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Glossary

n Neutron.

p Proton.

~v Photon.

v Neutrino.

ACDM Standard Cosmological model.
Gnx Newtonian constant.

My Plank mass.

e/~ Positron/Electron.

BBN Big Bang Nucleosynthesis.
CMB Cosmic Microwave Background.

DoF Degree of Freedom.
dS de Sitter.

EOM Equation of Motion.
FLRW Friedmann-Lemaitre-Robertson-Walker.

GR General Relativity.
GUT Grand Unification Theory.
GWs Gravitational Waves.

IR Infrared.
LSS Large Scale Structures.

QCD Quantum Chromodynamics.
QED Quantum Electrodynamics.
QFT Quantum Field Theory.

RD Radiation Dominated.

SSB Spontaneous Symmetry Breaking.
SVT Scalar Vector Tensor (decomposition).

UV Ultraviolet.
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CHAPTER 1

Introduction

All quantities that can be extracted by experimental measurements and/or ob-
servations are called observables. Observables, are measured at some fixed temporal
and spatial location and involve either direct or indirect exchange of energy or
momentum among propagating degrees of freedom and a detector. Unfortunately,
however, it is not always the case that we can compute what we directly observe.
What we can actually compute, instead, are correlation functions; weighted aver-
ages of correlations of certain quantities in space and time. Thankfully, certain
observables can be expressed as the coincidence limit of correlation functions — the
limit at which correlations are evaluated at the same spacetime point — and/or their
derivatives. That said, in the coincidence limit of quantum field theory (QFT),
correlation functions contain by construction [217], ultra-violet (UV) divergent con-
tributions. In order to obtain well-defined coincidence limits, and by extension
physical correlation functions that can be translated observation, UV divergences
must be consistently reabsorbed through the renormalization procedure.

One of the most important correlation functions in physics, and especially in
cosmology, is the energy density. The energy density describes “how much energy”
there is at each point in spacetime, due to the matter fields living in it. One of
the most interesting contributions to the energy density content of the primordial
universe, is that of gravitational waves (GWs). Indeed, primordial GWs offer the
possibility of constraining epochs that are not accessible with electromagnetic sig-
nals and, considering the recent successful developments on GWs detection, the
possibility of opening this new window on the early universe is becoming more and
more realistic. Although there are numerous mechanisms that can produce them,
in this thesis we focus on GWs produced by the wvacuum; they are the tensorial
counterpart of primordial scalar quantum fluctuations that seeded galaxies. The
reason behind this choice is that, importantly, their renormalized energy density, is
connected to an observable, i.e., the measured abundance of the first light elements
produced in the radiation dominated phase of the universe. Consequently, this link
presents us with a promising pathway to constrain vacuum GWs without the need
for their direct detection.

However, as we already mentioned, in order exploit such connection, the corre-
lation function of interest, pgw, must be well-defined, and therefore renormalized.
In contrast, and as we shall delineate in more detail in chapters that follow, the



1.1 Big Bang cosmology

current state of the art for the energy density of vacuum GWs

A kov™ 1 1 11

Pev = 30nCn ( k. > 2ny (at)?’ (L.1)
is not the “finished product”; a well-defined quantity we can connect to observables.
Although the energy density in 1.1 may not appear to be divergent, the infinities
have been swept under the the rug of an arbitrary UV cutoff. And even though
kuv can in fact appear in intermediate steps of the renormalization procedure (e.g.,
during regularization), physically observable, i.e., fully renormalized, quantities do
not depend on such cutoffs.

In this thesis, by carefully renormalizing the divergences arising in computing
Pgw, We not only obtain a finite, regulator-independent result, but we also qual-
itatively change the interpretation of current constraints on vacuum GWs. Our
analysis reveals that vacuum GWs, by their very nature, only serve to renormal-
ize background quantities and do not enter as an additional effective radiation-like
species. We stress that a fundamental role in reaching this conclusion is played by
properly following trough the renormalization procedure, which is not a way to sweep
divergences under the rug by introducing a hard cutoff in divergent integrals. As we
will see in what follows, it is instead a well-defined recipe to absorb UV-divergent
contributions and extract meaningful physical predictions.

1.1 Big Bang cosmology

This section is intended as a non-technical introduction to motivate the study
of vacuum quantum tensor fluctuations, which is the main focus of this thesis. We
start by presenting the chronology of the evolution of the universe to contextualize
our work, we then review the foundations of the standard cosmological model and
we motivate why we expect the presence of vacuum quantum fluctuations in the
early stages of our universe.

1.1.1 Thermal history

The Big Bang theory describes the evolution of the universe as the cooling and
expansion of the initial plasma. In its very early stages the universe was a highly
dense and hot plasma made of relativistic particles forming a thermal bath. Before
entering into the details of the formalism used to describe the cosmological model,
we review the thermal history of the universe following Kolb and Turner in [134],
focusing on the earliest stages up to the dark age.

e Plank epoch (Time t corresponding to ¢t < 10%% s, temperature T corre-
sponding to T> 1032 K / T> 10'° GeV): in the Plank epoch, referring to the
first instants of cosmic time, currently established laws of physics may not
have applied and the evolution of the plasma is assumed to be dominated by
quantum effects of gravity.
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GUT (t < 10%¢ s, T> 10%° K / T> 10'6 GeV): during this earliest period
a number of spontaneous symmetry breaking (SSB) phase transitions take
place, which imply that the full symmetry of the theory is broken to a lower
symmetry. The first SSB corresponds to the grand unification phase transition
(GUT) after which the three forces of the Standard Model are not unified

anymore.

Inflation (t < 10%? s, T> 10*2 K / T> 10° GeV): the universe is then expected
to go through an inflationary phase during which it expands by a factor of the
order of 10%°. As a consequence, the universe is supercooled, a second SSB
occurs and strong interactions become distinct from electroweak interactions.

Electroweak epoch (t < 10*2 s, T> 10*® K / T> 150 GeV) and Quark
epoch (t < 10° s, T> 10'2 K / T> 150 MeV): elementary particles acquire
mass via the Higgs mechanism and strongly interacting particles are present in
the universe as color-singlet-quark-triplet states (baryons) and color-singlet-
quark- antiquark states (mesons).

Hadron epoch (t < 1 s, T> 10! K / T> 1 MeV): quarks are bound into
hadrons and a fraction of baryons survive from the baryon-antibaryon anni-
hilation due to a slight matter-antimatter asymmetry ([214, 135]). As the

universe’s temperature cool down various particles decouple from the thermal
bath.

Neutrino (v) decoupling (t ~ 1 s, T~ 10'Y K/ T~ 1 MeV): neutrinos
decouple from the cosmic thermal bath and the neutron (n) to proton (p)
ratio freezes.

Big Bang Nucleosynthesis (BBN) (¢t ~ 10% s, T~ 10" K / T~ 1 keV): pro-
tons and neutrons are bound into primordial atomic nuclei such as Hydrogen,
Helium and Lithium so that the first light elements are formed. The primor-
dial abundance predictions, which are in agreement with current experimental
evidence ([78]), are one of the two main successes of the Big Bang theory.

Lepton epoch (t < 10 s, T> 10° K / T> 100 keV) to photon () epoch
(t < 370 - 103 years, T> 4000 K / T> 0.4 eV): during the lepton epoch the
universe is hot enough to keep leptons and anti-leptons in thermal equilibrium
but, as the temperature drops below the mass of the electron, high-energy
photons can no longer produce electron-positron (e /%) pairs.

Recombination (18 - 103 years < t < 370 - 103 years, T~ 4000 K / T~
0.4 keV): light nuclei and electrons become bound to form neutral atoms.
The interactions keeping photons in thermal equilibrium with the primordial
plasma becomes less and less effective and the universe becomes more and
more transparent.

Cosmic Microwave Background (CMB) (¢ ~ 370 - 10® years, T~ 4000
K / T~ 0.4 €V): when photons are no longer in thermal equilibrium with

3



1.1 Big Bang cosmology

matter, they travel freely through space and the CMB radiation is emitted.
Its experimental detection by Penzias and Wilson [181] is the second main
success of the Big Bang theory.

e Dark ages (t < 10° years, T> 60 K): after photons decoupled from the
primordial plasma, the dark age begins.

Later on, the large scale structure (LSS) of the universe began to form, followed
by galaxies, culminating in the structure of the universe as it is today. The work
presented in this thesis investigates the early stages of the evolution of the universe,
from the initial moments of the inflationary phase to the Cosmic Microwave Back-
ground (CMB). As illustrated in Fig. 1.1, which represents the evolution of the
universe, this period is just a small fraction of the Big Bang expansion. However,
as we try to show in the following sections, it is enormously rich and fascinating.

Dark Energy
Accelerated Expansion

Afterglow Light
Pattern  Dark Ages Development of
375,000 yrs., Galaxies, Planets, stc.

1st Stars
about 400 million yrs.

Big Bang Expansion
13.77 billion years

Figure 1.1: Representation of the evolution of the universe

The picture is a schematic representation of the Big Bang theory over 13.77 billion years,
from left to right, inflationary evolution of the universe characterized by accelerated ex-
pansion, radiation/matter equality and dark ages.

Credit: NASA / WMAP Science Team.

1.1.2 Standard cosmological model

In this section, we aim to present the most important concepts of the standard
cosmological model following the reviews by [88, 163].

4
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The standard cosmological model is based on the cosmological principle, which
can be stated as: on sufficiently large scales the universe appears the same for
all observers, or, quoting Liddle [141]: "the cosmological principle [means that] the
universe looks the same whoever and wherever you are'. Cosmological observations
at sufficiently large scales (> 100 Mpc) validate the statement the universe looks
the same wherever you are and, assuming that we are not special observers, validate
the statement the universe looks the same whoever you are. This apparently simple
statement implies that, at sufficiently large scales, our universe can be assumed
homogeneous and isotropic. Requiring a homogeneous and isotropic solution for the
Einstein equations (working in natural units in which c=h = 1)

1
R, — §gWR =8rGNT ), (1.2)
where g,,,, is the metric, 17, and R are the Ricci tensor and Ricci scalar respectively,
Gy is the Newtonian constant and 7}, is the stress energy tensor that we will bet-

ter define in what follows, results in the so-called Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric ([103, 139, 187, 212])

ds® = g, drtdz” = —dt* + a®(t)y; dr'da’. (1.3)

In the result for the FLRW metric in Eq. 1.3, a(t) is the scale factor which encodes
the time evolution of the universe and, as a result of the cosmological principle, it
is a function of the cosmic time t only, z# are the comoving coordinates which are
coordinates that move along with the overall expansion of the universe and -;; is the
tensor corresponding to the spatial metric which, in spherical coordinates results!

oo dr?
vijdatde?! = T3 + r2d¢? + r? sin 62d6? (1.4)
— KT
where k is the intrinsic curvature of the spatial surfaces and, modulo a rescaling
the coordinates, represents flat (x = 0), negatively curved (k = —1) or positively
curved (k = 1) spatial slices.

To describe the dynamic of the universe, one only has to solve Eq. 1.2 for
the scale factor and, to do so, it is necessary to specify the stress energy tensor
T, of the field sourcing the universe. To be consistent with the symmetries of
the metric, T}, must be diagonal and the spatial components must be equal. The
simplest realization of such requirements is to assume that the universe is sourced
by a perfect fluid characterized by a stress energy tensor of the form

THV = (P + p)uuuu + pguu (15)

where p is the energy density, p the pressure and wu,, is the four velocity (which is
ut = (1,0,0,0) in a comoving coordinate system). If the fluid is assumed to be

LGreek indices take the value (0,1,2,3) and Latin indices take the value (1,2, 3).
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barotropic, we can express the pressure in terms of the energy density trough the
equation of state

p="p(p). (1.6)
In the standard cosmological model the equation of state is a linear relation of the
form

p=wp (1.7)
where w is a dimensionless parameter. Considering the the conservation laws asso-
ciated with the energy-momentum tensor

v, T =0, (1.8)

we obtain that the spatial components are trivially satisfied while the zero-component
results in the continuity equation

p=—3H(p+p) (1.9)

where we define p := % and the Hubble parameter H (t) := % Considering Eq. 1.7,
the continuity equation results

pa1+®) = constant (1.10)
and, specifying the value of w we obtain
MATTER : w=0 = p,a’® = constant
RADIATION : w= % = pra* = constant

COSMOLOGICAL CONST :  w = —1 = pj = constant. (1.11)

In the standard ACDM model one assumes that the universe is mostly dominated
by the so-called dark energy A, corresponding to w = —1, and cold dark matter,
corresponding to w = 0. Before that, the early universe is assumed to be mostly
composed by radiation (the so-called radiation dominated (RD) era) which follows
a primordial vacuum-dominated era (inflation). By using the results of Eq. 1.11,
we can express p and p in terms of the scale factor and straightforwardly solve the
Einstein equations in Eq. 1.2.

The (00) component and any of the non-zero (ij) components of Eq. 1.2 result?

3% = 4xGn(p+3P)
a

a a2 K
and, by combining the two equations, we obtain the so-called Friedmann equations
[102]

H2 _ 4 _i
3M3 a?
: 1
H+H? = a2 P 3, (1.13)
P

2As a consequence of isotropy there are only two independent equations by specifying Eq. 1.2 in
components.
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where we define the reduced Planck mass as My = ﬁ. Combining Eqgs. 1.13

with the continuity equation® in Eq. 1.9 we can solve for the scale factor. By
defining the critical density p. and the parameter €2 as

pe:=3MZAHy, Q=" (1.14)

where we denote as Hg the Hubble parameter at present time, we can re-write the
first Friedmann equation as

wom o (8 van (2) -2 (Y) 1o
I " \a HZ \a A
We then consider that by CMB observations the universe appears to be flat (i.e.,
we assume k = 0, [7]) to integrate Eq. 1.15 and obtain the scale factor as a function

of the cosmic time t. We obtain that in the case of a RD, matter dominated and
A-dominated universe, the scale factor results respectively

(1.15)

RADIATION  (w = 1)
MATTER (w = 0) (1.16)
Ht  COSMOLOGICAL CONST (w = —1).

PSS

t
a~az43) g = { ¢t
e

For convenience, we define the conformal time 7 trough the following relation
dr = %. In conformal coordinates, the FLRW metric in Eq. 1.3 can be rewritten
as

ds? = a®(7)(—dr?* + yi;da’dz?) = a®(7)(—d7? + §;;dz" dax?), (1.17)

where in the second equality we assume x = 0 to highlight that 7 is called conformal
time as the FLRW line element results conformal to the Minkowski line element,
describing a static 4-dimensional hypersurface.

As in what follow we mostly use the conformal time, we recall that the relation
between the Hubble parameter in cosmic time and conformal time results H = %

a
and the first Friedmann equation and the continuity equation result respectively

2

pa
H? —K
302,
p= =3H(p+p), (1.18)
where we denote the derivative with respect to conformal time as a’ := d‘;—(:) and the

Hubble parameter in conformal time as H = % Therefore, repeating the previous

steps we find that in the RD era the scale factor results a(7) ~ 7 and in the matter

dominated era the scale factor results a(7) ~ 72.

3Note that the continuity equation can be also derived by combining Friedmann equations, as a
consequence of the Bianchi identities.
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This apparently simple description allows us to explore many early universe
phenomena with a single parameter: a(t). Furthermore, as we derived how the
scale factor evolves depending on the content of the universe, by knowing the values
of the density parameters today (€2,,, 2, and Q4 ), we can infer the expansion of the
universe throughout its evolution. On one hand, the description reviewed in this
section is successfully confirmed by the experimental evidences of CMB radiation.
On the other hand, CMB brings to light some of the biggest puzzles of the modern
cosmology (see [127, 144, 118, 75, 180, 175] for some examples). Assuming that
the universe is homogeneous and isotropic would not account for the the formation
of the structures that we see nowadays in the universe, such as galaxies, stars and
planets. In the next section we review the so-called "primordial seeds": vacuum
quantum perturbations.

1.1.3 Perturbation theory and vacuum perturbations

From CMB observations, as shown in Fig. 1.2, it is evident that the early
universe was very nearly uniform. However, it is thanks to the word ‘nearly’ that
we can explain our existence.

Figure 1.2: Cosmic Microwave Background

The CMB is the first picture of our universe that can be detected. The early universe
(just 380,000 years old) appears surprisingly homogeneous and isotropic. Temperature
fluctuations of the order of 1075 are the the observational confirmation of the "primordial
seeds".

Credit: ESA, Planck Collaboration.

The presence of vacuum quantum fluctuations, which are primordial departures
from the homogeneous and isotropic configuration, is our current understanding
of LSS formation of the universe. Such small perturbations can be treated in the
context of perturbation theory up to the matter dominated era when, thanks to
gravitational instabilities, some seeds grew to originate the structures that we ob-

8



1.1 Big Bang cosmology

serve ([179]). In what follows we review the so-called cosmological perturbation
theory following [132, 153].

We consider a perturbation h,, around the FLRW solution
G = G ™ + hyu (1.19)
which, in conformal time can be rewritten as
Guv = @1y + Py, (1.20)

where 7, is the Minkowski metric. As the FLRW background is under spatial
rotations, one can break down the metric perturbation h,, into irreducible repre-
sentations of Euclidian rotations®. This is the so-called scalar vector tensor (SVT)
decomposition, first introduced by Lifshitz [143]. As a consequence, the perturbed
line element can be written as

ds® = a® [—(1 + 2¢)dr? 4 2widrda’ + (1 + 2¢)5;;dz'dz? + 28;;da*da’],  (1.21)

where 1 and ¢ are two scalar gravitational potentials, w; is a vector and S;; is
traceless under the spatial part of the background metric.
Similarly to the metric, the stress energy tensor is decomposed as a background part

T,..,, which sources the background metric, and perturbation 67},,. In this way, the
components of the stress energy tensor result

Ty = —(p+6p),

T) = (p+ D) (vi + w;),

Ty = (p+p) v'i,

T} = pb; + (pds +115) , (1.22)

where background quantities (p,p) are functions of the time only, H; accounts for
velocity gradients and v’ is the spatial perturbation of the peculiar velocity.

The last ingredient that one has to consider before tackling the study of cosmological
perturbations is that, under an infinitesimal change of coordinates

't =t 4 ¢, (1.23)
the metric perturbation transforms as
Mo =l = Vb = V0., (1.24)

where V,, is the covariant derivative built with the FLRW background metric. Gen-
eral relativity (GR) is invariant under change of coordinates, which implies that
the change of coordinates in Eq. 1.23 does not effect observable results. As an
important consequence, we obtain that the transformation in Eq. 1.24, called gauge

4In representation theory, this corresponds to decomposing perturbations under the group of spatial
rotations.



1.2 Quantum corrections and infinities

transformation, does not have physical implications, it highlights a redundancy of
our description and the need of fixing a gauge.

At this point, one can consider the perturbed line element in Eq. 1.21, the per-
turbed stress energy tensor in Eq. 1.22 and, being mindful of fixing the gauge,
describe the evolution of primordial perturbations by deriving the perturbed Ein-
stein equations in Eq. 1.2 (among the many references on perturbation theory
and the observable consequences of including vacuum quantum perturbations, see
[46, 153, 165, 32, 6, 192, 39, 5, 186, 19, 119, 105, 113] for some examples). In the
next chapters we will review the details of this procedure, focusing our attention on
tensor vacuum perturbations, or vacuum GWs.

1.2 Quantum corrections and infinities

What are quantum corrections? How do we quantify them? How do they correct
the classical answer? The answers to these questions, that we now review, are the
guideline of the work presented in this thesis.

We consider the cross section of the et /e~ scattering process® ., which is a
natural quantity to be measured experimentally. In the context of second quantiza-
tion we can derive the Feynman diagrams contributing to the process at arbitrarily
high order in h. The diagrams of order h°, the so-called tree diagrams, represent
the classical answer and graphs corresponding to higher orders in h, loop diagrams,
represent the quantum corrections to the classical answer (See Fig. 1.3 for examples
of tree diagrams and the first order loop corrections).

Once we include loop diagrams in the estimate of o, infinities arise in the short
distance limit, which take the name of UV divergences. Infinities often arise when
computing physical observables in any quantum or statistical field theoretic frame-
work, and this naturally rise the question of how to deal with such apparently
meaningless results. As a consequence, the renormalization procedure has been de-
veloped so that quantum corrections can be consistently included in the estimate of
observables.

Following trough the renormalization procedure, one realizes that the diagrammatic
splitting into tree diagrams and loop diagrams can be misleading as calculations of
quantum corrections tell us nothing of loops absolute values. Even if certain prop-
erties of observables can be explained as coming uniquely from quantum effects®,
in measuring the scattering amplitude o, one cannot separately measure the tree
level and loop corrections and, in general, all physical observations are necessarily
of fully dressed quantities; as a result, the tree diagram around which one computes
the quantum corrections is only to be viewed as a calculational fiction that serves
as bootstrap into computing physical observables.

5the electron positron scattering takes the name of Bhabha scattering ([47]).
61t is the case of the Casimir effect ([69, 137]), anomalies ([11, 159]) or running of coupling constants
([116, 117]).

10



1.2 Quantum corrections and infinities

Figure 1.3: Examples tree and 1-loop Feynman diagrams in QED.

a) Examples of tree level QED Feynman diagrams in QED (s-channel and t-channel of
Bhabha scattering). b) 1-loop QED Feynman diagrams.

1.2.1 UV and IR divergences

Before reviewing the details of the renormalization procedure and discuss the
divergences arising in computing the vacuum energy, we comment on the differences
between UV divergences and infra-red (IR) divergences.

Divergences can typically be categorized into two types, each with its own dis-
tinct physical meaning. On one hand, short distance or UV divergences are cured
with the well-defined prescription of renormalization, which we review in the next
section”. The regularization of UV divergences has been developed on flat back-
grounds and, as we will discuss in this thesis, a transposition of this formalism to
curved backgrounds is possible, albeit with numerous caveats and subtleties that one
must be mindful of depending on the context [48, 178, 164]. UV divergences arise in
including quantum corrections and are the result of the mathematical idealization of
probing arbitrarily small scales by admitting arbitrarily high energies in any given
calculation. Once these infinities have been appropriately subtracted, causality and
locality prevent such idealization [205, 26] and operators can be classed by derivative
expansion into relevant, marginal and irrelevant operators (see e.g. [130, 61, 155]).

On the other hand, long wavelength or IR divergences require additional care
in their interpretation. At the very least, they indicate that one has additional

7Among the many references introducing this topic such as [125, 218, 215, 194], see the treatment
of Kleinert in [130] in the context of renormalizable theories and of Burgess in [61] in the context
of effective field theories.

11
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work to do in order to arrive at a physical quantity. IR divergences can appear in
intermediate expressions in theories with gapless excitations, and cancel out when
computing physical observables. As an example, this is the case of soft photons in
quantum electrodynamics (QED) ([49]) where, by considering that an arbitrarily
large numbers of soft photons is not detected due to limited sensitivity of the ex-
perimental apparatus, one obtains an intermediate IR divergent result for certain
scattering processes. However, such IR divergencies cancel when virtual soft pho-
tons are included and all the diagrams contributing to the process are summed.

IR divergences could also appear because of the breakdown of a particular per-
turbative scheme. This can be cured through resummation, as is the case when
one studies thermalization in an out of equilibrium context [66, 45], or in quantum
chromodynamics (QCD) scattering via the factorization properties of its soft and
collinear limits [136, 148].

In the most problematic scenario, IR divergences arise as a consequence of the in-
stability of the background around which one is attempting to perturb. This is
particularly relevant for cosmology, as a class of IR divergences arise perturbing
around de Sitter (dS) or quasi dS bacgkrounds ([101, 162, 25, 89, 20, 122, 62, 108,
174, 126, 183, 15, 16, 21, 114]) and one cannot rely on standard background field
quantization methods. Large quantum corrections to the background could inval-
idate the split between classical background and fluctuations, which is a limiting
case of the general complication of doing perturbation theory around a time evolv-
ing background that must satisfy the tadpole condition at any given order in h. As
a consequence, stochastic inflation and its background statistical field theory limit
is used to tackle this problem ([202, 33, 185, 110, 168, 166, 167, 161, 189, 145, 203,
99, 95, 100, 182, 211, 29, 96, 23, 31, 209, 77]) as well as dynamical renormalization
group and open effective field theory approaches [52, 64, 63].

However, as reviewed [35, 197], in situations where one can presume the validity of
background field quantization, which is the assumption for this thesis, it is possible
to extract meaningful results and well defined observables in spite of the appearence
of IR divergences in inflationary cosmology.

In what follows we will put extra care in commenting the appearance of IR
divergences; however, as we aim to focus on the study of UV divergences in early
universe observables, in the next section we review the details of subtracting and
renormalizing UV divergent quantities.

1.2.2 Renormalization

In this section we introduce the renormalization procedure by computing the
QED vacuum polarization diagram (see [194, 218] for more details). We aim to
review the recipe that leads to a finite, physical result and highlight the steps that
one needs to follow in order to consistently reabsorb UV divergences arising from
including quantum corrections.

12



1.2 Quantum corrections and infinities

We consider the Lagrangian of QED

»CQED - iF,uVFMV + “/;(@ + ZGAWJ - qu)wv (125)

where F'*¥ is the electromagnetic tensor that, as a function of the electromagnetic
potential® A, results F,,, = 0,4, —0,A,, 1/ 1 is are fermionic fields that represent
the electron/positron, m and e represent the mass and the charge of the electron.
From the Lagrangian in Eq. 1.25 one can derive the Feynman rules that allow to
straightforwardly obtain the following result

14
= 1HQED

Figure 1.4: Self energy of photon

Feynman diagram representing the vacuum polarization loop diagram in QED.

4 D)2 Tr [vH(K — m)yY m

2m)4 [(p™ — k)2 — m2 + i€|[k®ko — m? + i€ (1.26)

As a consequence, by computing the integral in Eq. 1.26 we can quantify the
contribution of the loop diagram represented in the Feynman graph in Fig. 1.4.
The trace of the gamma matrices results (See Appendix A of [194] for more details)

Te [V (K — o +m)y” (F +m)] = 4[=p" k" — k'p” + 2KP k" + 1" (p%ka — K ko +m?)]

(1.27)
and, dropping the p* and p” terms as they do not contribute for symmetry reasons,
we obtain

4 / Ak 2KMEY 4 M (p%ke — k%Ko +m?)
QED ™ (2m)4 [(p™ — k)2 — m2 + ie][k*ko — m? + de]”

(1.28)

The loop contribution in Eq. 1.28 is unsurprisingly divergent in the k£ — oo limit.
In what follows, we review the procedure that allows to extract a physical meaning
from divergences arising in including quantum corrections.

1) Explicit the appearance of the divergent structure (regularization)

The first step is to isolate the divergent structure of Eq. 1.28 with the help of a
regulator. This procedure is called regularization and can be done in different ways,

8We use the Feynman slash notation, where slashed quantities are covariant quantities contracted
with gamma matrices: A = A,v*.
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1.2 Quantum corrections and infinities

using different regularization methods. A regulator is a nonphysical parameter that
one inserts to factor the divergent structure and, by definition, it cannot appear in
the final result.

