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We study a model for a semiconductor laser subject to filtered optical feedback, i.e. a system of delay
differential equations (DDEs). In this model, the filter is characterized by a mean frequencyΩm and a
filter widthλ. In the limit of a narrow filter (λ → 0), the laser equations reduce to the equations for a laser
with optical injection, whereas they become the Lang–Kobayashi equations in the limit of an unbounded
filter width (λ → ∞). We perform a bifurcation analysis of steady-state solutions with the parameterλ as
main bifurcation parameter. In this way, we get an insight in the relation between the filter width and the
number of possible steady states. In particular, we obtain the result that there exist parameter regions in
which the number of possible steady states decreases whenλ is increased. From a mathematical point of
view, our approach to combine information about limiting systems with precise bifurcation results may
be of interest for a wider class of systems of DDEs.

Keywords: semiconductor laser; delay differential equations; bifurcations.

1. Introduction

Semiconductor lasers are being used in many technological applications, ranging from CD players and
laser printers to optical telecommunications. In many of these systems, reflections from an external
mirror, back into the laser, are often unavoidable. Upon re-entry into the laser, the light has acquired a
certain delay time due to the travel outside the laser. This delay time is in general large relative to the
fast internal time-scales of the laser and must therefore be taken into account.

Lasers with conventional optical feedback (COF), where the spectral content is not changed before
re-entry, have been studied quite extensively. More recently, filtered external optical feedback (FOF) has
become a topic of study, with the first experiments dating from the late 1980s (Zorabedianet al., 1987;
Li & Abraham, 1989; Etrich et al., 1991; Zorabedian, 1992; Yan et al., 1996). In a FOF laser, the light
is filtered before it is led back into the laser. Light with certain frequencies can pass the filter, while
other frequencies are filtered out. There are several advantages of FOF over COF. Filtering can be used
to control the output of the laser because of the external tunable parameters and it also leads to more
stable dynamics. In particular, filtering can make a laser operate in a single longitudinal mode.

The laser with FOF is in its simplest version modelled mathematically by three equations. The first
two, for the (complex) electric fieldE and the (real) inversionn, are given by a rescaled version of the
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 421

so-called Lang–Kobayashi (LK) equations (Lang & Kobayashi, 1980; Krauskopf & Lenstra, 2000) that
were derived for the COF laser:

dE

dt
=

1

2
(1 + iα)ξn(t)E(t)+ κE(t − τ)e−iω0τ ,

dn

dt
= J − Jthr −

n(t)

T1
− (Γ0 + ξn(t))|E(t)|2.

(1.1)

Here, timet is scaled withω−1
r , whereωr is the frequency of the relaxation oscillation, an intrin-

sic resonance of the laser. The parameterκ measures the injected field strength. The parameterα is
the linewidth enhancement factor,ξ is the differential gain,ω0 is the solitary laser angular frequency,
Γ0 is the photon decay rate,T1 is the carrier lifetime andJ andJthr are the pump current and its value at
solitary laser threshold. In practical experiments, the parameterω0 often depends onJ, see for instance
Fischeret al. (2000a).

In these LK equations, the delay termκE(t − τ)e−iω0τ appears, which models feedback from an
external flat mirror. To incorporate the filter, centred at frequencyωm with widthΛ, this term is replaced
by a termγ F . The filtered electric fieldF satisfies

dF

dt
− (iωm −Λ)F = ΛE(t − τ)e−iω0τ . (1.2)

Hence, the full model we analyse is

dE

dt
=

1

2
(1 + iα)ξnE + γ F,

dn

dt
= J − Jthr −

n(t)

T1
− (Γ0 + ξn(t))|E(t)|2,

dF

dt
− (iωm −Λ)F = ΛE(t − τ)e−iω0τ .

(1.3)

SeeYousefi & Lenstra(1999) and references therein for an explanation and for a derivation and numer-
ical studies of the resulting system.

The first studies were followed by a series of numerical and experimental studies (Fischeret al.,
2000a, 2004; Yousefi et al., 2000, 2002, 2003) in which various types of behaviour were observed.
However, analytically, even the simplest behaviour of the laser with filtered feedback was hardly un-
derstood so that additional analysis was needed. One attempt for an analytical approach is to study
the limit cases of the problem. This is the strategy chosen in this paper. Other recent approaches are,
for instance, a simplification of the rate equations via asymptotic analysis (Nizette & Erneux, 2006) or
detailed bifurcation analysis using continuation methods (Erzgr̈aberet al., 2006, 2007).

The first limit case we consider is the limitΛ → ∞, in which the problem reduces to a laser
with conventional feedback, i.e. without filtering. In this limit, the equation forF simply becomes the
algebraic relationF = E(t − τ)e−iω0τ , which means that the equations reduce to the LK equations
(1.1). The second limit case is the limitΛ → 0, the limit of the small filter width. We show that in this
limit, the laser is in fact a single optically injected semiconductor laser. However, since the injection is
still obtained through feedback, the feedback delay appears to play a role in the selection of frequency
and phase shift of the electric fieldE of the laser.

The LK equations and the extended version presented here are models of delay differential equa-
tions (DDEs) type that are really of interest from an applicational viewpoint. Therefore, the questions
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422 G. HEK AND V. ROTTSCHÄFER

that arise for these equations differ from the main research questions and known results for DDEs.
Often, the studied topics are of a more fundamental, mathematical nature, such as existence and unique-
ness questions or long-time behaviour of solutions, and appear to be very hard to analyse even for single
DDEs. See, for instance,Fiedler & Mallet-Paret(1989) andPolner(2002) for examples of results about
long-time behaviour. In the case of a very large delay, that may even be state dependent, more analyt-
ical results can be obtained. We refer to the seriesMallet-Paret & Nussbaum(1992, 1996, 2003) and
references therein for examples. Many of the results are still of a rather theoretical nature, and deal, for
instance, only with (very) slowly oscillating solutions with a period larger than the delay time.

It is in general very difficult to extend these results to higher-order systems of DDEs (but see, for
instance,Mallet-Paret & Sell(1996a,b) for some fundamental results orHale & Verduyn-Lunel(2003)
for an example of a more practical, but linear, application). The only way to really analyse more com-
plicated systems seems to perform numerical analysis. We, however, choose a different approach.

Since the current system has, as compared to the LK equations, two new parameters that are ad-
justable in an experiment, it is very natural to perform bifurcation analysis in these parameters for
certain types of (basic) solutions. This will be the focus of this paper. Although it is possible to perform
such analysis numerically (see, for instance,Engelborghset al., 2001, 2002; Green & Krauskopf, 2006,
and references therein), we feel that precise analytical results help to get a better understanding. We
choose to combine analysis of two singularly perturbed limits mentioned above with bifurcation analy-
sis in order to obtain answers to certain physical questions. Our approach differs from the average one in
that we do not attempt to determine how the dynamics of the limiting systems mirror the dynamics for
more moderate choices of the bifurcation parameter, but instead combine knowledge about the limiting
behaviour with bifurcation information about the route between these limits. We think that this can also
be an interesting approach for other, rather involved, systems of DDEs.

From a physical point of view, analysis of the parameter regions 0< Λ � 1 and 0< 1
Λ � 1 a priori

seems not to be of any interest since filters in experiments will satisfy neither of the limits. However,
analysis of these parameter regions may help to understand the dynamics that are observed in other
regions. The aim of this paper is to try and understand how the filter equations form a bridge between
these two limits and thus between the standard single injection laser equations and LK equations. To do
so, we rescale System (1.3) to a set of dimensionless equations:

E′ = (1 + iα)N E + Γ F,

T N′ = P − N − (1 + 2N)|E|2,

F ′ = λE(s − θ)e−iΩ0θ + (iΩm − λ)F.

(1.4)

See Appendix A for the details of this rescaling. From now on,N is called the inversion,s is the rescaled
time variable andE andF are the (complex) electric field and filtered electric field. The prime means
differentiation with respect tos. The parameters intrinsic to the laser are the ratio of decay timesT
and the linewidth enhancement factorα. The parameterP is the pump current related to the amount
of electrical energy supplied to the laser. Related to the filter areΩm its mean frequency and the filter
width λ. Other parameters are the delayθ , the feedback strengthΓ and the solitary laser frequencyΩ0.

Equations (1.4) form a 5D system of DDEs with a delayθ . Their phase space is the infinitely dimen-
sional spaceC[−θ, 0] of continuous functions with values in the 5D(E, N, F)-space. SeeDiekmann
et al. (1995) for a general treatment of such equations.

We restrict ourselves to the study of ‘fixed points’ or the so-called external filtered modes (EFMs)
and their bifurcations as the filter parameterλ (Λ) is varied. Although the equations for the fixed points,
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 423

that form the backbone of the laser dynamics, have been written down many times before, they have not
been analysed in a concise way until recently. In this article, we assemble various pieces of the EFM
puzzle.

In Section2, we start with the analysis of the basic state(0, P, 0) and its bifurcations, and re-
late the Hopf bifurcation that it undergoes to the physical relevance of computed EFM solutions (see
also Rottscḧafer & Krauskopf, 2006b). We relate this analysis to the physical concept of ‘threshold
reduction’, see e.g.Fischeret al. (2000b). We also describe the converse, a threshold increment (see
Section2.5).

Then, we carefully analyse the EFMs in the limitλ → 0 in Section3, and find that solutions have
either a frequencyΩ with |Ω − Ωm| = O(λ) or a frequencyΩ = O(λ). In the first case, the laser
synchronizes with the filter as one wishes in this set-up. In the second case, only a small portion of the
electric fieldE passes the filter, i.e.|F | = O(λ) while |E| = O(1), and the laser operates close to its
solitary laser frequency.

We also find that for 0< λ � 1, the laser can only operate O(λ) close to mean filter frequencyΩm if
Ωm is chosen such that it lies in one of a number of bounded intervalsI j

Ωm
. The number of such intervals

varies depending on the parametersα, Γ , θ andΩ0. One interval,I 0
Ωm

, is centred aroundΩm = 0 and
exists for all parameter choices.

In Section5, we compare the limitsλ → 0 andλ → ∞. We find that there exist parameter regions
in which the injection limitλ → 0 has three EFM solutions (steady states, named locked modes if they
are stable), whereas the LK limitλ → ∞ has only one such solution (named external cavity mode
(ECM) for a laser with COF). This is somewhat surprising since numerically, so far, only increments of
the number of EFMs to (1.4) had been observed for increasingλ.

