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The electromagnetic Casimir effect has a fermionic counterpart in topological insulators: Zero-point fluc-
tuations of a massless Dirac fermion field mediate a force between magnetic scatterers. The Casimir force is
insensitive to disorder that preserves the topological protection of an unpaired Dirac cone. The protection may
be broken if the Dirac equation is discretized, and an exponential suppression of the Casimir effect will result if
a gap opens at the Dirac point. Here, we show how this lattice artifact may be avoided, by applying a recently
developed local discretization of the Euclidean action that does not suffer from the fermion-doubling obstruction
of local discretizations of the Hamiltonian.
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I. INTRODUCTION

The Casimir effect [1–3] is the attractive force between
two metal plates in vacuum due to zero-point fluctuations
of the electromagnetic field. The radiation pressure is lower
in between the plates than outside and pulls the plates to-
gether. This generic quantum effect has an electronic analog
for massless Dirac fermions. Early studies of the fermionic
Casimir effect were in the context of high-energy physics
[4–7]. The emergence of massless electrons in graphene and
topological insulators has created applications in condensed
matter physics [8–10].

The Casimir force of a massless field decays as a power law
with distance, however, it is suppressed exponentially if the
low-energy excitations acquire a nonzero mass, meaning that a
gap at the Dirac point opens up in the spectrum [11–13]. Dirac
fermions remain massless provided that both these conditions
are satisfied [14,15]: (1) The low-energy spectrum has only a
single Dirac cone (i.e., there is only a single species of low-
energy excitations); and (2) chiral symmetry and time-reversal
symmetry are not both broken.

In graphene there are two Dirac cones at opposite corners
of the Brillouin zone (valley degeneracy). Hence short-range
disorder that couples these two cones via a large momentum
transfer can open up a gap at the Dirac point and suppress the
Casimir force. In contrast, on the surface of a topological insu-
lator there is a single unpaired Dirac cone. The Casimir effect
in a topological insulator can therefore not be suppressed by
(time-reversal symmetry preserving) electrostatic disorder.

This topological protection of the Casimir effect may be
compromised if the Dirac equation is discretized [16–19].
A local and symmetry-preserving discretization of the Dirac
Hamiltonian necessarily introduces a second Dirac cone [20],
an obstruction known as fermion doubling [21]. One way to
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work around this obstruction is to embed the Dirac Hamil-
tonian in a higher-dimensional lattice [22,23]. This is how
a three-dimensional (3D) topological insulator allows for an
unpaired Dirac cone on its 2D surface, or how a 2D quantum
spin Hall insulator has an unpaired Dirac cone on its 1D edge.

Here, we present an alternative, dimension-preserving,
route to a topologically protected Casimir force for lattice
fermions. Following Ref. [24], space-time is discretized to
obtain an Euclidean action that is local, preserves fundamental
symmetries, and has only a single species of low-energy exci-
tations. The second Dirac cone, required by a no-go theorem
[20], is pushed to high energies by the time discretization, and
as we will demonstrate does not affect the Casimir force. In
particular, we show that short-range disorder has no effect on
the power-law distance dependence (no exponential suppres-
sion because the low-energy excitations remain massless).

The outline of the paper is as follows: In the next sec-
tion we give the scattering formulation of the fermionic
Casimir effect on a space-time lattice, in terms of the tangent
discretization of derivative operators [25,26]. The metallic
plates of the electromagnetic effect are replaced by “mass
barriers” [4], which in a topological insulator correspond to
magnetic scatterers. The scattering matrix on the lattice is
calculated in Sec. III, and then in Secs. IV–VI the Casimir
force is obtained for various cases: extended mass barriers and
“mass spikes” [7], in 1D and 2D. The topological protection
is demonstrated in Sec. VII. We conclude in Sec. VIII.

II. CASIMIR EFFECT ON A SPACE-TIME LATTICE

We adapt the scattering formulation of the Casimir effect in
the continuum [27–33] to discrete space and discrete (imagi-
nary) time. We first consider one single spatial dimension (1D
case), relevant for the quantum spin Hall edge, turning later to
the 2D case relevant for the surface of a topological insulator.