To introduce the regularization methods that will be used in this thesis, we review
the regulators of dimensional regularization, hard cutoffs and Hadamard regulariza-
tion. In the case of dimensional regularization, the dimension of the measure of
the integral is generalized to D = 4 — § dimensions, § represents the regulator and
divergences are written as poles in §: limgs_.q %() In the case of hard cutoffs, the
regulator can be a cutoff energy scale Ayy and divergences are written as functions
that diverge in the limit Ayy — oco. Lastly, in the case of Hadamard regulariza-
tion, the regulator is the geodesic distance from two points o* and divergences are
rewritten as poles in the coincidence limit.

To dimensionally regularize Eq. 1.28, we use the Feynman parameter trick:

1 ! 1
E:/O da:m (1.29)

and we shift the integration variable as k* — k* + p#(1 — x), to obtain®

(1.30)

. — 4Z~62/ d*k /1 2k1EY — v (k* — pPa(l — x) —m?)
QED ™ (2m)* Jo (k2 + p22(1 — ) — m? + i€]?
We then generalize the measure of the integral to D = 4 — § dimensions and, after

performing a Wick rotation to recover the Euclidean signature, we use the following
result (See Appendix B of [194] for more details)

D 2)a Fa+2)T(b—a-2
[ ay = s “ 13<)b>r((€) 2 s
to obtain
I — gt e2A=D D 1 1 2-2
Qep = O g (47T)D/2F (2 a 2> /0 dwz(l - z) <m2 —p2z(1 — x))
2 1 ~2
= —;?pzn’“’ (%i_}n% ; dr (1 —x) B +In (rrﬂ—pir(l—x)) + (’)(5)} .

(1.32)
In Eq 1.32 we we use k*kY — %n’“’kQ in D dimensions, to rewrite the k*k” term
and we define ji> = 47p%e~ 7" where g is the Euler-Mascheroni constant.
In conclusion, we can rewrite Eq. 1.28 as

MGy = ie? (—p°g™ + p"p”) Hqep (p°) , (1.33)
where
]. 1 2 Ia2
oy _ Lo 7 2 o
Mqzp (p ) 272 %IE(IJ o drz(l—a) {5 +1n <m2 —p2(1 — x))] : (1.34)

9Just for this section we define p? = p®pq
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1.2 Quantum corrections and infinities

Considering the p?> — 0 limit, for which the integral over z is straightforward to
compute, Ilgep (p?) results

Man (0) = —— tim |2 4+ 1n (£ (1.35)
=——lim|=+In|— .
QP 1272 550 | 6 m?
and we obtain, as expected, that the divergence now appears as a pole in § and
depends on an energy scale p, introduced to have a dimensionless argument of the
logarithm.

2) Renormalize the divergence by reabsorbing it in the coupling constants

The second step consists in defining the renormalized coupling constants in such
a way that the divergences are reabsorbed.

We consider again the Lagrangian of QED

1 v, -7 . N
Lqep = ZFb,WFZfL + by (@ + deyAp) o — mythyihy, (1.36)
where now we make explicit the appearance of bare quantities with the subscript
b. To absorb the divergence arising in computing the loop in Fig. 1.4, we have to
define the renormalized electric charge as

€2R = eg — e%HQED (p%) , (1.37)

where pg is a reference scale'?, so that, solving for the bare electric charge e, we
find
el = ek + eﬁHQED (p%) ) (1.38)

As a result, the bare electric charge appearing in the Lagrangian is now divergent
but this is not a problem as it is not the observed charge. More importantly, such
divergence cancels the divergence appearing once we include the quantum correction
in Fig. 1.4.

In conclusion, the Lagrangian of QED is given by the sum of the renormalized
Lagrangian [Z%ED and the counterterms ES%D

Lqep = E(%ED + ESED, (1.39)

where the counterterms are defined in such a way that they cancel the divergences
arising in adding the contribution of quantum corrections.

3) Fix the finite leftover with experiments (renormalization conditions)

The last step consists in imposing the renormalization conditions. In order to
obtain a predictive theory, one has to fix the finite renormalized results with the

10Differences in the choice of pg result in differences in the finite leftover that has to be fixed by
imposing renormalization conditions.
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1.2 Quantum corrections and infinities

outcome of independent observations.

In the case under analysis, the finite part of Ilgep (p2) depends on the regular-
ization method adopted in order to regularize the divergence. As a consequence,
it has to be fixed by imposing a renormalization condition. If we were to repeat
the computation using the Feynman rules derived from the Lagrangian in Eq. 1.39,
we would have to compute the graphs represented in Fig. 1.5, where we add the
contribution of £8£D to the loop.

A YA A/\/O‘M = ng;EDfﬁn

Figure 1.5: Renormalized self energy of photon

Feynman diagrams representing, from left to right, the counterterm and the vacuum po-
larization. The sum is finite as the counterterm cancels the divergences arising in the loop
diagram.

As expected, we obtain that the contribution of the counterterm reabsorbs the
divergence of the loop integral and iIlfpp, 5, results

IIGED fin = iey, (—p*g" + p'p”) [Hqep (p*) — Haep (pg)]
2 _ .2 .
1; ( pg‘W-Fp P hm/ dx x(1 — x) {ln<mpox(la:)>}’

where in the second line we use the result in Eq. 1.34. Even if the second line of
Eq. 1.40 is finite and we can safely take the limit 6 — 0, it is not uniquely defined.
In conclusion, a renormalization condition has to be imposed in order to get rid of
this scheme-dependence.

e
27

1.2.3 Infinite vacuum energy?

Let’s consider the action for a massless scalar field (]3 in Minkowski space
Sy = / d*z 8,p0" ¢ (1.41)

and write the field in terms of the mode function u; and creation and annihilation
operators aj and d;

o a3k
o(x) = /W [&Euk —|—d£uz , (1.42)

where the operators @ and a' obey the commutation relations

.0

—

L] = @R,

ay

[CALE,G,E,} =0 (143)
Atoat ]

[GE’GE'} =0.
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1.2 Quantum corrections and infinities

By considering the stress energy tensor derived from the action in Eq. 1.41

19, = 0,00,¢ — nW 0o ¢ (1.44)

the results for the vacuum energy is divergent!!:

A d k Wi
p=—(01T°|0) = / Grf 2 k* ~ oo, (1.45)

where we assume that solving the equation of motion (EOM), the mode function
Ve and we define k* = (wy, k), wp = |k?|. In Minkowski space
the divergence is simply discarded, for example by the use of normal ordering. This
can be done because in flat spacetime just the difference of energies has a physical
meaning, and the energy of the vacuum can be simply rescaled to zero. In curved
spacetime this procedure is more subtle as, simply put, being energy the source of
gravity, one has to be careful in reabsorbing the energy of the vacuum (See section
6.1 of [48] for more details). As a consequence, such divergence cannot be simply
thrown away and we are not free to rescale the zero point of energy. Instead, the
renormalization procedure allows to make sense to such divergence by reabsorbing
it via the redefinition of the action of the background metric.

In order to better understand the difference between Minkowski and curved space-
times, we repeat the computation of the energy of a massless scalar field considering
now a spatially flat FLRW background described by the scale factor ([48])

a(t) = /1 — A22, (1.46)

where A is a constant. In four dimensions the mode function in conformal time
results

e—ikpat

results uy =

1 1 —ik-x+ivkZ+AZT
. —; v 1.47
alh) Va(k2 + A2)F (147)

from which we can recover the result in Minkowski in the limit a(t) = 1, A = 0.
The energy density results (we recall that H is the Hubble parameter)

k2—|—H2
3

which is, as expected, UV-divergent. by introducing the UV-cutoff e¢VF*+4% and
expanding the integral in powers of €, we obtain the regularized result

U =

—{o|T?,°
OT*4°10) = g5

1 . {48 4H? — 8A?
p= +

_— 2 2 2 0
Sama(t) b | +AT2HT - A )loge} +O(L).  (1.49)

From the result in Eq. (1.49) we not only recover the Minkowski-like quartic diver-
gence, but also divergences that depend on the scale factor. We indeed obtain that

1Tn what follows we drop the vector notation and with k we refer to the spatial components.
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1.3 Work in this thesis

the quadratic and log divergence in Eq. (1.49) redshift and, even if we discard the
zero-point divergence that we would obtain in Minkowski space, the energy density
is still divergent in the limit ¢ — 0. As a consequence, the usual normal ordering
prescription is not enough to get rid of the vacuum energy divergences in curved
spacetime and one has to refer to the renormalization procedure to obtain a finite
result.

As we will see in detail in this thesis, to obtain a finite answer one has to follow the
procedure reviewed in Section 1.2.2 to reabsorb the divergences by redefining the
bare constants of the background action.

1.3 Work in this thesis

This thesis is divided in two parts, in each of which the goal is to tackle the renor-
malization of divergences arising in including quantum vacuum tensor pertutbations
on a curved spacetime. In the first part we adopt a foliation specific description as
we aim to study divergent quantities on backgrounds of cosmological interest. In
the second part, in which we work in a fully covariant formalism, we retrace and
expand the results of the first part.

Part I: Foliation specific formulation

e Chapter 2: we provide the details of vacuum GWs constraints from Neg
bounds and motivate the work in this thesis. We review how primordial vac-
uum tensor fluctuations are included in estimating N.g by examining the
derivation of the stress energy tensor for GWs first derived by Isaacson in
([123]). We motivate on why it is appealing to include vacuum GWs in the
radiation-like content of the universe by reminding the role of BBN in con-
straining Neg. To conclude, we highlight the caveats that motivated our work,
such as the appearance of an UV regulator in what should be a physical result
and the regime of validity of energy density of GWs, namely sufficiently high
frequency signals for which the curvature of the background can be neglected.

e Chapter 3: considering that many cosmological observables derive from pri-
mordial vacuum fluctuations evolved to late times, we present the process of
renormalization by studying a massless spectator scalar field on a FLRW back-
ground. This apparently simple working example brings to light many relevant
results. We first demonstrate that infinities arise in observables that represent
statistical draws from some underlying quantum field theoretic framework.
We then elaborate on how infinities can be regularized: we show that in spite
of the ubiquity of scaleless integrals, UV divergences can still be meaning-
fully extracted using dimensional regularization and that the coefficients of
the logarithm divergence do not depend on the regularization method. We
both analyze the divergences arising in computing the two point function in
different backgrounds and in computing the components of the stress energy
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1.3 Work in this thesis

tensor. In studying the latter, we conclude that regularization methods which
preserve general covariance are to be preferred. By studying backgrounds that
transition from finite duration inflation to radiation domination, we show that
UV and IR scales corresponding to the beginning and end of inflation do not
appear as UV cutoffs and motivate that observables cannot depend on the
latter, although will certainly depend on the former. Furthermore, it appears
that IR divergences are an artifact of the dS limit and are cured for finite
duration inflation.

¢ Chapter 4: we address the caveats highlighted in Chapter 2. By undoing the
steps that relied on a high frequency signal for which the effect of curvature
can be neglected, we derive an improved stress tensor that does not presume a
prior scale separation. To understand whether one can meaningfully constrain
vacuum GWs from N.g bounds, we specify the improved formula of the en-
ergy density on backgrounds that transition from finite duration inflation to
radiation domination. We then comment on the physical interpretation of the
power spectral density of vacuum GWs on a FLRW background, and we find
that the regularized energy density is consistent with the results of the scalar
case studied in Chapter 3 (scheme independence of UV logarithmic divergences
and need of using schemes that preserve general covariance to obtain coun-
terterms constructed from geometric invariants). After the subtraction of the
divergences arising in the regularized energy density, renormalization condi-
tions must be imposed by measurements at some scale, mindful of scheme and
background dependence. We review this process considering first the energy
density of a scalar field derived in Chapter 3, and then the improved energy
density of vacuum GWs, obtaining a final result that does not depend on UV
regulators. We conclude by highlighting the inextricable connection between
inferring Neg bounds from vacuum tensor perturbations and the process of
background renormalization.

Chapters 3 and 4 are based on [169]:
An Etude on the Regularization and Renormalization of Divergences in Pri-

mordial Observables
A. Negro and S. P. Patil, Riv. Nuovo Cim. 47 (2024) 3, 179-228.

Part II: Covariant formulation

e Chapter 5: we review the formalism needed to study vacuum GWs as a
massless spin-2 particle on curved spacetime. Considering that we aim to ad-
dress the caveats reviewed in Chapter 2 in a fully covariant formulation, we
introduce the fundamental concepts of QFT in curved spacetime to define the
renormalized stress energy tensor for GWs as the variation of the effective ac-
tion with respect to the background metric. After reviewing the background
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field method to obtain the 1-loop effective action, we remind the Faddeev-
Popov procedure to fix the gauge at the level of the action. Lastly, we derive
the Lagrangian formulation of a radiation-like fluid in the context of P(X)
theories.

e Chapter 6: the derivation, regularization and renormalization of the graviton
stress tensor is addressed in a fully covariant formalism. We obtain the regu-
larized graviton action by gauge-fixing via the Faddeev-Popov procedure and
adopting Hadamard regularization techniques to isolate UV divergences. After
defining the counterterms at the level of the action, from which the renormal-
ized stress tensor can be derived by variating with respect to the backgorund
metric, we comment on the finite contributions which are absorbed in the pro-
cess of imposing renormalization conditions. We then proceed to specify our
otherwise general results in a RD universe, to reexamine and connect with
the results of Chapter 4. We discuss the imposition of renormalization con-
ditions via a physical measurement at some fixed scale, which we retrace for
primordial GWs sourced from vacuum fluctuations through direct or indirect
observation. In agreement with our conclusions of Chapter 4, we obtain that
one cannot constrain vacuum tensor perturbations from N.g bounds: the net
effect of including vacuum tensor perturbations is to shift the normalization
of otherwise unobservable bare quantities. In addition, from the covariant
description we find divergences that require higher order corrections to the
Einstein Hilbert action to be reabsorbed and that the regularized stress ten-
sor associated with the shifted radiation-like content is no longer traceless,
features that were not evident in the foliation dependent description.

Chapter 6 is based on [170]:
Hadamard Regularization of the Graviton Stress Tensor
A. Negro and S. P. Patil, arXiv:2403.16806, (2024).
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CHAPTER 2

Possibility of constraining primordial GWSs
with N.g bounds

2.1 Introductory remarks

In this chapter, we aim to both thoroughly explain the possibility of constraining
primordial GWs with N.g bounds and motivate the work described in Chapters 3
and 4. After reviewing the definition of the energy density of GWs and the link
between BBN and the effective number of relativisitc species, we elaborate on the
widely used relation between Neg and pgw. By doing this, we both provide the
context upon which our work is structured and highlight relevant discrepancies to
motivate our improvements.

In Section 2.2 we start by recalling the most relevant results in the literature
upon which the formula for the energy density used to infer bounds on primordial
GWs relies. We review the formula for the stress energy tensor of GWs that was
first derived by Isaacson, in which GWs are assumed to be high frequency signals
propagating in an effectively flat background. From this definition of the stress
energy tensor, we review the way the energy density for primordial GWs at the time
of CMB is determined. In doing so, we review the SVT decomposition and the most
commonly used gauge-fixing in this context, the TT-gauge.

We then give in Section 2.3 more details on the process that explains the formation
of light nuclei in the early universe: BBN. We study the link between BBN and
the effective number of relativistic species and we explain how the latter can be
constrained by CMB observations. Finally, we review how the energy density derived
in the first section can be linked with the effective number of relativistic species at
the time of BBN and we present how such link is used to infer constraints on the
amount of primordial GWs. In reviewing the results used in the literature for the
estimate of Ngg that include the effects of primordial GWs, we show how a hard
UV cutoff appears in the derivation.

We then conclude in Section 2.4 by commenting on both the reliability of using
Isaacson’s stress-energy tensor in the context of primordial vacuum fluctuations
and the presence of a hard UV cutoff in the final result for estimating Neg.



2.2 Stress energy tensor: Isaacson’s definition

2.2 Stress energy tensor: Isaacson'’s definition

The Isaacson form of the stress tensor T}, [124] (see also [151, 149, 54, 160])
is defined as the averaged high frequency part of the second order expansion of
Einstein equations

1 1
T, 5" = ~8rCn <62RW - 2gu,,ga5(52Raﬁ>BH, (2.1)
where g, is the background metric (defined as g, = guv + hu, where §,, is the
total metric and hy, is the perturbation). The averaging scheme used in [124] is
the Brill-Hartle (BH) averaging scheme [54] which, as a corollary, allows one to
neglect divergences, freely integrate by parts within expectation values, and com-
mute covariant derivatives. The BH averaging scheme is well justified only if one
is interested in studying GWs with a spectrum of bounded support and comprised
wavelengths and periods much shorter than the background curvature scale'. This
is a good assumption for GWs of astrophysical origin, for which one can indeed
assume that the curvature scale of the background is much smaller than the fre-
quencies of interest. Assuming that the BH averaging scheme is legitimated and

using the expansions of the metric and Ricci tensor up to second order in hy, (see
[151] for details)

g = hy  O'gM = —H 82 = Ry,
1

1 1 1
§' Ry = —5 0w = 5Dy Dyh+ 5D Dyhuy + 5 D7Dyl

1 1
52R/W — 5gP‘TgO‘B [2DuhpaDyhgﬂ + (Dph,,a) (Dghﬂg — D[ghlw)
+hpa (DVD;,Lh’O'B + D,@Dghwj — D,@Dyhug — D/@Duh,,g)

1
+ (2Dahpd - Dph,m) (Dyhyug + Dyhyg — Dghm,)} , (2.2)

one obtain the simplified result

1 - - 1- - - - T
e = <haﬁ, B8 — —hohay, — hP ghep — B haw, > (2.3)
1% 327TGN K H 92 e s 8 I BH
where we have defined 1
hyw = hyw — ig,wh. (2.4)

Eq. 2.3 is covariantly conserved and gauge-invariant up to correction terms that are
negligible for all wavelengths shorter than the averaging scale.

After fixing the gauge as D,h?” = 0, h,** = h = 0, the resulting stress energy tensor
is given by .

T ng,hf —
" 327TGN

(Vuhoo Vi h?7) o (2.5)

IThat is, when \,w™! <« 27R, where R~2 is the typical magnitude of the non-vanishing compo-
nents of the background Riemann tensor.
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2.2 Stress energy tensor: Isaacson’s definition

As we review in the following (see [68] for more details), the above expression
is widely taken as the starting point for determining the energy density associated
with stochastic backgrounds of primordial origin in terms of the primordial tensor
power spectrum.

Under the assumptions of a high frequency signal (so that H terms can be neglected)
propagating on a effectively flat background (null Riemann tensor), the EOM for
the tranverse traceless part of the metric results

0,0 h;j(T, k) =0, (2.6)
one can find a relation among the amplitudes
2 272
hii (1, k) ~ k*hi; (1, k) (2.7)
and rewrite the (00)-component of Eq. (2.5) as

1

Pew = Wfsimye (hi (7, k)i (1, K) ) - (2.8)

Focusing on the signal produced by quantum fluctuations and assuming that pri-
mordial GWs are a stochastic field, the tensor modes of the metric are quantized
and the averaging (...) in Eq. (2.8) is promoted to vacuum expectation value (see
[68] for details). In this way, pgw can be related to the tensor power spectrum P, (k)
and computed as the integral over all the frequencies

1

Pew = 327G pna?

/dlog k k*P,(k). (2.9)

2.2.1 Gauge-fixing: SVT decomposition and TT-gauge

As in this section we are studying metric perturbations of a FLRW background,
it is useful to work with the SVT decomposition of the metric (introduced in Section
1.1.3). We recall that the SVT decomposition is a decomposition of perturbations
into components according to their transformations under spatial rotations and it
allows to split the general metric perturbation h,, into a 341 splitting

hoo = =2,  hoi =wi, hij = 2(¢gi; + Sij) - (2.10)
The vector w; and the tensor S;; are further decomposed as

wi:wy—i—wf‘ where V x @l = V- @t =0

Sij =S+ 8%+ 8% where ¢7*ViSy; = gV, S + ¢t VS (2.11)

By rewriting wil and SIHJ as

wl = Vi,

1
sl = (Vz‘vj - 3’)’z‘jv2> ¢s (2.12)
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2.3 Big Bang Nucleosinthesis

and SZ—# as

S5 = ViS; + V;S}H, (2.13)

we obtain that the perturbation h,,, which is a symmetric 4x4 matrix and thus
has 10 degrees of freedom (DoFs), can be split into 4 scalars (¢, ¢, ¢y, ds), 2
divergence-free vectors (w;-, Si*) and one transverse traceless tensor (Sg;) What
makes the SVT-decomposition so commonly used in cosmology is the fact that it is
a very convenient way of splitting of the perturbations. Indeed, at linear order the
Einstein equations for scalars, vectors and tensors do not mix at linear order and
can therefore be treated separately.

As GR is invariant under coordinate transformations, in order to identify the two
physical DoFs of a massless spin-2 particle from the 10 DoFs of h,,, we have to fix
the gauge and get rid of the unphysical DoFs. This can be done in different ways (see
Chapter 6 for an example of gauge-fixing via the Faddeev—Popov method); however,
since physical observables are independent from both the choice of the gauge and
the method adopted to fix the gauge, every gauge-fixing method has to lead to the
same final result.

In this Section, it is convenient to adopt the so-called TT-gauge (see [68] for more
details) in which the propagating DoFs are parametrized with the transverse trace-
less part of the metric hz;- = 253;-. In this way, we easily refer and compare to most

of the results in the literature?.

2.3 Big Bang Nucleosinthesis

As reviewed in Section 1.1.1, when the temperature of the universe was of order
an ~ MeV, there were no neutral atoms or bound nuclei: any atom or nucleus pro-
duced would have been immediately destroyed by the overabundance of high-energy
photons. As the universe cooled well below the binding energies of typical nuclei,
light elements began to form, this process, which we review in detail in this section,
goes by the name of Big Bang Nucleosynthesis ([173, 190, 213]).

Nuclear binding energies are typically in the MeV range, which explains why
BBN occurs at temperatures ~ 1 MeV even though nuclear masses are in the GeV
range. At ~ 1 MeV the universe was radiation dominated and the cosmic plasma
consists of

o Relativistic particles in equilibrium (v, e™ and e~). Photons, electrons and
positrons are kept in thermal equilibrium by electromagnetic interactions such
aset +e” = vy.

e Decoupled relativistic particles (v). At high temperatures neutrinos are cou-
pled with electrons via electroweak interactions; however, as explained in more
details in the following, when the temperature drops at around ~ 1 MeV, the

2Throughout the thesis we specify when we are working in the TT-gauge but we drop the upper-
script "T" in denoting the transverse traceless part of the metric.
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2.3 Big Bang Nucleosinthesis

rate of such processes drops beneath the expansion rate and neutrino decouple
form the relativistic plasma.

o Non relativistic particles (n and p). According to the Big Bang model, due to
the asymmetry of the initial number of baryons, the rate of baryons present
in the universe remains constant throughout the expansion. As at ~ 1 MeV
baryon/anti-baryon annihilation processes are very effective, all anti-baryons
have been annihilated and the presence of baryons in the cosmic plasma is
only due to the initial baryon/anti-baryon asymmetry.

With these ingredients, the production of primordial light elements occurs in two
stages: the decoupling of the weak interactions and the sequence of nuclear reactions
which build up the light nuclei. At temperatures higher than ~ 1 MeV, the following
weak interactions are effective

n+rv.=p+e, nte" =ptv, n=pte +1, (2.14)

and the balance between neutrons and protons is maintained. Since the interaction
rate of the weak interactions in Eq. 2.14 depends the temperature, as soon as
the universe cools down and interaction rate falls below the expansion rate, weak
interactions can no longer keep up with the expansion of the universe. At this point,
neutrinos decouple from the cosmic plasma, the neutron-to-proton ratio is frozen
and the second stage of nucleosynthesis can begin.

The first element produced in the BBN chain is Deuterium (D =2He). Deuterium
is produced through the process

n+p—D+y (2.15)

which, due to the binding energy of the Deuterium, should become effective around
right after neutrino decoupling. However, Deuterium production is slowed down
by the over-density of photons and the production of light elements starts only at
about 0.07 Mev. After overcoming the Deuterium bottleneck, so that the synthesis
of 3He becomes effective, light elements such as Helium and Lithium are produced.
Heavier nuclei do not form in any significant quantity because of the absence of a
stable nucleus with 8 or 5 nucleons.

2.3.1 N, bounds

The BBN bounds is one of the tight constraints that can be inferred from the
CMB (see [78] for a review). As standard BBN relies on the Standard Model in
fixing the prediction of the number of neutrino flavors to three, BBN constraints
are often used to test models beyond the standard model by allowing the neutrino
flavors to vary. In this way, BBN bounds are an important tool to test the Stan-
dard Model as the theoretical description of microphysics in the early universe.
Furthermore, the comparison of the baryon density predictions from BBN and the
constraints inferred by the CMB is a fundamental test for Big Bang cosmology, and
its underlying assumptions (such as a homogeneity and isotropy, GR as the theory
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2.3 Big Bang Nucleosinthesis

describing gravity).

From the CMB anisotropies we can quantify the amount of light elements pro-
duced in the early universe and, as reviewed above, among all the processes involved
in the BBN description, such amount depends on the freeze-out temperature of neu-
trinos. As a consequence, by measuring the amount of light elements from the CMB,
we can infer the neutrino freeze-out temperature 7. From the latter, we then con-
strain the expansion rate as this is equal to the interaction rate I', (T') at the time
of freeze-out

T, (Ty) = H (T}). (2.16)

Such constraint can be formulated as an upper bound for the total energy density
Prot at the time of BBN, as piot is related to the expansion rate of the universe
through the Friedman equation

881G
H? = 3 Nptot- (217)

As in the standard BBN we assume that the universe is dominated by photons at
the time of BBN, only neutrinos and photons contribute to the total energy density

Proc = Py + pu (2.18)

and equation above is usually written in terms of the effective number of DoFs, N,

defined as
4
7T/ 4\3
Proc = Pr (1 t3 (11) Neff> . (2.19)

In conclusion, the so-called BBN’s constraint is given as an upper bound for Neg
(see [8] for a review of Planck constraints of Neg).

2.3.2 N.g bounds and primordial GWs

As we reviewed in Section 1.1.3, even in the context of the standard ACDM
model in equation (2.18) we are neglecting the contribution of the stochastic GWs
background produced by the primordial quantum fluctuations of inflation (see [201,
188, 115, 119] for a review). Indeed, one of the features of the stochastic GWs
background is that it behaves as a free-streaming gas of massless particles, thus
contributing to the total radiation energy density of the universe. Among the many
cosmological mechanisms that can produce stochastic GWs backgrounds in the early
universe ([17]), such as primordial black holes formation ([142]), reheating ([129])
and phase transitions ([195]), we certainly expect that the GWs produced by pri-
mordial quantum fluctuations contribute to the radiation energy density at the time
of BBN.

