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Introduction

The focus of this thesis is on the study of rational points on varieties. This kind
of problem stems from the desire to be able to describe the rational solutions of a
polynomial equation, i.e. given a polynomial f(zo,...,z,) € Q[xo,...,x,]|, what
can we say about

Z(£)(Q) := {(ap, ..., an) € Q" | flag, ..., an) = 0}?

A first way to study this set is by looking at the equation over the real numbers. In
fact, if there is no (ap, ..., a,) € R" ™! such that f(ao,...,a,) = 0 then Z(f)(Q) is
also the empty set. The real numbers are a complete field, which makes the study
of the zeros of functions defined over it much more accessible. However, R is just
one of the possible completions of Q, the one with respect to the Euclidean metric.
The p-adic metrics give for every prime p a field, Q,, which is also a complete field
that contains Q. Putting all of these together gives a natural inclusion

Z(HQ = [[ ZH)(@Q) x Z(F)(R).

p prime

The sets Z(f)(Qp) and Z(f)(R) are subsets of Qpt! and R"!, hence they inherit
a topology coming from the topology on @@, and R respectively. We are partic-
ularly interested in understanding the closure of the set Z(f)(Q) in the product

Hp prime Z(f)(@p) X Z(f)(R)

In the language of algebraic geometry, the polynomial f defines a variety and
the set Z(f)(Q) can be recovered as the set of morphisms from Spec(Q) to the
variety (similarly for Q, and R). In particular, we work in the following setting:

Q ~ k number field;
Z(f) ~» V proper, smooth and geometrically integral k-variety;
Hp QxR ~» Ay, the ring of adéles of k.

As we will see in Chapter 1, the ring of adéles encodes the information about all
completions of k& with respect to the places v of the number field k. Moreover,



if V is a proper variety, then we will see that the Ag-points on V' coincide with

Hueﬂk V(kl/)

Definition 1. We say that V satisfies weak approximation if the image of V (k)
in V(Ay) is dense.

In 1970 Manin [Man71] introduced the use of the Brauer group of a variety V,
defined in Chapter 1, to study the image of V (k) in V(Ay). In particular, he used
the Brauer group to build an intermediate set V(Aj)5" such that

V(k) C V(AP CV(Ay).

Using class field theory it is possible to prove that for every place v € ) and for
every element A4 € Br(V), there is a map, called the evaluation map

eva: V(k,) — Q/Z

such that

V(AP =4 (2,) € X(Ap) | VAEBr(V), Y eva(z,) =0 (1)
veQy

is a closed subset of V(A}) that contains the set of k-points V (k).

Definition 2. We say that there is a Brauer—Manin obstruction to weak ap-
prozimation on V if V(AL)B" is a proper subset of V(Ay).

As we will see in more detail in Section from equation we get that
if for a place v there is an element A € Br(V) such that eva: V(k,) — Q/Z is
non-constant, then V(A)B" C V(Ay). In this case we say that the place v plays
a role in the Brauer-Manin obstruction to weak approximation on V.

~ Let k be an algebraic closure of k and V be the base change of V to k, i.e.
V :=V Xy k. The results of this thesis are inspired by the following question:

Question 3. Assume Pic(V) to be torsion-free and finitely generated. Which
places can play a role in the Brauer—Manin obstruction to weak approximation on
V7

This question is a reformulation of a question that was originally asked by
Swinnerton-Dyer; he asked whether under the assumption of Question [3] the only
places that can play a role in the Brauer—-Manin obstruction to weak approximation
are the archimedean ones and the ones of bad reduction for the variety. The

necessity of having such a condition on the geometric Picard group Pic(V) is a
consequence of work of Harari [Har00], see Section [2.1.1]

It turns out that under the assumption of Question [3]if a prime of good reduc-
tion plays a role, then the corresponding element A in the Brauer group cannot be



algebraic, i.e. it cannot lie in the kernel of Br(V) — Br(V)E In [CTS13] Colliot-
Théléne and Skorobogatov showed that, if the transcendental Brauer group is
finite, then the only places that can play a role are the archimedean places, the
places of bad reduction and the places whose residue characteristic divides the or-
der of the transcendental Brauer group, see [CTS13]. Using this result, they give
several examples of varieties for which the answer to Swinnerton-Dyer’s question
is positive.

For curves and surfaces with negative Kodaira dimension we have all the ele-
ments in the Brauer group are algebraic, i.e. Br(V) = Bry (V). Hence, K3 surfaces
are one of the first example of varieties where the transcendental Brauer group
is potentially non-trivial. However, this is not always the case: for example in
[ISZ11] the authors show that, under certain conditions, the whole Brauer group
of a diagonal quartic surface over Q is algebraic. The first example of a transcen-
dental element in the Brauer group of a K3 surface defined over a number field was
given by Wittenberg in [Wit04]. In particular, Wittenberg constructed a 2-torsion
transcendental element that obstructs weak approximation on the surface. Other
examples of 2-torsion transcendental elements that obstruct weak approximation
can be found in [HVAV11] and [Ier10]. In all these articles, the obstruction to weak
approximation comes from the fact that the transcendental quaternion algebra has
non-constant evaluation at the place at infinity. With a construction similar to the
one used in [HVAVTI], Hassett and Varilly-Alvarado [HVA13| have also built an
example of a 2-torsion element on a K3 surface that obstructs the Hasse principle.

Furthermore, there are examples of transcendental elements of order 3 on K3
surfaces that obstruct weak approximation (for example, see [Preld|, [New16] and
[BVA20Q]). In all these cases, the evaluation map at the place at infinity has to
be trivial, since Br(R) does not contain elements of order 3, and the obstruction
to weak approximation comes from the evaluation map at the prime 3, which in
every example is a prime of bad reduction for the K3 surface taken into account.
Therefore, none of the examples mentioned above can be used to give a negative
answer to the question formulated by Swinnerton-Dyer.

After Colliot-Théléne and Skorobogatov’s work the main remaining difficulty
was to control the evaluation map of a p-power element in the Brauer group on the
V (kp)-points, where p is a prime of good reduction with residue characteristic p. In
2020 Bright and Newton [BN23| developed new techniques that allow one to control
also the behaviour of the evaluation map in this case. Roughly speaking, they use
work of Kato [Kat89] to introduce a new filtration on the Brauer group which they
prove to be strongly related to the behaviour of the evaluation map attached to
elements in Br(V'). The first chapter of this thesis is devoted to introducing these
new techniques and extending some results of Bright and Newton.

Bright and Newton also prove that if we start with a variety V' with non-trivial
HO(V,Q%,), then for primes p having good ordinary reduction we can always find a
finite field extension k’/k and a prime above p playing a role in the Brauer—Manin
obstruction to weak approximation: see [BN23, Theorem C] or Chapter 2 for the

1Elements in the Brauer group that are not algebraic are called transcendental.



precise statement.

Hence, if we take a variety V such that:

- the geometric Picard group Pic(V) is torsion-free and finitely generated,
- H%(V, Q%) is non-trivial,

- there is a prime p of good ordinary reduction,

then up to a base change to a finite field extension k' /k we can always find a prime
of good (ordinary) reduction that plays a role in the Brauer-Manin obstruction
to weak approximation on Vj/. Since K3 surfaces satisfy all the properties listed
above, Bright and Newton’s result leads to a negative answer to the question asked
by Swinnerton-Dyer. In Chapter 3 we will improve this theorem for K3 surfaces.

Theorem 4. Let V' be a K3 surface over a number field k and p be a prime of
good ordinary reduction for V.. Then there exist a finite field extension k'/k and
an element A € Br(Vi/)[p] that obstructs weak approzimation on Vi:.

In particular, in Bright and Newton’s result the element A € Br(Vy/) giving
an obstruction to weak approximation has order a p-power, where p is the residue
characteristic of the prime p having good ordinary reduction. We prove that for
K3 surfaces, you can always find an element of order exactly p that gives an
obstruction to weak approximation.

However, neither result says anything about how large the field extension &'/k
can be. In particular, they do not say whether it is possible to find already
over Q a Brauer-Manin obstruction arising from a prime of good reduction. The
aim of Chapter 2 is to build a K3 surface over the rational numbers for which
a prime of good reduction is involved in the Brauer—-Manin obstruction to weak
approximation. This is the first example of a K3 surface (defined over Q) for which
a prime of good reduction plays a role in the Brauer-Manin obstruction to weak
approximation.

Theorem 5. Let V C IP’(?@ be the projective K3 surface defined by the equation
2y + 3Pz + 2w+ wir + ryzw = 0. (2)
The class of the quaternion algebra

23 +w?x + zyz z
A:<39
x

) _Z‘> € BTQ(V)

defines an element in Br(V'). The evaluation map ev_4: V(Qz2) — Br(Qz) is non-
constant. Moreover, V(Q) is not dense in V(Qz).

This theorem proves that the field extension appearing in Theorem [ is not
always needed.
At this point some natural questions arise:



Question 6.

1. When is the field extension k’'/k appearing in Bright and Newton’s result
needed?

2. Is the ordinary condition necessary?

Answering these two questions is the aim of Chapter 3. In particular, we prove
the following results.

Theorem 7. Let p be a prime of good ordinary reduction for V' of residue char-
acteristic p. Assume that the special fibre at p, V(p) has no non-trivial global
1-forms, H' (V(p),Z/pZ) = 0 and (p — 1) t ey. Then the prime p does not play a
role in the Brauer—Manin obstruction to weak approzimation on V.

Theorem 8. Let V be a K3 surface and p be a prime of good non-ordinary re-
duction for V with e, < (p —1). Then the prime p does not play a role in the
Brauer—Manin obstruction to weak approximation on V.

Finally, in the last chapter of this thesis we will show that the conditions in
Theorem [7]and Theorem [§|are optimal. Part of the chapter is devoted to the proof
of the following theorem.

Theorem 9. Let A be the abelian surface given by the product of two elliptic
curves By and FEo defined over Q. Assume that both Ey and Es have good ordinary
reduction at the prime 2 and full two torsion defined over Qo. Let V = Kum(A) be
the corresponding Kummer K3 surface. Then, V' has good ordinary reduction at 2
and every element A € Br(V)[2] has constant evaluation map eva: V(Q2) — Q/Z.

In particular, this proves that the field extension appearing in Theorem [4]is in
general needed. Moreover, starting from this theorem we will build an example
for which 2 is a prime of good ordinary reduction but does not play a role in
the Brauer-Manin obstruction, even though the ramification index (which is 1)
is divisible by p — 1. This shows that the condition (p — 1) { e, in Theorem [7] is
sufficient but not necessary. Moreover, we will also produce an example of a K3
surface for which there is a prime of good non-ordinary reduction p that plays a
role in the Brauer-Manin obstruction to weak approximation and for which e, = p.
The latter example shows that the bound appearing in Theorem [§is optimal.



Notation and conventions

We include here some notation and conventions that we will follow throughout
this thesis. Most of the notation will be introduced once again in the thesis when
needed, however we include them here as well for convenience.

Varieties over number fields

We denote by k any number field and Oy, its ring of integers. Let 0 be the set of
places of k, then for any place v € Q) we denote by k, the completion of k at v.
We call places corresponding to archimedean valuation archimedean, while places
corresponding to non-archimedean valuation will be called finite. For v €
archimedean, we define O, := k,,.. If v is a finite place we will often denote it by p,
where p is the corresponding prime ideal in Oy and we denote by O, (sometimes
by O,) its ring of integers and by k(p) (sometimes by k(v)) its residue field. For
any finite set of places S C €2}, we define O g as the intersection in k of the local
rings O, for v € S.

Finally, we denote by V' any proper, smooth and geometrically integral variety
over k. We refer to [Liu02| for an introduction to schemes and their properties. Let
V be an Oy, s-scheme of finite type such that there exists an isomorphism between
V X0, s Spec(k) and V' (i.e. V is an O s model for the scheme V'); for any finite
place p not in S, we denote by V(p) the special fibre at p, i.e. the base change of
V to Spec(k(p)), by V, the base change of V to O, and by V, the base change of
V to k.

Varieties over p-adic fields

Let p be a prime number. We denote by L any p-adic field (i.e. a finite field
extension of the field of p-adic numbers Q,,), with ring of integers O, and residue
field £, which is a finite field of positive characteristic. We denote by X any smooth
and geometrically integral variety over L and by X any smooth model over Of
with geometrically integral fibre, i.e. X" is such that there exists an isomorphism
between X X, Spec(L) and X. Moreover, we denote by Y the special fibre of
X, which is the base change of X to ¢ and is a smooth, proper and geometrically
integral variety over the finite field ¢, since both being smooth and proper are
stable under base change.

Remark 10. In particular, for any finite place p of k, the completion of k at p,
ky, is a p-adic field with residue field k(p) of positive characteristic p. Hence, the
base change V,, of V' to k; is a variety over a p-adic field and the special fibre at p,
V(p) is a variety over the finite field k(p), which is the residue field of the p-adic
field k.



CHAPTER

The Brauer—Manin obstruction
and the refined Swan
conductor

The Brauer—-Manin obstruction was introduced by Manin [Man71] in the 1970s to
explain the failure of the local-global principle.

Let V' be a variety over a number field k. For any place v € € we have a
natural inclusion V' (k) < V'(k,). In particular, we have that

V(k)#£0 = V(k,) # 0 for all v € Q.
We say that V/k satisfies the local-global principle if
V(k,) # 0 for all v € Q, = V (k) # 0.

The Hasse-Minkowski Theorem gives a family of varieties for which it is enough
to check the local solubility to determine if an equation admits a solution over k.

Theorem 1.0.1 (Hasse-Minkowski). Let k be a number field and V- C P} be a
hypersurface defined by a single homogeneous equation of degree 2. Then V (k) # ()
if and only if V(k,) # 0 for every place v of k.

Proof. See [Ser73, Theorem IV.8|. O

It is well known that if we increase the degree of the polynomial or the number
of equations defining V', then we might have a failure of the local-global principle.
Here we mention some examples in this direction.
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Example 1.0.2.

1. Lind and Reichardt showed independently that the system of equations

UU}:U2

{u2 — 1Tw? = 222
admits a non-trivial solution over Q, for all places v € g but does not
admit a non-trivial rational solution.

2. Selmer showed that the following homogeneous equation of degree 3
3X% +4Y% +52° =0

admits a non-trivial solution over Q, for all places v € (g but does not
admit a non-trivial rational solution.

3. Iskovskikh showed that equation
Y2+ 22 = (3 —2)(a? - 2).

defining a smooth affine surface over QQ, admits a non-trivial solution over
Q, for all places v € Qg but does not admit a non-trivial rational solution.

In all the examples the failure of the local-global principle can be explained by
the Brauer—Manin obstruction.

Manin’s idea was to use the Brauer group of a variety to construct a closed

subset
Br

[Tve)| <] vik)

vEQ, vEQ

that contains the k-points of V.

A crucial role in the construction of the Brauer—Manin set is played by the
so-called evaluation maps attached to elements A in Br(V). We will see that
for any element A € Br(V) and for every place v € ; we can define a map, the
evaluation map

eva: V(k,) — Q/Z.

To detect which values these maps can take is one of the crucial steps in the study
of the Brauer—Manin obstruction.

In this thesis we focus attention on the behaviour of the evaluation map at
finite places of good reduction.

Definition 1.0.3. We say that a prime p of k is of good reduction for V if there
exists a smooth proper Op-scheme X whose base change to ky is isomorphic to the
base change of V to ky.
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In Section [T.1.3] we will see that if p is a finite place of good reduction for
V' with residue characteristic p and A € Br(V') has order prime to p, then the
behaviour of the evaluation map can be studied via the so-called residue map,
that links the prime to p part of the Brauer group of the base change of V' to k, to
the cohomology of the special fiber of a model. This is no longer possible when p is
a finite place of good reduction of residue characteristic p and A € Br(V){p}, ie.
A is a p-power element in the Brauer group of V. However, in [BN23| Bright and
Newton use the refined Swan conductor to control the behaviour of the evaluation
map also in this case.

In the first part of this chapter we introduce the notion of weak approximation
and Brauer—Manin obstruction to weak approximation on a variety. In the second
part of the chapter we introduce the notion of refined Swan conductor [Kat89].
Following Bright and Newton’s recent work [BN23| we explain how this notion can
be used to study the Brauer-Manin obstruction to weak approximation. Some
original results are presented in this chapter: in particular, Lemma [1.2:24] and

Corollary are part of [Pag23].

1.1 The Brauer—Manin obstruction

Let k& be a number field and V' a proper k-variety. We want to study the set of
k-points on V' via the diagonal embedding

V(k) = ] V(k).

veEQ

For every place v € (i, the v-adic topology on k, allows us to equip V(k,) with
a topology, called the analytic topology, see [Conl2 Proposition 3.1].

From now on we will think about [] .o V(k,) as a topological space with re-
spect to the product topology induced by the analytic topology on each component
V(k,).

Definition 1.1.1. We say that V satisfies weak approximation if the image of
the diagonal map

Vk) = ] Vk)

veQy
is dense.

For proper k-varieties it is possible to get the product [],.q, V(k.) as the set
of Ag-points on V', where Ay is the ring of adéles of the number field k.

Definition 1.1.2. We define the ring of adéles of k as the restricted product
of the completions of k with respect to the subgroups given by the ring of integers
0, Ck,, ie. :

Ay = H (k,,0,) = {(:c,,) € HkV : x, € O, for almost all v € Qk}.
veQ
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The following proposition is well known; we include the proof because we are
unable to find it in the literature.

Proposition 1.1.3. Let R be an integral domain and let k be its function field.
Suppose that V' is a scheme of finite presentation over k. Then there exist a dense
open subscheme U C Spec(R) and a scheme V of finite presentation over U such
that Vi, ~ V.

Proof. Let {V;};cr C V be a finite affine covering of V. Then, for every i € I the
description of V; involves only finitely many polynomials over k. Let R’ be the
localisation of R obtained by adjoining the inverse of all the denominators that
appear either in the polynomials describing V; or in the gluing morphisms between
the opens V; and V. Then, we can define V; as the R’-scheme defined by the same
equations of V; and obtain V by gluing the V;’s together. O

Given a k-scheme of finite type V', we can always find a finite set of finite places
S C Qy, such that there exists an Oy g -scheme of finite type Vs whose base change
to k is isomorphic to V' (i.e. a model of V over Ok g). Then, the set of adelic
points V(Ay) can be described as

V(Ag) = H (V(k,),Vs(0,)), [Conl2, Theorem 3.6]
vEQ)
In particular, if V' is proper
viay = [ vk
veEQ)
1.1.1 Obstructions arising from functors

Let
F: Schi?” — Set

be a functor. In this section we are going to show how it is possible, starting from
F, to build subsets V (A;)¥ of V(A}) that contains V (k).

Let R be a k-algebra, then every x € V(R) induces a map F(z): F(V) — F(R).
For every A € F(V), we can define the map

evy: V(R) = F(R)
x— F(z)(A).

In particular, we have the following commutative diagram:

V(k) — V(Ap)

Jeva Jeva (1.1)

F(k) —— F(As)
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We define
V(A = {z e V(Ap) : eva(z) € im(F(k) — F(A))}.
By the commutativity of the diagram above V (k) C V(Ay)*. We define

VA" = [ VAt
A€F (V)

Definition 1.1.4. If V(A)Y is a proper closed subset of V(Ay) we say that there
is an F-obstruction to weak approximation on V.

In particular, we see that in order to understand the set V(A)" we need to
be able to understand both F(V) and for elements in F(V) the corresponding
evaluation map.

In this thesis we focus the attention on the Brauer-Manin obstruction, more
about obstructions attached to other functors (in particular about descent ob-
structions) can be found in [Pool7al, Section 8.4, 8.5, and 8.6].

1.1.2 The Brauer group and the Brauer—Manin obstruction

The Brauer-Manin obstruction is defined as the obstruction associated to the
functor F := Br(—), where Br(—) = HZ(—,G,,) is the cohomological Brauer
group (for an introduction to étale cohomology see [Mil80]).

In this section we will explain how it is possible to describe both the Brauer
group of V' and the evaluation map attached to an element A € Br(V).

1.1.2.1 The Brauer group of a variety

For a smooth, proper and geometrically integral variety V' over a number field k
there is an exact sequence |C19, (6.4.4)]

0= Br(V) = Br(k(V)) &5 @D HL (k(v).Q/Z) (1.2)
veV (@)

where V(1) is the set of points v € V such that the local ring Oy, is one dimen-
sional. Since by assumption V' is smooth, Oy, is a regular noetherian ring of
dimension 1 and hence a discrete valuation ring. Let k(v) be the residue field of
Oy, then we have a map

r,: Br(k(V)) — H' (k(v),Q/Z)
see [Pool7bl, Section 6.8]. In particular, the Brauer group of the variety can be
described in terms of the cohomology of the fields k(V') and k(v) for v € V(1.

Given a field K, according to the definition given above, the Brauer group of
K is defined as
Br(K) := H?(Spec(K )et, Gpn).
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It is well known that for fields étale cohomology coincide with Galois cohomology,
see [Mil80), Theorem 1.9, Chapter 1]. In particular, since Galois cohomology groups
are torsion [CTS21) Corollary 1.3.6] we get that Br(V) is a torsion abelian group.

For fields it is possible to give an explicit construction of the Brauer group
in terms of equivalence classes of central simple algebras. A finite-dimensional
algebra A over K is called simple if it has no (two sided) ideals other than 0 and
itself; it is called central if Z(A) = K. Two central simple K-algebras A and A’
are called Brauer equivalent if

A@g Mp(K) ~ A @k My (K), for some n,n’ > 0.

Theorem 1.1.5. The set of the equivalence classes of finite dimensional central
simple K -algebras, with the group structure given by the tensor product, is isomor-
phic to Br(K).

Proof. |[GS17, Section 4.4]. O

1.1.2.2 Quaternion algebras

In the examples presented in this thesis we are mainly working with elements in
the Brauer group represented by quaternion algebras.

Definition 1.1.6. Assume the characteristic of K to be different from 2, then
given a,b € K*, we define the quaternion algebra (a,b) as the 4-dimensional
K-algebra with basis 1,1, j,1j with

It is possible to prove that quaternion algebras are central simple algebras and
that operations with quaternion algebras inside the Brauer group are quite simple.
Indeed, if we pick a,b,c € K* we have an isomorphism

(a,b) @4 (a,¢) = (a,bc) @k My(K).
Given a,b € K*, with abuse of notation we will denote by (a,b) also the class of
the quaternion algebra in Br(K).

As mentioned before, the Brauer group of a variety is a torsion abelian group,
hence it is enough to study for every n the exact sequence on the n-torsion induced

by equation
0= Br(V)[n] = Br(k(V))[n] =5 @ HL (k(v), Q/2))[n]. (1.3)

veV (1)

From the short exact sequence 0 — Z/nZ — Q/Z = Q/Z — 0 we get an isomor-
phism

He (k(v), Z/nZ) ~ He, (k(v), Q/Z)[n].
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We have an explicit description of the residue map r, on quaternion algebras
in Br(k(V)): for an element (a,b) € Br(k(V)) and a point v € V(1) we have

e RO @/ (14)

. val, (a)val,
I‘U(a,b) - (_1) ( ) ( bvalv(a) k('U)X2

where val, is the discrete valuation on k(V') coming from the discrete valuation ring
Ovy,. The description of the residue map given above follows from the definition
of the tame symbols in Milnor K-theory together with the compatibility of the
residue map 1, with the tame symbols given by the Galois symbols, see [GS1T,
Proposition 7.5.1]. The last isomorphism follows from the isomorphism between
to and Z/27Z together with the one coming from the Kummer sequence between
B(0)* /k(0)*2 and H, (k(v), 12).

1.1.2.3 The evaluation map

Let v € Q) be a finite place. Using local class field theory one can prove that there
exists an isomorphism, called invariant map,

inv,: Br(k,) = Q/Z. (1.5)

A proof can be found in Section 1 and 2, Chapter III of [Mil20]. Moreover, if
v €  is an archimedean place, then k, is either isomorphic to R or to C, for
which

Br(R) ~Z/2Z and Br(C)= {0}, [CTS21] Section 1.2.1].
Hence, for archimedean places we can define
inv,: Br(k,) = Q/Z

as the map sending the non-trivial element of Br(k,) to the class of 1/2 in Q/Z.
Finally, from global class field theory [Mil20, Chapter VII, VIII| we have the
following short exact sequence:

0 Br(k) —» @D Br(k,) =% Q/Z — 0.
veEQy
Since it is possible to show that

Br(Ag) ~ @ Br(k,), |C19, Theorem 2.13]
veQy

diagram ({1.1)) becomes

V(k) —————— V(Ay)

le” leu (1.6)

0 Br(k) Br(Ax) ~ @, cq, Brik,) =25 Q/Z 0.
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Putting everything together, we get that for every A € Br(V)

V(A* =< (x,) € V(Ay) such that Z inv,(eva(x,)) =0
ve

Remark 1.1.7. From now on, with abuse of notation, we will denote by ev 4 also
the composition of the evaluation map ev4: V(k,) — Br(k,) with the invariant
map inv,: Br(k,) — Q/Z.

The following result allows us to use the Brauer—Manin set to study weak
approximation on V.

Proposition 1.1.8. For any A € Br(V), the set V(A)A is open and closed in
V(Ag).

