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CHAPTER

The parabolic Anderson model on a
Galton-Watson tree with normalised
Laplacian

This chapter is based on the following paper:
D. Wang. The parabolic Anderson model on a Galton-Watson tree with normalised
Laplacian, 2023. Preprint, arXiv:2310.05602.

Abstract

In [@], the asymptotics of the total mass of the solution to the parabolic Anderson model
was studied on an almost surely infinite Galton-Watson tree with an i.i.d. potential having
a double-exponential distribution. The second-order contribution to this asymptotics was
identified in terms of a variational formula that gives information about the local structure
of the region where the solution is concentrated.

The present paper extends this work to the degree-normalised Laplacian. The normalisa-
tion causes the Laplacian to be non-symmetric, which leads to different spectral properties.
We find that the leading order asymptotics of the total mass remains the same, while the
second-order correction coming from the variational formula is different. We also find that
the optimiser of the variational formula is again an infinite tree with minimal degrees. Both of
these results are shown to hold under much milder conditions than for the regular Laplacian.



CHAPTER 5

5. The PAM on a Galton-Watson tree with normalised Laplacian

§5.1 Introduction and main results

§5.1.1 The PAM and intermittency

The parabolic Anderson model (PAM) on a graph G = (V, E), is the Cauchy problem
for the heat equation with a random potential:

du(z,t) = (Au)(z,t) +E{(x)ulx,t), zeV,t>0, (5.1)

u(z,0) = dol(z), reV, '
where O is a vertex in V, {{(2)}zev is the random potential defined on V', and A is
the normalised discrete Laplacian, defined by

BNE) =g ¥ HW-f@). reVifiVoR (52
e

Most of the literature has focused on Z? and we refer the reader to [29] for a
comprehensive study. Other choices include the complete graph [16], the hypercube
[b], and more recently, the regular tree [14] and the Galton-Watson tree [[12], [13] and
[2]. The PAM can also be studied on continuous spaces, the most extensively studied
being R On such spaces, the Laplacian and the potential are defined analogously
and we again refer the reader to [29] for more background.

The PAM may be interpreted as a system of particles such that particles are killed
with rate £~ () or are split into two with rate £+ () at every vertex z. At the same
time, each particle jumps independently with A as generator. The solution u(z,t) can
be interpreted as the expected number of particles or mass present at vertex x at time
t when the initial condition at time 0 is 0p(z). See [24, Section 1.2] for further details.

The solution is known to exhibit a phenomenon known as intermittency, meaning
that the solution concentrates on small regions of the graph known as intermittent
islands. This is well studied on Z?, where it is known that the sizes of the island(s)
depend on the distribution of the tail of the potential, and can be separated into four
classes (see [29, Section 3.4]). Throughout the paper, we work in the double-exponential
class where the potential £ = {£(x)}zev consists of i.i.d. random variables satisfying

Assumption 5.A. [Asymptotic double-exponential potentiall
For some o € (0, 00),

P(£(0) >0) =1, P(&(0) > u) = e """ for u large enough. (5.3)

The main feature of this choice is that the intermittent islands are not single vertices,
whilst also having the property that their sizes do not change with time - a critical
fact in our analysis.
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§5.1. Introduction and main results

§5.1.2 The PAM on a Galton-Watson tree

The present paper analyses the PAM on the graph generated by the Galton-Watson
process. The graph is generated by taking a root O and attaching D vertices (known as
offspring), where D is a random variable. Each offspring has D — 1 offspring attached
to it, where D is an identically distributed but independent copy of D. This is repeated
forever, or until the process dies out. Let GW = (V, E, O) be the resulting graph and
let P and & denote probability and expectation with respect to GW. Similarly, let P
and &£ denote probability and expectation with respect to D.

Assumption 5.B. [Exponential tails
(1) dmin := minsupp(D) > 2 and £[D] € (2, c0).
(2) E[e*P] < oo for all a € (0,00). [ |

Under this assumption, GW is P-a.s. an infinite tree. Moreover,

r—00 T

=log &[D] =: ¥ € (0, 00) B —a.s., (5.4)

where B,.(O) C V is the ball of radius r around O in the graph distance (see e.g. [30,
pp. 134-135]). Note that this ball depends on GW and is therefore random.

The proper choice of Laplacian depends on the setting. In the case of the complete
graph and the hypercube, when the limit of the number of vertices going to infinity is
taken, only the normalised Laplacian gives a meaningful limit. In the case of regular
graphs such as Z¢ and the regular tree, normalising the Laplacian by the degree
simply amounts to rescaling time, and both the techniques and the results can be
easily inferred accordingly. We will focus on the Galton-Watson tree, which is not
only inhomogeneous but is also random, and hence the choice of Laplacian does play
a role. The present paper considers the normalised Laplacian, in contrast to [12], [13],
and [2], and investigate how this choice affects the results and methods used in [[L2].

Under Assumptions and @, the criteria for existence and uniqueness of a
non-negative solution of (p.1f) are met (see [24] and [[13, Appendix C]) and is given by
the well-known Feynman-Kac representation. With the choice of initial condition in
(b.1) and Laplacian in (p.2), this amounts to

w(@,t) = Eo [exp { /O t S(Xs)ds} 10X, = x}] , (5.5)

where X = (X;);>0 is the continuous-time random walk on the vertices V' with jump
rate 1 on each vertex (or equivalently with jump rate equal to the inverse of the degree
along the edges F), and P» denotes the law of X given Xy = O. The quantity we will
be interested in is the total mass, given by

U(t):= > u(z,t) =Eo {exp {/Ot f(Xs)ds}] , (5.6)

zeV

in particular, its asymptotics as t — oo.
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CHAPTER 5

5. The PAM on a Galton-Watson tree with normalised Laplacian

An important distinction is made between the quenched and the annealed total
mass, i.e. the total mass taken almost surely with respect to or averaged over the
sources of randomness, respectively. Since this paper aims to follow the framework of
[12], we also consider the quenched setting for both the graph and potential. We refer
to [14] for corresponding results for the annealed total mass on a regular tree. The
annealed setting for the Galton-Watson tree (averaged over just the potential or over
both the graph and potential) remains open.

§5.1.3 Main results and discussion

To state our results, we first introduce some quantities of interest pertaining to the
characteristic variational formula associated with Assumption . The latter de-
scribes the shape and profile of the solution in the intermittent islands and captures
the second-order asymptotics of the total mass. We refer to [29] for more details on
the variational formula and its relationship with the PAM.

Denote the set of probability measures on V' by P(V). For p € P(V), define

Ig(p) = ) (\/aﬁé& - \/dzé%g);)>27 Jv(p) ==Y plx)logp(z), (5.7)

{z,y}€E zeV

and set

xa(0) = pei;;(fv)[IE(p) +olv(p),  0€(0,00). (5.8)

The first term arises from the Laplacian and coincides with the large deviation rate
function for the empirical distribution of the random walk in (@% (see [L1, Exer-
cise IV.24], while the second term comes from the choice of the double-exponential
potential. Furthermore, define the constant

X(0) :=inf {x7(0): T is an infinite tree with degrees in supp(D)}, (5.9)

with xg (o) defined in (@), and abbreviate

ot
= . 5.10
f loglogt ( )
Theorem 5.1.1. [Total mass asymptotics] Subject to Assumptions @@,
1 ~
7 logU(t) = glog(Vry) — 0 — X(0) + 0o(1), t— oo, (P xB)-a.s. (5.11)

The proof of Theorem is given in Section @ For a heuristic explanation on how
the terms in () arise and how they relate to the asymptotics of the total mass, we
refer the reader to [[12, Section 1.5].