Section6 consists of a bifurcation analysis, in which we analyse saddle-node (SN) bifurcations of
EFMs that occur asλ is varied. We determine conditions under which the bifurcation is creating of
nature (two EFMs appear asλ is increased) or annihilating of nature (two EFMs disappear asλ is in-
creased). The main conclusions are stated in Section6.1. We conclude that all bifurcations of EFMs with
frequencyΩ between 0 (solitary laser frequency) andΩm (mean frequency of the filter) are of creating
nature, which corresponds to observations in numerical studies (Yousefi & Lenstra, 1999; Yousefiet al.,
2001): the two ‘islands’ of EFMs that have been observed for low values ofλ get connected in a series of
bifurcations, in which additional EFMs appear for increasingλ and no annihilations occur in between.

Our analysis is complementary to that ofGreen & Krauskopf(2006), where the EFMs are studied
for a fixed value ofλ (and fixedα, Γ andT) and varying detuningΔ between the laser and the filter
(i.e. varyingΩm in our case). This study focuses on the islands (Yousefi & Lenstra, 1999) or ‘EFM
components’ (Green & Krauskopf, 2006) and the parameter sets for which these get connected (see
Remark6.3).

2. Existence of EFMs

2.1 The basic solution

The basic solution of (1.4) is the trivial solution(E, N, F) = (0, P, 0). When this basic solution is
stable, there is no lasing activity; the laser is off. Equations (1.4) are rescaled so thatP = 0 is the
solitary laser threshold. This means that, for a solitary laser,(0, P, 0) destabilizes when the pump current
increases aboveP = 0. It is well-known that delayed optical feedback can cause a reduction of this
threshold, seeFischeret al. (2000b). Therefore, one may expect that in (1.4), with non-zeroΓ andλ,
the trivial solution already undergoes a destabilizing bifurcation for someP∗ < 0. We study the stability
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424 G. HEK AND V. ROTTSCHÄFER

properties of(0, P, 0) below and in Section2.4.
With E = E1 + iE2 andF = F1 + iF2, we write (1.4) as

d

ds
(E1(s), E2(s), N(s), F1(s), F2(s))

>

= G(E1(s), E2(s), N(s), F1(s), F2(s), E1(s − θ), E2(s − θ)).

The linear variational equation around the fixed point(E, N, F) = (0, P, 0) then becomes

d

ds
(E1(s), E2(s), N(s), F1(s), F2(s))

>

= M(E1(s), E2(s), N(s), F1(s), F2(s), E1(s − θ), E2(s − θ))>, (2.1)

whereM denotes the Jacobian DG ofG evaluated at the fixed point(0, 0, P, 0, 0, 0, 0). With ξ(s) =
(E1(s), E2(s), N(s), F1(s), F2(s))>, (2.1) is written in the standard way as

dξ

ds
= Aξ(s)+ Bξ(s − θ), (2.2)

whereA andB are given by

A =











P −αP 0 Γ 0

αP P 0 0 Γ

0 0 − 1
T 0 0

0 0 0 −λ −Ωm

0 0 0 Ωm −λ











and B =











0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

λ cosΩ0θ λ sinΩ0θ 0 0 0

−λ sinΩ0θ λ cosΩ0θ 0 0 0











.

Now, for each rootμi of the characteristic equation

detΔ(μ) = 0, whereΔ(μ) = μI − A − e−μθ B,

the exponentialξ(s) = ξ̄i eμi s, with ξ̄i a constant vector, is a solution of (2.2). We compute

detΔ(μ)=
(
μ+

1

T

)
[(Γ λ e−μθ sinΩ0θ −Ωm(μ− P)− αP(μ+ λ))2

+ (Γ λ e−μθ cosΩ0θ − (μ+ λ)(μ− P)+ΩmαP)2]. (2.3)

For delay equations, the characteristic equation has, in general, infinitely (but countably) many solutions,
of which finitely many satisfy Re(μi ) > 0 (seeDiekmannet al., 1995). Here, there is only a finite
number of eigenvalues ifλ = 0 orΓ = 0, the eigenvalues beingμ = − 1

T ,μ = ±iΩm andμ = P±iαP

whenλ = 0 andμ = − 1
T , μ = −λ ± iΩm andμ = P ± iαP whenΓ = 0. Sinceλ > 0, this means

that the state(0, P, 0) is stable in these two cases ifP < 0 and unstable ifP > 0.
In caseλ 6= 0 andΓ 6= 0, all eigenvalues, apart from the eigenvalueμ = − 1

T , must satisfy

Γ λ e−μθ sinΩ0θ −Ωm(μ− P)− αP(μ+ λ)

= ±i(Γ λ e−μθ cosΩ0θ − (μ+ λ)(μ− P)+ΩmαP).
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 425

To compute for whichP the state(0, P, 0) destabilizes, we writeμ = iν, ν ∈ R, and find

−Γ λ sin(νθ −Ω0θ)= (λ− P)ν −ΩmP + αPλ,

−Γ λ cos(νθ −Ω0θ)= ν2 + (Ωm + αP)ν + Pλ+ αPΩm
(2.4)

as condition for a Hopf bifurcation of(0, P, 0). We already refer to Fig.3 for plots of the Hopf curves
for various choices ofP andλ. The basic solution(0, P, 0) is stable inside the loop that appears for
small P > 0. For P < 0, the solution is stable below the Hopf curve.

If ν = 0, the Hopf bifurcation coincides with a SN bifurcation. This is actually an SN bifurcation of
an EFM. We now address this type of solutions.

2.2 External filtered modes

If the basic solution(0, P, 0) becomes unstable, the laser starts lasing. EFMs represent the simplest type
of lasing behaviour. These modes (fixed points) have constant intensities and inversion and a phase that
depends linearly on time:

E(s) = Rei(Ωs+φ0), F(s) = SeiΩs and N(s) = N, (2.5)

whereR, S, N,Ω andφ0 are constants. Since the fieldsE and F are optically related, they have the
same frequency, possibly with a phase shiftφ0. These solutions are easiest studied in polar coordinates,
so away from|E| = |F | = 0, we rewrite (1.4) as

E(s) = R(s)eiφ̃(s) = R(s)ei(Ωs+φ(s)),

F(s) = S(s)eiψ̃(s) = S(s)ei(Ωs+ψ(s)),
(2.6)

with Ωs defined as the linear part of the phase ofF . The laser operates atΩL = Ω +Ω0 Ω, i.e.Ω is
the detuning of the frequencies ofE andF with respect to the solitary laser frequencyΩ0.

REMARK 2.1 In standard modelling of lasers, injectionΩ is defined as the detuning of the ‘injected
field’ from the solitary laser frequency. Here,F is in fact the injected field, and it is thus natural to put
Ωs as the full linear part ofF rather thanE. This choice means thatψ(s) is purely non-linear and that
φ(s) may contain constant terms. Note, however, that in, for instance,Yousefi & Lenstra(1999) and
Fischeret al. (2000a), the opposite choice has been made in the definition of the fixed points: there the
phase shiftφ0 in (2.5) is incorporated inF .

With the decomposition (2.6), for R, S 6= 0, we write (1.4) as

R′ = N R+ Γ Scos(ψ − φ),

φ′ +Ω = αN + Γ
S

R
sin(ψ − φ),

S′ = λR(s − θ) cos(φ(s − θ)− ψ(s)−Ω0θ −Ωθ)− λS,

ψ ′ +Ω = λ
R(s − θ)

S(s)
sin(φ(s − θ)− ψ(s)−Ω0θ −Ωθ)+Ωm,

T N′ = P − N − (1 + 2N)R2.

(2.7)

EFMs (2.5) satisfyR′ = φ′ = S′ = ψ ′ = N′ = 0. The resulting conditions can, forλ 6= 0, be written
as

Γ 2 S2

R2
= N2 + (Ω − αN)2, (2.8)
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426 G. HEK AND V. ROTTSCHÄFER

tan(φ0) =
Ω − αN

N
, (2.9)

S2

R2
=

λ2

λ2 + (Ω −Ωm)2
, (2.10)

tan(φ0 −Ω0θ −Ωθ) =
Ω −Ωm

λ
, (2.11)

R2 =
P − N

1 + 2N
. (2.12)

In the LK limit λ → ∞, (2.10) reduces toS2 = R2 so that (2.8) is an ellipse in the(Ω, N)-plane: it
resembles the fixed-point ellipse that defines the locus of fixed points of the LK equations. Combining
(2.8) and (2.10), the locus of EFMs of (2.7) in (Ω, N)-space is found as is shown in Fig.1.

The relation (2.12) betweenR andN is also found in the LK and injection laser equations. It implies
that solutions with real amplitudeR, the physically relevant solutions (Rottscḧafer & Krauskopf, 2006a),
should forP > −1

2 satisfy

−
1

2
< N < P. (2.13)

With N = −Γ S
R cos(φ0) = −Γ cos(φ0 − Ω0θ − Ωθ) cos(φ0), (2.9) and (2.11) form a set of two

equations forΩ andφ0:

Ω = −Γ cos(φ0 −Ω0θ −Ωθ) cos(φ0)(tan(φ0)+ α), (2.14)

Ω −Ωm = λ tan(φ0 −Ω0θ −Ωθ), (2.15)

from which one derives

φ0 = Ω0θ +Ωθ + arctan

(
Ω −Ωm

λ

)

and

Ω = −Γ

√
λ2(1 + α2)

λ2 + (Ω −Ωm)2
sin

(
Ω0θ +Ωθ + arctan

(
Ω −Ωm

λ

)
+ arctan(α)

)
. (2.16)

FIG. 1. Locus of EFMs in(Ωm, N)-space as the parameterλ is increased. EFMs are plotted as dots. The locus always con-
sists of one connected component asλ → ∞ (b); depending on the parameters, it may consist of one or two components for
smallerλ (a).
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 427

This corresponds to the calculations inYousefi & Lenstra(1999) andGreen & Krauskopf(2006). Note
here that the equalitySR = cos(φ0 −Ω0θ −Ωθ) that is used to derive this expression is not necessarily
satisfied in the limitλ = 0, but it is as long asλ > 0. Note as well thatφk

0 := φ0 + kπ , k ∈ Z, also
solves (2.15) but leads to the same formula forΩ.

Every solutionΩ of (2.16) corresponds to exactly one EFM. Once a value forΩ is determined, the
unknownsR, S, N andφ0 are obtained via the equations above. However, (2.16) is transcendental inΩ
and it can therefore not be solved explicitly.