Proof. See [PoolT7al, Corollary 8.2.11]. O

The set V(Ay)PB" is therefore closed in V(Aj) and we have the following chain
of inclusions

V(k) CV(k) C V(AR C V(Ay).

Definition 1.1.9. We say that there is a Brauer—Manin obstruction to weak
approximation on V if the Brauer—-Manin set V(Ay)B" is a proper subset of
V(Ag).

Assume V(Ay) # 0. Let w € Q be such that there exists A € Br(V) with
evy: V(k,) — Q/Z

non-constant. Then, we can take two points (z,), (y,) € V(Aj) such that z, =y,
for all v # w and ev4(z,) # eva(y,). These two points are such that

Z evg(x,) # Z eva(yy).

veQy, veQy,

Hence, at least one of the two points does not belong to the Brauer-Manin set
V(Ay)B" and thus there is a Brauer-Manin obstruction to weak approximation on
V. Based on this observation we give the following definition.

Definition 1.1.10. We say that a place w € Qi plays a role in the Brauer—
Manin obstruction to weak approzimation on V if there exists A € Br(V) such
that ev 4: V(k,) = Q/Z is non-constant.
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1.1.3 The prime to p part

In order to study the role of a prime p in Brauer—-Manin obstruction, we need to
understand, for a given A € Br(V), the behaviour of the corresponding evaluation
map
eva: V(ky) — Q/Z.
If we denote by res: Br(V) — Br(V},) the natural restriction map form Br(V') to
Br(V,), then for every point P € V (k,) we have a corresponding point P, € V},(k;)
and
Vres(a) (Fp) = eva(P).

Hence, if the evaluation map attached to A is non-constant on V(k,), then the
element res(A) € Br(V,) is such that the evaluation map on V,(k,) is also non-
constant. By what we just said together with the fact that we are interested in
primes of good reduction, we will work under the setting described below.

p-adic setting: Let p be a prime number and L a finite field extension of
Qp, with ring of integers Op, uniformiser 7 and residue field ¢. Let X be a
smooth and geometrically irreducible L-variety having good reduction (i.e. there
exists a smooth proper Or-scheme X whose generic fiber is isomorphic to X). We
assume furthermore the special fiber Y := X Xgpec(0, ) Spec(f) to be geometrically
irreducible,

X J X J Y

LT )

Spec(L) —— Spec(Or) +—— Spec(¥).

It is well known that if n is a positive integer prime to p, then we have the following
exact sequence

0 — Br(X)[n] — Br(X)[n] 2 HY(Y, Z/n7) (1.8)
see [CTS21], Chapter 3, equation (3.17)].

Theorem 1.1.11. The evaluation map attached to A is constant and trivial over
all finite field extensions L' /L if and only if A € Br(X).

Proof. One of the two implication is quite straightforward, in fact if we start by
A € Br(X), then the evaluation map factors as

X(OL) E— BI‘(OL)

H i (1.9)
X(L) =2 Br(L)

but Br(Op) = {0}.

The other implication was proved by Colliot-Théléne and Saito [CTS96] using
zero-cycles on X. The group of zero-cycles Cy(X) is defined as the group of formal
sums

> niP; with n; € Z, P; closed point of X.

7
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The evaluation map A on a zero-cycle ), n; P; is defined as

Z n;COTeSL,(p,)/L (eVreSL(pi)/L(A) (Pl)> .

7

For the definition of the restriction and co-restriction maps we refer to [GS17,
Section 3.3]. In particular, they proved that ev 4 is trivial on Cy(X) if and only
if A € Br(X)[n]. In particular, if A has constant and trivial evaluation map on
all the closed points of X, then it has also constant and trivial evaluation map on
zero-cycles. O

In general, as explained in [Bril5l Section 5.1] the evaluation map attached
to an element A € Br(X)[n] with n prime to p factors through the special fiber
Y, ie. if two points Py, P» € X (L) = X(Or) have the same image in Y (¢) then
the evaluation map on them coincide. Finally, the residue map appearing in
controls whether the evaluation map attached to an element A € Br(X)[n] is
constant: A has constant evaluation map if and only if (A) € H*(¢,Z/nZ).

From the Purity Theorem |C19, Theorem 1.2] we know that Br(X) is equal
to Br(X) N Br(Oy,y), with the intersection taking place inside Br(k(X)). Hence,
in order to understand whether A has trivial evaluation map it is enough to un-
derstand if the image of A in Br(k(X)) lies in Br(Oxy). Let K" be the field of
fraction of the henselianisation of the discrete valuation ring Oy y, if n is prime
to p, then

Br(K")[n] = ker(Br(K") — Br(K",))[n], [CTS2I, Proposition 1.4.5].
This can be used to construct the following diagram

0 — Br(Oxy)[n] — Br(k(X))[n] —2— H'(F,Z/nZ)

| J o

0 — Br(O% y)[n] — Br(K")[n] —2— HY(F,Z/nZ)

where the rows form exact sequences, see [CTS21] Theorem 3.6.1]. In particular,
from diagram (|1.10]) we get that it is enough to compute the residue of the image
of A in Br(K")[n] in order to detect whether the element A has trivial evaluation
map.

If we start with an element A € Br(X)[p™] for some m, then it is no longer true
that its image in Br(K") is split by an unramified extension. However, Bright and
Newton [BN23] recently proved that the behaviour of the evaluation map attached
to A on the ky-points of X is still determined by the value of some maps on the
image of A in Br(K")[p™]. In this case the description of Br(K")[p™] becomes
more involved. Bright and Newton use the concept of refined Swan conductor,
introduced by Kato in [Kat89], to give a filtration on Br(K") that captures the
behaviour of the evaluation maps.
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1.2 The refined Swan conductor

Set-up: Let K be a henselian discrete valuation field of mixed characteristic,
whose residue field is not necessarily perfect. We denote by:

o Ok C K the ring of integers of K with uniformiser m and maximal ideal m;
e [ the residue field of characteristic p.

The aim of this section is to introduce the notion of the refined Swan conductor
and gather some of the main results around it that will be crucial in the rest
of the thesis. The main references for this section are [Kat89, [BN23|. In this
section, instead of working just with the Brauer group, we will look at the Galois
cohomology group HY(K) defined in the next section. We will see how these
cohomology groups are related to the differential forms of the residue field F'.

1.2.1 The group HY(R)

Let R be a ring over QQ or a smooth ring over a field of characteristic p > 0. Let
n be a non-negative integer and r € Z. If n is invertible on R, then we denote by
Z/nZ(r) the usual Tate twist of the constant sheaf Z/nZ on Rg. If R is smooth
over a field of characteristic p and n = p*m with (p,m) = 1, we define

Z[nZ(r) == Z/mL(r) © W 100[—7]-
For the definition of WQp, ,,, see Definition [1.2.7] For n # 0, we denote by
HY(R) := HY(Ret, Z/nZ(q — 1)) and  H(R) := lim H(R).

Note that:
H*(K) = @HQ(Két,Z/nZ(l)) = Br(K).

We have an exact triangle

Z/nZ(1) = G 5 G,

where the prime to the characteristic case comes from the Kummer sequence,
while the p-part in characteristic p follows from [IlI79, Proposition 1.3.23.2]. For
a € R*, let {a} € H' (R, Z/nZ(1)) be the image of a under the connecting map
R* — HY(Ret, Z/nZ(1)). For aq,...,a, € R* and x € HY(R) we denote by

{x,a1,...,a.} :=xU{a1}U---U{a,} € HIT"(R).

The symbol {x,a1,...,a,} is anti-symmetric and {x, a1, ...,a,} = 0 if there exist
1,7 with 4 # j such that a; +a; = 1 or 0.

In order to describe the groups HY(R) in the positive characteristic case, we
will use the Cartier operator on differential forms.
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1.2.1.1 The Cartier operator
Let ¢ be a perfect field of characteristic p > 0 and R be an (-algebra. Let
7% =Tker(d: Q% — Q&) and  BY:=im(d: Q%" — QL).

Lemma 1.2.1 (Inverse Cartier operator). Assume R to be regular; then there
exists a unique morphism of groups

Cp': Qp — Qk/Bp
satisfying
e C'(da) = a?~'da mod B} for all a € F;
o Op'(Mw) = N\PCRY (w) for all X € R;
e doCyr'=0.
Moreover, C™* induces an isomorphism from Q% to ZL/Bk.
Proof. See |BK05, Theorem 1.3.4]. O

Remark 1.2.2. The subgroup Bll% has a natural structure of R-module, which is
given by a-dfg = aPdf = d(a?p). If we denote by pﬂ}% the R-module structure on
QL given by a - w = aPw, then the condition C'(\w) = APC'(w) is equivalent
to asking that C': QL — PQL/PB} is a morphism of R-modules.

We can extend the definition of CEl to higher differential forms by setting
Cpl(wi A Awg) = Ol (wi) A ACRHwg).
Theorem 1.2.3. Let R be reqular; then the morphism
Cp': Q% — Z3%/B%,

is an isomorphism for all ¢ > 0. We will denote by Cr its inverse, which is called
the Cartier operator.

Proof. See [BK05, Theorem 1.3.4]. O

The following corollary gives a way to characterise exact differential forms in
terms of the Cartier operator.

Corollary 1.2.4. Let R be regular. A gq-form w € Q% is exact if and only if
d(w) =0 and Cr(w) = 0.

The last object we need to define is the subgroup of logarithmic ¢-differential
forms on R, which will play a crucial role in this thesis.

Definition 1.2.5. The logarithmic q-differential forms on R, denoted by Q% log?
are defined as the kernel of the map

Cp' —id: Q% — Q% /B,
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The following result gives a way to write down logarithmic differential forms
explicitly in the case in which R is a field.

Theorem 1.2.6. Let F be a field, finitely generated over a perfect field £. The
logarithmic differential q-forms Q4 log 8 the subgroup of V%, generated by elements
of the form

d d

NN ith g € FX

Y1 Yq

Proof. Tt follows from surjectivity in the Bloch-Gabber-Kato Theorem [GS17,
Theorem 9.5.2]. O

Finally, in [III79], Illusie defines a projective system {W,,Q%},>0 equipped
with the Frobenius and the Verschiebung maps

F: W1 Q% = W04 and Vi W04 — W, 104

for every m > 0. This projective system has transition maps given by the projec-
tion maps Ry, 411 Win1Qp — W, Q.

In [III79, Page 569, Proposition 3.3| Illusie generalises the inverse Cartier op-
erator to W Q%:

Cr: W% — W04 /dver0h !

Definition 1.2.7. Given two positive integers q, s, the logarithmic subgroup WSQ%)log
of WY, is defined as the kernel of

Cp' —id: W,Q% — W,0% /dve—1a4 .

If R is smooth over a field of positive characteristic and n = p®, we can identify
HY(R) = H' (R4, W5 10e) With the cokernel of

CRpt —1: W, Q4 - W4t /ave—10%2,
see [Kat89, Section 1.3]. We denote by d; both the map from W,Q%L ' /dV*—1Q% >

to HZ2(R) and its composition with the natural map HZ(R) — H9(R). We then
have a commutative diagram

w4t v W Q%5
H4(R)

and the following relation [Kat89, Section 1.3]

8s(w A dlog(ay) A--- Adlog(ay)) = {6s(w),{a1,...,a}} in HIY"(R).  (1.11)
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1.2.1.2 Description of H}(F[T7])

In this section we are following [Kur88|. We are interested in describing the groups
HZ+(F[T]). We recall that these groups fit in the following exact sequence

c~1-id
—1> Qq

01
i)/ Bl — HEFH(F[T]) — 0. (1.12)

2 FIT)

F[T]

Lemma 1.2.8. Fvery element w € Q%[T] can be written (in a unique way) as

n m
ZwiTi + Z n;T? Adlog T
i=0 j=1

with w; € Q% and n; € Q%
Proof. Consider the following diagram

Z —— Z[T)

| ”

F 25 7T @y 1£ = F[T).
We know by the Kiinneth formula [Stal 01V1] that

Q%[T] = @ WTQ%[T] QF(T] w3,
i+j=q

where 7} and 73 are just the base change to F[T] maps. Since QE[T] =0ifi>2,
we get that

Wy = (FIT) @ QF) & (FIT] - dT @p 057
which proves the result. O

We define increasing filtrations on HSt (F[T]) and HZ(F[T,T~']) such that
fil,, is the group generated by elements of the form

5 [T’“wl + T™wy A dlog T]

where wy € Q% and wy € Qi{:l and k,m < n. For n > 0 we define a morphism
pn: Q@ QT — HIP(FIT])
(wl,wz) — 01 [anl + T™wy A dlog T] .
Similarly, we define the same morphisms with image in Hg'H (F[T,T~1)). It follows

from the definitions and the description given in Lemma that for n > 1, the
morphism p,, induces a surjective map on

— fil, g (FIT)) AL HEY ([T, T7) |
" i, HIYYF[T) L, HITN(F[T, T-1)

From now on, for n > 1, we denote by p,, also the composition of p,, with the
quotient map to gr,,.



1.2. THE REFINED SWAN CONDUCTOR 21

Lemma 1.2.9. Letn > 1 be prime to p. Then the map p,, induces an isomorphism
0% ~gr,
Proof. By construction gr,, is generated by the elements of the form
01 [T”wl + T"we A dlog T] .

If n is prime to p, then we have

A s
T"wz A legT =d (LU2> — d(WQ)i.
n n
Since 6§ is zero on exact forms, we get that

d d
Tn (wlm) = Pn (w1w2,0>.
n n

This proves that the restriction of p, to Q% is still surjective.
We are left to show injectivity. Let w € Q% be such that p,(w,0) = 0. Then,

Pnlwr,w2) = 61

there exist wo,...wy, € Q% and n1,...,7,-1 € 9‘1{:1 such that
n—1 n—1
01 [WI™ 401 | > T'wi+ Y n; TV AdlogT | =0 in HY(F[T]).
i=0 j=1
Hence, by equation ((1.12]) we get the following equality in Q?,_[%] / B;’,ﬁ]
n—1 n—1
W™+ Twi+ > T AdlogT = (C™'—id) | Y aiT" + Y BT Adlog T
i=0 j=1 i>0 i>1

The right hand side of the identity can be re-written (using the properties of the
inverse Cartier operator) as

n

> C M a)TP + zn: C~H(B))T™ NdlogT — Zn: ;T — Zn:ﬁjTi AdlogT.

i=0 j=1 i=0 j=1
In particular,
wT™ = —a,, T" modulo quwal] and C Y, T") = C7 (a,)TP" = 0.
-1

Hence, since C~! is an isomorphism, o, 7" = 0 and wT" € B%[T]. Hence,

WI™ =d | Y wT'+) 6,77 AdT
i>0 j>1

which implies that
d(y,)T" = wT™ and (ny, — df,)T" ' ANdT = 0.
Therefore nvy,, = db,, and w = d(vy,) = 0. O
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Remark 1.2.10. In particular, the isomorphism induced by p; factors as follows
Qf, — il HIT (F(T]) — gr;.
This implies that the map

Of — HyWH(F(T))
a— 61[Ta]

is injective.

Lemma 1.2.11. Let n > 1 be such that n = pny. Then the map p, induces an
isomorphism
—1 —1
O/ Zp @O /2 ~gry,

Proof. Let (wi,ws) € Z% @ Z4", then there exists (61,62) € Q% @ Q%' such that
(C7H(61),C 7 (02)) = (w1,w2), in Z%/Bh @ 251 /BE
Hence, using the properties of the inverse Cartier operator
T"w; + T wy AdlogT = C™ (01T + 0217 A dlogT).
We know from equation that the image via §; of
(C™1 —id) [, T™ + 62,T™ A dlogT)
is zero. Therefore, §; [T"w1 + T"ws A dlog T is equal to
01 [01T™ + 02T™ AdlogT].

The latter is zero in gr,,, since ny <n — 1.
We are left to show that the kernel of p,, is contained in Z% @ Z% ', Assume
that (w1, ws) € QqF_l o) Qj{f2 is such that

pn(Wi,w2) = 61 [T"wy + T"wa AdlogT| = 0.

An argument analogous to the one used in the previous lemma gives that there
exist ap, , € Q% and B, , € Q4" such that

w1 =C Yap,,) and ws=C"YB,, ), mod BL '@ BL2.

The result now follows from the fact that the image of the inverse Cartier operator
lies in the group of closed forms modulo exact forms. O

Let g1,92,h : F[T| — F[T1,Ts] be the F-morphisms defined by
g1 (T) = Tl; QQ(T) = TQ, and h(T) = T1 + TQ.

We denote in the same way the induced maps from H;(F[T]) to H,(F[T1,T3]).
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Lemma 1.2.12. Let w € HI(F[T]) and assume that w is such that

(1) 91(w) + g2(w) = h(w);
(2) the element {w,T} in HIT(F(T)) is equal to the image of an element T in
HYHY(F(T)) such that g1(1) + g2(1) = h(7).
Then, there exists o € Q%_l such that

w=06Ta).

Proof. A proof, that uses the previous two lemmas, can be found in [Kur88|
Lemma 3.3.1]. O

1.2.2 Definition of Swan conductor

We recall that we work in the following setting: K is a henselian discrete valuation
field of mixed characteristic, whose residue field is not necessarily perfect. We
denote by:

e Ok C K the ring of integers of K with uniformiser 7 and maximal ideal m;
e [ the residue field of characteristic p.

Let A be a ring over Ok, R := A/mA, and i, j the inclusions of the special and
generic fibers into Spec(A):

Spec(A ®o, K) 7, Spec(A) «—— Spec(R).

We define
VA(A) := H? (Rey, " Rj.Z/nZ(q — 1))

and VI(A) := lim V.4(A). In particular, HY(K) = V9(Ogk). The natural map in
DP(Ag)

Rj.Z/nZ(q — 1) — i,i*Rj.Z/nZ(q — 1)
induces a natural map H (A®p, K) — V,2(A) for all n,q. Gabber [Gab94] proved
that this map is an isomorphism if (A, mA) is henselian. In this case, using the

Kummer map (A ®o, K)* — HY (A ®0, K,Z/nZ(1)) and the cup product, we
define a product

VI(A)x((A®o, K))*" — VITT(A)
(a1, - ar) = {x,a1,...,a}.
For a general A, the isomorphism

V‘I

n

(A) ~ VI(AM) (1.13)

allows to extend the product above. This isomorphism follows from the following
remark.
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Remark 1.2.13. One can check that the sheaves i*Rj,.Z/nZ(q — 1), with ¢ and j
such that

Spec(A ®o, K) 7, Spec(A) «—— Spec(R).

and (i™)*R(j").Z/nZ(q — 1) with i{") and j() such that

+(h) -(h
Spec(AM @0, K) ~L— Spec(AM) A Spec(R).

have the same stalks, and hence coincide on Rg.

From now on we will identify V,9(A) and V,2(A(™). In particular, note that
if A = OgklT], then all the polynomials of the form 1 + #"p(T') are invertible in
A see [Sta, OEM7] for an overview on henselianisation of (not necessarily local)
rings.

Definition 1.2.14. The increasing filtration {fil, H9(K)},>0 on H1(K) is defined

by
x € il, H(K) & {x,1 + 7" T} = 0 in VITL(Ok[T]).

We say that an element x in H1(K) has Swan conductor n, if x € fil, HI(K)
and x ¢ fil,_1HI(K).

The following lemma implies that it is possible to define the Swan conductor
of every element of HY(K).

Lemma 1.2.15. We have

HY(K) = | ] fil,HY(K).
n>0

Proof. This lemma is [Kat89, Lemma 2.2|, we are adding some details in the
proof. Let A := (Og[T])" be the henselisation of Ok [T] with respect to the ideal
mOg[T]. Then, by equation Vi(A) ~ VI(Og[T]). Let x € HI(K), then
there exists s > 1 such that y € HY(K). If n > 0 is such that 14+ 7" 1T € (4%)%,
then

{x,14+7""'T} = {x,a°} ={s- x,a} =0

which implies that x € fil, H9(K). The result now follows from [Kat89, Lemma 2.4],
in which Kato proves that for any s > 1 there exists some n > 0 such that the set
1+ 7"t A is contained in (A*)* O

Remark 1.2.16. Kato defines the Swan conductor also for henselian discrete
valuation fields of equal characteristic. In particular, it is possible to relate the
Swan conductor filtration to the filtration on Hf (F[T']) defined in Section If
we take K = F ((T')) then the map F[T] — F ((T)) sending T to T~" allows us to
pull-back the Swan conductor filtration on H] (F[T1); from [Kat89, Theorem 3.2(1)]
we see that the filtration that we get in this way on HI(F[T]) coincides with the
one defined in Section [2.1.2]
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1.2.2.1 Elements with Swan conductor equal to zero

In [Kat89] and [BN23] some maps \,: HZ(R) ® HI1(R) — V,4(A) are defined
under additional assumptions on the Og-algebra A. We give an overview of these
maps that, since they are compatible with each other, we will always call A;.

e In [Kat89 Section 1.4] Kato defines for every n an injective map
Ar: HY(F) @ HLY(F) — HL(K).
This collection of maps induces an injective map

At HY(F) @ HI™Y(F) — HY(K).

e In [Kat89, Section 1.9] Kato extends the definition of A\, from HI(F) &
H¢~(F) to HY(K) to any smooth Of-algebra A. In particular, he defines a
map

Ar: HI(R) ® HITH(R) — VI(A).

e In [BN23| Section 2.2] Bright and Newton generalise the previous map by
defining

. -1
Ar: HL (R) & HIH(R) — VA (A)

for any r > 1.

It is proven in [Kat89, Proposition 6.1] that the image of
Ar: HY(F) @ HEY(F) — HL(K)

coincides with filgH? (K).
We state here a technical lemma proven by Bright and Newton that we will
use several times in this thesis.

Lemma 1.2.17. Let K" be the fraction field of the henselisation of A with respect
to the ideal generated by w. Let r > 1 and q > 2. Let x be an element of
filoHl. (K™) and write x = A (o, B) with (o, ) € H-(F) & HZ:I(F), If x lies in
the image of Vi (A), then (a, ) lies in the image of H}.(R) ® Hgfl(R),

Proof. [BN23, Lemma 3.5] O

Following [Kat89] and [BN23| we sometimes use A\, also to denote the compo-
sition

- 67* - ™
W,Q% ® W,Q%4 1 25 HI(R) @ HL ' (R) =5 Vi (A).
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1.2.3 Construction of the refined Swan conductor

The aim of this section to define the refined Swan conductor of an element x in
fil, H7(K). The key result we need is the following theorem, [Kat89, Theorem 5.1]

Theorem 1.2.18. Let x € fil,HY(K), with n > 1; then there exists a unique pair
(a,B) in QL @ QL such that

{x.1+a"T} = A\p(To, TB) in VITH(OkIT]). (1.14)

Remark 1.2.19. The pair (o, 8) in the theorem above depends on the choice of
a uniformiser 7 in Ok . However, we will mainly be interested in the vanishing of
such a pair, and this is independent on the choice of the uniformiser. Let 7’ be
another uniformiser and a = 7/7’ € O}, then we can define the map

me: O — Ok

T — ax.

We denote by m,, also the induced automorphism on Ok [T]. Then [BN23|, Lemma 2.13]
tells us that

A (@T(a+ B Adloga),aTB) = mir:(Ta, TS).
with @ reduction of @ in F and m¥ automorphism induced by m, on H%(K).

The refined Swan conductor of an element A € fil,HI(K) is defined as the
clement (o, 8) € Q% ® Q%" such that

06 14+ 7"T} = AT, TH).

Note that: we have that x € fil,_;H?(K) if and only if {x,1+7"T} = 0 and since
Ar is injective, this happens if and only if (T, T8) = 0. By Remark this
is equivalent to («, 3) = (0,0). Hence, for every n > 1 we get an injective map,
called refined Swan conductor

fil,, HY(K)

0L et
fil, Hi(k) P OME

ISWy, 7

The rest of this section is devoted to the proof of Theorem [1.2.18 We start
with the following lemma, [Kat89, Lemma 5.3].

Lemma 1.2.20. Assume x € i, HY(K) for n > 1. Then:
(1) {x,1+ 7T} € VI*Y(Ok[T)) is annihilated by p;
(2) {x, 1+ 7Ty, 1+ 7Ta} =0 in VIT2(Ok[Ty, Ty, T));
(3) L1+ 7Ty +T2)} = {x, 1+ 711} + {x, 1 + 7" Tz} in VITH Ok [T, Ts]);

(4) {1+ 7T, T} = —{x,1 + #"T, —7"} in VIT2(Ok [T, T7]).
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Proof. Note that x € fil, H1(K) implies, by functoriality of V¢(—), that
{x, 1+ 7"} =0in VI(B) (1.15)
for all Ok-algebras B and all b € B.
1. We have

p-{1+7"TH={x, A+ 7"T)"} = {x, 1+ 7" q(T)} = 0

with ¢(T) = >0, (?) =1 (7"T)* € Ok|[T]. The last equality follows from

s=1

equation (|1.15)).

