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CHAPTER

The Brauer—Manin obstruction
and the refined Swan
conductor

The Brauer—-Manin obstruction was introduced by Manin [Man71] in the 1970s to
explain the failure of the local-global principle.

Let V' be a variety over a number field k. For any place v € € we have a
natural inclusion V' (k) < V'(k,). In particular, we have that

V(k)#£0 = V(k,) # 0 for all v € Q.
We say that V/k satisfies the local-global principle if
V(k,) # 0 for all v € Q, = V (k) # 0.

The Hasse-Minkowski Theorem gives a family of varieties for which it is enough
to check the local solubility to determine if an equation admits a solution over k.

Theorem 1.0.1 (Hasse-Minkowski). Let k be a number field and V- C P} be a
hypersurface defined by a single homogeneous equation of degree 2. Then V (k) # ()
if and only if V(k,) # 0 for every place v of k.

Proof. See [Ser73, Theorem IV.8|. O

It is well known that if we increase the degree of the polynomial or the number
of equations defining V', then we might have a failure of the local-global principle.
Here we mention some examples in this direction.
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Example 1.0.2.

1. Lind and Reichardt showed independently that the system of equations

UU}:U2

{u2 — 1Tw? = 222
admits a non-trivial solution over Q, for all places v € g but does not
admit a non-trivial rational solution.

2. Selmer showed that the following homogeneous equation of degree 3
3X% +4Y% +52° =0

admits a non-trivial solution over Q, for all places v € (g but does not
admit a non-trivial rational solution.

3. Iskovskikh showed that equation
Y2+ 22 = (3 —2)(a? - 2).

defining a smooth affine surface over QQ, admits a non-trivial solution over
Q, for all places v € Qg but does not admit a non-trivial rational solution.

In all the examples the failure of the local-global principle can be explained by
the Brauer—Manin obstruction.

Manin’s idea was to use the Brauer group of a variety to construct a closed

subset
Br

[Tve)| <] vik)

vEQ, vEQ

that contains the k-points of V.

A crucial role in the construction of the Brauer—Manin set is played by the
so-called evaluation maps attached to elements A in Br(V). We will see that
for any element A € Br(V) and for every place v € ; we can define a map, the
evaluation map

eva: V(k,) — Q/Z.

To detect which values these maps can take is one of the crucial steps in the study
of the Brauer—Manin obstruction.

In this thesis we focus attention on the behaviour of the evaluation map at
finite places of good reduction.

Definition 1.0.3. We say that a prime p of k is of good reduction for V if there
exists a smooth proper Op-scheme X whose base change to ky is isomorphic to the
base change of V to ky.
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In Section [T.1.3] we will see that if p is a finite place of good reduction for
V' with residue characteristic p and A € Br(V') has order prime to p, then the
behaviour of the evaluation map can be studied via the so-called residue map,
that links the prime to p part of the Brauer group of the base change of V' to k, to
the cohomology of the special fiber of a model. This is no longer possible when p is
a finite place of good reduction of residue characteristic p and A € Br(V){p}, ie.
A is a p-power element in the Brauer group of V. However, in [BN23| Bright and
Newton use the refined Swan conductor to control the behaviour of the evaluation
map also in this case.

In the first part of this chapter we introduce the notion of weak approximation
and Brauer—Manin obstruction to weak approximation on a variety. In the second
part of the chapter we introduce the notion of refined Swan conductor [Kat89].
Following Bright and Newton’s recent work [BN23| we explain how this notion can
be used to study the Brauer-Manin obstruction to weak approximation. Some
original results are presented in this chapter: in particular, Lemma [1.2:24] and

Corollary are part of [Pag23].

1.1 The Brauer—Manin obstruction

Let k& be a number field and V' a proper k-variety. We want to study the set of
k-points on V' via the diagonal embedding

V(k) = ] V(k).

veEQ

For every place v € (i, the v-adic topology on k, allows us to equip V(k,) with
a topology, called the analytic topology, see [Conl2 Proposition 3.1].

From now on we will think about [] .o V(k,) as a topological space with re-
spect to the product topology induced by the analytic topology on each component
V(k,).

Definition 1.1.1. We say that V satisfies weak approximation if the image of
the diagonal map

Vk) = ] Vk)

veQy
is dense.

For proper k-varieties it is possible to get the product [],.q, V(k.) as the set
of Ag-points on V', where Ay is the ring of adéles of the number field k.

Definition 1.1.2. We define the ring of adéles of k as the restricted product
of the completions of k with respect to the subgroups given by the ring of integers
0, Ck,, ie. :

Ay = H (k,,0,) = {(:c,,) € HkV : x, € O, for almost all v € Qk}.
veQ
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The following proposition is well known; we include the proof because we are
unable to find it in the literature.

Proposition 1.1.3. Let R be an integral domain and let k be its function field.
Suppose that V' is a scheme of finite presentation over k. Then there exist a dense
open subscheme U C Spec(R) and a scheme V of finite presentation over U such
that Vi, ~ V.

Proof. Let {V;};cr C V be a finite affine covering of V. Then, for every i € I the
description of V; involves only finitely many polynomials over k. Let R’ be the
localisation of R obtained by adjoining the inverse of all the denominators that
appear either in the polynomials describing V; or in the gluing morphisms between
the opens V; and V. Then, we can define V; as the R’-scheme defined by the same
equations of V; and obtain V by gluing the V;’s together. O

Given a k-scheme of finite type V', we can always find a finite set of finite places
S C Qy, such that there exists an Oy g -scheme of finite type Vs whose base change
to k is isomorphic to V' (i.e. a model of V over Ok g). Then, the set of adelic
points V(Ay) can be described as

V(Ag) = H (V(k,),Vs(0,)), [Conl2, Theorem 3.6]
vEQ)
In particular, if V' is proper
viay = [ vk
veEQ)
1.1.1 Obstructions arising from functors

Let
F: Schi?” — Set

be a functor. In this section we are going to show how it is possible, starting from
F, to build subsets V (A;)¥ of V(A}) that contains V (k).

Let R be a k-algebra, then every x € V(R) induces a map F(z): F(V) — F(R).
For every A € F(V), we can define the map

evy: V(R) = F(R)
x— F(z)(A).

In particular, we have the following commutative diagram:

V(k) — V(Ap)

Jeva Jeva (1.1)

F(k) —— F(As)
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We define
V(A = {z e V(Ap) : eva(z) € im(F(k) — F(A))}.
By the commutativity of the diagram above V (k) C V(Ay)*. We define

VA" = [ VAt
A€F (V)

Definition 1.1.4. If V(A)Y is a proper closed subset of V(Ay) we say that there
is an F-obstruction to weak approximation on V.

In particular, we see that in order to understand the set V(A)" we need to
be able to understand both F(V) and for elements in F(V) the corresponding
evaluation map.

In this thesis we focus the attention on the Brauer-Manin obstruction, more
about obstructions attached to other functors (in particular about descent ob-
structions) can be found in [Pool7al, Section 8.4, 8.5, and 8.6].

1.1.2 The Brauer group and the Brauer—Manin obstruction

The Brauer-Manin obstruction is defined as the obstruction associated to the
functor F := Br(—), where Br(—) = HZ(—,G,,) is the cohomological Brauer
group (for an introduction to étale cohomology see [Mil80]).