A. Dirac fermions confined by mass barriers

We consider the Dirac Hamiltonian

H = −ivFσx∂x + μ(x)σz, (2.1)
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with vF the Fermi velocity and Pauli spin matrices σα . The
Fermi level is fixed at the Dirac point, E = 0. We set h̄ to
unity and denote partial derivatives by ∂x ≡ ∂/∂x.

Low-energy excitations are confined to a segment of length
L by a pair of mass barriers of length Lμ,

μ(x) =
⎧⎨
⎩

μL if − Lμ < x < 0,

μR if L < x < L + Lμ,

0 otherwise.
(2.2)

On the surface of a topological insulator such a mass profile
can be produced by the perpendicular magnetization of a
magnetic insulator. The magnetization breaks time-reversal
symmetry and opens a gap in the spectrum, causing the low-
energy excitations to decay for x < 0 and for x > L. In the
intermediate region 0 < x < L the spectrum remains gapless.

The confinement is only effective at energies E � μL, μR.
At higher energies the mass barriers are transparent. This is
a physical requirement. As we will see shortly, it is also a
technical requirement [34] for our method to work around the
fermion-doubling obstruction.

The transmission amplitude from one barrier to the other
is t (E ), the same for transmission from left to right and from
right to left. The reflection amplitudes from the left and right
barriers are rL(E ) and rR(E ), respectively. The product of
these scattering amplitudes gives the L-dependent contribu-
tion to the density of states, according to [29]

ρ(E ) = − 1

π
Im

d

dE
ln[1 − �(E + i0+)],

�(E ) = rL(E )rR(E )t (E )2. (2.3)

Our objective is to compute the L dependence of the free
energy F , in equilibrium at inverse temperature β = 1/kBT ,
to obtain the Casimir force FC = −dF/dL.

B. Tangent fermion discretization

The free energy has the path integral expression [35,36]

F = −β−1 ln Z,

Z =
∫

Dχ

∫
Dχ̄ exp

(
−

∫ β

0
dt

∫
dx L[χ, χ̄ ]

)
, (2.4)

in terms of the anticommuting (Grassmann) spinor fields χ, χ̄

and the Euclidean Lagrangian

L[χ, χ̄ ] = χ̄ (x, t )(∂t + H)χ (x, t ). (2.5)

The Lagrangian is integrated along the interval 0 < it < iβ
on the imaginary-time axis, with antiperiodic boundary con-
ditions: χ (x, β ) = −χ (x, 0).

In the tangent fermion approach of Ref. [24], space and
imaginary time are discretized in units of a and τ , respec-
tively, chosen such that β/τ , L/a, and Lμ/a are integers.
The space-time lattice consists of the points itn = inτ , n =
0, 1, 2 . . . β/τ − 1, on the imaginary-time axis and xn = na,
n ∈ Z on the real-space axis.

The discretized Lagrangian is given by

L[χ, χ̄ ] = χ̄[−(2/τ )i tan(ω̂τ/2) + H]χ, (2.6)

H = (2vF/a)σx tan(k̂a/2) + μ(x)σz, (2.7)

with k̂ = −i∂x, ω̂ = i∂t . The fields χ, χ̄ are nonlocally cou-
pled by the tangent operators, but a linear transformation
produces a local Lagrangian [24].

The dispersion relation

tan2(ωτ/2) = γ 2 tan2(ka/2), γ = vFτ/a, (2.8)

has two Dirac points in the Brillouin zone: one Dirac point
at low energies, ωτ = ka = 0, and a second Dirac point at
high energies, ωτ = ka = π . The mass barriers do not confine
the Dirac field at high energies, so we can expect that the
second Dirac point will not affect the Casimir force. This is
how the fermion-doubling obstruction [20] is avoided, without
compromising the locality or symmetry of the Lagrangian.