2. Let M be the fraction field of the henselisation of the local ring Ok [T1]().
By [Kat89, (1.8.1)] we know that the for any s > 0 the map

Vi (O[T, To]) = Vi (O [T3))

is injective. Hence, it is enough to prove the equality in V4+2(Oy[T3]). Note
that, for every a € Oy,

{1+ 7T + 7" ) = {x, 1 +7"T} in V9(Oyy). (1.16)
In fact, 1 + 7T € O}, and
{14+ 7"T + 7" a} = {x, 1+ 7"T} = {X, 1+ W"“HC;nT} =0.
Using equation (1.16|) we see that

{14+ 7", 1+ 7T}
= {X71+7TnT1(1 +71'T2),1 +7TT2}

*

=—{,1+7"T1(1 +7T),—7"T1}

*

=—{,1+7a" T (1+ 7)), —7"Th} — {x, 1 + n"Ty,—7"T1 }

T T:
n+1 142 nT
_{X’l—’—ﬂ- 17 —1—7(” 11’_71- 1} 0.

where in = we are using that {x,a,b} =0if a + b= 1.
3. We have

X1+ + {1+ 7"} — {x, 1+ 7" (Th + T2)}

1 ") (1 T T
:{x,< L)+ 7 2)}:{X,1+7r2”1 2 }:0.
1+7Tn(T1 +T2) 1+7Tn(T1 +T2)

4. This follows immediately from {x,a,b} =0if a +b=1.
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Proof of Theorem[I.2.18 Let x € fil,H9(K). Then, by Lemmall.2.20(1)| we know
that
0 :={x,1+7"T} lies in qu"'l((’)K[T]).

From Lemma [1.2.20(2)| we have {0,1 + 7nT>} = 0, hence 6 satisfies the assumption
of Lemma with A = Og[T] and R = F[T]. Hence, there exists (w,o) in
HZH (F[T]) @ HY(F[T]) such that A\r(w,0) = . We are left to show that w and o
satisfy the conditions of Lemma|1.2.12} For any a € OIX((T) we have the following
commutative diagram

— (U1 H{a},u(-1)%{a})
HL.(F(T)) @ Hi-H(F(T)) HLT (F(T)) @ HY (F(T))

N N

HY, (K (T)) ta)) HY (K(T))

p

see the proof of [BN23, Lemma 2.12]. Thus, we get
Ae(wU (1) YT} o U(-)UT}) = {0.T}.

As {0,T} € VIt?*(Og|T)), from Lemmawe get that {w, T} and {0, T} lie in
H4P2(F[T]) and HST (F[T]) respectively. We denote by Gy, G and H the maps
from Og[T] to O[Ty, Ts] defined by

Gl(T) = Tl, GQ(T) = TQ, and H(T) = Tl + T2

and the corresponding maps from V(Ok[T]) to V3 (Ok[T1,Tz]). Since A, is
injective, in order to show that w and o satisfy the assumption of Lemma [1.2.12
it is enough to show that G; + G = H on 6 and {0,T}. This is an immediate
consequence of Lemma [1.2.20(3)[ and [1.2.20(4)} O

We end this section by giving the definition of the residue map 9 from Br(K) to
H!(F), which also uses the map A, (cf. [BN23, Section 2.5], [Kat89, Section 7.5]).

Definition 1.2.21. The residue map
d: filyBr(K) — HY(F)
is defined as the projection on the second component of the inverse of the isomor-
phism A\, from H2(F) & H'(F) to filyBr(K).
1.2.3.1 Image of the refined Swan conductor

We are now ready to state and prove some properties about the image of the
refined Swan conductor. We denote by e := ordg(p) the absolute ramification
index of K and by €’ := ep(p — 1)~!. We start with the following lemma.

Lemma 1.2.22. Let x be an element in fil,, H1(K) with
I‘SW”J(X) = (04,5) € Q% @ Q}T
Then da =0 and dff = (—1)%na.
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Proof. See [BN23|, Lemma 2.17]. O
Remark 1.2.23. We get that:
(1) if p | n, then da = 0 and df = 0, meaning that (a,8) € Z% @ Z47;

(2) if ptn, then a = i~ 1dB, meaning that the composition

ISWnp,

-1 pr ~1
fil, H(K) —= Q%L 0 Q%" — QL
has also kernel equal to fil,,_1H?(K).

In [BN23| Lemma 2.19] Bright and Newton are able to link the refined Swan
conductor of an element x € fil, H?(K) with the refined Swan conductor of p - ,
whenever n > €’. More precisely, assume that rsw,, »(x) = («, 8) and let @ be the
reduction modulo 7 of p - 7~¢, then p - x € fil,,_ . H?(K) and

(ua, uf) if n > €';

(i + C(a), @B+ C(B)) if n = ¢/, (1.17)

rSane,‘n'(p . X) = {

In the following lemma we prove a result analogous to the one proven by Bright
and Newton for elements x € fil,,, HI(K), when np < ¢€’.

Lemma 1.2.24. Let x € fil,,,H(K), with np < ¢’. Then p- x € fil,Br(K) and if
rsWop r(A) = (o, 8), then da =0, dB =0 and

rSWn,ﬂ'(p : X) = (O(O‘)’ C(ﬁ))

Proof. From Remark [1.2.23(1)| we know that (o, 8) € Z% @ Z% ", since clearly
p | np. The condition € > np implies 1% - (e = np+n) > 0, which implies
e—np+mn>0. (1.18)

Let u € O be such that p = u - 7°.

{p-x, 1+ 7"} = {x, A + 7" TT)P} = {x,1 + 7"PT1p(T)}

where ( sy
14+ 7T T)P -1
b(T) = 7rnp+1
We can rewrite b(T') as
p—1
Z et Dk=(np+1) o, Pk | pp(nt1)—(np+1)pp
k=1

Note that, for every 1 < k < p, we have that from equation (|1.18))

e+(n+k—mp—1=(e—np)+(n+1k—-1>0.
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Therefore, b(T) € Ok[T]. Now, since by assumption x € fil,,H?(K'), we have that
{x, 1+ 7"PT1p(T)} = 0 for all b(T) € O[T, thus p- x € fil,HI(K). In a similar
way,

{p- 21+ 7"T}H = {A, (1 +7"T)"} = {x, 1+ 7"7¢(T)}

where ) N
oy = LET =1
TP
We can rewrite ¢(T) as
p—1
Z ﬂ_e-‘rnk—npaka 4 TP,
k=1

In this case, again equation|L.18|together with 1 < k < p—1, implies e+nk—np > 0.
Therefore, ¢(T) € Ok[T] and its reduction modulo 7 is equal to T?. It follows
from [Kat89, (6.3.1)] that

{X7 1+ ﬁnpc(T)} = )‘ﬂ(E(T)av E(T)B) = Aﬂ(TpOz, Tpﬂ) = )\ﬂ(TC(a)’ TC(ﬂ))
where the last equality follows from [BN23| Lemma 2.18(2)]. O

Remark 1.2.25. For every non-negative integer d, we denote by fil,H}(K) the
intersection of fil, H?(K) with H}(K). Kato proves that for every non-negative
integer d prime to p, HY(K) = filyH%(K), see [Kat89, Proposition 6.1]. We will
now prove some useful properties of the refined Swan conductor on p-power order
elements[]

(1) The filtration fil, H}.. (K) is finite.

Assume first €’ to be an integer, i.e. (p — 1) | e. For m = 1 it is proven
in [Kat89, Proposition 4.1] that Hf(K) = fil.,HI(K). This is equivalent to
saying that for all n > ¢’ and x € fil,H{(K), we have rsw, ~(x) = (0,0).
Assume that m > 1, x € fil, H}.. (K) with n > €/ 4 (m —1)e and rsw,, »(x) =
(e, B). From equation we know that rswy,_. »(p-x) = (4o, u8), hence
working on induction on m we get that rsw, (x) = (0,0). Note that, this
result was essentially already proved in [er22 Proposition 17].

If ¢/ is not an integer, then we take a primitive p-root of unity ¢ and we
consider the field extension K ({)/K with ramification index ex(¢)/x. We
denote by ex and eg(¢) the absolute ramification indexes of K and K(()
respectively and by e} and eIK(C) the products ex -p- (p—1)~! and eK()
p-(p—1)~" respectively. Let n > ef 4+ (m —1) - ex and x € fil,H (K),
then

eK(Q)/K "> €xe) T (m = D)ex(e).-

Since (p — 1) | €f(), we get (from what we said above) that

I'SWer ¢y i mom (res(x)) = (0,0)

IParts (b) and (c) are already mentioned by Kato in [Kat89) Sections 4 and 5], however in
Chapter 4 we are going to use parts (b) and (c) to prove [Kat89, Lemma 4.3] for which no proof
is provided in literature.
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where res is the natural map from HJ..(K) — HJ..(K(¢)). It follows from
[BN23| Lemma 2.16] that

I'SWe g ¢y i m,m (reS(X)) = (d—n(a + B A leg @)7 a_neK(C)/KB)

with @ invertible in the residue field of K({) (cf. Section [4.1)). Hence, since
p1ex(c)/x we can conclude that rsw, (x) = (0,0).

(2) Let x € fil,,HI(K) with np < €’ and rswp, «(x) = (@, ). We know from
Lemma |1.2.24[ that (o, 8) € Z} @ szl and since x has order p

(C(Oé), C(ﬁ)) = rSWn,Tr(p : X) = (07 O)

Equivalently, from Corollary we get that for np < €/, the refined Swan
conductor on the p-torsion takes image in B & B%L '

(3) Assume €’ to be an integer, x € filoHI(K) and rswer »(x) = (o, 8). From
equation ([1.17) we get that

—ta =C(a) and —af = C(p).

Let ¢ be a primitive p-root of unity and ¢ = (¢ — l)pﬂ"e/, then ¢ = (¢1)P,
with ¢; = (¢ — 1)7~¢/(?=1)_ By the properties of the Cartier operator

C(ea) = ¢,C(a) = -t a.

Since (¢ — 1)P7! = —p mod 7+ | (¢ — 1)~ = —p + 7°*1v for some
v € Ok. Hence

P (C1)p1201_<m>261.(_u+7rv),

e’ me/(p—1) e e

Thus ¢ = —ue¢; and hence

multg o rswer - (HI(K)) € Q% @ Q%L

where mult; is the map from Q% to Q% sending a ¢g-form w to ¢ - w.

1.3 Refined Swan conductor and Brauer—Manin
obstruction
We are ready to state some of the main results in [BN23].

We are working in the same setting as Section [[LI.3} p is a prime number
and L a finite field extension of Q,, with ring of integers Oy, uniformiser 7 and

2In fact, 1 =(((— 1)+ 1P = —1)P+p(¢—DP L+ B)(C—1)P 24+ +p- (-1 +1
Since ¢ # 1 we get (( — 1)P~1 +p(¢ —1)P~2 + (g) (¢—=1)P73 ... 4+ p=0. Now the congruence
follows from the fact that val((¢ — 1) -p) > 1+e.
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residue field £. Let X be a smooth and geometrically irreducible L-variety having
good reduction (i.e. there exists a smooth Op-scheme X whose generic fiber is
isomorphic to X). We assume furthermore the special fiber, Y 1= X Xgpec(0,)
Spec(f) to be geometrically irreducible,

X J X i Y

l l l

Spec(L) —— Spec(Op) +—— Spec(¥).

Let K" be the field of fractions of the henselisation of the discrete valuation
ring Oy y. Bright and Newton [BN23| define the filtration {fil,Br(X)},>o on
Br(X) as the pull-back via the natural map Br(X) — Br(K") of the filtration
{fil, Br(K")},>0 on Br(K") defined in Section Therefore it is possible to
extend the definition of the residue map and the refined Swan conductor to el-
ements in Br(X) simply as the residue map and refined Swan conductor of the
image of A in Br(K"). A priori these maps take values in H'(F) and Q2 @ Q1
respectively. However, Bright and Newton prove that the residue map of an
element in filyBr(X) takes values in H'(Y,Q/Z) C H!(F) (see [BN23, Propo-
sition 3.1(1)]) and that the refined Swan conductor on fil,Br(X) has image in
HO(Y, Q%) @ HO(Y,Q3) C Q2% @& QL (a proof following [Kat89, Theorem 7.1| can
be found in [BN23| Theorem B]).

The aim of this section is to transfer the results we got in Section[I.2.3.T]on the
refined Swan conductor on Br(K") to the refined Swan conductor on Br(X). In
[BN23] Bright and Newton define the following filtration, called the Evaluation
filtration, on the Brauer group of X. Let L'/L be a finite field extension with ring
of integer Oy and uniformiser 7’; for » > 1 and P € X(OL/), let B(P,r) be the
set of points Q € X (Op/) such that @ has the same image as P in X(O//(x')").
Then:

Ev,BrX = {B € Br(X) | VL'/L finite, VP € X(O/)
evp is constant on B(P,er:/r(n+ 1))}, (n>0)
Ev_1BrX := {B € Br(X) | VL'/L finite, evp is constant on X(Or/)}
Ev_sBrX := {B € Br(X) | VL'/L finite, evp is zero on X (Or/)}
For every positive integer m we denote by Ev,, Br(X)[m] the restriction of Ev,,Br(X)
to Br(X)[m], i.e. Ev,Br(X)[m] := Ev,,Br(X) N Br(X)[m]. If (m,p) = 1 Colliot-

Théléne and Skorobogatov [CTS13| and Bright [Bril5] proved that EvoBr(X)[m] =
Br(X)[m]. Moreover, the residue map 0y,

0 — Br(X)[m] — Br(X)[m] O, HY(Y,Z/mZ) (1.19)
is such that

Ev_1Br(X)[m] = {A € Br(X)[m] | 0m(A) € H*(¢,Z/mZ)}
Ev_oBr(X)[m] = {A € Br(X)[m] | 9 (A) = 0}.
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Cf. the end of Section [L1.3l

In order to give a description of the the Evaluation filtration also on the p-
power torsion part of Br(X), Bright and Newton use the filtration {fil,Br(X)},>0
on Br(X). The interaction between the two filtrations is described in the theorem
that follows.

Theorem 1.3.1 (Theorem A, Bright and Newton). We have the following de-
scription of the Evaluation filtration

(1) filgBr(X) coincides with EvoBr(X);
(2) Ev_1Br(X)={A€Br(X)|9(A) € H'(¢,Q/Z)};
(3) Ev_oBr(X) = {A € Br(X) | 0(A) = 0};

(4) For everyn >1

Ev,Br(X) = {A € fil, 41 Br(X) | rswps1 - (A) € HO(Y, Q2) @ o} .

Proof. This is a reformulation of [BN23| Theorem A]. O

It is clear at this point that in order to understand the evaluation filtration on
the Brauer group of X we need to understand the residue map 0 and the refined
Swan conductor maps 1swy, r.

1.3.1 Cartier operator on varieties and image of the refined
Swan conductor

It is possible to generalise the definition of inverse Cartier operator and Cartier
operator to the sheaf of ¢-forms on a smooth and proper variety Y defined over a
perfect field £ of positive characteristic. Following Illusie [III79], we will denote by
Fy the absolute Frobenius endomorphism of ¥ and by Y(P) the base change of Y’
via the absolute Frobenius o, of the base field ¢, namely

Fyye y () w )

N |

Spec(f) —=— Spec(¢)

where Wo Fy /@ = Fy; we call Fy, the relative Frobenius of Y over £. Furthermore,
we denote by {2 / , the De Rham complex of Y//.

Remark 1.3.2. We are following [III79, Section 0.2]. In his paper, Illusie works
more generally with S-schemes, where the base S is a scheme of positive charac-
teristic. In this thesis, we are only interested in varieties over perfect fields. In
this case, the absolute De Rham complex 23 coincides with the relative De Rham
complex €5, , (since ¢ being perfect implies Qf = 0).
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We define for every ¢ > 0
74 =ker(d: QL — Q") and BY :=im(d: QL' — Q).
For every ¢ > 0, the differential d: Q% — Q%" is Oy -linear, hence the sheaves
(Fyje)« 2y and  (Fyye) By

are Oy (»-modules and the abelian sheaf HY((Fy ;). ) is also a sheaf of Oy -
modules.

Definition 1.3.3 (Inverse Cartier operator). For every q > 0 there is a morphism
of Oy -modules, called the inverse Cartier operator

Cyl: QL — WH (Fy o)« Q%)

Remark 1.3.4. Since QY ,, = W*Q{,, by adjunction we get a morphism of Oy (,)-
modules

Cyjes Dy = HU(Fry)o0F).
Theorem 1.3.5. IfY is a smooth variety over ¢, then C;/le is an isomorphism.

Proof. See [III79, Theorem 0.2.1.9]. O

From now on we are assuming that Y is a smooth and proper variety over .
In this case, we denote by Cy/, the inverse of C’;/le. We are ready to define the
sheaf of logarithmic forms on Y.

Definition 1.3.6 (Logarithmic forms). For every non-negative integer q, we de-
note by
O 1og = ker(W* = Cyyp: Zy — Q).

The sheaf Qg’,log 1s called the sheaf of logarithmic g-forms on Y.

The following theorem is the analogue of Theorem for fields of positive
characteristic.

Theorem 1.3.7. The sheaf Qg’,log is the subsheaf of Q. generated étale-locally by
the logarithmic differentials, i.e. the sections of the form

d d
N L yi € Oy.
Y1 Yq
Proof. See [III79, Theorem 0.2.4.2]. O

The Cartier operator induces an exact sequence
0 — HO(Y, BY) — HO(Y, Z§) <5 HO(Y, )

The following lemma describes the interaction between global differential forms on
Y and their image in Q%.
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Lemma 1.3.8. Let w € HO(Y,QY.), then:
(1) w € HO(Y, 0 1) if and only if the image of w in Q% lies in O, .
(2) w e HY(Y, BY) if and only if the image of w in Q% lies in Bf..

Proof. For all non-negative integers ¢, we have natural inclusions of HY(Y, Q%)
in Q%. These inclusions are compatible with the differential maps and with the
Cartier operator. The proof of the first part of the lemma follows from the defi-
nition of logarithmic forms, while the second part is an immediate consequence of

Corollary O

Corollary 1.3.9 (On the image of rsw,, ). Let u=pr~¢ € Of ; then one of the
following cases occurs:

(1) If ptn, then
pry 0 15W,, 5 ¢ fil, Br(X) — HO(Y,Q3)
has kernel equal to fil,,_1Br(X).
(2) Ifp | n andn < e’ we write n = mp, then (o, B) lies in HO(Y, ZZ)®H(Y, Z1)
and the following diagram

ISWoy

fil, Br(X) HO(Y, Z3) @ HO(Y, Z})
e le
fil,, Br(X) =3 HO(Y, %) @ H(Y, 9} ).
commutes.

(3) Ifn=¢, then (a, B) lies in HO(Y, Z%)®HO(Y, Z1.) and the following diagram

ISWp,

fil Br(X) — HO(Y, Z2) @ H(Y, Z1)

l( y&p lmult;ﬂLC

fily _Br(X) —=5%"HO(Y, Q%) & HO(Y, QL).
commutes. Moreover, let & € £* be the reduction of ¢ = (( — 1)Pn~¢ € or,
then € is such that
multz (rswe:,ﬂﬁlezBr(X)[ ]) C H(Y, QYlog) HO(Y, QYlog)
(4) If p | n and n > €', then (o, B) lies in HO(Y,Z%) @ H(Y, Z)) and the
following diagram

I'SWn o

fil, Br(X) -7y HO(Y, Z2) & HO(Y, Z}1)

i(—)w lmulta

fil,,_Br(X) —=5"HO(Y,02) & HO(Y, QL).

commutes.
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Proof. All these properties are a consequence of Section [[.2.3.1] More precisely:

1. follows from Remark [1.2.23(2)} 2. follows from Lemma [1.2.24} 3. and 4. are a
direct consequence of Lemma 2.19]. O
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CHAPTER

An example of Brauer—Manin
obstruction coming from a
prime of good reduction

2.1 Swinnerton-Dyer’s question

This chapter is based on [Pag22]. The main result of this chapter gives an answer,
over the rational numbers, to the following question, asked by Swinnerton-Dyer to
Colliot-Théléne and Skorobogatov [CTS13l Question 1].

Question 2.1.1 (Swinnerton-Dyer). Let & be a number field and let S be a finite
set of places of k containing the archimedean places. Let V' be a smooth projective
Ok, s-scheme with geometrically integral fibres, and let V/k be the generic fibre.

Assume that Pic(V) is finitely generated and torsion-free. Swinnerton-Dyer asks
if there is an open and closed Z C [],.g V (k) such that

V(AP =Zx [V (k).
vgsS
If V(A)PB" is non-empty and can be described as in Swinnerton-Dyer’s ques-
tion, then for any w ¢ S, and for any A € Br(V) the corresponding evaluation map
eva: V(ky) = Q/Z has to be constant. In fact, for any (z,) € ZX][, ¢,y V (ko)
we have that, for any y,, g € V(kw)

Yo evalm)+evale) = Y eva(w)+eva(i) = 0.
veQp\{w} veQ\{w}
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This is because, from the description of the Brauer—-Manin set:

(xu)u;éw U (yw)a (xu)ugéw U (gw) € V(Ak)Br

That is, all the places w ¢ S do not play a role in the Brauer-Manin obstruction
to weak approximation on X (cf. Definition [1.1.10).

We can therefore reformulate Swinnerton-Dyer’s question in the following way:
is it true that under the assumption of the question asked above the only places
that can play a role in the Brauer—-Manin obstruction to weak approximation are
the places of bad reduction and the archimedean places?

2.1.1 Torsion in the geometric Picard group

The aim of this section is to briefly explain why the assumption on the torsion
of the geometric Picard group is needed. This is a consequence of work of Harari
[Har00] and Skorobogatov [SkoO1]. In their work they use abelian descent obstruc-
tion, which arise from torsors (for an introduction to torsors we refer to [SkoO1l,
Chapter 2]).

Let V be a smooth, proper and geometrically integral variety over a number
field k. In 1989 Minchev [Min89|] has shown that the existence of an étale mor-
phism of geometrically integral varieties implies the failure of weak approximation
on V (he proved the failure of strong approximation, which for proper varieties
coincide with weak approximation). In particular, if Pic(V) has torsion, then we
immediately get that the étale fundamental group (cf. [Mil80, Chapter I, Section
5]) w4 (X) is non-trivial and, by a result of Harari [Har00, proof of Lemma 5.2(1)],
there exists a geometrically integral étale morphism. However, if we want to link
the obstruction arising from this morphism to the Brauer—-Manin obstruction, we
need the covering to be abelian, which is something we can guarantee up to en-
larging the base field k.

The argument in this section is divided into three parts: in the first part, it
is shown how the obstruction coming from an abelian Galois covering is linked
to the Brauer-Manin obstruction; in the second, it is shown how the presence of
torsion in the geometric Picard group implies the existence of a non-trivial abelian
Galois covering defined over a field extension of the base field k; in the third, it
is shown how the existence of a non-trivial Galois covering implies the presence of
an obstruction to weak approximation.

Following Colliot-Théléne and Sansuc [CTS87|, in [SkoO1, Section 6.1] Sko-
robogatov proves how it possible to describe the algebraic Brauer-Manin obstruc-
tion using torsors of multiplicative type. Let G be a k-group of multiplicative type
with dual group M, then there exists a natural map

type: H(V, G) — Homr, (M, Pic(V)). (2.1)

Any element v € M = Hom(G, G,,) induces a map v*: H'(V,G) — HY(V,G,,),
and the type of f € HY(V,G) is defined as the map sending + to v*(f).
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Given a torsor f: W — V under G, we define

VA = | oAy
oceH! (k,G)

For 0 € HY(k,G), f7: W7 — V is defined as the twist of the torsor f, see [SkoO1}
Section 2.2, Example 2]. In general, f7 is a G7-torsor, where G is the Galois
twist of G by o, [SkoO1l Section 2.1] and if G is abelian, then G° = G.

Remark 2.1.2. The torsor f under G represents an element of H'(V, G); the set
V(Ay)f coincide with the set defined in Chapter 1, Section with respect to
the functor F := H!(—, G), see [Sko01l, Section 5.3].

Skorobogatov proved the following theorem.

Theorem 2.1.3. Let M be a I'p-module of finite type, S its dual group of multi-

plicative type and X € Homp, (M, Pic(V)). Then

(a) there are only finitely many isomorphism classes of torsors f: W — V of
type A such that W(Ag) # 0;

(b) there exists a subgroup Bry(V) C Bry(V) such that

VAP = |J  rw(A).

type(W,f)=X

Proof. A proof can be found in [Sko01] Section 6.1J. In particular, note that since
V is proper and smooth, we always have k[V]* = k*. O

We want to show that, up to enlarging the base field k, there is a type A for
which the corresponding Brauer—Manin set X (A)5™ is not of the shape appearing
in Swinnerton-Dyer’s question.

Assume that there is torsion in Pic(V'), then up to enlarging the base field, we
can assume that there is torsion already defined over the base field k. By Kummer
theory there exists n such that f € H'(V, u,,) does not become trivial in HY (V| 1,,).
Moreover, again up to (possibly) enlarging the base field, we can assume that it
contains a primitive n-root of unity and hence to have an isomorphism

HY(V, ) ~ BNV, Z/nZ) ~ 7, (V, Z/nZ).

We denote by p: W — V the Galois covering with Galois group Z/nZ correspond-
ing to the py-torsor f: W — V. In [Har00] Harari proves the following result for
Galois coverings.

