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Chapter 5

SLo-character stacks

In this chapter, we apply the theory of Chapter 4 to compute the virtual classes of
the G-character stacks Xg (M), for M equal to both orientable and non-orientable
closed surfaces, and G equal to

SL2{<a b) adbcl}.
c d

Even though G = SLj is one of the simplest non-trivial groups, the resulting

computations are quite intricate. Throughout this chapter, we work over an al-
gebraically closed field k with char(k) # 2.

Similar computations were performed by [LMN13, MM16] to compute the corre-
sponding E-polynomials. While the scissor relation (3.3) is the main ingredient
in these computations, they cannot simply be lifted to the Grothendieck ring of
varieties. Instead, many subtle points arise and have to be dealt with, such as
the study of P!-fibrations, equivariant motivic invariants (as in Section 3.6), and
non-zero elements in the Grothendieck ring of varieties whose E-polynomial is

Zero.

As G = SLy is a special group, the virtual class of the G-character stack X (M)
is equal to that of the G-representation variety Rg (M) divided by [SLy] = L(L—
1)(L + 1). Hence, we can apply the theory of Section 4.12, allowing us to make
non-equivariant stratifications. In order to use (4.10), (4.11), (4.12) and (4.13),
we will compute

75" (=D o 25" (D) and Zg* (00D o 25" (D) (1)

in Section 5.2 and Section 5.3, respectively, and in Section 5.4 we compute

Zrep (@) . (5.2)

89



90 CHAPTER 5. SLy-CHARACTER STACKS

It is not necessary to compute these maps in full. Rather it suffices to compute
their restriction to a certain finitely generated submodule of Kg(Varg). The
generators for this submodule are described in Section 5.1. For the computation
of some of these maps, we need an extra relation in the Grothendieck ring of
varieties regarding P!-fibrations. This will also be discussed in Section 5.1.

Finally, in Section 5.5 we collect and discuss the results.

5.1 Generators, relations and P!'-fibrations

Let us introduce some notation. The following varieties are all considered natu-
rally as varieties over G = SLs.

Le={(G 1}
L={(% %))
Jy ={A € G| A conjugate to ({1)},
_={A€G|Aconjugate to (" 1)},
M={AecG|tr(A) # £2}, (5.3)
Xo={(A,0) € M x A}, | * = tr(A) — 2},
X o ={(A,0) € M x A} | £ =tr(A) + 2},
Xo o ={(A,0) € M x A}, | 1* = tr(A)* — 4},
={(A,w) € M x Ap\ {0} | tr(A) = w? + w2},
By the same symbols, we will also denote their virtual class in Ko(Varg). These
elements will be the generators of the Ky(Vary)-submodule of Ky(Varg) on

which (5.1) and (5.2) will be computed. A useful alternative presentation of the
last five generators is as follows:

M = (GLy/D x Ap \ {0,£1}) / So — G, (P,A)— P (),%) P!

X 2 (GLo/D x AL\ {0, £1,+i}) / S2 » G, (P,w)+ P (*gf" 75_2> P!
X 5= (GLa/D x AL\ (0.1, 51}) [ S, =+ G, (Pw) s P (4 0 ) P!
Xo 92 GLy/D x A} \ {0,+1} — G, (PA)—P(3) P!

Y = GLy/D x AL\ {0, 41, +i} — G, (P,w) s P (“62 w%)P‘l

where D C GLy is the subgroup of diagonal matrices, and where Sy acts on the
left coset space GLo/D by P — P ({}), and acts on the coordinates A and w
by A — A~! and w — w!. The following lemma gives a better understanding of
the relation between these generators.
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Lemma 5.1.1. The following relations hold in Ko(Varg):

X5 =2X,, X?,=2X_,, Xj ,=2X5
and Y = XQX,Q = XQXQ’,Q = X,QXQ},Q.

Proof. The first equality follows from
Xo xar Xo = {(A,01,02) € M x A2 | (2 = tr(A) — 2 and £y = +1} = X5 U Xy,

and similarly for the second and third. The final two equalities follow from the
fact that, if 2 = tr(A) — 2 and 3 = tr(A) + 2, then ({1/5)? = tr(A)? — 4. Finally,
the fourth equality follows from the isomorphism

Y l)XQ Xy X_9 = {(A,fl,fz) e M x A% |€? :tr(A) — 2 and é% :tI’(A) +2}

which is given by (A,w) — (A,w —w ! w + w™!) with inverse (4,/0;,f)
(A, 561 + £2)). 0

Remark 5.1.2. The symbols X5, X_5 and X5 _» were adopted from [Gon20]
and reflect the monodromy action of these spaces as covering spaces over M.
They are double covers of M, and have non-trivial monodromy for loops around
tr A = 2 or tr A = —2 as indicated by the subscript of the symbol. More precisely,
write T for the trivial representation of m (M, *) and Ny (resp. N_s) for the 1-
dimensional representation that sends a loop around tr A = 2 (resp. tr A = —2)
to —1. Then the monodromy representations of X5, X_o and Xg _o are T'® N,
TA®N_5 and T®No® N_o, respectively. Since Y = Xy Xy X_o, it follows that Y
is a 4-to-1 cover of M with monodromy representation T@® No @ N_os@B No®@ N_s.
In particular, the monodromy representation of M LI M UY is equal to that of
XoUX_oUXs _o. This is also the case for their Hodge monodromy representation
[LMN13, (5)], and for this reason, the generator Y is not needed in the E-
polynomial computations of [LMN13, MM16]. However, the analogous equality
does not (necessarily) hold in Ko(Varg) as M U M UY is not isomorphic to
XoUX_oUXs 9 over M: the former has two sections over M whereas the latter

has none.

Finally, when computing the images of the generators (5.3) under the maps
(5.1) and (5.2), we will encounter some non-trivial P*-fibrations. Recall, a P!-
fibration is a morphism P — X which is étale-locally of the form X x Py =X,
where mx denotes the projection to X. However, as many motivic invariants
x: Ko(Vary) — R satisfy x(P) = x(P})x(X) for all P!-fibrations P — X, we
will impose this relation as well. This includes the point-count over finite fields,

and the E-polynomial and Euler characteristic over C [MOV09, Lemma 2.4].
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Definition 5.1.3. Let S be a variety over k. Denote by Kﬂgl (Varg) the quotient
of Ko(Varg) by relations of the form

[Pls = [P] - [X]s (5.4)

for all P!-fibrations P — X over S. Similarly, denote by KIgl (Stckg) the quotient
of Ko (Stckg) by the same relations. Furthermore, if G is a finite group, denote by
KE (Var$) the quotient of Ko(Var$) by the same relations, for all G-equivariant
P!-fibrations P — X over S.

We will need the G-equivariant version when dealing with varieties of the form
X J/ G, and we want to stratify X in a G-equivariant manner. In that case, it is
important that taking the quotient with respect to G respects the relation (5.4).

Proposition 5.1.4. Let S be variety over k, and let G be a finite group. The
morphism Ko(Var§) — Ko(Varg) given by [X]s — [X J G]s descends to a
morphism

Kﬂgl (Var§) — Kﬂgl (Varg).

Proof. It must be shown that for every G-equivariant P!'-fibration P — X over
1
S, we have [P G]s = [Pt] - [X / G]s in K (Varg).

If G does not act faithfully on X, then N={ge€ G|g-z==xforallx € X} is
a normal subgroup of G which acts trivially on X. Since X / G = X J/ (G/N)
and P /G = (P ) N)/(G/N), we may replace G by G/N and Pby P =P ) N
(still a P*-fibration over X) and assume that G' does act faithfully on X.

