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Chapter 7

Motivic stability

Let I',, be a sequence of finitely generated groups, and let G be an algebraic
group over a field k. One can wonder whether the invariants of the corresponding
sequence of character stacks X (T',,) are related. We will mainly focus on the
sequence I[';, = Z" of free abelian groups and the sequence I';, = F}, of free groups,
for which the character stacks parametrize (commuting) tuples of elements in G
up to conjugation.

Geometric invariants of these and related spaces have been studied extensively
[Bai07, AC07, PS13, FL14]. For X,, the sequence of G-representation varieties
or G-character varieties of Z", the homology groups Hy(X,,) were computed in
[RS19], and their mixed Hodge structures in [FS21]. A pattern emerged: fixing
n and varying G through sequences G, of classical groups (such as GL, or U,.),
the homology groups Hy(X,) remain constant for sufficiently large r, that is,
they stabilize. This pattern was proved in [RS21], as well as for fixed G and
increasing n, and for many related sequences X,,. Moreover, taking into account
the action of the symmetric group S,, on Z™ by permutation, inducing an action
of S, on X, and in turn on Hy(X,,), they showed the homology groups stabilize
as Sp-representations. This type of stability, called representation stability, was
formulated in [CF13]: a sequence V,, of S,,-representations is representation sta-
ble, roughly speaking, if the multiplicities of the irreducible representations V),
corresponding to the partitions A of n, stabilize. Partitions for n and n + 1 are
related by increasing the first number.

In this chapter, we combine the notion of representation stability with that of
motivic stability. Completing the Grothendieck ring of varieties, one can study
the convergence of a sequence of virtual classes. Such convergence was studied
in [VW15] for sequences of symmetric powers Sym” X (as an algebraic analogue
of the Dold-Thom theorem) and sequences of configuration spaces Conf™ X.
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142 CHAPTER 7. MOTIVIC STABILITY

Using the theory of Section 3.6, we will generalize the notion of motivic stability,
and introduce the concept of motivic representation stability. As an application,
we will show that the sequence of GL,-character stacks X, (Z"™), with the action
of S,,, is motivically representation stable.

7.1 Motivic stability

Motivic stability is a property of a sequence of varieties, which amounts to the
convergence (in some sense) of their virtual classes in the topological ring jT/l\lL,
which is the completion of the localization Kq(Var)[L~!] of the Grothendieck
ring of varieties. This topological ring was originally constructed by Kontsevich in
the context of motivic integration [Kon95]. For more information on this object,
we refer to [Boull, Loo02, VW15].

For our applications, we adapt the standard definitions to the equivariant setting.
Throughout, fix an algebraic group G over k, and denote by L the class [A}] €
Ko(Vary) of A} on which G acts trivially.

Definition 7.1.1. Write M for the localization Ko(Vary )[L~']. Consider the
increasing filtration on M&,

0C- CFM{ CF M C-- C M,

where F, M¢ is the subgroup of M{ generated by all elements of the form
[X]/L™ with dim X —m < n. Note that {J,,c; F,ME = ME. The completion
with respect to this filtration is denoted

ME = lim ME /F, M.

An element z € M{ can be represented as a tuple (z,,) € [[,cp ME/FaME
such that x,, = x,, mod Fn./\/lf for all m < n.

The completion ./T/I—E inherits, a priori, only the group structure from M. Mul-
tiplication is defined as follows. Let = (x,,) and y = (y,,) be elements of /QIG.
Note that there exists a sufficiently large N such that z, =y, = 0 for alln > N.
Now define zy by (zy), = 2/, _yy,_n mod F, MY, where 2/, .,y n € ME
are lifts x,,_y and y,_n, respectively. This is independent of the choice of lift
since, for any other lift x!/ ., we have !/ yyl v — L _nyh_n = (@) _N —
z YN € FuonME - FNME C F,ME. Similarly, it is independent of the

choice of lift y/,_,,. This gives Mf a ring structure.

Definition 7.1.2. Let X be a G-variety over k. For any n > 0, the n-th G-
symmetric power of X, denoted Sym¢; X, is the G-variety given by the ordinary
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symmetric power Sym” X = X" /S, with the action of G induced by the diagonal
action on X".