For d > 2, let T3 denote the infinite homogeneous tree with degree equal to d at
every vertex.

Theorem 5.1.2. [Identification of the minimiser] If o >
X T ()

1 ~ —
T ogldmnn then X(0) =

min
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§5.2. Preliminaries

The proof of Theorem is given in Section ﬁ

Comparing our results to those obtained in [12] and [L3], we see that the choice
of Laplacian indeed has an effect, albeit in a subtle way. The leading-order terms in
() remain unchanged, while the second-order (variational formula) term stemming
from (p.§) is different, due to Ix in (@) being normalised by the degrees. This
normalisation was not present in [12] and [L3]. In addition, normalising the Laplacian
results in a ‘slow down’ of the random walk in (p.5) compared with the analogous
formula in [12]. As will be shown later on, this leads to simplifications in several
key lemmas and leads to Theorem holding under the milder tail condition in
Assumption @(2)

The different Laplacian and I function have surprisingly minimal effects on The-
orem : the optimal tree is still 7y, , exactly as was found in [12]. The main
difference is that our result holds for a greater range of o values compared to [12],
which required the sharper restriction ¢ > 1/log(dmin + 1). We believe that the min-
imal tree is the minimiser for all ¢ and that it is also the unique minimiser, however
this remains open. It is also worth noting that the object Xx(o) is well understood. The
case dpin = 2 corresponds to the the variational problem on Z and has been studied
in [23]. For dmin > 2 we refer the reader to [14], where the variational formula

V() =it [Ip0) + 0@ Te@) = Y (Voo —volw))

peP(V) {z,y}eE

was studied. Clearly,

)?(Q) = dnlm, Xdmin (dming)'

Outline. The remainder of the paper is dedicated to the proof of Theorems
and , and follows the framework developed in [12]. Section 2.1 is novel and deals
with the spectral estimates of the Anderson Hamiltonian A + £, which are different
due to A no longer being symmetric with respect to the usual inner product. Sections
2.2 and 2.3 collect the necessary results regarding the Galton-Watson tree and the
potential from [[12] and [13]. All of these results carry over directly since the Laplacian
and random walk play no role. Section 3 follows the path ezpansion technique from [[12]
and adapts the results to the random walk in (@) Section 4 is dedicated to the proof
of Theorem , and follows [12]. Section 5 deals with the analysis of the variational
formula (E) including the proof of Theorem 7 which applies the gluing argument
from [12].

§5.2 Preliminaries

In this section we collect results that are needed later. Section investigates how

the normalisation affects the spectral properties of the Laplacian. Section collects
ﬁ

two vital facts about the Galton-Watson tree. Section j collects results regarding
the potential.
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CHAPTER 5

5. The PAM on a Galton-Watson tree with normalised Laplacian

§5.2.1 Related Spectral Problems

Recall the Rayleigh-Ritz formula for the principal eigenvalue Aj(g; G),

M (g;G) =sup {{(A+q)p,0): ¢ €RY, supp¢ C A, ||¢]| = 1}. (5.12)

As alluded to in Section 7 A (and therefore also A + ¢) is not symmetric with
respect to the usual ¢2 inner product, but is symmetric with respect to the degree-
weighted inner product

(6, 9) ==Y deg(@)g(x)¥(x), (5.13)

FASHIN

in the sense that (A¢,¥) = (¢, Ay) (see [27, Section 2] for further details). Hencefor-
ward, all inner products will be with respect to ()

We introduce an alternative representation for x in (@) in terms of a ‘dual’ vari-
ational formula. Fix ¢ € (0,00) and a graph G = (V, E). The functional

L(g;G) = Z e?@/e ¢ [0, oc], q: V — [—00,00), (5.14)
zeV
plays the role of a large deviation rate function for the potential £ in V' (compare with
(

)). For A C V, define

Xa(G) = — sup A (g G) € [0,00), (5.15)
q: V—[—00,00),
L(g;G)<1

where Ap(¢; G) is the principal eigenvalue of the Anderson Hamiltonian A + ¢ on the
set A with zero boundary condition. The condition £(¢; G) < 1 under the supremum
ensures that the potentials ¢ have a fair probability under the i.i.d. double-exponential
distribution.

Proposition 5.2.1. [Alternative representations for x| For any graph G = (V, E) and
any ACV,

Xa(0;G) > Xv(gG) = xal(o)- (5.16)

Proposition is not essential in the proof of Theorem , but is stated here to
provide additional context to some of the results below. The proof is given in Sec-
tion .

Lemma 5.2.2. [Spectral bounds]
(1) ForanyT'CACV,

max q(z) =1 < Ar(q; G) < A(q; Q) < mafq(z). (5.17)
z ze

(2) The eigenfunction corresponding to Ax(q; G) can be taken to be non-negative.
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§5.2. Preliminaries

(3) If q is real-valued and T C A is finite and connected in G, then the second
inequality in () is strict and the eigenfunction corresponding to A (q; G) is
strictly positive.

Proof. Write
(A+a)p,0) == > [bx) = o) + Y deg(w)q(z)d(x). (5.18)
{z,y}€EA zeA

The upper bound in () follows from the estimate

(A+q)p,0) < :;\deg 2< r;leaﬁ(q %deg = rgeai(q( z).

To get the lower bound in (), we use the fact that Ay is non-decreasing in ¢. Let
z = argmax q(z). Replacing g(z) by —oo for every z # z and taking the test function

o= \/Ti(az’ we get that

M@G) 2~ Y [Ba) — b))+ Y deg(x)g(x)d(x)?

. w,y}GAEi zEA
z,y}E
* (5.19)
Z deg +q )=—1—|—r£16ai<q(z),
yeA:
(zu}eBy
which settles the claim in (1). The claims in (2) and (3) are standard. O

Inside GW, fix a finite connected subset A C V, and let Hy denote the Anderson
Hamiltonian in A with zero Dirichlet boundary conditions on A® = V\A (i.e. the
restriction of the operator Hg = A + £ to the class of functions supported on A). For
y € A, let u{ be the solution of

duu(z,t) = (Hpu)(z,t), z€A >0,

u(@,0) = 6,), ve A, (5.20)
and set U} (t) := Y -p uf(z,t). Let Tpc be the hitting time of A® and
t
ul (z,t) = E, [exp {/ S(Xs)ds} Yrpe >, Xy =}, (5.21)
0

the Feynman-Kac solution to (EI) with Dirichlet boundary conditions on A°. Then
u (x,t) also admits the spectral representation

[A]
k
t) =™k (y)dh(x), (5.22)
k=1
where Ay >\ >--- > /\‘AA‘ and ¢y, d%,. .., QS‘AA‘ are, respectively the eigenvalues and

the corresponding orthonormal eigenfunctions of A + £ restricted to A. These two
representations may be exploited to obtain bounds for one in terms of the other, as
shown by the following lemma.
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CHAPTER 5

5. The PAM on a Galton-Watson tree with normalised Laplacian

Lemma 5.2.3. [Bounds on the solution] For anyy € A and any t > 0,
Lo ! X)ds ¢ Xs)ds
ey (y)? < E, [efo ) Il{m>t,xt—y}} <Ey [eff’ R TR (5.23)

Proof. The first inequality follows from a suitable application of Parseval’s identity.
The second inequality is elementary. O

Lemma 5.2.4. [Mass up to an exit time] For any y € A, £ € [0,00)V and v > Ay =
)\A(€7 gW)7

TAC _ s A
E, |:ef0A (€(Xs)=7)d } <1+ L (5.24)
Y= A
Proof. We follow the proof of 13, Lemma 3.2] and [25, Lemma 2.18]. Define
JTA (e(Xo)—) ds
u(z) = E, {e 0 ] . (5.25)

This is the solution to the boundary value problem

(A+&—7)u=0 onA,

5.26
u=1 on A°. ( )

Via the substitution v =: 1 4 v, this turns into

(A+&—7)v=7-¢§ onA,

5.27
v=20 on A°. ( )

It is readily checked that for v > As the solution exists and is given by

v =R, (6~ ). (5.28)
where R, denotes the resolvent of A + £. Hence

Al
¥—=Ar’

v(z) < (Ry1)(z) < (R41,1) < x €A, (5.29)

where 1 denotes the constant function equal to 1, and (-,-) denotes the weighted
inner product. To get the first inequality, we apply the lower bound in () from
Lemma, , toget E—v < Ap+1—v <1on A. The positivity of the resolvent gives

0 <[Ry(1 = (€ =) = [Ryl](z) — [Ry(§ = N](=). (5.30)

To get the second inequality, we write

(R, 1)) < Y (R 1)(@) = 3 (R D) (@)1(2) < 3 (R, 1)(@)1(x) deg(e) = (R, 1,1).