By including the contribution of the energy density of GWs pgy, in equation (2.18),
and using the definition for Ng in equation (2.19), the BBN bounds for Neg become
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relevant in constraining the amount of GWs produced by quantum fluctuations

4
T (43 Pv | Pgw
(=) Neg=2 4% 2.20)
8 (11) Py Py (

To further make explicit the relation between Ng and the amount of GWs produced
by tensor vacuum perturbations, we follow [158]. We start from the result for the
energy density of GWs reviewed in Section 2.2

Pegw = 327TGa2 §imgit <h/ (7, k)h;m(T, k)> (2.21)

where the averaging (...) refers to computing the vacuum expectation value. By
writing the two-point function of GWs during RD era in terms of the tensor power

spectrum P;(k) = A, (kﬁ)nt

<}Al” (7,x)h¥ (1, %) /dlog kP (k)[T (1, k))? (2.22)

where T (7,k) is the transfer function during radiation domination (77(7,k) =
—kj1(kT)), pew is computed as the integral over all the frequencies

— 1 4 2
Pgw = 3onCral /leg kPy(k) [T'(r,k)]" . (2.23)

However, the integral domain in equation (2.23) is then constrained to a limited
range of frequencies ([kir, kuv])

_ A kdk LAY i2(kT) (2.24)
Pev = 30rGa? J, k) VT '

IR

to avoid the divergences. The integral is computed by introducing a new integration
variable ¢ = ﬁ and expanding in € = ,fé—‘f/ — 0 to get rid of the IR cutoff. For
positive n;, the integral results

e (F)” /lq”t“dqu (gkuvT) = Fov )™ L1 o (L (2.25)
WAk, 0 1 k. 2ny T2 kuvt )~

Hence, for the gravitational wave energy density we find (up to corrections of order
é)
Ay Eov™ 1 1
w — . 2.26
Pev = 3orGy ( ke ) 2ng (a7)2 (226)

Using equation (2.26) in equation (2.20), considering that the standard model pre-
dicts Negtn = 3.046 and that ar? T) =H= %ptot in the RD era, we obtain

4/3

w A [(kuv\™ T N.g — 3.046) p
Pgw _ t <UV) 8( )7 (2.27)

_5(1)
Prot  24my \ ks ( +1 (f)4/3 Nog ) Py
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Solving the equation above for Ng, we obtain the final result used in the literature?
to link the primordial power spectrum of GWs and the measured value of Nog (see
e.g., [158, 150, 106, 200, 53, 147, 121, 65, 146, 176, 140, 43, 44, 107))

430 A (kuv )™
(0" [ (5) ] +3.046
A (ko )™ '
- [t (5) ]
In order to better understand the effects of kyy, we expand Eq 2.29 in the limit

in which GWs are a small fraction of radiation-like species compared with the total
amount of radiation (see [158] for details) and obtain

4
7T(4\° H? kuv ™
Nejs ~ 3.04 4 S . 2.
77~ 3.0 6+<30 6+8(11> )(12W2M&nt<k*> (2.30)

The ratio kUV is usually estimated by considering the duration of inflation (kyy is
usually assomated to the smallest scale undergoing to a super-horizon phase during
inflation) and is of order ~ 102°=2%. As a consequence, as one can see from Eq. 2.30,
N bounds would be particularly stringent for ny > 0 (blue-tilted) power spectra.

~J0o

Neg = (2.29)

2.4 Comments and motivations for our work

Although the steps reviewed in this chapter constitute an important progress
in the direction of constraining the tensor power spectrum using the measurements
of Neg, a careful formal examination of these results allowed us to bring to light
fundamental discrepancies.

The first discrepancy is the dependence of the observable N.g on the regular-
ization parameter kyy. As studied in [107], the dependence on kyy in equation
Eq. (2.29) induces a strong constraint on blue-tilted power spectra and it is largely
studied to infer constraints or rule out mechanisms that produce such power spectra.
However, kyv is an arbitrary regulator used to avoid the divergences in Eq. (2.23)
and cannot be considered to infer any physical analysis. Having a divergent expec-
tation value as in Eq. (2.23), entails the need to follow the procedure reviewed in
1.2.2 and renormalize the divergences before obtaining a predictive result to be con-
strained by observations. Indeed, if these divergences are inconsistently subtracted,
one will end up with regularization artifacts in the final answer, such as hard cut-off

3In some works (see [151] as an example) instead of explicating the effective number of species
as in equation (2.29), the BBN’s constraint results in an upper bound of the energy density in
equation (2.23), written as the integral over all the frequencies

f=o00
/ d(log f)hZQew (f) < 5.6 x 1078 (Negr — 3.046) (2.28)
f=0

where Qgw(f) = iddlf:i’vf and 0.5 < hp < 0.85. In this derivation, the integral domain is

equivalently constrained by inserting an UV-cutoff to avoid divergencies.
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dependencies that cannot feature in any observables, which nevertheless feature in
Eq. (2.29).

Furthermore, we stress that UV cutoffs cannot be confused with scales correspond-
ing to the beginning and end of inflation. While the latter are physical scales, that
can be in principle observed or enter in formulas of observables, the former is merely
parametrizing our ignorance in computing the theoretical estimate of an observable?.

Secondly, the derivation of the formula for the energy density of GWs should
be modified in order to be used in the context of the CGWsB. By following [124]
and defining the stress energy tensor as the high-frequency part of the second order
expansion of the Einstein equations, as in equation eq. (2.1), we are assuming that
the CGWsB is a high-frequency signal. This would be a realistic assumption if we
were to study astrophysical sourced GWs. However, it is expected that the CGWsB
is a signal produced by long-wavelength GWs (especially when compared with the
horizon size at BBN). Then, Eq. (2.1) should be modified in order to include all the
terms of the second order expansion of Einstein equations. More importantly, as
pointed out in the previous paragraph, one must renormalize the divergences natu-
rally appearing in computing the stress energy tensor. Thus, one cannot start from
derivation that relies on a scale separation, as any computation at any loop order
implicit integrates over all scales and will eventually run afoul of this approximation.
Furthermore, by commuting the derivatives in the averaging procedure, we implic-
itly assume that the background is flat compared to the signal: to obtain Eq. (2.5)
we are assuming that the background metric is Minkowski instead of FLRW. This
would be again a good assumption if we were interested in studyng, for example, a
signal coming from a black holes merging happening far from the detector, but it
fails to be a good approssimation in the case under analysis. In [124], the averaging
is introduced in order to neglect the fine details of the very high-frequency oscilla-
tions of the GWs and, due to the quantum nature of the CGWsB, this can be done
by computing the expectation value. However, simply interpreting the average as
a vacuum expectation value is not enough, as we have to re-introduce the effects
arising from expanding around a curved background.

In Chapter 4 we will present our work and solve the discrepancies presented in
this section. Furthermore, we will show that an improved formal description of the
problem leads to a substantial difference in the interpretation of BBN bounds as a
constraint for tensor primordial perturbations.

4For more details and explicit examples on the difference between UV/IR cutoffs and physical
scales corresponding to the beginning and end of inflation see Sections 3.3.3 and 4.3
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CHAPTER 3

Handbook for divergences in cosmology —
scalar case

This chapter is based on:

An Etude on the Regularization and Renormalization of Divergences in Primordial
Observables

Anna Negro, and Subodh P. Patil, Riv. Nuovo Cim. 47 (2024) 3, 179-228.

3.1 Introductory remarks

This chapter is intended as a practical tour for the regularization of nominally
divergent quantities on backgrounds of cosmological interest. Before studying vac-
uum tensor perturbations and the possibility to infer constrains from BBN bounds,
we focus on the simplest possible applications one could think of, given the rich-
ness of the problems already encountered in cosmology, that of minimally coupled
non-interacting test scalar fields. Moreover, we work with a formalism that should
be familiar to most practicing cosmologists: two-point functions, power spectra and
spectral densities, all constructed through the intermediary of mode functions de-
rived on a FRLW slicing.

In the following, we start with a recap on how UV and IR divergences arise in the
computations of standard cosmological observables. In Section 3.2, we show that UV
and IR divergences naturally appear in both the stress energy tensor and the two-
point function. Taking a cue from non-relativistic QED and QCD, we demonstrate
how to split scaleless integrals into UV and IR contributions that would otherwise
cancel in dimensional regularization. We derive the regularized power spectrum
of a massless scalar field on dS regularizing both using dimensional regularization
and physics momenta cutoff and we verify that the logarithmic running of physical
quantities does not depend on the regularization method.

In Section 3.3, we focus on non-interacting test scalar fields and the UV log-divergent
parts to make sense of results in the literature that impose hard cutoffs in physical
momenta. We compare the coeflicients for the UV divergent logs, regularizing both
using dimensional regularization and physical cutoffs. We find identical coefficients
for the power spectrum of a massless scalar field on dS background and massless
and light scalar field on a quasi dS background. We then study the divergences
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arising in the stress energy tensor and we point out that it is not a straightforward
extension of the two-point function. We explicitly show that by using hard cutoffs,
one fails to construct a counterterm that subtracts the UV divergences from back-
ground geometric invariants. Lastly, we consider the process of regularization on
backgrounds that transition in and out of inflation to radiation domination. Al-
though scales corresponding to the beginning and end of inflation can be shown to
merely parametrize rather than regulate UV divergences, nominally IR divergent
contributions on a dS background are cured in the examples we consider.

We conclude in Section 3.4 by sumarizing the implications of our results.

3.2 Regularization of stress tensors and correlation functions

All physical observations entail the exchange of energy or momentum among
interacting components and detectors or tracers, whether through direct or indi-
rect means. Correlation functions serve as useful computational tools bridging the
gap between any given (effective) description valid during the primordial epoch and
observables at late times, yet they are not necessarily directly observable by them-
selves. They can, however, be related to observations at later times by acting upon
them with the appropriate derivatives to extract energy and momentum, and sub-
sequently convolving them with transfer functions that encapsulate how they are
processed by the intervening cosmological evolution (see e.g., [70] for a review).
Correlation functions are typically computed in Fourier space, whereas the observa-
tions they relate to are made at some fixed temporal and spatial location. Further-
more, correlation functions in real space involve the coincident limits of bilinear or
higher point functions, necessitating subtraction of UV divergences associated with
this limit. Well defined coincident limits also implicitly depend on the IR behavior
of correlation functions, with the difference that any IR divergence appearing in
computing physical quantities must cancel between all contributions in convolution
with the transfer function (see Section 1.2.1 for more details). This must be the case
for any well defined physical observables in any self-consistent calculational setup.
In this chapter we elaborate on the process of extracting these divergences, regu-
larizing quantities of interest on different backgrounds by following the procedure
reviewed in Section 1.2.2. In order to do this, in this section we establish some
preliminary facts and conventions.

The energy momentum tensor for a non-interacting, minimally coupled test
scalar field ¢ on an FRLW background is given by

T = O 0, p — %55 (9™ 0rp0s0 + m2¢?) (3.1)

from which we can extract

¢? (V¢  m® ,

~T% :=p=—— — 3.2

0 4 202 202 + 9 ¢ ) ( )

where we work in conformal time, and primes denote derivatives with respect to
conformal time. The above is a local density that we can rewrite as the coincident
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limit of a bilinear form as
p = lim p(7;2,y), (3.3)
y—

where

(¢ (7, 2)¢ (7, 9) + Vad(7,2) - Vyo(7,y) + m*a® o (7, 2)d(7,y)] -
(3.4)

Given the Fourier transform convention for the corresponding field operator ¢

p(Tim,y) = %2

A~ 3 A .
dr.z) = / (;lﬁ’;qb(nk)e“*% (3.5)

where the argument distinguishes the field operator in position space from its Fourier
component, and the definition'

K. N
S (B(r B ) = (20)°8 (e + K )Py (7, ), (36)

we can express the two point correlation function as

) ; d3k k) .
Grai) = [ PEPAH) o),

/ d—:m(r, k) Smk(f’"), (3.7)

where we have assumed statistical isotropy to perform the angular integrals, and
r = |z — y|, and will work with the adiabatic vacuum associated with a given
background in what follows. For inflationary spacetimes, this will be the usual
Bunch Davies vacuum state. The coincident limit of Eq. 3.7 can be expressed as

N - < dk

(b(r.2)d(r,2)) = / (7, ), (3.8)

0

and the coincident limit of Eq. 3.4 can similarly be expressed as

. 1 > dk
Lim p(r; ,y) = @/0 - [(K* + a®m?) Py(r, k) + Py (. k)], (3.9)

where we have used the shorthand
kS
272

(¢ (1, k)P (1, k)Y := (2m)38% (k + K/ )Py (7, k). (3.10)

In terms of canonically normalized mode functions ¢y (7) of the appropriate
adiabatic vacuum, the free field operator admits the expansion

O(r,k) = axdr (1) +a' o5 (T), (3.11)

1Below and in the rest of what follows, the equal time expectation values are short hand for in-in
correlation functions. For non-interacting test scalar fields evaluated in the adiabatic vacuum,
this reduces to Eq. 3.6 and the following.
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where [&k,&ik,] = (27)363(k + k'), so that

k‘3

= — 2 12
P¢(T7 k) 2 ‘(bk(T)' ) (3 )
and so that Eq. 3.9 can be expressed as
. ) 1 * 2 2, 2 2 2 2
i plriey) = o [ RAE[0 +@md) PR G13)

On a purely dS background, the mode functions for a massless field are given by
H? H?
2_ 2,2 / 2_ 4_2
n()P= 5 (4T, L (r)P= kT, (3.14)
so that the late time power spectrum for a massless test scalar is exactly scale
invariant with amplitude determined from the Bunch Davies vacuum as Py = (%)2,
where H is the Hubble factor that defines the dS background, so that Eq. 3.8 reduces
to )
. X H > dk
li == —. 1
i (@(r)dtra) = (1) [ (3.15)
This above is evidently divergent in both the UV and IR. Similar qualitative diver-
gences arise when constructing the corresponding energy-momentum tensor, as we
explore in the subsequent sections. Before delving into that, we take a detour on
the different approaches one might adopt to regularize expressions like the above
where important caveats immediately arise.

3.2.1 Regularization scheme (in)dependence

Given the absence of any scale in the integrand in Eq. 3.15, the integral nom-
inally vanishes in mass independent regularization schemes such as dimensional or
zeta function regularization (see e.g. the relevant chapters of [130]). Neverthe-
less, in what follows we show that it is still possible to cleanly separate UV and
IR divergent contributions (using techniques borrowed from matching calculations
in non-relativistic QCD and QED [61, 154]), and compare these to the contribu-
tions one would have calculated in mass dependent regularization schemes, such as
through imposing hard cutoffs in physical momenta. This is useful, as UV and IR
divergences have distinct physical interpretations — as discussed in Section 1.2.1,
whereas UV divergences are to be subtracted with local counterterms, IR diver-
gences cancel among themselves once physical observables are computed?.

If instead one attempts to regularize the divergences by imposing hard cutoffs in
both the UV and the IR, one is immediately presented with a choice as to precisely
how. For instance, Burgess et al. [64] adopts cutoffs in terms of physical momenta
on the basis that since IR divergences must cancel in all physical processes, the IR

2With the caveat that well defined observables can be identified, which presume that some of the IR
divergences in question are not signaling the invalidity of the particular background quantization.

36



3.2 Regularization of stress tensors and correlation functions

scales associated with these must be expressed in terms of physical scales. On the
other hand, Baumgart and Sundrum [41] argue that it is more practical to adopt
cutoffs in terms of comoving momenta for IR divergences given that the existence of
a pre-inflationary phase ought to serve as a natural regulator where the distinction
becomes less relevant (in the sense that it leads to only sub-leading corrections)?.
In what follows we aim to show that using hard cutoffs in physical momenta works
particularly straightforwardly for matching with the logarithmic UV divergences
that one can extract from scaleless integrals. The expected scheme dependence
drops out of physical quantities once renormalization conditions are imposed consis-
tently?, and both hard cutoffs in physical momenta and dimensional regularization
lead to straightforward identification of the requisite counterterms. Simply put,
even if one finds scheme dependence for the coefficients of nominal power law di-
vergences, we show that one finds identical coefficients for UV divergent logarithms
whether one dimensionally regularizes or uses hard cutoffs in physical momenta.

3.2.2 UV and IR divergences in mass (in)dependent schemes

Reconsider the scaleless integral Eq. 3.15, which can formally be rewritten as

[ [ 510
0 k B 0 k4 B 271'2 —0 ]f4 ’ '

where the formal manipulations that result in the above render this integral to be
Euclidean by default. We see that Eq.3.16 is a specific case of the more general form
(61]

) dPk kA
Ip(m ):/(%)D R (3.17)

Formally, Eq. 3.17 evaluates to®

_ r (A+ %)F (B - A- %) (mQ)A*B’JrD/?7

Ip(m?) = (i) 0/2T (2) T(5) (3.18)

3Logarithmic divergences are special in that they involve the ratios of scales for some observable
at some time, where the distinction between comoving and physical cutoffs becomes irrelevant.

4That is to say, a suitable counterterm can be subtracted that does not invalidate the background
field quantization prescription one has presumed.

A+D/2 . .

Sagp 2B, A+ D/2, 1+ A+ D/2, 7x]|§o with Eq. 3.18 coming
from the upper limit along with additional divergent contributions from the upper and lower
limits if A— B+ D/2 > 0 or if A4+ D/2 < 0, which are subleading to the divergences in Eq. 3.18

for integer values of A and B as D — 4.

5The integral evaluates to |
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which permits analytic continuation to non-integer values of D. Re-expressing the
two point function Eq. 3.15 via Eq. 3.16 as®

) . . H2 00 d4k H2 00 . 1 m2
Th_f)r})<¢(7ax)¢(ﬂ$)> T gt /_OO [ /_Ood k [k;Q(kQ + m?2) + kA(k2 +m?) |’
(3.19)
we see via Eq. 3.18 that this evaluates in D = 4 — § dimensions to two equal and
opposite contributions of the form

H2 1 1 m?
+— |- — = (log——= -1 3.20
|55 (e e 1)) (3.20)

where g is the Euler-Mascheroni constant, and p is some arbitrary mass scale
necessitated by dimensional deformation. The sum of the two contributions can be
written as

lim ((r, 2)(, 2)) = (H)2 { L “UV] , (3.21)

70 o1 duv  OR MIR

where we have artificially given a separate label to the dimensional deformation
parameters ¢ and p from the two terms to distinguish the UV and IR divergent
contributions in Eq. 3.19. We do so to illustrate how dimensional regularization
works in canceling two separately divergent contributions by default.

It is informative to compare this result with the outcome of imposing hard cut-
offs. Whether we chose to do so in Eq. 3.15 in terms of physical momenta (where
Ayv/ir = akyy/r) or in terms of comoving momenta (where Ayy /g = kuv/ir) is
immaterial in the context of logarithmic divergences which only sees ratios of these

h (o060, = (1) g (220, o

li
TL)() 2T kIR

From this, we see that in spite of the fact that scaleless integrals vanish under
dimensional regularization, factorizing them into a sum of scaleful integrals allows
one to match the coeflicients of the UV divergent logarithms in Eq. 3.21 with those
in Eq. 3.22 obtained by imposing hard cutoffs in physical momenta. As we show in
subsequent sections, this will be true no matter the background.

3.3 Non-interacting test scalar fields

In this section, we examine divergences in the two point correlation function
and energy momentum tensor for non-interacting, minimally coupled massless test

6Dimensional regularization requires us to deform the dimension of every quantity that depends
on spacetime dimension, including the mode functions on the background in question. This is
especially crucial in the context of loop corrections in the presence of interactions [199, 84, 40, 59],
where spuriously large loop corrections might otherwise be inferred. However, because we only
consider bubble diagrams of non-interacting fields in what follows (with no external momenta),
the result of doing so contributes only additional finite contributions and will be elided in what
follows.
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scalar fields on dS and quasi dS backgrounds, as well as that for sufficiently light
massive scalar fields on a dS background. All divergent integrals turn out to be
scaleless, a feature that persists even when one considers a background that tran-
sitions from a pre-inflationary epoch through to inflation and exiting to a terminal
phase of radiation domination. Nevertheless, one can extract UV divergences via
the techniques elaborated in section 3.2.2 and compare with what one would have
obtained with a hard cutoff in physical momenta, recovering identical coefficients
for the logarithmic divergences.

3.3.1 Regularization — (quasi) dS backgrounds

On backgrounds that deviate from dS, one has to be careful to factor in the

difference in the scale factor from the pure dS form of a(r) = —1/(HT). For constant
but non-zero € := —H /H?, as is the case during power law inflation for instance, one
has a(7) = 1/[-7Hp]*~'/2, where v = ﬁ (and where the integration constant

Hyj corresponds to the value of H at ¢ = 0 in cosmological time — cf. [70]). The net
result for the coincident limit of the two point function for a massless scalar field on
a background corresponding to constant € is given by

. . Ho\2T2(v dk [k \* k272
Iim (¢(r, 2)o(7, 7)) = (;) 75)22”_1/0 & (Ho) {1 + 2(V7i1) +e s
(3.23)

or more generally,

2 X Ho\® [®dk [k \™ " AN
;ig%<¢(m)¢(m)>~(2£)/o k(Ho) [1"‘(%) ;_ns‘kml

(3.24)
where the ellipses denote terms that vanish in the 7 — 0 limit and the ~ indicates a
numerical pre-factor that is close to unity for ns ~ 1 (and tends to it in the dS limit).

In the dS limit, we find the relatively simple expression

lim (3(r, )9, 2)) = (ZT) JAEE (I’})] (3.25)

which supplements Eq. 3.15 with a sub-leading correction in the late time limit,
notable relative to the analogous expression on quasi dS Eq. 3.24 in that is Eq.
3.25 exact for all times. The scaleless nature of Eq. 3.24 implies that it vanishes
when regularized in any mass independent scheme. Instead, one might contemplate
imposing a hard UV or IR cutoff in physical momenta by setting kyv,/ir = aAyv/Ir,
and subtracting the UV divergence with the necessary counterterm. Doing so for
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the expression Eq. 3.25, one finds (see e.g. [64])
s Ho\? | (Mo dk %
lim (3(r, 2)d(r,)) = (%) [ / - (1 n (HO)
/GAUV % 1+ k 2
ap k aHO

e

(3.26)
where p is some arbitrary renormalization scale. We note that the counterterm that
subtracts the UV divergence in Eq. 3.26 is given by

o (Y e () gl 2] s

corresponding to a scheme dependent renormalization of the cosmological constant”.
That these expressions are independent of time is a consequence of having imposed
a physical cutoff on a dS invariant background. The remaining IR divergence is in-
dicative of the fact that we have not yet arrived at something that can be processed
into an observable quantity. It could end up being canceled by other contributions
when we compute a well defined observable, or it could herald the need for resum-
mation in which case it will also eventually get canceled. It could also indicate that
the background we are attempting quantization around is not what it seems [76],
and additional physical inputs are required in order to proceed. As we will show
explicitly in what follows, were we to abandon the assumption that inflation was
past dS eternal, then all IR divergences cancel among themselves and are in effect
regulated by the scale corresponding to the beginning of inflation.

It is informative to compare what we would have obtained if we had dimension-
ally regularized Eq. 3.25 instead. We first note that the scaleless nature of the
integral permits us to change variables to ¢ := k/(aHy) for any fixed time. Hence
the integral we need to evaluate can be factorized as in Eq. 3.19 as:

H? [ d* HZ [ 1 1+ m? m?
704/ Tq(1+q2):7€1/ d4q[ RN AL Y =t N My v R
87t J_ @ 87t J_ (> +m?)  ¢*(¢*+m?)  ¢*(g* +m?)
(3.28)
where m := u/Hj is some auxiliary dimensionless mass scale. The first and second
terms above are power law and log divergent in the UV, respectively, whereas the
third term is IR divergent. The UV divergences must of course, be subtracted by an
appropriate counterterm. One finds, after cancellations between the contributions

“We note that imposing a comoving cutoff in the limits of Eq. 3.26 instead of a physical cutoff
would have resulted in a time dependence in the required counterterms (at odds with the dS
invariance of the vacuum state) and would have necessitated further gymnastics to arrive at any
physically meaningful quantity.
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from the first and second terms of Eq. 3.28, a remaining UV divergence

Hy\? M 11
b= = 1 — | - — 4+ = —1—1log4 2
et = (52) {o(F) 5 + 50w -1 -lomim |, 29

which is to be compared to Eq. 3.27.

The situation for quasi dS is more complicated if one were to regularize it in
a mass dependent scheme, as is evident from Eq. 3.24. Nevertheless, it is still
worth elaborating upon, provided we simplify matters by further specifying that
the background corresponds to that of eternal power-law inflation, defined by a
constant but non-zero €, so that ng — 1 = —2¢ — 2¢? + ... . We will address the
more realistic case of finite duration inflation next. One finds from inspection of the

integrand of Eq. 3.24:
E \? ame!
1 — 3.30
+ (CLH()) 2 — ns‘| ( )

[ (k)
o Kk \(Ho

that the first term results

©dk [k \™ " 1 aA\" !
ar [k —_ - (a2 , 3.31
/0 k (H0> Ins — 1| <H0> (3:51)

and the second term results

o Ik k ns+l 2(ng—1) 2(ns—1) A ns+1
[5Gm) e m) 0
o Kk \aHp 2 — ng (2 —ns)(ns +1) \ Hy
where whether A is an IR or UV cutoff depends on the value of ng. By rewriting
Eq. 3.24 as a function of the slow roll parameter €

k 2 a—2e

1 AR R

+ <aH0> 14 2¢

}%@(T,x)é(@x» ~ <I;;>>2/0°°dkk (;{)) —2e

we find that in the quasi dS limit (¢ < 1) the first term gives a logarithmic divergent

contribution
©dk [ k\"* 1 Auv
— [ = = — +log — .34
/0 3 <Ho> 5 + log A + O(e) (3.34)

(3.33)

and the second term a power law UV divergence

< Jk k 2(1—€) _4e —de /A 2
/ dk ( ) « _a ( UV) . (3.35)
0 k CLHQ 14 2¢ 2 HO
The interpretation of the IR divergences is as discussed above, while the UV diver-
gence must be subtracted with a local counterterm if we are to obtain physically
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meaningful quantities. For small €, the counterterm is given by

L Ho\* [ 1 7 a= p\’ Auv\?
et = IL’%(%) etleeg ot =5 \\m) ) ) o
. H0>2 { 1 pooa ALy ]
= lim [ — — +1o - + O(e 3.36
Ho(zw 2 ®Aov 2 H? () (3.36)

where again p is some renormalization scale and given that Ayy > u, we have
neglected the sub-leading dependence on p in the second equality.