Lemma 2.1.4. Let W £ V be a geometrically non-trivial Galois covering, with
V' geometrically connected of positive dimension. Then there exists a finite field
extension k' /k such that, for almost all places v which are totally split for k'/k,
there exists a k, point x, of V such that x, € V(k,) but z, ¢ p(W(k,)).
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Proof. This is a reformulation of [Har00, Lemma 2.3] with g = id. O

We know that there exists at least one geometrically non-trivial ,-torsor
f+ W — V. We denote by A its type. Then, there exists fi,..., f,. torsors under
1 of type A such that

V(AP = fiWi(AR)).
i=1

Let S be any finite set of places. Then from Lemma we know that for any
i € {1,...,r} there exists a finite field extension k;/k and infinitely many places
v; that are totally split for k;/k such that there is a point (z,,) € V(k,,) but
(xy,) & fi(Wi(ky,)). If we pick the places v; all different from each other and not
in S, then any point (z,) € V(Aj) such that

xy, & fi(Wi(ky,)) fori=1,...,r
does not belong to V(Aj)B™.

However, if there exists a finite set of places S such that

V(AP =Z x [[V(k) C V(AL)P
vegS

then for every z € Z and every (z,) € [],¢5V(kv), the point 2z U (z,) has to lie
in V(Ak)BD‘.

2.1.2 Previous works

In this section we give an overview of the main results that have been proved in
the attempt to answer the question asked by Swinnerton-Dyer.

The question appears for the first time in [CTS13|, paper in which Colliot-
Théléne and Skorobogatov prove some results around it. In particular, they work
under the following setting: L is a p-adic field and X — Spec(Op) is a smooth
proper model with geometrically integral fibres of a variety X defined over L.
In [CTS13] Colliot-Théléne and Skorobogatov prove the following result [CTS21],
Proposition 10.4.3].

Proposition 2.1.5. Let g be a prime, q # char({). Assume that the closed geo-
metric fibre Y of X has no connected unramified cyclic covering of degree q. Then
Br(X){q} is generated by the images of Br(X){q} and Br(L){q}.

The condition on the closed geometric fibre is equivalent to the vanishing of the
étale cohomology group H!(Y,Z/qZ). This condition holds if there is no g-torsion
in the geometric Picard group of the generic fibre, see [BN23| Lemma 11.4].

In [CTS13| Colliot-Théléne and Skorobovatov prove also that if the Picard
group is torsion free and finitely generated, then

Bry(X) = ker (Br(X) — Br(Xun)) ,  [CTS21l, Proposition 10.4.2]
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where X,,,, is the base change of X to the maximal unramified extension L, of
L. Moreover, they prove that the map

Br(L) @ ker (Br(X) — Br(X,,)) — ker (Br(X) — Br(Xy,))

is surjective. Combining these two results with diagram (1.9)) we get that every
element A € Br;(X) has constant evaluation map. Putting everything together
they get the following theorem, for varieties over number fields.

Theorem 2.1.6. Let k be a number field. Let S be a finite set of places of k
containing the archimedean places, and let Oy s be the ring of S-integers of k. Let
V over Og be a smooth and proper scheme with geometrically integral generic fibre
V. Assume that

1. Pic(V) is torsion free and finitely generated;

2. the transcendental Brauer group Br(V)/Bri(V) is a finite abelian group of
order invertible in O g.

Then V(Ay)B = Z x [Tgs V(ky), where Z CI],cq V(ky) is an open and closed

subset.

veES

Proof. This is [CTS21, Theorem 13.3.15]. Note that in their result Colliot-Théléne
and Skorobogatov split the assumption on the geometric Picard group in two
assumptions: the vanishing of H!(V, Oy) and the torsion freeness of the geometric

Neron-Severi group NS(V). O

This theorem shows that under the finiteness assumption on the transcendental
Brauer group, up to enlarging the set .S, the question asked by Swinnerton-Dyer
has a positive answer. Some years later Bright and Newton [BN23| were able to
prove another result in the same direction, but without any assumption on the
transcendental Brauer group, using the notion of refined Swan conductor.

Theorem 2.1.7. Let k be a number field. Assume V to be a smooth, proper

and geometrically integral k-variety. Assume Pic(V') to be torsion free and finitely
generated. Let S be the following set of places:

1. Archimedean places;
2. places of bad reduction for V;
3. places p satisfying e, > p — 1, with p residue characteristic of p;

4. places p with HY(V(p), Q%,(p)) non-trivial, for any smooth integral model V —
Spec(Oy), where V(p) is the special fibre at p.

Then the set S is finite and there exists Z C [],cqV(ky) open and closed such
that V(Ag)B" = Z x [Lgs V().

Proof. |BN23, Theorem D]. O
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On the other hand, in [BN23| Bright and Newton prove also a result showing
that after a finite field extension primes of good ordinary reduction always play
a role in the Brauer-Manin obstruction to weak approximation (for the definition
of good ordinary reduction see Chapter 3, Definition .

Theorem 2.1.8. Let V' be a smooth, proper and geometrically integral variety over
a number field k such that H°(V,Q3%,) # 0. Let p be a finite place of k at which
V' has good ordinary reduction, with residue characteristic p. Then there exist a
finite extension k' [k, a place p’ of k' over p and an element A € Br(Vy/){p} such
that the evaluation map eva: V(ky,) — Q/Z is non-constant.

In particular, this proves that in general the question asked by Swinnerton-Dyer
has a negative answer.

The rest of this chapter is devoted to build the first example of a variety
satisfying the assumption of Swinnerton-Dyer’s question for which a prime of good
reduction plays a role in the Brauer—-Manin obstruction to weak approximation.
This example consist of a K3 surface over the rational numbers, proving that the
question asked by Swinnerton-Dyer has a negative answer already over Q.

Before proceeding with the main result of this chapter, we give a short overview
of K3 surfaces and explain why they form the natural playground in trying to build
counterexample to Swinnerton-Dyer’s question.

2.1.3 K3 surfaces

Let k be any field, we will work just with algebraic K3 surfaces. For a smooth
variety, we write wx for the canonical sheaf of X.

Definition 2.1.9. An algebraic K3 surface is a smooth projective 2-dimensional
variety over a field k such that wx ~ Ox and HY(X,Ox) = 0.

In this thesis the examples will always be of these two kinds (see [Huyl6),
Section 1.1] for more details):

1. X smooth quartic surface in P3;

2. X = Kum(A), where A is an abelian surface over a field of characteristic
different from 2 and X is obtain by resolving singularities from the quotient
A/, with ¢: A — A involution given by z — —z.

The de Rham cohomology of K3 surfaces over algebraically closed fields can be
summarised in the Hodge diamond, which looks like this
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10,0 1
B1,0 L1 0 0

h2:0 htt h?:2 1 20
B2l 2 0 0

h?:2 1

where h¥7 = dim, H (X, Q%).

As mentioned before, K3 surfaces are the natural playground to build examples
of varieties that satisfy both the assumption in Swinnerton-Dyer’s question and
in Bright and Newton Theorem [2.1.8f The Picard group is finitely generated
and torsion free, see [Huyl6], Section 1.2]. If we start with a K3 surface over a
number field k then, since the canonical bundle is trivial by definition, we get that
HY(X, Q%) has dimension 1 as a k-vector space. Moreover, Bogomolov and Zarin
[BZ09] prove that there exists a finite field extension &'/k and a density 1 set of
finite places ¥ of k' such that Xy has ordinary good reduction at every place
v e .

We are ready to state the main theorem of this chapter and of [Pag22].

Theorem 2.1.10. LetV C IP’% be the projective K3 surface defined by the equation
2y + 932 + 2w+ wir + ryzw = 0. (2.2)
The class of the quaternion algebra

3 2
22 +wr + xyz z
A:<3y
x

) _$> S BI‘Q(V)

defines an element in Br(V'). The evaluation map eva: V(Qz) — Br(Qz) is non-
constant, and therefore gives an obstruction to weak approximation on V. Finally,
V(Q) is not dense in V(Qz), with respect to the analytic topology.

2.2 Proof of Theorem [2.1.10]

In the first part of the proof we will show that the element A € Br(k(V)) lies in
Br(V). Next, we will exhibit two points P;, P» € V(Q2) such that

eV_A(Pl) 75 eV_A(PQ).

Finally, we will prove that, for every place v different from 2, the evaluation map
evy: V(Q,) = Q/Z

is constant.
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Proof of Theorem [2.1.10. Let f := 23 + w?z + xyz and C,,C,,C; be the closed
subsets of V' defined by the equations z = 0, z = 0 and f = 0 respectively. The
quaternion algebra A defines an element in Br(U), where U := V' \ (C, UC, UC}).
The purity theorem for the Brauer group [CTS21, Theorem 3.7.2], assures us the
existence of the exact sequence

0 — Br(V)[2] — Br(U)[2] 222 @Hl D),7/2) (2.3)

where D ranges over the irreducible divisors of X with support in X \ U and k(D)
denotes the residue field at the generic point of D.

In order to use the exact sequence (4.14]) we need to understand what the prime
divisors of V' with support in X \ U = C, U C, U Cy look like. It is possible to
check the following:

e (), has as irreducible components D; and D,, defined by the equations {z =
0,z =0} and {z = 0,y> + 22w = 0} respectively;

e (. has as irreducible components D; and D3, where D3 is defined by the
equations {z = 0, 2%y + w? = 0};

e C; has as irreducible components D;, Dy and Ds, where Dy and Ds are
defined by the equations {23 + zw? = 0,y = 0} and {y*z — 2222 + y?w? =
0,23 + 3?2 = 0, zyz + 22 + zw? = 0} respectively.

Therefore, we can rewrite (4.14) in the following way:

0 — Br(V)[2] — Br(U @H i), 2/2). (2.4)

Moreover, we have an explicit description of the residue map on quaternion alge-
bras: for an element (a,b) € Br(U)[2] we have

aVi(b) i X
O, (a,5) = [(1)"1'(“)”“’) bm)] C tpe = HD)Z) (25)

where v; is the valuation associated to the prime divisor D;. This is already
explained in Chapter 1, (1.4).
We can proceed with the computation of the residue maps dp, fori =1,...,5:
1. 1(f) = vi(z) = v1(2) = 1. Hence,

o (53‘;?) - (‘i)j =le :(%711)):2.

o T (] ez
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where the last equality follows from the fact that £ = 0 on Ds, thus we have

f |D2: 23,

3. v3(x) = v3(f) =0 and v3(z) = 1. Hence,

fo_z f w)’ k(Ds)"
8 —, = — = —_ = 1 _—
Ds (x5 x a3 x < k(D3)*2
where the last equality follows from the fact that z = 0 on D3, thus we have
f |D3: w3z,
4. vy(x) = v4(z) = 0 and v4(f) = 1. Hence,

oo (52)= (9] -] - <2

where the last equality follows from the fact that z3 4+ w?z = 0 on Dy, thus
2
_z (w) .
4 z

5. vs(z) = v5(z) = 0 and v5(f) = 1. Hence,

f =z x Yy 2 k(Ds)*
8D5 Ty T T - - = - == 1 cE ——F
3 z T k(Ds)*2
where the last equality follows from the fact that 23 + y22 = 0 on Ds, thus
_z _ (3)2.
Therefore, dp,(A) =0 for all ¢ € {1,...,5}, hence A € Br(X).
We now show that the element A obstructs weak approximation on V. Let
V C P be the projective scheme defined by the equation
23y + 32 + 2w+ wde + xyzw = 0. (2.6)

V is a Z-model for V' and has good reduction at the prime 2.

Let P, := (1:0:1:0) € V(Zz); then P; is such that ev4(P1) = (1,-1).
Therefore ev 4(Py) is the trivial class in Br(Qgz). Moreover, Hensel’s lemma assures
us of the existence of a solution P, = (1 : 2 : 1 :d) € V(Zz) whose reduction
modulo 8is (1:2:1:2). Hence,

eva(Py) = (f(Po),—1) with f(P)=7 (mod 8).

Therefore, we get that ev 4(P) defines a non-trivial element in the Brauer group
of Q2 [Ser73l Theorem 3.1]. The existence of such points implies that there is a
Brauer—Manin obstruction to weak approximation arising from A.

In order to conclude the proof of the theorem we investigate the behaviour of
the evaluation map at the other primes and at infinity. For every prime p let V,
be the base change of V to Z,,. We distinguish the following cases.



46 2. B-M OBSTRUCTION FROM A PRIME OF GOOD REDUCTION

‘ Case p ¢ {3,5,17,00}. ‘ In this case, V has good reduction at p. Therefore, we

can use [CTS21| Proposition 10.4.3] to conclude that the evaluation map
eva: V(Zy) — Q/Z
is constant. Moreover, P =(1:0:1:0) € X(Z,) and
eva(P) = (1,-1)

which is trivial in Br(Q,); hence the evaluation map is trivial on the whole V(Z,,),
which coincides with V(Q,).

‘Case p e {3,517} ‘ Under this assumption, V,/Z, is not smooth. In these

three cases, we want to show that the evaluation map is trivial on V(Z,) by
showing that it factors through Br(Z,).

The special fibre V(p) := V), xz, Spec(F,,) is a non-smooth F,-scheme. However,
V(p) is an irreducible Fj-scheme, with just isolated singularities. The Z,-points
of V, are all smooth. In fact, V(p) contains just one singular point defined over
F, that does not even lift to a Z/p*Z-point. Let U be the smooth locus of Vp;
because of what we have just said we have

V(@p) = V(Zp) = U(Zp)~
Let U be the base change of U to Spec(Qp). The purity theorem on U |[CTS21,
Theorem 3.7.1] gives us the exact sequence
17}
Br(U)[2] — Br(U)[2] —% H'(k(D,),Z/2Z)

where D, is the divisor associated to the special fibre (D, is the smooth locus of
V(p)). We just need to show that dp,(A) = 0. Let v, be the valuation correspond-
ing to the prime divisor D,; then

Vp (é) =0 and vy, (—Z> =0.
x x

Indeed, the point (1:0:1:0) € V(p)(F,) is smooth, hence it lies in D,,. Moreover

f

z
5(1:0:1:0):1 and 75(1:0:110):71.

Therefore both x—fg and —2 do not vanish on D,, which implies that dp,(A) = 0.
Therefore, A lies in Br(U/) C Br(V,) and the evaluation map factors as

|A]

u Br(Q,).

(Zy)
\ /’
Br(Zy)
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Since Br(Z,) is trivial, the evaluation map has to be constant and trivial.

The evaluation map
evy: V(R) - Q/Z

is constant and equal to 0.
We will show that it is constant on the dense open subset

W:={P e X(R):z(P),z(P), f(P) #0} CV(R).

Indeed, from the continuity of the evaluation map it follows that it has to be
constant also on the whole of V(R). Let P = (a: 8 : v :6) € W, thus v # 0.
First, assume that —1 > 0. Then

eva(P) = (Xg))g,_;go _ (f(P) v)

is trivial in Br(R). Now, suppose that —2 < 0. Without loss of generality, we can
assume that both « and « are positive. We want to show that in this case f(P)
has to be positive:

o3’

e if § = 0, then P € V(R) implies that B3(a® + 32vy) = 0. Therefore 8 = 0,
since a® + 3%y > o > 0. Hence, f(P) =+ > 0;

e if 0 # 0 then P € V(R) implies

£(P) = ~Ba* + 8.

Hence, since o + 5%y > 0,
f(P)>0 ifandonlyif — ? > 0.

Equivalently, 8,6 do not have the same sign. Hence, we just need to show
that there is no point P € W with «,~y positive and 3, with the same sign.
First, we observe that 3,0 can not be both positive, since otherwise

B+ By + 426 + 83+ afyd > 0.

On the other hand 3,6 cannot also be both negative. Indeed, we have that
P € V(R) if and only if

a*(=B) + (=B)*y +7*(=6) + (=0)°a = a(-F)y(-d).

Without loss of generality we may assume that o > max{—23,~, —d}; but if
«a, —f,7,—6 are all positive, then

a®(=B) + (=B)*y +7*(=08) + (=8)’a > a(=F)y(-9).
Hence, (a: B :v:6) ¢ V(R). O
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2.2.1 Remark on the quaternion algebra A

By what we said before Theorem [2.1.6] since 2 is a prime of good reduction and A
is obstructing weak approximation, A is not an algebraic element. In this section
we give a rough idea of the strategy behind the construction of the quaternion
algebra A, more details will be provided in Chapter 4.

Let X and X be the base change of V and V to Q2 and Zy respectively. Let
Y be the special fibre of X,

X J X i Y

l l l (2.7)

Spec(Q2) —— Spec(Zy) <—— Spec(Fy).

Let 7 be a uniformiser in Zs. By Corollary we know that there is a non-
zero constant ¢ in the residue field (that in this case is 1, since the residue field is
F3) such that

multé (rSWQ,TI' (BI‘(X) [2])) - HO (K Q2Y,log) D HO (Y7 Q%’,log)

Moreover, the special fibre of a K3 surface having good reduction is still a K3 sur-
face, see for example [BN23, Remark 11.5]. Hence, H(Y,Q2.) is a one dimensional
Fy-vector space. We will prove in Chapter 4, using the results of Section [£.3] that
2 is a prime of good ordinary reduction for X and the only non-trivial two form
w is logarithmic. Finally, in Chapter 4 we will developed the techniques needed
to compute the refined Swan conductor on p-torsion elements in the Brauer group
and show that A € fil,Br(V)[2] and rswa ,(A) = (w,0) # (0,0). In particular, this
implies that A ¢ Ev_1Br(X)[p]. See Section [4.4] for the details.

2.3 A family of K3 surfaces with the same property

In this section we will show that the first part of Theorem 2.1.10] can be easily
generalised to a family of K3 surfaces that share some properties with our K3
surface V.

Let a,b,c¢,d, e be odd integers, a = (a,b,c,d,e) and V, be the K3 surface in
]P’(?@ associated to the equation

a-’y+b-y’z+c Pwtd wr+e-zyzw = 0. (2.8)

Let V, be the projective scheme over Z defined by the polynomial equation .
Then V, is a Z-model of V,. Moreover, since a,b,c,d,e are all odd integers,
all these varieties have the same reduction, which we will denote by Y, modulo
the prime 2. A natural question that arises at this point is if also for all these
K3 surfaces there exists an element A € Br(V,)[2] such that the corresponding
evaluation map on V,(Q2) is non-constant, i.e. that obstruct weak approximation.
The following theorem gives a partial answer to the question.
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Theorem 2.3.1. Assume that A := abed € Q*2. Then, the class of the quaternion
algebra

A <d.c'23+d~w§oj+e~xyz
x

~(ed) m) € Br(Q(Va))

defines an element in Br(V,). The evaluation map eva: Vy(Q2) — Q/Z is non-
constant, and therefore gives an obstruction to weak approzimation on V.

Proof. The proof is very similar to the first part of the proof of Theorem [2.1.10
We denote by f the polynomial c- 23 + d - w?x + e - xyz. Also in this case, let
Cy,C,Cy be the closed subsets of V, defined by the equations x = 0,z = 0 and
f = 0 respectively. Let U be the open subset of V,, defined as the complement of
C, U C,UCYy. Clearly, A € Br(U). Moreover,

e (, consists of two irreducible components, D1 = {z, 2} and Dy = {z,b-y> +
2
¢ z*w}.

e (., consists of two irreducible components, D1 and D3 = {z,a- 2%y +d-w3}.

e C} consists of three irreducible components, D1, Dy = {y,c-2* + d - w?z}
and Ds = {f,a- 23 +b-y?z,be - y>z — ac- 222 + bd - y*w?}.

In order to show that the quaternion algebra A lies in the Brauer group of V,, we
will use the exact sequence coming from the purity theorem and the explicit
description of the residue map given in equation . We will denote by v; the
valuation associated to the prime divisor D;.

1. i(f) =wvi(z) =1vi(z) =1, and so 1y (I%) = —2and 1, (—5) = 0. Hence

T

min- o4 (59

2. va(f) = v2(z) = 0 and va(x) = 1, and so vy (t—fg,) =-3and vy (—2) = —1.

Hence
O, (A) = [(1)3 <d. ;)‘1 <c1d . j>—3]

(w2 Koy
N d c¢-z3 23 B k(Dg)*2

where the second equality follows from the fact that f |p,= c- 23.
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3. v3(f) = v3(z) = 0 and v3(z) = 1, and so v (%) = 0 and 13 (—i) = 1.
Hence

Op,(A) = l(—1)0 (d.xf;)l (—fdfﬂ _ [d_g;fg] . :((53:2

where the last equality follows from the fact that f |p,= d - w?z.

4. vy(f) = 1 and vy(z) = va(z) = 0, and so vy ( f) =1and vy (—2) = 0.

x3
Hence
0p,(A) = | (-1° (a- L LIS N I B )
Dalt = 23 ed z) | |led d|l T T k(Dy)*2
where the second equality follows from the fact that —2 = % (%)2 on Dy.

3 Tz

oin= [ (o) ()] - o] <5

2
where the last equality follows from the fact that —2 = ¢ (%) on D5 and

the assumption that abed is a square in Q.

5. vs5(f) = 1 and vs(z) = vs5(z) = 0, and so 1/5(f> =1and v5 (—2) = 0.

The above computations together with the purity theorem show indeed that A lies
in Br(V,). Finally, we need to show that the evaluation map on the Qq-points of
V4 is non-constant. Let

P :=(1:0:1:0) € Vo(Q).

Then, P; is such that ev4(P;) = (de, —dc), which is trivial in Br(Qs). Further-

more, let
acde

.2c+cd

P, = <cd:y:1:—2 >€Va(Q2)
be such that the reduction modulo 8 of y is equal to 2 - de. Then
f(Pe)=c+d-4-(cd)+e-(cd)-2-ed=T7-¢ mod 8

and therefore evaluation map at P is

eva(P) = (d. {E;Q??,cd;l) = (9(Py),—1) with g(P,)=7 mod 8.

Thus, ev4(P2) defines a non-trivial element in Br(Qs). Hence, the element A €
Br(V,) gives an obstruction to weak approximation on V. O
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A natural question that arises at this point is what happens if A := abcd is
not a square in Q. Note that, in this case we can repeat the same computations
that we did in the proof of Theorem That is, for every divisor D # D5 we
get Op(A) = 1, while for D5 we have

00, (4) = [A] € 10

Hence, in this case, A defines an element in the Brauer group of the base change of
Va to Q(v/A). With an argument similar to the one sketched in Section , also

in this case we expect to be able to find two points P;, P, defined over (@g(ﬂ)
such that ev4(P1) # ev.a(P2).

2.3.1 Final considerations

The results of this chapter arise from the wish to use Theorem in order to
produce example of varieties in which primes of good reduction play a role in the
Brauer—-Manin obstruction to weak approximation.

In our example,

V = Proj ( Qlz, y, 2, v] ) C P3

3y + Y3z + 23w + wiz + ryzw Q

is a smooth projective variety defined over the number field Q.

Since V is a K3 surface, the hypotheses of Theorem [2.1.8] are satisfied. In this
example, we were able to construct an element A that satisfies Theorem [2.1.§ which
is already defined over the rational numbers and the corresponding evaluation map
is non-constant on the 2-adic points. Moreover, A does not just lie in the 2-primary
part of the Brauer group of X, it has order exactly 2.

The next two chapters are devoted to the investigation on whether one can
hope to extend this strategy to a more general setting.
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CHAPTER

The role of primes of good
reduction in the
Brauer—Manin obstruction

This chapter is based on [Pag23|, an article in which we continue to investigate
around the following question.

Question 3.0.1. Assume Pic(V) to be torsion-free and finitely generated. Which
primes can play a role in the Brauer-Manin obstruction to weak approximation
on X7

We recall that [BN23, Theorem C| proves that, up to a base change to a finite
field extension k’/k, we can always find a prime p’ of good reduction that plays a
role in the Brauer—-Manin obstruction to weak approximation on Vj.

The main focus of this chapter is on the field extension k’/k appearing in Bright
and Newton’s result, with a particular emphasis on K3 surfaces. We are going to
analyse how the reduction type and the absolute ramification index are involved
in the possibility for a prime of good reduction to play a role in the Brauer-Manin
obstruction to weak approximation. Let p be a prime of good reduction for V,
with model V — Spec(Oy,) such that the special fibre V(p) has no global 1-form,
ie. HO(V(p), Qb(p)) = 0. Then, Bright and Newton prove that if the ramification
index ey, is smaller than (p — 1), the prime p does not play a role in the Brauer—
Manin obstruction to weak approximation on V. Hence, already in Bright and
Newton paper a link is inferred between the role of a prime p of good reduction in
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the Brauer—-Manin obstruction to weak approximation and the ramification index
ep-

In the previous chapter we have shown that there exists a variety V' with torsion
free and finitely generated geometric Picard group that satisfies the hypothesis of
Theorem C of Bright and Newton and for which the field extension k’/k is not
needed. In this example V is a K3 surface over the rational numbers and the prime
of good ordinary reduction is p = 2. In particular, we havee, =1=2-1=p—1.
Hence, one might think that for a prime p of good (ordinary) reduction it is enough
to satisfy e, > (p — 1), in order to play a role in the Brauer-Manin obstruction
to weak approximation. In this chapter we are going to show that this is not the
case.