Definition 7.1.3. Let X be a G-variety over k. The symmetric powers Sym¢ X
of X are called motivically stable if the limit

n—ooo LM dim X

exists in M&. More generally, a sequence X,, of G-varieties over k is motivically

stable if the limit
lim [Xo]

s oo Ldim Xn

exists in Mf.

Example 7.1.4. When G = 1 is the trivial group, we simply write ./T/l\]L instead
of ME. In this case, the following sequences are motivically stable.

= From Example 3.3.5, we see that the sequence X,, = GL,, is motivically stable,
with limit limy, 00 [GLy] /L™ = [],5, (1 — L79).

» Similarly, X,, = SL,, is motivically stable with limit limnﬁoo[SL,L]/L”Z_1 =
[Iis2(1— L=%). Since [PGL,] = [SL,], the sequence X,, = PGL, is also mo-
tivically stable, with the same limit.

= It is still an open conjecture [VW15, Conjecture 1.25] whether the symmetric
powers of all geometrically irreducible varieties are motivically stable. However,
some evidence has been presented against it [Lit14].

Example 7.1.5. Let us give some intuition for what motivic stabilization implies
about the cohomology of X,,. Suppose X, is a sequence of varieties over k = C.
Note that the F-polynomial descends to a continuous morphism

e: ME — Zu,v][(uwv) ']
where the target is equipped with the (uv)~!-adic topology. Since

e([Xn] /LX) = N7 (—1)FREPa(X,,) ypdim X dim X
k.p,q€ZL

it follows, if the sequence X, motivically stabilizes, that, for all p and ¢, the
numbers pFidim Xn—p.dim Xn=a( X 3 are eventually constant as n — oo. If the X,
are smooth projective, then evaluating in u = v = ¢, it also follows that the
dimensions dime H3™X»~k(X, . C) are eventually constant as n — oo, as well
as the dimensions dim¢ Hy(X,,; C) by Poincaré duality.
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In the context of motivic stability, an important source of sequences of varieties
are the symmetric powers of a variety X. In order to keep track of the virtual
classes of these symmetric powers, we collect them as the coefficients of a power
series, as first done by [Kap00].

Definition 7.1.6. Let X be a G-variety over k. The motivic zeta function of X
is

Za(X,t) =Y [Sym X]#" € 1+t - Ko(Varf)[1].
n>0

Lemma 7.1.7. Let X be a G-variety over k, and Y C X a G-invariant closed
subvariety with open complement U. Then Zg(X,t) = Zg(Y,t) Za(U,t), and
hence Zg(—,t) descends to a group morphism

Za(—,t): Ko(Vard) — 14t - Ko(Vard)[t]

with the multiplicative group structure on the right. In particular, Sym¢ descends
to a map

Symy: Ko(Vary) — Ko(Vard).

Proof. From

[Symg X] = [X" / Su] = Y [(Su- (Y x UY)) [/ 0]

i+j=n
= ) (Y] S) x (U7 ) Sl = [Symg Y][Sym, U]
i+j=n itj=n
follows that
Zo(X,t) = Y [Symg Y|[Symy, U] t" = Za(Y,t) Za(U, t). m
n>0
i+j=n

The following lemma is a variation of [G6t01, Lemma 4.4], adapted to the equiv-
ariant setting.

Proposition 7.1.8. Let G be a finite group, and let X be a G-variety over k.
For any r > 0, we have

ZG(LT[X]vt) = ZG([XLLTt)'

Proof. 1t suffices to treat the case r = 1. Denote by m: Sym"™ (X xAj}) — Sym" X
the obvious projection. Note that Sym”™ X is naturally stratified by locally closed
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subvarieties (Sym" X)), according to the partitions A of n. For every such parti-
tion A, we consider the cartesian diagram

XEN ST (AL ) 8)4 ) —— =1 ((Sym™ X))

| I

Xf(/\) (Sym"™ X))

where a;(\) denotes the number of times i appears in A, and Xf()‘) the space of
£(\) = 3, ai(\) distinct ordered points of X. Since [, (AL / S;)*XN = AR,
the diagram defines an étale trivialization of 7). The transition functions are
given by the action of the group S, () X -+ XS4, (1), which acts linearly. Hence,
m is a vector bundle which is étale-locally trivial, so by Hilbert’s Theorem 90
[Ser58, Theorem 2] also Zariski-locally trivial. However, note that a stratification
of (Sym"™ X), trivializing 7y need not necessarily be G-invariant. Nevertheless,
using that G is finite, any such stratification can be intersected with all of its
translations by g € G, in order to obtain a G-invariant stratification. Hence, we
conclude that [Symg (X x A})] = L"[Symg X]. O

From the Chevalley—Shephard-Todd theorem [Cheb5], it is easy to see that
Sym™ AJ, is not isomorphic to A" for n,r > 1. Nevertheless, the above proposi-
tion yields the following corollary.