In this section we will explain how it is possible to describe both the Brauer
group of V' and the evaluation map attached to an element A € Br(V).

1.1.2.1 The Brauer group of a variety

For a smooth, proper and geometrically integral variety V' over a number field k
there is an exact sequence |C19, (6.4.4)]

0= Br(V) = Br(k(V)) &5 @D HL (k(v).Q/Z) (1.2)
veV (@)

where V(1) is the set of points v € V such that the local ring Oy, is one dimen-
sional. Since by assumption V' is smooth, Oy, is a regular noetherian ring of
dimension 1 and hence a discrete valuation ring. Let k(v) be the residue field of
Oy, then we have a map

r,: Br(k(V)) — H' (k(v),Q/Z)
see [Pool7bl, Section 6.8]. In particular, the Brauer group of the variety can be
described in terms of the cohomology of the fields k(V') and k(v) for v € V(1.

Given a field K, according to the definition given above, the Brauer group of
K is defined as
Br(K) := H?(Spec(K )et, Gpn).
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It is well known that for fields étale cohomology coincide with Galois cohomology,
see [Mil80), Theorem 1.9, Chapter 1]. In particular, since Galois cohomology groups
are torsion [CTS21) Corollary 1.3.6] we get that Br(V) is a torsion abelian group.

For fields it is possible to give an explicit construction of the Brauer group
in terms of equivalence classes of central simple algebras. A finite-dimensional
algebra A over K is called simple if it has no (two sided) ideals other than 0 and
itself; it is called central if Z(A) = K. Two central simple K-algebras A and A’
are called Brauer equivalent if

A@g Mp(K) ~ A @k My (K), for some n,n’ > 0.

Theorem 1.1.5. The set of the equivalence classes of finite dimensional central
simple K -algebras, with the group structure given by the tensor product, is isomor-
phic to Br(K).

Proof. |[GS17, Section 4.4]. O

1.1.2.2 Quaternion algebras

In the examples presented in this thesis we are mainly working with elements in
the Brauer group represented by quaternion algebras.

Definition 1.1.6. Assume the characteristic of K to be different from 2, then
given a,b € K*, we define the quaternion algebra (a,b) as the 4-dimensional
K-algebra with basis 1,1, j,1j with

It is possible to prove that quaternion algebras are central simple algebras and
that operations with quaternion algebras inside the Brauer group are quite simple.
Indeed, if we pick a,b,c € K* we have an isomorphism

(a,b) @4 (a,¢) = (a,bc) @k My(K).
Given a,b € K*, with abuse of notation we will denote by (a,b) also the class of
the quaternion algebra in Br(K).

As mentioned before, the Brauer group of a variety is a torsion abelian group,
hence it is enough to study for every n the exact sequence on the n-torsion induced

by equation
0= Br(V)[n] = Br(k(V))[n] =5 @ HL (k(v), Q/2))[n]. (1.3)

veV (1)

From the short exact sequence 0 — Z/nZ — Q/Z = Q/Z — 0 we get an isomor-
phism

He (k(v), Z/nZ) ~ He, (k(v), Q/Z)[n].
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We have an explicit description of the residue map r, on quaternion algebras
in Br(k(V)): for an element (a,b) € Br(k(V)) and a point v € V(1) we have

e RO @/ (14)

. val, (a)val,
I‘U(a,b) - (_1) ( ) ( bvalv(a) k('U)X2

where val, is the discrete valuation on k(V') coming from the discrete valuation ring
Ovy,. The description of the residue map given above follows from the definition
of the tame symbols in Milnor K-theory together with the compatibility of the
residue map 1, with the tame symbols given by the Galois symbols, see [GS1T,
Proposition 7.5.1]. The last isomorphism follows from the isomorphism between
to and Z/27Z together with the one coming from the Kummer sequence between
B(0)* /k(0)*2 and H, (k(v), 12).

1.1.2.3 The evaluation map

Let v € Q) be a finite place. Using local class field theory one can prove that there
exists an isomorphism, called invariant map,

inv,: Br(k,) = Q/Z. (1.5)

A proof can be found in Section 1 and 2, Chapter III of [Mil20]. Moreover, if
v €  is an archimedean place, then k, is either isomorphic to R or to C, for
which

Br(R) ~Z/2Z and Br(C)= {0}, [CTS21] Section 1.2.1].
Hence, for archimedean places we can define
inv,: Br(k,) = Q/Z

as the map sending the non-trivial element of Br(k,) to the class of 1/2 in Q/Z.
Finally, from global class field theory [Mil20, Chapter VII, VIII| we have the
following short exact sequence:

0 Br(k) —» @D Br(k,) =% Q/Z — 0.
veEQy
Since it is possible to show that

Br(Ag) ~ @ Br(k,), |C19, Theorem 2.13]
veQy

diagram ({1.1)) becomes

V(k) —————— V(Ay)

le” leu (1.6)

0 Br(k) Br(Ax) ~ @, cq, Brik,) =25 Q/Z 0.
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Putting everything together, we get that for every A € Br(V)

V(A* =< (x,) € V(Ay) such that Z inv,(eva(x,)) =0
ve

Remark 1.1.7. From now on, with abuse of notation, we will denote by ev 4 also
the composition of the evaluation map ev4: V(k,) — Br(k,) with the invariant
map inv,: Br(k,) — Q/Z.

The following result allows us to use the Brauer—Manin set to study weak
approximation on V.

Proposition 1.1.8. For any A € Br(V), the set V(A)A is open and closed in
V(Ag).

Proof. See [PoolT7al, Corollary 8.2.11]. O

The set V(Ay)PB" is therefore closed in V(Aj) and we have the following chain
of inclusions

V(k) CV(k) C V(AR C V(Ay).

Definition 1.1.9. We say that there is a Brauer—Manin obstruction to weak
approximation on V if the Brauer—-Manin set V(Ay)B" is a proper subset of
V(Ag).

Assume V(Ay) # 0. Let w € Q be such that there exists A € Br(V) with
evy: V(k,) — Q/Z

non-constant. Then, we can take two points (z,), (y,) € V(Aj) such that z, =y,
for all v # w and ev4(z,) # eva(y,). These two points are such that

Z evg(x,) # Z eva(yy).

veQy, veQy,

Hence, at least one of the two points does not belong to the Brauer-Manin set
V(Ay)B" and thus there is a Brauer-Manin obstruction to weak approximation on
V. Based on this observation we give the following definition.

Definition 1.1.10. We say that a place w € Qi plays a role in the Brauer—
Manin obstruction to weak approzimation on V if there exists A € Br(V) such
that ev 4: V(k,) = Q/Z is non-constant.
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1.1.3 The prime to p part

In order to study the role of a prime p in Brauer—-Manin obstruction, we need to
understand, for a given A € Br(V), the behaviour of the corresponding evaluation
map
eva: V(ky) — Q/Z.
If we denote by res: Br(V) — Br(V},) the natural restriction map form Br(V') to
Br(V,), then for every point P € V (k,) we have a corresponding point P, € V},(k;)
and
Vres(a) (Fp) = eva(P).