TEA €A zEA
(5.31)
To get the third inequality, we use the Fourier expansion of the resolvent with respect
to the orthonormal basis of eigenfunctions of A + ¢ in (-, ). O
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§5.2. Preliminaries

§5.2.2 Structural properties of the Galton-Watson
tree

All of the results below can be lifted directly from [[13] since the normalisation of the
Laplacian plays no role for the properties of the Galton-Watson tree. The results are
included for the sake of completeness.

Lemma 5.2.5. [Maximal degree in a ball around the root]
(a) Subject to Assumption ﬁ@), for every § > 0,

Z‘B(EI:U € By, (0): deg(z) > dor) < oco. (5.32)
reN
Proof. See [13, Lemma 2.3]. O

Lemma shows that JB-almost surely, as r — oo all degrees in a ball of radius r
are eventually less than dr for any ¢ > 0.

Lemma 5.2.6. [Volumes of large balls] If there exists an a > 0 such that E[e*P] < oo,
then for any R, satisfying lim,_, R,/logr = oo,

1 1
lim inf = log ( info) |Br, (x)\) = lim sup = log ( sup |Bg, (:E)|> =1 B—a.s.

r—00 - TEB( r—00 T z€B,(0)

(5.33)
Proof. See [13, Lemma 2.2]. O

Lemmma gives that ‘B-almost surely, any ball of radius r centred within distance
7 to the root also has volume e"?+°(1) as r — oo.

§5.2.3 Estimates on the potential

All of the results below are lifted directly from [13], since the normalisation of the
Laplacian plays no role in the properties of the potential. The results are included for
the sake of completeness. Abbreviate L, = |B,.(O)| and put

Sy = (logr)®, a € (0,1). (5.34)
For every r € N there is a unique a, such that
P(£(0) > a,) = % (5.35)
By Assumption @, for r large enough
a, = ologlogr. (5.36)
For r e Nand A > 0, let

A =, () == {z € B(O): £(2) > ar, — 24} (5.37)
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CHAPTER 5

5. The PAM on a Galton-Watson tree with normalised Laplacian

be the set of vertices in B,.(O) where the potential is close to maximal,
D, a4 =D, 5(&) :={z € B.(0): dist(z,II, 4) < S5,} (5.38)

be the S,-neighbourhood of II, 4, and €, 4 be the set of connected components of
D, 4 in GW, which we think of as islands. For M4 € N, define the event

BT’A = {E|C€€T’A: |CQHT1A| >MA}. (5.39)

Note that I, 4, Dy a, B, 4 depend on GW and therefore are random.

Lemma 5.2.7. [Mazimum size of the islands] Subject to Assumptions @f@, for
every A > 0 there exists an Ma € N such that

> PBra)<oo  P-as. (5.40)
reN
Proof. See [13, Lemma 3.1] and [§, Lemma 6.6]. O

Lemma implies that (P x3)-a.s. B, 4 does not occur eventually as r — co. Note
that 9B-a.s. on the event [B, 4],

VC €€, 4 [CNTL 4| < Ma, diamgy(C) < 2M4S,, |C| < e*?Mad: (5.41)
where the last inequality follows from Lemma .

Lemma 5.2.8. [Mazimum of the potential] Subject to Assumptions @—@, for any
¥ >0, (P xP)-a.s. eventually as r — oo,

< 2glogr-

< 22 (5.42)

& () —ar,

Proof. See [12, Lemma 2.4]. The proof carries over verbatim and uses Lemma .
O

Lemma 5.2.9. [Number of intermediate peaks of the potential] Subject to Assump-
tions @ and (2), for any B € (0,1) and € (0,3p) the following holds. For a
self-avoiding path m in GW, set

Ny = Na(€) o= [{= € supp(r): £() > (1 -} (5.43)
Define the event
there exists a self-avoiding path m in GW with
B"" = {supp(fr)ﬁB,v(O);é@, | supp(7)|>(log L,,.)B and N> ‘(f;gpiig)f‘ } . (544)
Then
Z P(B,) < o0 B —a.s. (5.45)
reNg
Proof. See [13, Lemma 3.6]. O
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§5.3. Path expansions

Lemma implies that (P x3)-a.s. for r large enough, all self-avoiding paths 7 in
GW with supp(n) N B,(O) # () and |supp(n)| > (log L,.)? satisfy N, < |(ng12(:;)5‘.

Lemma 5.2.10. [Number of high exceedances of the potential] Subject to Assump-
tions @ and @(2), for any A > 0 there is a C > 1 such that, for all § € (0,1), the
following holds. For a self-avoiding path 7™ in GW, let

N, := |{x € supp(rm): &(x) > ar, — 24} (5.46)
Define the event
there exists a self-avoiding path 7 in G with
By i= { cupp(m5 (0140, | supp(m)|>Cllog )3 and N> Lespe(m) - (5:47)

Then Y, .cn, SUPges, P(Br) < co. In particular, (P x%)-a.s. for v large enough, all
self-avoiding paths  in GW with supp(r) N B.(0) # O and |supp(n)| > C(log L,)°
satisfy

| supp()|
(log L)%

Proof. See [13, Lemma 3.7]. O

N, = |{z € supp(n): &(x) > ap, — 24} < (5.48)

Lemma 5.2.11. [Principal eigenvalues of the islands] Subject to Assumptions @
and @(2}, for any e > 0, (P xP)-a.s. eventually as r — oo,

all C € €, 4 satisfy: Ac(&§;GW) < ar, — Xe(GW) +¢. (5.49)
Proof. See [13, Lemma 3.3]. O
Corollary 5.2.12. [Uniform bound on principal eigenvalue of the islands] Subject to
Assumptions , for ¥ as in (p.4), and any € > 0, (P xP)-a.s. eventually as
T — 00,
max A:(&G) <ar, —Xx(0) +e. (5.50)
Celr a
Proof. See [12, Corollary 2.8]. O

§5.3 Path expansions

In this section we adapt [[12, Section 3] to fit with the random walk generated by the
normalised Laplacian. Section proves three lemmas that concern the contribution
to the total mass in (pb.6) coming from various sets of paths. Section E proves a key
proposition that controls the entropy associated with a key set of paths. The proof of
which is based on the three lemmas in Section .