Evaluation of the Gaussian path integral (2.4) gives the free
energy

F = −β−1
β/τ−1∑

n=0

∫ ∞

−∞
dE ρ(E ) ln [E − (2/τ )i tan(ωnτ/2)],

(2.9)

in terms of a finite sum over the Matsubara frequencies ωn =
(2n + 1)π/β. The pole in the tangent dispersion is avoided by
choosing the integer β/τ even.

We substitute Eq. (2.3) and perform a partial integration,

F = − 1

πβ
Im

β/τ−1∑
n=0

∫ ∞

−∞
dE

ln[1 − �(E + i0+)]

E − (2/τ )i tan(ωnτ/2)
.

(2.10)

We close the integration interval by a large contour in the
upper half of the complex plane, to pick up the poles on the
positive imaginary axis. The scattering amplitudes are analytic
for Im E > 0 (no poles). We thus arrive at

F = − 2

β
Re

β/2τ−1∑
n=1

ln[1 − �(iξn)],

ξn = (2/τ ) tan(ωnτ/2). (2.11)

In what follows we will limit ourselves to zero temperature,
when the sum over the Matsubara frequencies can be replaced
by an integral,

lim
T →0

F = − 1

πτ
Re

∫ π

0
dω ln [1 − �(2i tan(ω/2))]. (2.12)

The continuum formula [27–33] for the Casimir free energy
is obtained if we replace 2 tan(ω/2) by ω and integrate from
0 to ∞.

III. TANGENT FERMION SCATTERING AMPLITUDES

The eigenvalue equation H� = E� in the tangent dis-
cretization (2.7) is nonlocal, coupling the wave function �n ≡
�(x = na) at arbitrarily distant lattice points. This nonlocal-
ity is only apparent [25,37], and it can be removed by the
substitution

�n = 1
2 (�n + �n+1). (3.1)
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The x dependence of the � field is governed by a local relation
[26,38] �n+1 = Mn(E )φn with transfer matrix

Mn = (1 − iσxUn)−1(1 + iσxUn),

Un = (a/2vF)[E − σzμ(x = na)]. (3.2)

The transfer matrix from x = 0 to x = L is given by ML/a
n

with μ ≡ 0. A right-moving state is an eigenstate of σx with
eigenvalue +1, which gives the transmission amplitude

t (E ) =
(

1 + 1
2 iEa/vF

1 − 1
2 iEa/vF

)L/a

. (3.3)

The calculation of the reflection amplitude from a mass
barrier is a bit more complicated (see Appendix B). For a
barrier of length Lμ and mass μ we find

1

r(E )
= E

μ
+ i

vF�

aμ

(
2+�
2−�

)2Lμ/a + 1(
2+�
2−�

)2Lμ/a − 1
,

�(E ) = a

vF

√
μ2 − E2. (3.4)

The penetration depth ξμ into the barrier at E = 0 is given
by

a

ξμ

= ln

∣∣∣∣2 + �0

2 − �0

∣∣∣∣ =
{
�0/4 if �0 � 1,

4/�0 if �0 � 1,
(3.5)

with �0 = a|μ|/vF. The large-�0 behavior is a lattice artifact,
and only the regime |μ| � vF/a is physical.

IV. CASIMIR FORCE BETWEEN EXTENDED MASS
BARRIERS

In the limit Lμ → ∞ of an infinitely extended mass barrier
the reflection amplitude (3.4) simplifies to

lim
Lμ→∞

r(iω) = iω/μ − iμ−1
√

μ2 + ω2. (4.1)

We substitute Eqs. (3.3) and (4.1) for the transmission and
reflection amplitudes into the free-energy formula (2.12),

F = − 1

πτ

∫ π

0
dω ln

[
1 + (

ξ/μLτ − μ−1
L

√
μ2

L + (ξ/τ )2
)