We first note that the required counterterm is time dependent, which should not
come as a surprise, given that the background is no longer maximally symmetric.
It behooves us to elaborate on the specific form of the local counterterm that could
possibly have this particular time dependence. Noting that on the specified power
law inflating background, H, H? ~ a~2¢, so that curvature squared invariants eval-
uated on this background have the required secular dependence. That is, Eq. 3.36
derives from

ct. C / d*z/=g [e1(W)R? + ea(p) Ry R (3.37)

which are the usual leading curvature squared counterterms encountered in the ef-
fective field theory treatment of gravity [90, 91, 92, 60].

As before, we can retrace the same computation using dimensional regulariza-
tion. We first consider the separate contributions to the integrand Eq. 3.33. The
logarithmic divergent contribution can be re-expressed as

/°° dk (kT 1 [ diq
o k \Hp o2 ) q4q
1 ] —2¢ ~ 2 —2¢
- 4 € 4 T4} (3.38)
212 | (@ +m?)  q*(q® +m?)

where we have switched to the dimensionless variable g := k/Hj, and similarly for
m := u/Hp. By isolating the UV pole, we find that the presence of the non-integer
exponents eliminates the d poles and we obtain that in the quasi dS limit the first
term results &

Ho\? [®dk [ k\ > [H)\?[1 wooe [, M
-y Ry =(=2) |= —log = + — 241og ) |.
<27r> /0 k (HO) (27r 2 0, T\ Tty

(3.39)

8Note that we are required to take the limits in the order § — 0 and then ¢ — 0. To do the opposite
would mean to have regularized on a dS background first and then deformed the background in
the hopes that no new divergences will have appeared through this process. One can show that
this is not justified on general grounds [48], and is seen directly from the proliferation of higher
order § poles encountered when taking the limits in the opposite order.
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The second term of Eq. 3.33 can be rewritten as

CnAy MOt 1% dl g
1+2¢ )y k \aHp 142272 J_ ¢*

_ a"4€ L /OO . q2(1—e) N ,”,ﬁ2q2(1—e)
1+2e2n2 J_ (P +m?) ¢ +m2) ]’
(3.40)

where just as we did on dS space, we work with dimensionless variables ¢ := k/aH
and m := u/Hy. Using Eq. 3.18 we see that power law UV divergences cancel
among themselves, and so do not necessitate any counterterms. In conclusion, we
find that the counterterm in the quasi dS limit results

HO 2 1 1%
ct. = l1—>mo (%) [26 + log o + O(e)} . (3.41)

The generalization to massive fields is straightforward on dS backgrounds, where
analytic expressions for the mode functions can be obtained:

™
[on () P= L H3 (=7)°|H) (k)P (3.42)
where )
9 m
vi = - — (3.43)
™4 HE

and where H,Ein) is the corresponding Hankel function with degree v,,. Presuming
0 < m? < 9HZ/4 so that vy, is still real, the coincident limit of the two point
function at late times can then be computed as

“dk [ k 7" (k/aH)> P
k (CLHQ) 2(V7n - 1)
(3.44)
It is notable that in spite of the presence of the additional mass scale m, the integral
remains scaleless?. Here also, we can make the change of variable to ¢ = k/(aH),
so that the above can be recast as

n ~ 202V, T2
lim (3(r, 2)B(r, z)) = Z02 L7 (vm) /0

T—0 873

. 2 2 _ Hg 2 T2 > dYq 3—2u., q
lim Gr)dro) = 52 2w [ e e | )

where the first thing to note is that the IR divergence encountered for a non-
interacting massless scalar on dS is eliminated given that v, < 3/2!°. Proceeding
exactly as before, we can compare the UV divergence obtained from imposing a hard

9This can be understood from the fact that on dS, the quantity nominally labeled mass in Eq. 3.43
is constructed from eigenvalues of the Casimir operators corresponding to conformal dimension
and spin expressed in units of the dS radius, which remains the only scale in the problem.

10A short-lived conclusion on dS backgrounds the minute any interactions are incorporated.
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cutoff in physical momenta to that obtained by factorizing the scaleless integral in
dimensional regularization. In the limit m?/H3 < 1, one finds that the required
counterterms are given by

c.t.

_ Hg 22vmr2(ym) |:

3H? A2
= 3.2 m20 + log B2y } (physical cutoff) (3.46)
™ 7r

AUV 4Hg

and

c.t.

 HE 20T2(v,,) [3HE
© 8n2 T

2 + log HL + } (dim reg) (3.47)
0

where again, one takes the limit § — 0 to regularize the integrals before taking
the limit m?/HZ — 0. In both cases, the required counterterm corresponds to a
renormalization of the cosmological constant.

3.3.2 Regularization — stress energy tensor

Having labored over the details of regularizing and renormalizing divergences for
the two point function of test scalar fields, repeating the exercise for the associated
stress tensor may seem a straightforward extension'!. However, we immediately
encounter a difficulty: it is not always possible to construct a counterterm that
subtracts the encountered UV divergences from background geometric invariants.
This appear to be the case if the regularization scheme itself does not respect this
symmetry. This is not to a concern to be casually dismissed!'?, as persisting with
this regularization scheme could lead us to the erroneous conclusion that the back-
ground we attempted to quantize around is transmuting into something else under
renormalization if not worked through to the end. It is here that dimensional and re-
lated zeta function regularization techniques distinguish themselves in theories with
general covariance, as they effortlessly preserve the symmetries of the background
even if the precise mechanism by which this occurs can seem non-trivial. For this
reason, it is worth explicitly tracing through this process in detail'®.

Consider a minimally coupled non-interacting test scalar field on dS space in the
Bunch Davies vacuum. The rotational invariance of the vacuum state allow us to
write the non-vanishing components as

1 oo
P= s / k2 dk [(k? + a*m?) |ox(7) P+ |0 (1)]?] (3.48)
and . . y
b= 4772a2/0 K dk [ <3 +a2m2) |01 (1) P+[k (7)1 (3.49)

11 See Section 1.2.3 for an introduction on divergences arising in computing the stress energy tensor.

12 An issue that did not arise for the two-point function given that its nature as a scalar bilinear.

13Nevertheless, it remains true that the coefficients of the UV divergent logarithms would match
regardless of whether one dimensionally regularizes or one imposes hard cutoffs in physical mo-
menta.
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with all other components of the energy momentum tensor vanishing. From the
asymptotic forms of Eq. 3.42, one can infer that both integrals are UV divergent.
The energy density in the massless limit is straightforwardly computed via Eq. 3.14,

and found to be
H* [®dk |/ k \? E\*
= =Z|[=) +2(— .
P 8%2/0 k l(aH) * (aH) ] ’ (3:50)

and the corresponding pressure is found to be

FELERE )] e

Despite one can regularize both components through imposing physical cutoffs, one
is immediately confronted by the fact that the required counterterm for the lead-
ing divergences will not be proportional to the metric nor the Ricci tensor on the
presumed dS background (which would correspond either to renormalizations of the
cosmological and Newton’s constants). This is not the case when one implements di-
mensional regularization. Although the fully covariant formalism to regularize stress
tensors using mass independent schemes is largely studied in the literature (as elab-
orated upon in [48, 178]), it is nevertheless informative to trace through this process.

We consider the example of a massive scalar field on an FRLW background, and
consider the analogs of Eqgs. 3.48 and 3.49 in cosmic time where we can neglect
the effects of background expansion. This is in order to be facilitate working with
transparent analytic expressions that, moreover, are non-vanishing (as would be the
case for a massless scalar field), with the further justification that as we are only
interested in computing the relevant counterterms to subtract UV divergences and
can thus be forgiven for this approximation for illustrative purposes. Details of how
one dimensional regularizes energy momentum tensors for more realistic examples
in a fully covariant approach can be found in e.g. [48, 178]. What follows below
closely tracks the treatment of [74, 133].

Working in D = 4 — § dimensions, where the background metric is of the FRLW
form in cosmic time, one finds the following expressions for the vacuum expectation
values of the stress tensor:

<T00> = 5D 1 D 1/dD 1k‘ /m2+7

2 M D-1
Ty = d k‘i. 3.52
T = st [ —  G®

Both components have the same degree of divergence in the UV, but with different
coefficients. Imposing hard cutoffs in physical momenta would necessitate a coun-
terterm that cannot be constructed from background geometric invariants. Instead,
we proceed via Eq. 3.18, with A = 0, B = —= in the first integral above, and A =1,
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B= % for the second integral, to find

_ k2 (ma)” (2m)P 1T (BT (-2)
AP gy m2 + = = 5T i —
/ @ e a5
B k? @mPIT (3+5)T(-%)
dP 1k = a(ma)’ "5 - ~ 22 (3.53
J ot et e Ty )

so that the dimensionally regularized components of the stress energy tensor become

ptP  (ma)” 2mP T (PEYT (- F)

<T00> = 2aDP-1 27T)D71 a (471') D;I T (_2%) r (%)

ot (m\PT (%)
9(4m) (u) r(-3)’ (354
for the energy density, and
WP 1 (eP T (3 BT ()
Ta) = 2aP-1(2m)P-1 D —1 (ma) (m)*= T (3)I ()
_ P 1 ama)”T (BT (-F)
2(m)e D=1 aP7t T (3) T (25
___wtar (m\"T(=%)
C 2(4m)s <u) r(-3)’ (3.5

for the pressure components, where in the last equality we have used T'(z + 1) =
2l'(x) to re-express
r (24 D—1
I (F2D)1 =T (3.56)
()T (%) (=32)

From this, we see that the stress tensor has a divergence of the form

A m* 2 m? 3
(Tw)div = —gw@ {5 — log <47T/~L2> +vE — 2} ) (3.57)

which can straightforwardly be subtracted by a cosmological constant-like countert-
erm. For this reason, regularization schemes that preserve general covariance such
as dimensional or zeta function regularization are preferred in the context of renor-
malizing the stress energy tensor. In spite of this caveat, however, one can still be
forgiven for using hard cutoffs in physical momenta when restricted to calculating
logarithmic divergences, as one can show the result to be identical to what would
have been obtained in a mass independent scheme. We will return to this point in
regards the regularization of the stress tensor for GWs in the next chapter.
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3.3.3 Regularization — finite duration inflation

Having acquainted ourselves with the basics of regularizing and renormalizing
divergences for familiar quantities, one would like to generalize this to backgrounds
that realistically model the universe we inhabit. In particular, one might wonder
if the fact that we only obtained scaleless integrals in the previous subsections is
an artifact of considering the unrealistic scenario of infinite duration inflation. We
show that this situation persists even when we consider a cosmology that transitions
between different epochs.

In order for inflation to have finite duration by definition, we must be considering
an epoch before and after inflation, which we choose to be radiation domination in
both cases. We consider the scale factor to evolve as

a(t) = ar <2 — T) e Nov 7 oq
71
= aR (1) 67'/\/“’t T<T<TR
T
= agr (2 — > TR <T (3.58)
R

where ag is the scale factor at reheating, and 71 and 7 correspond to the (negative)
conformal time at the start and end of inflation'* respectively, and

Niot = log(ar /ar) = log(m1/TR) (3.59)

is the total amount e-folds of inflation. The domain of 7 is (—o0, 00) with inflation
occurring during negative conformal time. With these definitions, the Hubble rate
during inflation is given by

1

H=- .
ARTR

(3.60)

In what follows, we keep the normalization ar arbitrary, although one can readily
set ag = 1 for convenience in what follows. Here again, we focus on a massless,
minimally coupled non-interacting scalar field for illustrative purposes. The mode
functions during the terminal stage of radiation domination can be rewritten for the
purposes of a matching to the end of inflation as

11 ik (2 ) ik (2- )
RD _ -~ ~ R ktr (2 5 R ikTr =
N oY {ake "t Bie i
RD _ OR R —ikmr (222 ) ( .akTR) R ik (22 ) ( .akTRﬂ
=—— | e R 1—2 + Bire R 1+ .
4§ a?trV 2k [ b aRr & ar
(3.61)

14Note that this puts the initial singularity at 7 = 271, however, the only manner in which the
pre-inflationary phase bears on late time observables is through the choice to begin with the
adiabatic vacuum evolved to the start of the inflationary epoch at 7.
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The mode functions during inflation are given by

H ; ik ik ik
i = g b (1- o) + o (1 )

H ok k? k2

AN I S U F L S L
V2k3 aH aH

where the presence of non-trivial Bogoliubov coefficients come from having matched

to a radiation dominated pre-inflationary phase initiated in the adiabatic vacuum,
where the mode functions are given by

(3.62)

EI _ 1 1 —szI (2—%8\&“)
a2k
1 ay — __a_ Niot a
P = O ik (2 g et (1+ik7 ) 3.63
F a2k TI tar (3.63)
One first obtains a}c and ﬁk by matching to the pre-inflationary RD epoch, so that
1 o . H2 + aIH
o= ImigE T
2772
I aIH 2t
B i € 7 (3.64)

Similarly, after the matching between inflation and RD era, one finds that o' and
BR are given by

. aRH ,a2 H a 2 ,22' k
akR = a}c (_’L + k +1 2k2 ) + BIIC ng nt
a H? 9 & _ . arH a4 H?
ﬁ}j = zog}C o5z e2iaRT 4 Bllc (z + P;{ —1 ng ) . (3.65)

We now use these results to find expressions for the coincident limits of the two
point function and p during the terminal stage of radiation domination. The two
point correlation function coincidence limit can be expressed as

R R 1 dk k2
lim (3(r, 2)d(r,y) = —— /0 14 288

Ty 272q2 k2

+agﬁ§*e%(27ﬁ) + a}:* ]1;{@7 aRH (27§)

1 dk k?
— g [ F oy LUl G06)
where the first line has used |a},|2—| 8} |*= |aft|?—|B}|?= 1, and the second line splits
the integrand into strictly power law contributions and oscillatory contributions.
From Eqs. 3.64 and 3.65, we find that

ayH* + afH*  afaf H®

8RB ower = pix + g (3.67)
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which nominally appears to have aggravated the IR divergence of the two point
function. Although the oscillatory terms can indeed be neglected for the purposes
of extracting UV divergences, the oscillations freeze in the IR and exactly cancel
the contributions from |3 Specifically, one finds that

‘2
power*

lim {osc} = — agH* +afH*  afagH® - (3afar + 2a(a}, — a))? (3.68)
k—0 2k4 4k8 9aZa$ ’ '

2

which cancels the contributions from 1+ 2|82, c.-

from the final term of Eq. 3.68 to reckon with:

The UV divergence resulting

2
. . 2a 1 &
: o —4Not 3Nior—1
T {@(7, )$(7, y))aiv = € <3+aR E }) T /0 dk k, (3.69)

where as before, e Nt = ¢ /ar. Two things are to be immediately noted. Firstly,
that the physical UV and IR scales kir,/uv = ay/r H associated with the beginning
and end of inflation do not by themselves regulate the UV divergences. Instead, they
merely parametrize the divergence through their ratio kg /kuv = e~ Neot in the pre-
factor above. Furthermore, the pre-factor itself diverges as Mot — 00, indicative of
the restoration of the divergences arising considering a past infinite dS space in that
limit, where, moreover, a logarithmic IR divergence reappears. This is perhaps best
illustrated by Fig. 3.1 where we plot all contributions of the power spectrum for
finite duration inflation (identified through the logarithmic integrand of Eq. 3.66)
along with what would have resulted for a past-infinite dS cosmology matched to
a terminal phase of radiation domination'®. The UV divergence is unsurprisingly
unchanged, and can be subtracted with a cosmological constant counterterm.

In computing the energy density p, we begin with

1

lim p(riz,y) = 5 /0 B2 dk [R2[E° (MP+HOET (D] (3.70)

and use Eq. 3.61 to express the energy density during radiation domination as

1 < dk ay H?
Po= 87r2a4/o * [k4 <2+ 21 ) (1 2 power) + {osc}
<k
= | T () + W) (3.71)

where the integrated contribution of QZ. , defined from pese that includes the os-

cillatory contributions coming from akR* [3}:‘ as well as from computing the modulus

15The limit of a pre-inflationary phase of infinite duration inflation can straightforwardly be read
off from inserting Eq. 3.65 into Eq. 3.64 with a; = 0.

49



3.3 Non-interacting test scalar fields
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Figure 3.1: Comparison power spectra massless test scalar field

The graphs show the comparison between the power spectrum of a massless test scalar
field with past infinite dS inflation (dashed line) vs finite duration dS inflation (bold line)
matched to a terminal stage of radiation domination. Finite duration inflation cures the
would be IR divergences, leaving only UV divergences to attend to.

a): Power spectra evaluated at reheating a = ar, where a; = 10~ 2ag in units where H is
set to 2m. b): Power spectra evaluated at different times during radiation domination.
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square of |32, is given by

1 - 2 ap H® 1 oole 2i—k a® H? . arH  a}H?
Posc :W/o dkk <k+ W20k —iog By e aRH7 —i+ k 44 T

i a% H? i+ arH ia2RH2
k2 k 2k2

1 & 9k (Q,L) k. atH? . ka 2
dk k2 R nRx* R 2 v R 1
+ 4m2at /0 lak fie et a?2k +Za%{H

4 772 2
Rs oR 2ikm (2--=) [k | agH . ka
+ ap" B n (2-3%) <2+ 2ok <1za§> )]
(3.72)

Making use of Eqgs. 3.64 and 3.65, one can integrate the various terms and expand
the result in the limit £ — oo, upon which we obtain

_ 2ik(a;—aR) 2ik(ay—aR) 4 6
Posc = L lim l(e( Ha%{ >+6( Ha%i >> < I{aR>

47204 k500 4a? — 4aar

2ik(aa;—2ajag +a?) 2ik(aar2ajag +a?)
+ 6(_ HaIa% = ) + e( H"‘I“% = H4a%a4R
da (

. -2
+iak Bre

aar — 2arag + a%)

(3.73)
up to terms of order ~ % We note that this contribution is manifestly finite, and
oscillatory in the upper limit in a manner that would be eliminated via the analog
of the ie prescription for the Minkowski space limit of all the two point propagators
in the in-in formalism. Then, as was the case with the two point function, the
oscillatory contributions are negligible in the UV and can be neglected in the UV-
regularization. On the other hand, they become relevant when the oscillations freeze
as k — 0, also softening the IR behavior for the spectral power density relative to
what would have been on a past infinite dS background. Indeed, the contributions
form Eq. 3.67 that nominally appear to aggravate IR divergences in the context of
Eq. 3.71 are canceled by contributions from the oscillatory terms that freeze out in
the IR. One can expand the sum of all contributions in the IR to find the IR safe
scaling Qfot o k*, to be compared to what one would have obtained if there had
been no pre-inflationary phase, where Qfot o k2. We illustrate this behavior and
the processing of the logarithmic spectra power density as we go deeper into the
radiation dominated regime in Fig. 3.2. The sub-horizon decay compensates for the
k? scaling for the modes that exited the Hubble horizon during inflation to produce
a scale invariant spectral density during radiation domination. We further note the
additional long wavelength suppression of the spectral density for a pre-inflationary
phase relative to past eternal dS.

Returning to Eq. 3.71, we see that upon inserting Eq. 3.67, the only divergences
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that need to be regulated are given by the contributions

1 > H4a: + H*a? 1 o at H?
W= dk (1 R I / d*k-R 3.74
Pdiv = g4 / . < + 2%* * Smias | T BT

where again we recast the logarithmic integration into the formally equivalent 4D
Euclidean form as per Eq. 3.16, and change integration variables to physical mo-
menta ¢ = k/(agH). We stress that all factors of H in the expressions above
correspond to the Hubble parameter during the intermediate phase on inflation,
which is presumed dS and therefore fixed as per Eq. 3.60.

4. 4 1 4 n
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Figure 3.2: Comparison power spectra massless test scalar field

The graphs show the comparison between the power spectrum of a massless test scalar
field with past infinite dS inflation (dashed line) vs finite duration dS inflation (bold
line) matched to a terminal stage of radiation domination. The panels are evalu-
ated at subsequent times during radiation domination, with a; = 107 '%ar, and with
a/ar =1, 108,107, and 1072, respectively, in units where H = 2.

One can proceed from here as we did in the previous subsection in comparing
the results from imposing cutoffs in physical momenta with that of dimensionally
regularizing factorized scaleless integrals for the energy density (with the caveat that
the counterterms are strictly speaking to be identified only through a scheme that
preserves diffeomorphism invariance as per the discussion at the end of the previous
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subsection). By imposing cutoffs in physical momenta: k = aAyy, we see that the
first term in Eq. 3.74 corresponds to a divergence of the form

1 * 4 1 ahov 3 A%JV
srigt | A= g [ Fdk= 3, (3.75)

and the third term corresponds to a divergence of the form

1 e’} 4H2 4H2 alAuv A2 H2
T T
8mtab J_ o 2k 8m2ab J, 1672 (a/aR)

which would nominally be subtracted by a counterterm proportional to R were
we to insist on hard cutoff cutoff regularization. The former, when varied with
respect to the metric yields the contribution R, ~ 1/a* and thus corresponds to a
renormalization of Newton’s constant. Finally, the second term in Eq. 3.74 results
in a divergence of the form

1 > at H* + a4 H* 1 ahuv g
d4k R 1 — / - 4 H4 4H4
8rial /_ - ( 2k 82t Jop, K (o " + ai HY)
HA(1 + e~ WNeot A
_ Hterme))  Auv (3.77)
87r2(a/aR)4 AIR

where the scale Ajg does not have the same significance as before, given the IR
safe behavior of the spectral density, and where the above also corresponds to a
renormalization of Newton’s constant. We note that the scales corresponding to the
beginning and end of inflation appear in the coefficient of the logarithm, whereas
the UV scale corresponding to the unknown completion the theory appears inside
the logarithm.

Were we to now dimensionally regularize the divergences as advised, we can
perform a similar factorization of the scaleless integrals as in the previous subsection.
The nominally power law divergent parts can be isolated as

1 e ak H?
UV 4 R
V= d*k {1+ ——
Pdiv = graqa /,OO ( + 2a2k2>
_ 1 /°° T k* + m? Jra‘l%{H2 1 n m?2 ’
8mtat J_ o (k2 +m?) 2a%2 \ (k24+m?)  Ek2(k% +m?)

(3.78)

where we see that power law UV divergences cancel among themselves, and so do

not necessitate any counterterms. On the other hand, the UV divergent logarithmic
term can be isolated and factorized as

oo L% o (ahH' <t alH!
Paiv = gragh | 2k*

_ 1 /°° e afH* + a{H* 1 n m?
8rtat |J_ o 2 k2(k? +m?)  k*(k*?+m?) )
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By isolating the logarithmic UV poles, we find

og  HY 1+ e WNwt) [11

1
e HUTC 7)) 1 plog (B .
div 87%(a/ar)* | duv Lo apoe ( ﬂ (3.80)

H

from which we read off an identical coefficient as computed in Eq. 3.77'6.

3.4 Conclusions

We stress that the results of this chapter, even if applied to an example of pure
academic interest, brought to light relevant results in the context of regularizing
and renormalizing divergences in primordial observables.

We elaborated on how it is possible to extract logarithmic divergences from scale-
less divergent integrals using dimensional regularization and we analyzed various
simple examples to show the scheme independence of logarithmic divergences. We
then showed that regularizing the divergence of just one particular component of
the stress tensor (such as the energy density) is not sufficient. By separately reg-
ularizing the energy density and the pressure using physical cutoffs, the required
counterterm cannot be constructed from background quantities in a particular reg-
ularization scheme. As a consequence, all subsequent conclusions will necessarily be
scheme-dependent, and therefore unphysical. We then conclude that regularization
schemes that preserve general covariance are preferred in this context.
Furthermore, we explicitly verified that the scales corresponding to the beginning
and end of inflation must in principle be separated from any UV and IR scales
parametrizing the unknown completion of our theory and well defined observable
quantities. Although physical quantities cannot depend on the latter, they may cer-
tainly depend on the former. We found that all IR divergences encountered in the
simplified settings we worked in were regulated by the existence of a pre-inflationary
phase, and therefore were an artifact of the approximation of a past infinite dS phase.
Whether this generalizes to a wider class of IR divergences, especially when higher
point interactions are included, is an important question that demands to be fol-
lowed up on.

Unsurprisingly, UV divergences persist for backgrounds corresponding to finite du-
ration inflation, and the scale corresponding to the end of inflation parametrizes
their coefficients rather than regulating them. Upon subtraction of these diver-
gences with local counterterms and the imposition of renormalization conditions!?,
a discussion that we postpone to the next chapter, one is able to draw meaningful
physical conclusions. The two-point function and stress tensor of a test scalar field
are of relatively academic interest given the assumed negligibility of the scalar field

160One can also show that the analogous computation for the pressure component also necessitates a
counterterm corresponding to a renormalization of Gy (i.e. resulting in a divergent contribution
proportional to the spatial components of the Ricci tensor when varied with respect to the
background metric) resulting in a renormalized stress tensor that is traceless on a radiation
domination background. We do so explicitly for the case of tensor modes in Section 4.3.

"Which, as reviewed in Section 1.2.2, are fundamental steps to obtain meaningful results from
divergences arising in including quantum corrections.
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3.4 Conclusions

background, and therefore inability to fix renormalization conditions from observa-
tion. The analogous set of questions for vacuum tensor perturbations presents a
much more interesting application given the assumption of an evolving background
gravitational field (that of FRLW cosmology), perturbations around which represent
GWs, which is where we will turn our attention towards next.
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CHAPTER 4

(Im)possibility of constraining primordial
GWs with N.g bounds

This chapter is based on:

An Etude on the Regularization and Renormalization of Divergences in Primordial
Observables

Anna Negro, and Subodh P. Patil, Riv. Nuovo Cim. 47 (2024) 3, 179-228.

4.1 Introductory remarks

In this chapter we question the validity of the results reviewed in Chapter 2
and show the implications of both re-deriving the stress energy tensor of GWs and
renormalizing the energy density of GWs following the renormalization procedure
reviewed in Section 1.2.2. We apply what we learned in the previous chapter to
an example of great interest in cosmology: the contribution of primordial vacuum
tensor fluctuation to Neg, being the latter tightly constrained by BBN bounds.

In Section 4.2 we improve the definition of the stress energy tensor of GWs being
mindful of avoiding the scale separation on which the result derived in Section 2.2
relies. We obtain an original result that is valid independently from the frequency
of the signal and takes into account the effects of curvature. Before proceeding with
the renormalization of the energy density, we comment on the physical meaning of
the improved definition.

In Section 4.3 we follow trough the procedure studied in the previous chapter in
order to regularize the energy density of vacuum GWs. We compare the result
obtained by regularizing using physical hard cutoffs and dimensional regularization
and, as we learned in the scalar case, we show that even if the coefficients of the
log-divergences agree in the two regularization schemes, dimensional regularization
is to be preferred to obtain meaningful results.