We need various sets of nearest-neighbour paths in GW = (V, E, O), defined in
[12]. For ¢ € Ny and subsets A, A’ C V, put

mo € A,mp e N, }
b)

AN {41,
@g(A,A).— {(71’0,...77@)6‘/ : {7T,‘,7Ti_1}€EV1§i§€

2(AN) = | 2ea,N), 51

€Ny
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CHAPTER 5

5. The PAM on a Galton-Watson tree with normalised Laplacian

and set

Py = PV, V), P =2(V,V). (5.52)

When A or A’ consists of a single point, write z instead of {x}. For m € %, set
|7| := £. Write supp(7) := {mo, ..., 7|} to denote the set of points visited by =.

Let X = (X)¢>0 be the continuous-time random walk on G that jumps from x € V
to any neighbour y ~ z at rate 1. Denote by (T)ren, the sequence of jump times
(with Ty := 0). For £ € Ny, let

7 (X) = (Xo,..., X1,) (5.53)
be the path in &, consisting of the first ¢ steps of X. For t > 0, let
m(Xo,) = 7 (X), with £, € Ny satisfying Ty, <t < Tp, 41, (5.54)

denote the path in & consisting of all the steps taken by X between times 0 and ¢.
Recall the definitions from Section . For m € & and A > 0, define

Ara(m) = sup {Ae (& G): C € €, 4, supp(m) NC NI 4 # 0}, (5.55)

with the convention sup () = —co. This is the largest principal eigenvalue among the
components of €, 4 in GW that have a point of high exceedance visited by the path
.

§5.3.1 Mass of the solution along excursions

Lemma 5.3.1. [Path evaluation] For { € No, 7 € &y and v > maxo<;<|-|{1&(m) — 1},

{—1

¢ -7l = 1
() =] I (5.:56)

Proof. The proof is identical to that of [12, Lemma 3.2], except that the random walk
now jumps with rate 1. O

B |y €x0-7ds
o

For a path m € & and ¢ € (0,1), we write
M = HO <i<|ml: &(m) < (1 —E)aLT}

, (5.57)
with the interpretation that M€ =0 if |x| = 0.

Lemma 5.3.2. [Mass of excursions] Subject to Assumption @, for every A,e > 0,
there exists ¢ > 0 and ro € N such that, for all v > 1o, all v > ar, — A and all
m € P(B,(0), B,(0)) satisfying m; ¢ IL,. 4 for all 0 <1i < £:=|7|,

E [e [T (E(X) =) ds
o

’RJ(X) _ 7_(:| < qf‘,AeM;’E(cflogloglogL,,~)7 (558)

where

1 _ —1
4= T4 and ¢ =log[2(gac0)”"]. (5.59)

Note that m¢ € I, 4 is allowed.
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§5.3. Path expansions

Proof. The proof is identical to that of [12, Lemma 3.3], and uses Lemma . O

We follow [12, Definition 3.4] and [9, Section 6.2]. Note that the distance between
I, 4 and Dy 4 in GW is at least S, = (log L,)* (recall ()7())

Definition 5.3.3. [Concatenation of paths| (a) When 7 and 7’ are two paths in &
with 7| = 75, we define their concatenation as

rTon = (7T0,...,7r|7,‘,7rll,...,7r|'7r,‘)E@. (5.60)
Note that |7 o 7’| = |7| + |7/

(b) When 7| # 75, we can still define the shifted concatenation of m and 7' as 7o @/,
where &' := (||, Tz + 7] = 7, -, Tz + 7 — 7). The shifted concatenation of
multiple paths is defined inductively via associativity. |

Now, if a path m € & intersects II, 4, then it can be decomposed into an initial
path, a sequence of excursions between II, 4 and Dy 4, and a terminal path. More
precisely, there exists m, € N such that

T=i'of 0.0 X" oA o T, (5.61)
where the paths in () satisfy
ﬁle@(VHTA) with &} &1L 4, 0<i<]|7,
# € P, 4,D¢,)  with 7 €Dua, 0<i<|f], 1<k<mg—1,
7t € P(Dy 410 a)  with 7 ¢TL 4, 0<i<|7%], 2<k < mg,
ame e P, 4, ) with a7 € Dpa, 0<id<|amm|,
(5.62)
while
7€ P(D,,V)and 7w ¢ T, A ¥Vi> 0 if a7 € P(I,.a,D5 ), (5.6

70 € Dy.a, || =0 otherwise.

Note that the decomposition in ()7() is unique, and that the paths 7', &A™~
and 7 can have zero length. If 7 is contained in B,.(Q), then so are all the paths in
the decomposition.

Whenever supp(m) N1, 4 # 0 and € > 0, we define

Sx = k=Y MIS+ MES (5.64)
=1 i=1

to be the total time spent in exterior excursions, respectively, on moderately low points
of the potential visited by exterior excursions (without their last point).

In case supp(m) N1IL,. 4 = 0, we set my := 0, s := |7| and k¢ := M>°. Recall
from () that, in this case, Ap a(m) = —o0.

We say that w, 7’ € &2 are equivalent, written ©’ ~ m, if m, = m,., ¥’* = 7" for all
i=1,....,mg and 7 = 7. If 7’ ~ 7, then s/, k.7 and A\, 4(7’) are all equal to the
counterparts for 7.
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To state our key lemma, we define, for m, s € Ny,
Pms) = re P my=m,sy =5}, (5.65)

and denote by
Cra=max{|C|: C€ €, 4} (5.66)

the maximal size of the islands in &, 4.

Lemma 5.3.4. [Mass of an equivalence class] For every A,e > 0 there exist ¢ > 0 and
ro € N such that, for all v > rq, all m,s € Ny, all 7 € 2™*) with supp(n) C B,(0),
ally > A a(m)V (ar, —A) and allt >0,

"(E(Xu)—7) du
Ex [ef“ ! Il{W(X[o,t])wf}}

Lm0 C, m S g \pre
< ()" (1455 ) () < mon

Proof. The proof is identical to that of [12, Lemma 3.5], except that the normalised
Laplacian gives rise to Lemma and Lemma , which are used instead. O

§5.3.2 Key proposition

The main result of this section is the following proposition.

Proposition 5.3.5. [Entropy reduction] Let o € (0,1) be as in (5.34) and r € (a,1).
Subject to Assumption , there exists an Aqg such that, for all A > Ay, with PB-
probability tending to one as r — oo, the following statement is true. For each x €
B,(0), each N C P (x, B,(0)) satisfying supp(m) C B,(O) and max; <y<|| distg(me, ) >
(log L))" for all m € N, and each assignment ™ — (Vx, zx) € R X V satisfying

Yo 2 (Ara(m) + efST) V(ar, — A) VreN (5.68)
and
Zr € supp(m) U U C VwmeN, (5.69)
Cel, a:

supp(m)NCNIL,. 4 #0

the following inequality holds for allt > 0:

log E, {efo E(Xs)dsﬂ{ﬂ(xw])e,\/}} < sup {tv7T + distg (2, 2z ) (c — log log log Lr)}.

TeEN
(5.70)
Proof. The proof is based on [12, Section 3.4]. First fix ¢g > 2 and define
Ag = et 1. (5.71)

Fix A > Agz g € (0,@) and ¢ € (0,10) as in Lemma . Let 1o € N be as iiven

in Lemma , and take r > 7y so large that the conclusions of Lemmas , 5.2.1,

122



§5.3. Path expansions

and hold, i.e. assume that the events B, and B, 4 in these lemmas do
not occur. Fix z € B, (0). Recall the definitions of C; 4 and (M%) Note that the
relation ~ is an equivalence relation in 22(™) and define

2(m9) .= {equivalence classes of the paths in 2 (z, V)N 2™}, (5.72)
The following bounded on the cardinality of this set is needed.

m,s)‘

Lemma 5.3.6. [Bound equivalence classes] Subject to Assumption @, ‘B—a,s.,\%
< (2C,4)™(67)™ ) for all m, s € N.