Hence, if the evaluation map attached to A is non-constant on V(k,), then the
element res(A) € Br(V,) is such that the evaluation map on V,(k,) is also non-
constant. By what we just said together with the fact that we are interested in
primes of good reduction, we will work under the setting described below.

p-adic setting: Let p be a prime number and L a finite field extension of
Qp, with ring of integers Op, uniformiser 7 and residue field ¢. Let X be a
smooth and geometrically irreducible L-variety having good reduction (i.e. there
exists a smooth proper Or-scheme X whose generic fiber is isomorphic to X). We
assume furthermore the special fiber Y := X Xgpec(0, ) Spec(f) to be geometrically
irreducible,

X J X J Y

LT )

Spec(L) —— Spec(Or) +—— Spec(¥).

It is well known that if n is a positive integer prime to p, then we have the following
exact sequence

0 — Br(X)[n] — Br(X)[n] 2 HY(Y, Z/n7) (1.8)
see [CTS21], Chapter 3, equation (3.17)].

Theorem 1.1.11. The evaluation map attached to A is constant and trivial over
all finite field extensions L' /L if and only if A € Br(X).

Proof. One of the two implication is quite straightforward, in fact if we start by
A € Br(X), then the evaluation map factors as

X(OL) E— BI‘(OL)

H i (1.9)
X(L) =2 Br(L)

but Br(Op) = {0}.

The other implication was proved by Colliot-Théléne and Saito [CTS96] using
zero-cycles on X. The group of zero-cycles Cy(X) is defined as the group of formal
sums

> niP; with n; € Z, P; closed point of X.

7
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The evaluation map A on a zero-cycle ), n; P; is defined as

Z n;COTeSL,(p,)/L (eVreSL(pi)/L(A) (Pl)> .

7

For the definition of the restriction and co-restriction maps we refer to [GS17,
Section 3.3]. In particular, they proved that ev 4 is trivial on Cy(X) if and only
if A € Br(X)[n]. In particular, if A has constant and trivial evaluation map on
all the closed points of X, then it has also constant and trivial evaluation map on
zero-cycles. O

In general, as explained in [Bril5l Section 5.1] the evaluation map attached
to an element A € Br(X)[n] with n prime to p factors through the special fiber
Y, ie. if two points Py, P» € X (L) = X(Or) have the same image in Y (¢) then
the evaluation map on them coincide. Finally, the residue map appearing in
controls whether the evaluation map attached to an element A € Br(X)[n] is
constant: A has constant evaluation map if and only if (A) € H*(¢,Z/nZ).

From the Purity Theorem |C19, Theorem 1.2] we know that Br(X) is equal
to Br(X) N Br(Oy,y), with the intersection taking place inside Br(k(X)). Hence,
in order to understand whether A has trivial evaluation map it is enough to un-
derstand if the image of A in Br(k(X)) lies in Br(Oxy). Let K" be the field of
fraction of the henselianisation of the discrete valuation ring Oy y, if n is prime
to p, then

Br(K")[n] = ker(Br(K") — Br(K",))[n], [CTS2I, Proposition 1.4.5].
This can be used to construct the following diagram

0 — Br(Oxy)[n] — Br(k(X))[n] —2— H'(F,Z/nZ)

| J o

0 — Br(O% y)[n] — Br(K")[n] —2— HY(F,Z/nZ)

where the rows form exact sequences, see [CTS21] Theorem 3.6.1]. In particular,
from diagram (|1.10]) we get that it is enough to compute the residue of the image
of A in Br(K")[n] in order to detect whether the element A has trivial evaluation
map.

If we start with an element A € Br(X)[p™] for some m, then it is no longer true
that its image in Br(K") is split by an unramified extension. However, Bright and
Newton [BN23] recently proved that the behaviour of the evaluation map attached
to A on the ky-points of X is still determined by the value of some maps on the
image of A in Br(K")[p™]. In this case the description of Br(K")[p™] becomes
more involved. Bright and Newton use the concept of refined Swan conductor,
introduced by Kato in [Kat89], to give a filtration on Br(K") that captures the
behaviour of the evaluation maps.
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1.2 The refined Swan conductor

Set-up: Let K be a henselian discrete valuation field of mixed characteristic,
whose residue field is not necessarily perfect. We denote by:

o Ok C K the ring of integers of K with uniformiser m and maximal ideal m;
e [ the residue field of characteristic p.

The aim of this section is to introduce the notion of the refined Swan conductor
and gather some of the main results around it that will be crucial in the rest
of the thesis. The main references for this section are [Kat89, [BN23|. In this
section, instead of working just with the Brauer group, we will look at the Galois
cohomology group HY(K) defined in the next section. We will see how these
cohomology groups are related to the differential forms of the residue field F'.

1.2.1 The group HY(R)

Let R be a ring over QQ or a smooth ring over a field of characteristic p > 0. Let
n be a non-negative integer and r € Z. If n is invertible on R, then we denote by
Z/nZ(r) the usual Tate twist of the constant sheaf Z/nZ on Rg. If R is smooth
over a field of characteristic p and n = p*m with (p,m) = 1, we define

Z[nZ(r) == Z/mL(r) © W 100[—7]-
For the definition of WQp, ,,, see Definition [1.2.7] For n # 0, we denote by
HY(R) := HY(Ret, Z/nZ(q — 1)) and  H(R) := lim H(R).

Note that:
H*(K) = @HQ(Két,Z/nZ(l)) = Br(K).

We have an exact triangle

Z/nZ(1) = G 5 G,

where the prime to the characteristic case comes from the Kummer sequence,
while the p-part in characteristic p follows from [IlI79, Proposition 1.3.23.2]. For
a € R*, let {a} € H' (R, Z/nZ(1)) be the image of a under the connecting map
R* — HY(Ret, Z/nZ(1)). For aq,...,a, € R* and x € HY(R) we denote by

{x,a1,...,a.} :=xU{a1}U---U{a,} € HIT"(R).

The symbol {x,a1,...,a,} is anti-symmetric and {x, a1, ...,a,} = 0 if there exist
1,7 with 4 # j such that a; +a; = 1 or 0.

In order to describe the groups HY(R) in the positive characteristic case, we
will use the Cartier operator on differential forms.
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1.2.1.1 The Cartier operator
Let ¢ be a perfect field of characteristic p > 0 and R be an (-algebra. Let
7% =Tker(d: Q% — Q&) and  BY:=im(d: Q%" — QL).

Lemma 1.2.1 (Inverse Cartier operator). Assume R to be regular; then there
exists a unique morphism of groups

Cp': Qp — Qk/Bp
satisfying
e C'(da) = a?~'da mod B} for all a € F;
o Op'(Mw) = N\PCRY (w) for all X € R;
e doCyr'=0.
Moreover, C™* induces an isomorphism from Q% to ZL/Bk.
Proof. See |BK05, Theorem 1.3.4]. O

Remark 1.2.2. The subgroup Bll% has a natural structure of R-module, which is
given by a-dfg = aPdf = d(a?p). If we denote by pﬂ}% the R-module structure on
QL given by a - w = aPw, then the condition C'(\w) = APC'(w) is equivalent
to asking that C': QL — PQL/PB} is a morphism of R-modules.

We can extend the definition of CEl to higher differential forms by setting
Cpl(wi A Awg) = Ol (wi) A ACRHwg).
Theorem 1.2.3. Let R be reqular; then the morphism
Cp': Q% — Z3%/B%,

is an isomorphism for all ¢ > 0. We will denote by Cr its inverse, which is called
the Cartier operator.