Moreover, inspired by the example of the previous chapter, in Section [3.1.2] we
improve the result of Theorem C. In particular, we show that for K3 surfaces it is
always possible to find (over a finite field extension k’/k) an element whose order
is exactly p and whose evaluation map is non-constant.

On the other hand, in the second part of this chapter we analyse the case
of primes of good non-ordinary reduction for K3 surfaces. In particular, we will
find also in this case that there is a relation between the possibility for a prime
p to play a role in the Brauer—-Manin obstruction to weak approximation and the
ramification index ey.

3.1 Ordinary good reduction

Let V be a smooth, proper and geometrically integral k-variety and V an Og-model
of V. In this section we are proving the following theorem.

Theorem 3.1.1. Let p be a prime of good ordinary reduction for V of residue
characteristic p. Assume that the special fibre V(p) has no non-trivial global 1-
forms, H*(V(p),Z/pZ) = 0 and (p—1) { ey. Then the prime p does not play a role
in the Brauer—Manin obstruction to weak approximation on V.

Let X be the base change to k, of V', X' the base change of V to O, and Y the
special fibre V(p). As already explained in Section if we are able to show that
for all elements A € Br(X) the evaluation map ev_4: X(k,) — Q/Z is constant,
then we get that the prime p does not play a role in the Brauer-Manin obstruction
to weak approximation on V.

We start by giving the definition of ordinary variety.

Definition 3.1.2. Let Y be a smooth, proper and geometrically integral variety
over a perfect field £ of positive characteristic. We say that Y is ordinary if
H (Y, BY) =0 for every i,q.

As pointed out in [BK86, Example 7.4] if Y is an abelian variety, then we get
back the usual definition of ordinary, namely Y is ordinary if and only if there is an
isomorphism between Y (£)[p] and (Z/pZ)3 ™) In general, being ordinary can be
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defined in many different equivalent ways, see for example [BK86l Proposition 7.3].
In particular, it is related to the slopes of the Newton polygon defined by the
action of the Frobenius on the crystalline cohomology groups H. ; (Y/W). Roughly
speaking, the role played by the Dieudonné module for abelian varieties is replaced
by the F-crystals HZ(Y/W), with ¢ > 0. However, since for the aim of this section
we can avoid introducing crystalline cohomology and the de Rham-Witt complex
we prefer not to add too many technicalities and use the definition of ordinary
variety needing to introduce the least number of new concepts. We will see in
Section how working with the de Rham—Witt complex can be used to get
information about the de Rham cohomology of Y and consequently about the
Evaluation filtration.

3.1.1 Proof of Theorem [3.1.1]

Throughout this section, we will assume that X is such that its special fibre Y
is smooth, ordinary and such that both H°(Y, Qi) and HY(Y,Z/pZ) are trivial.
In this case, the Cartier operator gives a bijection between the global closed ¢-
forms and the global g-forms on Y. In fact, for every ¢ the short exact sequence

0— By — Z} N Q! — 0 induces a long exact sequence in cohomology
0 q 0 gy C, 0 2 1 q
0—-H"(Y,B}) -H'(Y,Z{) - H(Y,Qy) - H (Y,B}) — ...

The ordinary condition assures the vanishing of H(Y, BY.) and H'(Y, BY) and
hence the bijectivity of the Cartier operator C: H(Y, Z{) — H(Y, Q%).

Lemma 3.1.3. Let n be an integer such that 0 < n < €'; then for every A €
fil,, Br(X) we have

rswy, - (A) =0

Proof. The assumption H(Y,Q3).) = 0 together with Lemma [1.3.9(1)| assure us
that if p t n, then rsw, .(A) = 0. Moreover, as already pointed out in Sec-

tion [1.2.3.1] if A € Br(X) has order coprime to p, then A € filyBr(X). Therefore
we are reduced to the case A € fil,,Br(X)[p"], with » > 1 and p | n. We will
prove the lemma by induction on r. If r = 1 and rsw,, »(A) = (a, ), by Corollary

1.3.9(2)
(0,0) = rswn/p’ﬂ(/l‘@p) = (C(a),C(B)).

By Lemma it follows that (o, 8) € HO(Y, B%) @ H(Y, B).), and we are
done since by the ordinary assumption there are no non-trivial global exact 1 and
2-forms. Assume the result to be true for » — 1 and let A € Br(X)[p"], then again
by Corollary together with the induction hypothesis we have that

(0,0) = 13wy /2 (A®F) = (C(a), C(B))

and once again we get that (o, 3) € HO(Y, BZ) @ H(Y, BY) and therefore both «
and B are zero. O
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Lemma 3.1.4. Assume that (p — 1) t e; then for every n > 1 and for every
A € 1il,Br(X) we have
rswy, (A) = 0.

Proof. Let A € i, Br(X)[p"]. By the previous lemma, we already know that the
result is true if n < e’ and we know that the result is true if p { n, see [1.3.9(1)|
Again, we work by induction on r. For r = 1, we know from Remark [1.2.25(1)]
that if n > €’ then rsw,, (A) = (0,0). Hence, we can assume n < €’. Since by
assumption €’ is not an integer n < €’ is equivalent to n < €', we can therefore
conclude by applying the previous lemma. Let A € fil,,Br(X)[p"] and rsw,, (A) =
(a, B). By assumption we know that if n > ¢’ then n > €’. From Corollary [1.3.9(3)]

15wy, o (A%P) = (ua, uB)
with @ € £* and the result follows from the induction hypothesis. O
We get therefore the following theorem.

Theorem 3.1.5. Assume that Y is an ordinary variety with no global 1-forms
and that (p — 1) te. Then Br(X) = filoBr(X).

The assumption H! (Y, Z/pZ) = 0 implies that Ev_;Br(X){p} = filoBr(X){p},
see [BN23| Lemma 11.3]. Hence, combining this result with Theorem we get
the proof of Theorem [3.1:1}

3.1.2 On the existence of a Brauer—Manin obstruction over a
field extension

In this section we prove a slightly stronger version of [BN23, Theorem C] for K3
surfaces having good ordinary reduction. We show that it is always possible (after
a finite field extension) to find an element of order exactly p with non-constant
evaluation map.

Theorem 3.1.6. Let V be K3 surface over a number field k and p be a prime of
good ordinary reduction for V.. Then there exists a finite field extension k' /k and
an element A € Br(Vi/)[p] that obstructs weak approzimation on Vi .

For the proof we change setting and we work over the p-adic field L := k, and
we denote by X, X' the base change of V,V to k, and O, respectively. Moreover,
we denote by Y the base change of V at £ := k(p).

Without loss of generality we can assume that L contains a primitive p-root
of unity. We fix, for every ¢, an isomorphism on Xg; between Z/pZ and Z/pZ(q).
Define

M= i*R%j, (Z/pZ(1))

where ¢ and j denote the inclusion of the generic and special fibre (X and Y,
respectively) in X, cf. Section [L.3]
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Remark 3.1.7. The main reference for this section is [BK86]. In [BK86] Bloch
and Kato link a “twisted” version of the sheaves M with the sheaf of logarithmic
forms on Y. In particular, they work with the sheaves M} := i*Rj, (Z/pZ(q)).
Since for every ¢ we fixed an isomorphism between Z/pZ(1) and Z/pZ(q), the same
results apply to the sheaves M.

The sheaves M7 build the spectral sequence of vanishing cycles [BK86, 0.2]:
Ey' = H(Y,M}) = H*™ (X, Z/pZ(1)).

By comparing the spectral sequence of vanishing cycles for X and for K" (which
we recall to be defined as the fraction field of the henselisation of the discrete
valuation ring Oy y) we get the following commutative diagram:

H? (X, Z/pZ(1)) ——— HO(Y, M2)

| 5

Br(K")[p] —*— H°(K", Br(K7,)[p]).

In [BN23, Lemma 3.4] it is proven that the map g is injective. The map f is
defined as the composition of the projection H?(X,Z/pZ(1)) —» E%? with inclusion
map E%2 — Eg’z. Furthermore, the injectivity of g allows us to define a map
f1: Br(X)[p] = H°(Y, M%) such that the diagram

H2(X, Z/pZ(1)) —— HO(Y, M2)

[
Br(X)[p]

commutes, where the vertical arrow comes from the Kummer exact sequence
[CTS21) Section 1.3.4]. In fact, every element in H? (X,Z/pZ(1)) coming from
an element § € Pic(X) is sent to 0 by f, since its image in Br(K")[p] comes
from an element in Pic(K"), which is trivial by Hilbert’s theorem 90 [CTS21
Theorem 1.3.2].

By [Kat89, Proposition 6.1] we also know that ker(res) = filyBr(K")[p], hence
we have the diagram

floBr(X)[p] — Br(X)[p] — L HO(Y, M?)

l | P

filoBr(K")[p] —— Br(K™")[p] === H(K",Br(K7,)[p))-

Note that we can build a diagram analogous to (3.1) for every finite field extension
L'/L.

We are left to prove the existence (over a field extension L’ of L) of an element
A in Br(Xp)[p] such that f1 (A) # 0. In order to do this, we analyse the spectral
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sequence of vanishing cycles over an algebraic closure L of L. Let A be the integral
closure of Oy, in L and £ the residue field of A. Let X, X and Y be the base change
of X,X and Y to L,A and ¢ respectively. We define M{ := i*R%j, (Z/pZ(l)),
where ¢ and j denote the inclusion of the generic and special fibre (X and Y,
respectively) in X. These sheaves build a spectral sequence of vanishing cycles:

By BV, MY) = BV (X,2/p200).

We are interested in the map fi: Br(X)[p] — E%2, defined in the same way as the
map f1.

Combining [BK86l Theorem 8.1] with the short exact sequence (8.0.1) and
Proposition 7.3 of [BK86] we get that if Y is ordinary, then

H"(Y, M) ~ H"(Y,Q%)log) and H"(Y,Q%’log) ®r, L = H'(Y,QL).  (3.2)
for every ¢,n. From equation (3.2) E' = H2(Y, M) ~ H* (Y, QL og) = 05
where the last equality follows from the fact that for K3 surfaces H2(Y,QL) = 0.
Mores)ver7 since for K3 surfaces H3(Y, Qg—,) = 0, we get from equation (3.2)) that
also ES 0 vanishes. Thus,

B2 = ker(EQ? — B3 = BY?

and hence (by construction) the map f;: Br(X)[p] — HO(Y, M3) is surjective.
Finally, using again equation (3.2)) we get that H°(Y, M?) is not trivial.

Proof of Theorem[3.1.6, Let V be a K3 surface over a number field k that contains
a primitive p-root of unity ¢ and let p be a prime of good ordinary reduction for
V' of residue characteristic p. Let L be the p-adic field k, and X be the base
change of V to L. Let A € Br(X)[p] be such that fi(A) # 0, then there is a
finite field extension L’/L such that A is defined over L’ (i.e. A € Br(X/)[p]) and
f1.0/(A) # 0. Namely, by what we said above A ¢ filyBr(X1/)[p).

Since Br(V)[p] ~ Br(V xy ky)[p] there exists A € Br(V) such that fi(A) # 0.
Hence, if k’'/k is a finite field extension such that A is defined over k’, then we
know from what we have showed above that there is a prime p’ above p such that
ev 4 is non-constant on Xy (kj, ). O

3.2 Non-ordinary good reduction

In this section we analyse also what happens, in the case of K3 surfaces, for primes
of good non-ordinary reduction.

Theorem 3.2.1. Let V be a K3 surface and p be a prime of good non-ordinary
reduction for V with e, < (p — 1). Then the prime p does not play a role in the
Brauer—Manin obstruction to weak approzimation on V.

Like in the previous section, let X be the base change to k, of V, then we
denote by X' the base change of V to O, and by Y the special fibre V(p). As
already explained before it is enough to show that for all element A € Br(X) the
evaluation map ev 4: X (kp) — Q/Z is constant.
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3.2.1 De Rham—Witt complex and logarithmic forms

The aim of this section is to briefly introduce the de Rham-Witt complex W Q3
of a scheme Y over a perfect field ¢ of characteristic p and see how the ordinary
condition can be read from it. We will not go into the details of the de Rham-Witt
complex nor of crystalline cohomology, we will just use them to study the global
sections the sheaf of logarithmic 2-forms on Y.

In [II79], Ilusie defines the de Rham—Witt complex of Y

Wy Wl =woy Swal S Lwar &

To define the de Rham-Witt complex, Illusie begins by building a projective sys-
tem {W,,Q% },.>0 equipped with the Frobenius and the Verschiebung maps

F: Wy Q) - W08 and V:W,Qf — W,,110%

for every m > 0. This projective system has transition maps given by the projec-
tion maps R: Wy, 11, — W,,Q,. The sheaves WQ{, are defined as the inverse
limit of the projective system {W,,Q },,>0, which is the initial object in a suit-
able category, see [III79, Chapter I]. We will state here some properties of the de
Rham-Witt complex, without going into the details.

a. For every non-negative i, j, let H (Y, WQ{,) be the corresponding de Rham-—
Witt cohomology group. The de Rham-Witt cohomology groups are finitely
generated W-modules modulo torsion, where W = W (¥¢) is the ring of Witt
vectors of £.

b. The de Rham—Witt cohomology groups are strictly related to the crystalline
cohomology groups of Y (see [BOTS] for the definition of the crystalline site
and crystalline cohomology). More precisely, there is a spectral sequence,
called the the slope spectral sequence:

EV =W (Y,WQ,) = H'X(Y/W)

and the following degeneracy results [III79]:

- the slope spectral sequence always degenerates modulo torsion at Fi;

- the slope spectral sequence degenerates at E1 if and only if H/ (Y, WQi,)
is a finitely generated W-module for all 4, j.

Let o be the lift of the Frobenius of £ to W. The complex W3, is endowed
with a natural o-semilinear endomorphism F': WQ3, — WQS,, induced by the
Frobenius F': Wy, 119Qf — W,,Q%. Ordinary varieties (see Definition can
also be defined in terms of the action of F' on the cohomology groups H’ (Y, Wi,).

Lemma 3.2.2. A proper smooth variety Y is ordinary if and only if
F:H(Y,WQ,) — H (Y, WQ,)

is bijective for all i,j.
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Proof. See |[BK86, Section 7]. O

In order to understand how being ordinary is related to logarithmic forms on
Y, we first need to introduce the logarithmic Hodge-Witt sheaf.

Definition 3.2.3. Given two positive integers i,m, the logarithmic Hodge—
Witt sheaf W,y |, is defined as

Wng(,log = im(s: (O;Z')@Z — WnLQZX)a
where s is defined by
s(x1® - @) :=dlogx; A+ ANdlogz;

with x = (z,0,...,0) € W,,,0Ox the Teichmiiller representative of v € Ox. The
system {WmQ@,log}mZO is a sub-system of {WnQ% }ms>o0. Moreover, for every i, q

HI(Y, WO ) = m H (Y, W Q5. ),,)

m

where the limit is take over the projection maps R: Wm+1ﬂ‘§/7log — WmQ{,JOg,

3.2.2 Mittag-Leffler systems

Assume Y to be smooth and proper over £. A crucial fact that we will use several
time in the next section is that for every i, j the inverse systems of abelian groups
{H (Y, Win 3 ) im0 and {H (Y, W, 5, ),,) }m>0 both satisfy the Mittag-Leffler
(ML) condition [IR83, Corollary 3.5, page 194|, [III79, proof of Proposition 2.1,
page 607| and

H' (Y, WQY) = lim H'(Y, W, ) [II79, Proposition 2.1].
m

The aim of this section is to briefly recap what Mittag-Leffler systems (ML) are
and prove some auxiliary lemmas that we will need afterwards. The main reference
for this section is [Stal, 02MY].

Let C be an abelian category. An inverse system comnsists of a pair (A4;, vj;),
where for every i € N, A; € Ob(C) and for each j > i there is a map ¢j;: A; = A;
such that ¢;; o pr; = @y for all k > j > i. We will often omit the transition maps
from the notation. We will denote by lim_A; the inverse limit of the system (4;);
this limit always exists and can be described as follow

@Ai = (az) S HA7 | <pi+17i(a7;+1) = Q, 7, = 0, 1,27. ..

See [Stal, 02MY] for more details.
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Definition 3.2.4. We say that (A;) satisfies the Mittag-Leffler (ML) condition
if for every i there is a ¢ = ¢(i) > 1 such that

Im(Ax 255 A;) = Im(A4, 25 A))
for all k > c.

Lemma 3.2.5. Let
0— (A;) — (Bi) = (C;) = 0

be a short exact sequence of inverse systems of abelian groups.
(1) If (B;) is (ML), then also (C;) is ML.
(2) If (A;) is (ML), then

0—>£i_Ai—>£i_Bi—>¥i_Ci—>0

2 K3 7

18 ezact.
Proof. This is part (2) and (3) of [Stal, 02N1]. O

Lemma 3.2.6. Let (A;, pji) and (B;,1;;) be two inverse systems of abelian groups.
Assume that there are maps of inverse systems (m;): (4;) = (B;) and (N;): (B;) —
(Ai—1) such that @;;_1) = X\i o™ and VY1) = mi—1 0 A;. Then both (m;) and
(\i) induce an isomorphism between @Z A; and h&li B;. Moreover, (A;) is (ML)
if and only if (B;) is (ML).

Proof. Given an inverse system (A;) and a positive integer n, we denote by (A[n];)
the inverse system given by

Aln]; = A;_,, and @[n](iﬂ)i = P(i—n+1)(i—n)

whenever ¢ > n and the trivial group otherwise.

The inverse limits of the systems A[n]; and A[m]; are isomorphic. In fact,
without loss of generality, we can assume m > n. The transition maps ©(;—n)(i—m)
from Aln]; to A;[m] induce a map between inverse systems

(pln,mi): (Alni) — (Alml:).

This map induces an isomorphism ¢[n, m] between lim_A[n]; and lim  A[m]; send-
ing an element (a;_,) € Hm, A[nl; to (@i—ni—m(a;)) = (ai—m) € Jm, Alm);.
Similarly, for every n,m with m > n we can build maps

P[n, m]: @B[n]l — @B[m]l

K2

Aln]: ILnB[n]l — lglA[n +1];

m[n]: I&nA[n]l — @B[n]l
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that fit in following commutative diagram
©(2,3]

/\[Oq M ,\[ﬂ m A[zq

lim, By —— o lim, B[1]; — 5 lim, B[2];.

[12

As the horizontal maps are isomorphism, the maps (m;) and (A(;41);) induce the
desired isomorphisms.

Assume now that (A;) is (ML). By definition for every ¢, there is a ¢ = ¢(i)
such that for all £ > ¢

m(Ap 255 A;) = Im(A, 25 A;).

Assume that k > ¢+ 1. Since (B;) is an inverse system, Im(¢;) € Im(¢p(c41))
always.
At the same time, from the following commutative diagram

Pk Pei
Ay —— A, A;

l’”’ Tml lm

By —— B.y1 —— B;
Vi (et1) w(c+1)z

we get that for every b € B.y1

1p(c#»l)i(b) =T; O Qe O )\c+1(b)-

Using that the system (A;) is (ML) we get that there is an element a in Ay such
that pgi(a) = @ei © Aer1(b). Putting everything together we get that

Vri(T1(@)) = V(et41)iUk(et1) (Tr(@)) = Tiopri(a) = Tiowe)ioAer1(b) = Yey1)i(D)-

Hence, for all k > c+1 every element in the image of 941y, lies also in the image
of ¥y, namely (B;) is (ML). Finally, (B;) being (ML) implies that (4;) is (ML) as
well just follows from replacing (B;) with (B[1];) and switching the roles of (A;)
and (B;) in what we just proved. O

Lemma 3.2.7. Let
0— (A17i) — (AQJ) —

be a long exact sequence of inverse systems of abelian groups. Assume that for
every n, the inverse system (A, ;) is (ML). Then we have an induced long exact
sequence of abelian groups

0— I'&nAM — hHmAgﬂ- —
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Proof. For every n, we define B, ; := Im(A4,,—1, = A,;) = Ker(4,,; = Ant1,).
For every n we get short exact sequences

0— (Bn,i) — (An,i) — (Bn+1,i) — 0.

From Lemma [3.2.5(1)| together with the assumption on the (A, ;)’s we get that,

for every n, (B,;) is (ML). Using Lemma [3.2.5(2)| we get, for every n, a short
exact sequence of abelian groups

0— @Bm — @AM — @BHM — 0.
The result now follows from putting all these short exact sequences together. [

3.2.3 Global logarithmic 2-forms

We are now ready to go back to the inverse systems given by the cohomology
groups associated to {W, Q5 >0 and {Win Q) Fm>o

Lemma 3.2.8. For every positive integer i there is a long exact sequence in co-
homology

HO(Y, W) s HO(Y,WQs) =5 HO(Y, way,)

< >

H(Y, WQY,,,) —— HA(Y, W) =5 HY(Y,WQ3,)

< >

H? (Y, WY 0,) ——— ...

Proof. Following Ilusie [III79, page 567] we define for every non-negative m
Fil"™W,, 1194 := ker(R: W, 119 — W,,Q%).

It is proven in [II79, Proposition 3.2, page 568| that Fil" W1 Q4 = V7TQL +
deQ;_l and hence

F(Fil" W, 1 Q%) = dV™ 1!

where the last equality follows from the fact that FV = p and FdV = d, see [I1I79,
Chapter I, page 541]E| Therefore, the map F: W, 10t — W,,Q% induces a map

F': Wy 0 — W, Q4 /dVm Qi

In more details: the map R,, 41 induces an isomorphism between W,,Q% and
W1 /ker(Rp+1). We can therefore look at the map induced by F from

n fact, FV = VF = p, implies FV™ = pV™~1 = V™~ 1pand p- Q’Y =0.
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W1 /ker(Rpp11) to Wng,/de’lﬂi,_l. We denote by ,, the quotient map
from W,, Q% to Win,/de_lQﬁfl and by 7,11 the projection from W, ;0%
to Wy,19Q% /ker(Ry,41). We have the following commutative diagram

Wm+1Q§/
. F
Tm+1
) R ) .
Wi, ———————— Wiy 194 /ker(Ryt1) W5
’ F‘ s
F m
W Q4 /dVm =10
Note that, in particular
(Tm — F') o Ripy1 =m0 (Ryy1 — F). (3.3)

By [CTSS83, Lemme 2] for every non-negative integer m there is a short exact
sequence

0 = W10y = Wi 2205 W, 00 /dV™ 10071 - 0,

These sequences (as m varies) induce long exact sequences of inverse systems of
abelian groups

s {HI (Y, W) bz 2= {HI (Y, Wi Qi /dV ™10 ) )0

< >

{H (Y, Wi 06 im0

The projection map R, : WmQQ — Win—1Q% factors as

W, Qi T2 W, QL /dVm—rit Aoy gy 0l

see [III79, Proposition 3.2, page 568|. Hence, by Lemma also the inverse sys-
tem given by {H’(Y, W,, Q% /dV™ 104 1) },,50 satisfies the Mittag-Leffler condi-
tion and 7, induces an isomorphism 7w

H (Y, W) ~ lim HY (Y, W, Q% /dV ™1,
Finally, in order to conclude the proof it is enough to apply Lemma [3.2.7] and to

notice that equation (3.3) implies that the isomorphism R induced by the transition
maps of the system {H? (Y, W,,,Q%) b0

R: @HJ(K Wm-‘rng/) l> @HJ(K ngg/)
m m

is such that (m — F')oR=mo (R—F). O
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The following lemma gives a way to relate the Z,-module H/(Y, WQ§/710g) to
the Z/p™Z-modules H/ (Y, Wszmog).

Lemma 3.2.9. For every positive integer n we have a long exact sequence in
cohomology

HO(K WQ%’,log) L HO(Y’ WQ%’,log) E— HO(}/’ WmQ%’,log)

< T D

H1 (Y7 WQiY,log) L HI(Y’ WQ%’,log) — Hl(K WinY,log)

< T D

m

H(Y,WQ ) —— ...

Proof. In |[CTSS83, Lemme 3| the authors show that there is, for every positive
m, a short exact sequence of sheaves

. p"L . .
0= Wiy — Wiim Qg = Wiy, — 0

Again, the result follows from taking the long exact sequence of inverse systems
of abelian groups in cohomology, then using that the systems involved satisfy the
Mittag—Leffler condition and hence applying Lemma O

Proposition 3.2.10. Let Y be a smooth, proper variety over a a perfect field
¢ of positive characteristic. Assume that HO (Y, WQL) = 0 and H'(Y,WQL) is
torsion-free. Then for all m > 1

H(Y, W, 97, ,,) = 0.

Proof. The long exact sequence in cohomology of Lemma [3.2.8| together with the
vanishing of H(Y, WQY) imply that

HO (}/7 Wﬂgﬂlog) =0 and Hl (}/7 Wﬂgf,log) g Hl(}/ﬂ WQ%)

In particular, H' (Y, WQ‘{,JO) is torsion-free as well. Finally, we can use the long
exact sequence of Lemma m to get that

HO(Y, W02, = ker(HN(Y, QL) 25 HY(Y, WQL, )
which proves the result. O

The idea is to use the lemma we just proved to show that for non-ordinary K3
surfaces over perfect fields there are no non-trivial global logarithmic 2-forms. We
will see at the end of the section how a proof of this fact follows immediately from
the following lemma and some results proven by Illusie [III79).
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Lemma 3.2.11. Assume that HO(Y, WQ%) is trivial and H (Y, WQ2.) is torsion
free. Then
HO(K Q%’,log) = 0.