Proof. We can copy the proof of [[12, Lemma 3.6], replacing diax by or. O
Now take N’ C £ (z,V) as in the statement, and set
Nms) = {equivalence classes of paths in V' N @(m’s)} c Pim), (5.73)

For each M € N (m:5) " choose a representative my, € M, and use Lemma to
write

t t
&(Xy)du . &(Xy)du
Eq {ef‘J ﬂ{w(X[o,tneN}] - > > E {ef" ﬂ{n(X[o,tnwm]
m,s€Ng Me'f\"/(m,s)

< Z (2(57")07«7,4)"1(57')8 sup E, |:ef0 5(Xu)du]1{ﬂ(X[Oyt])Nﬂ.}:| (574)

m,s€Np TEN(m)

with the convention sup® = 0. For fixed 7 € N(™5) by (), apply () and
Lemma to obtain, for all r large enough and with ¢g > 2,

e s b (Xy)du
26" B [o S5 ]

(5.75)
< et ecoer [qA (67")]5 ek;‘s(c—log loglog L) )
We next claim that, for r large enough and 7 € J\/(m*s),
s> [(m—1)V1]85,. (5.76)

Indeed, when m > 2, |supp(#)| > S, for all 2 < i < m. When m = 0, |supp(r)| >

maxi<¢<|| |7¢ — 2| > (log L,)" > S, by assumption. When m = 1, the latter as-

sumption and Lemma @ together imply that supp(m) N Dy 4 # (), and so either

| supp(#*)| > S, or |supp(7)| > S,. Thus, () holds by the definition of S, and s.
Note that g4 < e~%%, so

Yoo > e qa@n))

m2>0s>[(m—1)V1]S,

_ laa(nI® + e lga@n]* + 3, €05 [ga(0r)) "D (5.77)
o 1 — qgadr

Je—Co logr

— <1
— 1 —quor <
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for r large enough. Inserting this back into ()7 we obtain
log E, el REt PR neN}] < sup {t% + k7 (c — logloglog Lr)}' (5.78)
' TEN

The remainder of the proof is identical to the end of [[12, Section 3.4] and is included
for completeness.

The proof will be finished once we show that, for some &’ > 0 and whp, respectively,
a.s. eventually as r — oo,

kD® > distg(z, 2x) (1 — 2(log L) ™) VreN. (5.79)

For each m € N define an auxiliary path 7, as follows. First note that by using our
assumptions we can find points 2/, z” € supp(w) (not necessarily distinct) such that

distg(z, 2') > (log L,.)", distg (2", 2x) < 2M4S,, (5.80)

where the latter holds by () Write {21, 22} = {2/, 2"} with 21, 25 ordered according
to their hitting times by 7, i.e. inf{l: mp = 21} < inf{l: my = 22}. Define 7. as the
concatenation of the loop erasure of m between x and z; and the loop erasure of m
between z; and z5. Since 7, is the concatenation of two self-avoiding paths, it visits
each point at most twice. Finally, define 7w, ~ 7. by replacing the excursions of
from Il 4 to Dy 4 by direct paths between the corresponding endpoints, i.e. replace
each . by |7l = i, (7)o = i € Il 4, and (7.)¢, = yi € D;. 4 by a shortest-distance
path 7. with the same endpoints and |7 | = diste(zi, y;). Since m, visits each z € 11, 4
at most 2 times,

ko > ke > M2 — 2| supp(my) NIL. A[(Sy + 1) > M° — 4] supp(m,) N 1L, 4] S,
(5.81)
Note that M>* > [{z € supp(m,): &(z) < (1 —¢€)ar, }|—1and, by (), |supp(7r*? >

dist(z, 2') > (log Lp)" > (log L,.)*2¢" for some 0 < &’ < . Applying Lemmas
5.2.1( and using (| ) and L, > r, we obtain, for r large enough,

2 48, !
e > * 1 - - 7 > s * 1—- Nao T, Ve :
kTr = |Supp(ﬂ' )| ( (log Lr)s (log Lr)a+2a ) - |bupp(7'l' )| ( (IOgLr)‘E )
(5.82)
On the other hand, since |supp(m,)| > (log L,.)", by () we have
[supp(ms)| = ([supp(ms)| +2M4Sy) — 2MaS,
2M A S,
_ O+ 2MaS,) (1
(Isupp(m.)| + 2M4S,) ( lsupp ()] + 2MAST>
M S (5.83)
> (di " __amarr
> (distg(z, 2") +2M4Sy) <1 (log L'r')n>

1
> dist Dl1-—),
- 1S G(QS’Z )( (1OgLT)E >

where the first inequality uses that the distance between two points on m, is less than
the total length of m,. Now () follows from ()7() O
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§5.4 Proof of the main theorem

Define B
U*(t) := et[glog(ﬁrt)—@—x(@)}7 (5.84)
where we recall () To prove Theorem we show that
1 1
: logU(t) — : logU*(t) = o(1), t— oo, (P xP)-a.s. (5.85)

The proof proceeds via upper and lower bound, proved in Sections and ,
respectively.

§5.4.1 Upper bound

We follow [12, Section 4.2]. The proof of the upper bound in (5.85) relies on two
lemmas showing that paths staying inside a ball of radius [¢t7] for some v € (0,1) or
leaving a ball of radius ¢log¢ have a negligible contribution to (p.f), the total mass of
the solution.

Lemma 5.4.1. [No long paths] For any ¢; > tlogt,

1
RS0

Eo [efo 5<Xs>d8n{T[Blt]c<t}] =0 (PxP)—as. (5.86)
Proof. We follow [12, Lemma 4.2]. For r > ¢;, let

= >ar. +20;p. .
By o= { max, €0)> e, +20) (5.87)

Since lim;_, o ¢; = 00, Lemma gives that P-a.s.

U B, does not occur eventually as t — co. (5.88)
T'Zet

Therefore we can work on the event (1,5, [B-]°. On this event, we write

t t
f(Xs)ds _ f(Xs)ds
Eo [ef° ]l{nszt]«t}] =Y Eo [ef‘) Wsup, ¢ o, 1Xa|=r}
r>4
< ngt Z egt log r+ologlog(dr) Po (Jt > 7"), (589)
r>4

where J; is the number of jumps of X up to time ¢, and we use that |B,.(O)| < (or)".
Next, J; is stochastically dominated by a Poisson random variable with parameter ¢.
Hence

Po (J; > 1) <

)" < exp {—7‘ log (é)} (5.90)

rr
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for large r. Using that ¢; > tlogt, we can easily check that, for r > /¢; and ¢ large
enough,

otlogr — rlog (é) < —3r, > L. (5.91)
Thus (5.89) is at most
20t Z o~ 3r+loglos(or) < (2ot Z o2 < 920t g2 < gli (5.92)
>0 r>Ly
Since lim;—, o0 £ = 00 and lim;_,o, U*(t) = oo, this settles the claim. O

Lemma 5.4.2. [No short paths] For any ~v € (0,1),

lim

"e(X.)ds _
Jim = Bo {efo n{Tle]m}} —0 (PxP) - as. (5.93)

Proof. We follow [[12, Lemma 4.3]. By Lemma with » = [t7], we may assume
that

20log|tY
max &(x) < gologlog Ly + 20log[17]

< 7pelogt+ O(1 t— 5.94
xEBH'y] 'l9lrt’\/—| =7elos + ( ), ) ( )

where the second inequality uses that log Ly ~ log | B (O)| ~ 9[t7]. Hence

1 [ e(xa)ds 1 tlog t+O -(1-
E s 1 < ~yotlog t+0O(1) < (1—7)otlogt+Ctlogloglogt
U*(t) o (€70 {T[B(t71]°>t} - U*(t) € =€ )
(5.95)
for any constant C' > 1. O