Next, let ‘H be a set of representatives for the conjugacy classes of subgroups of
G. Stratify X = | |y Xm, where Xy = {z € X | Stab(z) is conjugate to H}.
Note that the action of G restricts to X since Stab(g - z) = g Stab(z)g~! for
all g € G and x € X. Furthermore, we have Xy / G = Yy /) Ng(H), where
Yy = {& € X | Stab(z) = H} and Ng(H) is the normalizer of H in G, and
similarly (P xx Xp) /G = (P xx Yu) J/ No(H). Hence, replacing G by Ng(H)
and X by Yy, we may assume Stab(z) is constant and normal in G. Moreover,
since we could assume G to act faithfully on X, we can assume the action of G
on X to be free.

After stratifying X into smooth strata, the quotient map X — X J G is étale
[Dré04, Proposition 4.11], so from the cartesian diagram

P——PJG

ol

X —X/G



5.2. ORIENTABLE SURFACES 93

it follows that P ) G — X J/ G is a P!-fibration over S as well. Therefore,
[P ) Gls =[P}]- [X / Gls, as desired. O

5.2 Orientable surfaces

The goal of this section is to prove the following proposition, which completely

characterizes the first map of (5.1). The stratifications used are similar to those
1

in [LMN13], but adapted to the setting of K{ (Varg).

Proposition 5.2.1. The virtual class of G* — G given by (A, B) — [A, B] in
1
K, (Varg) is equal to

(ze> (@) 025" (@) )W)
=L(L - 1)(L+1)(L+4)I; +L(L—1)(L4 1)1
+L(L-3)(L+1)J, +L*L+3)J_ + (L -1)*(L+1)M
+2L(L+1)Xy —L(L+1)X 5 — (L —1)2Xs, 5 + L(L — 2)Y.

Proof. Write A = (‘; Z) and B = (7 %) and stratify based on the conjugacy
class of [A, B].

= If [A, B] = 1, we consider the following cases.
— Case A = +1. Since any B commutes with A, this stratum has a virtual
class equal to 2[G]I; = 2L(L — 1)(L + 1) 1.
— Case A € Ji. Conjugate A to (%1 ill) to find that B must be of the form
(5" &) Hence, we obtain 4L[J{ ]I = 4L(L — 1)(L + 1)1,

— Case A € M. Note that A can be conjugated to (6‘ /\91 ) for some A # 0, +1,

after which B must be diagonal. Hence, this stratum can be identified with
({(P A ) € GLo/D x (A1 \ {0, £1}) x (AL\ {OD)}) // S

where A = P(a\)\gl)P_l and B = P(gugl) P~', and where S, acts

via (P,A,p) — (P(93),A7% u71). To compute the virtual class of this
quotient, we apply Section 3.6 with the finite (cyclic) group Sy = Z/2Z.
Using notation as in (3.12), we find

AL\ {0,+1}]2 = (L-2)®T -1® N,
AL\{0}]? =L®T-1® N,
[GLy/D]*? =L?®T +L® N.

Therefore, we obtain L(L — 2)(L — 1)(L + 1)1;.
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Together, these cases add up to L(L — 1)(L + 1)(L 4+ 4)1.

Suppose [A, B] = —1. From the equivalent expressions ABA~! = —B and
B7'AB = —A follows that tr A = tr B = 0. In particular, we can conjugate
A to (6 _Oi), after which B must be of the form (_f/y g) Hence, we obtain
L(IL—-1)(L+4+1)I_.

Suppose [A, B] € J;. Conjugate [4, B] to (§1). From AB = (} 1) BA follows
that tr B = tr(ABA™') = tr (($ 1) B) and hence z = 0. Similarly, trA =
tr (BAB™') = tr ((} %)_114) implies ¢ = 0. Now det A = det B = 1 yields
d=a"! and w = 27!, and the only remaining equation is y(a —a~!) — b(z —
x71) = 1/ax. Consider the following cases.

— If a # £1, we can solve for y = (1/ax + b(z — 27 %)) /(a — a™1), and obtain
L(L-3)(L—-1)J;.

— If a = £1, we must have z # 41 and can solve for b = a/(1—2?). We obtain
2IL(L — 3)J4.

Together, these cases add up to L(IL — 3)(L + 1)J4.

Suppose [A, B] € J_. Conjugate [4, B] to (" ;). From tr B = tr(ABA™!) =
tr ( (' ) B) follows that z = 2(z + w), and from tr A = tr(BAB™!) =
tr( (o 24) - A) follows that ¢ = —2(a + d). The only remaining equation is
ay — bw — bxr — dw + dy = 0. Consider the following cases.

— Case w = —z. From det B = 1 follows that x = 4i. The action of conjugation
by {(§ )} = G, turns this stratum into a G,-torsor over the stratum with
y = 0. On this stratum with y = 0, we can solve for d = 0, and det A = 1
implies a # 0 and b = 1/2a. Hence, we obtain 2IL(L — 1)J_.

— Case w # —x. The action of conjugation by {({ ¢)} = G, turns this stratum
into a G,-torsor over the stratum with w = 0. On this stratum with w = 0,
it follows from det B = 1 that * # 0 and y = —1/2z. We can solve for
b= —(a+ d)/222. Finally, det A = 1 translates to ad — (a + d)?/2* = 1.

* Case d = —a. Solve for a = +i to obtain 2L(L — 1)J_.

* Case d # —a. Make a substitution 2’ = (a + d)/x to rewrite the equation
as ad — (2')? = 1. This is easily seen to give L(L? — L + 4).J_.

Together, these cases add up to L2(L + 3).J_.

= Suppose [A, B] € M. Diagonalizing [A, B], this stratum can be expressed as

{(P,A,B,)\) € GLy/D x G* x (AL \{0,£1}) | [4,B] = (3 %)} / S
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where Sy acts via A — A71 and P — P(93), and on A and B via conjugation
by (§4). From tr A = tr(BAB™!) = tr ((*,"9) A) follows that d = a/A,
and from tr B = tr(ABA™!) = tr ((3,%)B) that w = Az. The relevant
equations are now ax + bz — A(az + cy) = 0 and det A = a?A~! — bc = 1 and

det B = A\r? — yz = 1. Consider the following cases.

— Case b = ¢ = 0. It follows that > = A\, z = 0 and z = —y~!. Note that S,
acts via a — d = a/\ = a~! and y — 2z = —y~ 1. Therefore, we obtain the
following Ss-virtual classes

{y#0}2 =LoT-1®N
[GLa/D x {a®> =M\}]32 =X o @T+ (Y — X_5) @ N.

Multiplying these and taking the quotient by Sy, we obtain (L+1)X_o—Y.
— Case y = z = 0. Similarly, we obtain (L +1)X_5 —Y.

— Case b = 0 or ¢ = 0, but not both. The action of Sy swaps b and ¢, so
we can identify the Sy-quotient With the stratum where b = 0 and ¢ # 0.
The action of conjugation by {(o et )} = G,, turns this stratum into a
G,p,-torsor over the stratum with ¢ = 1. On thlS stratum with ¢ = 1, we find
that a®> = )\, y = az(A~! — 1) with x # 0, and 2z = (A\2? — 1)/y. Hence, we
obtain (L — 1)2Y.

— Case y = 0 or z = 0, but not both. Similarly, we obtain (L — 1)2Y.