2.3 Bifurcations of fixed points

In order to study the EFMs, we define the functions

f (Ω; λ) = −Γ

√
λ2(1 + α2)

λ2 + (Ω −Ωm)2
sin

(
Ω0θ +Ωθ + arctan

(
Ω −Ωm

λ

)
+ arctan(α)

)
, (2.17)

g(Ω; λ) = Ω. (2.18)

Solutions of (2.16) satisfy f = g, and SN bifurcations of fixed points occur when bothf = g and
fΩ = gΩ . A combination of these two requirements will lead to our bifurcation results. In Fig.2, the
functions f andg are plotted asλ is increased.

The main question in this article is how the number of EFMs varies withλ, i.e. when the set-up is
varied from an injection laser to a laser with external feedback. It is well-known that the model for the
injection laser only exhibits parameter regions with one or three fixed points, while the LK equations
can haven fixed points (which may not be all physically relevant) for any oddn > 0 (Rottscḧafer &
Krauskopf, 2006a; van Tartwijk & Lenstra, 1995; Wieczoreket al., 1999), and it is interesting to see
how these fixed points are related. Section6 is devoted to this analysis.

2.4 The physical relevance bifurcation

As mentioned in (2.13), the amplitude of the EFMs becomes complex and the EFMs are no longer
‘physically relevant’ when−1

2 < N < P. In order to study the related ‘physical relevance bifurcation’
at whichN passes through the valueP, we study a neighbourhood of this transition. It occurs when the
amplitudesR andSof the EFM get small, and simultaneouslyN goes toP. Therefore, we set

N = P + c1δ
2, R = c3δ, S = c2δ, z =

c2

c3
> 0, (2.19)

FIG. 2. Plots of f andg as functions ofΩ as the parameterλ is increased. (a) Only one EFM exists. (b) Two EFMs are formed in
a SN bifurcation atλ = λ0. (c) There are three EFMs.
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428 G. HEK AND V. ROTTSCHÄFER

where theci are constants. An EFM solution is only physically relevant if the constantsc2 and c3
are positive, so we takec2, c3 > 0. It follows from (2.12) that c1 = −(1 + 2P)c2

3. Substituting this
assumption into the equilibrium equations for the EFMs, we obtain

N = −Γ zcos(φ0), (2.20)

Ω = αN + N tan(φ0), (2.21)

z = cos(Ω0θ +Ωθ − φ0), (2.22)

Ω −Ωm = −λ tan(Ω0θ +Ωθ − φ0). (2.23)

Filling in (2.19) in (2.20), one finds as leading-order equations inδ

φ0 = ± arccos

(
−

P

Γ z

)
+ 2kπ, k ∈ Z, or sin(φ0) = ±

√

1 −
P2

Γ 2z2
, (2.24)

where the plus and minus signs correspond to each other. Substitution of (2.20) and (2.24) into (2.21)
yields

Ω = αP ∓
√
Γ 2z2 − P2. (2.25)

Furthermore, (2.22) gives that

Ω0θ +Ωθ − φ0 = ± arccos(z)+ 2kπ, k ∈ Z. (2.26)

Here, the plus or minus sign is independent of those in (2.24). Equations (2.22), (2.26) and (2.23)
together yield

Ω −Ωm = ∓
λ

z

√
1 − z2, (2.27)

and combining (2.24) and (2.26) gives the four cases

Ω0θ +Ωθ ∓ arccos

(
−

P

Γ z

)
= ± arccos(z)+ 2kπ, k ∈ Z. (2.28)

(Note that the signs change independently.) Combining (2.25), (2.27) and (2.28) leads to the four cases

∓
√
Γ 2z2 − P2 ±

λ

z

√
1 − z2 = Ωm − αP (2.29)

and to each of them one related equation

Ω0θ = ± arccos

(
−

P

Γ z

)
±
[
arccos(z)+ θ

λ

z

√
1 − z2

]
− θΩm + 2kπ, k ∈ Z. (2.30)

(Note that if a sign changes in (2.29), the corresponding sign changes in (2.30) as well.)
Summarizing, oncez > 0 is solved from (2.29), (2.30) gives the relation the parameters satisfy in

the physical relevance bifurcation, i.e. when an EFM disappears getting a complex-valued amplitude.
It follows from (2.12) that the closer an EFM moves to the boundary where it ceases to be physically

relevant, the smaller its ‘radius’R becomes. Physically, this means that its intensity|E|2 = R2 goes to
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 429

zero. When the boundary is reached, the radius has become zero, which suggests a Hopf bifurcation of
a solution on the subspace{E = 0, F = 0} in (E, N, F)-space. The solution involved can only be the
basic solution discussed in Section2.1. Indeed, we find numerically that the expressions as found for
the physical relevance bifurcation and the Hopf bifurcation (2.4) coincide. We prove this coincidence
algebraically in the two limitsλ → ∞ andλ → 0.

In the limit λ → ∞, the variablez, introduced in (2.19), must satisfyz = 1. Hence, (2.30) re-
duces to exactly the same equation as found for both the Hopf curve and the curve of physical relevant
bifurcations in the LK equations inRottscḧafer & Krauskopf(2006b):

Ω0θ = ±
[
arccos

(
−

P

Γ

)
+ θ

√
Γ 2 − P2

]
− αθP + 2kπ.

On the other hand, forλ = 0, (2.4) yields that the purely imaginary eigenvalueμ = iν satisfies
ν = −Ωm, which ensures by continuity that|ν + Ωm| = O(λ) for 0 < λ � 1. Therefore, we put
ν = −Ωm + aλ in (2.4) and find as leading-order terms inλ

Γ sin(θ(Ω0 +Ωm)) = −aP −Ωm + αP, (2.31)

−Γ cos(θ(Ω0 +Ωm)) = a(αP −Ωm)+ P. (2.32)

Squaring both equations, adding them and solving the resulting equation fora give

a2 =
Γ 2

P2 + (αP −Ωm)2
− 1.

Multiplying (2.31) by a and subtracting (2.32) gives, after some manipulations,

θ(Ω0 +Ωm)+ arctanα = ± arccos

[
−

P

Γ

√
1 + a2

]
+ 2kπ. (2.33)

Equation (2.33) coincides with the curve (2.30) obtained for the physical relevance bifurcation when
λ � 1: for λ � 1, the leading-order terms in (2.29) give that

z2 =
P2 + (Ωm − αP)2

Γ 2
and hencea2 + 1 =

1

z2
.

This implies that arctana = arccosz. Using the two relations betweena andz, one observes that (2.30)
and (2.33) indeed coincide for 0< λ � 1.

In the above analysis, we heavily rely on the fact thatλ � 1. For more generalλ, this result is
difficult to obtain, but plots of both curves indeed overlap, as they should from a physical point of view
(see Fig.3).

From this analysis, we conclude that the curve of Hopf bifurcations of the solution(0, P, 0) not only
gives information about the stability of the basic solution itself but also tells us whether or not all the
computed EFMs are physically relevant.

2.5 The Hopf curve and change of the lasing threshold

We proceed by analysing the various properties of the Hopf curve that will give information about the
so-called threshold reduction. For any parameter combination, the curves satisfying (2.4) are symmetric
under(Γ,Ω0θ) → (−Γ,Ω0θ + π).
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430 G. HEK AND V. ROTTSCHÄFER

FIG. 3. Plots of the Hopf bifurcation curves (2.4) of (0, P, 0), which coincide with the curves of physical relevance bifurcations
(2.30). In all panels, the valueΩ0θ runs from 0 to 2π . From left to right,λ is varied from the injection to the LK limit and in the
vertical direction,P is varied. The latter illustrates the threshold reduction or increment, see the text.
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 431

For P = 0, the Hopf bifurcations form curves in the(Ω0θ, Γ )-plane that intersect theΓ = 0 axis;
see theP = 0 panels in Fig.3. We compute the intersection points in the limitΓ ↓ 0 as follows: By
(2.4), the eigenvalueμ = iν satisfies

ν2 +
ν2(ν +Ωm)

2

λ2
= Γ 2, (2.34)

so for λ 6= 0 fixed, ν behaves in the limitΓ ↓ 0 asν = O(Γ ). With ν = wΓ in (2.34), we find

w2(1 + (wΓ+Ωm)
2

λ2 ) = 1, which results in the limitΓ = 0 in w = ±(1 + Ω2
m
λ2 )

−1/2. Back in (2.4), this
gives forP = 0 at leading orderΩ0θ = a± + 2kπ orΩ0θ = π − a± + 2kπ , k ∈ Z, with

a± = arcsin



±

(

1 +
Ω2

m

λ2

)− 1
2


 (2.35)

as intersection points of (2.4) with theΓ = 0 axis.
In the limit λ → ∞, (2.4) obeys the symmetries(Γ,Ω0θ) → (−Γ,Ω0θ + π) and(Γ,Ω0θ) →

(−Γ, π −Ω0θ) and becomes degenerate curvesΓ = 1
θ Ω0θ − π

2θ + 2kπ
θ andΓ = − 1

θ Ω0θ − π
2θ + 2kπ

θ ,
which are, up to 2π -periodicity, two lines that intersect each other at(Ω0θ, Γ ) = (π, 2π

θ ), and that
intersect theΓ = 0 axis atΩ0θ = π

2 andΩ0θ = 3π
2 , respectively.

For P 6= 0, the singular situation, with two lines that intersectΓ = 0, breaks down. The breakdown
is always in the same manner: for smallP > 0, the lines connect in a loop, that disappears asP
increases further, while for smallP < 0, the lines connect the other way around (viaΩ0θ = 0—recall
the 2π -periodicity). In the limitλ → ∞, it is easily calculated that the minimum of (2.4) restricted to
the positive half-plane is alwaysΓ = |P| and that the loop disappears atP = 1

τ . For generalλ, the
minimum also lies atΓ = |P|.

The configuration of this Hopf curve and its change asP varies across the solitary laser threshold
P = 0 perfectly explain the concept of threshold reduction: the laser with optical feedback may be lasing
below its solitary laser threshold because of possible positive interference between the laser field and
the feedback field. By such interference, the light that is fed back may counter the losses that need to be
overcome for lasing. The converse, a threshold increment, can theoretically also occur as a consequence
of negative interference.

For P < 0, the(0, P, 0)-solution is always stable for values(Γ,Ω0θ) below the lowest connected
part of the Hopf curves and unstable above this curve: a high enough feedback rateΓ can cause lasing
below threshold. AsP decreases further, the minimum of this curve increases (atΓ = |P|) and a higher
feedback rateΓ is required for lasing.

For P = 0, the region in which(0, P, 0) is stable is reduced to the (deformed) triangle, which in turn
becomes the closed loop forP > 0. If there are no other stable solutions for the parameters(Ω0θ, Γ )
within this ‘triangle’, then the laser has an ‘increased threshold’ for these parameters: the laser remains
off until the loop has, for increasingP, shrinked or moved far enough so that(Ω0θ, Γ ) lies outside the
loop. InRottscḧafer & Krauskopf(2006b), it is shown that in the LK limit such situations indeed occur,
assuming that the only alternative stable solutions are EFMs.