×(
ξ/μRτ − μ−1

R

√
μ2

R + (ξ/τ )2
)(1 − 1

2ξ/γ

1 + 1
2ξ/γ

)2L/a]
,

(4.2)

with ξ = 2 tan(ω/2), γ = vFτ/a. In Fig. 1 we compare this
with the continuum result,

Fcont = − 1

π

∫ ∞

0
dω ln

[
1 + (

ω/μL − μ−1
L

√
μ2

L + ω2
)

× (
ω/μR − μ−1

R

√
μ2

R + ω2
)
e−2ωL/vF

]
. (4.3)

The two match closely.
In the large-L limit Eq. (4.2) tends to

F∞ = − h̄vF

πL

∫ ∞

0
dx ln[1 − rL(0)rR(0)e−2x]. (4.4)

FIG. 1. Dependence of the zero-temperature free energy F of 1D
massless fermions on the separation L of a pair of mass boundaries.
The derivative −dF/dL is the Casimir force on the barriers. The
force is attractive if the two magnetizations μL, μR have the same
sign (lower curves), and repulsive if they have the opposite sign
(upper curves). The plot compares the result (4.2) on a lattice (red)
with the continuum result (4.3) (black). [The dashed lines are the
large-L asymptotes (4.5).] The space-time lattice constants a and τ

have been chosen such that μ0τ/h̄ = 1 = vFτ/a. The inset shows the
magnetization profile μ(x) that produces the mass boundaries.

We thus recover the familiar values [4,8]

F∞ = h̄vF

L
×

{−π/24 if sgn(μLμR) = +1,

+π/12 if sgn(μLμR) = −1.
(4.5)

The corresponding Casimir force FC = −dF/dL decays as
1/L2, attractive or repulsive depending on whether μL and μR

have the same or opposite sign.

FIG. 2. Mass dependence of the Casimir free energy for a delta
function mass profile μ(x) = Mδ(0) + Mδ(x − L) in the continuum
[black curve, Eq. (5.3)], modeled by two barriers of height μ0 ≡ M/a
and width a on the lattice [red curve, Eq. (5.2)]. The agreement is
precise for lattice constants a much smaller than both L and h̄vF/μ0.

023058-3



C. W. J. BEENAKKER PHYSICAL REVIEW RESEARCH 6, 023058 (2024)

FIG. 3. Same as Fig. 1, but for the 2D case, computed from
Eqs. (6.1) and (6.2). The dashed lines are the large-L asymptotes
(6.3).

V. CASIMIR FORCE BETWEEN MASS SPIKES

A delta function mass profile, a “mass spike” [7], is repre-
sented on the lattice by a mass barrier which is one lattice
constant long. This is a model for a magnetic impurity on

the quantum spin Hall edge. The reflection amplitude follows
from Eq. (3.4) with Lμ = a, which simplifies to

rX (E ) = 4iaμX /vF

(aE/vF + 2i)2 − (aμX /vF)2
, X ∈ {L, R}. (5.1)

Substitution into Eq. (4.4) gives for L � a the Casimir free
energy

F∞ = h̄vF

2πL
Li2(−MLMR), MX = 4aμX /vF

4 + (aμX /vF)2
, (5.2)

with Li2 a polylogarithm. This can be compared with the
continuum result [7,39] for the mass profile μ(x) = Mδ(x) +
Mδ(x − L),

Fcont = h̄vF

2πL
Li2[− tanh2(M/vF)]. (5.3)

As shown in Fig. 2, the two expressions agree in the small-
mass regime M ≡ aμ0 � vF.

To clarify the correspondence of the lattice and continuum
formulas it is helpful to rewrite the lattice formula (5.2) for
identical mass spikes as

F∞ = h̄vF

2πL
Li2[− tanh2(aμeff/vF)], μeff ≡ vF/ξμ, (5.4)

with ξμ the lattice penetration depth from Eq. (3.5). Equa-
tion (5.4) corresponds to the continuum formula (5.3) if we
identify M/a with the effective mass μeff .