— In the above cases, we have counted twice the stratum given by b =z =0
or ¢c =y = 0, so we need to subtract it once. Note that these conditions
cannot be satisfied simultaneously, and moreover, the action of Sy swaps
them. Therefore, we can identify the Ss-quotient with the stratum where
b=2=0 (and ¢,y # 0). The action of conjugation by {(3‘ agl)} ~G
turns this stratum into a G,,-torsor over the stratum with ¢ = 1. On this
stratum with ¢ = 1, we find a? = X and solve for (z,y) = + (a7 ',a™' — a).
Hence, we obtain —2(IL — 1)Y’, where the minus sign signifies this stratum
must be subtracted from the total.

— Case beyz # 0. Solve for ¢ = (a?/A—1) /b and z = (Az?>—1)/y. The conditions
¢,z # 0 translate to a® # X and 272 # \. The remaining equation is

2 a(A-1) (a/)Q N2 _ y—1
T 0T xy+<1_A+A1+2>(y) =AT

where we made substitutions ¢’ = y/b and a’ = a(1 + A~!). The condition
a®? # )\ translates to (a’)? # A + A~! + 2. This equation describes a family
of conics over the plane {(a’,\) | (¢/)? # A+ A~! + 2} with discriminant
D = (¢’ —2)(a¢’ +2). To compute its virtual class, the idea is to complete
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this family of conics to a P!-fibration over the (a’,\)-plane, for D # 0, so
that relation (5.4) can be used. The stratum at infinity will be computed
separately, and must be subtracted from the total.

Note that the variable b # 0 is independent of ¢,z and %', except through
the action of Sy given by b — ¢ = (a’\/(A+1)?—1)/b. Extending b to be P1-
valued, we can regard this stratum as a P*-fibration minus the stratum with
b =0 or b = 0. Note that the cases b = 0 and b = oco are interchanged by
the action of Sy. Hence, for the sake of the computation, we can effectively
act as if b is completely independent of a’,x and y’, with Se-virtual class
[{b#0}°2 =L®T-1® N.

* Case D = 0. Solve for ' = £2. Suppose a’ = 2. Then (z — :\\—j&y’)z =

AL Write w = = — ?—Jr}y’ so that w? = A~! and note that S, acts via
w + —w~ L. The condition 22 # A~! translates to = # Zw. Substituting
2’ = z/w yields ' # £1 and Sy acts via 2’ — —a’. From the Ss-virtual
classes

[{p#0}]*> =LoT-10N
{a' #+1}2=(L-1)®T -1 N
[GLa/D x {w?* = A" 2 =Xo@T + (Y — X2) ® N

we obtain L(L+1)Xs— (2L —1)Y. The case a’ = —2 is completely similar,
so we double this virtual class to obtain 2L(L 4+ 1) X5 — (4L — 2)Y.

* Case D # 0. Complete the family of conics to a P'-fibration given by

a(A—1)

X - (A+1)

XY + 1—L YZ2=\"127? (5.5)
A+A"1 42 ’ '

over the base B = GLa/D x {(a’,)\) | @’ # £2 and (a’)? # X+ A~ +2}.
Regarding B as the open complement of (a’)? = A+ A~ +2, we compute
its Sa-virtual class as
(B3 = (L=2)(M @ T+ (Xz,-2 — M) @ N)
— (X 2T+ (Y -X_2)®N).

Multiplying by [PL] = L + 1 and by [{b # 0}]*2 =L®T —1® N, and
taking the quotient by S5, we obtain

(L-2)(L+1)°M - (L+1)°X_5— (L-2)(L+1)Xs_»+ (L+1)Y.

* Now we must subtract the stratum of points at infinity, that is, the points
given by Z = 0. Since there are no solutions with X = 0, we can work
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with the dehomogenized coordinate Y/X. In fact, writing v = Y/X -
(1 m), equation (5.5) reduces to

T (D)2
dA-D\ _ /

a’(A—1)
M1
the equation simplifies to

Substituting v’ = 2u — , we find that v’ is invariant under Sa, and

Regarding this stratum as the open complement of (a’)2 = A + A7 + 2,
we compute its Sy-virtual class as

W)2=(a)2— Sa
[GLo/D x { (0SS = =9 (M @ T = (Xo s = M) 2 N)
~Y®(T+N).

Multiplying by [{b # 0}]%2 = L® T — 1 ® N and taking the quotient by
S, we obtain

- ((L —3)(L+1)M — (L —3)Xs, 5 — (L — 1)Y),

where the overall minus sign signifies this stratum should be subtracted

from the total.
* Finally, we must subtract the stratum where =2 = . In this case, we
solve for y’ =0 or ¢y = l(l:\i(f);iw When o’ = 0, these values coincide,

so from the Ss-virtual classes

{b#£0}2=LeT -1 N
[GLa/D x {z 2= =X 20T+ (Y —X 2)®N

we obtain
- ((]L F1)X - Y).

When o' # 0, the values for ¢ are interchanged by the action of So.
Hence, we can identify the Ss-quotient with the stratum where y' = 0.
The condition (a')? # X + A~ + 2 translates to a’ # +(z + 2~ 1). This
gives

—((L _5)(L— 1)Y).

Together, these cases add up to (L — 1)%(L + 1)M + 2L(L + 1) X5 — L(L +
DX o —(L—1)%2X,5 5+ L(L-2)Y. O
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5.3 Non-orientable surfaces

Analogous to the previous section, we prove the following proposition, charac-
terizing the second map of (5.1).

Proposition 5.3.1. The virtual class of G — G given by A — A% in Ko(Varg)
s equal to

(257 (S © 25" (D)) () = 21 + LI+ 11 +27 + X0

Proof. Write A = (‘Z Z) and stratify based on the conjugacy class of AZ.
s If A2 =1, then A = £1, so we obtain 2/,

= Suppose A2 = —1. If b = 0, then d = a~! with a = +i, contributing 2IL1_.
If b # 0 and ¢ = 0, then d = a~! with a # 44, contributing 2(L — 1)I_. If
b,c # 0, then d = —a and a* + be = —1, contributing (L — 2)(L — 1)/_. In
total, we obtain L(IL + 1)7_.

= Suppose A% € J,. By conjugating we can assume A? = (}1). There are no
solutions for ¢ # 0, and ¢ = 0 yields a = d = b/2 = %1, so we obtain 2J.

s There are no solutions with 42 € J_.

= Suppose A% € M. This stratum is given by

(GL2/D x (A} \ {0,£1,£i})) / S2 = G, (Pw)— P (%2 woz) Pl

where S, acts on w via w +— w™!. Hence, this is equal to X_,. O

5.4 Multiplication in SL,

In this section, we compute the images Z;" (G) (X ®Y) for all pairs (X,Y)
of generators in (5.3), in a series of lemmas. For conciseness, we will omit some
cases, but those can be obtained directly from the cases we do compute. For
example, the cases with X = I_ are straightforward, and the cases with X = J_
and X = X_, can be derived from those with X = J, and Xs.

First, let us fix some notation. When computing Z;" (@) (X ®Y) for a pair
(X,Y), we write A for a point of X and B = (% ¥) for a point of Y. When Y
is of the form (GL2/D x A) J/ S for some Sa-variety A over A} \ {0,£1}, we
also write B = P (g u‘il) P! with P = (3 {3) € GLy/D and € AL\ {0, £1}.
Recall that Sy acts on (P, p) via (P, p) — (P (9 §), ™). More specifically, when
A = AL\ {0,+1, +i}, we write u = w? with w € A. Similarly, when X is of the
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form (GLa/Dx A) /Sy for such A, we write A = Q (7 %) @' with Q € GLy/D
and p € A} \ {0, £1}, and write p = v? when A = A} \ {0, £1, +i}.