3. Analysis in the limit λ → 0

In this section, we study System (1.4) in the limit λ → 0 and especially focus on the number of EFMs.
For 0 < λ � 1, System (1.4) is a singularly perturbed system. Depending on the magnitude ofΩm,
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432 G. HEK AND V. ROTTSCHÄFER

there are different cases to study. We focus on the caseΩm = O(1). If the solution moreover satisfies
|F | = O(1)with respect toλ, the third equation in (1.4) resembles in first-order standard circular motion
with frequencyΩm; F(s) = C eiΩms.

REMARK 3.1 If Ωm = O(λ) and/or|F | = O(λ), the EFMs limit either at the trivial solution(0, P, 0)
or at one of the cases described in Lemma3.4and Remark3.6.

First, we study the caseλ = 0 for which (2.7) yields

S′ = 0 and ψ ′ = Ωm −Ω,

which results, by the requirement thatψ contains only non-linear terms ins, in Ω = Ωm and S =
constant. This implies that in this caseF(s) = SeiΩms. Substituting this into the remaining equations
of (1.4) yields

E′ = (1 + iα)N E + Γ SeiΩms,

T N′ = P − N − (1 + 2N)|E|2,
(3.1)

which are exactly the equations for a single injection laser (seeKrauskopf & Lenstra, 2000, for various
versions). Its EFMs or fixed pointsE(s) = Rei(Ωs+φ0) andN(s) = N are given by

Ω = Ωm, (3.2)

0 = N R+ Γ Scos(−φ0), (3.3)

Ωm = αN + Γ
S

R
sin(−φ0), (3.4)

0 = P − N − (1 + 2N)R2. (3.5)

Note that this corresponds to zero derivatives in (2.7) for λ = 0. Hence whenλ = 0, the injected field
strength|F | is fixed and the detuning frequencyΩ equalsΩm. The 5D system (1.4) for the filtered laser
reduces to the 3D system describing the single injection laser. The consequence is that the phase space
of a single injection laser serves as a skeleton for the behaviour of the semiconductor laser with filtered
feedback, as long as the filter width is sufficiently small (0< λ � 1). In the limitλ → 0, System (1.4)
can be seen as a 2D stack of 3D systems that each describes an injection laser for a fixed injected field
strength|F | and detuning frequencyΩm.

However, one should be careful here. Equations (2.10), (2.11) and (2.16) suggest a singular pertur-
bation analysis and introduction of a new independent variabley = (Ω −Ωm)/λ. Consideringy as an
O(1) independent variable corresponds well with the intuitive expectation that the laser will operate at
a frequency close to the frequency of the injected field:Ω − Ωm = O(λ). In the sequel, we analyse
the fixed points, mainly by studying (2.16) for Ω = Ωm + λy, with y = O(1) andλ � 1. In the case
thatΩ − Ωm = O(1), however, we introducex = Ω − Ωm and study (2.16) for Ω = Ωm + x, with
x = O(1).

3.1 The caseΩ −Ωm = O(λ) andΩm = O(1)

ForΩ −Ωm = O(λ), we setΩ = Ωm + λy so that (2.16) for theΩ-coordinate of the EFMs becomes

Ωm + λy = −Γ

√
1 + α2

1 + y2
sin[(Ω0 +Ωm + λy)θ + arctan(y)+ arctan(α)], (3.6)
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 433

which is in leading order

Ωm = −Γ

√
1 + α2

1 + y2
sin[(Ω0 +Ωm)θ + arctan(y)+ arctan(α)]. (3.7)

We write f andg as functions ofy:

f (y; λ) = −Γ

√
1 + α2

1 + y2
sin[(Ω0 +Ωm + λy)θ + arctan(y)+ arctan(α)], (3.8)

g(y; λ) = λy +Ωm (3.9)

so that EFMs for zero or smallλ can be studied as intersections off andg. With

C := Γ θ
√

1 + α2,

D := (Ω0 +Ωm)θ + arctan(α)
(3.10)

andλ = 0, we write

f (y; 0) = −
C

θ
√

1 + y2
sin[arctan(y)+ D] =

−C(y cosD + sinD)

θ(1 + y2)
, g(y; 0) = Ωm.

Here, C is the classical feedback strength (van der Graaf, 1997). The function f (y; 0) has, unless
cosD = 0, a single zero aty = − tanD and two extreme values, see Fig.4(b). Furthermore,f satisfies
lim|y|→∞ f (y; 0) = 0. We first treat the case cosD 6= 0. In this case, the extrema are

fmin = f (y+) =
−C cos2 D

θ(2 − 2 sinD)
= −

C

2θ
(1 + sinD) < 0 with y+ =

− sinD + 1

cosD
,

fmax = f (y−) =
C cos2 D

θ(2 + 2 sinD)
=

C

2θ
(1 − sinD) > 0 with y− =

− sinD − 1

cosD
,

see Fig.4(b). Note that| f (y+)| 6= | f (y−)| unless sinD = 0, in which case alsof (0; 0) = 0 and f is
an odd function, see Fig.4(c) where sinD = 0.

FIG. 4. Plots of f (y; 0) andg(y; 0) as functions ofy for various values ofΩ0. The parameterΩm is taken negative. WhenΩm
is varied, the functiong moves up or down andf changes from, which leads to creation or annihilation of intersection points of
f andg, the EFMs. (a)Ω0 is such that cosD = 0 and sinD > 0. (b)Ω0 is such that cosD 6= 0, sinD 6= 0 and cosD > 0. (c)
The case when sinD = 0 and cosD > 0.
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434 G. HEK AND V. ROTTSCHÄFER

Sinceg(y; 0) = Ωm for λ = 0, it is clear thatf (y; 0) = g(y; 0) has two solutions whenΩm lies
between the two extrema off :

−
C

2θ
(1 + sinD) < Ωm <

C

2θ
(1 − sinD) = −

C

2θ
(1 + sinD)+

C

θ
. (3.11)

An equality on either side corresponds to a bifurcation value: SN bifurcations where two EFMs are
formed or disappear take place atΩm = ± C

2θ (1∓ sinD). Substituting the expressions forC andD, we
see that the bifurcations occur for thoseΩm satisfying

−
1

2
Γ
√

1 + α2(±1 + sin((Ω0 +Ωm)θ + arctanα)) = Ωm. (3.12)

So depending on the parameters, there are a number of bounded intervals inΩm-space in whichf = g
has, forλ = 0, two solutions. The parameterΩm can be varied to enter or leave these intervals, i.e. to
gain or lose two EFMs via a SN bifurcation, see Fig.4(b).

Furthermore, the laser operates at a frequencyΩ = Ωm + λy. Hence, the fact that there are only
a number of bounded intervals inΩm-space in whichf (y; 0) = g(y; 0) has two solutions, while
f (y; 0) = g(y; 0) has no solutions for parameter valuesΩm outside these intervals, says the following:
given fixed parametersα, Γ , θ andΩ0, the laser can in the small-λ regime only operate at frequencies
Ω in a number of bounded intervals. IfΩm is chosen such that it lies in such interval, the laser will
(probably) operate at a frequency O(λ) close to thisΩm. If Ωm is more than O(λ) away from these
intervals, there are no EFM solutions withΩ = Ωm + λy.

We now study theΩm-intervals where two EFMs exist. Their number changes when both (3.12)
holds and the derivatives with respect toΩm at both sides of (3.12) are equal. Differentiating (3.12) with
respect toΩm yields

cos(Ωmθ + D1) = −
2

C
,

with C as above andD1 := Ω0θ + arctan(α). Therefore,

Ωmθ + D1 = ± arccos

(
−

2

C

)
+ 2kπ

and

sin(Ωmθ + D1) = ±

√

1 −
4

C2
.

These two equations combined with (3.11) yield that anΩm-interval is created or annihilated precisely
when

−
1

2
C

[

1 ±

√

1 −
4

C2

]

+ D1 = Ωmθ + D1 = ± arccos

(
−

2

C

)
+ 2kπ
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 435

or

−
1

2
C

[

1 ±

√

1 −
4

C2

]

+ D1 + C = Ωmθ + D1 = ± arccos

(
−

2

C

)
+ 2kπ,

where the plus and minus signs correspond to each other. Rewriting these equations and substituting
D1, we see that creation/annihilation of an interval is in(α, Γ, θ,Ω0)-parameter space determined by

Ω0θ = ± arccos

(
−

2

C

)
+

1

2
C ±

√
C2

4
− 1 − arctanα + 2kπ,

Ω0θ = ± arccos

(
−

2

C

)
−

1

2
C ±

√
C2

4
− 1 − arctanα + 2kπ.

(3.13)

Note that these expressions do not depend on the parameterP, the pump, and that these equalities

can only occur whenC
2

4 − 1 > 0, hence whenC > 2. WhenC < 2, the number ofΩm-intervals
remains fixed to one that always exists: an interval aroundΩm = 0 for which the size decreases to
zero asΓ → 0. The curves (3.13) are plotted in Fig.5 in (Ω0θ, Γ )-parameter space; the number of
Ωm-intervals is given in the various regions.

From (3.12) and (3.13), we conclude that the number of EFMs withΩ−Ωm
λ = O(1) changes between

zero and two asΩm is varied.

LEMMA 3.2 Letλ ↓ 0 and fix the parametersα, Ω0, Γ andθ such that cosD := cos(Ω0 + Ωm)θ +
arctan(α) 6= 0. If C = Γ θ

√
1 + α2 < 2, there is a single open intervalI 0

Ωm
aroundΩm = 0 such that

there are two solutionsΩ to (2.16), hence two EFMs, withy = Ω−Ωm
λ = O(1) whenΩm ∈ I 0

Ωm
and

none ifΩm /∈ I 0
Ωm

.

For C = Γ θ
√

1 + α2 > 2, there are a number of intervalsI j
Ωm

such there are two solutionsΩ to

(2.16) with y = Ω−Ωm
λ = O(1) if Ωm ∈ I j

Ωm
for somej and none ifΩm /∈ I j

Ωm
. The locus in parameter

space of the creations of these regions is given by (3.13).