VI. CASIMIR FORCE BETWEEN MASS BARRIERS ON A 2D SURFACE

These 1D expressions can readily be generalized to the 2D case. We consider a pair of mass barriers along the y axis, with
the mass profile μ(x) given by Eq. (2.2). The transmission and reflection coefficients now depend both on energy E and on the
transverse wave number ky (which is a conserved quantity). We work out the case Lμ → ∞ of extended barriers.

Using the results for the reflection and transmission coefficients from Appendix B we obtain the free energy

F = − W

πτ

∫ π

0
dω

∫ π/a

−π/a

dky

2π
ln

[
1 + 1

μLμRτ 2
(
√

(γ ξy)2 + ξ 2 −
√

(μLτ )2 + (γ ξy)2 + ξ 2)

× (
√

(γ ξy)2 + ξ 2 −
√

(μRτ )2 + (γ ξy)2 + ξ 2)

(
2γ − √

(γ ξy)2 + ξ 2

2γ + √
(γ ξy)2 + ξ 2

)2L/a]
, (6.1)

with ξ = 2 tan(ω/2) and ξy = 2 tan(aky/2). This expression includes the contributions from both propagating and decaying
modes in the interbarrier region.

In Fig. 3 we compare Eq. (6.1) with the continuum result,

Fcont = −W

π

∫ ∞

0
dω

∫ ∞

−∞

dky

2π
ln

[
1 + 1

μLμR

(√
(vFky)2 + ω2 −

√
μ2

L + (vFky)2 + ω2
)

×
(√

(vFky)2 + ω2 −
√

μ2
R + (vFky)2 + ω2

)
exp

(
−2L

vF

√
(vFky)2 + ω2

)]
. (6.2)

The two match closely, both tending to the large-L limit of Appendix C,

F∞ = − h̄vFW

2πL2

∫ ∞

0
rdr ln[1 + sgn(μLμR)e−2r]

= h̄vFW

L2
×

{−3ζ (3)/32π if sgn(μLμR) = +1,

+ζ (3)/8π if sgn(μLμR) = −1.
(6.3)
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VII. TOPOLOGICAL PROTECTION
OF THE CASIMIR FORCE

To test the topological protection of the fermionic Casimir
effect we apply an electrostatic potential V (x) to the interbar-
rier region, in the 1D case with extended mass boundaries.
This potential preserves time-reversal symmetry, so the
fermions should remain massless.

We consider the staggered potential V (x) = V0 cos(πx/a),
so V = ±V0 on even- and odd-numbered sites, which keeps
the Fermi level at zero energy. (A nonzero Fermi wave vector
kF would introduce sin kFL oscillations in the Casimir force
[40,41].)

The staggered potential modifies the tangent fermion trans-
mission amplitude by a ±V0 displacement of the energy,

t (E ) =
(

1 + 1
2 i(E − V0)a/vF

1 − 1
2 i(E − V0)a/vF

)L/2a

×
(

1 + 1
2 i(E + V0)a/vF

1 − 1
2 i(E + V0)a/vF

)L/2a

, (7.1)

for L/a an even integer. On the imaginary energy axis we have

t[2i tan(ω/2)]

=
(

1 − 8 sin ω

(V0a/vF)2 cos2(ω/2) + 4 sin ω + 4

)L/2a

→ exp

(
− ωL/a

1 + (V0a/2vF)2

)
, (7.2)

in the large-L, small-ω limit.
The zero-temperature free energy, in the limit L, Lμ → ∞,

is given by

F∞ = − 1

πτ

∫ ∞

0
dω ln[1 + sgn(μLμR)e−2ωLeff /a],

Leff = L

1 + (V0a/2vF)2
, (7.3)

which evaluates to the result (4.5) with a renormalized length
L �→ Leff .