Proof. See [BK05, Theorem 1.3.4]. O

The following corollary gives a way to characterise exact differential forms in
terms of the Cartier operator.

Corollary 1.2.4. Let R be regular. A gq-form w € Q% is exact if and only if
d(w) =0 and Cr(w) = 0.

The last object we need to define is the subgroup of logarithmic ¢-differential
forms on R, which will play a crucial role in this thesis.

Definition 1.2.5. The logarithmic q-differential forms on R, denoted by Q% log?
are defined as the kernel of the map

Cp' —id: Q% — Q% /B,
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The following result gives a way to write down logarithmic differential forms
explicitly in the case in which R is a field.

Theorem 1.2.6. Let F be a field, finitely generated over a perfect field £. The
logarithmic differential q-forms Q4 log 8 the subgroup of V%, generated by elements
of the form

d d

NN ith g € FX

Y1 Yq

Proof. Tt follows from surjectivity in the Bloch-Gabber-Kato Theorem [GS17,
Theorem 9.5.2]. O

Finally, in [III79], Illusie defines a projective system {W,,Q%},>0 equipped
with the Frobenius and the Verschiebung maps

F: W1 Q% = W04 and Vi W04 — W, 104

for every m > 0. This projective system has transition maps given by the projec-
tion maps Ry, 411 Win1Qp — W, Q.

In [III79, Page 569, Proposition 3.3| Illusie generalises the inverse Cartier op-
erator to W Q%:

Cr: W% — W04 /dver0h !

Definition 1.2.7. Given two positive integers q, s, the logarithmic subgroup WSQ%)log
of WY, is defined as the kernel of

Cp' —id: W,Q% — W,0% /dve—1a4 .

If R is smooth over a field of positive characteristic and n = p®, we can identify
HY(R) = H' (R4, W5 10e) With the cokernel of

CRpt —1: W, Q4 - W4t /ave—10%2,
see [Kat89, Section 1.3]. We denote by d; both the map from W,Q%L ' /dV*—1Q% >

to HZ2(R) and its composition with the natural map HZ(R) — H9(R). We then
have a commutative diagram

w4t v W Q%5
H4(R)

and the following relation [Kat89, Section 1.3]

8s(w A dlog(ay) A--- Adlog(ay)) = {6s(w),{a1,...,a}} in HIY"(R).  (1.11)
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1.2.1.2 Description of H}(F[T7])

In this section we are following [Kur88|. We are interested in describing the groups
HZ+(F[T]). We recall that these groups fit in the following exact sequence

c~1-id
—1> Qq

01
i)/ Bl — HEFH(F[T]) — 0. (1.12)

2 FIT)

F[T]

Lemma 1.2.8. Fvery element w € Q%[T] can be written (in a unique way) as

n m
ZwiTi + Z n;T? Adlog T
i=0 j=1

with w; € Q% and n; € Q%
Proof. Consider the following diagram

Z —— Z[T)

| ”

F 25 7T @y 1£ = F[T).
We know by the Kiinneth formula [Stal 01V1] that

Q%[T] = @ WTQ%[T] QF(T] w3,
i+j=q

where 7} and 73 are just the base change to F[T] maps. Since QE[T] =0ifi>2,
we get that

Wy = (FIT) @ QF) & (FIT] - dT @p 057
which proves the result. O

We define increasing filtrations on HSt (F[T]) and HZ(F[T,T~']) such that
fil,, is the group generated by elements of the form

5 [T’“wl + T™wy A dlog T]

where wy € Q% and wy € Qi{:l and k,m < n. For n > 0 we define a morphism
pn: Q@ QT — HIP(FIT])
(wl,wz) — 01 [anl + T™wy A dlog T] .
Similarly, we define the same morphisms with image in Hg'H (F[T,T~1)). It follows

from the definitions and the description given in Lemma that for n > 1, the
morphism p,, induces a surjective map on

— fil, g (FIT)) AL HEY ([T, T7) |
" i, HIYYF[T) L, HITN(F[T, T-1)

From now on, for n > 1, we denote by p,, also the composition of p,, with the
quotient map to gr,,.
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Lemma 1.2.9. Letn > 1 be prime to p. Then the map p,, induces an isomorphism
0% ~gr,
Proof. By construction gr,, is generated by the elements of the form
01 [T”wl + T"we A dlog T] .

If n is prime to p, then we have

A s
T"wz A legT =d (LU2> — d(WQ)i.
n n
Since 6§ is zero on exact forms, we get that

d d
Tn (wlm) = Pn (w1w2,0>.
n n

This proves that the restriction of p, to Q% is still surjective.
We are left to show injectivity. Let w € Q% be such that p,(w,0) = 0. Then,

Pnlwr,w2) = 61

there exist wo,...wy, € Q% and n1,...,7,-1 € 9‘1{:1 such that
n—1 n—1
01 [WI™ 401 | > T'wi+ Y n; TV AdlogT | =0 in HY(F[T]).
i=0 j=1
Hence, by equation ((1.12]) we get the following equality in Q?,_[%] / B;’,ﬁ]
n—1 n—1
W™+ Twi+ > T AdlogT = (C™'—id) | Y aiT" + Y BT Adlog T
i=0 j=1 i>0 i>1

The right hand side of the identity can be re-written (using the properties of the
inverse Cartier operator) as

n

> C M a)TP + zn: C~H(B))T™ NdlogT — Zn: ;T — Zn:ﬁjTi AdlogT.

i=0 j=1 i=0 j=1
In particular,
wT™ = —a,, T" modulo quwal] and C Y, T") = C7 (a,)TP" = 0.
-1

Hence, since C~! is an isomorphism, o, 7" = 0 and wT" € B%[T]. Hence,

WI™ =d | Y wT'+) 6,77 AdT
i>0 j>1

which implies that
d(y,)T" = wT™ and (ny, — df,)T" ' ANdT = 0.
Therefore nvy,, = db,, and w = d(vy,) = 0. O
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Remark 1.2.10. In particular, the isomorphism induced by p; factors as follows
Qf, — il HIT (F(T]) — gr;.
This implies that the map

Of — HyWH(F(T))
a— 61[Ta]

is injective.

Lemma 1.2.11. Let n > 1 be such that n = pny. Then the map p, induces an
isomorphism
—1 —1
O/ Zp @O /2 ~gry,

Proof. Let (wi,ws) € Z% @ Z4", then there exists (61,62) € Q% @ Q%' such that
(C7H(61),C 7 (02)) = (w1,w2), in Z%/Bh @ 251 /BE
Hence, using the properties of the inverse Cartier operator
T"w; + T wy AdlogT = C™ (01T + 0217 A dlogT).
We know from equation that the image via §; of
(C™1 —id) [, T™ + 62,T™ A dlogT)
is zero. Therefore, §; [T"w1 + T"ws A dlog T is equal to
01 [01T™ + 02T™ AdlogT].

The latter is zero in gr,,, since ny <n — 1.
We are left to show that the kernel of p,, is contained in Z% @ Z% ', Assume
that (w1, ws) € QqF_l o) Qj{f2 is such that

pn(Wi,w2) = 61 [T"wy + T"wa AdlogT| = 0.

An argument analogous to the one used in the previous lemma gives that there
exist ap, , € Q% and B, , € Q4" such that

w1 =C Yap,,) and ws=C"YB,, ), mod BL '@ BL2.