The proof of the upper bound in () also relies on a third lemma estimating
the contribution of paths leaving a ball of radius [¢”] for some v € (0,1) but staying
inside a ball of radius tlogt. We slice to annulus between these two balls into layers,
and derive an estimate for paths that reach a given layer but do not reach the next
layer. To that end, fix v € (a, 1) with « as in (), and let

K= [t"""logt], v =k[0], 1<k<K,  f:=K][t"] >tlogt. (5.96)
For 1 < k < Ky, define (recall ())

N e {7r € 2(0,V): supp(r) C B,x41(0), supp(r) N B (O) # @} (5.97)

and set .
X;)ds
Uk(t) = EO |:efo §(Xs) ]I{W[O,t](X)ENtk}:l . (598)
Lemma 5.4.3. [Upper bound on U*(t)] For any € > 0, (P xB)-a.s. eventually as
t — oo,
1 1
sup —logUf < —logU*(t) +e. (5.99)
1<k<K; t
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Proof. We follow [@, Lemma 4.4]. Fix k € {1,..., K;}. For 7 € N}, let
r = Ay () e 5, Zr € supp(m), |2x| > 7, (5.100)

chosen such that ()f() are satisfied. By Proposition [.3.5 and ()7 (P xP)-

a.s. eventually as t — o0,

1 Zr
n logUf < v — % (log log(ﬁrt(kﬂ))] —c+ 0(1)) . (5.101)
Using Corollary and log L, ~ ¥Jr, we bound
e < 0log(@r{*) — X(0) + L2 + o(1). (5.102)

Moreover, |z| > ri*' — [t7] and

t7 1
% (log log(9r{F ) — c) < a5 loglog(2tlogt) = o(1). (5.103)
Hence
e < Fo(r¥ ) = X(0) + e + o(1) (5.104)
with .
Foi(r) := plog(¥r) — 7 [loglog(vr) —c|, r > 0. (5.105)
The function F,; is maximised at any point r.; satisfying
0t = 1oy 10glog o — crey + —t. (5.106)
logre

In particular, r; = t;[1 + o(1)], which implies that

sup Fi(r) < olog(dty) — 0 + o(1), t — oo. (5.107)
>0

1
Inserting (blO?I) into (15.104|), we obtain n log U} < plog(¥r;) — 0 — X(0) + €, which is
the desired upper bound because € > 0 is arbitrary. O

Proof of the upper bound in () To avoid repetition, all statements hold (P x P)-
a.s. eventually as t — oco. Set

U°(t) :=Eo |:efo f(Xs)dsll{T :| , U=(t) =Eo |:ef0’£(XS)ds]l{T

[B"t'v“]c>t} [B]'tlogﬂ]CSt} .
(5.108)
Then
<U° > K(t). :
Ul)<U°(t) +U>=(t) + K; 1§mkz%>§<t U*(t) (5.109)
From Lemmas and the fact that K; = o(t), we get
1 1
lim sup { logU(t) — - log U*(t)} <e. (5.110)
t—o0 t t

Since € > 0 is arbitrary, this completes the proof of the upper bound in () O
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§5.4.2 Lower bound

We follow [12, Section 4.1]. Fix € > 0. By the definition of Y, there exists an infinite
rooted tree T = (V', E', V) with degrees in supp(Dy) such that x7(0) < ¥(0)+1e. Let
Q. = BL(Y) be the ball of radius r around Y in T. By Proposition and (),
there exist a radius R € N and a potential profile ¢: B — R with L, (¢;0) < 1 (in
particular, ¢ < 0) such that

Aon(@:T) > —Xon(0;T) — 36 > —X(0) — €. (5.111)

For ¢ € N, let By = B¢(O) denote the ball of radius ¢ around O in GW. We will show
next that, (P x P)-a.s. eventually as £ — co, By contains a copy of the ball Qr where
the potentail £ is bounded from below by gloglog |B¢(O)| + g.

Proposition 5.4.4. [Balls with high exceedances] (P x P)-almost surely eventually
as { — oo, there exists a vertex z € By with Bry1(2) C By and an isomorphism
¢ : Bry1(z) = Qpry1 such that & > ploglog |Be(O)| + q o ¢ in Br(z). In particular,

ABr(2)(§;GW) > ploglog |B,(O)] — X(0) — . (5.112)

Any such z necessarily satisfies |z| > ¢l (P X P)-a.s. eventually as £ — oo for some
constant ¢ = ¢(p,7, X(0),€) > 0.

Proof. We follow [12, Proposition 4.1]. Only the last step changes as a result of the
normalised Laplacian. First note that, as a consequence of the definition of GW, it may
be shown straightforwardly that, for some p = p(T, R) € (0,1) and J3-almost surely
eventually as ¢ — oo, there exist N € N, N > p|By| and distinct z1,...,zx € By such
that Bry1(2) N Bry1(zj) =0 for 1 <i# j < N and, for each 1 <i < N, Bryi(z) C
By and Bgry1(z;) is isomorphic to Qr+1. Now, by (@), for each i € {1,...,N},

P (¢ > ologlog|By| + g in Br(z:)) = |Be| “2r®. (5.113)

Using additionally that |B,| > ¢ and 1 — 2 < e~ % x € R, we obtain
N
P(Zie{l,...,N}: £ > ploglog |By| + ¢ in Br(z)) = (1 - |Bg|*ﬁQR<Q>) <P

which is summable in £ € N, so the proof of the first statement is completed using the
Borel-Cantelli lemma. As for the last statement note that by () and Lemma@

AB,, (§GW) < €I§a>(<o)€(x) <ar, +o(l) <ar, + ologecd +o(1) < ar, — x(0) — ¢
T cl

(5.114)
provided ¢ > 0 is small enough. O

Lemma 5.4.5. Let z € GW and let v, = ('Uz,i)l'zzlo be the shortest path from O to z,

i.e. Vz,0 = O, Vz,z| = %5 and Vzi ™~ Vz -1 for i=1,..., |Z‘ Then,
L
1 1
¥ < < 00,
Lzel:\l ZgL =1 deg(v,;) ~ (log L)%tk

where &y, satisfies Llim 61, loglog L = oo.
— 00
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Proof. For L € N, let Z;, be the L-th generation of GW rooted at O. For z € Z, let

&, = {H deg(v,,) logL)‘SLL}

We want to estimate
‘43 (UZEZL SZ) .
Pick any K € N and estimate

m(UZEZL ) < m(UzEZL £2) |ZL‘ > K) +;’B(UZ€ZL E2) |ZL| < K)

Estimate

1 e
P (Ueez, s, |20 > K) <P (|21] > K) EG(ZL) =: KL

Also estimate

Y’B(LJZEZL‘CJ’zu |ZL‘ < K)

K K ¢
:Zm(uézlgzw ‘ZL|_€ ZZ"B 20> |20 =10)
1 k=1

L=

K ¢ K
SZZ 217‘2L|_€ KZ"B 217‘2L|:€)
1 k=1

=1
= KP (&, 22| < K) < KP( zl)::KpL,

where zy is the ¢-th vertex in Zj, (say in lexicographic order), and py, is the probability
that the product of L i.i.d. copies of the degrees exceeds (logL)%*%. In the last
inequality we need not worry about the correlation between &, and the event |Z;| < K
because we drop the latter. Thus, for any K € N we have

e
“B (UZGZLEZ) § ?L + KpL~

Now minimise over K. The minimising value is K = /ey /pr, (to be rounded off to
an integer), so that we get

P (Uzez, &) < 2y/erpr.