We proceed in Section 4.4 with the second step of renormalization that consists
in imposing renormalization conditions. We stress that this is a fundamental step
that, even if it might appear of secondary importance, as it is often overlooked
in the literature of renormalization of divergences, it is essential to understand
the role of BBN bounds on constraining primordial GWs. By carefully imposing
the renormalization conditions to fix the finite, scheme-dependent leftover of the
renormalized result, we demonstrate that the BBN constraints fail to constrain the



4.2 Stress energy tensor (re)definition

production of primordial vacuum tensor perturbations.
We conclude in Section 4.5 and comment on the possibility of constraining vacuum
GWs with Neg bounds.

4.2 Stress energy tensor (re)definition

As reviewed in Section 2.2, the formula for the stress energy tensor of GWs!

1 A n
Isc _ I 113
ohs = omargre (P (m R (. E)) (4.1)

was derived in the context of astrophysically sourced GWs. It is nevertheless exten-
sively referenced in computations of the stress energy tensor of cosmological gravi-
tational wave backgrounds?. However, retracing the steps used in its derivation, it
becomes immediately clear that one needs to proceed with extra care for applications
in a cosmological context, in particular when considering questions of renormalized
stress tensors in prescriptions that involve the integral over all momenta®. This is
because, as reviewed in detail in Section 2.2, the Isaacson form presumes a prior
scale separation between fast and slow frequencies defined relative to the curvature
scale of the background (a criterion that is time dependent), and repeatedly relies
on this scale separation along with the implicit averaging prescription to facilitate
various approximations resulting in the simplified final form Eq. 4.1. In the context
of an expanding spacetime, with modes of observational relevance that might have
crossed any a-priori defined scale more than once over cosmic evolution, undoing the
steps that relied on these approximations is warranted. Therefore, it behooves us to
re-examine the derivation of the stress tensor for GWs without resorting to approxi-
mations that may be at odds with the need to incorporate wavelengths beyond this
approximation in any intermediate steps in following through the process of renor-
malization on cosmological spacetimes. In the following we re-derive Eq. 4.1 without
the assumptions of having a high-frequency signal propagating on a flat background.

We compute the stress energy tensor of GWs Tgl‘f following the derivation of
Section 2.2, where the stress energy tensor of GWs is defined as the averaged second

Implicit in the expectation value of Eq. 4.1 is an additional (Brill-Hartle) spatial and temporal
averaging prescription discussed in Section 2.2. We presume this as implicit when discussing the
Isaacson form of the stress tensor in what follows.

2e.g. leading to Eq. 2.26. See also [68] and references therein.

3A feature that can be bypassed entirely in the context of Hadamard regularization [18, 171].
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order perturbed Einstein equations*

rgw v 1 v
() = g (67

1
_ _ 52 vap o 61 l/aélR o ua52R o
871G N < 9 pa T0°9g po T 9 "

1
—55; (629°° Rop + 6" g™ 0" Rop + ga552Ra5)> . (4.2)

Using the expansions in Eqs. 2.2 and fixing the gauge (Dpibp” =0, iL,ﬂ =h= 0)
the stress energy tensor in (4.2) results

- 1 1. 4 1. - PO 1. A
(T, = e <—2h"ahM0RaU SR ahy R+ b RO S QDR
1 A N 1 ~ A 1 N N 1 N
o Duh?aD b + S DR (D7l = DGR WD hy® + Sh7 DDV
1"0 a v 1"0’ a v 1Aa vy o
3R DDyl = SR WD Dyhy” = She G DaD"hy,

(ﬁﬁawwm 700 4 2D, Do - ;DoﬁﬁaD“ﬁB"> > .

(4.3)
At this stage, Brill-Hartle averaging would result in the Maccallum-Taub averaged
stress tensor [149], which upon further integrations by parts within the spatial and
temporal averaged integrals in addition to commuting covariant derivatives would
bring the latter into the Isaacson form Eq. 2.5. Instead, we persist with Eq. 4.3
as it is. To find the energy density of GWs pgy, we have to specify the covariant
derivatives in Eq 4.3. Using that in conformal time, the only non-vanishing Christof-
fel symbols on a FLRW universe are '), = %, Ty = %@i and TY; = %5ij, and
considering only the transverse traceless part of the metric as the propagating DoFs
(see Section 2.2.1 for more details), 759 then results

~ —1 PO A A ~ ~ n A ~ A
(1) = ima2cie <h91h§J — 30kh; 0k R — 4h; 00 b + SHB; Y + 26khj’8]hik> .
(4.4)
Consequently, in the coincidence limit (pgw := limy 4 pew(7T; 2, y)) the energy den-

sity of GWs can be expressed as:

1 PN ~ s ~ s ~ a A aa
Im ) k74 k74 jpik i
T (BT = 30hi; 0" — ahiy 00K + 20his 07 + 8HI; BT )
(4.5)
where H := a’/a. In spite of not invoking any additional averaging prescriptions, the

expectation value featuring in the improved stress tensor above is still doing a lot
of heavy lifting. We stress that this is purely a quantum expectation value (strictly,

40ne can also independently derive what follows by expanding the action to second order in
perturbations and varying with respect to the background metric, taking care to properly address
gauge-fixing and ghost terms that are necessary in the context of quantum expectation values,
the net result of which will be Eq 4.3 [171].
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4.2 Stress energy tensor (re)definition

an in-in correlation function) at some fixed time with no extra spatial or temporal
averaging invoked. Furthermore, the expectation value presumes a density matrix,
which we take to be Bunch Davies vacuum. A far more interesting story beyond the
scope of the present work commences once one incorporates the effects of non-trivial
density matrices, and interactions induced by gravitational non-linearities, as well
as those induced by matter couplings.

It is worth stressing that Eq. 4.5 is the temporal component of a covariantly
conserved tensor, and it is under no obligation to be conserved in isolation. This is a
corollary of the fact that on FRLW backgrounds, a locally conserved energy cannot
be defined. Moreover, it is also under no obligation to be positive definite. In fact,
were one to insist of constructing the spectral density associated with the vacuum
expectation value of Eq. 4.5, one can show that it crosses zero at a comoving scale
corresponding to the horizon scale at any given time. This is consistent with the
operational ambiguity of associating a background/fluctuation split for wavelengths
commensurate with the background curvature. However, none of this is of any op-
erational concern for our purposes, as we stress that Eq. 4.5 is to be viewed as the
components of a covariantly conserved tensor corresponding to a massless spin-2 ex-
citation whose role in renormalization of background quantities is well understood
in the covariant context, but obscured and widely conflated for a physical contri-
bution to the number of relativistic species in foliation-specific computations as we
elaborate upon next. The specific computation we are interested in performing is
the renormalization of the graviton stress tensor on a background corresponding to
radiation domination preceded by a finite period of inflation. In doing so, we will
compare and contrast the results reviewed in Chapter 2, obtained from both the
Isaacson and improved forms of the stress tensor, before revisiting the question of
Neg bounds from vacuum tensor modes and concluding.

Before proceeding, an important aside is due: although one might find statements
in the literature that questions the utility of even defining GWs with wavelengths
grater than the background curvature scale®, this would nominally be at odds with
the premise of many computations. It is also add odds with observations: GWs
from mergers of binary black hole systems have been observed [4, 2, 3]. More-
over, the search for primordial GWs is premised on the fact that they induce local
quadrupolar anisotropies in the density field of the primordial plasma at all scales,
resulting in a signature B-mode polarization pattern [128, 198]. Both situations fea-
ture GWs with wavelengths comparable to or greater than the background curvature
radius at some point — the peak frequency emitted from a merger corresponding to
wavelengths commensurate to the Schwarzschild radius, and primordial tensor fluc-
tuations having crossed the Hubble radius before sourcing local anisotropies.
Clearly, nature tells us that the notion of tensor perturbations with wavelengths

5Tn section 35.7 of [160] for example, one finds the statement that “One must always have A < 1
as well as A <« 27R if the concept of gravitational wave is to make any sense", where A is the
dimensionless amplitude of the gravitational wave and R~2 is as defined in footnote 1 (see also
[152, 149, 204, 68] for more detailed discussions of this point).
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4.3 Regularization — Finite inflation

longer than than the background curvature radius has to make sense. By general
covariance and the Bianchi identities that follow as a corollary, one must also be able
to identify a conserved rank two tensor that plays the role of a stress tensor from
direct perturbation of the equations of motion. That one can do so with minimal
fuss by simply undoing the averaging prescription as done in this section. It is also
the premise of the computation in [18] and the covariant formulation of Chapter 6
where we parametrize vaccum GWs a massless spin-2 DoFs on a curved background,
whose regularization and renormalization proceeds via established prescriptions.

Isaacson limit

As a consistency check, we show how, by reintroducing Isaacson’s assumptions,
we can reduce the improved energy density in Eq. 4.5 to Eq. 4.1.
In order to obtain Eq. 4.1, we have to assume that the curvature is negligible
(k> H) and that the average scheme allows to integrate by parts both in time and
space. Applying these assumptions to Eq. 4.5 we obtain that

o The sgcondA and t}}ird term can lqe rewri‘Eten as_ . . .
—38khij8kh” - 4hij8k8khij = Shijak(')khij - 4hij8k(')khij = —hijﬁ;c@khij.
¢ The EOM results: D?Lij =0 = 8k8kﬁij = iL;’J

o The last therm is negligible Hh,; ;A% ~ 0.

In conclusion®, (4.5) results
1

1 AL Ags ~ A AL A
Imp - - h/ -h/” o hz h//> — <h/ _h/1j> _ Isc 4.
gw 647G ya? < ij 35 397Ga2 \' i Pgw (4.6)

where in the second equality we integrate by parts in time.

4.3 Regularization — Finite inflation

Before delving into the substance of this section, it is informative to contrast
the results typically found in the literature. As reviewed in Section 2.3.2, imposing
hard cutoffs the the energy density of GWs results in expressions of the form:

A (kov\™ 11 11 kuv
e x| =4 , 47
Pe 327G N ( k. 2n; at XA Ty +log k. (4.7)

where k, is some reference IR scale, and the approximation is only valid when

ny — 0 [158]. We deconstruct and rederive the energy density for vacuum tensor

perturbations in what follows, but before doing so, it is useful to compare what one

would have obtained in retracing the steps leading to Eq. 4.7 for a massless test

scalar field. In doing so, one would obtain the expression

Ay (ko™ 1 11 1 kuv
(%) =

S = | —— 1
ks ns—l)a40(a4 ns—l—’—og ke |’

~ i

a1 327Gy

(4.8)

6The second last term of Eq. 4.5 does not contribute as once we compute the expectation value
in our gauge choice results in k%¢;;(k) = 0 (see Section 4.3 for more details).

61



4.3 Regularization — Finite inflation

which can directly be compared to the divergences computed in Egs. 3.75 - 3.77 from
hard cutoffs in physical momenta and Eq. 3.80 from dimensional regularization, all
of which are understood to be intermediate expressions that are to be subtracted
and renormalized.

An immediate reservation one might express for expressions such as Eq. 4.7 is the
appearance of cutoffs in what should be a physical result. Although one might argue
that the effects of UV and IR modes are negligible relative to what can be extracted
from Eq. 4.7, its form nevertheless suggests that the expression above is an inter-
mediate result on the way to computing a physical energy density. Moreover, one
might be concerned in applying the formula Eq. 4.7 to the case of blue tilted spectra
(i.e. for positive ny ~ O(1), so that pgw ~ (kuv/k«)™ as derived in e.g. [158]),
that some part of this expression is nothing other than the Fourier transform of a
UV divergence that gets subtracted in the usual way.

In the following we continue this process of regularizing and renormalizing the en-
ergy density of GWs on a background that transitions from a pre-inflationary RD
era to a pure dS inflation and finally back to RD era. This is an example of how one
should proceed to ensure that well defined physical observables are been computed.

Going back to the study of finite inflation and tensor vacuum perturbations, we
work in TT-gauge and we expand the tensor perturbations as

-y / " e [e (k) agye(T )+eg;(_k)a1m:<7)] (4.9)

r=+,r

The polarization tensors are normalized as €;;e;" = 46", kiefj = 0. The normal-
izations are chosen so that the relevant mode functlons durlng inflation and the pre
and post-inflationary phases of radiation domination are given for each polarization

just as for massless minimally coupled scalars’. These are:
1 1 —i ( __a Ntot)
PI ikTr (2 e
T = ——e R
W=

1 ar —; T( ,Le/\/}at) < . a)
/PI I —ikr(2
= - —e “R —1+ikmn— |, 4.10
Ve (T) N L (4.10)

during the pre-inflationary phase,

H ik ik ik
)= @[ie“’@‘a) ket (1)

/1 H I I, —ik k2
() =~ |akel H o e (4.11)

"The EOM for hz in TT-gauge can be derived from the first order expansion of Einstein equation:
BT+ 2Mh — 92h] = 0.
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during inflation, and

00 = L L [apeineese) om0
/RD ar I takTg R ik (2— - tkTra
b Uia?m\/ﬂ [ake ( )(1 aRr >+ﬂ . R)(1+ ar )]

(4.12)
during the terminal RD phase. The corresponding Bogoliubov coefficients are the
same as those given in Eq. 3.64 and Eq. 3.65.

An immediate corollary of the above is that the two point correlation function of
each graviton polarization is identical to that of a massless, minimally coupled scalar.
Therefore, as illustrated in Figs. 3.1, one finds that the IR divergences exhibited on
a past infinite dS background are also cured for the graviton two point function on
a background corresponding to finite duration inflation.

Using Eq. 4.9, the energy density of GWs in Eq. 4.1 results (with the reduced

2 _ -
Planck mass defined as M) = SWGN) in:
Pov = lm pew(riz,y) = [P0 (4.13)

as the tensor mode counterpart of Eq. 3.70, after having summed the contributions
from the two independent polarizations. Using the mode functions specified by Eqgs.
4.12, the relations 3.65, and tracing through the steps of the previous section, we
find

1 ik ak H? at H* 2 ak H*
pg,;z—/ [k+ 1 HH - +2|6] <1+ - )

4mtat k a’k 2k4 2k4
2 2 H 2 [72 ik _a% H?
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. arH  a%H? 1 * d'k (a} H? « —2ikr (2— -2
(5 )} s [ () e )

. ka ? * 2ikT ka 2
(i) oo (i) |
(4.14)

which again can be split into a power law contribution and oscillating but finite
contributions in the UV-limit that become relevant when the oscillations freeze as
k — 0, softening the IR behavior. As we did for the scalar case, we similarly separate
the spectral density into oscillatory and power law contributions

SC 1 dk a H2
e = g | (0 I (1 25 ) + (o)
dk - w
= [ (Ol r) + 0207 (115)

and neglect Q&Y (k, 7) in regularizing the UV divergences. Even though the Isaacson

form of the stress tensor is not strictly valid when incorporating wavelengths greater
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4.3 Regularization — Finite inflation

than the Hubble scale at any given time, naively persisting with it for all wavelengths
would show an IR regular spectral density Q| o< k?. Consequently, one only has

the resulting UV divergent contributions to regulate:

) 1 o] 4H4 4H4 4H2
A — 7/ d'k (1+ il L ) (4.16)
—00

Pew.div 4riat 2k4 a?k?
which up to overall factors, is formally identical to the contributions Eq. 3.74, and

whose subtraction proceeds along the same lines.

Were we to consider the improved stress tensor Eq. 4.5 (which does not invoke
a scale separation or time averaging prescription), we would obtain

m 1 > 4 / * * / * ! *
P =553 / dk k* [kakaRD + R PP AR (%RD%?D D )}
0
(4.17)

as the counterpart of Eq. 4.13 that is now valid for for all wavelengths. Using the
mode functions and normalizations specified above, we find
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and we can again separate the spectral density® into oscillatory and power law
contributions

1 o dk Tat H?
Im _ 4 R R |2
Pen’ = 2m2a4 ./0 k ¥ [(1 - 2a2k2 ) (14215, |p0wcr) * {OSC}] ’
© dk -
= s (08 o (b, T) + Q8% (K, 7)] - (4.19)

We again find that the spectral density summing all contributions in the IR goes
as Q8 | o< k%, albeit with a negative overall coefficient (cf. the discussion below

Eq. 4.5) with the following divergent contributions in the UV that necessitate

8We stress that the spectral density as defined in Eq. 4.19 is to be viewed as only a calculational
definition for the purposes of comparison to the literature, and not be to viewed as the power
spectral density of vacuum fluctuations without additional caveats.
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subtraction

pmp L/w atp (14 o TagH™ (4.20)
gw,div drtat J_ o 2k4 2a2k?

In proceeding to regularizing divergences, we can identify the various UV divergences
is different schemes, finding identical coefficients for the log divergences in all of
them. By imposing cutoffs in physical momenta (kK = aAyvy) on the identifiably
UV-divergent terms above, we obtain

1 ety TafH? (MY At TH?A}
/ dk k3 — LIk / dk k= 20V Uy (4.21)
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If instead we were to now isolate the power law UV divergent parts and dimensionally
regularize, we would obtain

1 & Ta? o a% H?
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which, as for the dimensionally regularized scalar case Eq. 3.78, has the divergent

contributions canceling among themselves and not necessitating any counterterms.
The logarithmic divergence can be expressed as

wo o L% (ki atH!

Pew.div Amdat 2k4

H* (1+ 674N“°t)
4772(a/aR)4 6UV

The results of the regularized improved energy density can be collected and
summarized as

+1—vg +log (;LI)] . (4.24)
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and also compared to the result obtained via dimensional regularization

mp 1. HY (14 e Wet) [ m ,

Paw.div = s lim { i (aja)t |dgy T E Tl (H)} - (dim—reg)
(4.26)
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4.3 Regularization — Finite inflation

Before commenting on the regularized results in Eqs. 4.25 and 4.26, for illustra-
tive purposes, we plot the power spectral densities of the (time unaveraged) Isaacson
and improved forms of the stress tensors in Fig. 4.1. For sub-horizon modes, where
a positive spectral density results, the improved stress tensor evaluated at any given
time does not exhibit oscillations®.

Going back to the rengularized results in Egs. 4.25 and 4.26, as cautioned in
the previous chapter, one may not be able to consistently subtract such divergences
unless one uses regularization schemes that preserve the symmetries of the back-
ground. In section 3.3.2 we showed how hard cutoffs fail to give a counterterm
for the leading divergences that is proportional to the metric nor the Ricci tensor.
Similarly, we follow through the same logic to study the divergences appearing in
computing the energy density and pressure of GWs. Indeed, we show that if we
were to regularize the energy density and pressure of GWs using hard cutoffs, it
appears that the equation of state would not be satisfied. Following the procedure
described in section 4.2, we derive the energy density and pressure of GWs during
RD era that result respectively

Pawe = g (W hi — B0khi; 00" — 4hy;0,0"hY + 8Hh; b7 + 204507 ™)
N
1 1 I . - o S
Pow = 5 g (SRS h = 30khiy0" b — 400" WY + 16Mh, K7 + 8h, i)
Ta~G N
11 i1 ij ij
= 33rarg s (RS RY + 30khi;0hY — Ahi;0x0hY)
@ N

(4.27)
where in the second equality of the pressure we use the EOM. From the result above
it appears that the equation of state is not satisfied. Specifying the result in the
case of finite inflation and proceeding as before, we find that by using physical cutoff
and dimensional regularization respectively, the regularized pressure results

1
8m2  2272%2¢t 2 472 (a/agr)* R

1 {A%W CSakH2 A, | HU(Lhe W) Ay
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} , (cutoff)
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By recalling the result for the regularized energy density which are given in Eqs 4.25
and 4.26, we can see that only the result regularized using dimensional regularization
gives a traceless stress energy tensor and satisfies the equation of state for radiation-
like species. We then find that even if at the operator level this is not evident, once
one regularize using dimensional regualrization the equation of state (P = % p in the
case under analysis) is satisfied. Moreover, using dimensional regualarization the

9The oscillatory behavior of the time unaveraged Isaacson stress tensor can be understood from
the fact that the magnitude of the time derivative squared of a linearized gravitational wave is
by itself not a constant of the linearized equations of motion (which requires restoring the spatial
derivative contributions), unlike for the improved form.
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Figure 4.1: Comparison Power spectral densities vacuum GWs

The graph shows the comparison between the power spectral density of the Isaacson stress
tensor (dashed lines) and the spectral density of the improved stress tensor (blue line).
The gray shaded regions correspond to super-horizon scales, which are outside the domain
of validity of the Isaacson stress tensor (where we note that the oscillations would not
appear in its time averaged form), and also where the spectral density for the improved
stress tensor nominally becomes negative (cf. discussion below Eq. 4.5).

Spectral density evaluated at a = 10%g (in a)) and at a = 10**ar (in b)), with a1 =
10~ 2R in units where H is set to 2.
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4.4 Renormalization and N.g bounds

trace of the energy tensor is proportional to the Ricci scalar (T,* = R = 0 in the
case under analysis) and the divergences can be subtracted with a counterterm that
comes from varying the background curvature with respect to the metric (and thus
corresponds to a renormalization of Gy ). For this reason, we stick to dimensional
regularization in what follows, although covariant point splitting methods also offer
a practical alternative[48, 14, 72, 80, 71, 57, 58].

Before proceeding in the next section in reabsorbing the divergences appearing

in Eq. 4.26, we comment on the counterterms we need to add to have a predictive
theory with which we can calculate the results for any subsequent observations. To
understand which counterterms are required to reabsorb the divergences in dimen-
sional regularization, we need only to look at the scale factor dependence of the
divergences in Eq. 4.26. We immediately notice that the divergences we have com-
puted do not necessitate higher derivative counterterms beyond those already in the
Einstein Hilbert action.
In order to understand why this is, we trace through a treatment that uses adi-
abatic regularization to renormalize the stress tensor of a non-minimally coupled
test scalar field [56], where mode functions are adiabatically expanded in order to
regularize divergences and identify counterterms. Higher orders in the adiabatic
expansion necessitate successively higher order counterterms. The adiabatic solu-
tion of order zero is regularized by a cosmological constant counterterm, the second
order solution by a curvature counterterm, with curvature squared counterterms
needed to renormalize divergences that appear only at fourth order in the adiabatic
expansion. In our case the adiabatic solution of order four is null and non-vanishing
curvature squared counterterms would only be necessitated if we were to consider
couplings to other matter fields, or by incorporating the effects of loops and higher
order gravitational and matter coupling non-linearities (see [138, 109, 98, 156, 24]
for corresponding studies of adiabatic expansions for fields of different spins and
masses which necessitate higher order counterterms).

4.4 Renormalization and N.g bounds

We turn our attention in this section to the second and most consequential step
in the process of renormalization'® — that of extracting physical observables after
imposing renormalization conditions. Before studying the GWs result, we begin the
discussion with the relatively academic exercise of renormalizing the stress tensor
of a test scalar field on a background that transitions in and out of inflation (con-
sidering the results obtained in section 3.3.3). By virtue of not having a classically
evolving background and energy density, the only effects of a test scalar will be in
renormalizing background couplings in the context of the effective theory of gravity
[90, 91, 92, 60]. We return to the more interesting and physically relevant case of
primordial GWs next.

Our starting point is the bare matter and gravitational actions, along with the

10See Section 1.2.2 for more details.
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4.4 Renormalization and Neg bounds

requisite counterterms:

S = Sgu + Sbg + S¢ + Set- (4.30)

In order to impose renormalization conditions after having regularized divergences,
we first consider the background equations of motion

! 1 b T Fict
87Gp (R“" - 2Rg“") = T8+ (13,) +{T5), (4.31)

where we stress that the couplings that appear in Eq. 4.30 are to be understood as
bare couplings, and the presence of the counterterm shifts the tadpole condition in
a manner that we will shortly make precise. Given the consistency of dimensional
regularization with general covariance, we can proceed by considering the above for
any given component. For the 00 component, we have

Ry°

87TGB

= phg + Po + Pet (4.32)

where pﬁlg is the to be renormalized classical background energy density that sources
the expanding geometry around which we have computed the stress tensor for the
test scalar field. The corresponding energy density pg is defined as

po = p — (T) = —(T°), (4.33)

where p;} = 0 for a test scalar by assumption. The background satisfies

Ry = _% (CD/ _ (aﬁi)‘* (4.34)

via Eq. 3.58 during the terminal RD phase, where it is to be stressed again that
H is the Hubble constant during the intermediate phase of inflation that enters the
definition of the scale factor during radiation domination via Eq. 3.58. We need to
identify the counterterm that absorbs the divergence exhibited in Eq. 3.80:

1 sH? g H'Q4eegr 1 (2)] 4+
87TGB (CL/CLR)4 N pbg 87T2(G,/CLR)4 6UV 7E g H Pct T Po finite s
(4.35)

where pgnite = pp — Pg,div- We are immediately presented with a choice here — af-
ter subtracting the pole, do we proceed to (multiplicatively) renormalize Newton’s
constant, or (additively) renormalize the background whose unshifted value is de-
termined by pf)lg? It turns out that this choice is rendered moot by the tadpole
condition that determines the background equations of motion at any given order
in h, in that whichever choice we make will lead us to the same shifted tadpole
condition. We thus proceed by reabsorbing the pole by adding a counterterm that
multiplies the Ricci scalar in the Einstein Hilbert action with coefficient B defined

as
3H? <31 )
ot = ——— | — + By | . 4.36

Pt = (afar)® \duv " (4.36)
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By assigning

H?(1 4 e~ *Neor)
2472 ’

one subtracts the pole contribution. By defining a scale dependent gravitational

coupling as

1 1 a2 1
= — By — 14 e Miot) 41— log (& 4.
87Gn(p)  SnGp " e ) { E + o8 (H)} , (438)

B, =-— (4.37)

we can rewrite Eq. 4.35 as

1 3H2 .
87T'GN (,U) (CL/CLR)4 = pbg Po finite,

(4.39)

where the finite remainder from the counterterm and pg 4iv are absorbed by the scale
dependent gravitational coupling, allowing us to start imposing renormalization
conditions to fix the finite parts. We do so by determining the Newtonian constant
via a measurement at some energy scale p., with which we can eliminate all reference
to Gp and By via

1 1 H? i
= B 1+4e W) 1 — log (22 4.4
8nGp  8wGn(ps) * 0+24772( te ){ 7+ Og(H)}7 (4.40)

and substituting the result into Eq. 4.38 to obtain

11 H?
8tGn(p)  87Gn(ps) 2472

(14 e~ *Meev) log <:) . (4.41)

Picking p. to be some scale where we have determined Newton’s constant!! to be
8GN (ps) = M;f where My, = 2.435 x 10'® GeV, we can finally express Gy (p) as

-1
1 H?(1 + e~ *Nior) ]

which can be used to express Eq. 4.39 in its fully covariant form as
-1
1 hi H2(1 + e~ Neer) W
Gy = —TPeshift 192 = 7 - /] il 4.43
SN Ve 24r?MG o\ )| (4.43)

where the shifted background stress tensor is defined as the sum of tree level and
finite contributions on the left hand side of Eq. 4.39. Several things are to be imme-
diately noted here — foremost is the minuscule nature of the scale dependence of the

1 Note that measuring the strength of the gravitational coupling can only be done via a Cavendish
type experiment, typically done at laboratory scales where we have independent knowledge of the
masses whose mutual gravitational force we can determine. This yet another manner in which
gravity is distinguished among forces as the only force whose coupling strength we measure in
the UV (i.e. mm scale) and run into the IR, rather than the other way around.
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4.4 Renormalization and Neg bounds

gravitational coupling, should we phrase it that way. We could also simply view it
as a multiplicative renormalization of the background matter content that sources
the expansion history!2. Given that virtual effects from test scalar fields serve only
to renormalize background quantities'® and impart scale dependence in observables
associated to other propagating DoFs (and that too, in a highly suppressed manner
[84, 40, 59]), this is the furthest we can take this exercise.