FIG. 5. The curves (3.13) and the number of intervalsI j
Ωm

forΩm in (Ω0θ, Γ )-parameter space forλ → 0. WhenΩm in chosen
in these intervals, there exist three EFMs.
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Next, we consider the case cosD = 0. In this case,f (y; 0) has a single extremumf (0; 0) =
−C
θ sinD = ±C

θ , and f is an even function. The equationf (y; 0) = g(y; 0) has two solutions if
Ωm ∈ (0,−C

θ sinD), and SN bifurcations of EFMs occur forΩm = 0 and forΩm = −C
θ sinD. From

cosD = 0, it follows that eitherD = 3
2π + 2kπ or D = 1

2π + 2kπ . Hence, there exist two solutions
whenΩm ∈ (0,±C

θ ), where the positive sign corresponds withD = 3
2π + 2kπ and the negative sign

with D = 1
2π+2kπ . The SN bifurcations of EFMs take place exactly whenΩm = ±C

θ = ±Γ
√

1 + α2.
Inserting this into the expression forD, one sees that this is only possible if

Ωm =
3π

2θ
+

2kπ

θ
−Ω0 −

1

θ
arctanα = Γ

√
1 + α2 or (3.14)

Ωm =
π

2θ
+

2kπ

θ
−Ω0 −

1

θ
arctanα = −Γ

√
1 + α2. (3.15)

Hence, this bifurcation takes place whenΩm is varied and the remaining parameters satisfy

π

2
− θΩ0 − arctanα =

{
Γ θ

√
1 + α2 − π + 2kπ or

−Γ θ
√

1 + α2 + 2kπ.
(3.16)

These expressions correspond to those obtained after lettingC → ∞ in (3.13). The bifurcation that
occurs whenΩm crossesΩm = 0 is a special one: two EFMs either vanish or appear atΩ = ±∞.

From (3.12) and (3.16), we conclude the following lemma.

LEMMA 3.3 Letλ ↓ 0 and fix the parametersα, Ω0, Γ andθ such that (3.16) holds. Then, there is a
single open intervalJ0

Ωm
bounded on one side byΩm = 0 and on the other side by (3.14) or (3.15) such

that there are two solutionsΩ to (2.16), hence two EFMs, withy = Ω−Ωm
λ = O(1) whenΩm ∈ J0

Ωm

and none ifΩm /∈ J0
Ωm

.

3.2 The caseΩ −Ωm = O(1)

To analyse the caseΩ −Ωm = O(1), we introduceΩ = Ωm + x with Ωm = O(1) andx = O(1) into
(2.16), and write the functionsf andg as functions ofx:

f (x; λ)= −λ
C

θ
√
λ2 + x2

sin
(

xθ + arctan
(x

λ

)
+ D

)
, (3.17)

g(x; λ)= x +Ωm, (3.18)

where againC = Γ θ
√

1 + α2 andD = (Ω0 + Ωm)θ + arctanα. It is necessary to use these scalings
if y → −Ωm

λ , i.e. if Ω → 0. The limit of f (x; λ) asλ → 0 is well-defined for all|x| > O(λ) and
satisfiesf (x; 0) = 0 for every|x| > O(λ). For x = O(λ), one should considerx = λy as was done
in the previous section and (3.6) would be obtained. The functionf in (3.17) has its zeroes where
arctan

( x
λ

)
+ xθ + D = kπ . As λ → 0, arctan

( x
λ

)
→ π

2 for x > 0 and arctan
( x
λ

)
→ −π

2 for x < 0,
hence the zeroes off (x; λ) at either side ofx = 0 areπ/θ apart asλ → 0.

For λ = 0, the functionsf (x; 0) andg(x; 0) intersect atx = −Ωm since f is identically zero. By
applying the implicit function theorem, it follows that there existλ0 andx0 such that∀ λ ∈ [0, λ0), x ∈
(−Ωm − x0,−Ωm + x0) : | ∂ f

∂x (x; λ)| < 1. Hence, since∂g
∂x (x; λ) = 1, there exists a unique intersection

point of f (x; λ) andg(x; λ) with x ∈ (−Ωm − x0,−Ωm + x0). The uniqueness proof can be extended
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 437

to (x; λ) ∈ (R\[−X, X])× [0, λ0) for someX = O(λ) since| ∂ f
∂x (x; λ)| < 1 for all thesex as long asλ

is small enough.
This intersection point can be approximated using that itsx-coordinate must lie close to−Ωm,

hence, we setx = −Ωm + λz or z = Ω
λ . Then, f (z; λ) = g(z; λ) implies

−
C

θ
√
λ2 + (−Ωm + λz)2

sin

(
(−Ωm + λz)θ + arctan

(
−Ωm + λz

λ

)
+ D

)
= z,

which leads in the limitλ → 0, with C andD substituted, to

z= lim
λ→0

Γ
√

1 + α2

|Ωm|
sin

(
Ω0θ + arctanα + arctan

(
−Ωm + λz

λ

))

= −
Γ

√
1 + α2

Ωm
cos(Ω0θ + arctanα). (3.19)

LEMMA 3.4 Forλ → 0 andα,Ω0,Ωm = O(1), Γ andθ fixed, there exists a solutionΩ to (2.16) with
x = Ω −Ωm = O(1). This solution is constant up to and including order O(λ), and is approximated by

Ω = −λΓ
√

1+α2

Ωm
cos(Ω0θ + arctanα).

REMARK 3.5 This solution, wherex = Ω −Ωm = O(1), corresponds to a solution with|ΩL −Ω0| =
O(λ) in Erneuxet al. (2004), whereas the solutions withΩ −Ωm = O(λ) = λy correspond to the limit
|ΩL −Ωf | = O(λ).

REMARK 3.6 The solution withΩ − Ωm = O(1) must by (2.10) necessarily satisfySR = O(λ). This
corresponds to the physical intuition that if the injected field strengthS is (too) small, the laser prefers to
operate at its own solitary laser frequencyΩ0 instead of the frequency of the injected light (with centre
frequencyΩf = Ωm +Ω0).

Lemmas3.2and3.4together give a complete overview of the number of EFMs (number of solutions
of (2.16)) that exist for smallλ in different parameter regions. From Lemma3.4, it follows that forλ → 0
and the other parameters fixed, there always exists one EFM. Combining this with Lemma3.2, where
depending onΩm, zero or two EFMs exist, we find that asΩm is varied, the total number of EFMs for
(1.4) in the limit λ → 0 changes between one and three.

In the case of one EFM, the locus of EFMs always consists of a single component that grows withλ.
In the case of three EFMs, there are two components for smallλ that get connected asλ increases, as
plotted in Fig.1 (see also Corollary6.2).

4. Analysis in the limit λ → ∞

In this section, we study System (1.4) asλ → ∞. Again, there are two cases to study, related to different
orders of magnitude ofΩm. We, however, focus on the caseΩm = O(1).

In the limit λ → ∞, with Ωm = O(1), the equation forF in (1.4) simply reduces to the algebraic
relationF(s) = E(s−θ)e−iΩ0θ as long asF = O(1). This means that (1.3) reduces to the LK equations
(1.1), and System (1.4) becomes the rescaled form of the LK equations as studied inRottscḧafer &
Krauskopf(2006a).
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With μ ≡ 1
λ , the rescaled equations (1.4) are rewritten as

E′ = (1 + iα)N E + Γ F,

T N′ = P − N − (1 + 2N)|E|2,

μF ′ = E(s − θ)e−iΩ0θ + (iμΩm − 1)F.

(4.1)

By introducing rescaled times = μs̃ andθ = μθ̃ , we obtain the equivalent system

Ė =μ(1 + iα)N E + μΓ F,

T Ṅ =μP − μN − μ(1 + 2N)|E|2,

Ḟ = E(s̃ − θ̃ )e−iΩ0θ + (iμΩm − 1)F,

(4.2)

where the dot denotes differentiation with respect tos̃.
Taking the limitλ → ∞ corresponds toμ → 0. Forμ = 0, (4.2) reduces to

Ė = Ṅ = 0 and Ḟ = E(s̃ − θ̃ )e−iΩ0θ − F = E e−iΩ0θ − F,

as long asΩm = O(1) and|F | = O(1) with respect toμ. So,E andN are constant on thẽs-time-scale.
Forμ = 0, the last equation of System (4.1) yields F(s) = E(s− θ)e−iΩ0θ , meaning that the dynamics
of (4.1) is only defined when this holds. The flow is then prescribed by the first two equations of System
(4.1), the (rescaled) LK equation:

E′ = (1 + iα)N E + Γ E(s − θ)e−iΩ0θ ,

T N′ = P − N − (1 + 2N)|E|2.

Hence, the fixed points, EFMs, of System (4.1) are the fixed points, ECMs, of the LK equation, with the
additional restriction that they lie in{F = E e−iΩ0θ }. In the coordinates (2.5), these fixed points should
therefore satisfyR = Sandφ0 = Ω0θ .

Indeed, the relation for theΩ-values of the EFMs (2.16) reduces in the limitλ → ∞ to the equation
f (Ω,∞) = g(Ω,∞) or

Ω = −Γ
√

1 + α2 sin(Ω0θ +Ωθ + arctan(α)), (4.3)

which equals, after a rescaling of parameters, the relation for EFMs in the LK equation given in
Rottscḧafer & Krauskopf(2006a). Hence, the results fromRottscḧafer & Krauskopf(2006a) concerning
EFMs and their formation in SN bifurcations immediately apply. As concluded there, SN bifurcations
of EFMs should also satisfyfΩ = gΩ , which together with (4.3) yields the locus of SN bifurcations in
(Ω0θ, Γ )-parameter space:

Ω0θ
± = ±

[√
C2 − 1 + arccos

(
−

1

C

)]
− arctanα + 2kπ. (4.4)

Note that this condition does not depend on the parameterP, the pump. This is irrespective of Condition
(2.13).
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5. Comparison between the limitsλ → 0 and λ → ∞

In this section, we compare the results we obtained in the limitsλ → 0 (injection limit) andλ → ∞
(LK limit). We first state a relation between the equations found for theΩ-values of the EFMs in both
limits. Comparing (4.3) and (3.7), one concludes the following lemma.

LEMMA 5.1 Theλ → 0-limit equation (3.7) has a solutiony = 0 if and only ifΩm is a solution for the
λ → ∞-limit equation (4.3).

This means that although the FOF laser in general has a frequency O(λ) off the filter meanΩm if
0 < λ � 1, its frequencyΩ can satisfyΩ = Ωm exactly (the laser with filtered feedback acts exactly
as a laser with injected optical fieldΓ SeiΩmθ ). This happens if and only if the parametersα, Γ andθ
are chosen such that one of the EFMs (ECMs) that exist in the limitλ → 0 has frequencyΩ = Ωm.