Since ey, = eVLto(L) and p; = e~ Lorloglog L+O(L) it follows that

Z B (UZEZLEZ) <

LeN
by the assumption on dy,. O

Lemma implies that P-almost surely eventually as L — oo, any path y, must
satisfy

H 1 - 1 (5.115)
i=1 deg(y.;) — (logL)°tL’ )
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Proof of the lower bound in () Let z be as in Proposition . Write 7, for the
hitting time of z by the random walk X. For s € (0,t), we estimate

U(t) > Eo [efo §(Xu) du I <oy ll{XueBR(z)Vue[‘rz,t]}}

= X)) du Y X)) du
=Eo [ef‘) N <y B [efo o ]I{XuEBR(Z)VUE[O,U]}} ‘U,H }
(5.116)
where we use the strong Markov property at time 7,. We first bound the last term in

the integrand in () Since £ > ploglog |By| + ¢ in Br(z),

Y e(Xy) du volozlo Y q(Xy) du
E. [efo (&) H{XHEBR(Z)VuE[O,U]}} > eveloslos|Belg,, {efo A ]I{XMEQRVUE[O7U]}:|
> evgloglog\leeMQR(q;T)%R(y)?
> exp {v (¢ologlog | Be| — X(0) —€) }
(5.117)
for large v, where we use that B R+1i z) is isomorphic to Qg1 for the indicators in the

first inequality, and apply Lemma p.2.3 and (5.111)) to obtain the second and third
inequalities respectively. On the other hand since £ > 0, we have

Eo {efoz S < 8}} > Po(r: < s), (5.118)

and we can bound the latter probability from below by the probability that the random
walk runs along a shortest path from the root O to z within a time at most s. This
gives

2]

|2l
Po(r: <) = (I )’ (3o E < 0) 2 log )~ Pot (2], 0))
(5.119)

where Poi, is the Poisson distribution with parameter v, and P is the generic symbol

for probability. The final inequality uses Lemma . Summarising, we obtain

U(t) > (log |z|)—5z|lz|e—dmans(dmm"jwe(t—s)[gloglog|Bz|—§<e>—e]
Z|:

_ log |2])%1=1 |2
> exp { ~dusas + (¢ - 5) lologtog Bl - ¥(o) — o = el og (LEESLED

- log £)%¢ ¢
> exp {—dmins + (t — s) [ologlog | Be| — X(0) — €] — Llog (( s ) s) } ,
(5.120)
where in the last inequality we use that s < |z| and ¢ > |z|. Further assuming that
£ = o(t), we see that the optimum over s is obtained at

/
s = — = o(t). 5.121
dmin + 0loglog |Be| — X(0) — ¢ ®) ( )
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Note that, by Proposition , this s indeed satisfies s < |z|. Applying (@) we get,
after a straightforward computation, (% x P)-a.s. eventually as ¢t — oo,

1 14 14 14
n logU(t) > ploglog |By| — Eloglogf - ¥5g loglogl — x(0) — e+ O (t) . (5.122)
Inserting log | Be| ~ 94, we get
1
ElogU(t) >F,—Xx(0) —e+0(1)+ 0O (f) (5.123)

with ’ ’
Fy = olog(9¢) — glog log ¢ — g(Sg log log ¢. (5.124)

The optimal ¢ for Fy satisfies

) l
=1+6+14 700]loglogl + —— + —— 12
[1+ ¢ + U g50¢] log log £ + ¢ €+1Og€, (5.125)
i.e. £ =11+ o(1)]. For this choice we obtain
1 ~
n logU(t) > olog(Vr) — 0 — X(0) — e + o(1). (5.126)
Hence (B x P)-a.s
. 1 X
htrg})rolf{tlogU()—logU ()} —c. (5.127)
Since € > 0 is arbitrary, this completes the proof of the lower bound in () O

§5.5 Analysis of the variational formula

This section is dedlcated the analysis of variational formula. Proposition is
proven in Section ! Theorem [;z 2 is proven in Section , which is done by
adapting the gluing argument in [[12].

§5.5.1 Alternative representations for y

The inequality is clear. For the equality we first prove that for any graph G = (V, E)
and A C V finite,

Xale;G) = inf  [Ig(p) +oJv(p)]- (5.128)
peP(V):
supp(p)CA

For this we follow [25, Lemma 2.17]. By the Rayleigh-Ritz formula,

(g G) = sup (Ag + )¢, 0) = S {Zdeg )+Q($)¢($)}¢($)}
e’ laea

= sup { — Y [b(@) = o)* + > deg(z)q(z)d(x)?

lell=1 {z,y}EEA TEA
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By Lemma (2) the eigenfunction corresponding to Ax(¢g; G) may be taken to be
p(z)

non-negative, and we may therefore make the substitution ¢(z) = des(ay SO that p
with p(z) = ¢(x)? deg(x) is a probability measure supported on A. So
A(g:G) = sup {—IEA P+ Q(fr)p(w)} ;
pEP (V)
supp(p)CA zEA
and therefore
Xa(0;G)=— sup l sup {—IEA )+ q(m)p(x)H
Gy lmoece) | pEP(A) zeA
Ly (q;0)=1
=— sup | swp g(x)p(x) — olog Y e1/e 4 —Ip, (p)] .
pEP(A) L: L(q;0)=1 {% ;;\ b

As the expression in the curly brackets does not change by adding a constant to g(z),
the inner supremum may be taken over all ¢ : A — R.

For z € A, differentiating with respect to g(z) and setting equal to 0 we get that
the supremum is attained at g satisfying

ed(2)/e
Pl2) = s
for all z. Or equivalently,
G(2) = ologp(z) + olog Y _ 1@/,
TEA
This gives that the value of the inner supremum is —pJy (p) and () follows.

Recall the definition of B,.(O) from (@) By ()7 XB,(0)(0; G) is non-increasing
in r and therefore,

lim ¥p,(0)(0; G) = xc(e)- (5.129)

It remains to show the opposite inequality. For that we show that for any p € P(V)
and r € N, there exists a p, € P(V) with support in B,.(O) such that

lim inf {7 (pr) + ¢Jv(pr)} < I(p) + 0Jv (p)- (5.130)
We follow [12, Lemma A.2]. Simply take
p(2)lp, o) (z)

pr(x) = , z eV, 5.131
= "0B,0) o131
i.e. the normalized restriction of p to B,.(O). Then we easily see that
1
Jv(pr) = Jv(p) = === Y, pla)logp(x) +logp(B,(0)) + Y p(x)logp(x
p(B:(0)) z€B,.(0) z€V
Jv (p)
< VW1 B (0) — 0,
< o 1= P(BO) =
(5.132)
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where we use that logp(B,-(0)) < 0 and p(z)logp(x) < 0 for every x. As for the
I-term,

2
o)~y X (VR

{z,y}€E: z,yeB,.(0)
1 p(z) < Ig(p) p(B-1(0)°

p(B:(0)) deg(z) = p(Br(0))  dumin p(B;

{z,y}€E: 2€B.(0),yeB¢
and therefore

Ig(pr) — I(p) <

§5.5.2 Identification of the minimiser

This section follows [[12, Appendix A]. We adapt the techniques to the new Ix function
defined in (@)

Lemma 5.5.1. [Glue two] Let G; = (V;, E;), i = 1,2, be two disjoint connected simple
graphs, and let x; € V;, i = 1,2. Denote by G the union graph of Gy, Go with one extra
edge between x1 and xa, i.e. G = (V,E) with V := V1 UVay, E .= Ey UEyU{(x1,22)}.
Then

X¢G = min {XG17XG2} . (5135)

Proof. We follow [12, Lemma A.3]. Given p € P(V), let a; = p(V;), i = 1,2, and
define p; € P(V;) by putting

pi(z) =

L 1y, if a;
Lpla)ly (@) ifa;>0, 5136
1, (x) otherwise.