Corollary 7.1.9. For any n,r > 0, we have Sym" L™ = L"". In particular,
ZaL"t) =1/(1 —L"¢t). O

Lemma 7.1.10. Let X be a d-dimensional G-variety over k, and suppose that
the symmetric powers Sym¢ X are motivically stable. Then

[Bymg X] _ [(1 — 1) Za(X, t/lLd)}

t=1

Proof. As

Sym¢s X]| [Symn_1 X]
d _ G G n
(1= 6)Za (X t/L L_1 =1+ ( T e )t

n>1 =1

evaluates to a telescoping series, it is equal to lim,,_,[Sym¢ X|/ L, O
Example 7.1.11. Let X be a variety over k such that [X] € Ko(Vary) is a

polynomial in L. Then the sequence of symmetric powers X,, = Sym” X is mo-
tivically stable if and only if [X] is monic in L. Namely, writing [X] = Z?:O a; Lt
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with ag # 0, it follows from Lemma 7.1.7 and Corollary 7.1.9 that

Zo(x10 =] (=)

=0

Hence, [Sym” X]/L"? is the n-th coefficient of

Zo (X, t/L0) = ﬁ (1_]11;clt>

i=0

Therefore, for ag = 1, we find that

lim DY AT [(1 — ) Za(X, t/ILd)} - dﬁ (11Ld>a

n— oo Lnd t=1

and for ag > 1, the limit is easily seen to not exist.

Proposition 7.1.12 ([VW15, Proposition 4.2]). Let X be a G-variety over k,
and Y C X a G-invariant closed subvariety of dimension dimY < dim X, with
open complement U = X\Y . Then the symmetric powers Sym¢ X are motivically
stable if and only if the symmetric powers Sym¢ U are motivically stable, and in

this case Som® X
lim [Sym¢ X]

n—ooo LM dim X

nooo JndimX :

Proof. Let us prove the result modulo F’ _me for all m > 0, by induction on m.
The case m = 0 is trivial as [Symg X]/L"4mX = 0 mod FyM{, and similarly
for U. For m > 0 we find, as in Lemma 7.1.7, that, for all n > 1,

m—1 i .

[Symg X] _ ¢~ [Symg " U] [Symg V] G

LndimX = L(rn—i)dimX [ idimX mod F_mM]L (*)
=0

since [Sym{ * U][Symg Y]/L"4mX ¢ F_, ME for i > m as dimY < dim X.
Now, if the symmetric powers of U stabilize modulo F_,, MY, say to ¢ =
lim,, o0 [Symp U]/L4™ X then the right-hand side of equation (x) stabilizes
modulo F_,, M& to £ Zg(Y,L~4mX) Conversely, if the symmetric powers of
X stabilize modulo F_,, M{, then the symmetric powers of U stabilize modulo
F_ 41 ME (by the induction hypothesis), so every term on the right-hand side
of (¥) with i > 1 stabilizes modulo F_,, M. But then also the term with i = 0
must stabilize, which shows that the symmetric powers of U stabilize modulo
F_ M. O

Remark 7.1.13. Suppose G is the trivial group, and write Z(—,t) for Zg(—, ).
The definition of Z(—,t) can be extended to the Grothendieck ring of stacks
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Ko(Stcky). Since Ko(Stcky) = Ko(Varg)[L~1, (L™ — 1)~!] by Theorem 3.5.7, it
suffices to recursively define Z(z/LL,t) and Z(x/(L™ —1),¢) in terms of Z(x,t) for
all elements = € K (Stcky), using that Z(z,t) is determined for x € Ko(Vary).
This is done as follows.