As anticipated, the power-law L dependence of the Casimir
force is not affected by the staggered potential in the tangent
fermion discretization. In contrast, if a discretization scheme
allows a gap Egap to open at the Dirac point, then the Casimir
force decays ∝e−EgapL/vF with increasing L [11–13]. The gap
due to the staggered potential is different for different types
of lattice fermions [26,42], of order V0 for naive fermions
and of order V 2

0 a/vF for other discretization schemes (Wilson
fermions, SLAC fermions, Kogut-Susskind fermions [21], see
Appendix D).

VIII. CONCLUSION

In summary, we have shown that it is possible to study the
fermionic Casimir effect on a lattice without giving up on the
topological protection of an unpaired Dirac cone, and without
the need to embed the lattice in higher-dimensional space. The
ingredients that permit to work around the fermion-doubling
obstruction are as follows: (1) the tangent fermion space-time
discretization that pushes the spurious second Dirac cone to
high energies [24]; and (2) the use of the physical condition
that high-energy fermions are not confined by mass barriers
and therefore do not contribute to the Casimir force.

On the quantum spin Hall edge the Casimir force be-
tween magnetic impurities decays slowly ∝1/L2, unaffected
by electrostatic disorder. For a Fermi velocity of 106 m/s this
corresponds to an interaction energy of 10 meV at a sepa-
ration of 10 nm, which may have measurable consequences,
such as the aggregation of magnetic impurities with parallel
magnetization (as in the analogous case in graphene or carbon
nanotubes [8,9]). Our lattice fermion approach should allow
for efficient computer simulations of the Casimir effect with
electron-electron interactions [43].
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APPENDIX A: INFINITE-MASS BOUNDARY CONDITION
IS INCOMPATIBLE WITH THE TANGENT FERMION

DISCRETIZATION

In the infinite-mass limit, when the mass boundaries may
be considered impenetrable at all energies, we may replace
them by a boundary condition on the modes in the interbarrier
region. That approach is taken in Refs. [17,18], for several
types of lattice fermions. We have found that the infinite-mass
boundary condition is not appropriate for tangent fermions.
For that discretization scheme it is essential to retain the
physical requirement that the barriers are transparent at high
energies. We show this for the 1D case with sgn(μLμR)
= +1.

The infinite-mass boundary condition for tangent fermions
implies the energy quantization

Em = (2/τ ) tan [(m + 1/2)πa/L],

m = −L/a, . . . ,−1, 0, 1, . . . L/a − 1. (A1)

The zero-temperature free energy (2.9) is then given by

F = − 1

2πτ

L/a−1∑
m=−L/a

∫ 2π

0
dω ln {2γ tan [(m + 1/2)πa/2L] − 2i tan(ω/2)}

= −2L

aτ
ln 2 +

L/a−1∑
m=0

f (m + 1/2), f (x) = −2

τ
ln [1 + γ tan (xπa/2L)]. (A2)
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The regularized zero-point energy is the difference between the sum and integral,

δF =
L/a−1∑
m=0

f (m + 1/2) −
∫ L/a

0
f (x)dx = F − L lim

L→∞
L−1F . (A3)

We use the Abel-Plana formula [44]


B−ν�∑
n=�A−ν

f (n + ν) −
∫ B

A
f (x)dx = �(A, ν) + �(B, ν) − Q(A, ν) + Q(B, ν), (A4a)

�(A, ν) =
{

1
2 f (A) if A − ν ∈ Z,

0 otherwise,
(A4b)

Q(A, ν) = 1

i

∫ ∞

0
dy

[
f (A + iy)

e2πy−2π i(A−ν) − 1
− f (A − iy)

e2πy+2π i(A−ν) − 1

]
, (A4c)

for A, B, ν ∈ R.
Applied to Eq. (A2) (with A = 0, B = L/a, ν = 1/2) this gives the zero-point energy

δF = −4

τ

∫ ∞

0
dy

arctan[γ tanh(yπa/2L)]

e2πy + 1
+ 4

τ

∫ ∞

0
dy

arctan[γ cotanh(yπa/2L)]

e2πy + 1

= 1

τ
ln 2 − vF

L

π (γ 2 + 1)

24γ 2
+ O(L−2). (A5)

The L-independent offset does not contribute to the Casimir
force and can be ignored. The term that decays as 1/L only
attains the correct prefactor (4.5) when γ = vFτ/a → ∞,
so for vanishing lattice constant a. For finite γ the tangent
fermion discretization overestimates the Casimir force in the
infinite-mass limit, because of spurious contributions from
high-energy modes at the edge of the Brillouin zone. This
complication is avoided in the scattering approach from the
main text, because there the mass barriers are transparent at
high energies, hence the spurious modes are not confined and
do not contribute to the Casimir force.