The result now follows from the fact that the image of the inverse Cartier operator
lies in the group of closed forms modulo exact forms. O

Let g1,92,h : F[T| — F[T1,Ts] be the F-morphisms defined by
g1 (T) = Tl; QQ(T) = TQ, and h(T) = T1 + TQ.

We denote in the same way the induced maps from H;(F[T]) to H,(F[T1,T3]).
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Lemma 1.2.12. Let w € HI(F[T]) and assume that w is such that

(1) 91(w) + g2(w) = h(w);
(2) the element {w,T} in HIT(F(T)) is equal to the image of an element T in
HYHY(F(T)) such that g1(1) + g2(1) = h(7).
Then, there exists o € Q%_l such that

w=06Ta).

Proof. A proof, that uses the previous two lemmas, can be found in [Kur88|
Lemma 3.3.1]. O

1.2.2 Definition of Swan conductor

We recall that we work in the following setting: K is a henselian discrete valuation
field of mixed characteristic, whose residue field is not necessarily perfect. We
denote by:

e Ok C K the ring of integers of K with uniformiser 7 and maximal ideal m;
e [ the residue field of characteristic p.

Let A be a ring over Ok, R := A/mA, and i, j the inclusions of the special and
generic fibers into Spec(A):

Spec(A ®o, K) 7, Spec(A) «—— Spec(R).

We define
VA(A) := H? (Rey, " Rj.Z/nZ(q — 1))

and VI(A) := lim V.4(A). In particular, HY(K) = V9(Ogk). The natural map in
DP(Ag)

Rj.Z/nZ(q — 1) — i,i*Rj.Z/nZ(q — 1)
induces a natural map H (A®p, K) — V,2(A) for all n,q. Gabber [Gab94] proved
that this map is an isomorphism if (A, mA) is henselian. In this case, using the

Kummer map (A ®o, K)* — HY (A ®0, K,Z/nZ(1)) and the cup product, we
define a product

VI(A)x((A®o, K))*" — VITT(A)
(a1, - ar) = {x,a1,...,a}.
For a general A, the isomorphism

V‘I

n

(A) ~ VI(AM) (1.13)

allows to extend the product above. This isomorphism follows from the following
remark.
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Remark 1.2.13. One can check that the sheaves i*Rj,.Z/nZ(q — 1), with ¢ and j
such that

Spec(A ®o, K) 7, Spec(A) «—— Spec(R).

and (i™)*R(j").Z/nZ(q — 1) with i{") and j() such that

+(h) -(h
Spec(AM @0, K) ~L— Spec(AM) A Spec(R).

have the same stalks, and hence coincide on Rg.

From now on we will identify V,9(A) and V,2(A(™). In particular, note that
if A = OgklT], then all the polynomials of the form 1 + #"p(T') are invertible in
A see [Sta, OEM7] for an overview on henselianisation of (not necessarily local)
rings.

Definition 1.2.14. The increasing filtration {fil, H9(K)},>0 on H1(K) is defined

by
x € il, H(K) & {x,1 + 7" T} = 0 in VITL(Ok[T]).

We say that an element x in H1(K) has Swan conductor n, if x € fil, HI(K)
and x ¢ fil,_1HI(K).

The following lemma implies that it is possible to define the Swan conductor
of every element of HY(K).

Lemma 1.2.15. We have

HY(K) = | ] fil,HY(K).
n>0

Proof. This lemma is [Kat89, Lemma 2.2|, we are adding some details in the
proof. Let A := (Og[T])" be the henselisation of Ok [T] with respect to the ideal
mOg[T]. Then, by equation Vi(A) ~ VI(Og[T]). Let x € HI(K), then
there exists s > 1 such that y € HY(K). If n > 0 is such that 14+ 7" 1T € (4%)%,
then

{x,14+7""'T} = {x,a°} ={s- x,a} =0

which implies that x € fil, H9(K). The result now follows from [Kat89, Lemma 2.4],
in which Kato proves that for any s > 1 there exists some n > 0 such that the set
1+ 7"t A is contained in (A*)* O

Remark 1.2.16. Kato defines the Swan conductor also for henselian discrete
valuation fields of equal characteristic. In particular, it is possible to relate the
Swan conductor filtration to the filtration on Hf (F[T']) defined in Section If
we take K = F ((T')) then the map F[T] — F ((T)) sending T to T~" allows us to
pull-back the Swan conductor filtration on H] (F[T1); from [Kat89, Theorem 3.2(1)]
we see that the filtration that we get in this way on HI(F[T]) coincides with the
one defined in Section [2.1.2]
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1.2.2.1 Elements with Swan conductor equal to zero

In [Kat89] and [BN23] some maps \,: HZ(R) ® HI1(R) — V,4(A) are defined
under additional assumptions on the Og-algebra A. We give an overview of these
maps that, since they are compatible with each other, we will always call A;.

e In [Kat89 Section 1.4] Kato defines for every n an injective map
Ar: HY(F) @ HLY(F) — HL(K).
This collection of maps induces an injective map

At HY(F) @ HI™Y(F) — HY(K).

e In [Kat89, Section 1.9] Kato extends the definition of A\, from HI(F) &
H¢~(F) to HY(K) to any smooth Of-algebra A. In particular, he defines a
map

Ar: HI(R) ® HITH(R) — VI(A).

e In [BN23| Section 2.2] Bright and Newton generalise the previous map by
defining

. -1
Ar: HL (R) & HIH(R) — VA (A)

for any r > 1.

It is proven in [Kat89, Proposition 6.1] that the image of
Ar: HY(F) @ HEY(F) — HL(K)

coincides with filgH? (K).
We state here a technical lemma proven by Bright and Newton that we will
use several times in this thesis.

Lemma 1.2.17. Let K" be the fraction field of the henselisation of A with respect
to the ideal generated by w. Let r > 1 and q > 2. Let x be an element of
filoHl. (K™) and write x = A (o, B) with (o, ) € H-(F) & HZ:I(F), If x lies in
the image of Vi (A), then (a, ) lies in the image of H}.(R) ® Hgfl(R),

Proof. [BN23, Lemma 3.5] O

Following [Kat89] and [BN23| we sometimes use A\, also to denote the compo-
sition

- 67* - ™
W,Q% ® W,Q%4 1 25 HI(R) @ HL ' (R) =5 Vi (A).
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1.2.3 Construction of the refined Swan conductor

The aim of this section to define the refined Swan conductor of an element x in
fil, H7(K). The key result we need is the following theorem, [Kat89, Theorem 5.1]

Theorem 1.2.18. Let x € fil,HY(K), with n > 1; then there exists a unique pair
(a,B) in QL @ QL such that

{x.1+a"T} = A\p(To, TB) in VITH(OkIT]). (1.14)

Remark 1.2.19. The pair (o, 8) in the theorem above depends on the choice of
a uniformiser 7 in Ok . However, we will mainly be interested in the vanishing of
such a pair, and this is independent on the choice of the uniformiser. Let 7’ be
another uniformiser and a = 7/7’ € O}, then we can define the map

me: O — Ok

T — ax.

We denote by m,, also the induced automorphism on Ok [T]. Then [BN23|, Lemma 2.13]
tells us that

A (@T(a+ B Adloga),aTB) = mir:(Ta, TS).
with @ reduction of @ in F and m¥ automorphism induced by m, on H%(K).