If HO(Y,Q2%) is a 1-dimensional ¢-vector space, then the Cartier operator is zero
on the space of global 2-forms.

Proof. The first part is a direct consequence of Proposition [3.2.10] with ¢ = 2.
If HO(Y, Q%) is a 1-dimensional ¢-vector space, for every w € H(Y,3.) there
exists A € £ such that
Clw) =X\ w.

Assume that A # 0, then there exists a finite field extension ¢'/¢ that contains an
element \g such that \ = )\871. In particular, we get

C(AL-w) =X - C(w) = (NoN) - w =\ - w.

This implies, by definition of logarithmic forms, that A\ - w € HO(Yg/,Q%hIOg),
which gives the desired contradiction (in fact the first part of the Lemma applies

also to the base change of Y to ¢). O

We go back to the general setting of Section [[.3] and we work under the extra
assumption that the special fibre Y has good non-ordinary reduction and no global
1-forms.

Lemma 3.2.12. Assume that the special fibre Y of the Op-model X is such
that there are mo non-trivial global logarithmic 2-forms and H°(Y,Q3%.) is a 1-

dimensional £-vector space. Then, if the absolute ramification inder e < p—1, we
have Br(X) = filyBr(X).

Proof. If e < p—1 the result is proven by Bright and Newton, [BN23| Lemma 11.2]
without any assumption on the global section of the sheaves Q%’log and Q2. If
e=p—1, let A€ fil,Br(X) with rsw, » = (a, 8). In order to prove the Lemma
it is enough to show that («, 3) = (0,0).

- If n < ¢ then p t n and hence by Corollary|1.3.9(1)|and the assumption that
HO(Y, Q) = 0 we get rsw,, (A) = (0,0).

- If n > ¢’ then p{n or pfn—e and hence either rsw,, (A) or rsw,,_. (A®P)

is zero and therefore by Corollary [1.3.9(2)| rsw,, . (A) = (0,0).
- If n = ¢/, then by Corollary we have
15Wer—e x (A®P) = (C(a) — ua, C(B) — uf3).

However, by assumption on Y there are no non-trivial global 1-forms, hence
B = 0. Moreover, by Lemma [3.2.11| C(a) = 0. Hence,

1SWer—e x (A¥P) = (—1ic, 0).

Finally, ¢’ — e < ¢’ and hence rswe ¢ (A®P) = 0, which implies that o = 0
and thus also in this case rswes (A) = (0, 0).
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O

In [II79, Chapter 7] Illusie shows that if ¥ is a non-ordinary K3 surface, then
Y satisfies the assumptions of Lemma Moreover, as already mentioned at
the end of Section [4.3] from [Ier22} Proposition 2.3] we know that A ¢ filyBr(X) if
and only if ev 4 is non-constant on X (L). This shows how the ordinary assumption
was needed in the example that we gave in Chapter 2, cf. Theorem [2.1.10]
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CHAPTER

Computations with the refined
Swan conductor

This final chapter is divided in two parts. In the first part we develop some
techniques needed to compute the refined Swan conductor of certain elements in
the Brauer group. In particular, in Section starting from a result from Bright
and Newton, we prove a formula that relates the refined Swan conductor with the
extension of the base field over which the variety is defined. In Section we
explain some results of Kato that allows to compute the refined Swan conductor
of p-order elements when the base field contains a primitive p-root of unity. In
the second part of this final chapter we provide several examples and we use them
to show that Theorem and are optimal. In particular, we exhibit K3
surfaces V' over number fields such that:

(a) V has good ordinary reduction at a prime p with ramification index e, = p—1
and there is an element A € Br(V)[p] whose evaluation map is non-constant
on V(kp);

(b) V has good ordinary reduction at a prime p with e, = p — 1 and p does not
play a role in the Brauer—-Manin obstruction to weak approximation;

(c) V has good non-ordinary reduction at a prime p with e, > p and there is an
element A € Br(V')[p] whose evaluation map is non-constant on V(ky).

More precisely: from (a) we get that the condition (p — 1) { e, in Theorem
is necessary; from (b) we get that the inverse of Theorem does not hold in
general; from (c) we get that the bound in Theorem is optimal.
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Finally, as already pointed out in the introduction, we recall that in all the
examples of K3 surfaces in which a prime of good reduction plays a role in the
Brauer—-Manin obstruction of weak approximation, the corresponding element in
the Brauer group is of transcendental nature, i.e. it does not belong to the
algebraic Brauer group, which is defined as the kernel of the natural map from
Br(V) to Br(V), where V is the base change of V to an algebraic closure of k (cf.

Lemma [4.3.4)).

Moreover, we prove that if V' is a Kummer K3 surface coming from a prod-
uct of elliptic curves defined over Q with good ordinary reduction at the prime
2 and full 2-torsion defined over Q2, then Br(V)[2] = Ev_1Br(V)[2] (cf. Theo-
rem [4.5.6). This theorem proves what was already predict by Ieronymou after
some computational evidence, see [Ier23, Remark 2.6].

4.1 Refined Swan conductor and extension of the base field

Let L be a p-adic field with ring of integers Oy, uniformiser 7 and residue field /.
Let X be a proper, smooth and geometrically integral L-variety having a smooth,
proper model X with geometrically integral fibre. We denote by Y its special fibre:

X X Y

RN =

Spec(L) —— Spec(Or) «—— Spec(¥)

In this section we want to analyse what happens to the refined Swan conductor
when we take a field extension L’/L of the base field L. Bright and Newton prove
the following result.

Lemma 4.1.1. Let K'/K be a finite extension of Henselian discrete valuation
fields of ramification index e. Let ™ be a uniformiser in K', F' be the residue field
of K' and define a € F' to be the reduction of m(xw')~¢. Let x € fil,Br(K), and let

res: Br(K) — Br(K')
be the restriction map. Then res(x) € file, Br(K') and if rsw,, -(x) = (o, ), then
ISWen, o (res(x)) = (@™ " (o + B A dlog(a),a"ef).
Proof. See [BN23| Lemma 2.16]. O
The aim of this section is to use this result to prove the following Lemma.
Lemma 4.1.2 (Base change). Let L'/L be a finite field extension, with ramifi-

cation index ers/r,. Let ' be an uniformiser in L' and ¢’ its residue field. Let
A € Br(X) and let

res: Br(X) — Br(Xy/)
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be the restriction map. Then res(A) € fil Br(Xr) and if rswy, (A) = (a, B)

GL//L’VL

with (o, ) € HO(Y, Q%) @ HO(Y,QL), then
rswe,, na (res(A)) = (@ "a,a e 8) € H(Yer,93,,) @ HO(Yer, 4,
with a € ¢' reduction of w(w')~¢L'/L.

The refined Swan conductor of an element A € Br(X) is defined through the
refined Swan conductor of its image in the discrete henselian valuation field K.
Namely, we have the following commutative diagram

ISWp,

fil,, Br(X) HO(Y,02) & HO(Y, QL)

l l

fil,Br(K") — " 4 02 & Q.

We recall the construction of K”: let 1 be the generic point of Y C X, then
we define R as henselisation of the discrete valuation ring Ox , and K" as the
fraction field of R. The construction of O, (and hence of K") is local on X.
From now on we will therefore assume X = Spec(A), with A smooth Op-algebra,
Y = Spec(A/mA); hence n = (7) € Spec(A) and Ox,, = A(r). We can re-write
diagram as:

A®p, L +—— A — A/rA

1T &

L Or, L.

Lemma 4.1.3. The uniformiser 7 is also a uniformiser for K". Moreover,
orden (p) = ordp(p).

Proof. The uniformiser 7 is also the generator of the maximal ideal of A(,), hence
of its henselisation R. The equality (p) = (7)¢ as ideals on Oy implies that
p € (m)°R, hence e; := ordgn(p) < e. The equality between the two orders follows
from the fact that for every m > 1, (7)™ RN Op = (7)™ Oy, O

We denote by L’ a finite field extension of L, by Oy, its ring of integers with
uniformiser 7’ and residue field /. Moreover, we denote by X’, X’ and Y’ the base
change of X, X and Y to Spec(L'), Spec(Oy/) and Spec(#') respectively. Let (K')"
be the fraction field of R’, where R’ is the henselisation of the discrete valuation
ring Oy ys. In this setting

A®o, Op

A
— @l =A L0 =A / U=
Re Qo £ e Qo O ®o,, Tar)

TA

Thus, the generic point 7" of Y is the ideal generated by 1®7" and Ox+ y+ becomes
the ring (A Koy OL’)(l(gm—')-

Lemma 4.1.4. The field extension (K')'/K" is finite with ramification index
eL//L.
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Proof. We start by noticing that
O,’wm/ ~ OXJI ®o, Or.

We have that Oy, ®o, O = S7H(A®o, Or/), with S = (A\ (7)) - A®o, O,
while Oy, = T7H(A®op, Op/), with T' = (AQe, Or/)\ (1@7'). The isomorphism
follows from the equality (1 ® 7")°r’/t = (1 ® ) together with the fact that Op
is a free Or-module with basis {1,#’,..., (7")°="/2}.

As a second step we show that
R ~R®o, Op .

The discrete valuation ring Op: is a finite Op-module, hence we get that the
natural map

R— R®o, Op

is finite; therefore [Stal, 05WS] implies that R ®, Or is henselian and therefore
by [Sta, 05WP]

R =R®o, OL.

As a final step, we notice that

(K'Y =R [1,] =R H :RH @, L' =K"'ep L.

™

Proof of Lemma[{.1.2 It follows immediately from the previous lemma together
with Lemma and the fact that since a € ¢/, which is a finite field, dlog(a) =
0. O

Corollary 4.1.5. Assume that A € fil,Br(X) for some n > 1 is such that
rswy, x(A) = (o, B) with o # 0, then A ¢ Bri(X), i.e. A is a transcendental
element in the Brauer group of X.

Proof. Assume A to be in Bry(X); then by definition of Bry(X) there is a finite
field extension L’/L such that res(A) = 0 in Br(Xy/), where res is the restriction
map from Br(X) to Br(Xp/). Let er//z, be the ramification index of the extension,
7’ be a uniformiser of L' and ¢ its residue field. We know from Lemma [£1.2] that

—n

ISWe(L//L)n,np, (I'ES(.A)) = (C_L " Q, dineL'/L ' 6)

where a=" € (¢')*. Hence, rsWe(1//1)n,x,, (res(A)) # (0,0) and therefore res(.A)
can not be the trivial element. O
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4.2 Computations with the Refined Swan conductor on
the p-torsion of the Brauer group

The aim of this section is to collect some results that will allow us to compute later
in this chapter the Swan conductor and the refined Swan conductor of elements
of order p in the Brauer group of K3 surfaces. In this section we work under the
same setting as Section K is a henselian field of characteristic 0 with ring
of integers Ok, uniformiser 7w and residue field F' of positive characteristic p.

We work under the additional assumption that the field K contains a primitive
p-root of unity ¢. It follows from the Merkurjev-Suslin Theorem [GS17, Theorem
8.6.5] that in this case Br(K)[p| is generated by the classes of cyclic algebras. In
order to do computations with the refined Swan conductor, in this section we will
introduce a new filtration on Br(K)[p], defined by Bloch and Kato in [BK86] and
prove that via this filtration it is possible to compute the refined Swan conductor
of cyclic algebras in Br(K)[p].

4.2.1 Cyclic algebras
Let a,b € K*, then the K-algebra (x,y), defined as

(,y)p :=(a,b ] a? =z, BP =y, ab = (ba),

is a central simple algebra, see [GS17, Section 2.5] for more details. With abuse
of notation we will denote by (z,y), also the corresponding equivalence class in
Br(K)[p|. It is possible to realise (z, y), also as the cup product of an element x, €
H)(K) with 6(y), where ¢ is the boundary map K* — H'(K,Z/pZ(1)) coming
from the Kummer sequence (a proof can be found in the proof of Proposition 4.7.1

[GS17)).

4.2.2 Another filtration
The map from Z/pZ(1) to Z/pZ(2) sending 1 to ¢ induces an isomorphism
Br(K)[p] ~ H? (K,Z/pZ(2)) =: h*(K). (4.3)

For any two non-zero elements x,y € K we will denote by {z,y} € h?(K) the cup
product of §(z) with d(y).

Bloch and Kato [BK86] define a decreasing filtration {U™h?(K)},>0 on h%(K)
as follows: U°h?(K) = h?(K) and for m > 1, U™h?(K) is the subgroup of h?(K)
generated by symbols of the form

{1+ 7™z,y}, with z € O and y € K*.

In this section we are going to prove that for any 0 < m < €’ the isomorphism (4.3))
induces an isomorphism

U™h?(K) ~ filos_,, Br(K)[p).
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This isomorphism will be crucial in being able to compute the refined Swan conduc-
tor. In fact, in [BK86] Bloch and Kato describe the graded pieces of the filtration
{U™h2 (") bz o h3(K)
o Uth(Kh)
85T Umrip2(Kh)
in terms of differential forms on the residue field F. In [Kat89] Kato strongly relate
them to the computation of the refined Swan conductor. We now state the two

main results that show how it is possible to calculate the refined Swan conductor
of elements of order p in Br(K).

Proposition 4.2.1. We have the following description of the graded pieces gr'™.

(1) U™h2(K") = {0} for m > €; U h3(K) coincides with the image of the
mjective map

Ar: HA(F) @ HY(F) — gr® = h2(K)
b1 - dlogg] =+ {1+ (¢ ~ 17z, )
01 [Z] = {1+ (¢ — )Pz, 7}
where x and y are any lifts of T and § to K.
(2) Let 0 <m < €' and ptm. Then we have an isomorphism
pm: Qp = g™
Z-dlogy— {1+ 7"z, y}
where x and y are any lifts of T and y to K.
(8) Let 0 < m < €' with p| m. Then we have an isomorphism
P Xp/ Zp © U/ 25 = g™
([Z-dlogg],0) — {1+ 7"z, y}
0,[z]) = {1+ 7"z, 7}
where x and y are any lifts of T and § to K.

(4) We have an isomorphism

Po: Q%‘,log 2 Q}F,log = gr?
(dlogy1 A dlog 2, 0) = {y1,y2}
(0,dlogy) — {y,}
where y,y1 and yo are any lifts of §,y1 and s to K.

Proof. See [BK86, Section 5]. More precisely, in [BK86, Lemma 5.1] Bloch and
Kato prove However, instead of A, (cf. Section they have
the morphism p./, and they just prove afterwards [BK86, equation (5.15.1)] that
per induces the map A,. Finally, in [BK86, Lemma 5.2 and 5.3] the rest of the
proposition is proven. O



4.2. COMPUTATION ON p-TORSION ELEMENTS 75

Note that since by assumption K contains a primitive p-root of unity ¢, the
ramification index e = ordx (p) is divisible by (p — 1) and hence ¢’ = ep(p — 1)~*
is divisible by p. The key result of this section is the following proposition.

Proposition 4.2.2. For every 0 < m < ¢ we have that the isomorphism@
induces an isomorphism

files_Br(K)[p] =~ U™h?(K).

Let ¢ be the reduction modulo w of ¢ 1= w*e'(g —1)P. For m < €' the compositions
ISWe/ g © P are as follows:

rswe x(po(a, B)) = (¢a, EB)
1SWe' —m x(pm (@) = (eda, (€' — m)eB), ifptm
ISWe/—m,x (pm (e, B)) = (¢da, cdp), ifp|lm

Warning: The proof of Proposition [£:2.2] is quite technical and will occupy the
rest of this section.

4.2.3 Proof of Proposition [4.2.2

We divide the proof into several rather technical lemmas.

Lemma 4.2.3. Let a,b € O and n, m be non-negative integers, then the symbol
{1+ n"a,1 4 7a™b} can be rewritten as

b b
— 31 4 gtm a A4+amhy — 14 gt a ,—m"a .
14+ 7"a 14+ m"a

In particular, it lies in U™ h2(K).
Proof. This lemma is a reformulation of a special case of [BK86, Lemma 4.1], for

which no proof is provided. We have that

ab
1+ 7"a

{1—|—7r"a,1+7rmb}+{l+7r"+m ,1—|—7rmb} =
{1+ 7"a(l+7™b),1+ 7n"b}.
We also have that,
{1+7"a(l+7"b),1+7"b} + {1+ 7"a(l +7"b), —7"a} =
{1+ 7"a(l+7™b),—(1+ 7"b)7"a} =0

where the last equality follows from the fact that {z,y} =0 if  + y = 1. Finally,
since {1 + 7"a, —7"a} = 0, we have

{1+ 7"a(1+a™b), —7"a} = {1+ 7"a(l +7"b), —7"a} — {1 + n"a, —7"a} =

1+ 7r”+ma7b, —7m"a .
14 7"a



76 4. COMPUTATIONS WITH THE REFINED SWAN CONDUCTOR

Lemma 4.2.4. Let x € Ok, y € K* and n,m be two positive integers; then
{(y, 1 +7"x)p, 1 +7"T} can be written as

Tx Tx
- Ul+4atm—=_ 14 7"T Ul4attm_——=_ _gm .
(Xy { o 14z’ o }+Xy { o T+ I}>

Proof. As already anticipated at the beginning of this section, we can write (y, 1+
7"x)p as the cup product of x, € HY(K) and 6(1 + 7™z) with § boundary map
coming from the Kummer sequence, see [GS17, proof of Proposition 4.7.1]. Hence,

{(y, 1 +7"x)p, 1 +7"T} = x, U{1 + 7", 1 +7"T}.
The result now follows from Lemma [4.2.3] O

Corollary 4.2.5. If m >0 and m +n > €', we get that

T
{(y, 1 + me)p, 1 + ,].‘_TLT} = —Xy U {1 + WTL-FTUﬁ’ _ﬂ—mm} .

Proof. If follows from the previous lemma together with the fact that by Lemma[4.2.3]

T
{1 + 7Tn+m1+733n$7 1+ w"T} € U™ H"p2(K)
Y

and U™t h2(K) = 0 from Proposition 4.2.1] since 2m +n > ¢'. O

Proposition 4.2.6. Let e = ordg(p) and ' = ep(p — 1)L, For 0 < m < ¢ the
isomorphism of equation (4.3)) induces an inclusion

U™h?(K) C filo_, Br(K)[p).

Proof. This is [Kat89, Lemma 4.3(1)], we include a proof of it here. By definition
U™h?(K) is generated by symbols of the form {1 + 7™z, y}, with x € O and
y € K*. In order to show that the corresponding element in Br(K)[p] lies in
file—,, we need to check that

{(1+7"z,y,1 47 ~"T} = 0.

From Corollary we have that {1+ 7z,y,1+ 7¢ 1T} can be written as

e, 'I:T m m €, :Z:T
wu {ten i b= { e

and the latter is zero, since we know that fil..Br(K)[p] = Br(K)[p], see Sec-
tion L2311 O

We will now show how the inclusion appearing in Proposition is an equal-
ity. We start by recalling the following properties that we proved in Section|1.2.3.1

Properties 4.2.7. For any m > e’ we have fil,, Br(K)[p] = Br(K)[p]. Moreover,
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(1) If p4m, then the map
fil,, Br(K)[p] —=75 0% & Ok 22 Qb
has also kernel equal to fil,,,_1Br(K)[p].
(2) If p| m and m < ¢/, then the map rsw,, . takes values in B% & Br..

(3) If m = ¢/, then the map multz—1 orswes , takes values in Q%)log @Q}mog, with

¢ the reduction modulo 7 of 7€ - (¢ —1)7P.
We proceed by induction on m + 1.

e For m = 0 we have by definition U°h?(k) = h?(K), which implies that the
inclusion U°h?(K) C fil./Br(K)[p] is indeed an equality.

e For m = 1 we have
Q2F,10g ® Q}J‘Jog = gr0h2 (K) - gre,Br(K)[p] — QQF,log D Q}ﬂlog (44)

where the first isomorphism is induced by pg, while the inclusion follows from
property 4.2.7(3)l Moreover, note that given o« = dlogz A dlogy € Qfmog,
po(OZ,O) =Y and

{z,y, 1+ 7T} = {z,y,1 + (C = DP(cT)} = As (61 [¢Tdlog @ A dlog],0).

Similarly, if we start with 8 = dlogy € Q}mog, 00(0,8) ={y, 7} and

{y,m 1+ 7T} = {y, 7,1+ (( = 1)P(cT)} = Ar (0,81 [eTdlog7]) .

Hence, rswe »(po(e, 8)) = &(a, B) and therefore the chain of maps (4.4) is
the identity and we have that the inclusion of U*h?(K) in fil,_1Br(K)[p| is
in fact an equality.

e Inductive step on m + 1 when p{ m and m < ¢’. In this case we have

Qf ~ g™ Cgr,_,, = Qk

where the first isomorphism is induced by p,,, while the inclusion is the
restriction of the refined Swan conductor to QL. which is injective because
of property 4.2.7(1)l In this case, given o = Zdlogy € Qk, pp(a) = {1+
7™z, y}. From corollary 4.2.5

/ / T
{1+7"z,y,1+7°""T} =—xy U {1 + ¢ 1_::me7—x7rm}

The latter can be rewritten as

cxT cxT
- 1 —1)P— - 1 —1)P—— 7.
qu{ +(¢—-1) 1+me,x}+m qu{ +((—1) 1+7Tm33,7r}
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which is equal (using isomorphism (4.3))) to

cxT
1+ mmx

cxT
1+ 7mx

{1+(c—1)P my} —m{1+(c—1)P yw} (4.5)

Note that ;5 is a possible lift of z € F' to K. Hence, (4.5) is equal to

Ax (ET;Edlog:E A dlog y, méTzdlog g) =\ (ETda, mETa) .
Thus, in this case the composition
Q. ~ g™ Cgr, . — QL

sends « to méa and therefore we get again the equality between U™h?(K)
and filo_,,, Br(K)[p]. Finally, using that by induction hypothesis we have an
isomorphism between U™h?(K) and file: _,,, Br(K)[p], we get that U T1h%(K)
is isomorphic to file/_ (,41)Br(K)[p].

Inductive step on m + 1 when p | m and m < €’. In this case we have
Qp/Zp ® O/ Z% ~ gr™ " < gr,_,, < B @ Bp

where the first isomorphism is induced by p,,, while the inclusion comes
from the refined Swan conductor property Given « = [Zdlogg] in
OL/ZL, pm(a,0) = {1+ 7™z, y} and again using an argument similar to the
one used above

{14772,y 147 "™T}
T T
{1 ) - -

14+ 7mg + my’

cxT
=<1 -1
{ +(C—1) 1+ﬁmz7w7y}

where the last equality follows from the fact that p | m and that we are
working with groups of order p. Like before, note that is a possible
lift of £ € F' to K. Hence,

{1y

T
14+7mx

cxT

m,x,y} = )\ﬂ- (ETdOé,O)

With very similar computations it is possible to show that starting from
B =[] € O /2%,

1+a"x,w ,1+7re,_mT = \:(0,ETdj
P

Hence, in this case the composition

rsw

Oh/Zh © Q% /2) ~ @™ < gy — T B} & B,
sends (a, 8) to (¢da,cdB). Finally, using that by induction hypothesis we
have an isomorphism between U™h?(K) and fil.s ., Br(K)[p], we get an iso-

morphism between U™ h?(K) and file_ (;n41)Br(K)[p].
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4.3 The case of K3 surfaces

In this thesis examples will always be about K3 surfaces with good reduction, cf.
Section for the definition and some properties of K3 surfaces. The special
fibre of a K3 surface with good reduction is still a K3 surface, see for example
[BN23, Remark 11.5]. We start by stating the following well known result, of
which we include the proof as we could not find it in standard literature.

Lemma 4.3.1. Let p be a prime number and Y a K3 surface over the finite field
Fyn for some non-negative n. Then'Y is ordinary if and only if |Y (Fpn)| # 1
mod p.

Proof. The proof is an almost immediate consequence of [BZ09, Section 1]. Let
Y be the base change of Y to an algebraic closure of F,» and [ be a prime dif-
ferent from p. The Frobenius endomorphism F of Y acts by functoriality on
22-dimensional Q;-vector space

Hgt(Ya Q) = Hﬁt(Y,Zz) ®z, Q.

Let A; with ¢ = 1,...,22 be the corresponding eigenvalues. From the Lefschetz
trace formula [Kat81l Section 1] we get

22
Y (Fp)l = (1) Te(F, Hgy (V, Qi) = 1+ Y N+ p™" (4.6)

i=1

The last equality follows from the fact that for K3 surfaces both the first and the
third Betti numbers are trivial and HY, (Y,Q;) and HZ (Y, Q;) are 1-dimensional
Qq-vector spaces with Frobenius eigenvalue equal to 1 and p?" respectively [Del74}
Theorem 1.6].

It is proven in [BZ09, Lemma 1.1] that a K3 surface Y is ordinary if and only
if Z?il A; is not divisible by p. It is therefore clear from that

22
Y(Fpr)| =1+ Y Ai#1 modp.

i=1
if and only if Y is ordinary. O

If the K3 surface X has good ordinary reduction, then the remark that follows
shows that there is a strong link between global logarithmic 2-forms on Y and
p-torsion elements on X having non-constant evaluation map.