The situation for GWs is more interesting. Retracing the steps above with the
dimensionally regularized result for GWs on a finite duration background in Eq.
4.26, we end up with the renormalized background

—1
1 oy H?(1 4 e Weor) ]
G, = —TPeshift 11 = =~ — =~ 4.44

"M 1272 M2 e\ ’ (4.44)

which should be the starting point for determining any constraints on vacuum
sourced primordial GWs from Nz bounds. As reviewed in Section 2.3.2, this is
in essence the question of how vacuum tensor perturbations renormalize the back-
ground expansion through 1/a* contributions that mimic additional relativistic
species. Unlike the case for virtual test scalars, however, GWs have a classically
evolving background upon which they represent perturbations — the background
geometry itself. Therefore, we have additional means to potentially measure the
contributions from vacuum tensor modes.

We first reconsider the spectral density for GWs Q&% (k, 1), whose amplitude on the
scale invariant plateau for sub-horizon modes is well defined, and given by

H4

PR = Toria/an)?

(sub — horizon) (4.45)

as plotted in Fig. 4.1. Let us presume that we have the means to determine the
ratio H?/ M§1 during inflation via measurement of the tensor to scalar ratio at
some pivot scale via B-mode anisotropy observations, or via the measurement of the
spectral density of the stochastic gravitational wave background at some fixed scale
via interferometeric means, or both. In the context of Eq. 4.44, which can now be
re-expressed as

1
3H? 1 1 H2(1 + 674Nm) (M)
P (o pewinite) |1 e o (L
(a/ag)* M}f] (pbg P fnite) [ 127T2M§1 & .
cl 2 —4N, -1
Phg H2(1 A e ) p
= Do sy o 2T e (2 , 4.46
oz, 0 2 8\ (448)

12This interpretation is to be preferred if one would like keep the graviton to be canonically
normalized throughout all of cosmic history, something that is implicitly taken for granted for
most quoted observational results.

13Noting that given the vanishing background energy density of the test scalar field, it contributes
vanishingly to the curvature perturbation.
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where ¢, is a constant since the putative tree level background and the stochastic
background of vacuum tensor modes both scale as « (a/ar)?*. Therefore, recalling
that the quantities that parametrized the background on the left hand side of Eq.
4.32 were also implicitly bare quantities (see the second step of the renormalization
procedure reviewed in Section 1.2.2 for more details), one finds that the shifted
tadpole condition which one obtains upon renormalization is indistinguishable from
a rescaling of the scale factor normalization at reheating, or to simple shift the
temperature redshift relation in an otherwise unobservable manner'*. This result
might not come with surprise after the review on the effects of including quantum
corrections in Section 1.2 but leads to substantial consequences on the meaning of
the BBN bounds on the amount of GWs produced by vacuum tensor perturbations.
It is now evident that the bound on Neg from CMB as presented in Section 2.3.2,
cannot be used as a constraint as it is first necessary to fix the renormalization
conditions trough independent observations.

4.5 Conclusions

In this chapter we analyzed the physical example of vacuum tensor perturbations
and showed that divergences in primordial observables are not something cosmol-
ogists have the luxury of ignoring: every cosmological tracer corresponding to a
density fluctuation samples and convolves the coincident limit of a bilinear field,
necessitating subtraction.

Merely regularizing, however, is not enough. As reviewed in Section 1.2.2, the pro-
cess of arriving at a physical observable is incomplete unless one follows through
by constructing the requisite counterterms and fixing any finite contributions that
could accompany any subtraction via the imposition of renormalization conditions.
Failure to do so runs the risk of drawing unphysical conclusions that include scheme
(e.g. cutoff) dependence in observables where there should not be any, or over-
interpreting contributions to physical observables that are absorbed or otherwise
accounted for in the process of renormalization. To carry out the renormalization of
the energy density of GWs, we needed to improve the definition of the stress tensor
for GWs to obtain a result that does not presume a prior scale separation in the
context of cosmology. We were then allowed to apply what we learned from the
study of the scalar case, perform the integral over all wavelengths and regularize
the divergences appearing in computing the energy density. After reabsorbing the
divergences by adding the required counterterms, we are left with a finite amount
of renormalization conditions to be imposed after measuring physical observables.

Therefore, in agreement with the review on the effects of including quantum cor-
rections in Section 1.2, we conclude that vacuum tensor fluctuations by their very
nature only serve to renormalize background quantities. As a consequence, vacuum
tensor fluctuations do not enter as an additional effective light species as registered

14We should also stress that although we kept the scale dependent factor in Eq. 4.46 for complete-
ness, it can effectively be set to unity given the current upper bounds on the tensor to scalar ratio
r« or about r« < 3 x 1072 [67, 10, 9], so that H2/(87r2M§1) = %A% < 10712 in combination

with the fact that the log of the ratio between laboratory and Hubble scales is no more than
order 102.
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4.5 Conclusions

by Neg bounds. This should be immediately apparent from the physical nature of
Neg bounds as measuring the ratio of propagating light species that have undergone
freeze-out relative to the entropy density of the universe, which does not apply to
vacuum fluctuations. This, is of course, not true for gravitons that are physically
produced by some mechanism in the early universe; however, the latter will also
feature a bounded integrated spectral density.
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CHAPTER 5

QFT in curved spacetime: 7,,, from the
action

5.1 Introductory remarks

In this chapter, we give the context upon which our work described in Chapter
6 is structured as, by studying simple applications such as quantum scalar fields or
QED, we introduce the tools used in the next chapter. Indeed, as we aim to re-
peat the derivations of chapter 4 in a fully covariant formulation, we introduce the
basics of QFT in curved spacetime to derive the semi-classical Einstein equations,
the Faddeev-Popov method as gauge-fixing method, and the P(X) theory as the
Lagrangian description of a perfect fluid.

In Section 5.2 we start by reviewing the semi-classical approach of QFT in curved
spacetime, where the fields appearing as the source of Einstein equations are treated
quantum-mechanically and the background metric is parametrized by a classical
field. In doing so, we introduce the effective action of a quantum field and the
link between the latter with the stress energy tensor of the field. We introduce
the background field method as a way to compute the 1-loop corrected effective
action and we apply the background field method to the case of a scalar field.
We explicitly show that the effective action of a given background field can be
computed as the sum of all one-particle-irreducible vacuum graphs where all internal
lines correspond to the fluctuations around the background. We then compare
the divergences appearing in computing the 1-loop effective action and the stress
energy tensor and we show that in general they are not identical. We review with a
specific example the differences between the regularized stress energy tensor at the
regularized effective action, even if it is possible to connect both results with the
divergences arising in the propagator. We then recall the Faddeev-Popov method
as a gauge-fixing method which allows to covariantly fix the gauge at the level of
the action. By analyzing the example of QED, we review the main features of this
gauge-fixing method, such as the appearance of ghosts as unphysical DoFs that fix
the remaining spurious DoFs.

Finally, in Section 5.3 we introduce the P(X) theory and we show how radiation
can be represented by a scalar field. We derive the stress energy tensor and, by
comparing the result with the stress energy tensor of a perfect fluid, we accordingly
define energy density and pressure as a function of the scalar field. We then specify



5.2 Effective action and background field method

the results in the case of radiation and derive the Lagrangian that reproduces the
stress energy tensor for the radiation fluid.

In Section 5.4 we conclude and motivate our work on the covariant formulation of
GWs on curved spacetime presented in the following chapter.

5.2 Effective action and background field method

An alternative strategy with respect to how we proceeded in the previous chap-
ter is to derive the stress energy tensor of GWs from the action. We follow chapter
6 of [48] to review how we can treat the computation of the stress energy tensor
of a quantum field in a semi-classical approach, where the background metric is
parametrized by a classical field while matter fields are treated quantum mechani-
cally!. We then seek the action defined as

S =S¢+ Sm (5.1)
that, once variated with respect to the background metric g,,,, gives Einstein’s field
equations

1 Hm
RMV + §Rgll«’/ = —87TGN<THV> (52)

where (T)3,) := (in, O|T$ |0, in) is the quantum expectation value of the stress energy
tensor of the matter content? defined as

7 2 65n

m

/=g 6gn

and g is the determinant of the background metric. The first term of the action in
Eq. 5.1 is the Einstein Hilbert action

(5.3)

R
Sg = Spu = [ d'zy/—g 5.4
s = SEH / z 9<167TGN) (5.4)
while the second term, that in the classical case would be the classical matter action,
is now the effective action Wi,[0]. The effective action is defined from the generating
functional

ZJ] = /Dd)exp {ism[¢] +i/d4xJ(a:)¢(m)} (5.5)

where from now on the notation implies a treatment for the scalar field, but the
formal manipulations are identical for fields of higher spins. The external current J
in Eq. 5.5 causes the initial vacuum state to be unstable and brings the production

I This is a generalization of semiclassical theory of electrodynamics ([111]).

?Note that with "matter content", we are referring to a generic quantum field that sources the
background expansion. Later on, we will be interested in specifying these results for GWs; how-
ever, the derived results are valid for fields with generic spin. Furthermore in this section we drop
the hat to denote the difference between operators and mode functions as matter fields which are
always intended to be operators.
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5.2 Effective action and background field method

of particles. Taking the limit J — 0 we find the vacuum partition function that in
Minkowski is normalized to 1

Z|[0] := (out, 0/0,in) = 1. (5.6)

Even if in curved spacetime in general |0,out) # |0,in) in the limit J — 0, path-
integral quantization still works and J is interpreted as the current density. We
then define the effective action in the limit J — 0 as

Z[0] := Vol (5.7)
which, using Eq. 5.6 gives
W, 0] = hl}igb(fz‘ln Z|[J]) = —iIn(out, 0|0, in) (5.8)
and that, using
0Z0] = i{out, 0]0.51|0, in), (5.9)

can be used to rewrite Eq. 5.3 as

(out,O\Tf}HO,in): 2 SWy[0]
(out, 0]0, in) V=g dgrv

The appearance of (out, O\Tl’f}/|07 in) in Eq. 5.10 instead of (in, O\Tl’f}/|07 in), is related
to different boundary conditions. However, as we will discuss in detail in what fol-
lows, boundary conditions do not effect the divergences arising in computing the
stress energy tensor and enter only in the finite leftover of the renormalized result?.
The latter, being scheme dependent, needs to be fixed imposing renormalization
conditions. As a consequence, in the following we do not worry about the arrange-
ment of vacuum states and proceed in describing the background field method as a
procedure to calculate the 1-loop effective action.

(5.10)

The effective action can be determined up to 1-loop corrections in different ways.
Functional techniques such as the heat kernel method (through which the DeWitt-
Schwinger formalism can be implemented [196, 81, 82, 48, 178]) have the advantage
of being fully covariant and therefore particularly suited for computation on arbi-
trary backgrounds, albeit in Euclidean signature [210].

In the next chapter we work in the context of the background field method, which we
now review following [194], as it is particularly useful in computing loop corrections
in gauge field theories. The background field method, introduced by DeWitt in [81]
in a formalism applicable to one-loop processes ([94, 112, 27, 191, 131]), has the
benefit of quantizing gauge field theories without losing explicit gauge invariance.
The background field method has been then extended to multi- loop calculations
([207, 86, 51, 1] and it is extensively used in gravity and supergravity theories (i.e.,
[85, 208, 206]).

We previously reviewed the definition of W;,,[0] in order to derive the stress energy

3See Section 1.2.2 for more details.
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5.2 Effective action and background field method

tensor of a quantum field. We now reintroduce the source J to briefly review the
background field method in the simple example of a scalar field (see [1] for more de-
tails and applications to gauge theories and [90] for a more recent review) to derive
the effective action given by the Legendre transform*

FW%:W%UM—l/f¢%¢ (5.11)
where Jy4 satisfies
WelJ]|
57 J¢__¢. (5.12)

Starting from the definition of the generating function in Eq. 5.5, we split the field
¢ into a non-dynamical, but arbitrary background-field ¢ and a quantum correction

V2

$=0+¢ (5.13)
and rewrite the action as Sy, [qg + ] so that the generating functional results
ZJ] = eWIo] = /D(pexp {iSm[d_) + ] + i/d4z J(x)(p(x)} . (5.14)
After shifting the integrated field as ¢ — ¢ — ¢ we obtain
Wi(g, J] = W,[J] — / d*zJo (5.15)
and F[(E, ¢], computed trough the Legendre transform as in 5.11, results
Dibyel = Wb J5) - [ dtodge (5.16)
which has the additional dependence on the background field. Using Eq. 5.15 we
obtain
Dibgl = Wldg) - [ d'algé+ ) (517)
We then define ¢; as an implicit functional of .J satisfying
g
ool _ (5.18)
¢
which gives the inverse Legendre transform
Wb J) =T + [ atedis (519)
that once variated with respect to J results in
aW[Q_Sa J] n
—— =0y. 5.20
97 b (5.20)

4Note that Eq. 5.11 reduces to Eq. 5.8 in the limit J — 0.
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oWy [J]

Repeating the same exercise starting from Eq. 5.11 we obtain —5= = ¢ ;. In this
way, the variation of Eq. 5.15 with respect to J can be rewritten as
;=05 — . (5.21)

Then, taking ¢ = ¢, Js, = J and the result in Eq. 5.21, Eq. 5.17 becomes

T(6, 6] = W] — / ddos = Tlps] = Tldy + 3. (5.22)

Since this is true for any current .J, we obtain the final result I'[¢, ¢] = T'[¢ + o),
which implies T'[¢,0] = I'[¢]. This means that one can compute the effective action
as the sum of all one-particle-irreducible vacuum graphs in the presence of a given
background, with all internal lines corresponding to fluctuations around this back-
ground.

Going back to the derivation of the stress energy tensor of a quantum field in
curved spacetime, there is one last caveat we want to review, before studying the
graviton example in the next chapter. Generalizing the derivation in flat spacetime
(see [48] for more details) it is possible to connect the effective action W[0] to the
Feynman propagator Gg(z, z’)

W,[0] = —< lim Trln(—Gr(z, ")) (5.23)
2 z—a’
where Gr(z,z') is to be interpreted in position space normalized by
1
zlr') = —=6*(x — 2’ 5.24
(z[a) N ( ) (5.24)
so that
Gr(x,2') = (z|Gp|x’) (5.25)

and where trace is defined as
TrM = /d4x\/—g<x|M\x). (5.26)

In computing the coincidence limit in Eq 5.23, divergences arise and, considering Eq.
5.10, such divergences affect the stress energy tensor as well®. As the divergences
arise because of the UV behaviour of the field modes, they are independent on the
quantum state and can be expressed in terms of the background geometry only. By
defining the effective Lagrangian L as

Win[0] = / Aoy =gLm, (5.27)

5Many examples of the study of such divergences can be found in the literature (see [56, 79, 104, 93,
22,13, 57, 71, 12, 42, 18] for some examples and [48] for an overview and comparison of different
regularization methods), where both fields of different spins and different renormalization methods
are investigated.

81



5.2 Effective action and background field method

this implies that the divergences of LI}, are purely geometrical and can be expressed
solely as a function the background metric, even if they arise from the action of the
quantum field®. The divergencies arising in £ are then reabsorbed by redefining
the coupling constant of the background action: after regularizing, to rewrite the
divergences in the form

L% aiv = Co + 1R+ c2R* + ¢3 Ry, R* + c40R, (5.28)

where cg, c1, c2, c3 and ¢4 are divergent in the coincidence limit. Then, by adding
higher order corrections to the background action in Eq. 5.1, we can absorb the
divergences arising in the effective action of the quantum content by redefining the
coupling constants of S, (cosmological constant, Newtonian constant and prefactors
of higher order corrections of the Einstein-Hilbert action) and obtain

S = Sg,ren + Wm,ren (529)

where Wy, ren is now finite. By variating with respect to the background metric, we

obtain the renormalized semi-classical Einstein equations

(out, 0]7210, in)ren
(out, 00, in)

1
Ry, — §Rg,w + Aguw + aH‘(j,) + beﬁ,) = -81G (5.30)

where H'Y) andH'Y are the variation of [ d*z/=gR? and [d*z\/—gR,,R"" re-
spectively and A, G, a and b must be fixed by renormalization conditions.
However, even if the divergences arising in computing the stress energy tensor of
a quantum field are connected with those arising in computing the 1-loop effective
action, they are not always identical. Indeed, as we show in the following, both the
divergences of the tress energy tensor and the effective action can be derived from
the regularized propagator Gr(z,z’). Regardless of this, subtracting the divergences
arising in computing Gr(x,z’) is in general not enough to obtain a finite result for
the stress energy tensor derived from Eq. 5.10. Considering the DeWitt-Schwinger
representation of the 1-loop effective action ([196, 81])

Wn0] = i/d”x[—g(x)]% lim dm?Gr (z,2), (5.31)
2 z'—=z Jo

we obtain that the regularized form of the effective Lagrangian in the DeWitt-

Schwinger expansion results

Az (z,2') [ (2
(I,I‘ ) / dse—z(m s—z7/2s)

Ll g = = Jim = a0 (2,0") + ax (&, 2') is

2=z 3272 (5.32)

+ay (z,2) (is)?]

where A is the Van Vleck-Morette determinant and ag (x, 2'), a1 (z, ') and as (z, 2")
depend on the spin of the quantum field we are considering and are functions of

6Note that this is not the case for the finite contribution to L4, which depends on the quantum
state, it corresponds to the long wavelength part and can probe the large scale structure of the
manifold.
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the background metric only (see [210] for examples of effective Lagrangian in the
DeWitt-Schwinger expansion for fields of different spins). On the other hand, the
result for the regularized stress energy tensor is given not only by the DeWitt-
Schwinger representation of Gg(x,z’) as for the effective action, but also by the di-
vergences obtained by differentiating the DeWitt-Schwinger representation of Gg(x, 2').
Only in the case of conformally trivial systems, in which both the background metric
and the quantum field are conformally invariant, the divergences arising in the stress
energy tensor are identical to those of the 1-loop renormalized action”. However, in
general such "short cut" is not available, and it is necessary to separately compute
the divergent contribution to the stress energy tensor. As an example, we review
the results of Bunch et al. in [57] to show the difference between the regularized ef-
fective action and stress energy tensor. Considering a massive scalar field in curved
spacetime, the stress energy tensor results

1 1
T = VudVod = 50V adV 0 + 5 gum?e?

1 1
= lim <V,L/V1,G¢F5(:17,x') — iglwva/VO‘Gfl(z,z’) + qul,sz?(:c,x’)>

(5.33)
where we use the notation in which primed indices refer to the derivative with respect
to ’. As shown in [57], the divergent contribution to the stress energy tensor is
given by the sum of the following terms

lim (V#/V,,G(b(x,x') - ;nga,vaG%,x’)) = lim (27) " Kl - 1m2 + 1R>

T’ o—0 o 4 24
0,0, 1 _ 1 _
<g#,, — 20’520“) + @m 2 <R;#V — QDRQIW) + O (m 4) + O (gl/Q)]
(5.34)
1, ¢ N v Gu [MmP |mPo 1 1 5
Jim, o g G (') = =l S5 12 In | o= = o R o e (R4 20R)

+0 (m_4) +0 (01/2)} .
(5.35)
As a consequence, regularizing only G?(x, z') is not sufficient to obtain the regular-
ized result for the stress energy tensor. Indeed, looking at Eq. (5.34), we notice that
there is an extra pole arising in the derivative of G?(z,2’) that would not appear if
we were regularizing the effective action.

5.2.1 Gauge-fixing: Faddeev-Popov method

As mentioned in section 2.2.1, in order to reduce the 10 DoFs of the symmetric
rank two tensor h,, to the two physical DoFs representing the graviton, it is nec-
essary to fix the gauge to get rid of the spurious DoFs. In the following chapter we

"See [48] for more details or [73] for some examples. Note that this is not the case for the graviton,
see Chapter 6 for more details.
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5.2 Effective action and background field method

will do so using the so-called Faddeev-Popov method [97], which is reviewed in this
section (see [194, 125, 184] for more details).

The Faddeev-Popov method is based on the fact that, in defining the partition
function as the integral over all the field configurations, in gauge theories one is
including configurations that are equivalent up to a gauge transformation. As a
consequence, one is integrating over an infinite set of copies of just one configuration.
The Faddeev-Popov method provides a procedure for isolating and computing the
integral over the unphysical redundant configurations. We review how this is done in
the context of QED, even if, as we will see in the following, QED is a trivial example
that does not require Faddeev-Popov ghosts to subtract the spurious DoFs. A more
instructive example will be studied in the next chapter, where we use the Faddeev-
Popov method to fix the gauge for the graviton action.

We consider the path integral of the electromagnetic field A,

/ DA, ¢t [ 4w LenilAu] (5.36)
which is invariant under the gauge transformation
Ay — AL = A, + 0y = GA]] (5.37)
Defining the Faddeev-Popov determinant Ag[A,] := det (%) such that
1=Ag[A,] /Dw 3(GIAT]), (5.38)
we can equivalently rewrite Eq. 5.36 as
/ DA, Ag[A,] / Dr 6(G[AT])e ™" ) & Lomldn], (5.39)
We perform in the integrand the gauge transformation from A} to A, and obtain
/ D”/ DA, Ag[A,]5(GlA,J)e " | = Coxlan] (5.40)
where we took advantage of the fact that £[A,], the Faddeev-Popov determinant
and the measure are invariant under gauge transformations. As a result, since in

Eq. 5.40 nothing depends on 7 anymore, the integral over 7 results in multiplying
the partition function of an overall (infinite) constant and we obtain

/ DA, AglAS(GIA,)e i [ ' Lrmlan] (5.41)

We now note that we can equivalently rewrite the result in Eq. 5.41 by considering
the average over a Gaussian-weighted selection of shifts® of the gauge condition

8We consider that nothing would change if we shift G[A4,,] by a constant and that we can multiply

P, 4 a2
by the unity obtained from the Gaussian integral: 1 = N(§) fDxe 2¢ fd X" where N(¢) is a
normalization constant.
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5.3 P(X) theory and radiation-like species

G[A,]
/ Dy e i) 4% 5 (G[A,] — y) = e~ J PeFIIAL (5.42)

and obtain
/ DA, AglA, e~ ] s (omlAut 2 01AT7), (5.43)

Lastly, we consider that the Faddeev—Popov determinant can be expressed as the
integral over an artificial fermion field n

Ag[A,] = det ( ) /DnD i [ d*engin (5.44)
to obtain the final result for the gauge-fixed partition function
/DA“DnDn ot f e (Loml At 3914 -nGEn) (5.45)
We now comment on the terms appearing in the gauge-fixed action of Eq 5.45
Spm = / d*z Lem[Au] + Seb + San (5.46)

where we defined the so-called gauge breaking action and the Faddeev—Popov ghost
action respectively as

1
Sep, = i/d‘*gc GlA)? (5.47)
and

o)
San = —/d4x ﬁa—in. (5.48)

We notice that the gauge breaking term fixes the gauge condition G[A,] and, as a
consequence, the resulting action is gauge dependent. The fermion field 7, called
Faddeev—Popov ghost, is an anticommuting Lorentz scalar and, even if the ghost
term does not contribute in the case of QED?, this new unphysical'® field is the re-
sponsible of subtracting the remaining spurious DoFs in non-abelian gauge theories.

5.3 P(X) theory and radiation-like species

In this section, we review the Lagrangian formulation of a perfect fluid ([157, 28]).
We follow the notation of Boubekeur et al. in [50] to review the P(X) theory, where
the physics of a perfect fluid is derived from a unique scalar field and radiation can
be represented by the scalar field .

9Since % does not depend on the electromagnectic field, the Faddeev—Popov determinant is just
a constant and can be dropped.
10Faddeev-Popov ghosts violate the spin statisitc theorem, however, since they appear only as
internal lines, this is not a problem in computing physical quantities.
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5.3 P(X) theory and radiation-like species

We consider the Lagrangian density
L=P(X)=X? where X :=—g,,0,1%0"¢, (5.49)

so that the stress energy tensor results'!

oL
Tm/ = EQW — m&,w = 2P’(X)8Mw(’),,w + P(X)g/“, (550)
and the EOM results
9, [P'(X)o"y] = 0. (5.51)

Given that the stress energy tensor of a perfect and barotropic fluid is of the form

TP, = (p + p(p))upws + p(p)Guv (5.52)

where u* is the 4-velocity of the fluid, we compare with Eq. 5.50 to identify the
energy density, the pressure and the 4-velocity as

_ 0¥
UH—\/X

and impose that d,% is everywhere timelike and future directed. In this way, we
obtain a consistent Lagrangian formulation of a perfect fluid. Note that in projecting
the conservation equation d,7*" along and orthogonal to the fluid flux we obtain the
conservation of energy, which results in the EOM in Eq. 5.51, and Euler equation
respectively. Furthermore, one can derive the speed of sound ¢ that results

p=2P(X)X — P(X), p=P(X), (5.53)

L dp P/(X)
“Tdp T P(X)+2P" (X)X (5:54)

As in the next chapter we use this formalism to describe radiation, we consider
the equation of state p = wp with w constant. Using the definitions in Eq. 5.53, we
then find

P(X)= X" (5.55)

up to a proportionality constant which is irrelevant for the classical theory. In order
to find the Lagrangian density for the radiation fluid we consider w = %, so that
the Lagrangian density reduces to

L=X2=(=V, V). (5.56)

Furthermore, it is straightforward to verify that the speed of sound in Eq. 5.54
results ¢cs = w = %, the stress energy tensor in Eq. 5.50 is traceless and the EOM
results

0,0 [~20, 00" 1pd"1)] = 0. (5.57)

11 _ 9P(X)
we define P'(X) = =5~
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5.4 Comments and motivations for our work

In this chapter, which is to be intended as a continuation of Chapter 2, we in-
troduced the formalism that we will use in the next chapter to study vacuum GWs
in a covariant formulation. As we aim to study the caveats introduced in Chapter
2, we introduced the definition of the stress energy tensor of a quantum field in
curved spacetime as the variation of the effective action with respect to the back-
ground metric and we reviewed the tools needed to parametrize GWs as a massless
spin-2 particle on a RD spacetime. This includes the background field method, the
Faddeev-Popov method and P(X) theory.

In Chapter 6 we present our work and re-derive in a fully covariant way the
results in Chapter 4. In studying the case of the graviton, we derive the regularized
Lagrangian that has the form of Eq. 5.28, we reabsorb the divergences by redefining
the coupling constants of the background action and we comment on the finite part
and on the renormalization conditions to be imposed.