When dealing with the strata where AB € M, we usually want to diagonalize
AB. This can be done once we base change along the double cover (GLy/D X
A} \ {0,4£1}) — M. We write X for the coordinate on A} \ {0,+1}. The group
S, acts on this double cover via (P,A) — (P (§),A71).

Strata often admit symmetry by the action of conjugation with some subgroup of
M Y 0 [a¥)

SLy. When this happens for the subgroups {(}¢)} = G, or {((g ot )} = G,

we will speak of G,-symmetry or G,,-symmetry, respectively. In these cases,

such a stratum turns into a (Zariski-locally trivial) G,-torsor or G,,-torsor, so

to compute its virtual class it suffices to compute that of the base.

Finally, to avoid confusion between the various Sp-actions, we write S3, S5 and
S5 to differentiate between them.

Lemma 5.4.1.

ZgP (@) (Jr @ Jy) = (L+1)(L— DI} + (L—2)J; +LJ_
+L+1)M— Xy

Proof. Stratify based on the conjugacy class of the product AB.
s If AB =1, then A= B~ so we obtain [J, ]I, = (L +1)(L — 1)I,.
s If AB = —1, there are no solutions as tr 4 =2 # —2 = —tr B~%.

» If AB € J,, then conjugate to AB = ({ 1) and solve for A = ("7 *¥).

From tr A = tr B = 2 follows that z = 0 and (using det B = 1) also z = w = 1.
Furthermore, y # 0,1 as A, B # 1, so we obtain (L — 2)J4.

» If AB € J_, then conjugate to AB = (' ;) and solve for A = (7% “1¥).

From tr A = tr B = 2 follows that z = —4. Fix = 0 using G,-symmetry, and
solve for w = 2 and y = 1/4. We obtain LJ_.

s If AB € M, then conjugate to AB = (3 Agl) and solve for A = _’\z%\ ;;\i’)
From tr B = 2 follows that w =2 —xz. FromtrA =2 and det A=1and A # 1
follows that z # 0. From det B = 1 follows that y = (xw—1)/z. From tr A = 2
follows that z = )\%‘1 Make a substituting 2/ = 221 and note that S3 acts

A—1°
via 2/ + 1/2'. Now, from the S3-virtual classes
{7 #0}% =LeT—-19N
A
[GLy/D x {A#£0, 21152 = M®T — (X5 — M)® N

follows that the quotient by S3 is (L + 1)M — X5 _s. O
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Lemma 5.4.2.
25" (3) (J+ @ M) = L(L = 2)(J+ + J-) + (L= 3)(L + 1)M +2X5 _»

Proof. Note that Z5" (@3) (X ® G) = [X] - G for all X € Ko(Varg). Since
G=I,+I_+Jy+J_+ M, the result can be derived from the above lemma. O

Lemma 5.4.3.

zgP (@) (Jy ®Xg)=L(L-3)(J, +J )+ (L-3)(L+1)M
—(L+1)X; - (L—-3)Xs o+ LY

Proof. Stratify based on the conjugacy class of the product AB.

s If AB = +1, there are no solutions.

» If AB € J,, then conjugate to AB = ({ 1) and solve for A = ("7 *“_¥). From
tr A = 2 follows that z =  + w — 2 and from det B = 1 that y = (zw — 1)/z.
Furthermore, we can solve for w = ¢? —x +2 with £ # 0, +2i. Hence, we obtain

L(L —3)J4.
= If AB € J_, then similarly we obtain L(IL — 3)J_.

» If AB € M, then conjugate to AB = (g‘ /\91) and solve for A = (_’\;}))\ ;/)‘)7{)
Consider the following cases.

— Case y = z = 0. There are no solutions.

— Case y = 0 or z = 0, but not both. Since the action of S5 swaps y and z, we
can identify the S3-quotient with the stratum where z = 0. From tr A = 2
and det A = 1 follows that £ = w™' = )\, so in particular 2 = A+ A"1 — 2.
Since A # 1, we have y # 0, so we obtain (L — 1)Y.

— Case yz # 0. From tr A = 2 follows that w = (2—z/X)/\ and from det B = 1
that y = (zw — 1)/2. We substitute 2/ = z\/(x — \) so that S3 acts via
2"+ 1/2'. Using £2 = tr B—2, we can solve for z = \((2A+2X—2)/(A\?2 —1).
The conditions y # 0 and tr B # £2 translate to 2 # XA+ A~! — 2 and
¢? # 0, —4. From the S3-virtual classes

{2 #0}]% =L@T-1&N

2 —1_
[GL2/D X {é o 2}]

SMQA:(L—S)(M®T+(X2,72—M)®N)

—(X2®T+ (Y — X5)®N)

we obtain (L —3)(L+1)M — (L+1)Xo — (L —3)Xy, 2+ Y. O
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Lemma 5.4.4.

ZgP (@) (Jr © Xa9) = L(L = 3)(Jy + J-) + (L = 3)(L+ 1)M +2X5

Proof. Stratify based on the conjugacy class of the product AB.

If AB = +1, there are no solutions.

If AB € J,, then conjugate to AB = (} 1) and solve for A = (}1)B~'. We
have v # 0 since tr A = 2 and p # +1. Hence, we can fix v = 1, « = 0 and
8 = 1 by lifting P to GLy and using G,-symmetry. Now tr A = 2 implies
0= —Z—jr} with p # 0, +1, so we obtain L(IL — 3)J.

If AB € J,, then similarly we obtain L(L — 3)J_.

If AB € M, then conjugate to AB = (8‘ ,21) and solve for A = (é W) B7L

Consider the following cases.

— Case ay = 0. The action of S3 swaps a and +, so we can break the S3-action
and consider only the stratum with v = 0. Fix a = § = 1 by lifting P to
GLs. From tr A = 2 follows that 4 = A. Furthermore, we must have § # 0
to ensure A # 1, so we obtain (L — 1) X2 _o.

— Case ay # 0 and 3 = 0. The action of S5 swaps 3 and §, so we can identify
the S2-quotient with the stratum where § = 0. Fix 3 = v = 1 by lifting
P to GLy. From tr A = 2 follows that u = A~!. Furthermore, there are no
conditions on « other than « # 0, so we obtain another (L — 1)Xy _o.

— Case affvé # 0. Fix v = § = 1 by lifting P to GL3. Note that there are no

solutions with p = A*!, and use tr A = 2 to solve for § = a%. Note

that 2 acts via a — a~L. From the S3-virtual classes
{o#0N% =LoT-10N
S}\
[GLy/D {M;jiﬁjﬂ}]]; = (L-3)M®T+ (Xg_3—M)®N)

—Xo, 2®(T+ N)

we obtain (L —3)(L 4+ 1)M — 2(L — 2) X5 _s. O

Lemma 5.4.5.

ZgP (@) (Jr @) =L(IL - 5)(Jy +J-) + (L =5)(L + 1)M
—(L=5Xs 2+ (L-1)Y

Proof. Stratify based on the conjugacy class of the product AB.
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n If AB = +1, there are no solutions.

= If AB € Jy, the computation is the same as for A € J; and B € X3 _», but
with g = w? and w # 0, £1, 4. Hence, we obtain L(L — 5).J .

s If AB € J_, then similarly we obtain L(L — 5)J_.

» If AB € M, then conjugate to AB = (S‘ /\91) and solve for A = (8 )\91 ) B~L

Consider the following cases.