Remark 4.3.2 (K3 surfaces with good ordinary reduction). Let X be a K3 surface
defined over a p-adic field L having absolute ramification index divsible by p — 1
with good ordinary reduction. Assume that there is an element A € Br(X)[p]
that does not belong to filyBr(X). Then, A € fil,,Br(X) for some n > 1. From
Section we can assume n < €' = & = p, since file Br(K)[p] = Br(XK)[p].
Moreover, for n < ¢’ = p we have from Corollary together with the fact
that for K3 surfaces we do not have non-trivial global 1-forms, fil, Br(X)[p] =
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filoBr(X)[p]. By property 4.2.7(3)| we know that there is a constant ¢ € £* such
that

mult, (fil,Br(X)[p]) € HO(Y,9Q8,,,) CH(Y, 03 ).

From Proposition |4.2.2| we know that the class of A in % ~ gr¥ has to
o

be such that

(4] = po(w,0)
where w € QzF,log is the image in Q% of a n9n—trivial global logarithmic form, i.e.
an element of H(Y, Q3,,,,). Moreover, H(Y, Q3. | ) is a 1-dimensional F,-vector
s Jlog

space (cf. (3.2))).

If the K3 surface is defined by an homogeneous polynomial of degree 4, the
following lemma gives us a way to write down explicitly a generator for the /-vector
space of global 2-forms.

Lemma 4.3.3. Let ¢ be a field and f(xo, 1, 22,23) € Lo, 21, X2, 23] be a homo-
geneous polynomial of degree 4. Assume that the corresponding projective variety
Y is smooth. Then Y is a K3 surface and the 1-dimensional {-vector space of
global 2-forms is generated by the 2-form

d(z)na(z)
1, 9f :

3
zg Ozs

w =

Proof. The first part follows from [Huy16, Example 1.3(i)]. For every permutation

{p,q,i,j} of {0,1,2,3} we define W, , C Y as the open subset of Y where z, - %

does not vanish. We define

a(z)
Wp,q *= ~of . EHO(Wp,anQY)~

Oxq

(_1)p+q+1 A d (9%7)

8
ﬁu""

Since Y is smooth, the open sets {W), ,} cover it. We are left to show that for

every (p> q) 7& (p/a q/)> Wp,g = Wp’,q’ Ol WP,Q N Wp/,q’-
It is enough to show the equality in the following two cases (the complete proof
follows from the symmetry among the variables):

e (p,q) =(0,1) and (p',¢") = (0,2).

Let 51 1= x1(w0) 71, 59 1= wa(wg) ~?

, s3:=w3(x0) " and fo := f(1, 51,52, 53).

We can then rewrite wp 1 and wp 2 as

w - dSQ A d33 and w o dSl A d83
Y Y 02 0o )dsy
From the equation fy =0 we get
9o 9o 9fo

——d ——d ——ds3 = 0.
351 51 + 652 52 + 353 53
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In particular,

_ afO dfo afO _ af() afo
0= (881 dsy + D5, dss + Dss dss | ANdsz = D5, (dsy Adss)+ D5, (dsg Adss).
therefore, on Wy 1 N Wy 2
dsa N\ dss ds1 A dss

WOJZW:(* )‘M:wo,z-

* (p,q) =(0,2) and (p',¢') = (1,2).

Let t1 := zo(x1) 7Y, to i= xo(x1) 7, t3 := a3(xy) ! and f1 := f(t1,1,t0,13).
On WO’Q N WLQ we have

-1 -1 -1 4
S1 Ztl, 52 8¢ ZtQ 83 854 :t3 81~f1=f0.

In particular,

Cdty Adts d(sy') Ad(ss sy
8f1/6t2 8Sf4f0/(9(82 . Sfl)

sfgdsl A dss

== ) sf38f07/882 = Wo,2

wi,2

where the second last equality comes from the equality

57 fo _39f0

A(sas7h) 1 Bsy
O

We point out that in [Ter23 Proposition 2.3] it is proven that for K3 surface
an element A lies in filyBr(X) if and only if ev4: X (L) — Br(L) is constant. It is
already known from [BN23| Lemma 11.3| that, since for K3 surface H*(Y,Z/pZ) =
0, then filyBr(X) = EvoBr(X) = Ev_;Br(X). Hence, from the result proven by
Ieronymou we know that in order to detect whether A belongs to filyBr(X) it is
enough to look at the corresponding evaluation map on the L-points, X (L).

Lemma 4.3.4. Let X be a K3 surface and A € Br(X) be such that A ¢ filoBr(X).
Then A ¢ Bri(X).

Proof. As we just pointed out, if A ¢ filgBr(X), then the evaluation map attached
to A in non-constant on X (L). The result now follows from the fact that in
[CTS13l, Proposition 2.3] Colliot-Théléne and Skorobogatov prove that for every
element in the algebraic Brauer group the associated evaluation map at a prime
with good reduction has to be constant. O
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4.4 Example of Chapter 2 revisited

We start with recalling the following example, which is the central result of Chap-
ter 2.

Example 4.4.1 ([Pag22]). Let V C P} be the projective K3 surface defined by
the equation
23y + 122 + 2Bw + wir + zyzw = 0. (4.7)

Then V has good ordinary reduction at 2 and the class of the quaternion algebra

3 2
22 +wr + xyz z
A:(S i
x

) _x> S BI‘Q(V)

defines an element in Br(V'). The evaluation map ev4: V(Q2) — Br(Qs) is non-
constant, and therefore gives an obstruction to weak approximation on X.

In this case, HY(Y,2.) is a one dimensional F5 vector space, let w be the only
non-trivial element, then C'(w) = 0 or C(w) = w. However, Y being ordinary
implies that H°(Y, BZ) = 0, hence by Lemma and Corollary Clw)=w
and HO(Y, Q%) is a 1-dimensional Fa-vector space. From Lemma we get
that the non-zero global logarithmic 2-form w can be written (locally) as:

d <Z3+w2§+myz> d )

x

A
(z3+w2w+xyz> (
3

T

SHEN

w =

ISHENS
~

If we denote by f and g the functions w and £ seen as element in the

function field F' of Y, then we see that the two functions appearing in the definition
of A are lifts to characteristic 0 of f and g, and hence from Proposition

3 2
27 t+wr + xyz z
po(w,0) = {33371;} Ggro-

Using Proposition [£:2.2]
rswa (A) = (w,0) # (0,0)
and A ¢ fil; Br(X)[2] 2 Ev_1Br(X)[2].

Note that, by Remark [.3:2] we already know that since the K3 surface has good
ordinary reduction at 2, the only way for the prime 2 to play a role in the Brauer—
Manin obstruction to weak approximation via an 2-torsion element A € Br(X)[2]
is if A comes from a logarithmic 2-form through pg.

4.5 Kummer K3 surfaces over 2-adic fields

In this section we are going to treat Kummer K3 surfaces. As already mentioned
in Section those surfaces arise as the resolution of singularities of the quotient
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of an abelian surface by its involution map. The details about the construction
for fields of characteristic different from 2 can be found in [BO1, Section 10.5].

Let L be a 2-adic field. The recent papers [LS23], [Mat23] allow us to know
whether the Kummer K3 surface attached to an abelian variety A/L with good
reduction is still a K3 surface with good reduction (this was already known for
K3 surfaces over p-adic fields with p # 2). In [SZ12| Skorobogatov and Zarhin
link the transcendental part of the Brauer group of a Kummer K3 surface to the
one of the corresponding abelian variety (cf. Section . All these results
open up the possibility of building examples of K3 surfaces with good reduction
at the prime 2 and for which we are able to study the Brauer group. In this
section, we are going to show that for every pair of elliptic curves E7, F; over
Q with good ordinary reduction at p = 2 and full 2-torsion defined over o, the
2-torsion elements in the Brauer group of the corresponding Kummer K3 surface
X do not play a role in the Brauer—-Manin obstruction to weak approximation. In
particular, this shows that the field extension in Theorem [3.1.6]is needed. We will
then use these computations to exhibit an example of a K3 surface over Qy with
good ordinary reduction and such that Br(X) = Ev_;Br(X), showing that the
inverse of Theorem does not hold in general.

4.5.1 Kummer K3 surfaces and their Brauer group: generalities

Let A be an abelian surface over a field k of characteristic different from 2 and
V = Kum(A) the corresponding Kummer surface, Skorobogatov and Zarhin [SZ12]
prove that there is a well-defined map

7 : Br(V) — Br(A)

that induces an injection of Br(V)/Bri(V) into Br(A)/Bri(A). They also prove
that this injection is an isomorphism on the p-torsion for all odd primes, see [SZ12]
Theorem 2.4]. We say that an element A € Br(A4) descends to Br(V) if there
exists C € Br(V) such that 7*(C) = A.

Lemma 4.5.1. Let V = Kum(A), C € Br(V) and B := 7*(C) € Br(A). Let p be
a prime in Oy; if the image of C in Br(V,) lies in Ev_;Br(V,) then the image of
B in Br(A,) lies in Ev_1Br(A4,).

Proof. The result follows from the fact that any finite field extension M/k, and
P € A(M) we have

evg(P) = evy« (o) (P) = eve(m(P)).
O

Moreover, Skorobogatov and Zarhin [SZ12] show that given two elliptic curves
FE, and Es with Weierstrass equations

Ey:vi=u-(ur —y11) (w1 —712), Fa:vd=wus-(uz —v21) (uz — Y2,2)
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the quotient Br(E; x E)[2]/Bry(E1 x E2)[2] is generated by the classes of the four
Azumaya algebras

Aey oo = (U1 — €1)(u1 —m,2), (ug — €2)(uz — Y2,2)) with ¢ € {0,741}

Finally, if M is the matrix

1 V1,10 71,2 72,10 V2,2 —71,1 72,1
M= | 71 1 V1,10 V2,1 Y21 - (V2,1 — 72,2)
72,1 " 72,2 Y1,1 0 72,1 1 Y1,1 (71,1 - ’71,2)
—71,1 72,1 V2,1 (’Y2,1 - ’72,2) Y1,1 (71,1 - ’71,2) 1

then by [SZ12, Lemma 3.6

1. A, | ~,, descends to Br(V) if and only if the entries of the first row of M
are all squares;

2. A, 0 descends to Br(V) if and only if the entries of the second row of M
are all squares;

3. Ao,y,,, descends to Br(V) if and only if the entries of the third row of M are
all squares;

4. Ap,o descends to Br(V) if and only if the entries of the last row of M are all
squares.

4.5.2 Product of elliptic curves with good reduction at 2 and
full 2-torsion

In order to use the results summarised in the previous section we need to analyse
what the 2-torsion points of an elliptic curve with good ordinary reduction at
2 look like. Let E/Q be the elliptic curve defined by the minimal Weierstrass
equation

v oy +oy=2a+ax?+br+c (4.8)
with § € {0,1} and a,b,¢ € Z such that E has good reduction at 2. Assume
furthermore that the 2-torsion of E is defined over Qo, i.e. E(Q2)[2] = F(Q2)[2)].

Let «;, 8; € Q2 be such that E(QQ)[Q] = {O, (al,ﬂl), (052752), (043,63)}, with O
the point at infinity of E.

Lemma 4.5.2. Assume that 31, B2, B3 are ordered as

orda(f1) < orda(f2) < orda(f3).
Then ords (1) = —2 and asg, ag € Zs.

Proof. The 2-torsion points on E can be computed through the 2-division poly-
nomial of E, which is ¥o(z,y) = 2y +  + 4. In particular, a; = —23; — 6 with j;
solution of

D(y) ==y* + (—2y — 0O)y + oy — ((—2y — 0)® + a(—2y — 6)* + b(—2y — b) + ¢).
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The polynomial ®(y) can be rewritten as
(y) = 8y® — (1 — 120 + 4a)y* — (=606 + 4ad — 2b)y + 6° — ad® + b5 —c.  (4.9)

Looking at the coefficients of ®(y) we get that

orda (51 + B2 + P3) = orda(1 — 128 + 4a) — orda(8)
orda (8182 + 185 + B2B3) = orda(—662 + 4ad — 2b) — orda(8)
ordy(B12/33) = orda (62 — ad? + bd — ¢) — ordy(8).

From the first equation, we get ords(f1) < —3 that combined with [Sil86, The-
orem VIIL.7.1] tells us that ords(f1) = —3. From the third equation, we get
orda(B2) + orda(B3) > 0. Hence, if orda(82) = orda(f3) then Sz and S5 have both
non-negative 2-adic valuation; otherwise, if ords(f82) < orda(Bs3) then, from the
second equation, we get orda(f2) > 1 which implies again that both S and (3
have non-negative 2-adic valuation. The result now follows from the fact that
a; = —2B; — 6, with § € {0, 1}. O

Lemma 4.5.3. The change of variables given by

u=4r — 4o (4.10)
v =412y + x + 0) '

induces an isomorphism between E and the elliptic curve given by the equation

o2 = u(u— 1) (u - 72) (4.11)

where y1 =4 - (g —aq) and 2 =4 - (a3 — a1).

Proof. The change of variables

uy = 4z
vy =42y + x + 9)
sends the elliptic curve given by the equation
v? = ui + (4da + 1)ui + (16b + 85)uy + 16¢ + 165° (4.12)

to the elliptic curve given by equation . Moreover, the 2-division polynomial
of E is given by 2y + x + §. Hence the non-trivial 2-torsion points on the elliptic
curve given by equation are sent to non-trivial 2-torsion points on E. It is
therefore enough to consider the extra translation v = u; — 4a; and v = vy to get
the desired equation. [

Let Fy and Es be two elliptic curves with equations of the form . We de-
note by (d;, a;, b;, ¢;) the parameters that determine the equation attached to E;, by
(e j,Bi,j), 7 € {1,2,3} the non-trivial 2-torsion points of E; and by A the abelian
surface given by the product of Fy with Es. We denote by (Ev_;Br(A)[2], Bri(A4)[2])
the subgroup of Br(A)[2] generated by Ev_;Br(A)[2] and Bry (A)[2], where Br;(A)[2]
is the algebraic Brauer group of A.
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Lemma 4.5.4. Assume that €, and es are as in Section [[.5.1; then the class of
the quaternion algebra Ae, ., lies in (Ev_1Br(A)[2],Br1(A4)[2]) if and only if at
least one among €1 and eo is different from 0.

Proof. We fix m = 2 as a uniformiser and £ = —1 as a primitive 2-root of unity.
We start by assuming that at least one among €; and e is different from 0. By the
symmetry of the statement, we can assume without loss of generality that e; # 0.
Then

Ay e = (w1 —v11) - (U1 —712) 5 (u2 — €2) - (u2 — 12,2)) = (u1, fe, (u2))

where fe,(u2) = (u2 — €2) - (u2 —72,2). The quaternion algebra A, ., corresponds
via the change of variables of Lemma to

Ao =@ (@1 —a11), fo,(dxa —4dao)) = (21 — 11, fe,(dz2 —4aay)).

We define

) (r2—an2) (w2 —ag3) if €2 = 72,15
962(:1:2) T . _
(1’2 — Oé271) . (1’2 — Ot273) if €9 = 0.

Then, 16 - g, (x2) = fe,(4z2 —4as1). Thus we can rewrite A, ., as

(—a1,1, gea(22)) @ (1 + (—ag) - 21, gey (22))-

Since (—01,1, ge, (x2)) lies in Brq(A)[2], we are left to show that the class of the

quaternion algebra (1 + (—a1.1)7 ! - 71, ge,(22)) lies in Ev_1Br(4)[2]. By Lemma
we know that ords (af}) = 2 and therefore by Proposition |4.2.2

(1 + (_aii) " L1 Geo (1'2)) € ﬁlOBr(A)[Q]

By [BN23| Theorem C] in order to establish whether (14 (—aq.1)™! 21, ge, (22))
belongs to Ev_;Br(A)[2] we need to compute d(1 + (—aj1) - 1, gy (T2)). We
have that g.,(x2) Z 0 mod 2 and from Proposition |4.2.1.(1)| together with Propo-

sition [£.2.2) we get
Ax (jl : dlog(gQ (52))70) = (1 + (70[1_&) * L1y Geo (x2)>

since 1+ (fal_’}) Ty =1+4-(s71-21) with s = —4-; 1 € Z5 and hence s~1 -4
is a lift to characteristic 0 of ;. Therefore, by definition of the residue map 0, we
get

(1 + (= Qaq, 1) T1, ge,(22))) =0

which by Theorem implies that
1+ (—ozf&) “Z1, geo (12)) € Ev_oBr(A4)[2] € Ev_1Br(A4)[2].

In order to end the proof we are left to show that Ag o ¢ (Ev_1Br(A)[2], Bri(4)[2]).
The change of variables of Lemma sends the class of the quaternion algebra

Ao,o = (U1 : (ul - ’Yl,z), uz - (Uz - 72,2)) = (ul — 71,1, U2 — ’}’2,1)
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to the class of the quaternion algebra

(4-(r1—01,2),4 (22 —2)) = (21 +2B12+ 9, 12 + 2022 +9).
From Proposition [1.2.1)(d) the latter is such that

<d(x1 +9) A d(z +9)

1490 To+0

In fact, 1 + 2821 + 6,22 + 2822 +d and x2 + 235 2 + ¢ are lifts to characteristic 0
of 1 4+ 6 and T2 + 6 respectively. Note that, d(jil_;?) A % comes from a global
2-form on the special fibre Y of A and hence it is non-zero in its function field.

Finally, using Proposition [£.2.2| we get that

> = [{xl + 2621 + 0,22 + 2622 + 5}} € g’

d(Z1 +9) A d(Za + 9)

rswo (21 + 2821 + 0,22 + 2622+ 0)) = < 710 s

0) # (0.0

and hence (z1+281 240, 22+2022+9) ¢ fil; Br(A4)[2] 2 Ev_1Br(A4)[2]. Moreover,
as a consequence of Corollary [4.1.5| we get that Ago ¢ (Ev_1Br(A)[2], Bri(A4)[2]).
In fact, otherwise, there would be an element A; € Ev_;Br(A)[2] such that Ay o®
A; € Bri(A)[2], but Ag o ® Ay has the same refined Swan conductor as Ago. O

Remark 4.5.5. We will later use a slightly stronger statement of the theorem
above. Let L/Qy be any field extension and res the natural map from Br(A)[2]
to Br(Ar)[2]. Then, res(Ae, .,) € (Ev_1Br(A4)[2],Bri(AL)[2]) if and only if
at least one among €; and e is different from 0. We clearly have that A, .,
in (Ev_1Br(A)[2],Bri(A)[2]) implies res( A, ,) in (Ev_1Br(Ar)[2],Bri(A4L)[2]).
Moreover, we have proven that the first component of rswo r(Ago) is different
from 0, and hence using Lemma we get that rswe , 2 x(res(Ao,)) # (0,0)
and therefore in particular res(Ag ) ¢ (Ev_1Br(Ar)[2], Bri(AL)[2])

4.5.3 No Brauer—Manin obstruction from 2-torsion elements in
Kum(A)

In this section, we show how, from the results of the previous section, we can deduce
information on the 2-torsion elements in the Brauer group of the corresponding
Kummer surface V' = Kum(Ag). We denote by A and X the base change of the
abelian surface Ag and the corresponding Kummer surface X to Q2. By Section
[£5.T) we know that Ag o descends to X if and only if

=711 72,0, 72,1 (21 — 12,2)s 111 (0 — M,2), 1] € ( 31,
By construction, y11 =4 (1,2 — o1,1) = 861,1 — 8612 and therefore

",1 = 86171 =1- 1261 + 40,1 =1- 4(351 — al) mod 8.

In fact, from Lemma and more precisely from equation (4.9) we know that
8611 + 8012 + 80813 = 1 — 1281 + 4a; and both ords(B1,2) and ords(B1,3) are

non-negative. Similarly,

Yo,1 =821 =1—1202 +4as =1 —4(362 —az) mod 8.
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In particular, both 7;,; and ~2; are either 1 or 5 modulo 8; hence —v1,1 - 72,1 is
either —1 or 3 and therefore it is never a square. Summing up: we have shown
Ag o never descends to Br(X). We are ready to prove the main theorem of this
section.

Theorem 4.5.6. Let X = Kum(A), where A = Ey X Ey is as in Section |4.5.1];
then Br(X)[2] = Ev_1Br(X)[2].

Proof. We recall that if A, ., descends to Br(X)[2], we denote by C¢, ., the corre-
sponding element in Br(X)[2], i.e. C, e, is such that 7*(C, ¢,) = Ae;e,- We need
to prove that if A, ., descends to Br(X), then C,, ., lies in Ev_;Br(X). Since we
have already shown at the beginning of this section that Ay ¢ never descends to
Br(X) we are left to show it for (e1,e2) # (0,0).

Let L/Q3 be such that all elements appearing in the matrix M of Section
are squares, i.e. the injective map

 Br(X)[2 | Br(4)[2]
Bri(X)[2]  Bri(4)[2]

*

™

is an isomorphism.
With abuse of notation, we denote by res both

res: Br(A) — Br(Ar) and res: Br(X) — Br(Xy).

We denote by (Ce, ., )1 the pre-image of res(A, .,) € Br(Ar)[2].

From [LS23] Theorem 2| we know that the reduction of X is an ordinary K3
surface. Let e be the ramification index of L/Qs and 7y, the an uniformiser of Op;
then we have fil,, Br(X)[p] = filyBr(X.)[p] = Ev_1Br(X)[p] if n < €’ := 2e and
file'Br(X)[p] = Br(X)[p], see Remark Hence, using Corollary we

have an injection

Br(Xy)[2]

BB Y W)

multz 0 ISWes g, - Yo log
where ¢ is the residue field of L.

Since X (and hence all its base change) has good ordinary reduction, we know
that HO(Y, Q%’,log) ®r, ¢ is a one dimensional ¢-vector space (cf. equation (3.2))
and hence Br(X},)[2]/Ev_1Br(X1)[2] is a vector space of dimension at most 1 over
Fs.

From Lemma we know that A o ¢ fil; Br(A4)[2]. Applying Lemmamwe
get that res(Ag,o) ¢ fil.Br(Ay)[2] and by Lemma (Co0)r ¢ Ev_1Br(X)[2].
Therefore Br(X,)[2]

r(Xp
C =
(Cooleh = g mrixn )

Assume that there exists (e1,€2) # (0,0) such that A, ., descends to Br(X)
and the corresponding element C, ., does not lie in Ev_;Br(X)[2]. By Lemma
1.2 res(Ce, e,) does not lie in Ev_1Br(X.)[2] and therefore, since the quotient
Br(X)[2]/Ev_1Br(X.)[2] is a 1-dimensional Fa-vector space, we have that also
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the product res(Ce,.c,) ® (Coo)r lies in Ev_1Br(X)[2]. This implies that also
the corresponding element in Br(Ap)[2], res(Ae, e, ® Ago) lies in Ev_1Br(Ayg).
However, since by Remark res(Ae, e,) lies in (Ev_1Br(X)[2], Br1(XL)[2]),
we get that also res(Ag,) has to lie in (Ev_1Br(A)[2], Br1(Az)[2]) which gives
us the desired contradiction. O

Finally, we give an example of a K3 surface over Q with good ordinary reduction
at 2 and such that Br(X) = Ev_;Br(X). The existence of such an example shows
that the converse of Theorem [3.1.1]is not true, i.e. it is not enough to have that
p—1] e in order to find an element in Br(X) that does not lie in Ev_;Br(X).

Example 4.5.7. Let A = E x E, where E is the elliptic curve given by the
minimal Weierstrass equation

v 4aoy+y=a>—7-x+5.

Then, with the same notation as in the previous sections 81 = —11/8, s = —1
and B3 = 1. Hence

] = 7/47 Qo = 13 a3 = -3 and Y1 = 737 Yo = —21.

The matrix M is of the form

1 3-21 3-21 -9
3-21 1 9 -3-18
3-21 9 1 -3-18

-9 -3-18 —-3-18 1

In particular, all the rows of M have at least one term which does not lie in QQXQ.
Moreover, using [SZ12, Proposition 3.7] we can compute the dimension as an Fo-
vector space of the quotient of Br(X)[2] by Br(Q2)[2] and in this case particular

example:
. Br(X)[2]\
i (Br(Qz)m) -

We want to show that Br(X){2} = Br(Q2){2}. We work by induction on n; let A
be in Br(X)[2"], then

277.71

A®2 € Br(X)[2] = Br(Q2)[2].

In particular, given P € X(Q-), we have that
(A@eva(P)®? " = A" @ ev ygom1(P) =0

hence A®ev 4(P) € Br(X)[2"~ 1], and by induction hypothesis that A € Br(Q5)[2"].
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4.5.4 Examples of Brauer—Manin obstruction

We continue this section by giving new examples of primes of good reduction that
plays a role in the Brauer—-Manin obstruction to weak approximation in the case
p=3and p=>5.

Example 4.5.8. Let L = Q3(¢) with ¢ primitive 3-root of unity. Let 7w be a
uniformiser of Op; then e = e¢(L/Q3) = 2 and the residue field ¢ is equal to Fs.
We define X to be the Kummer K3 surface over L attached to the abelian
surface A = F x E, with E the elliptic curve over L defined by the Weierstrass
equation
V=2 +4-2°+3 2+ 1.