APPENDIX B: SCATTERING OF TANGENT
FERMIONS BY A MASS BARRIER

We compute the tangent fermion reflection and transmis-
sion matrices for a mass barrier. We consider a 2D system,
such as the surface of a topological insulator, with the barrier
oriented along the y axis. The mass profile μ(x) depends only
on x, so momentum ky parallel to the boundary is conserved.

The transfer matrix Mn from x = na to x = (n + 1)a is
given by [26,38]

Mn = (
1 − iσxUn − 1

2σzξy
)−1(

1 + iσxUn + 1
2σzξy

)
, (B1a)

Un = (a/2vF)[E − σzμ(x = na)], ξy = 2 tan(aky/2).

(B1b)

[The 1D Eq. (3.2) corresponds to ky = 0.] The full transfer
matrix through the barrier, of length Lμ an integer multiple of
the lattice constant a, is MLμ/a

n .

The eigenstates of Mn for μ = 0 are

χ+ = 2−1/2(
√

1 − (γ ξy/Eτ )2 − iγ ξy/Eτ, 1),

χ− = 2−1/2(1,−
√

1 − (γ ξy/Eτ )2 + iγ ξy/Eτ ). (B2)

For |γ ξy/Eτ | < 1 these are states which carry the same cur-
rent in opposite directions,

〈χ±|σx|χ±〉 = ±
√

1 − (γ ξy/Eτ )2, (B3)

so they can serve as the basis of incoming and outgoing states
for the scattering matrix.

We transform the transfer matrix to the new basis,

M̃n = �−1Mn�, � =
(

χ+
χ−

)�
, (B4)

and then find the scattering matrix S from

(M̃n)Lμ/a =
(

m11 m12

m21 m22

)
⇒

S =
( −m21/m22 1/m22

m11 − m12m21/m22 m12/m22

)
≡

(
r t
t ′ r′

)
.

(B5)

After some algebra we thus obtain the reflection and trans-
mission coefficients

1

r
= 1

r′ = ε

μ
+ i

vF�

aμ

Q2 + 1

Q2 − 1
, (B6)

1

t
= 1

t ′ = 1

2
(Q + 1/Q) − 1

2
i

aε

vF�
(Q − 1/Q), (B7)
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with the definitions

ε = E
√

1 − (γ ξy/Eτ )2, (B8a)

� = a

vF

√
μ2 + (γ ξy/τ )2 − E2, (B8b)

Q =
(

2 + �

2 − �

)Lμ/a

. (B8c)

For ky = 0 Eq. (B6) reduces to Eq. (3.4).
We note the large-Lμ limit of the reflection coefficient for

E = iω on the imaginary axis,

lim
Lμ→∞

r(iω) = lim
Q2→∞

r(iω)

= iω

μ

√
1 + (γ ξy/ωτ )2

− i

μ

√
μ2 + (γ ξy/τ )2 + ω2, (B9)

generalizing Eq. (4.1) to ky �= 0.
The transmission coefficient through a massless region of

length L follows from Eq. (B7) with μ = 0,

lim
μ→0

t (E ) =
(

1 + 1
2 iεa/vF

1 − 1
2 iεa/vF

)L/a

, (B10)

which for ky = 0 reduces to Eq. (3.3).

APPENDIX C: FERMIONIC CASIMIR FORCE
ON WIDELY SEPARATED MASS BOUNDARIES

To compare with the literature on the fermionic Casimir
force we record the limiting expressions we obtain for the case
Lμ, L → ∞ of extended and widely separated mass barriers.