REMARK 5.2 Although this may seem striking, it is clear from the physics that there should be such
relation between the injection limit and the LK limit. A semiconductor laser normally lases at its solitary
laser frequencyΩ0. If light with a different frequencyΩ1 is injected, the laser may or may not ‘lock’ to
this frequency, i.e. operate atΩ = Ω1 instead ofΩ = Ω0. For a COF laser, the situation is similar if
the laser operates at one of its ECMs. In an ECM withΩ1, the laser (again with solitary laser frequency
Ω0) operates atΩ = Ω1 and this light re-enters (so is in fact ‘injected’) after an external round trip.

Hence, if the parameters are such that in the injection limitλ → 0 the laser locks to the injected
frequencyΩ = Ωm, the same semiconductor laser would in the LK limitλ → ∞ have an EFM with
Ω = Ωm. Vice versa, if the parameters are such that there exists, among others, an EFM withΩ = Ωm
in the LK limit, then a narrow (λ → 0) filter centred atΩm only allows this EFM to persist and this
EFM also exists in the injection limit.

For a laser operating at a fixed point determined by (3.6), we have by (2.7)

λy = Ω −Ωm = λ
R

S
sin(φ0 − (Ω0 +Ωm + λy)θ),

from which the angleφ0 can be solved. It follows that if it exists, so if the parameters are chosen as in
Lemma5.1, an EFM withy = 0 satisfiesφ0 = (Ωm +Ω0)θ + kπ , k ∈ Z.

A second comparison between the LK limit and the injection limit can be made by looking at the
curves of SN bifurcations of EFMs in both limits, i.e. by comparing (3.13) to (4.4).

Recall that the curves (3.13) for λ → 0 separate regions in the(Ω0θ, Γ )-plane where the number of
Ωm-intervalsI j

Ωm
changes. WhenΩm is chosen in an intervalI j

Ωm
, there are three EFMs of which two

satisfy|Ω − Ωm| = O(λ) and one satisfiesΩ = O(λ). WhenΩm is chosen outside any intervalI j
Ωm

,
only the one EFM withΩ = O(λ) exists. The curves (4.4) in the LK limit on the other hand separate
regions in the(Ω0θ, Γ )-plane with different number of EFMs.

In Fig. 6, we plotted (3.13) and (4.4) in the(Ω0θ, Γ )-parameter space for anΩ0θ -window of length
2π . When a black (thinner) line is crossed, a pair of EFMs is created or annihilated in the LK limit
λ → ∞. When a blue (thicker) line is crossed, a regionI j

Ωm
, where three EFMs exist, appears or

disappears in the injection limitλ → 0. In the figure, the number of EFMs for the LK limit is given in
the different regions that are separated by the curves. For theλ → 0-limit, the number ofΩm-intervals
where three EFMs exist are given (roman numerals).

We define the various regions in(Ω0θ, Γ )-parameter space as follows:

Vk := {(Ω0θ, Γ )|(4.3) hask solutions}, k = 1, 3, 5, . . . ,

Wl := {(Ω0θ, Γ )|(3.11) is satisfied inl regions}, l = I, II, III , . . . .
(5.1)
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440 G. HEK AND V. ROTTSCHÄFER

FIG. 6. The SN bifurcation curves (3.13) (blue thicker lines) and the number of intervalsI j
Ωm

(roman numerals) in(Ω0θ, Γ )-
parameter space forλ → 0. Forλ → ∞, the SN bifurcation curves (4.4) (black thinner curves) and the number of EFMs are
given. The tiny regionV1 ∩WIII is denoted by the arrow pointing down to III. See the text for further explanations.

The bifurcation curves in Fig.6 do not depend on the pump parameterP, so the figure is the same for any

value ofP. Moreover, the cusp point of the LK limit is found at(θΩ0, Γ ) =
(
π − arctanα, 1

θ
√
α2+1

)

and the cusp point of theλ → 0-limit lies at (θΩ0, Γ ) =
(

± 1 + π − arctanα, 2

θ
√
α2+1

)
; hence the

arrangement of the curves is exactly as given in Fig.6. Furthermore, it can be shown that the first LK
curve lies ‘above’ the curve forλ → 0 for any choice of the parameters. We thus conclude the following
theorem.

THEOREM 5.3 Letα, P > 0 be given. Then, the setsV1 ∩WI , V1 ∩WII andV1 ∩WIII in (Ω0θ, Γ )-
parameter space are all non-empty.

Theorem5.3and Fig.6 can be explained as follows.
Regardless ofΩ0θ , the LK limit, λ → ∞, has one EFM in the limitΓ ↓ 0 and a second and

third solution appear whenΓ is increased above the first bifurcation curve. Also regardless ofΩ0θ , the
injection limit, λ → 0, has one windowI 0

Ωm
such that in the limitΓ ↓ 0, there is a single EFM when

Ωm /∈ I 0
Ωm

and there are three EFMs ifΩm ∈ I 0
Ωm

, see Lemma3.4. The same is true in the total (large)

regionV1 ∩WI , the shaded part of Fig.6. A second regionI 1
Ωm

appears whenΓ is increased above the

first bifurcation curve so that(Ω0θ, Γ ) ∈ V1 ∩WII . Here, three EFMs exist forΩm ∈ I 0
Ωm

∪ I 1
Ωm

and

one EFM otherwise. There is even a tiny regionV1 ∩WIII where a thirdΩ-interval I 2
Ωm

exists.

The boundaries of the intervalsI j
Ωm

are given by the (transcendental) equation (3.12).

6. Bifurcation analysis for varying λ

In this section, we study bifurcations of EFMs asλ varies fromλ = 0 to λ → ∞. As these states are
characterized by theirΩ-coordinates determined byf = g (2.17, 2.18), we study SN bifurcations of
EFMs as solutions off (Ω; λ) = g(Ω; λ) and fΩ(Ω; λ) = gΩ(Ω; λ) (or the same characterization in
one of the alternative independent variablesx or y). When both equations are satisfied, EFMs are created
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or disappear at a SN bifurcation in(Ω; λ). Solutions of this pair of equations are not easily found, so
we alternatively use either one of the following sufficient conditions to characterize SN bifurcations at
which two EFMs are ‘created’ asλ is increased, here stated in they variable.
At a SN bifurcation(y = y0; λ = λ0), two EFMs are created (supercritical bifurcation) asλ is increased
if one of the following three statements holds:

(i) f (y0; λ0) = g(y0; λ0), fy(y0; λ0) = gy(y0; λ0) and
( f − g)yy(y0; λ0)( f − g)λ(y0; λ0) < 0,

(ii) ∀ δ > 0 small enough,f (y0; λ0) = g(y0; λ0) > 0, fy(y0; λ0) = gy(y0; λ0) and
f (y0; λ0 + δ) > g(y0; λ0 + δ),

(iii) ∀ δ > 0 small enough,f (y0; λ0) = g(y0; λ0) < 0, fy(y0; λ0) = gy(y0; λ0) and
f (y0; λ0 + δ) < g(y0; λ0 + δ).

(6.1)

Two EFMs will ‘vanish’ (subcritical bifurcation) under these conditions with( f − g)yy(y0; λ0)( f −
g)λ(y0; λ0) > 0 in case (i),f (y0; λ0 + δ) < g(y0; λ0 + δ) in case (ii) andf (y0; λ0 + δ) > g(y0; λ0 + δ)
in case (iii). Note here that a non-degeneracy conditionfyy 6= gyy = 0 should also hold to assure
occurrence of a SN bifurcation.

Of these three characterizations, the first is the most standard one (cf.Guckenheimer & Holmes,
1983, Theorem 3.4.1, orHale & Koçak, 1991, Theorem 10.9). It will, however, turn out that it is not
always easy to determine the sign of( f − g)yy(y0; λ0) so that the two other characterizations will also
prove useful.

Recall that the functiong is given byg(y; λ) = λy + Ωm. Hence, at the pointy0 = −Ωm
λ , it

changes sign providing a boundary to wheng(y; λ) is positive or negative as in cases (ii) or (iii) of
(6.1), respectively. Therefore, we define the intervalI y by

I y :=
(

−
Ωm

λ0
, 0

)
, for Ωm > 0, I y :=

(
0,−

Ωm

λ0

)
, for Ωm < 0. (6.2)

6.1 Main results

We are now ready to state the main results of this section, concerning SN bifurcations of both creating
and annihilating nature.

THEOREM 6.1 Letα, Γ , θ , Ωm andΩ0 be fixed and lety± = −Ωm
2λ0

± 1
2λ0

√
Ω2

m + 4λ0/θ . Consider
a bifurcation in the point(y0, λ0) with λ0 > 0. Two EFMs are created in(y0, λ0) whenλ is increased
throughλ0 if y0 ∈ (−∞, y−)∪ I y∪(y+,∞), and two EFMs disappear at(y0, λ0) if y0 is located outside
these intervals.

The basic ingredients for the proof of this theorem are Lemmas6.8 and6.9 that will be proved in
Section6.2.

The SN bifurcations of EFMs withy0 ∈ I y form a bifurcation sequence that, asλ is increased from
0 to∞, results in connection of the two islands of fixed points mentioned inYousefi & Lenstra(1999),
see Fig.1. Theλ ↓ 0 limiting EFMs close toΩ = 0 andΩ = Ωm (if they exist) are the limiting island
configuration. From Theorem6.1, one immediately deduces the following corollary that corresponds to
observations inYousefi & Lenstra(1999).

COROLLARY 6.2 The SN bifurcations of EFMs withy0 ∈ I y, that together form a sequence resulting
in the connection of the two islands of fixed points, are all of ‘creating’ nature.
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REMARK 6.3 The two islands or EFM components (Green & Krauskopf, 2006) become connected
wheng(y) and the envelope off (y) are tangent in someyc ∈ I y, i.e. forλ = λc such that

±
C

θ
√

1 + y2
c

= λcyc +Ωm (6.3)

and

∓
Cyc

θ
(1 + y2

c)
−3/2 = λc. (6.4)

Although Theorem6.1 gives a characterization of SN bifurcations for which the number of EFMs
increases, respectively, decreases, it does not state whether such bifurcations indeed do take place or not.
In Corollary6.7, we however conclude that for certain choices of the parameters at least one annihilating
bifurcation occurs.

In Figs7 and8, examples of annihilating bifurcations are shown.
Further results on the occurrence of bifurcations depend strongly on the value of the effective feed-

back strengthC = Γ θ
√

1 + α2 in the LK equations, introduced invan der Graaf(1997). The first result

is as follows withy+
k the largest solution to(λ0y +Ωm)

2(1 + y2)− C2

θ2 = 0.