Straightforward manipulations show that

2 2 2
p) = Z“iIEi (pi)+ (\/dﬁéﬁi) - \/digfi;) ’ Z aiJv,(pi) — a;logai]
i=1

i=1
(5.137)
and so
2
Ig(p) + oJv(p Za {IE pi) + oJv, (pz)} > min{xea,, Xa, }- (5.138)
i=1
The proof is completed by taking the infimum over p € P(V). O
Below it will be useful to define, for z € V,
b — qnf [I Jv ()], 5.139
xg' = nf [Le(p)+elv(p)] (5.139)
p(z)=b
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i.e. a version of xyo with “boundary condition” b at x. It is clear that xg&" > xq-.
Next we glue several graphs together and derive representations and estimates for the
corresponding x. For k € N, let G; = (V;, E;), 1 < i < k, be a collection of disjoint
graphs. Let z be a point not belonging to Uf 1 Vi. For afixed choice y; € V3,1 <@ <k,
we denote by G, = (V;€7 E}) the graph obtained by adding an edge from each v, . . ., ys
tox,ie. Vp=ViU---UV,U{z}and By = By U---UEx U{(y1,2),..., (yx,7)}.

Lemma 5.5.2. [Glue many plus vertex] For any o > 0, any k € N, and any G; =

k

Xa, = 0<012£1<1 {Z (Xg ol QIOgai)

a1+ +ak<1 =1

k /
+ ; \/ deg Yi) degz = ;m) log ( Z_X_;%)}

(5.140)

Proof. We follow [12, Lemma A.4]. The claim follows from straightforward manipula-
tions with (@) O

Lemma leads to the following comparison lemma. For j € N, let

i) = {(Giayi) ifi <y, (5.141)

G]
( (Gis1,Yir1) ifi >,

17 7

ie. (Gg)ieN is the sequence (G;)ien with the j-th graph omitted. Let @i be the
analogue of G, obtained from Gf, 1<i<k,i#j, instead of G;, 1 <1i < k.

Lemma 5.5.3. [Comparison] For any o > 0 and any k € N,

k
. . . Yo i (i) Ci/ @i
Xg, .. = inf inf inf (1—-wu [ E al al — olog ai)
k+1 1<GShHT (cocy< 1 0<e¢i<a;<1, SEO)
CSUSTIT ot tar<l 1=1

(V) el e ws(1- )

y7 c/u n c _ (1 - u) (1 - Z?:l ai)
deg(y;) deg()

+uX

—oulogu+ (1 —u)log(l — u)] }

(5.142)
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Moreover,

XG,,, = _inf inf {(1 - U>X5£

1<j<k+1 1
: (y;,v) VU 1—u 2
+ veu[})f:l] {uxéj + ]]-{u(1+v)21} {\/ deg(y;) \/ deg(x) ] }

0SuSF4T
—ofulogu+ (1 —u)log(l — u)] }

(5.143)

Proﬁ See [[12, Lemma A.5]. The argument still applies with the definition of I given
) O

in (
Lemma 5.5.4. [Propagation of lower bounds] If o > 0, M € R, C >0 and k € N
satisfy 0 > C/log(k + 1) and

. p > . . yj,’v > o )
1§}2£+1X0Jk = M, 1§;I§I£+1 veu[%)f,‘l] X, 2 M =G, (5.144)

then XGria > M.

Proof. See [12, Lemma A.6]. The proof carries over directly since Iy does not appear.
O

The above results will be applied in the next section to minimise x over families of
trees with minimum degrees.

Trees with minimum degrees

Fix d € N. Let 7:1 be an infinite tree rooted at O such that the degree of O equals
d — 1 and the degree of every other vertex in Tais d. Let ﬂd" = {7:1} and, recursively,
let 9 "1 denote the set of all trees obtained from a tree in ﬂ and a disjoint copy of
’7:1 by adding an edge between a vertex of the former and the root of the latter. Write
% = UneN f Assume that all trees in % are rooted at O.

Recall that 7; is the infinite regular d-tree. Observe that 7; is obtained from
(’ffi, ) and a disjoint copy ( od’, O') by adding one edge between O and O’. Consider
Ta to be rooted at O. Let .7 = {75} and, recursively, let 7" denote the set of all
trees obtained from a tree in 7" and a disjoint copy of Ta by adding an edge between
a vertex of the former and the root of the latter. Write 75 = U, ¢y, 74" and still
consider all trees in 7; to be rooted at O. Note that 7' contains precisely those
trees of yad"“ that have 7; as a subgraph rooted at O. In particular, 7" C 91;“ and
Ty C Ty

Our objective is to prove the following.

Proposition 5.5.5. [Minimal tree is optimal] If 0 > then

1
dlog(d+1)~

xmw—g%m@)
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For the proof of Proposition , we will need the following.

Lemma 5.5.6. [Minimal half-tree is optimal] For all o € (0, 00),

X+ (0) = min x7(0).
(o) min (o)

Proof. See [12, Lemma A.8]. The proof carries over directly since Iy does not appear.

O
Lemma 5.5.7. [A priori bounds] For any d € N and any o € (0, 00),
1
X7, (0) < x7a(0) < x7,(0) + 2. (5.145)

Proof. We follow [12, Lemma A.9]. The first inequality follows from Lemma .
For the second ine%ality, note that 74 contains as subgraph a copy of 7,4, and restrict

the minimum in (5.8) to p € P(74). O
Proof of Proposition . We follow [12, Proposition A.7]. Fix o > m. It will
be enough to show that

X7, = min xr, n € Ny. (5.146)

TETT,
We will prove this by induction in n. The case n = 0 is trivial. Assume that, for some
ng > 0, () holds for all n < ng. Let T € Z,°"". Then there exists a vertex z of
T with degree k +1 > d+ 1. Let y1,...,yrs+1 be set of neighbours of z in T. When
we remove the edge between y; and x, we obtain two connected trees; call G; the one
containing y;, and é?c the other one. With this notation, 7' may be identified with
Gk+1-

Now, for each j, the rooted tree (G;,y;) is isomorphic (in the obvious sense) to a
tree in ﬁdej, where ¢; € Ny satisfy £; + - -+ 511 < ng, while G, belongs to %(”j) for
some n; < ng. Therefore, by the induction hypothesis,

while, by (), Lemma and Lemma ,
nf AW > v > e > g — 2 (5.148)
velo,] "G T AT = Aa = A g

Thus, by Lemma applied with M = x7, and C = é,

XT = XGppr = XTa> (5.149)
which completes the induction step. O

Proof of Theorem . We follow [12, Theorem 1.2]. First note that, since 7g,,,,
degrees in supp(Dy), X(0) < x7,_. (0). For the opposite inequality, we proceed as
follows. Fix an infinite tree T' with degrees in supp(D,), and root it at a vertex ). For

has
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r € N, let T, be the tree obtained from B,(0) = BT ()) by attaching to each vertex
z € B,(0) with [z| =7 a number dyiy — 1 of disjoint copies of (7g,,,,O), i.e. adding

edges between z and the corresponding roots. Then 7, € F,.,. and, since B,.(O) has
5.129) that

more out-going edges in T than in 7)., we may check using (p.

X8, T) 2 X, (6 T)) = X7 (0) = X7, (0)- (5.150)

Taking r — oo and applying Proposition , we obtain xr(e¢) > x7,_(0). Since T
is arbitrary, the proof is complete. O
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