As we will show in the next chapter, the covariant formulation is not only confirming
the conclusion of the previous chapter, but also bringing to light features that were
hidden in the foliation dependent treatment.
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CHAPTER 6

Hadamard regularization of the graviton
stress tensor

This chapter is based on:

Hadamard Regularization of the Graviton Stress Tensor
Anna Negro, and Subodh P. Patil.

(March, 2024), arXiv:2403.16806 .

6.1 Introductory remarks

In this chapter we reexamine what was done in Chapter 4 in a fully covariant
way. Having reviewed in the previous chapter the necessary tools to study GWs as
a massless spin-2 particle on a curved spacetime, we revisit the regularization and
renormalization of vacuum tensor perturbations. This allows us to highlight that
the FRLW foliation formulation studied in the previous chapters does not feature
all the subtleties that one can encounter in renormalizing the stress energy tensor
of a quantum field on a curved spacetime. Thus, even if in fixing the renormaliza-
tion conditions we refer to the study of vacuum GWs on a RD universe in order to
compare our findings with the previous results, this chapter is intended as a gener-
alization of Chapter 4.

In the following we first derive the effective action for GWs in Section 6.2. To
do so we expand the Einstein Hilbert action up to second order in the perturbation
hyu, and we fix the de Donder gauge using the Faddeev-Popov method.

Once we have obtained the action that, if variated with respect to the background
metric, gives the stress energy tensor of a massless spin-2 particle on a generic back-
ground, we proceed to regularize in Section 6.3 using Hadamard regularization. We
first introduce Hadamard regularization by reviewing the definition of the regulator
o*, the Hadamard form of the Feynman propagator and the link with the Hadamard
representation of Green’s function. We then rewrite both the action of GWs and
the action of the Faddeev-Popov ghosts in terms of the Hadamard representation of
Green’s function and we compute the counterterms needed to reabsorb the diver-
gencies appearing in computing the stress energy tensor.

In Section 6.4 we then proceed in renormalizing the divergences by fixing the renor-
malization conditions. Before doing so we comment on the finite contributions



6.2 Vacuum stress energy tensor from the effective action

of the regularized result, stressing that the finite leftovers of renormalization are
not uniquely defined and need to be fixed by experiments. The renormalization
conditions are then imposed by specifying the background metric, left unspecified
throughout the previous sections. In this way, by using the P(X) theory to derive
the action that reproduces the stress tensor for the background radiation fluid, we
can reconnect Chapter 4 with and study the effects of a massless spin-2 particle on
a RD universe.

We conclude by commenting the results of the fully covariant description of this
chapter in Section 6.5 and we leave the details of the Hadamard regularization of
the GWs action in the Appendix A.

6.2 Vacuum stress energy tensor from the effective action

Our treatment proceeds from the standard effective action via the background
field method (see Chapter 5 for more details). As in Chapter 2, we define h,, as
the perturbations around some background, defined as

g;w = Ggu t+ h;wv (6.1)

where g,,,, is the background metric, which we leave unspecified for the time being,
and the field h,, represents a massless spin-2 particle. We then consider the effective
action

Sec1 := Sgnr + Sm + Sct, (6.2)

where Sgp, which represents the Einstein Hilbert action, and Sy, representing the
matter content that sources the background expansion, constitute the tree level
action for the classical background and S represents the counterterms needed to
subtract the UV divergences that arise at any given loop order, with finite remain-
ders that are to be fixed through renormalization conditions.

We expand the classical Einstein-Hilbert action to quadratic order in perturbations
hy and obtain [18, 34]

2 1 1
52 — % / d'z/—g [thgmhpa + WV oy + VotV h, — S hOh

1 1
+Rﬂpao‘hﬁahpa + ha’h* R, — hR*° Rye — 5M""hwR + 4th] ,

(6.3)
where we have defined k% = 877};1\[. The stress tensor for GWs is obtained by
variation with respect to the background metric — a process that is equivalent to
perturbing the Einstein equations to second order and bringing the quadratic terms
over to the other side to act as a source for the background.

Before proceeding, we recall that if one is interested in studying GWs for which
there is a prior scale separation, a number of approximations and simplifications
are possible. A detailed overview of such simplifications can be found in Section
2.2, where we study the derivation of the stress energy tensor, that this is valid for
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6.2 Vacuum stress energy tensor from the effective action

spectra of bounded support sourced by some physical production mechanism (and
hence sub-horizon). However, taking the result of such derivation in the context of
cosmological stochastic backgrounds ought to be treated with caution. This caution
should be amplified when one encounters divergences that need to be regularized,
as is the case under analysis. Consequently, we define the stress energy tensor for
GWs as the variation of the graviton action with respect to the background metric:

2 /5(=Su)
gw _ gw
THV V=g < 69#1/ >in,in (64>

where the in-in expectation value implicitly traces over some initial density matrix.
When this state is taken as the adiabatic vacuum, one obtains the stress tensor for
vacuum tensor perturbations.

In order to define the action of GWs Sgy, we must first consider the process
of gauge-fixing, for which de Donder gauge presents a particularly efficient choice.
We proceed via the Faddeev-Popov method [97] (see Section 5.2.1 for more details)
and add a gauge breaking term which fixes the chosen gauge condition to Eq. 6.3,

1

defined as V,h*"" = 5V, h, along with a ghost term that accounts for the measure

factor induced by gauge-fixing:
HZ 4 1 « v 1 v
Sgb = —5 d*z/—g | VFhy — iv,h V" — §V h), (6.5)

l€2
Sgh - 9 / d4$\/jg [77” (guvD - R;w) ny] . (6.6)

In the above, n” represents the ghost field that accounts for the residual gauge
freedom by subtracting the spurious DoFs from the action S®). Consequently, the
gauge-fixed action for the gravitational sector is given by:

Sgw :S(Q) + Sgb + Sgh

2 1 1
:% /d‘mﬁg [thmhw = Jh0h + R jaohs™h7 + ha?h® Ryg — hh*" Ry

1 1
—5 1 hpo R+ ThAR + 07" (90,0 = Ryy) n”} :

(6.7)
In this way, starting with the action Eq. 6.3 for a rank-2 symmetric tensor field
nominally consisting of ten DoFs, we obtain the action of a massless spin-2 particle
Sgw with only two propagating DoFs. From Eq. 6.4, the stress energy tensor of
vacuum tensor perturbations is given by the sum of contributions

W 2 6 T h
TS = = <(SgW (=Sgr — Sgh)> =T +T5), (6.8)

where we have defined S, = 5 @ 4 Seb. The angled brackets above denote the time
ordered in-in correlation function (...) := (in, vac|T[...]|in, vac), which inevitably ex-
hibits divergences for field bilinears in the coincident limit, the regularization of

in,in
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6.2 Vacuum stress energy tensor from the effective action

which will be studied in the next section.

Before proceeding with the regularization and renormalization of the effective
action, a final and no less consequential comment is necessitated by the question of
whether we are obliged to work with the on-, or off-shell formulation of the effective
action in our computations. To 1-loop, the former can be obtained by expanding
the action to quadratic order in fluctuations and evaluating the resulting functional
determinant as a function of the background:

; 2 a

T, = Zlndet{ascw}, (6.9)

2 dpbdpe
where, referring to the notation of Section 5.2, ¢® is the relevant background field,
and ¢ denote fluctuations around it. The result of differentiating the above with
respect to the background yields the radiation currents Eqgs. 6.18 and 6.19, whose
contractions make explicit that we are differentiating the 1-loop 1PI vacuum graph
[1]. Unlike the classical action, however, Eq. 6.9 is not a scalar and is dependent on
how one parametrizes field space in addition to also depending on the background
field gauge in the presence of gauge symmetries.
Instead, an effective action that does not suffer from these drawbacks was arrived
at by Vilkovisky and DeWitt ([36, 37]) by working covariantly in field space and
writing down the equivalent of the functional determinant of the field covariant
second variational derivative of the action:

°Sa [¢°]

vaw _ ¢ _ pd (501 9%[¢°]
rys¥ = 5 In det{ 5050 Ty (6% 5 ) (6.10)

where I is the connection on field space. When the background field ¢ min-
imizes Sc; (i.e. one is working on shell) the two forms are equivalent. However,
the two forms will in general differ for any quantity obtained from differentiating
the effective action when the field space connection is non-vanishing even when
evaluated on shell. Therefore, the renormalized stress tensor obtained from the
Vilkovisky-DeWitt effective action will have additional contributions relative to the
stress tensor obtained from the ‘standard theory’. However, the difference is only in
terms of additional finite contributions, which moreover vanish for vacuum contribu-
tions on maximally symmetric spacetimes and for one-particle states on Minkowski
space [18]. On a general FRLW background, with a homogeneous and isotropic fluid
sourcing the background expansion, these are non-vanishing and provide additional
finite contributions that depend on the quantum state.

Nevertheless, the procedure we follow allows us to work with the standard form of
the effective action, as the divergences that need to be regularized are unaffected by
the Vilkovisky-DeWitt correction term, and any finite contributions are absorbed by
the process of fixing renormalization conditions. What is crucial for the subtraction
process, however, is the identification of the scale factor dependence of the various
finite and state dependent terms, for which we determine recursion relations with
initial coefficients that can be fixed with a sufficient number of measurements at the
renormalization scale.
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6.3 Regularization

The regularization of the stress tensor for any propagating DoFs on a general
background must proceed with care, all the more so when gauge redundancies are
present. Differently from what we did in Capter 4, where we worked directly at the
level of the stress tensor obtained by variation of Eq. 6.3, gauge-fixing by hand, and
then imposing the SVT decomposition to extract the stress tensor for the propa-
gating spin-2 polarizations when evaluated as an expectation value, in this section
we proceed to do so in a covariant manner. This procedure can be related to the
covariant method detailed below by a series of Ward identities that we shall return
to further on. In what follows, we proceed with the first step of the renormaliza-
tion procedure reviewed in Section 1.2.2 and we regularize the divergences encoun-
tered in the evaluation of Eq. 6.8 by adopting Hadamard regularization techniques
[18, 120, 193], which are an extension of the covariant point-splitting method®.

6.3.1 Hadamard point splitting

The point-split version of a tensor U*¥(z) is defined as the coincidence limit of
the bitensor U* (z, ") defined in a neighbourhood of x#

UM (z) = lim U (2,2), (6.11)

oMt —0

where primed indices refer to the point 2+ and o* is the geodesic distance between
2+, and z* . Doing so allows us to isolate the divergent from finite contributions to
Eq. 6.8 with o* as the UV regulator. Hadamard regularization of the effective action
proceeds through the intermediary of the Feynman propagators (in the notation of
[18]):

i IT (@R (@) )
32rGN W)

G,uua’B' (Z‘,J)/) _

i A1/2 ! /7 - ! Q!
- o (1 )8 wa' B 10 (A2 (o + i pva’
82 {04—@'5 (g g )+V (Ao +ie)) + W ]
oy i W (@@ @) W)
7 = S3ean W10
_ L [an g" + VY In(A2(o + ie)) + WHe (6.12)
812 | o+ ie ’

where A is some arbitrary mass scale so that the argument of the logarithms are
dimensionless, and primed indices are geodesically transported from z* to z* by
using the bivector of parallel displacement g% ., defined by the differential equation

Lef. [196, 172] for applications of point splitting to gauge theories on flat space, and [72, 55, 30,
83, 42] for applications of Hadamard techniques to scalar, vector and fermionic DoFs on curved
backgrounds.

93



6.3 Regularization

81, 87]
V,9ar3VPo =0, (6.13)

with the boundary condition

1, gov(,2') = g (). (6.14)
The ie appearing above is characteristic of the Feynman propagator. We note
that one should in general be careful in distinguishing and extracting quantities
relevant to the Cauchy problem, namely, in-in currents and expectation values as
opposed to the corresponding in-out quantities, both of which can be extracted
from the Euclidean effective action through different choices of boundary conditions
[36, 37, 38]. Using the notation of the former references, we first consider the
following definitions for the effective background:?

(out, vac|e®|in, vac)

a 6.15
ox (out, vaclin, vac) (6.15)
which is of interest in applications when in and out states can be defined (e.g.,

scattering problems), and
oin = (in, vac|p®|in, vac), (6.16)

which is of primary relevance to problems where only the initial state is specified.
Both fields can be obtained from the effective equations of motion, which can be
brought into the form:

0S5 JF 081

=0, +JN =9, 6.17
S Ot (6.17

where S, is the ‘classical action’ and the J, are the so-called radiation currents.
Different diagrammatic rules apply when attempting to determine J! or JIN. The
radiation current JI can be obtained via techniques relevant to the computation of
transition amplitudes, and is given to 1-loop given by [36]:
JP = i 53Su b Geb i(out7vac|T[<pccpb]|in, vac)
2608505008 (out, vac|in, vac)

, (6.18)

where Gl%b is the Feynman propagator. Similarly, the current JIN is given to 1-loop
by
JIN = —E-&Gd’ G = i(in, vac| T[] |in, vac) (6.19)
a 2 590?1\]6‘)0%\]690%1\] IN> IN ) ) ) .
where the latter can be evaluated as it appears, or with the full regalia of the
Schwinger-Keldysh formalism. G and G¢ differ in terms of their boundary con-
ditions: although in the specific case of future and past asymptotic flatness one has

2Where we also adopt DeWitt’s condensed notation, and to avoid a proliferation of indices, the
composite index a can also be taken to denote a pair of spacetime indices a := {u, v}.
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lout, vac) = |in,vac) so that G& = G, in general G¥ # G¢%. Nevertheless, for
the purposes of regularization, only the short distance divergence structure of fo(I
is relevant, which is identical to that of G%b. The reason for this can be inferred
from the fact that if the two Green’s functions differ only in their boundary condi-
tions, completeness dictates that the short distance modes of the two vacua must
be related to each other by a Bogoliubov rotation that tends to zero for short wave-
lengths, otherwise one would represent an infinite energy excitation relative to the
other (see also [48] for an expanded discussion on this point). The long wavelength
behavior of G§ will certainly differ from that of G&; however, the difference will
manifest as finite and non-local terms that will be absorbed in the process of fixing
renormalization conditions.

We stress this point as it offers the possibility to adapt computations that make use
of Feynman Green’s functions for the purposes of identifying the local counterterms
necessitated by the subtraction procedure (as done in [18]). However, since within
the present context it is more convenient to work with the Hadamard Green’s func-
tions, we follow [42] in deriving their representations from the Hadamard form of
the Feynman propagator. By using the identities

1 1 ) .
i ’P; —imd(o), In(o+ie) = In|o|+inO(—0), (6.20)

where P and © denote the Cauchy principal value and the Heaviside theta function
respectively, we can rewrite Eq. 6.12 as:

G (z,2') = GL(x,2') + %G“b(x,x'), (6.21)
where?
Il ]_ ’ ’ -
uva' B ’ - = 1/2 a'(p,v)B _ ypva’p o
GHe (3,2 — [A (g g ) 3(0) — VHra'B g a)]
~ ’ 1 ’ ~ ’
o @) = o [Al/Qg“O‘ 3(o) — Vhe @(—a)} : (6.22)

are the average of the advanced and retarded Green’s functions, and

! Q! 1 A1/2 ’ ’ 1l -
GHve B (CL‘, 33/) — ga (/,Lgl/)ﬁ + VHva B 1n(A20') + WHve B
42 | o
el 1 L[Aavz o
G (wa') = 5 | gt VR (M) £ (6.23)

are the Hadamard Green’s functions.

The state |¢) appearing in Eq. 6.23 is somewhat circularly defined as any quan-
tum state — the Hadamard state — such that the short distance divergence structure

is of the forms indicated in the square brackets, where o = %O‘MO‘” denotes the square

3Round/square parenthesis denote symmetrization/anti-symmetrization of indices.
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of the geodesic distance between z# and J;”:, A is the Van Vleck-Morette determi-
nant and the bitensors V#@ 8 Wwrva'B yre' and WHY are smooth functions in
the limit o — 0 of the form:

oo
va'B _ o va'B n uva'g’ uva'B’ _n
yiva's = 5 a8 g W =N e’y

Vra' — EZO:O f/#o/an Wwee' — Z VT/#("/U". (6.24)

It is to be stressed that the bitensors V' #" and V' depend only on the local
geometry, whereas the bitensors W#””‘lﬁ and W#O‘/ depend on the boundary con-
ditions and the precise choice of the state |¢). The finite contributions are what is
misinterpreted in the literature and treated as the theoretical estimate of observ-
ables. On the contrary, as we will show in in Section 6.4, those are the part that is
absorbed by renormalizing the couplings in the effective action through the process
of imposing renormalization conditions.

Each of the V#Va,ﬁl, W#’jo‘lﬁ/, f/,{“’l and W#O‘l bitensors can be rewritten in the
form of a covariant Taylor expansion for z* in the neighbourhood of x* :
1Y ’ ’ 1
yhre B — g agﬁ 8 {vﬁ”aﬁ + vﬁ”aﬁ,yoﬁ + ivﬁl‘”aﬁfwawa‘r + ] ,

’ ! 1
R R RS (6.25)

and similarly for WjL“’O‘,B/ and W#O‘l. By expanding the Hadamard Green’s function
of Eq. 6.23 using the Taylor expansions in Eq. 6.25, we obtain

e (z,2) :i {A1/2 (g (p ) + yroa's ln(,u o)+ Wpoa/ﬁ’}
472 | o
:47711_2 {A;‘m (ga’pgaﬁ/+ga/ogpﬂ'> —|—g ug? vpoaﬁ ln( o)
49 ag” 07 0(120) + 247 g 1707 0" nlyo)
%9 og” g7 P o0 m(iP0) + g ag” g’
+g° ag ﬁwﬁfmﬁ 07+2g ag ﬁwpfwéﬂ ooT
+;g od 5w’)"°‘ﬁ oy,

(6.26)
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A1/2

G (r,0') =1 {

1 AI/Q

0" + g% aT3" (i) + g% T 07 In(i%0)

,ga’ao_’yo,’y,[}itoz ln(uza)Jrg awgoz

1 ’
+59% o507 0" In(u¥o) +

2

1 1 .
+g“ ocwo 7‘77‘1‘ -g° awo VTUWUT‘F?QQ awfaa'yovy

2
(6.27)
where higher orders in powers of ¢ vanish in the limit o# — 0, and the tensors
contrlbutmg to the divergent part (v7*?, v Wh7OP__ Wf7OP GEe G TE .

and 97”) can be found in the appendlx 6.6.

The Hadamard Green’s functions as expressed in Egs. 6.26 and 6.27 facilitate
the regularization of Eq. 6.7 in that they can be viewed as the point split expression:

. 1 7_/ O_(1/ ’
<Sgr> = lim {/d4x\/ [( 5900’ Yo 8’ + 4gp(rga’5’> VTV G* o

ok —0

1 1 ot
+ (Ra’pﬁ’a + gﬁ’aRpa/ - ga’B’Rpa - iR 9pa’ o’ + ZR gpaQo/B’) G* o :| }
(6.28)

Sen) = lim d*2/=g |~ guar V. VT G — RGP | b 6.29
g T " ("

Recalling that the divergence structure of the Hadamard Green’s functions is com-
pletely captured by the terms containing the Van Vleck-Morette determinant A,
and the bitensors V#®'#" and V#e' | the divergent part of the gravitational sector
of the effective action Eq. 6.7 must be of the form

(Sgw) qiv ~ Hmo d*z\/—g ['yl(a)R + ’YQ(U)RQ +v3(0)R*" Ry + 74(0)DR] .

ot —
(6.30)
We compute the coefficients 1 (o), v2(0), ¥3(c), and v4(o) in the next subsection,
from which one can immediately identify the counterterms required to subtract
them.

6.3.2 Counterterms

The process of determining the counterterms needed to regularize the effective
action begins with rewriting the coincidence limits as:

lim R;La’G pa' ua hm goc G#a (631)

ol —0

so that the tensors contracted with the Hadamard Green’s functions are tensors in
x# and scalars in z# . Furthermore, as the coincidence limit depends on the path
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6.4 Renormalization

by which o* approaches zero, it is necessary to specify a path-averaging procedure.
Following [14], we use the so-called elementary averaging procedure, whereby one
makes the replacements:

1 o1
OOy —7 igAuO‘pO‘ = 29\pu 0,
0.2
ONOuO~NO5  — G (9v69ru + 9y7G5p + Gyugsn) »

o3

TaOBONTUORTs oy [9ap (9ru9vs + Iy 9us + 9rsGur) + Gax (9819~ + 98~Gus
+9859u~) + Gau (987975 + 98v9xs + 98590y) + Javy (987Gus

+98u9xs + 9859xu) + Gas (987w + 98uIry + 98~9n)] (6.32)

The singularity structure is then extracted by expanding at the endpoints and itera-
tively solving the equation of motion of the propagator to find the Taylor coefficients
of Va8 ang vme (see appendix 6.6 for more details). From this, the divergent
contributions to Sgy, are found to be

/__ v 1 vpo
<Sgh>div - 47'('2 JHHO/d z |:_R+IH(A2 ) < HVR# + 6R2 24RHVIJO'RH P
5
—0OR
o))
(6.33)
whereas the divergent contributions to Sy, are given by:
(Ser) i = lim [ d*zy/—g —lR—|—ln(A2 )| R R‘“’—ER —1—3DR
gr/ div 47r2 h50 v 4 24
(6.34)

By use of the Bianchi identity and the Gauss-Bonnet theorem, the divergent contri-
bution of the action of vacuum tensor fluctuations results from the difference of Eq.
6.34 and Eq. 6.33 (accounting for the statistics of the ghost contributions), and is
given by:

<SgW>div =

1 11 23
d'zy/= R+In(A%0) | ~R,R"™ — —R*— —"0OR
Iz o, [ 4 { +In(A%0) (6 g SYRAY ’
(6.35)
which is of the form of Eq. 6.30, with the 7;(o) coefficients straightforwardly read

off from the above.

6.4 Renormalization

Having regularized the divergent contributions of the effective action, that once
variated with respect to the background metric leads to the divergent contribution
to the stress energy tensor, allows us to proceed with the remaining steps of the
renormalization procedure (see Section 1.2.2 for more details). In what follows, we
first subtract the divergent contributions with the appropriate counterterms and, as
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6.4 Renormalization

widely discussed in the previous chapters, we then have to fix the finite contribution
of the regularized action by imposing renormalization conditions before being able
to infer constraints from experiments. This leads to a qualitatively different result in
the interpretations of existing constraints, such as the Neg bounds. In this section,
we first comment on the finite contribution of the renormalized action and then we
proceed to specify our otherwise general results in a RD universe to subtract the
divergent contributions, impose renormalization conditions and find results that can
be compared with Section 4.4.

We begin by considering all contributions to the action (cf. Egs. 6.2 and 6.7):
<S> = S + Srp + Sct + <Sgw> R (636)

where Sy is the matter content that sources the background expansion and where
we have defined

1
Set = lim [ d*z/—g {al(a, p)R+as(o, ) Ry R +as(o, p) R*+ay(o, )R,

47‘[‘2 ol —0
(6.37)
where p is an arbitrary mass scale whose meaning will become clear shortly. The
divergent contributions in Eq. 6.35 can be subtracted with the following choices for
the (07

111
ar(p,0) = —654‘0};(#),
1
0s(1,) = & log(10) + o (1),
11
as(u,0) = orlog(u’o) + ag (),
23
ou0) = o log(u%0) + o (1), (6.38)

where the of are finite contributions that we leave unspecified for now. With this
the action can be expressed as:

= [ #9 | fore

+ Srp + <Sgw>ﬁn ,
where (Sgw)q, = (Sew) — (Sgw)q;, and where

R+ Qo) Ry B + a3 (1) R + Ga(p )DR} (6.39)

1 1 af (w)
167G (1) 167G p 472’
_ 1 (1 A2
ag(p) = 2 |6 log 7 tap (H)} )
_ 1 : 11 A2
a) = M2bg+%wﬂ,
_ 1 23 2
W) = g |-arlos s +al(o). (6.40)




6.4 Renormalization

The subscripts B appearing above are to denote bare quantities.
6.4.1 Finite contributions

The finite remainder given by (Sgw),, can be separated into parts that are
uniquely determined by the background geometry — i.e. the terms determined by
the bitensors V#**#" and V#* which we denote as (Sgw>gi — and those that depend

on the state, determined by the bitensors WHre'5" and W“o‘,, which we denote as
d
<SgW>tS:in'

Computing (Sgw>;i, can be reduced to express the following four terms

I): R 013130 Gor *GH’ (6.41)
) : g, lm go7gar V- VTGP (6.42)
(IIT) : Puvas 0131(_1)10 ga/o‘ggfﬂG"”“/B/ (6.43)
IV):  Qu™ lim g07gargssV- V"GP, (6.44)

where we defined

1 1
73,11,1/'75 = R'yuéu + g&uRu'y - g’yéRuu - iR Gu~rGvs + ER Guvd~s

1

1
Qw/vé = _5914791/6 + Zg;wgw% (6'45)

as a function of the state-dependent terms of the Taylor expansions of Eqgs. 6.26
and 6.27 — wfooF pouB ypoef paaf pa ge Cgea and e
Considering only the state-dependent part of Eqs. 6.26 and 6.27, one can straight-

forwardly isolate the state-dependent part of Egs. 6.41 and 6.43 which results

1

(D, @wag“"
(o L B (6.46)

82

Extracting the state-dependent part of Eqs. 6.42 and 6.44 is less straightforward:
following the procedure of the appendix 6.6 we obtain

1

(H)is:ii : 8n2 [—Vqu)gMT - wguTT - 472’5;4]
S Z 14 T 17 T v
(VI oo [Qw™ (< Vrwfas™ — sy — duf"p)] . (647)
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6.4 Renormalization

Finally, (S’gw>2(:l can be expressed as
()5 = / a'ey=g (i + av)E) — (- o - (i)

= an2 d'xy/= [QHV (=Vrwy ys" = wh " — dwi”5)

P sl + Ryl — Vol T — il — 4@’{4 (6.48)

There is one more step that can be done to simplify the form of (Sgw>;idrl. We note

pva' g’

that we can obtain the Taylor coefficients of W} in terms of the Taylor coef-

ficients of W{"“ ka (we focus on the graviton contribution, but a similar procedure
will give us the analogous Taylor coefficients for the ghost contributions). By itera-

tively solving order by order in o* in the equation of motion for the propagator, we
find* (cf. [18] for more details):

n(n+ D)W aigr +nWh 00 —nWh 0 g A7V A0 4 (20 + 1)V o

1
Vg0 Vi AV 4 LD e Lm0 o)
where

SR (650
a [e3 1 (0% 1 ’
P, =-2R, V)B + §Q;WR Ay

59" Ryw = R0 + 5 Rg(u" 90"

By specifying the recursion relation Eq. 6.49 for n = 1 and expanding at the 0"
order in o we obtain w!” .5 as a function of the Taylor coefficients of W/ ?

v v 1
20t o5 = =30l aﬂ_igéﬂgo) Ows? ap + Vowhag™ +

1
2w0 op 7| 5 P* powl’ ap-

2
(6.51)
In the above, wf”*?, w7, and wf”*”.,. are the ‘initial’ inputs for the recursion
relations corresponding to the spemﬁcs of the state.

poaf

6.4.2 Renormalization conditions

In this section we fix the finite contributions and impose the renormalization
conditions. In doing so we specify the background expansion as, although the treat-
ment that follows generalizes to any background, we aim to compare our results
with the FLRW foliation studied in Chapter 4.