— Case ay = 0. Identify the S3-quotient with the stratum where v = 0.
Fix « = § = 1 by lifting P to GLy. From tr A = 2 follows that w? = \.
Furthermore, we must have 8 # 0 to ensure A # 1, so we obtain (L — 1)Y.

— Case ay # 0 and 36 = 0. Identify the S5-quotient with the stratum where
0 = 0. Fix g = v = 1 by lifting P to GLy. From tr A = 2 follows that
w? = A~L. Furthermore, there are no conditions on « other than « # 0, so
we obtain another (L — 1)Y.

— Case af8v6 # 0. Fix v = § = 1 by lifting P to GLs. Note that there are no

solutions with z = A*!, and use tr A = 2 to solve for 3 = a%. Note

that S2 acts via a — a~!. From the S3-virtual classes
Ho# 0% =LaT-1aN

A0, & 3
[GLg/D X {wg;ﬁl;ﬂ}} = L-)MET+ (Xa 2~ M)@ N)

~Y®(T+N)
we obtain (L —5)(L+1)M — (L —5)X3,_2 — (L —-1)Y. O
Lemma 5.4.6.

ZgP (@) (M @ M) = L(L* = 2L — 1)(Iy + )
+ L(L = 3)(L — 1)(Jy + J_)
+ (L3 —4L% + 3L + 4)M — 4X5 5

ZgP () (M @ Xp) = L(L? — 3L — 2)(Iy + )
+L(L — 4)(L — 1)(J4 + J_)
+ (L — 5L + 2L + 6)M + L(Xo + X_5)
+2(L - 3)Xa o — 2LY
ZgP (@3) (M @ Xa o) = L(L - 3)(L + 1)(I4 + I_)
FL(L = 3)(L — 1)(Jy + J_)
+ (L= 3)(L - 2)L+1)M - 6X5
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ZgP (@) M oY) =L(IL - 5)(L+1)(Iy + 1)
+ L(L - 5)(L — 1)(Jy + J_)
+ (L —=5)(L—2)(L+1)M 4 2(L — 5)Xo, 5 — 2LY

Proof. Note that Z;" (@) (G® X) = [X] -G for all X € Ky(Varg). Since
G=I,+1_+Ji+ J_+ M, the result follows from the earlier lemmas. O

Lemma 5.4.7.

Z5P (@) (X2 ® X ) = 2L(L — 3)(L + 1)(I4 + 1_)
FLL - 3)(L - 1)+ )
+(L=3)2L+1)M+ (L2 — 4L — 9) X5 _,

Proof. Stratify based on the conjugacy class of the product AB.

» If AB =1, then solve for A = B~! to obtain [Xo _ox pXa o]l = 2[X2 o]l =
OL(L — 3)(L + 1)1,

» If AB = —1, then solve for A = —B~! to obtain [Xs _o Xy Xo o]l =
2[Xo o] = 2IL(L = 3)(L +1)1_.

» If AB € J,, then conjugate to AB = (}1) and solve for A = (}1)B~%
Consider the following cases.

— Case v = 0. Fix a@ = § = 1 by lifting P to GLs, and fix § = 0 using
Gg-symmetry. Solving for p = u*! # 0,41, we obtain 2IL(L — 3).J, .

—Case v #0. Fix y =1, «a = 0 and 8 = 1 by lifting P to GLs and using

1 _ (p=p)(up—1)

P uirD) Sce

Gg-symmetry. Using trA = p 4+ p~, solve for § =

w,p # 0,£1, we obtain L(L — 3)2.J,.
» If AB € J_, then similarly we obtain L(L — 3)(L —1)J_.

» If AB € M, then conjugate to AB = (6\ /\91) and solve for A = (8 /\(_)1 ) B~L

Consider the following cases.

— Case ay = 0. Identify the S3-quotient with the stratum where v = 0. Fix
a = § = 1 by lifting P to GLy. Solve for p = (Ap~1)*!. In both cases
w#0,£1, £, so we obtain 2IL(L — 5) X5 _».

— Case ay # 0 and 36 = 0. Identify the S3-quotient with the stratum where
B =0.Fix a = § = 1 by lifting P to GLs. Solve for p = (Ax~')*". In both
cases 4 # 0,£1, X, so we obtain 2(L — 1)(IL — 5) X3, _o.
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— Case affyd # 0. Fix v+ = 6 = 1 by lifting P to GLs. Solve for § =
%. Note that o # 8 is automatically satisfied as there are no
solutions with p = A*'u*!. Note that S acts via a — a~!. From the

Sa2-virtual classes
{a#0)% =LoT-1aN
A 20,41 53
[GLo/Dx {0t e ] = (L =32 (M@ T + (Xoa - M) & N)

—2(L—-5)Xz 2® (T +N)

we obtain (L — 3)2(L 4+ 1)M — (3L? — 18L + 19) X3 _». O

Lemma 5.4.8.

ZgP () (X2, 2 ®@Y) = 2L(L = 5)(L+ 1) (I + 1)
+ L(L—5)(L —1)(Jy +J_)
+ (L = 5)(L - 3)(L + 1)M
+ (L —5)(L +3)Xs o — 4LY

Proof. Stratify based on the conjugacy class of the product AB.

If AB = 1, then solve for A = B™! to obtain [Xy _o xp V][4 = 2[Y]I; =
2L(L — 5)(L + 1) 1.

If AB = —1, then solve for A = —B~! to obtain [Xs, o x5 Y]I_ =2[Y][; =
2L(L —5)(L+1)1_.

If AB € J4, the computation is the same as for A € Xp 5 and B € X5 _o,
but with p = w? and w # 0, £1, +i. Hence, we obtain L(L — 5)(L — 1)J..

If AB € J_, then similarly we obtain L(L — 5)(L — 1)J_.

If AB € M, then conjugate to AB = (é ,21) and solve for A = (é W) BTL

Consider the following cases.

— Case ay = 0. Identify the S3-quotient with the stratum where v = 0. Fix
a = 6 = 1 by lifting P to GLy. Solve for p = (Aup~!)*!. In both cases
p=w?#0,+1, £\, so we obtain 2L(L — 5) X5 _o — 4LY.

— Case ay # 0 and 36 = 0. Identify the S5-quotient with the stratum where
B =0. Fix a = 6§ = 1 by lifting P to GLa. Solve for p = (Ax~!)*!. In both
cases u = w? # 0,£1, £, so we obtain 2(L — 1)(L — 5)X5 o —4(L — 1)Y.

— Case af8v6 # 0. Fix v = § = 1 by lifting P to GL5. Note that there are no

solutions with p = A*!'u*! and solve for § = %. Furthermore,
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note that S3 acts via a — a~!. From the S3-virtual classes
{a#0})% =LeT-1®N

Lo/ x Pt )] = LB - MO T+ (o s - M) 0 N)
—(2(L—5)Xy o —4Y)® (T + N)
we obtain (L—5)(L—-3)(L+1)M — (L-5)8L—5)X3 2 +4L—-1)Y. O
Lemma 5.4.9.
ZgP (@3) (Y @ Y) = 4L(L - 5)(L+1)(I+ + 1)
+L(L = 5) (L —1)(Jy + J_)
+ (L —5)*(L+1)M — (L — 5)*Xy,_5 + 2L(L — 9)Y

Proof. Stratify based on the conjugacy class of the product AB.

s If AB = 1, then solve for A = B~! to obtain [Y x5 Y|, = 4[Y]I, =
AL(L — 5)(L + 1)1,

s If AB = —1, then solve for A
L(L-5)(L+1)I_.