Z(x/]L t) = Z(z,L™"t)
Z(z/(L =[[ 2 L)~

>0
Note that this gives a well-defined map
Z(—,t): Ko(Stcky) — 1+t - Ko(Stckg)[t]

since

Z(zL/L,t) = Z(x,t) and

kn
Z(z(L" —1)/( kl;IOZ 1),LFt) = kl;[O M Z(z,t)

which is easily seen to still be group morphism. In particular, looking at the n-th
coefficient of Z(—,t), we find that Sym™ descends to a map

Sym": Ko(Stcky) — Ko(Stcky).

The definition of symmetric powers does not naturally extend from varieties to
stacks. However, as shown in [Eke09b], the class Sym"[X] coincides with the
virtual class of the stacky symmetric power [X"/S,,] for objects X of Stcky, when
char(k) = 0 and char(k) > n.

7.2 Equivariant stability

In this section we will show various stability results, for non-trivial algebraic
groups G. Let us start by considering one of the simplest actions.

Proposition 7.2.1. Let G = G, act on A}, via o x = ax. Then

. Symg[Ar] Gy
L P |

n Mf, where on the right G, acts transitively on itself.

Proof. Write X = [A}] for the described action of G, on A}. Since Sym" A} =
A7} has basis of coordinates given by the elementary symmetric polynomials, we

have
n

Sym X = [[lak = [0+ 1),

=1 i=1
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where, for any i > 1, we denote Y; = [G,,] for the action -z = o’z. Note that
Y;Y; = (L — 1)Ygeqqi,y) for any 4,5 > 1. Indeed, there exist a,b € Z such that
ai + bj = d = ged(i, §), so the equality follows from the isomorphism
Gm X Gm = Gm X Gy
(2,) > (P, 29/ 836Dy =)
(zi/dwb,zj/dw_“) i (z,w),
where a - (7,y, z,w) = (a'z,a’y, a®z, w). Now, it follows that
Symg X =1+ an:Y:  with a,; =Y (L-1)5",
i>1 s

where the latter sum runs over all non-empty subsets S C {1,2,...,n} such that
ged(S) = i. Now, for any ¢ > 2, we see that any S appearing in this sum must

have |S| < n/i, so that degy (an,;) < n/i— 1. In particular,
. [£79%)
e T =

for i > 2. Furthermore, from the equality 1+ > | ay,;(L — 1) = L™ follows that

. an,li . 1 L™ -1 - . 1
nhﬁn;(} Lo nlgI;onL<L—1 ;anﬂ>L_1,

and therefore

eX 1
lim Syme X _

Jm == _L—1Y1' O

Corollary 7.2.2. The action of G = G, on A} given by a -z = az extends
to P} and restricts to G,,. The symmetric powers of P} and G, are motivically
stable with limits

_Symg[P'] L

B T El s AR
. Symg[Gm] o 1

R S A

Proof. This follows from Proposition 7.2.1 together with Proposition 7.1.12 and
the fact that Zg(1,t) =1/(1 —t). O

Next, we will generalize this result to the groups G = GL, acting on affine space.
In doing so, the following definition will be useful.

Definition 7.2.3. Let X,, be a sequence of G-varieties over k. A family of G-
invariant subvarieties Y,, C X,, is negligible if lim,, ,., dim X,, —dimY,, = co. In
particular, X,, is motivically stable with limit £ = lim,, o [X,,]/LY™ X if and
only if Z,, = X,, \ Y}, is motivically stable with the same limit.
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Proposition 7.2.4. Let G = GL, act naturally on A} for some r > 1. Then

Symg[Ar] [GL,] _ﬁ[A;}—U—l

li = — = _
nl_)néo Lnr H:Zl(]Lr _ Lz—l) Lr — L1

1=

with GL,. acting transitively on itself.