The elliptic curve F (and hence A and X) has good ordinary reduction at the prime
p = (m). We will denote by {z,y, z} and {u, v, w} the variables corresponding to
the embedding of respectively the first and the second copy of E in PZ. We define
the cyclic algebra

w z

A= v u, y—z € Br(L(A))[3].
Claim 1: A belongs to Br(4)[3].

Proof. First of all, notice that from 3%z = 23 + 4222z + 3222 + 2 we get

2y —x)(y+z)=(x+2)°* and z(y? —4a? — 3zz — 2%) = 2>
Then:

- if z = 0, then = 0 and therefore y? — 422 — 322 — 22 # 0 and = # y and
from the equation above A is equivalent to

( v—u y—x ) .
2 _ 442 — —w2) -1 (42 — 4z2 — _ 21 ) 7
(v2 —4u? — 3uw — w?)~ 7 (y? — 422 — 3xz — 22) ¢

- if z =y, then © # —y and z # 0 (since z = 0 implies  # y) and from the
equation above A is equivalent to

()
vtuzty/),

Thus, we see that along all the divisors over which A is not well defined we are
able to find an equivalent Azumaya algebra which on those divisors is well defined.
Hence, A defines an element in Br(A)[3]. O

Claim 2: A and does not lie in Ev_;Br(A)[3].
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Proof. The regular global 1-form on the reduction of £ modulo p is given by the
(local) formula

de 1 de-(z—y) 1 dv-j—dv dfy-—u)

2y 2 yly—x) 2 y-= y—a

where the last equality follows from the fact that on the special fibre %’3 = d?y and

since we are in characteristic 3, % = —1. Hence, if we denote by Y the reduction
modulo p of A, we have that the global 2-form on Y is given by

_agsy ()
(%) (=)
Finally, po(w,0) = [{ ST yzm}] and hence again by Proposition 4.2.2| we get

that

W

rsws . (A) # (' w,0)
and therefore A ¢ filyBr(A)[3] 2 Ev_1Br(A)[3]. O

Claim 3: The cyclic algebra A in Br(A)[3] is not algebraic, i.e. A ¢ Bri(A)[3].
Proof. If follows directly from Corollary O

Finally, from [SZ12, Theorem 2.4] the map

*

o BBl Br(4)[3]

"B (X)B]  Br(4)B]

is an isomorphism. Let B € Br(X)[3] be such that #*(B) = A € Br(4)[3]. Then,
from Lemma we get that B ¢ Ev_1Br(X)[3], namely (since for K3 surfaces
EvoBr(X) = Ev_1Br(X), see Section the corresponding evaluation map on
X (L) is non-constant.

Before proceeding with the next example we need a lemma that shows how
the evaluation map behaves under base change without the assumption of good
reduction for X.

Lemma 4.5.9. Let X be a variety over a p-adic field L, not necessarily having good
reduction, and let A € Br(X){p} be such thatev4: X(L) — Br(L) is non-constant.
Then for every field extension L'/ L with degree co-prime to p we have that res(A) €
Br(Xy/) has also a non-constant evaluation map evyes(ay: Xr/(L") — Br(L').

Proof. Let P,Q € X (L) be such that

ev4(P) # eva(Q).
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Denote by P’ and @’ the base change of P and Q) to L', i.e. we have the following
commutative diagrams

Xy —Y s X, Spec(L') —E X1, Spec(L') —2— X,

| | |# K |# ¥

Spec(L') —2— Spec(L) Spec(L) —X— X Spec(L) ~ 9% . x
Then

eVres(a) (P') = Br(P')(Br(¢r)(Ao)) = Br(pr)Br(P)(A) = Br(pr)(eva(P)).

Finally since L'/L has degree co-prime to p the map Br(y¢): Br(L) — Br(L') is
injective on elements of p-order; hence

€Vres(A) (P/) 7é evres(A)(Q/)'
O

Example 4.5.10. Let X be the diagonal quartic surface over Q5 defined by the
equation:
St — Ayt = 2t + wt

Skorobogatov and Ieronymou prove [[S15l Theorem 1.1], [IS15, Proposition 5.12]
that there exists an element A € Br(X)[5] with surjective evaluation map. Let
L = Qs5(v/5), e(L/Qs) = 4 and « € L be such that a* = 5. Then the change of
variables:

T
(%ZU,ZGU})’_) ;ayhzhwl

sends X1, to the diagonal quartic X /L given by the equation
x] — 4yt = 2} +wi.

The surface X has good ordinary reduction over L. Finally, by Lemma we
know that res(.A) € Br(Xy,) = Br(X) has non-constant evaluation map.

Note that, at this point we have not write the algebra A as a cyclic algebra,
and hence we are not able to show explicitly the link with the global logarithmic
2-forms on the special fibre and hence compute the refined Swan conductor of A,

even if from Remark we know that A € fil, Br(X)[5].

4.6 Family of examples

We end this thesis by giving an example of a family of K3 surfaces.
Let a € Q be such that o? € Z and let V,, be the K3 surface over k := Q(«)
defined by the equation

1

By+yiz+2Bw—w+ o ryzw—2-a7 ! zzw? = 0. (4.13)
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Lemma 4.6.1. The class of the quaternion algebra

Aim (*“”Cy—x> € Br(k(V,)

52
lies in Br(V,,)[2].

Proof. Let f := 2% + a*zy and C,,C,,C; be the closed subsets of V,, defined by
the equations z = 0, z = 0 and f = 0 respectively. The quaternion algebra A
defines an element in Br(U), where U := V,, \ (C; UC, UC}). The purity theorem
for the Brauer group [CTS21, Theorem 3.7.2], assures us of the existence of the
exact sequence

0 — Br(Va)[2] — Br(U)[2] 222 @ H'(k(D),Z/2) (4.14)

where D ranges over the irreducible divisors of V,, with support in X \U and k(D)
denotes the residue field at the generic point of D.

In order to use the exact sequence we need to understand what the prime
divisors of V,, with support in V,, \ U = C, U C, U Cf look like. Using MAGMA
[BCPI7] it is possible to check the following:

e (, has one irreducible component D; defined by the equations {z = 0,332+
22w+ w* = 0};

e (. has one irreducible component D5, defined by the equations {z = 0, 23y —
4
w* =0}

e C; has one irreducible component Ds, deﬁned by the equations {a?xy+2? =

0,322 + 4222 + 2a2?20w? + o?rw?* = 0,02y 2z — 2222 — 20z20?% — ?w? = 0}.

Therefore, we can rewrite (4.14) in the following way:
0 — Br(Va)[2] = Br(U ED H(k(D;),Z/2). (4.15)

Moreover, we have an explicit description of the residue map on quaternion alge-
bras: for an element (a,b) € Br(U)[2] we have

v; (b) A X
5Dqﬂ,(a7b)[(1)”(a>w(b)a ] k(D;)

i@ | € kD~ H'(k(D;),Z/2) (4.16)

where v; is the valuation associated to the prime divisor D;. This follows from the
definition of the tame symbols in Milnor K-theory together with the compatibility
of the residue map with the tame symbols given by the Galois symbols (see [GS17],
Proposition 7.5.1).

We can proceed with the computation of the residue maps dp, fori =1,...,3:
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1. vi(z) =1 and v1(f) = v1(2) = 0. Hence,

o (5-2)=[(2) ] -re i

where the last equality follows from the fact that = 0 on D, thus f |p,=

22

2. v9(z) =1 and v2(f) = va(z) = 0. Hence,

[z AV I k(Ds)*
a _——— = —_ —_— = | —| = 1 _—
D> <z2’ x 22 x x2 < k(Dy)*2
where the last equality follows from the fact that z = 0 and 23y = w* on
2 2
Do, thus f |p,= a?zy and &Y = o2 (%)4 = (an) .

T 2

3. v3(f) =1 and v3(x) = v3(z) = 0. Hence,

oo, (52) = [2] = | (F (w0 2)) | -re i

where the last equality follows from the following equalities on Dj:
o Pz =wt+ Zz2w? + mi—‘f = (w? + %2)2;
o 7y — — -1 »2implies that 132 — 521 _ 2 (2\ 1 _ a2
y=—-zz°impliesthat y°z = (vy)’2 5 = -2 (&) = =753
Therefore, Op,(A) = 0 for all i € {1, 2,3}, hence A € Br(V,,). O

Let p be a prime above 2 and O, be the valuation ring of k,. We have that
2-a~! € O, if and only if a® # 0 mod 8; we can define X, to be the Op-scheme
defined by equation . If o> # 0 mod 8, then X, is smooth and hence V,
has good reduction at p, we denote by X, the base change of V,, to k.

Theorem 4.6.2. Assume that o> £ 0 mod 8. Then, X,, has good ordinary re-
duction if and only if o> =1 mod 2. The evaluation map attached to A

eva: Xo(ky) = Q/Z
18 mon-constant if and only if

o> #0 mod 4.

Proof. Recall that we know that for K3 surfaces the evaluation map attached to
A is non-constant if and only if A ¢ filyBr(X,) (cf.Section [4.3).
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o If o> =1 mod 2, then the special fibre Y,, is defined by the equation
x?’y + y3z + 23w+ w* + TYzW.

From Lemma[4.3.1|we get that Yy, is an ordinary K3 surface. From Lemmal[.3.3|
we know that a generator (as k(p)-vector space) of H(Y,, 3. ) is given by
the global 2-form w that can be written (locally) as

d(Z)nd(Z) _ o d(y>Ad<2)x:

Zg’*# 22 +xy T T/ z
x

(=)« (52) ()
(

where the last equality follows from d (z TWINd (2) = d (L)Ad (Z). Hence,
we can write w as % A% with f = thmy, g = £. Finally, we see that, by
g T x
Proposition
2., 2 2, .2
. Zt+at-xy oz . Zt+at-ry oz .
[A]_ { 22 7_} - { I’Q ’_IIJ} —PO<W»O>

2 2
since Zﬁ‘f” and —Z are lifts to characteristic 0 of f and g, respectively.

Hence, using Proposition we get that rswe -(A) # (0,0) and A ¢
ﬁle/_lBI‘(Xa) 2 ﬁloBI‘(Xa)

o If &2 =2 mod 4, then the special fibre Y, is defined by the equation
x3y + y3Z + 23w + wt

From Lemma we get that Y, is a non-ordinary K3 surface over k(p).
From Lemma we know that H(Y,, Q% ) is generated (as a k(p)-vector
space) by the 2-form w that can be written (locally) as

ML () a(2)0 (1) o (2) -0(2) ()« )

where the last equality follow from the fact that, since we are working over a
field of characteristic 2, (2)2 d (%) =d (%) Hence, in this case we can write

w as d (f . %), with f = 24, g = 2. Since a? =2 mod 4, the prime ideal

(2) is ramified in the field extension Qz(«)/Q2 and ™ = « is a uniformiser.

From Proposition [{:2.1] we get that
x z d
{1 + aQ%, —}] = p2 (f' g)
z x g

Zha’ay 2| _

22 x|
since Z¥ and —Z are two lifts to characteristic 0 of f and g, respectively.
Hence, by Proposition rswa r(A) # (0,0) and hence A ¢ fil;Br(X,)
and thus A ¢ filyBr(X,) C fil; Br(X,).
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e If o> =0 mod 4, then the special fibre Y,, is defined by the equation
a:3y + y3z + 23w + w* + zzw?.

Again, from Lemma we get that Y,, is a non-ordinary K3 surface over
E(p). If Q2(a)/Qy is unramified then we are done by Theorem If
the field extension is ramified and 7 is a uniformiser, then since a? = 0
mod 4 and o # 0 mod 8, we have that o = 7*3 with 8 € O;'. Hence,
if we look at the corresponding element in k%(K") via the isomorphism of

equation (4.3)), we have that

2 2, .
AH{M7_2}2{1+7T4_6 )

22 x 22 x

Hence, using again Proposition A € filyBr(X,)[2].
O

Remark 4.6.3. The case a®> =2 mod 4 proves that the bound appearing in The-
orem [3.2.1] is optimal. In fact, we are able to find examples of K3 surface V' over
a quadratic field extensions of Q such that there is a prime above 2 whose ramifi-
cation index is e(p/2) = 2 and that plays a role in the Brauer-Manin obstruction
to weak approximation.

Finally, note that when a? = 0 mod 4 and e(p/2) = 1, we know from Theo-
rem [3.2.1]that there is an equality Ev_;Br(X,) = Br(X,). However, if e(p/2) = 2,
we just showed that the element A of the previous theorem lies in Ev_;Br(X,)[2]
and not that Br(X,) = Ev_1Br(X,).
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Summary

This thesis is on the study of rational points on varieties. This kind of problem
stems from the desire to be able to describe the rational solutions of a polynomial,
i.e. given a polynomial f(z1,...,2,) € Z[z1,...,2,], what can we say about

Z()(Q) :=A{lea,..., ) € Q" [ flan, ..., an) = 0}7

A first way to study this set is by looking at the polynomial equation over the real
numbers. In fact, if there is no (aq,...,a,) € R™ such that f(ag,...,a,) =0
then Z(f)(Q) is also the empty set. The real numbers are a complete field, which
makes the study of the zeros of functions defined over it much more accessible.
However, R is just one of the possible completions of @@, the one with respect to
the euclidean metric. The p-adic metrics give for every prime p a complete field
Q, that contains Q. Putting all this together gives a natural inclusion

Z(H@Q@ < [ Z(H Q) x Z(F)(R).

p prime

Moreover, the sets Z(f)(Q,) and Z(f)(R) are subsets of Q) and R", hence they
inherit a topology coming from the topology on @Q, and R respectively. I am
particularly interested in understanding the closure of the set Z(f)(Q) inside the

product [, ,iime Z()(Qp) x Z(f)(R).

In the language of algebraic geometry, the zero set of the polynomial f defines
a variety X over the rational numbers. The biggest advantage of looking at the
image of X(Q) inside [[, ime X (Qp) x X (R) is that the latter is more accessible.
In fact, both over R and over Q,, we have Newton’s methods that allows to build
solutions to polynomial equations. Moreover, if X (Q) is dense in X (Q,) for a given
prime p, then combining this with Hensel’s Lemma we get that we can lift solutions
modulo p to solutions over the rational numbers. For example in the case of Z(f),
with f € Z[x1,...,2,] a solution modulo p is an n-uple (51,...,0,) € (Z/pZ)"™
such that

f(B1,...,Bn) =0 mod p.
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Unfortunately, very often it is too optimistic to hope for the density of X (Q)
in Hp prime X(QP) X X(R)

In this thesis we work with smooth and proper varieties over number fields. In
this case, instead of the euclidean metric we have the archimedean places, while
instead of p-adic metric we have the non-archimedean places associated to prime
ideals in the ring of integers of k. We denote by €2 the set of places of k and for
every place v € ), we denote by k, the completion of k at v.

In 1970 Manin introduced the use of the Brauer group of a variety X, to build
a subset X (kq)B" of
I xk) = X(ke)
veEQ
such that
X (k) € X(R) € X(ka)™ € X (ko).

The key point is that this set gives a better approximation of X (k) inside the
product X (kq) and even if its construction is more involved then the on of X (kgq),
it is still more accessible then the set of rational points X (k). Assume that the
Brauer-Manin set is non-empty and that a prime p is such that

X (ko) = X(ky) x Z

with Z C [], ., X(kv). Then we say that the prime ideal p does not play a role
in the Brauer-Manin obstruction.

My research is inspired by the following question:

Question. Assume Pic(X) to be torsion-free and finitely generated. Which primes
can play a role in the Brauer—Manin obstruction to weak approzimation on X ?

This question is inspired by a question originally asked by Swinnerton—Dyer;
he asked whether under the assumption of question above the only places that can
play a role in the Brauer—-Manin obstruction to weak approximation are the one of
bad reduction for the variety. Roughly speaking, if X is defined over the rational
numbers, a prime p is of good reduction for X if we can define X by polynomial
with integer coefficients whose reduction modulo p define a smooth variety over
the finite field F,,. The wish is to be able to identify all the primes that play a role
in the Brauer—-Manin obstruction to weak approximation in order to describe the
Brauer-Manin set.

The second chapter of this thesis is devoted to exhibiting the first example of
a K3 surfac{I defined over Q for which a prime of good reduction plays a role in
the Brauer—Manin obstruction to weak approximation.

Theorem. Let X C ]P’(?@ be the projective K3 surface defined by the equation

3y +y3z + 22w+ wizr + zyzw = 0.

1K3 surfaces are varieties that satisfy the assumption of the question.
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Then the prime 2 is of good reduction for X and plays a role in the Brauer—Manin
obstruction to weak approximation.

At this point some natural questions arise:

1. In the theorem above the prime 2 is of good ordinary reduction. Is the
ordinary condition needed?

2. What happens over number fields?

Answering these two questions is the aim of Chapter 3 and 4. In particular, in
Chapter 3 I proved the following results.

Theorem. Let X be a K3 surface and p be a prime of good non-ordinary reduction
for X with e, < (p—1). Then the prime p does not play a role in the Brauer—Manin
obstruction to weak approximation on X.

In Chapter 4, I show that the bound e, < (p — 1) appearing in the theorem
above is optimal.

Theorem. Let p be a prime of good ordinary reduction for X of residue char-
acteristic p. Assume that the special fibre Y has no non-trivial global 1-forms,
HY(Y,Z/pZ) = 0 and (p — 1) t ep. Then the prime p does not play a role in the
Brauer—Manin obstruction to weak approrimation on X.

Moreover, in Chapter 4 I also show that the condition (p — 1) { e, in the last
theorem is sufficient but not necessary.

All these results go in the direction of having a better understanding of the
Brauer—Manin set and hence of the set of rational points on varieties. In my results
there is an emphasis on K3 surfaces, which are one of the first kind of varieties
(in terms of complexity of the geometry) for which very little is known about the
arithmetic (i.e. the set of rational points).
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Samenvatting

Dit proefschrift gaat over de studie van rationale punten op variéteiten. Dit soort
problemen ontstaat uit de behoefte om de rationale oplossingen van een polynoom
te kunnen beschrijven: gegeven een polynoom f(z1,...,2,) € Z[x1,...,2,], wat
kunnen we zeggen over

Z(£)(Q) = {(ar, .-, an) € Q" | f(au, ..., an) = 0}

Een manier om deze verzameling te bestuderen is door te kijken naar de poly-
noomvergelijking over de reéle getallen. In feite, als er geen (aq,...,a,) € R
is zodat f(aaq,...,a,) = 0, dan is Z(f)(Q) ook de lege verzameling. De reéle
getallen vormen een compleet lichaam, wat de studie van de nulpunten van func-
ties die erover gedefinieerd zijn veel toegankelijker maakt. Echter, R is slechts
een van de mogelijke complete lichamen van Q, namelijk die met betrekking tot
de euclidische metriek. De p-adische metrieken geven voor elke priemgetal p een
compleet lichaam, dat QQ bevat. Als we dit allemaal samenvoegen, krijgen we een
natuurlijke inclusie

Z(H@Q@ < [ Z(H(Q) x Z(F)(R).

p priem

Bovendien zijn de verzamelingen Z(f)(Q,) en Z(f)(R) deelverzamelingen van re-
spectievelijk Q) en R", dus erven ze een topologie die voortkomt uit de topologie
op @, en R respectievelijk. Ik ben met name geinteresseerd in het begrijpen van
de afsluiting van de verzameling Z(f)(Q) binnen het product [, ;e Z(f)(Qp) X

Z(f)(R).

In de taal van de algebraische meetkunde, definieert de nulpuntsverzameling
van het polynoom f een variéteit X over de rationale getallen. Het grootste vo-
ordeel van het kijken naar het beeld van X (Q) binnen [, ;.. X(Qp) x X (R) is dat
de tweede gemakkelijker te begrijpen is. In feite hebben we zowel over R als over
Qp Newton-methoden die het mogelijk maken oplossingen voor polynoomvergeli-
jkingen te construeren. Bovendien, als X (@) dicht is in X (Q)) voor een gegeven
priemgetal p, dan krijgen we in combinatie met het lemma van Hensel dat we
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de oplossing modulo p kunnen liften naar oplossingen over de rationale getallen.
Bijvoorbeeld in het geval van Z(f), met f € Z[xy, ..., 2,], is een oplossing modulo
p een n-tupel (B1,...,0n) € (Z/pZ)"™ zodat

f(ﬂlv-'wﬂn):o IIlOdp.

Helaas is het vaak te optimistisch om te hopen op de dichtheid van X(Q) in
Hp priem X(QP) X X(R)

In dit proefschrift werken we met gladde en propere variéteiten over getal-
lenlichamen. In dit geval hebben we in plaats van de euclidische metriek de
archimedische plaatsen, en in plaats van de p-adische metriek hebben we de niet-
archimedische plaatsen die geassocieerd zijn met priemidealen in de ring van gehele
getallen van k. We duiden met ;. de verzameling plaatsen van k aan en voor elke
plaats v € Q) duiden we met k, de completering van k bij v aan.

In 1970 introduceerde Manin het gebruik van de Brauer groep van een var-
idteit X, om een deelverzameling X (kq)B" te construeren van

I x(k) = X(ke)

veQ,

zodanig dat
X (k) € X(k) € X(ka)® C X(kq).

Het sleutelpunt is dat de Brauer-Manin verzameling een betere approximatie geeft
van X (k) binnen het product X (kq) en zelfs als de constructie ervan ingewikkelder
is dan die van X (kq), het toegankelijker is dan de verzameling rationale punten
X (k). Stel dat de Brauer-Manin-verzameling niet leeg is. Als p een priemgetal is
zodanig dat

X(ko)® =X (k) x [[ 2
v#Ep

met Z C Hu;&p X (k,). Dan zeggen we dat het priemideaal p geen rol speelt in
de Brauer—Manin-obstructie.

Mijn onderzoek is geinspireerd door de volgende vraag.

Vraag. Stel Pic(X) torsievrij en eindig voortgebracht. Welke priemgetallen kun-
nen een rol spelen in de Brauer—Manin-obstructie voor zwakke approximatie op X ?

Deze vraag is geinspireerd door een vraag die oorspronkelijk gesteld werd door
Swinnerton—Dyer; hij vroeg zich af of onder de aanname van de vraag de enige
plaatsen die een rol kunnen spelen in de Brauer—-Manin obstructie voor zwakke
approximatie degene zijn met slechte reductie voor de variéteit. In grote lijnen,
als X gedefinieerd is over de rationale getallen, is een priemgetal p van goede
reductie voor X als we X kunnen definiéren door polynomen met gehele coéf-
ficiénten waarvan de reductie modulo p een gladde variéteit definieert over het
eindige lichaam F,. De wens is om alle priemgetallen te kunnen identificeren die
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een rol spelen in de Brauer—-Manin-obstructie voor zwakke approximatie om zo de
Brauer—-Manin-verzameling te kunnen beschrijven.

Het tweede hoofdstuk van dit proefschrift is gewijd aan het presenteren van het
eerste voorbeeld van een K3—0ppervlakE| gedefinieerd over Q waarin een priemge-
tal van goede reductie een rol speelt in de Brauer—-Manin-obstructie voor zwakke
approximatie.

Stelling. Laat X C ]P’(?@ het projectieve K3-opperviak zijn gedefinieerd door de
vergelijking
2y + 922 + 2w+ wir + ryzw = 0.

Dan is het priemgetal 2 van goede reductie voor X en speelt het een rol in de
Brauer—Manin-obstructie voor zwakke approximatie.

Op dit punt komen enkele natuurlijke vragen naar boven:

1. In het bovenstaande stelling is het priemgetal 2 van goede gewone reductie.
Is de gewone voorwaarde nodig?

2. Wat gebeurt er over getallenlichamen?

Het beantwoorden van deze twee vragen is het doel van Hoofdstuk 3 en 4. In het
bijzonder bewijs ik in Hoofdstuk 3 de volgende resultaten.

Stelling. Laat X een K3-oppervlak zijn en p een priemgetal van goede niet-gewone
reductie voor X met e, < (p —1). Dan speelt het priemgetal p geen rol in de
Brauer—Manin-obstructie voor zwakke approzrimatie op X .

In Hoofdstuk 4 laat ik zien dat de grens e, < (p — 1) zoals vermeld in de
bovenstaande stelling optimaal is.

Stelling. Laat p een priemgetal van goede gewone reductie zijn voor X wvan restk-
lassekarakteristiek p. Stel dat de speciale vezel Y geen niet-triviale globale 1-
vormen heeft, HY(Y,Z/pZ) = 0 en (p — 1) { ey. Dan speelt het priemgetal p
geen 1ol in de Brauer—Manin-obstructie voor zwakke approrimatie op X .

In hoofdstuk 4 laat ik ook zien dat de voorwaarde (p — 1) { e, in de laatste
stelling voldoende maar niet noodzakelijk is.

Al deze resultaten gaan in de richting van een beter begrip van de Brauer—
Manin-verzameling en dus van de verzameling rationale punten op variéteiten. In
mijn resultaten ligt de nadruk op K3-oppervlakken, die een van de eerste soorten
variéteiten zijn (in termen van complexiteit van de meetkunde) waarover heel
weinig bekend is over de aritmetiek (d.w.z. de verzameling rationale punten).

2K3-oppervlakken zijn variéteiten die voldoen aan de aanname in de vraag.
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