(V)(z,v) = /\I’(x,w)dux(w).
OH"

It can be shown that p is a projection, i.e. that p* = p? = p. Moreover p commutes with

the action of G since

p(g®)(z,v) = V(g w, g7 w)dpg (w) = W(g 2, g~ w)dpe (w)

OH"
= (g ', w) (g7 )udpa(w) = U9~ ', w)dpy-1 (w) = g(p¥)(w, v).

The triple o
(L*(TVH", i) ¢ (samy, C(OH?), 2p — 1)

is an Kasparov G-module representing the class of extension (1.20) in KK (C/(9H™), Co(H™))
(see [36, Theorem 3.4]).

The space H" is an example of a symmetric space of noncompact type of rank 1. In
the next sections, we will discuss what happens when we try to extend the construction in
Example 1.84 to a larger class of spaces, namely the symmetric spaces of noncompact type
(of arbitrary rank).