Proof. Let X,, C Symg A}, be the strata where GL, acts freely, that is, the strata
of points whose stabilizer is trivial. Then X,, — X,, / GL, is a GL,-torsor, so
[Xn] = [Xn J GL,][GL,] since GL, is a special group. In particular, if we show
that the complement Y,, = (Symg A}) \ X,, of points with non-trivial stabilizer
is negligible, then the result follows as

lim SYLCW — lim @ — lim M[GLT]
n—00 nr n—oo LT n— 00 Lnr
where
o [Xn fGLy] L [ X 1 1 1
lim o el gy Pedigr -t = o = = —
A e = e (O = (OL T =

To show that Y, is negligible, suppose (z1,...,2,) € (A},)" is a point which (in
passing to the quotient by S,,) is stabilized by some non-trivial A € GL,.. Then

there is a permutation o € S, such that Az; = x,(; for all i = 1,...,n. Hence,
there is a surjection
|| Z, =Y.
oES,

with Z, = {(A,21,...,2) € (GL, \ {1}) x (A})" | Aw; = ,(;) }. We claim that
dim Z, < dim GL, + nr —n for all o € S,,, from which it follows that dimY,, <
dim GL,. + nr — n, which in turn implies Y;, is negligible. To prove this claim, fix
some o € S, and write 0 = 7173 ... Ts in canonical cycle notation (in particular,

we do not omit 1-cycles). Then for every cycle 7 = (i1 42 ... im), let
Z, = {(A,xil,...,zim) | Az;, = :L’T(,»j)} .

If 7 is a 1-cycle, then dim Z, < dim GL,. +r — 1 since A is non-trivial. If 7 is an
(m > 2)-cycle, then dim Z, < dim GL, + r. Simple combinatorics now yields

dim Z, = diIIl(ZT1 XGL,\{1} " XGL,\{1} ZTS) < dim GLT +nr—n. O

Remark 7.2.5. Note that Proposition 7.2.1 is a special case of this proposition,
but with an alternative proof.

Finally, we want to extend this result to any linear algebraic group G acting lin-
early on affine space. In order to relate ./\/lf for various G, consider the following

lemma.
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Lemma 7.2.6. Let G be an algebraic group over k with subgroup H C G. The
morphisms Resg and Indg of Definition 3.6.5 extend to continuous morphisms

ResG: MG — M and  Tnd§: M — ME.
In fact, Resg is defined for any morphism H — G of algebraic groups over k.

Proof. Since Res$(FruME) C FuME and nd$(F, M) C F, M, with
m' =m + dim G — dim H, both Indf[ and Resg extend to the completions. [

Corollary 7.2.7. Let G be an algebraic group over k acting on A} via some
morphism p: G — GL,. of algebraic groups. Then
Symg [Af] [GL,]

li = .
n1—>H;o Lrr H::l (Lr _ Lz—l)

where G acts on GL, by multiplication via p.

Proof. Use Proposition 7.2.4 and that ResgLT oSymgy, = Symg o ResgLT. O

7.3 Motivic representation stability

In the context of motivic stability, it is typical to consider a sequence of symmetric
powers Sym" X = X" /S, of a variety X over k. However, one can more generally
consider the whole X" together with the action of S, by permutation. One
can then attempt to study the stability of the S,-virtual class of X™, as in
Definition 3.6.12.

However, two problems arise. First of all, the group S,, depends on n, so to
talk about stability, we must identify the irreducible representations of .S, for
varying n. Recall that the irreducible representations of S, are parametrized
by the partitions of n [FH91]. Write V) for the irreducible representation of S,
corresponding to a partition A of n. For any partition A = (A1, Ag,...) and any
integer n > |A| + A1, denote by A[n] the partition of n given by

Aln] = (n— A, A\, Az, . ).

Then, we think of the family V), of irreducible representations of .S, as corre-
sponding to each other.

The second problem is that the S,,-virtual class depends on the choice of a set H
of subgroups of S,,. One could, as in Example 3.6.15, take set of Young subgroups

H ={Sx x---x Sy, | Alis a partition of n}. (7.1)
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This idea will give rise to Definition 7.3.4. However, to get rid of the choice,
we will first consider invariants in Ko (A) instead of Kq(Vary) for some suitable
category A and functor X': Var, — A. We will assume the following:

s A is a K-linear idempotent complete tensor triangulated category, with K a
field of characteristic zero.

= The functor X induces a ring morphism Ky(Vary) — Ko(A). For any element
x € Ko(Varyg), we will denote its image in Kq(A) also by x.

» For any finite group G and G-variety X over k, the coefficient of [X(X)]¢ €
Ko(A) ® Rk (G) corresponding to the trivial representation equals [X (X / G)].