LEMMA 6.4 If C = θΓ
√

1 + α2 6 1, then any SN bifurcation withy0 /∈ I y results in an ‘annihilation’
of two EFMs. Moreover, any other SN bifurcation satisfiesΩm < C

θ and y0 ∈ I y or Ωm > C
θ and

y0 ∈
[
− Ωm

λ0
, y+

k

]
⊂ I y, and results in a ‘creation’ of two EFMs.

In the caseC > 1, the results are more involved, see Lemma6.10.

6.2 Proofs of the main results

Since the characterization of SN bifurcations is based on signs of certain derivatives of the function
f − g, we start by deriving some properties of those derivatives.

LEMMA 6.5 In a bifurcation point(y0, λ0), the derivatives off − g satisfy the following:

(i) ( f − g)λ(y0; λ0) < 0 if y0 ∈ (−∞, y−) ∪ (0, y+) and( f − g)λ(y0; λ0) > 0 if y0 ∈ (y−, 0) ∪
(y+,∞), wherey± = −Ωm

2λ ± 1
2λ

√
Ω2

m + 4λ/θ,

FIG. 7. The functionsf andg as functions ofΩ asλ is increased. (a) Forλ = 0.001, there are three intersections off andg, so
there exist three EFMs. (b)λ = 0.5, with in (c) a blowup of theλ = 0.5 plot. In this case, there is only one intersection (EFM).
The other parameters are fixed atΓ = 0.0064,θ = 70,α = 5.0,Ω0 = 0.0414 andΩm = 0.01.
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FIG. 8. The functionsf andg as functions ofΩ asλ is increased: (a)λ = 0.001, (b)λ = 0.012, (c)λ = 0.18 and (d)λ = 1.3.
The number of intersections off andg now changes from 3 to 1 to 3 to 1 again asλ is increased. The other parameters are fixed
atΓ = 0.007,θ = 70,α = 5.0,Ω0 = 0.04286 andΩm = 0.01.

(ii) there exists a valuey∗
λ0

∈ I y such that( f −g)yy(y0; λ0) > 0 if y0 < y∗
λ0

and( f −g)yy(y0; λ0) <
0 if y0 > y∗

λ0
,

(iii) if
(
− Ωm

λ0
, λ0

)
is a bifurcation point, then( f − g)yy

(
− Ωm

λ0
; λ0

)
= 2λ2Ωm(2λ+λ2θ+Ω2

mθ)

(λ2+Ω2
m)(λ+λ2θ+Ω2

mθ)
.

Proof. We compute polynomial expressions for∂ f
∂λ (y0; λ0) and ∂

2 f
∂y2 (y0; λ0) using expressions (3.8) and

(3.9) with C andD as in (3.10). In a bifurcation point(y0, λ0), both f (y0; λ0) = g(y0; λ0) = λ0y0+Ωm
and fy(y0; λ0) = gy(y0; λ0) = λ0 hold. Substituting the first into the second yields

−
y0

1 + y2
0

(λ0y0 +Ωm)−
C

θ
√

1 + y2
0

[

λ0θ +
1

1 + y2
0

]

cos(λ0y0θ + arctany0 + D) = λ0. (6.5)

This leads to

∂ f

∂λ
(y0; λ0)= −y0

C
√

1 + y2
0

cos(λ0y0θ + arctany0 + D)

= y0 +
y2

0θ(λ0y0 +Ωm)− y0

λ0θ(y2
0 + 1)+ 1

(6.6)

by substitution of (6.5). Hence,

∂( f − g)

∂λ
(y0; λ0) =

y2
0θ(λ0y0 +Ωm)− y0

λ0θ(y2
0 + 1)+ 1
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in a bifurcation point. The denominator is positive sinceλ0θ > 0, and the zeroes of the nominator
y2θ(λy +Ωm)− y arey = 0 andy± = −Ωm

2λ ± 1
2λ

√
Ω2

m + 4λ/θ , wherey− < 0< y+. It is now easily
checked that claim (i) of the lemma holds.

Similarly, using f (y0; λ0) = g(y0; λ0) and (6.5), one derives

∂2 f

∂y2
(y0; λ0)= −

Ωm(2 + 4λ0θ + 3λ2
0θ

2(1 + y2
0)+ λ3

0θ
3(1 + y2

0)
2)

(1 + y2
0)(1 + λ0θ(1 + y2

0))

+
λ0y0(6 + 3λ2

0θ
2(1 + y2

0)+ λ3
0θ

3(1 + y2
0)

2 + 2λ0θ(3 + y2
0))

(1 + y2
0)(1 + λ0θ(1 + y2

0))
(6.7)

in a bifurcation point(y0, λ0). Again the denominator is positive, and the nominator is of the form
ΩmA(y0) + λ0y0B(y0) with B(y0) > A(y0) > 0. Fixing λ0 and consideringy0 as a variable in ex-

pression (6.7), one hence concludes that∂
2 f
∂y2 (y0; λ0) has for eachλ0, a single zeroy∗

λ0
∈ I y with I y

as defined in (6.2). If for λ = λ0 a bifurcation occurs iny = y0, then ∂
2 f
∂y2 (y0; λ0) > 0 if y0 satisfies

y0 < y∗
λ0

and ∂2 f
∂y2 (y0; λ0) < 0 if y0 > y∗

λ0
. Direct computation in the pointsy0 = 0 andy0 = −Ω

λ0

confirms this:

∂2 f

∂y2
(0; λ0) = −

Ωm(2 + 4λθ + 3λ2θ2 + λ3θ3)

1 + λθ

if (y = 0, λ0) is a bifurcation point and

∂2 f

∂y2

(
−
Ωm

λ0
; λ0

)
=

2λ2Ωm(2λ+ λ2θ +Ω2
mθ)

(λ2 +Ω2
m)(λ+ λ2θ +Ω2

mθ)

if
(
y = −Ωm

λ0
, λ0

)
is a bifurcation point. Since∂

2g
∂y2 ≡ 0, the same results hold for the functionf − g, so

claims (ii) and (iii) are proved. �
Outside the intervalI y, the sign of( f − g)yy( f − g)λ at an SN bifurcation in(y0; λ0) is now

known by the first two statements in Lemma6.5. Therefore, using the first characterization of (6.1), we
immediately conclude the following corollary.

COROLLARY 6.6 Letα, Γ , θ ,Ωm andΩ0 be fixed and lety± = −Ωm
2λ0

± 1
2λ0

√
Ω2

m + 4λ0/θ .
In a bifurcation point(y0, λ0) with λ0 > 0, two EFMs are created whenλ is increased fromλ0 if
y0 ∈ (−∞, y−) ∪ (y+,∞). Two EFMs disappear in a bifurcation point(y0, λ0) if y0 ∈ (y−, y+) \ I y.

Combining Lemma6.5(i) and (iii), it follows that if a bifurcation occurs iny = −Ωm
λ 6= 0 (corre-

sponding toΩ = 0), then it is of annihilating type. Sinceλ, θ > 0, ∂
2( f −g)
∂y2 (−Ωm

λ0
; λ0) = 0 iff Ωm = 0,

so in that case the bifurcation iny0 = −Ωm
λ0

= 0 is a supercritical pitchfork bifurcation. However, it is

not known yet whether and when a SN bifurcation does take place iny = −Ωm
λ . This is stated in the

following corollary.

COROLLARY 6.7 Letα, Γ , θ ,Ωm andΩ0 be fixed such thatΩm > 0 andΩ0θ+arctanα ∈ (3π
2 , 2π)+

2kπ , k ∈ Z, or alternativelyΩm < 0 andΩ0θ + arctanα ∈ (π, 3π
2 ) + 2kπ , k ∈ Z. Then, there

exists a uniqueλa, satisfying arctan(−Ωm
λa
) = −Ω0θ − arctanα + 3π

2 + 2kπ , for which an annihilating

bifurcation occurs iny = −Ωm
λ = −Ωm

λa
.
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This means that if the parameters are chosen as in Corollary6.7, at least one annihilating bifurcation
(in Ω = 0) occurs whenλ is increased from 0 to∞.
Proof. Necessary conditions for a SN bifurcation iny = −Ωm

λ are f (−Ωm
λ ) = g(−Ωm

λ ) = 0 and
fy(−

Ωm
λ ) = gy(−

Ωm
λ ) = λ. For this, it is necessary that, withD as in (3.10),

sin

(
D −Ωmθ + arctan

(
−
Ωm

λ

))
= sin

(
Ω0θ + arctanα + arctan

(
−
Ωm

λ

))
= 0

and

sgnfy

(
−
Ωm

λ

)
= −sgn cos

(
Ω0θ + arctanα + arctan

(
−
Ωm

λ

))
.

Combining these two results, one finds that if a SN bifurcation occurs iny = −Ωm
λ , then

Ω0θ + arctanα + arctan

(
−
Ωm

λ

)
=

3π

2
+ 2kπ, k ∈ Z.

Since arctan(−Ωm
λ ) ∈ (0, π2 ) if Ωm < 0 and arctan(−Ωm

λ ) ∈ (−π
2 , 0) if Ωm > 0, this can only occur

for Ωm < 0 whenΩ0θ + arctanα ∈ (π, 3π
2 ) + 2kπ , k ∈ Z, or forΩm > 0 whenΩ0θ + arctanα ∈

(3π
2 , 2π)+ 2kπ , k ∈ Z. The observation that there is a uniqueλ = λa such that

Ω0θ + arctanα + arctan

(
−
Ωm

λ

)
=

3π

2
+ 2kπ

is easiest made inx-coordinates (recallx = λy). It follows from an analysis of the zeros of

f (x; λ) = −λ
C

θ
√
λ2 + x2

sin
(

xθ + arctan
(x

λ

)
+ D

)

and their position asλ varies from 0 to∞. It turns out that exactly one of the zerosxn(λ) satisfies
xn(λa) = −Ωm for someλa ∈ (0,∞). This ensures the uniqueness ofλa. The geometry of the graphs
of f andg confirms that the bifurcation is of annihilating type. �

As the zeroy∗
λ0

of ∂
2 f
∂y2 (y0; λ0) in Lemma6.1(ii) cannot easily be determined directly, the question

remains whether or not annihilating bifurcations can take place in the intervalI y, and if so, how large
the annihilating region is. We use the second/third characterization in (6.1) to analyse this. We compute

f (y0; λ0 + δ)= −
C

θ
√

1 + y2
0

sin(λ0y0θ + δy0θ + arctany0 + D)

= f (y0; λ0) cos(δy0θ)+
1

y0θ

∂ f

∂λ
(y0; λ0) sin(δy0θ).