—B~! to obtain [Y x Y]I_ = 4[Y]I_ =

» If AB € J,, then conjugate to AB = (}1) and solve for A = (}1)B~ %
Consider the following cases.

— Case v = 0. Fix a = § = 1 by lifting P to GLs, and fix 8 = 0 using G-
symmetry. Then v? = w*2, that is, v = +w*! # 0, %1, 4. Hence, we obtain
4L(L — 5)J .

—Case v # 0. Fix y =1, « = 0 and 8 = 1 by lifting P to GL2 and using
G4-symmetry. Solve for § = —%. Since w, v # 0, £1, 44, we obtain
L(L - 5)2J,.

» If AB € J_, then similarly we obtain L(L — 5)(L — 1)J_.

» If AB € M, then conjugate to AB = (())‘ /\91) and solve for A = (3 /\91 ) B~L

Consider the following cases.

— Case ay = 0. Identify the S2-quotient with the stratum where v = 0. Fix
a = § = 1 by lifting P to GLs. Solve for 12 = (A\w™2)*1. If 12 = M\w ™2, then
substituting u = vw yields u? = X with w # 0,41, 44, +u, +iu. The case
v? = (Aw™2)7! is similar with u = v/w, so we obtain 2LL(L — 9)Y.

— Case ay # 0 and 36 = 0. Identify the S3-quotient with the stratum where
B = 0. Fix a = § = 1 by lifting P to GLs. Solve for v? = (Aw™2)*!. Again,
substituting u = vw®?, respectively, we obtain 2(L — 9)(L — 1)Y.
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— Case affyd # 0. Fix v = § = 1 by lifting P to GLs. Note that there are no

solutions with p = A*!'u*! and solve for § = %. Furthermore,

note that S acts via a — a~1. From the S3-virtual classes
{a#0})% =LeT—1® N

[GLQ/D X {*“2’”27&0’*1}};5 =([L-5%M®T + (X5 — M) ® N)

Uz;é)\ilwi2

—2(L-9Y & (T + N)
we obtain (L — 5)2(L + 1)M — (L — 5)2X5 _» — 2(L — 9)(L — 1)Y". O
Lemma 5.4.10.
ZgP (@) (X2, 2 ® Xp) = L(L = 5)(L+ 1)(Iy + )

+ L(L—4)(L—1)(Jy + J_)
+ (L =3)*(L+1)M+ (L —9)Xp,_5—2LY

Proof. Stratify based on the conjugacy class of the product AB.

» If AB = 1, then solve for A = B~! to obtain [Xs o xp Xo]I} = [Y][; =
L(L —5)(L +1)14.

» If AB = —1, then solve for A = —B~! to obtain [Xa 2 X X o]l = [Y][; =
L(L-5)(L+1)I_.

» If AB € J,, then conjugate to AB = (}1) and solve for A = (}1)B~"

Consider the following cases.

— Case v = 0. Identify the S4-quotient with the stratum where v = 0. Fix
a =6 =1 by lifting P to GLg, and fix 8 = 0 using G,-symmetry. Solve for
p = w*2. Hence, we obtain 2IL(L — 5).J,..

— Case 70 # 0. Fix v = § = 1 by lifting P to GLo, and fix @ = 0 using

G4-symmetry. Note that there are no solutions with p = w*?2, and solve for
_ _pu=D(p+l) g
p= (n=p)(pp—1)" Since

[{p,w2¢0,i1} / Sg} =(L-3)?—(L—-5)=0L?—17L+ 14,

k2
we obtain L(IL? — 7L + 14).J .
= If AB € J_, then similarly we obtain L(L — 4)(L — 1)J_.

» If AB € M, then conjugate to AB = (6\ )\91) and solve for A = (())‘ )\91 ) B~

Consider the following cases.
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— Case P is (anti-)diagonal. Identify the S4-quotient with the stratum where
P is diagonal. Fix a = § = 1 by lifting P to GLs and using G,,,-symmetry.
Solve for p = (Aw™2)*!, and identify the S2-quotient with the stratum
where p = A\w™2. From the conditions w # 0,41,4+i and w? # )\, we
obtain (L —5)X, _o — 2Y.

— Case P has one zero. Identify the S§-quotient with the stratum where ay =
0, and subsequently the S3-quotient with the stratum where v = 0. Fix
a = § = 1 by lifting P to GLa. Solve for p = (Aw™2)*!. From the conditions
B#0,w#0,+1,+i and w? # £\, we obtain 2(L — 5)(L — 1) X2, 5 — 4(L —
1)Y.

— Case P has no zeros. Fix v = § = 1 by lifting P to GLs. Note that there are
£ AL _ aA—pp)(Ap—p)

K (Ap—p)(App—1) -
o = a3=t we find that S3 and S¥ act via o/ — 1/a/ and o/ — o,

respectively. From the S3 x S-virtual classes

no solutions with p = , and solve for 3 Substituting

[{o/ #0}%7% = (LoT -1 N @ T*

|:GL2/D % {p,wz;ﬁo,:tlHjijQL _

p;é/\ilwiz
L-3)((L-3)®@T" 20 N*)(MRT*+ (X3 _5 — M)® N*)
—((L=5)Xg 5 —2Y)® (T* + NY) @ (T* @ N*)

we obtain (L — 3)%(L + 1)M — 2(L? — 6L + 7) X2, o + 2(L — 1)Y. O
Lemma 5.4.11.

ZgP (3) (V @ Xp) = 2L(L — 5)(L+ 1) (L4 + )
FLIL - 5)(L— 1)(Js+J)
(L —5)(L—3)L+1)M
— (L =5)(L—3)Xs 2+ L(L-9)Y

Proof. Stratify based on the conjugacy class of the product AB.

s If AB = 1, then solve for A = B~! to obtain [Y x Xo]I; = 2[Y][, =
9L(L — 5)(L + 1)L,

s If AB = —1, then solve for A = —B~! to obtain [Y xj; X o][_ = 2[Y][_ =
9L(L — 5)(L + 1)I_.

» If AB € J,, then conjugate to AB = (}1) and solve for A = (}1)B~%
Consider the following cases.
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— Case v = 0. Identify the S4-quotient with the stratum where v = 0. Fix
a =6 =1 by lifting P to GLg, and fix 8 = 0 using G,-symmetry. Solve for
v? = w*? that is, v = fw*!. Since w # 0, 1, £, we obtain 4L(L — 5).J .

— Case 70 # 0. Fix v = 6 = 1 by lifting P to GLy, and fix a = 0 using

G4-symmetry. Note that there are no solutions with p = w*2, and solve for
B = — W=Dt g e
(k—p)(pp—1)

H”’jﬂfiaﬂ} / sg} —([L-5)(L—3)—2(@L-5) = (L—5)?
we obtain L(IL — 5)2J,.
» If AB € J_, then similarly we obtain L(L — 5)(L — 1)J_.
» If AB € M, then conjugate to AB = (A 01) and solve for A = ()‘ o, ) B~

0 A~ 0 A~
Consider the following cases.

— Case P is (anti-)diagonal. Identify the S5-quotient with the stratum where
P is diagonal. Fix a = § = 1 by lifting P to GLs. Solve for v? = (\w™2)*1,
and identify the S3-quotient with the stratum where v? = Aw~2. Substitute
v = vw so that u? = \. From the condition w # 0,1, £, +u, +iu, we
obtain (L — 9)Y.

— Case P has one zero. Identify the S5-quotient with the stratum where ay =
0, and subsequently the S3-quotient with the stratum where v = 0. Fix
a = 6 = 1 by lifting P to GLs. Solve for v? = (A\w™2)*!. Again, substituting
u = vw*! respectively, we obtain 2(L — 9)(L — 1)Y.