Inspired by [CF13, Definition 2.3], we introduce the following definition.

Definition 7.3.1. Let X,, be a sequence of varieties over k£ with an action of
Sn- The sequence is A-representation stable if, writing

[X,] % = Z[th[n] @ [Vam] € Ko(A) ® Ro(Sn),
Aln]

the coefficients [ X, ]z JLdm X are eventually independent of n.

One way to compute the coefficients [X,],,, for partitions p of n, is to look at the
virtual classes of the quotients X,, / Sy with Sy € H. This way, one inevitably
encounters the Kostka numbers K 5. We will need the following lemma.

Lemma 7.3.2. Let A and i be partitions. The Kostka number K, i, x[n) 1 inde-
pendent of n for n > |\ + p1.

Proof. Recall that K, is equal to the number of ways to fill the Young diagram
of pu with Ay 1’s, Ay 2’s, etc., such that the resulting tableau is non-decreasing
along rows and strictly increasing along columns [FH91]. Denote by A,,» the set
of such tableaux. In particular, K, = |A,x|.

For |u| > [A[, we have u[n] < A[n], and hence K, pjan = 0. Now suppose
|| < |A]. Considering A, ()], note that all (n — [A]) 1’s must be placed on the
first row of the Young diagram of p[n]. Therefore, any Young tableau in A,z
is completely determined by the second through last rows and the last |A| — |p]
entries of the first row. Note that, for n > |A| + w1, these last |A| — |u| entries do
not put any restrictions on the entries of the second through last rows. Hence,
we obtain a bijection between A, ,)xpn) and Ay A for all n,n' > |A] + p1,
which shows that Ku[n]/\[n] = Ku[n’]/\[n’]- O

Proposition 7.3.3. Suppose the sequences [X,, /| S,\[n]]/]Ldim Xn € Ko(A) stabi-
lize for all partitions \. Then, the sequence X, is A-representation stable.
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Proof. Write [X,,]°" = Z/\[n} [Xn]am] @ [Vam))- For any A, we have, similar to
Example 3.6.15,

X/ Sani] = (T Resy | (Xl

Aln

Sn n
_ <Indsw T, [Xn® >

D Kpppa [Xa)H
uln]>Aln)

Note that there are, independent of n, only finitely many partitions p such that
wu[n] > A[n]: those p with |u| < A, and those with |u| = || and p > A.

By Lemma 7.3.2, the numbers K|,[,)x[n] are, for sufficiently large n, independent
of n. Hence, [X,,]\») can be expressed as a linear combination of [X / S,,,j] with
u[n] > A[n], where the coefficients do not change for sufficiently large n > 2|\| >
|Al+ 1. O

This motivates the following definition. Also agrees with stabilization of G-virtual
class with H given by (7.1).

Definition 7.3.4. Let X,, be a sequence of varieties over k& with an action of
Sy. The sequence is said to be motivically representation stable if the sequences
[Xn // San)] are motivically stable for all partitions A. In particular, this implies
X, is A-representation stable for all A and X': Var, — A as above. Also, in
particular, the sequence [X,, / S,] is motivically stable.

More generally, a sequence X,, of (G x S, )-varieties over k is motivically repre-
sentation stable if the sequences [X,, / Sxpn)] are motivically stable, as sequences
of G-varieties, for all partitions A.

Example 7.3.5. Let X be a variety over k whose sequence of symmetric powers
Sym™ X is motivically stable, and let X,, = X™ with S,, acting by permutation.
Then, for any partition A, the sequence

X/ Sagu] = Sym™ X T sym X

i>1

is motivically stable. In particular, X,, is motivically representation stable.

7.4 GL,-character stacks

The goal of this section is to show the sequences of character stacks

X, = xG(Fn) = [RG(FR)/G]
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of the free groups I';, = F, and the free abelian groups I';, = Z™ are motivic
representation stable for the general linear groups G = GL, of any rank r > 0
over a field k, where the action of S, is induced from the action of S,, on I',
by permutation. However, since the notion of motivic representation stability
is only defined for (G-)varieties, we will instead prove that the sequences of
representation varieties X,, = Rg(I',) are motivically representation stable as
sequences of G-varieties. Indeed, note that the action of G by conjugation and
the action of S,, by permutation commute.