In the scattering formulation the zero-point energy in d +
1-dimensional continuous space-time is given by an integral
over the imaginary frequency iω and a d − 1-dimensional
integral over the transverse wave vector k‖,

F∞ = − h̄
∫ ∞

0

dω

π

∫
dk‖

(2π )d−1

× ln[1 − rL(iω, k‖)rR(iω, k‖)e−2L
√

(ω/vF )2+|k‖|2 ].

(C1)

This is the zero-temperature free energy per unit area of the
mass barriers and for a single spin degree of freedom.

In the large-L limit we may replace the reflection coeffi-
cients rL, rR by their value ±i at ω = 0 = k‖, where the sign
±i depends on the sign of the mass. Upon transformation to
spherical coordinates we have the integral

F∞ = − h̄vF

Ld

2πd/2

(2π )d�(d/2)

∫ ∞

0
rd−1dr

× ln[1 + sgn(μLμR)e−2r], (C2)

which evaluates to

F∞ = h̄vF

Ld

ζ (d + 1)�(d )

23d−1πd/2�(d/2)

×
{

(1 − 2d ) if sgn(μLμR) = +1,

2d if sgn(μLμR) = −1.
(C3)

Specifically, the coefficient c±
d in F∞ = c±

d h̄vF/Ld for d =
1, 2, 3 and sgn(μLμR) = ±1 equals

{c+
1 , c+

2 , c+
3 } =

{
− π

24
,−3ζ (3)

32π
,− 7π2

5760

}
,

{c−
1 , c−

2 , c−
3 } =

{
+ π

12
,+ζ (3)

8π
,+ π2

720

}
. (C4)

The Casimir force FC = −dF/dL on the barriers is attractive
if sgn(μLμR) = +1 and repulsive if sgn(μLμR) = −1.

The formula (C3) for the attractive fermionic Casimir force
was derived in Ref. [6] by a different method (zeta function
regularization). The result for the repulsive case equals −2
times the bosonic result from Ref. [5].

APPENDIX D: COMPARISON
WITH OTHER LATTICE FERMIONS

As derived in Ref. [42], a staggered potential V (x) =
V0 cos(πx/a) may cause a gap Egap to open up at the zero-
energy Dirac point. This causes an exponential suppression
∝e−EgapL/vF of the Casimir force [11–13]. For tangent fermions
the Dirac fermions remain massless. We summarize the gap
results for various other types [21] of 1D lattice fermions.

The staggered potential couples states at kx and kx + π/a,
as described by the Hamiltonian

HV (kx ) =
(

H (kx ) V0/2
V0/2 H (kx + π/a)

)
. (D1)

For a given lattice Hamiltonian H one thus obtains the follow-
ing gap Egap at kx = 0 in the spectrum of HV :

(1) naive fermions: H (kx ) = (vF/a)σx sin akx ⇒ Egap =
V0;

(2) Wilson fermions: H (kx ) = (vF/a)σx sin akx + m0σz

(1 − cos akx ) ⇒ Egap =
√

4m2
0 + V 2

0 − 2m0;
(3) Kogut-Susskind fermions: H (kx ) = (vF/a)[σx sin

akx + σy(1 − cos akx )] ⇒ Egap =
√

4v2
F/a2 + V 2

0 − 2vF/a;
(4) SLAC fermions: H (kx ) = −i(vF/a)σx ln eiakx ⇒

Egap =
√

π2v2
F/a2 + V 2

0 − πvF/a.
The resulting Casimir force decays as e−L/ξ with ξ ∝ 1/V0

for naive fermions and ξ ∝ 1/V 2
0 in the other three cases.

All of this should be contrasted with
(5) tangent fermions: H (kx ) = 2(vF/a)σx tan(akx/2) ⇒

Egap = 0,
where the Casimir force retains the power-law decay

∝1/L2.
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