The refined Swan conductor of an element A € fil,HI(K) is defined as the
clement (o, 8) € Q% ® Q%" such that

06 14+ 7"T} = AT, TH).

Note that: we have that x € fil,_;H?(K) if and only if {x,1+7"T} = 0 and since
Ar is injective, this happens if and only if (T, T8) = 0. By Remark this
is equivalent to («, 3) = (0,0). Hence, for every n > 1 we get an injective map,
called refined Swan conductor

fil,, HY(K)

0L et
fil, Hi(k) P OME

ISWy, 7

The rest of this section is devoted to the proof of Theorem [1.2.18 We start
with the following lemma, [Kat89, Lemma 5.3].

Lemma 1.2.20. Assume x € i, HY(K) for n > 1. Then:
(1) {x,1+ 7T} € VI*Y(Ok[T)) is annihilated by p;
(2) {x, 1+ 7Ty, 1+ 7Ta} =0 in VIT2(Ok[Ty, Ty, T));
(3) L1+ 7Ty +T2)} = {x, 1+ 711} + {x, 1 + 7" Tz} in VITH Ok [T, Ts]);

(4) {1+ 7T, T} = —{x,1 + #"T, —7"} in VIT2(Ok [T, T7]).
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Proof. Note that x € fil, H1(K) implies, by functoriality of V¢(—), that
{x, 1+ 7"} =0in VI(B) (1.15)
for all Ok-algebras B and all b € B.
1. We have

p-{1+7"TH={x, A+ 7"T)"} = {x, 1+ 7" q(T)} = 0

with ¢(T) = >0, (?) =1 (7"T)* € Ok|[T]. The last equality follows from

s=1

equation (|1.15)).

2. Let M be the fraction field of the henselisation of the local ring Ok [T1]().
By [Kat89, (1.8.1)] we know that the for any s > 0 the map

Vi (O[T, To]) = Vi (O [T3))

is injective. Hence, it is enough to prove the equality in V4+2(Oy[T3]). Note
that, for every a € Oy,

{1+ 7T + 7" ) = {x, 1 +7"T} in V9(Oyy). (1.16)
In fact, 1 + 7T € O}, and
{14+ 7"T + 7" a} = {x, 1+ 7"T} = {X, 1+ W"“HC;nT} =0.
Using equation (1.16|) we see that

{14+ 7", 1+ 7T}
= {X71+7TnT1(1 +71'T2),1 +7TT2}

*

=—{,1+7"T1(1 +7T),—7"T1}

*

=—{,1+7a" T (1+ 7)), —7"Th} — {x, 1 + n"Ty,—7"T1 }

T T:
n+1 142 nT
_{X’l—’—ﬂ- 17 —1—7(” 11’_71- 1} 0.

where in = we are using that {x,a,b} =0if a + b= 1.
3. We have

X1+ + {1+ 7"} — {x, 1+ 7" (Th + T2)}

1 ") (1 T T
:{x,< L)+ 7 2)}:{X,1+7r2”1 2 }:0.
1+7Tn(T1 +T2) 1+7Tn(T1 +T2)

4. This follows immediately from {x,a,b} =0if a +b=1.
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Proof of Theorem[I.2.18 Let x € fil,H9(K). Then, by Lemmall.2.20(1)| we know
that
0 :={x,1+7"T} lies in qu"'l((’)K[T]).

From Lemma [1.2.20(2)| we have {0,1 + 7nT>} = 0, hence 6 satisfies the assumption
of Lemma with A = Og[T] and R = F[T]. Hence, there exists (w,o) in
HZH (F[T]) @ HY(F[T]) such that A\r(w,0) = . We are left to show that w and o
satisfy the conditions of Lemma|1.2.12} For any a € OIX((T) we have the following
commutative diagram

— (U1 H{a},u(-1)%{a})
HL.(F(T)) @ Hi-H(F(T)) HLT (F(T)) @ HY (F(T))

N N

HY, (K (T)) ta)) HY (K(T))

p

see the proof of [BN23, Lemma 2.12]. Thus, we get
Ae(wU (1) YT} o U(-)UT}) = {0.T}.

As {0,T} € VIt?*(Og|T)), from Lemmawe get that {w, T} and {0, T} lie in
H4P2(F[T]) and HST (F[T]) respectively. We denote by Gy, G and H the maps
from Og[T] to O[Ty, Ts] defined by

Gl(T) = Tl, GQ(T) = TQ, and H(T) = Tl + T2

and the corresponding maps from V(Ok[T]) to V3 (Ok[T1,Tz]). Since A, is
injective, in order to show that w and o satisfy the assumption of Lemma [1.2.12
it is enough to show that G; + G = H on 6 and {0,T}. This is an immediate
consequence of Lemma [1.2.20(3)[ and [1.2.20(4)} O

We end this section by giving the definition of the residue map 9 from Br(K) to
H!(F), which also uses the map A, (cf. [BN23, Section 2.5], [Kat89, Section 7.5]).

Definition 1.2.21. The residue map
d: filyBr(K) — HY(F)
is defined as the projection on the second component of the inverse of the isomor-
phism A\, from H2(F) & H'(F) to filyBr(K).
1.2.3.1 Image of the refined Swan conductor

We are now ready to state and prove some properties about the image of the
refined Swan conductor. We denote by e := ordg(p) the absolute ramification
index of K and by €’ := ep(p — 1)~!. We start with the following lemma.

Lemma 1.2.22. Let x be an element in fil,, H1(K) with
I‘SW”J(X) = (04,5) € Q% @ Q}T
Then da =0 and dff = (—1)%na.
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Proof. See [BN23|, Lemma 2.17]. O
Remark 1.2.23. We get that:
(1) if p | n, then da = 0 and df = 0, meaning that (a,8) € Z% @ Z47;

(2) if ptn, then a = i~ 1dB, meaning that the composition

ISWnp,

-1 pr ~1
fil, H(K) —= Q%L 0 Q%" — QL
has also kernel equal to fil,,_1H?(K).

In [BN23| Lemma 2.19] Bright and Newton are able to link the refined Swan
conductor of an element x € fil, H?(K) with the refined Swan conductor of p - ,
whenever n > €’. More precisely, assume that rsw,, »(x) = («, 8) and let @ be the
reduction modulo 7 of p - 7~¢, then p - x € fil,,_ . H?(K) and

(ua, uf) if n > €';

(i + C(a), @B+ C(B)) if n = ¢/, (1.17)

rSane,‘n'(p . X) = {

In the following lemma we prove a result analogous to the one proven by Bright
and Newton for elements x € fil,,, HI(K), when np < ¢€’.

Lemma 1.2.24. Let x € fil,,,H(K), with np < ¢’. Then p- x € fil,Br(K) and if
rsWop r(A) = (o, 8), then da =0, dB =0 and

rSWn,ﬂ'(p : X) = (O(O‘)’ C(ﬁ))

Proof. From Remark [1.2.23(1)| we know that (o, 8) € Z% @ Z% ", since clearly
p | np. The condition € > np implies 1% - (e = np+n) > 0, which implies
e—np+mn>0. (1.18)

Let u € O be such that p = u - 7°.