The case of ', = F,, turns out to be a quick consequence of the theory developed

in the previous sections.

Theorem 7.4.1. For every r > 0, the sequence of GL,-representation varieties
Xn = RGLT(Fn)

with the action of GL, by conjugation, and the action of S, by permutation, is

motivically representation stable.

Proof. For any n > 1, write X,, = Rgr, (F,) = (GL,)™. Given any partition A,
we find
Xn | Sapa) = Symgp M GL, x ] Symdy, GL,
i>1
where GL, acts on itself by conjugation. Viewing GL, as a dense open subset of
Azz, the action of GL, on itself is linear, and hence the sequence X,, / Sxp is
motivically stable by Corollary 7.2.7 and Proposition 7.1.12. O

For the remainder of this section, we will focus on the case I',, = Z", and assume
that k is algebraically closed.

Theorem 7.4.2. For every r > 0, the sequence of GL,-representation varieties
X, = RaL, (Z")

with the action of GL, by conjugation, and the action of S, by permutation, is
motivically representation stable.

Notation-wise, we will use the following presentation of X, as the closed subva-
riety of (GL,.)™ given by commuting tuples of elements A; € GL,.

X, = {(Al, .., An) € (GL,)" | all 4; commute}

Interestingly, it turns out the cases r < 3 should be treated differently from the
general case r > 3. We will first treat the cases r = 2, 3.
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Proposition 7.4.3. The GLg-representation varieties X, = RgL,(Z") are mo-
tivically representation stable.

Proof. Consider the possible Jordan normal forms of an element A € GLs.
(3 %)
(2 %) (55)

3 B), with A # u, only commutes
A1

with diagonal matrices, and that a matrix of the form ( 0 )\) only commutes with

matrices of the form (¢ ¥ ). Therefore, X,, can be stratified by the subvarieties

In particular, note that a matrix of the form (

Y, ={A4 € X, | all A; are scalar},
In = {A € X, | some A; is conjugate to (

)}

Al
0
and M, = {A € X, | some A; is conjugate to (6‘ 2)} .
Simultaneously conjugating the A; into normal form, we can express J,, as
Jp = nd$2 (J"\ ;)

where J = {(3¥) |2 #0} and H = {(&%) | a,c # 0} the stabilizer of J. Simi-
larly, we have
M, = Ind$™ (M™\ Y,

)
where M = {(§9) |z,y# 0} and K = {(39),(98) | a,b# 0} the stabilizer
of M. Clearly dimY, = n while dim J,,,dim M,, > 2n, implying Y,, C X, is
negligible. Hence, it suffices to show that the sequences J/, and M}, given by

J,=Mmd%" (J")  and M/ =Ind$" (M™)

are motivically representation stable.

First we consider .J},. Note that, for any partition A, the actions of Sy[,,) and GLa
on J™ commute, so that

Ji | Sxmy = I (Symi g T Symiy 7).
i>1

Note that the action of H on J is linear, viewing J as an open dense subva-
riety of A7. Hence, the sequence J), / Sy}, is motivically stable as a result of
Corollary 7.2.7, Proposition 7.1.12 and Lemma 7.2.6.

The argument regarding M, is analogous: for any partition A\, we have

M}, [/ Sy = Ind§ (Sym?(_w M x [ Symj: M).
i>1
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Again, the action of K on M C A? is linear, so the sequence M), / Sin) is also
motivically stable. O

Proposition 7.4.4. The GL3-representation varieties X,, = Rgr,(Z"™) are mo-
tivically stable.

Proof. The proof is very similar to that of Proposition 7.4.3. Consider the pos-
sible Jordan normal forms of an element A € GL3.