— Case P has no zeros. Fix v = § = 1 by lifting P to GL,. Note that there are

)\iluil a(A—pp)(Ap—p)

no solutions with p = , and solve for § = Di=p) Oip=1) Substituting

o = ozip , we find that S3 and S% act via o/ + 1/a’ and o' — o/,
respectlvely From the S3 x S§-virtual classes

[{o/ #0155 = (Lo T -1 NY) o T*
N 152 xSk
(GLa/D x {8} 2 =

L-5)(L-3)®@T" 20 N*)(MRT*+ (X2_o — M)® N*)
—(L-9Y & T+ N (T"e N

we obtain (L—5)(L—3)(L+1)M —(L—5)(L—3)X2,_o—(L—-9)(L-1)Y. O



5.4. MULTIPLICATION IN SLo 109

Lemma 5.4.12.

Zg? () (X2 @ Xp) = 2L(L* = 3L — 2)I + L(L - 5)(L+ 1)1
+L(L-5)(L—1)Jy +L(L—-4)(L-1)J-
+(L-3)*(L+1)M —L(L-3)X_,
—(L=3)%Xs 2+ LIL-6)Y

Proof. Stratify based on the conjugacy class of the product AB.

If AB = 1, then solve for A = B~1. Tt follows that v? = w®2, that is, v = +w*!,
so identify the S§-quotient with the stratum where v = +w™!. From the S5-
virtual classes

[GLy/D)% =L@ T+L®QN
w0, £1,41 152
H oL, H =2(L-3)®T—2®N)

we obtain 2IL(IL2 — 3L — 2)1,.

If AB = —1, then solve for A = —B~!. It follows that v?> = —w®2, that is,
v = +iw*!. Identify the S§-quotient with the stratum where v = +iw~!, and

subsequently identify the Sh-quotient with the stratum where v = iw=1. We
obtain [Y]I_ =L(L - 5)(L +1)I_.

If AB € Jy, then conjugate to AB = (} 1) and solve for A = (}1)B~!.
Consider the following cases.

— Case 7§ = 0. Identify the SY-quotient with the stratum where v = 0. Fix
a =6 =1 by lifting P to GL3, and fix 5 = 0 using G,-symmetry. It follows
that 1?2 = w*?, that is, v = +w?!, so identify the S§-quotient with the
stratum where v = +w. Since w # 0, 1, 44, we obtain 2L(L — 5).J ..

— Case 70 # 0. Fix v = 6 = 1 by lifting P to GL, and fix a = 0 using

G,-symmetry. Note that there are no solutions with p = w*2, and solve for
_ _pp=)(p+D) g
p= (b=p)(pp—1)" Since

({202 ) S8 x 85] = (L—3)2 = 2(L—3) = (L - 5)(L. - 3)

V2 AwE?
we obtain L(L — 5)(L — 3)J.

If AB € J_, then conjugate to AB = (7)1 _11) and solve for A = (*01 _11) B~
Consider the following cases.

— Case 70 = 0. Similarly to the above we obtain 2IL(L — 5)J_.
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— Case 70 # 0. Fix v = 6 = 1 by lifting P to GLy, and fix a = 0 using

G4-symmetry. Note that there are no solutions with p = —u*!, and solve
_ pp=1)(p+l) q;
for g = EDITESE Since

Pkt st x s8] = (-3 - (L—5) =12~ TL + 14

we obtain L(IL? — 7L + 14).J_.

» If AB € M, then conjugate to AB = (7 ,% ) and solve for A= (},%)B~".

Consider the following cases.

— Case P is (anti)-diagonal. Identify the S5-quotient with the stratum where P
is diagonal. Fix a = & = 1 by lifting P to GLy. It follows that v? = (\w™2)*!,
so identify the S5-quotient with the stratum where v? = A\w™2. Substitute
u = vw so that u2 = \. Since w # 0, £1, +4, +u, +iu, we find

53

[GL2/D x {w#O,iﬁQi:if\iu,iiu}]M =

(X 20T+ (Y =X )@ N)(L-6)®T -3 N)
so we obtain (L — 3)X_5 —3Y.

— Case P has one zero. Identify the S5-quotient with the stratum where oy =
0, and subsequently the S3-quotient with the stratum where v = 0. Fix o =
§ =1 by lifting P to GLy. Identify the S§-quotient with the stratum where
v? = Mw™2. Substitute u = vw so that u? = X\ and w # 0, £1, +i, +u, +iu.
Furthermore, 3 # 0, so we obtain (L. — 9)(L — 1)Y".

— Case P has no zeros. Fix v = ¢ = 1 by lifting P to GL2. Note that there are

AEL AL and solve for 8 = SA=#A=1) Tl various

no solutions with p = = O=p)(App—1)

Ss-actions on « are given by
A Iz )\_ /\ _ P
N DR a(A = up)(Ap u), 0
(A= p)(Aup — 1)

Extending « to be P!-valued, we can consider this stratum as a P!-fibration

minus the stratum where @ = 0 or @ = co. Since the cases @ = 0 or a =

are interchanged by S2 but invariant under Sy, we can effectively act as

if o is invariant under S4 and S2 and has S3-virtual class [{o # 0}]52 =

L®T —1® N. Together with the S3-virtual class

. S2
vw#0,+1,+i m o7 _
|:GL2/D X {V27$)\i1wi2 } //52 X 52}]% =
(L-3*M®T+ (X2,_2— M)®N)
— (X 2T+ Y -X_2)@N)(L-6)®T—-3®N)
we obtain (L—3)?(L+1)M —(L—3)(L+1)X_5—(L—3)?Xs, _o+(4L—6)Y. O
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5.5 Results

Using (4.13), Proposition 5.3.1 and the lemmas in Section 5.4, we obtain an
expression for the matrix associated with Z;® () with respect to the gen-
erators (5.3).

2 L2+L 2L2—2 0 L3 —3L2 — 2L
L2 +L 2 0 L2 —2 L3 — 3L2 — 2L
2 0 L2—-L-2 2.2 L3 — 3L2
0 2 2.2 L2—-L-2 L3 — 3L2
dep(): 0 0 L2 -1 L2-1 L3—2L2-L+2
0 1 0 —L—-1 L
1 0 —-L—-1 0 L
0 0 1-L 1-L oL — 2
L O 0 L L —2L
L3 —4L2 — 5L 213 — 6.2 — 4L L3 —4L2 — 5L  2L3 —8L2 — 10L
213 — 6.2 — 4L L3 —4L2 — 5L L3 —4L2 — 5L  2L3 —8L2 — 10L
L3 — 3L2 — 2L L3 —4L2 — L L3 — 3L2 — 2L L3 — 412 — 5L
L3 —4L2 —L L3 — 3L2% — 2L L3 — 3L2 — 2L L3 — 412 — 5L
L3 —3L2—-L+3 L3—-3L2—-L+3 L3—-3L2—-L+3 L3—-5L2—-L+5
—L2+L L2+1L 0 0
L2+ L ~-L2+1L 0 0
—L24+4L -3 —L24+4L -3 L2 +2L -3 ~-LZ2+6L—5
L2 — 4L L2 — 4L —2L 212 — 6L

This matrix can be diagonalized with eigenvalues

0, —-LL-1), LL-1), LL-1)(L+1), (L-1)L+1),
~L(L+1), 2L(L+1), 2L(L-1), L(L+1)

and respective eigenvectors

(07 [-L—17] [-L2+4L+57 [17 [L] [(@-1)27 [1-L7] [L+1] [—(L-1)2]
0 L+1 ~L2+4L+5] |1 L —L-1)2] |[L-1| |L+1| [-@L-1)2
0 —1 5L 1 0 1-L 1 1 L—-1
0 1 5L 1 0 L—1 -1 1 L-1
2 0 0 1] |-1 0 0 0 0
—1 0 0 of |o -2 —1 0 -2
-1 0 0 of |o 2 1 0 -2
-1 0 0 0 1 0 0 —1 0
L1l L o 1L 2 JloJlolJL o JLoJL1 L 2 |

The following theorem now follows from (4.11).