{p-x, 1+ 7"} = {x, A + 7" TT)P} = {x,1 + 7"PT1p(T)}

where ( sy
14+ 7T T)P -1
b(T) = 7rnp+1
We can rewrite b(T') as
p—1
Z et Dk=(np+1) o, Pk | pp(nt1)—(np+1)pp
k=1

Note that, for every 1 < k < p, we have that from equation (|1.18))

e+(n+k—mp—1=(e—np)+(n+1k—-1>0.
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Therefore, b(T) € Ok[T]. Now, since by assumption x € fil,,H?(K'), we have that
{x, 1+ 7"PT1p(T)} = 0 for all b(T) € O[T, thus p- x € fil,HI(K). In a similar
way,

{p- 21+ 7"T}H = {A, (1 +7"T)"} = {x, 1+ 7"7¢(T)}

where ) N
oy = LET =1
TP
We can rewrite ¢(T) as
p—1
Z ﬂ_e-‘rnk—npaka 4 TP,
k=1

In this case, again equation|L.18|together with 1 < k < p—1, implies e+nk—np > 0.
Therefore, ¢(T) € Ok[T] and its reduction modulo 7 is equal to T?. It follows
from [Kat89, (6.3.1)] that

{X7 1+ ﬁnpc(T)} = )‘ﬂ(E(T)av E(T)B) = Aﬂ(TpOz, Tpﬂ) = )\ﬂ(TC(a)’ TC(ﬂ))
where the last equality follows from [BN23| Lemma 2.18(2)]. O

Remark 1.2.25. For every non-negative integer d, we denote by fil,H}(K) the
intersection of fil, H?(K) with H}(K). Kato proves that for every non-negative
integer d prime to p, HY(K) = filyH%(K), see [Kat89, Proposition 6.1]. We will
now prove some useful properties of the refined Swan conductor on p-power order
elements[]

(1) The filtration fil, H}.. (K) is finite.

Assume first €’ to be an integer, i.e. (p — 1) | e. For m = 1 it is proven
in [Kat89, Proposition 4.1] that Hf(K) = fil.,HI(K). This is equivalent to
saying that for all n > ¢’ and x € fil,H{(K), we have rsw, ~(x) = (0,0).
Assume that m > 1, x € fil, H}.. (K) with n > €/ 4 (m —1)e and rsw,, »(x) =
(e, B). From equation we know that rswy,_. »(p-x) = (4o, u8), hence
working on induction on m we get that rsw, (x) = (0,0). Note that, this
result was essentially already proved in [er22 Proposition 17].

If ¢/ is not an integer, then we take a primitive p-root of unity ¢ and we
consider the field extension K ({)/K with ramification index ex(¢)/x. We
denote by ex and eg(¢) the absolute ramification indexes of K and K(()
respectively and by e} and eIK(C) the products ex -p- (p—1)~! and eK()
p-(p—1)~" respectively. Let n > ef 4+ (m —1) - ex and x € fil,H (K),
then

eK(Q)/K "> €xe) T (m = D)ex(e).-

Since (p — 1) | €f(), we get (from what we said above) that

I'SWer ¢y i mom (res(x)) = (0,0)

IParts (b) and (c) are already mentioned by Kato in [Kat89) Sections 4 and 5], however in
Chapter 4 we are going to use parts (b) and (c) to prove [Kat89, Lemma 4.3] for which no proof
is provided in literature.
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where res is the natural map from HJ..(K) — HJ..(K(¢)). It follows from
[BN23| Lemma 2.16] that

I'SWe g ¢y i m,m (reS(X)) = (d—n(a + B A leg @)7 a_neK(C)/KB)

with @ invertible in the residue field of K({) (cf. Section [4.1)). Hence, since
p1ex(c)/x we can conclude that rsw, (x) = (0,0).

(2) Let x € fil,,HI(K) with np < €’ and rswp, «(x) = (@, ). We know from
Lemma |1.2.24[ that (o, 8) € Z} @ szl and since x has order p

(C(Oé), C(ﬁ)) = rSWn,Tr(p : X) = (07 O)

Equivalently, from Corollary we get that for np < €/, the refined Swan
conductor on the p-torsion takes image in B & B%L '

(3) Assume €’ to be an integer, x € filoHI(K) and rswer »(x) = (o, 8). From
equation ([1.17) we get that

—ta =C(a) and —af = C(p).

Let ¢ be a primitive p-root of unity and ¢ = (¢ — l)pﬂ"e/, then ¢ = (¢1)P,
with ¢; = (¢ — 1)7~¢/(?=1)_ By the properties of the Cartier operator

C(ea) = ¢,C(a) = -t a.

Since (¢ — 1)P7! = —p mod 7+ | (¢ — 1)~ = —p + 7°*1v for some
v € Ok. Hence

P (C1)p1201_<m>261.(_u+7rv),

e’ me/(p—1) e e

Thus ¢ = —ue¢; and hence

multg o rswer - (HI(K)) € Q% @ Q%L

where mult; is the map from Q% to Q% sending a ¢g-form w to ¢ - w.

1.3 Refined Swan conductor and Brauer—Manin
obstruction
We are ready to state some of the main results in [BN23].

We are working in the same setting as Section [[LI.3} p is a prime number
and L a finite field extension of Q,, with ring of integers Oy, uniformiser 7 and

2In fact, 1 =(((— 1)+ 1P = —1)P+p(¢—DP L+ B)(C—1)P 24+ +p- (-1 +1
Since ¢ # 1 we get (( — 1)P~1 +p(¢ —1)P~2 + (g) (¢—=1)P73 ... 4+ p=0. Now the congruence
follows from the fact that val((¢ — 1) -p) > 1+e.
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residue field £. Let X be a smooth and geometrically irreducible L-variety having
good reduction (i.e. there exists a smooth Op-scheme X whose generic fiber is
isomorphic to X). We assume furthermore the special fiber, Y 1= X Xgpec(0,)
Spec(f) to be geometrically irreducible,

X J X i Y

l l l

Spec(L) —— Spec(Op) +—— Spec(¥).

Let K" be the field of fractions of the henselisation of the discrete valuation
ring Oy y. Bright and Newton [BN23| define the filtration {fil,Br(X)},>o on
Br(X) as the pull-back via the natural map Br(X) — Br(K") of the filtration
{fil, Br(K")},>0 on Br(K") defined in Section Therefore it is possible to
extend the definition of the residue map and the refined Swan conductor to el-
ements in Br(X) simply as the residue map and refined Swan conductor of the
image of A in Br(K"). A priori these maps take values in H'(F) and Q2 @ Q1
respectively. However, Bright and Newton prove that the residue map of an
element in filyBr(X) takes values in H'(Y,Q/Z) C H!(F) (see [BN23, Propo-
sition 3.1(1)]) and that the refined Swan conductor on fil,Br(X) has image in
HO(Y, Q%) @ HO(Y,Q3) C Q2% @& QL (a proof following [Kat89, Theorem 7.1| can
be found in [BN23| Theorem B]).