A 0O
0 X0
00 X

A 10 A 00

(0,\0) (OAO)

00 X 00 p
A 10 A 10 X 00
(0,\1) (0/\0) (OMO)
00 A 00 p 00 p

Having analyzed which matrices commute with each Jordan type, we stratify X,

by the subvarieties

A00 210 A00
Yf:{AeXﬂ all A; are conjugate to (O)\O),(O)\O) or (OAO)},
00 X 00X 00 p
A
Yyl = {A € X,, | some A4; is conjugate to (8 %\ i)},
210
Yf:{AeXn| some A; is conjugate to (86\0)},
"
5 ) ) 200
Y, = {A € X,, | some A; is conjugate to (880)}'
P

Note that the sequences Y,},Y,2 and Y,> do not intersect since matrices that
have different Jordan type in the bottom row never commute. As in the proof
of Proposition 7.4.3, to show motivic representation stability of the strata Y?, it
suffices to show motivic representation stability of the sequences

Y, =IndG (J)  fori=1,2,3,

where
(s me () 1)
s (G imer0) e ({3 1)
ng{(§§§)|x,y,z7€0} Hs =G> % Ss.

More precisely, H3 C GL, is the subgroup generated by the diagonal matrices
and the permutation matrices.
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Now, for any partition A, we find

Y ) Sy = Ind§le (sym’,g,j'M J; x [ Symy, J)
j>1

For all i, the group H; acts linearly on J;, a dense open of A}, so it fol-
lows from Corollary 7.2.7, Proposition 7.1.12 and Lemma 7.2.6 that the limits
lim, e Y,f/L?’” exist. Knowing that dim X,, > 3n, we see that Y;? C X, is
negligible, and the result follows. O

Looking at the proofs of Proposition 7.4.3 and Proposition 7.4.4, it might be
tempting to think that in the general case the non-negligible strata are those
containing matrices with maximal Jordan type. However, this turns out to be
the case only for r < 3.

For the general case we use a result initially proved by Schur [Sch05], and later re-
proved by Jacobson [Jac44], about the maximum number of linearly independent
commuting matrices. This leads to the idea of stratifying the representation va-
rieties Rgr,, (Z™) by the dimension of the linear subspace inside Mat,x, spanned
by the matrices A;.

Proof of Theorem 7.4.2. The case r = 0 is obvious, and the case r = 1 fol-

n

lows from motivic representation stability of G,

see Example 7.1.11 and Ex-
ample 7.3.5. The cases 7 = 2 and r = 3 were treated in Proposition 7.4.3 and
Proposition 7.4.4, so we can assume r > 3.

As usual, write X,, = Rqr,. (Z"™) for all n > 1. For any point A € X,, correspond-
ing to a tuple (Ay,...,A,) of commuting elements in GL,, define

dA = dimk<A17...,An>

to be the dimension of the linear subspace of Mat,« (k) spanned by the A;. By
[Jac44, Theorem 1], we have d4 < m with

r?/4+1 if 7 is even,
m =
(r?=1)/4+1 ifris odd.

Note that d 4 is invariant under the actions of S,, and GL,., so X,, can be stratified
equivariantly by
Xna={AeX,|da=d} forl<d<m.

Now, we will show that X,, 4 C X, is negligible for d < m, so that we solely need
to focus on X, ,,. Note that the dimension of X,, is at least nm, as it contains
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the family of commuting matrices given by

A1 _ M1 | My ,---7An: And | M, (*)
0 | M 0 | A1

with A; # 0, M; EMatr r if r is even, and M; EMatrH r=1 1 if r is odd. To

2
see why the strata Xn d Wlth d < m are negligible, observe that Xn,q can be
covered by a dense open of X; x (A%)" that is, there is a surjective morphism
from a dense open Y, 4 C Xy x (A)" given by

Yo = Xuar (A0 (i), ) = (Zaw i)

In particular, dim X, 4 < dimY;, 4 < r2d + nd, and hence lim,,_,oc dim X,, —
dim X,, 4 = oo for d < m, so it follows that X, ¢ C X, is negligible.

By [Jac44, Theorem 3], every A € X, ,,, can be conjugated to a tuple of the form
(%). Hence, to show motivic representation stability of X, ,, it suffices to show
motivic representation stability of

N | M X %0 and
/ - GL,- n . _
A J_{< 0 M)’ MeMatrgras) }

o {(312)) o

acts trivially on A, and acts on M via the linear action

A| B
M= AMC™.

Now, from Corollary 7.2.7, Proposition 7.1.12 and Lemma 7.2.6, it follows that
lim,, s o0 [Xop ] /LA X exists. Moreover, as all Xn,a with d < m are negligible,
this limit is equal to lim,, . [X,,] /L4 Xn, O

where the stabilizer