This yields, by usingf (y0; λ0) = g(y0; λ0), the exact expression

f (y0; λ0 + δ)− g(y0; λ0 + δ) = f (y0; λ0)[cos(δy0θ)− 1] +
∂ f

∂λ
(y0; λ0)

sin(δy0θ)

y0θ
− δy0 (6.8)

which determines whether EFMs are created or annihilated at(y0, λ0). It is easily estimated that the
first term of (6.8) is of order O(δ2) and the second term is of order O(δ) so that the right-hand side
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of (6.8) is of order O(δ). Moreover, the sign off (y0; λ0 + δ) − g(y0; λ0 + δ), which determines the
creation or annihilation of the EFMs, depends on the relation between∂ f

∂λ (y0; λ0) andy0 as is stated in
the following lemma.

LEMMA 6.8 If there exists a constantK > 0 such that∞ > ∂ f
∂λ (y0; λ0) > y0 + K , then f (y0; λ0 +

δ) − g(y0; λ0 + δ) > 0 for δ > 0 sufficiently small. Analogously,f (y0; λ0 + δ) − g(y0; λ0 + δ) < 0
for δ > 0 sufficiently small if there exists a constantK > 0 such that−∞ < ∂ f

∂λ (y0; λ0) < y0 − K .

To apply Lemma6.8, we compare∂ f
∂λ (y0; λ0) with y0. This comes down to determining the sign of

∂( f −g)
∂λ (y0; λ0) as in Lemma6.5(i). Thus, the following lemma can be deduced.

LEMMA 6.9 In a bifurcation point(y0, λ0), the derivative∂ f
∂λ (y0; λ0) satisfies the following:

(i) ∀ y0 ∈ (−∞, y−) ∪ (0, y+), ∃ k > 0 : ∂ f
∂λ (y0; λ0) = y0 − k,

(ii) ∀ y0 ∈ (y−, 0) ∪ (y+,∞), ∃ k > 0 : ∂ f
∂λ (y0; λ0) = y0 + k,

with y± = −Ωm
2λ ± 1

2λ

√
Ω2

m + 4λ/θ .

Combining Lemmas6.8 and6.9 with the fact that f (y0; λ0) = g(y0; λ0) > 0 if y > −Ωm
λ and

vice versa, we conclude that any bifurcation in(y0, λ0) with y0 ∈ I y, with I y as defined in (6.2), is a
creating bifurcation. Recalling the statements (6.1) and Lemma6.5, y0 must hence satisfyy0 ∈ (0, y∗

λ0
)

if Ωm < 0 or y0 ∈ (y∗
λ0
, 0) if Ωm > 0. These results are summarized in Theorem6.1.

To analyse whether annihilating bifurcations may occur or not, it is useful to observe that the result in
Theorem6.1 is invariant under{Ωm → −Ωm, y0 → −y0}. Hence, we take, without loss of generality,
Ωm > 0 in the sequel.

In the following, we use the boundaries of the existence interval(s) of EFMs as a further restriction
on the SN bifurcations. The envelope off bounds the functionf : − C

θ
√

1+y2
6 f (y; λ) 6 C

θ
√

1+y2
so

that in a SN bifurcation point(y0; λ0), the requirement

−
C

θ
√

1 + y2
0

6 λ0y0 +Ωm 6
C

θ
√

1 + y2
0

(6.9)

holds. An equality at either side gives, after taking squares,(λ0y0 +Ωm)
2(1 + y2

0) = C2

θ2 . We therefore
define the function

k(y0) = (λ0y0 +Ωm)
2(1 + y2

0)−
C2

θ2
, (6.10)

and we analyse its sign depending ony0 (since SN bifurcations can only occur for thosey0 with
k(y0) 6 0). The functionk(y0) satisfies

k′(y0) = 0, for y0 = −
Ωm

λ0
, or y0 = yp,m :=

1

4λ0
[−Ωm ±

√
Ω2

m − 8λ2
0],

whereyp,m only exist ifΩ2
m > 8λ2

0 and−Ωm
λ0
< yp,m < 0 if Ωm > 0. Moreover,

k(0) = Ω2
m −

C2

θ2
and k

(
−
Ωm

λ0

)
= −

C2

θ2
< 0. (6.11)
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FIG. 9. Sketch of the functionk(y) with its zeroes and extrema. The dashed curve displays a different choice of the parameters,
with a different form and number of zeroes ofk(y) as a result. The intervals where the SN bifurcation can take place are shown.
Moreover, on the horizontal axis, the regions where a creating bifurcation occurs are given by the thicker red lines.

Hence,k(y0) always has a negative (local) minimum iny0 = −Ωm
λ0

. Moreover,k has at least two zeroes

y±
k , y−

k < y+
k . Thus, there is a bounded region [y−

k , y+
k ] outside which inequality (6.9) is never satisfied.

Depending on the parameter values, this region can be split into two: when the local extremaym and
yp exist and satisfyk(ym) > 0 andk(yp) < 0, there are two more zeroesy1,2 of k with y1,2 ∈ I y, see
Fig. 9. These latter zeroes need no further analysis since they give rise to possible SN bifurcations at
y0 ∈ I y, that are by Theorem6.1clearly of creating nature asλ is increased.

The relative positions of zeroes ofk(y0) and the pointsy0 = 0, −Ωm
λ0

andy±, that form the bound-
aries between creation and annihilation of EFMs in Theorem6.1, determine whether bifurcations of
creating or annihilating nature are possible or not. We compute

k(y±) =
1

4





(

Ωm ±

√

Ω2
m +

4λ0

θ

)2

+
4

θ2



−
C2

θ2
,

from which it can be deduced that

k(y+;Ωm) = 0 iff Ωm = Ω+
m :=

1
√

C2 − 1

[
1

θ
(C2 − 1)− λ0

]
, (6.12)

k(y−;Ωm) = 0 iff Ωm = Ω−
m :=

−1
√

C2 − 1

[
1

θ
(C2 − 1)− λ0

]
. (6.13)

Therefore,k(y±) = 0 is only possible if the remaining parameters satisfy

C = θΓ
√

1 + α2 > 1 (6.14)

(recall thatC, θ > 0), i.e. while varyingΩm, a zero ofk(y0) can only pass throughy± if (6.14) holds.
We now have sufficient information to conclude Lemma6.4and its counterpart.
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LEMMA 6.10 ForC = θΓ
√

1 + α2 > 1, EFMs are ‘created’ in a SN bifurcation for

y0 ∈ [y−
k , y−] when 0< λ0 <

1
θ (C

2 − 1) and whenλ0 >
1
θ (C

2 − 1) with Ωm > Ω
−
m,

y0 ∈ I y when 0< Ωm <
C
θ ,

y0 ∈
[
− Ωm

λ0
, y+

k

]
whenΩm >

C
θ ,

y0 ∈ [y+, y+
k ] when 0< λ0 <

1
θ (C

2 − 1) with 0< Ωm < Ω
+
m .

Annihilation of EFMs takes place in a SN bifurcation for

y0 ∈
[
y−,−

Ωm
λ0

]
when 0< λ0 <

1
θ (C

2 − 1) and whenλ0 >
1
θ (C

2 − 1) with Ωm > Ω
−
m,

y0 ∈ [0, y+
k ] when 0< λ0 <

1
θ (C

2 − 1) with Ω+
m < Ωm <

C
θ

and whenλ0 >
1
θ (C

2 − 1) with Ωm <
C
θ ,

y0 ∈ [0, y+] when 0< λ0 <
1
θ (C

2 − 1) with Ωm < Ω
+
m,

y0 ∈
[
y−

k ,−
Ωm
λ0

]
whenλ0 >

1
θ (C

2 − 1) with 0< Ωm < Ω
−
m .

The proof of this lemma is by a careful analysis of the positions of the various zeroes ofk.
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ERZGRÄBER, H., KRAUSKOPF, B., LENSTRA, D., FISCHER, A. & V EMURI, G. (2006) Frequency versus relax-
ation oscillations in a semiconductor laser with coherent filtered optical feedback.Phys. Rev. E, 37, 1–4.

ETRICH, C., MCCORD, A. & M ANDEL, P. (1991) Dynamical properties of a laser diode with optical feedback
from an external high-finesse resonator.IEEE J. Quantum Electron., 27, 937–945.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

am
at/article/72/4/420/683970 by U

niversiteit Leiden / LU
M

C
 user on 16 January 2024

http://ftp.cs.kuleuven.ac.be/~twr/research/software/delay/ddebiftool.shtml


SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 449

FIEDLER, B. & M ALLET-PARET, J. (1989) Connections between Morse sets for delay-differential equations.
J. Reine Angew. Math., 397, 23–41.

FISCHER, A., ANDERSEN, O., YOUSEFI, M., STOLTE, S. & LENSTRA, D. (2000a) Experimental and theoretical
study of filtered optical feedback in a semiconductor laser.IEEE J. Quantum Electron., 36, 375–384.

FISCHER, A., YOUSEFI, M., LENSTRA, D., CARTER, M. & V EMURI, G. (2004) Experimental and theoretical
study of semiconductor laser dynamics due to filtered optical feedback.Phys. Rev. Lett., 92, 023901–023904.
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Appendix A. Rescaling (1.3) to (1.4)

In this appendix, we rescale (1.3) to (1.4) by introducingN ands and renamingE andF :

N =
ξn

2Γ0
, s = Γ0t, E →

√
ξT1

2
E, F →

√
ξT1

2
F.

Thus, (1.3) is rewritten as

E′ = (1 + iα)N E + Γ F,

T N′ = P − N − (1 + 2N)|E|2,

F ′ = λE(s − θ)e−iΩ0θ + (iΩm − λ)F.

(A.1)

Here, prime means differentiation with respect tos. The dimensionless parametersT , P, θ , Γ , λ, Ω0
andΩm are defined by

T ≡ Γ0T1, P ≡
ξT1

2Γ0
(J − Jthr), θ ≡ Γ0τ,

Γ ≡
γ

Γ0
, λ ≡

Λ

Γ0
, Ω0 ≡

ω0

Γ0
and Ωm ≡

ωm

Γ0
.

Furthermore,ωm is in fact the detuning of the filter frequency with respect to the solitary laser frequency
ω0. Hence, the centre frequency of the filter is denoted byωf ≡ ωm + ω0 orΩf = Ωm +Ω0.

Typical values of the physical parameters are suggested inYousefiet al.(2003) and lead to the values

T = 100, P = 5.25, θ = 150, Γ = 6.5 × 10−3,

λ = 6.7 × 10−4, Ωf = 17.51 rad.
(A.2)
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