Theorem 5.5.1. For any r > 0, the virtual class of the SLa-character stack of
N, in K5 (Stcky) is

(st (V)] = {1772 + 17 2((L ~ )1+ (-1)7) = (-2

LA = 1AL = (14 (1)) + 27— 4)

+ L2+ 1)L -1)"H L+ 1) O
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Remark 5.5.2. The first eigenvector, with eigenvalue 0, corresponds to the
element 2M +Y — Xy — X_5 — X5 _s € K¢(Varg). We encountered this element
already in Remark 5.1.2, where it was shown to be non-zero. On the other hand,
the (Hodge) monodromy representation of M + M +Y agrees with that of Xo +
X_o 4+ X5 _9, so it is not surprising to encounter this element in the kernel of

25" (f0°0D)-

Similarly, for the orientable surfaces, using (4.12), Proposition 5.2.1 and the
lemmas in Section 5.4, we obtain an expression for the matrix associated with
Z&P (=D) with respect to the same set of generators.

L4 + 413 — L2 — 4L L3—L L5 — 2L% — 413 + 2.2 + 3L
L3 —L L% 4+4L3 — L2 — 4L L5 4+ 3L* — L3 — 312
L3 — 22 — 3L L3 + 3L2 L% + L* 4 312 + 3L
L3 + 3L2 L3 —2L2 — 3L L5 — 3L3 — 6.2
Zé:ep(@): L3 —L2—-L+1 L3 -1?-L+1 L5 — 213 + L
212 + 2L ~-L2-L —2L3 — 412 — 2L
—L2—-L 212 + 2L L3 4+2L2 + 1L
—L2 +2L—1 —L2 +2L -1 —2IL3 + 412 — 2L
L L2 — 2L L2 — 2L 213 — 212 + 2L
L5 +3L* — L3 — 312 LS — 2L5 — 4% + 312 + 21 LS — 11L% — 313 + 10L2 + 3L
L% — 2L% — 413 + 2.2 + 3L LS — 2L5 — 41L% + 312 + 21 LS — 315> — 8% + 7.2 + 3L
L5 — 3L3 — 612 L6 — 215 — 3L4 4 L3 4 312 L6 — 3L% — 4L4 — 313 + 912
L5 + L% + 3L2 + 3L L6 — 25 — 3L4 + L3 + 312 LS — 3L% — L* — 313 4 62
L5 —2L3 + L LS —2L% — 24 4+ 213 4 3L2 —2 L6 — 3L5 — 3L* +4L3 4+ 51L2 — L — 3
L3 +2L2 +1L L3 4+ 12 2IL4 + 213
—2I3 — 412 — 2L L3+ 12 —2IL4 4 212
—2L3 4+ 412 — 2L 413 — 612 42 —2L4 4+ 11L3 — 132 + L + 3
213 — 212 4 2L —41L3 4 212 2IL4 — 1113 + 712
LS — 315 — 8L* + 72 + 3L L6 — 215 —9L* — L3 4+ 8L2 + 3L L6 — L5 — 20L* — 413 4 1912 + 5L]
LS — 11L4 — 313 + 102 + 3L L6 — 25 —9L4 — L3 4 8.2 + 3L L6 — L5 — 20L* — 4L3 + 1912 + 5L
L6 — 3L5 — L4 — 313 4 612 LS — 25 — 514 4 612 L6 — 415 — 414 — 83 4 1512
LS — 315 — 4L* — 313 + 92 LS — 25 — 514 + 612 L6 — 415 — 4% — 8L3 4 1512
(L—1)%(L+1) (L3 —2L% — 4L — 3) (L—3)(L-1)*L+1)3 (L—-5)(L—-1)*L+1)3
—2IL4 4 212 0 0
214 + 213 0 0
—2L% + 1113 — 13L2 + L + 3 L4 4 6L3 — 122 + 2L + 3 —3L* 4+ 2003 — 2612 + 4L + 5
2IL4 — 111L3 + 7IL2 —61L3 4 612 414 — 2013 + 1612

It turns out this matrix can be diagonalized using the same set of eigenvectors.
The corresponding eigenvalues are

0, L2(L-1)2 L3 L-12 L*L-1D*L+12 (L-1>3L+1)?
L*(L+1)%, 4L2(L+1)%, 4L*(L-1)?, L*(L+1)%

The following theorem now follows from (4.10). The corresponding E-polynomi-
als can be seen to agree with [MM16].



5.5. RESULTS 113

Theorem 5.5.3. For any g > 0, the virtual class of the SLa-character stack of
¥, in K§ (Stcky,) is

st (5)] = gL (L o+ 122 4 L— 1)

1
+ 5LQQ—?(L —1)2972(2% 4 L - 3)

+ (L2724 1)(L — 1)%972(L + 1)%972. O

The fact that both matrices can be simultaneously diagonalized is not too sur-

prising considering the fact that and @ commute as bordisms. Fur-
thermore, it can be seen that

zg» ([ o))’ = z5° (f9o) « 26" (=D)

which reflects the equality of bordisms

fo o}’ = oot =D

What is remarkable is that the equality

25" ([90h)° = 25" (=D)

holds for G = SLy (at least on the set of generators (5.3)), even though it does
not for general G. For example, it already fails to hold for G = G,,. Comparing
Theorem 5.5.3 and Theorem 5.5.1, we find the following.

Corollary 5.5.4. [Xgs1,(X,)] = [Xs1,(Nog)] in Klgl(Stckk) for all g > 0. O

An explanation for this relation between the orientable and non-orientable case
can be given for the corresponding FE-polynomials, from the point of view of the
arithmetic method.

Suppose G is a linear algebraic group over a finitely generated Z-algebra R. Com-
paring Theorem 4.5.3 and Proposition 4.9.12, it follows that, for any morphism
R — F, the point counts |Rg(2,)(Fy)| and |Rg(Nag)(F,)| agree whenever the
Frobenius-Schur indicators ¢, of all irreducible characters x of G(F,) are equal
to £1. That is, if all irreducible representations of G(F,) are either real or pseu-
doreal.

Indeed, if we take G = SLy and R = Z[1/2,i], then a map R — F, exists if
and only if ¢ = 1 mod 4. For such ¢, any element of SLs(F,) is conjugate to its

inverse, and hence

x(9) =x(g™") = x(9)
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for all g € SLo(F,) and irreducible characters x of SLa(F,). This shows that
all irreducible characters x of SLo(F,), with ¢ = 1 mod 4, are either real or
pseudoreal, that is, e, = &1, and hence

|RSL2 (Zg)(]Fq)‘ = |RSL2 (NQQ)(Fq)|~

Since these numbers are polynomial in ¢, it follows from Theorem 4.6.1 (Katz’
theorem) that e(Rgr,(X4)) = e(Rsr,(Nag)), and in turn that e(Xgp,(2,)) =
e(XsL, (Nag))-