To connect with the findings of Chapter 4, Sy is now specified by Sgrp to denote
radiation domination. For concreteness, we work with the action formulation for a

4Semi-colons denote covariant derivatives with respect to the background metric.
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6.4 Renormalization

barotropic fluid expressed in terms of a derivatively coupled scalar [50, 28], so that
SRD = /d4$\/—gpbg(X), (6.52)

where PP8(X) = X2, with X := f%g“”aﬂdz&,d;, reproduces the stress tensor for
the background radiation fluid® (See section 5.3 for more details). In order to
proceed and fix the finite contributions, we are obliged to make use of leading
order field equations to eliminate redundant higher order correction terms containing
second derivatives and time derivatives of what were auxiliary fields in the tree level
action [216, 61]. That is, one can substitute the tree level equations of motion
R = —8rG(p)T"® and R, = 87G(u)[T"%,,, — 19,, T"8] into the above, where

TY8, M (X p) = 01, PP — P  0")pd, s (6.53)

is obtained from Eq. 6.52 through variation with the background metric. The
functional form PP$(Xp) = X% ensures that TP® = 0, so that the regularized
action takes the form:

(S) =/d4a:\/?g BMQ(M)R+13bg(XB,,u) + (S » (6.54)

where we have dropped total derivatives and defined M ~2(p) := 87G (1), which we
use interchangeably in what follows, and where

P8(Xp, 1) = X2 + 12X 0 (1)

ERVamL (6.55)

with ao defined as in Eq. 6.40. We immediately notice that the stress tensor
associated with the shifted matter sector P(Xpg, 1) is no longer traceless:

~ e}

T2, = —48X}, ]\;4((’2). (6.56)
This is because Einstein gravity is not conformally invariant, and therefore neither
are the field equations governing GWs, even if the background is conformally flat
[177]. Hence, the stress tensor for GWs will not be exactly traceless unless as = 0,
and this feature gets imported into the matter sector via operator redundancy at
1-loop, a point which we will return to shortly.

Before proceeding with the renormalization conditions, we comment on how one
could compare the finite remainder (Sgy ), with the TT-gauge-fixed, foliation spe-
cific treatment of 4.4.

We recall that in fixing de Donder gauge with the Faddeev Popov method, we con-
sidered the action for a rank-2 symmetric tensor field (describing 10 DoFs) and we
fixed the gauge by adding the gauge breaking term in Eq. 6.5 (which fixes 4 DoFs)

5A feature that remains true to all orders in perturbation theory [50].
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6.4 Renormalization

and the ghost term (which subtracts the remaining 4 spurious DoFs). The ghost
term and gauge breaking term have the same properties as the spurious eight DoFs
present in the initial action, but with fermionic statistics that subtracts them from
all on shell quantities. In order to obtain a fully gauge-fixed final result of the action
in terms of the graviton only (equivalently for stress energy tensor, once one variates
with respect to the background metric) we have to determine the ghost propagator
in terms of the graviton propagator. This is done by using the generalization of the
Ward identities discussed in [18], but now evaluated on a background that does not
correspond to a vacuum spacetime. While addressing this matter falls outside the
current investigation’s scope, fully completing it, considering the remaining symme-
tries of FRLW spacetimes, would represent a valuable and practical computation
worth pursuing further.

We now proceed to fix the finite parts of the relevant couplings via renormal-
ization conditions. We recall the shifted tadpole condition, which is defined by the
requirement that the background effective field g,,, must be put on shell in all final
expressions. That is, we demand that

1 1 ~

T (RW - 2ng) = T8 + (T, (6.57)
We first note that Newton’s constant can only be fixed via a Cavendish-type ex-
periment, where we have knowledge of the masses whose strength of gravitational
interactions we are attempting to fix. Assuming that this is done at mm scales, we
impose the renormalization condition [87G(u)]™" = M?(p.) = M7, where the latter
is given by the reduced Planck mass lel = 2.435 x 10'® GeV. From Eq. 6.40 it
therefore folows that

-1
1 af () — of (p)
= |14 A LA .
8GN (1) e + GRS VEA , (6.58)
P P
which can be used to express Eq. 6.57 in covariant form as
-1
11 af (1) — of (ps)
G = — [be + <Tgyvﬁn>] I R s RV 2 B (6.59)
" Mgl ® ® 27r2Mp21

We see from the above how additive renormalization of Newton’s constant is equiv-
alent to the multiplicative renormalization of the matter sector via the tadpole
condition.

In order to fix the remaining finite contribution appearing in as in combina-
tion with those coming from (TE‘;”ﬁn), we have to appeal to additional observations.

Before we do so, we note that (7% fin) has a series of contributions that can be
recursively obtained. We recall that if on one hand the background dependent finite
contributions can be uniquely determined by the recursion relations of the EOM,

this is not the case for the state-dependent part (see Section 6.4.1). However, the
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6.4 Renormalization

adiabatic vacuum by definition is invariant under the symmetries of the background
geometry, and so all the initial state-dependent inputs must themselves be con-
structed out of geometric invariants. This implies that both the background and
the state-dependent contributions to the finite part will result in the generation of
a handful of terms that redshift as radiation, along with a series of additional slow
quenching terms that decay much faster, as we will se in the following. We also note
that the example studied in Chapter 4 implied that the contribution Eq. 6.56 is
canceled by a compensating term from the state-dependent part of (Tﬁx’vﬁn> in the
adiabatic vacuum. Regardless of this fact, in addition to admitting the possibility
of other operators in the effective action from the presence of additional DoFs, one
simply extracts that part of the renormalized expression that scales as radiation and
proceeds accordingly.

Consider for example the measurement of the equation of state parameter w during
what we presume to be radiation domination. In principle, any other measurement
of a dimensionless ratio will do (e.g. H?/ Mgl), as what follows transcribes straight-
forwardly. Making such a measurement at the scale ur results in the renormalization
condition: - .

4 QQ(IJ’R) + 5 (JU‘R), (660)

B 6 2
M3, M

3HE(3wgr — 1) = —48X

where ¥ (ugr) := (T®"f"). Regardless of how suppressed the right hand side may
appear, it in principle fixes the remaining finite remainder in @y defined in Eq.
6.40, up to the state dependence of the terms that appear in ¥ (ug). If the right
hand side cancels exactly, the effective background corresponds to RD expansion.
If the right hand side does not cancel, it would still correspond to RD expansion
up to suppressed slow quenching terms®, which, moreover, dilute much faster than
radiation. Hence, the most one can conclude from the shifted tadpole condition Eq.
6.59 is:

F

—1
of (1) — af (p) Phg
RIS A7 RV 2y (PO S ) 61
+ 2 Mﬁl( +4z),  (6.61)

1

3H? = —
M§1

(ﬁbg + pg\:}v,ﬁn)

whith jy, corresponding to the time-time component of TP%, pid, o denoting any
(possibly vanishing) state-dependent contributions from (TE,V)”ﬁ“> that scales as radi-
ation, and dz is some constant by this definition. The latter defines the wavefunction
renormalization of the otherwise unobservable bare thermal potential ¥ p:

W= (14 62)"* 9, (6.62)

where now 1 denotes a dressed quantity. Therefore one concludes that the net
effect of the renormalization procedure is to simply mimic shifts in the definition of
otherwise unaccessible quantities” a conclusion that is in agreement with the results
of Section 4.4.

6In practice, the best accuracy with which we can ever hope to constrain the left hand side of Eq.
6.60 means that the right hand side can only be taken in practice to be consistent with zero.
"Which is consistent with the results reviewed in Section 1.2.
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6.5 Conclusions

Motivated by the results of Chapter 4, in which we concluded that one has to
follow through the renormalization process to completion in order to make contact
with cosmological observations, in this chapter we generalized the previously stud-
ied FLRW foliation derivations to a generic background metric in a fully covariant
formulation. In doing so we confirmed the findings of Chapter 4, namely that any
attempts to extract Neg bounds from vacuum tensor perturbations is inextricable
from the process of background renormalization, but also we highlighted subtleties
that were not evident in studying a specific foliation.

Differently from the previous results, we find that higher order corrections to the
Einstein Hilbert action are required in order to define the counterterms that subtract
the divergences arising in computing the stress energy tensor of GWs. Furthermore,
we obtain that the regularized stress energy tensor including the contribution of
both radiation and GWs is no longer traceless, due to the fact that a massless
spin-2 particle is not conformally invariant. This leads to additional slow quenching
terms that decay much faster than radiation. We then showed that ~ R? corrections,
together with the anomalous trace, vanish once one imposes a radiation-like solution,
which is in agreement with the result of Chapter 4.
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6.6 Appendix A: Details of Hadamard regularization

In this appendix, we present further details as to how one can obtain the diver-
gent contributions in Eq. 6.35.

Regularizing the contributions of Eqs. 6.28 and 6.29 in order to obtain Egs. 6.33
and 6.34, comes down to to regulating the four terms defined in Section 6.4.1

(M: Ry Jim go®G" (6.63)
: g, lim gr7gar, V-V G (6.64)
(D) Puvap lim goge G (6.65)
IV): Q" lim g0 garygersV, V" G (6.66)

0

By iteratively solving at orders ¢, oz and o the equations of motion for the graviton

propagator® we find vf7*?, v87*F w07 and v£7*?([18))
P, — 1R pg v _ L Py Lo oy _Lomp e
Vopv' ' = — D) 9w Gv)y — ig/wg + gt T 19 e
o1 vy 1w ) 7)
Voo = = 50ar e~ G (R\am — Rjq w))

v 1 v v 1 1 1 -
Vol =5 (Uo Y v(aiB) — UOMV(J;,B)) + gPwtag T g b’ Rag = 1597 Puve” as)

1 1 1
- 7gprPy,VO'O-ROéB + Eg(u(pRv)ae(aR’Y)geﬁ) - Egﬂ(agus)Raé(pRﬂﬁev)

24
1 1 1 1 1

_ = 14 Yy _ = Y oed oe o
6 (g(u 9v) 29#1/9 ) <30R066aR B + 3ORaUﬁER 15Ra0Rﬁ
1 3 1

+ ERRQQ + ?OR;Q'B + mDRa’B>

1

1
RUE(ngo‘e&c _ 20

48 30

1, 1
e g€ _ 7D
RocR7 + 5 R + < R)

1
,Ulep'y = (gupgu’y + gu’ygup - gpwgpfy) <

1 ge 1 [ea g€
— ﬂ(D +R)P,," + gp,w P, + 4—8ng [(O+ R)Puvo” — 3P Pres’

1 o€ oed
+ ﬂ (Rae(u(pRu)’Y) - g(u(pRu)oeéRV) ) .

(6.67)
where

1 1 1
P = 2R}, P+ (gwR’” + 9" Ry — QRg,wg’”) + 589679, (6.68)

In the same way, we can find 95%, 05%,, 94"~ and 91 by solving order by order in

8Higher orders in o do not contribute to the divergent part.
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o for the ghost propagator and obtain

1 1
66“/: fgI“/R 2R v

12
~ UV 1~ v 1 o v
o :——51)6‘ —ER[“’]
~prof ~[puv](a;B) 1 npy(aepp) v 1 uvi(afB) 1 uv paf
Uy = — 17 +ER R, —fR ’ —fR R
1
w [ __—_ Rpeyoap Uﬂ ——_R.._RePBY RaﬂRﬁ _ 7RR05
T ( 180 oy 180 oY 50 72
1 1
__ReB _ _— [OQRP
40 120 )

L1 1 1 1
W == GR Rype” + S ORY + SRR + fR””Rp”

v 1 o€ 1 2
+g" (720]%’” Ryyoe — %R""’Rm+ 988 R +@DR
(6.69)
Egs. 6.63 and 6.65 are then regularized by subtracting the divergent terms of the
expansions in Egs. 6.26 and 6.27 with the appropriate counterterms. These diver-

gences, using Eqgs. 6.67 and 6.69, are straightforwardly given by

1 1 1
(Daiv “Ton2 al;}glo { R+ In(p’0) <—12R2 _ QRWRW)]
1 . 1 9 3 " 5 1 svpo
(III)div : _16? GIJIBO —SER + ln(,u O') §RMVR — R? — §RuupaR
1
QRWWRW’M)] , (6.70)

and the requisite counterterms are readily identified. Regularizing Eq. 6.64 and Eq.
6.66 is less straightforward, as in order to regularize V,V™ G** and V,V7 GHe' B
we need to sequentially:

1. Compute the derivative of the Hadamard Green’s functions using the expan-
sions in 6.26 and 6.27 and keeping the terms that are divergent in the limit
ot — 0.

2. Expand the result in powers of o using the endpoint expansions in [14].

3. Use the averages in Eq. 6.32 to obtain a direction independent result.
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Following these steps, one obtains

. 3 [2 2 1 Qv 1 2 1 WV po
(Il)dlv M ]_6? 013141')10 -;R + ln(ﬂ O')) (_QR/“/R — 12R + 12RN’/PUR
1 5
——Rupoe R — Z0OR
1t 12 )]
) . (111 9 1 w3 1 wwpo
(V= g5z Jim, [ 5+ 1000°0) (0 30+ o

1 13
- nwvpo _
+5 Rupwa R o DRH :

(6.71)
In summary, considering the extra minus in front of the ghost terms accounting for
the different statistics, the divergent contributions in Eq. 6.35 are given by

(S)aw = [ doy=5 [ (MW + V) = (= D~ W)

111 1 11 23
S F 4 — - 2 - py S p2  42Y
=13 gljl;r)lo d*z\/—g { 5 JR—Hn(u o) <6RWR 24R 24DR>}
(6.72)
where we have used the Bianchi identity R***7 + R*7Y + RFOVP=0 to obtain

2R, poc R*PY7 = R0 R*7P7, and the Gauss-Bonnet theorem? to rewrite the Rie-
mann squared terms in terms of the Ricci tensor and scalar.

9The Gauss-Bonnet theorem implies that we can add to the action the Gauss-Bonnet action
Sap = f d*z/—g (R“VP‘TR;WPJ —4RM Ry + RQ) without consequences on the theory.
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Summary

With the first direct detection of GWs from the Laser Interferometer Gravitational-

Wave Observatory on September 14, 2015, the gravitational wave detection era
started. Since then, several other signals from black holes and neutron stars events
have been detected, and the possibility of studying the universe by means of GWs
represents a new frontier.
How about GWs from cosmological origin? Detecting GWs from early universe
phenomena would allow us to uncover mysteries that were previously inaccessible
through traditional electromagnetic observations. The possibility of opening this
new window on the early universe comes with challenges, not only on the experi-
mental side, but also on the theoretical side, with the goal of having an accurate
description of such early universe GWs signals. In this thesis we focus our attention
on vacuum GWs: vacuum tensor quantum fluctuations which inevitably come in
the form of stochastic backgrounds. It is important to be careful in distinguishing
vacuum GWs from primordial gravitational waves sourced by dynamical processes
involving energy and momentum transfer, such as GWs from phase transitions, par-
ticle production or decay of topological defects. The latter involve propagating
gravitons sourced by some physical processes while vacuum GWs are by definition
vacuum polarization effects whose imprint on various observables is no less real, but
comes with important subtleties that motivate the work presented in this thesis.

To contextualize our work, in the Introduction we reviewed the thermal history
of the universe, the foundations of the cosmological model and we motivated the
need to include vacuum quantum fluctuations in the early stages of our universe.
After that, we shifted our attention to introduce the tools needed to quantify the
contribution of vacuum quantum fluctuations. We reviewed the basics of the renor-
malization procedure as a method to meaningfully reabsorb UV divergences arising
in computing quantum corrections. We remarked the possibility of obtaining diver-
gent vacuum energies and highlighted that the splitting into classical quantities and
quantum corrections can be misleading: one has access to fully dressed observables
and cannot separately measure quantum corrections and classical quantities.

Can vacuum GWs be constrained by Neg bounds? This is the question from
which our work started. Chapter 2 is a detailed review of the typical expressions
that one can find in the literature to connect the energy density of vacuum GWs to
the bounds on the effective number of relativistic species, Nog, at the time of Big
Bang nucleosynthesis. We concluded the chapter by pointing out that whether one



can meaningfully constrain vacuum GWs with Ng bounds is intrinsically bound to
the definition of the stress energy tensor of GWs and to how the divergences that
inevitably arise in computing the energy density of vacuum GWs are renormalized.
The latter caveat motivated the work presented in Chapter 3, where we applied
well-established renormalization techniques to the case of a massless, non-interacting
scalar field on a Friedmann—Lemaitre-Robertson—Walker background. We showed
how dimensional regularization can be used to extract UV divergences from scaleless
integrals, the independence of logarithm divergences on the choice of the regulariza-
tion method and the need to use regularization methods that preserve covariance in
order to find counterterms that are proportional to geometric invariants. Further-
more, by studying a background evolution that after a pre-inflationary radiation
dominated era transitions to a pure de Sitter phase which is followed by a second
post-inflationary radiation dominated era, we explicitly demonstrated that IR/UV
scales connected with the beginning/end of inflation do not cure UV divergences
and that IR divergences are an artifact of the idealization of a past infinite de Sitter
geometry. By applying the lessons learned in the apparently simple example of a
scalar field to the case of vacuum GWs, in Chapter 4 we addressed the question
whether Neg bounds can be used to infer constraints on vacuum GWs. We started
by deriving a formula for the energy density of GWs suitable for regularization, we
addressed the caveats regarding the definition of the stress energy tensor of GWs and
derived an improved formula that does not rely on prior scale separation. We then
followed trough the renormalization procedure, we isolated the divergent structure
and after having subtracted the divergences in consistently defined counterterms,
we commented on the renormalization conditions that must be imposed to fix the
scheme-dependent finite leftover and obtain a meaningful answer.

In the second part of the thesis we revisited the study of vacuum GWs in a covari-
ant formulation. To do so in Chapter 5 we introduced the formalism needed to
address the study of vacuum GWs as a spin-2 particle on curved spacetime. We
then applied such tools in Chapter 6, where the renormalized stress energy tensor
for GWs is obtained from the variation of the effective action with respect to the
background metric. We derived the effective action for GWs, we regularized and
consistently subtracted the divergences by adding counterterms at the level of the
action. Finally, we specialized our otherwise general result to a radiation dominated
background to fix the renormalization conditions, connect to the foliation dependent
derivation and comment on the consequences on N.g bounds.

Among the results that we presented in tackling, both in a covariant and foliation
specific formulation, the renormalization of divergences in primordial observables,
we conclude that Ne.g bounds cannot be used to constrain vacuum GWs. Such
constraint represents an attempt to compute and measure the absolute value of
quantum corrections. The latter, by definition, cannot be measured separately from
the classical background, as all physical observations are necessarily of fully dressed
quantities.
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Samenvatting

Met de eerste directe detectie van zwaartekrachtgolven (GW’s) door het Laser

Interferometer Gravitational-Wave Observatory op 14 september 2015 begon het
tijdperk van zwaartekrachtgolfdetectie. Sindsdien zijn er verschillende andere sig-
nalen van gebeurtenissen met zwarte gaten en neutronensterren gedetecteerd, en de
mogelijkheid om het universum te bestuderen met behulp van GW’s vertegenwo-
ordigt een nieuw front van de wetenschap.
Hoe zit het met GW’s van kosmologische oorsprong? Het detecteren van GW'’s
uit verschijnselen in het vroege universum zou ons in staat stellen mysteries te
ontdekken die voorheen ontoegankelijk waren via traditionele elektromagnetische
waarnemingen. De mogelijkheid om dit nieuwe venster op het vroege universum te
openen, brengt uitdagingen met zich mee, niet alleen aan de experimentele kant,
maar ook aan de theoretische kant, met als doel een nauwkeurige beschrijving te
krijgen van dergelijke GW-signalen uit het vroege universum. In dit proefschrift
richten we onze aandacht op vacuiim-GW'’s: vaculimtensor-kwantumfluctuaties die
onvermijdelijk de vorm aannemen van stochastische achtergronden. Het is belangrijk
om voorzichtig te zijn bij het onderscheiden van vacutim-GW’s van oorspronkelijke
zwaartekrachtgolven die afkomstig zijn van dynamische processen waarbij energie-
en momentumoverdracht betrokken zijn, zoals GW’s van faseovergangen, deeltjes-
productie of het verval van topologische defecten. Bij dit laatste gaat het om het
voortplanten van gravitonen die afkomstig zijn van bepaalde fysische processen, ter-
wijl vacuim-GW’s per definitie vacutimpolarisatie-effecten zijn waarvan de afdruk
op verschillende waarneembare zaken niet minder reéel is, maar gepaard gaat met
belangrijke subtiliteiten die het werk dat in dit proefschrift wordt gepresenteerd,
motiveren.

Om ons werk te contextualiseren, hebben we in de Inleiding de thermische
geschiedenis van het universum besproken, de fundamenten van het kosmologische
model uitgelegd en de noodzaak gemotiveerd om vacuiimkwantumfluctuaties in de
vroege stadia van ons universum op te nemen. Daarna verlegden we onze aandacht
naar het introduceren van de tools die nodig zijn om de bijdrage van vacuiim-
kwantumfluctuaties te kwantificeren. We hebben de basisprincipes van de renorma-
lisatieprocedure besproken als een methode om op zinvolle wijze UV-verschillen te
reabsorberen die ontstaan bij het berekenen van kwantumcorrecties. We merkten
de mogelijkheid op om uiteenlopende vacuiimenergieén te verkrijgen en benadruk-
ten dat de opsplitsing in klassieke grootheden en kwantumcorrecties misleidend kan
zijn: men heeft toegang tot volledig "dressed" waarneembare gegevens en kan kwan-
tumcorrecties en klassieke grootheden niet afzonderlijk meten.



Kunnen vacuiim-GW’s worden beperkt door Neg-grenzen? Dit is de vraag waarmee
ons werk is begonnen. Hoofdstuk 2 is een gedetailleerd overzicht van de typi-
sche uitdrukkingen die men in de literatuur kan vinden om de energiedichtheid van
vacuiim GWs te verbinden met de grenzen aan het effectieve aantal relativistische
soorten, Neff, ten tijde van de oerknalnucleosynthese. We sloten het hoofdstuk af
door erop te wijzen dat de vraag of men vacuiim-GW’s zinvol kan beperken met
Neg-grenzen intrinsiek gebonden is aan de definitie van de spanningsenergieten-
sor van GW’s en aan de manier waarop de verschillen die onvermijdelijk ontstaan
bij het berekenen van de energiedichtheid van vacuiim-GW’s opnieuw worden genor-
maliseerd. Dit laatste voorbehoud motiveerde het werk gepresenteerd in Hoofdstuk
3, waar we gevestigde renormalisatietechnieken toepasten op het geval van een mas-
saloos, niet-interacterend scalair veld op een Friedmann—Lemaitre—Robertson—Walker
achtergrond. We hebben laten zien hoe dimensionale regularisatie kan worden ge-
bruikt om UV-divergenties uit schaalvrije integralen te extraheren, de onafhanke-
lijkheid van logaritmische divergenties van de keuze van de regularisatiemethode en
de noodzaak om regularisatiemethoden te gebruiken die covariantie behouden om
tegentermen te vinden die proportioneel zijn aan geometrische invarianten. Door
bovendien een achtergrondevolutie te bestuderen die na een pre-inflatoir stralingsge-
domineerd-tijdperk overgaat naar een zuivere de Sitter-fase, gevolgd door een tweede
post-inflatoir stralingsgedomineerd-tijdperk, hebben we expliciet aangetoond dat
IR /UV-schalen die verband houden met het begin/einde van de inflatie UV-divergen-
ties niet genezen en dat IR- divergenties een artefact zijn van de idealisering van
een oneindige de Sitter-geometrie uit het verleden. Door de lessen uit het ogen-
schijnlijk eenvoudige voorbeeld van een scalair veld toe te passen op het geval van
vacuiim-GW’s, hebben we in Hoofdstuk 4 de vraag beantwoord of N.g-grenzen
kunnen worden gebruikt om beperkingen op vacuiim-GW'’s af te leiden. We zijn
begonnen met het afleiden van een formule voor de energiedichtheid van GW’s die
geschikt is voor regularisatie, we hebben de kanttekeningen bij de definitie van de
spanningsenergietensor van GW’s aangepakt en een verbeterde formule afgeleid die
niet afthankelijk is van eerdere schaalscheiding. Vervolgens volgden we de renormali-
satieprocedure, we isoleerden de divergente structuur en nadat we de verschillen
in consistent gedefinieerde tegentermen hadden afgetrokken, gaven we commen-
taar op de renormalisatievoorwaarden die moeten worden opgelegd om de schema-
afhankelijke eindige rest te fixeren en een betekenisvol antwoord te verkrijgen. In
het tweede deel van het proefschrift hebben we de studie van vacuiim-GW’s in een
covariante formulering opnieuw bekeken. Om dit te doen, hebben we in Hoofdstuk
5 het formalisme geintroduceerd dat nodig is om de studie van vacuim-GW'’s als een
spin-2-deeltje op gekromde ruimtetijd aan te pakken. We hebben dergelijke tools
vervolgens toegepast in Hoofdstuk 6, waar de gerenormaliseerde spanningsenergie-
tensor voor GW'’s wordt verkregen uit de variatie van de effectieve actie ten opzichte
van de achtergrondmetriek. We hebben de effectieve actie voor GW’s afgeleid, de di-
vergenties geregulariseerd en consequent afgetrokken door tegentermen toe te voegen
op het niveau van de actie. Ten slotte hebben we ons anderszins algemene resultaat
gespecialiseerd op een stralingsgedomineerd-achtergrond om de renormalisatieom-
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standigheden vast te stellen, verbinding te maken met de foliatie-afhankelijke aflei-
ding en commentaar te geven op de gevolgen voor de Neg-grenzen.

Onder de resultaten die we hebben gepresenteerd bij het aanpakken van de renor-
malisatie van divergenties in oorspronkelijke waarneembare waarden, zowel in een
covariante als in een foliatie-specifieke formulering, concluderen we dat Neg-grenzen
niet kunnen worden gebruikt om vacuiim-GW'’s te beperken. Een dergelijke beperk-
ing vertegenwoordigt een poging om de absolute waarde van kwantumcorrecties te
berekenen en te meten. Dit laatste kan per definitie niet los van de klassieke achter-
grond worden gemeten, aangezien alle fysicke waarnemingen noodzakelijkerwijs uit
volledig "dressed" hoeveelheden bestaan.
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