The aim of this section is to transfer the results we got in Section[I.2.3.T]on the
refined Swan conductor on Br(K") to the refined Swan conductor on Br(X). In
[BN23] Bright and Newton define the following filtration, called the Evaluation
filtration, on the Brauer group of X. Let L'/L be a finite field extension with ring
of integer Oy and uniformiser 7’; for » > 1 and P € X(OL/), let B(P,r) be the
set of points Q € X (Op/) such that @ has the same image as P in X(O//(x')").
Then:

Ev,BrX = {B € Br(X) | VL'/L finite, VP € X(O/)
evp is constant on B(P,er:/r(n+ 1))}, (n>0)
Ev_1BrX := {B € Br(X) | VL'/L finite, evp is constant on X(Or/)}
Ev_sBrX := {B € Br(X) | VL'/L finite, evp is zero on X (Or/)}
For every positive integer m we denote by Ev,, Br(X)[m] the restriction of Ev,,Br(X)
to Br(X)[m], i.e. Ev,Br(X)[m] := Ev,,Br(X) N Br(X)[m]. If (m,p) = 1 Colliot-

Théléne and Skorobogatov [CTS13| and Bright [Bril5] proved that EvoBr(X)[m] =
Br(X)[m]. Moreover, the residue map 0y,

0 — Br(X)[m] — Br(X)[m] O, HY(Y,Z/mZ) (1.19)
is such that

Ev_1Br(X)[m] = {A € Br(X)[m] | 0m(A) € H*(¢,Z/mZ)}
Ev_oBr(X)[m] = {A € Br(X)[m] | 9 (A) = 0}.
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Cf. the end of Section [L1.3l

In order to give a description of the the Evaluation filtration also on the p-
power torsion part of Br(X), Bright and Newton use the filtration {fil,Br(X)},>0
on Br(X). The interaction between the two filtrations is described in the theorem
that follows.

Theorem 1.3.1 (Theorem A, Bright and Newton). We have the following de-
scription of the Evaluation filtration

(1) filgBr(X) coincides with EvoBr(X);
(2) Ev_1Br(X)={A€Br(X)|9(A) € H'(¢,Q/Z)};
(3) Ev_oBr(X) = {A € Br(X) | 0(A) = 0};

(4) For everyn >1

Ev,Br(X) = {A € fil, 41 Br(X) | rswps1 - (A) € HO(Y, Q2) @ o} .

Proof. This is a reformulation of [BN23| Theorem A]. O

It is clear at this point that in order to understand the evaluation filtration on
the Brauer group of X we need to understand the residue map 0 and the refined
Swan conductor maps 1swy, r.

1.3.1 Cartier operator on varieties and image of the refined
Swan conductor

It is possible to generalise the definition of inverse Cartier operator and Cartier
operator to the sheaf of ¢-forms on a smooth and proper variety Y defined over a
perfect field £ of positive characteristic. Following Illusie [III79], we will denote by
Fy the absolute Frobenius endomorphism of ¥ and by Y(P) the base change of Y’
via the absolute Frobenius o, of the base field ¢, namely

Fyye y () w )

N |

Spec(f) —=— Spec(¢)

where Wo Fy /@ = Fy; we call Fy, the relative Frobenius of Y over £. Furthermore,
we denote by {2 / , the De Rham complex of Y//.

Remark 1.3.2. We are following [III79, Section 0.2]. In his paper, Illusie works
more generally with S-schemes, where the base S is a scheme of positive charac-
teristic. In this thesis, we are only interested in varieties over perfect fields. In
this case, the absolute De Rham complex 23 coincides with the relative De Rham
complex €5, , (since ¢ being perfect implies Qf = 0).
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We define for every ¢ > 0
74 =ker(d: QL — Q") and BY :=im(d: QL' — Q).
For every ¢ > 0, the differential d: Q% — Q%" is Oy -linear, hence the sheaves
(Fyje)« 2y and  (Fyye) By

are Oy (»-modules and the abelian sheaf HY((Fy ;). ) is also a sheaf of Oy -
modules.

Definition 1.3.3 (Inverse Cartier operator). For every q > 0 there is a morphism
of Oy -modules, called the inverse Cartier operator

Cyl: QL — WH (Fy o)« Q%)

Remark 1.3.4. Since QY ,, = W*Q{,, by adjunction we get a morphism of Oy (,)-
modules

Cyjes Dy = HU(Fry)o0F).
Theorem 1.3.5. IfY is a smooth variety over ¢, then C;/le is an isomorphism.

Proof. See [III79, Theorem 0.2.1.9]. O

From now on we are assuming that Y is a smooth and proper variety over .
In this case, we denote by Cy/, the inverse of C’;/le. We are ready to define the
sheaf of logarithmic forms on Y.

Definition 1.3.6 (Logarithmic forms). For every non-negative integer q, we de-
note by
O 1og = ker(W* = Cyyp: Zy — Q).

The sheaf Qg’,log 1s called the sheaf of logarithmic g-forms on Y.

The following theorem is the analogue of Theorem for fields of positive
characteristic.

Theorem 1.3.7. The sheaf Qg’,log is the subsheaf of Q. generated étale-locally by
the logarithmic differentials, i.e. the sections of the form

d d
N L yi € Oy.
Y1 Yq
Proof. See [III79, Theorem 0.2.4.2]. O

The Cartier operator induces an exact sequence
0 — HO(Y, BY) — HO(Y, Z§) <5 HO(Y, )

The following lemma describes the interaction between global differential forms on
Y and their image in Q%.
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Lemma 1.3.8. Let w € HO(Y,QY.), then:
(1) w € HO(Y, 0 1) if and only if the image of w in Q% lies in O, .
(2) w e HY(Y, BY) if and only if the image of w in Q% lies in Bf..

Proof. For all non-negative integers ¢, we have natural inclusions of HY(Y, Q%)
in Q%. These inclusions are compatible with the differential maps and with the
Cartier operator. The proof of the first part of the lemma follows from the defi-
nition of logarithmic forms, while the second part is an immediate consequence of

Corollary O

Corollary 1.3.9 (On the image of rsw,, ). Let u=pr~¢ € Of ; then one of the
following cases occurs:

(1) If ptn, then
pry 0 15W,, 5 ¢ fil, Br(X) — HO(Y,Q3)
has kernel equal to fil,,_1Br(X).
(2) Ifp | n andn < e’ we write n = mp, then (o, B) lies in HO(Y, ZZ)®H(Y, Z1)
and the following diagram

ISWoy

fil, Br(X) HO(Y, Z3) @ HO(Y, Z})
e le
fil,, Br(X) =3 HO(Y, %) @ H(Y, 9} ).
commutes.

(3) Ifn=¢, then (a, B) lies in HO(Y, Z%)®HO(Y, Z1.) and the following diagram

ISWp,

fil Br(X) — HO(Y, Z2) @ H(Y, Z1)

l( y&p lmult;ﬂLC

fily _Br(X) —=5%"HO(Y, Q%) & HO(Y, QL).
commutes. Moreover, let & € £* be the reduction of ¢ = (( — 1)Pn~¢ € or,
then € is such that
multz (rswe:,ﬂﬁlezBr(X)[ ]) C H(Y, QYlog) HO(Y, QYlog)
(4) If p | n and n > €', then (o, B) lies in HO(Y,Z%) @ H(Y, Z)) and the
following diagram

I'SWn o

fil, Br(X) -7y HO(Y, Z2) & HO(Y, Z}1)

i(—)w lmulta

fil,,_Br(X) —=5"HO(Y,02) & HO(Y, QL).

commutes.
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Proof. All these properties are a consequence of Section [[.2.3.1] More precisely:

1. follows from Remark [1.2.23(2)} 2. follows from Lemma [1.2.24} 3. and 4. are a
direct consequence of Lemma 2.19]. O





