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We study a model for a semiconductor laser subject to filtered optical feedback, i.e. a system of delay
differential equations (DDESs). In this model, the filter is characterized by a mean freqenend a

filter width A. In the limit of a narrow filter § — 0), the laser equations reduce to the equations for a laser
with optical injection, whereas they become the Lang—Kobayashi equations in the limit of an unbounded
filter width (1 — o0). We perform a bifurcation analysis of steady-state solutions with the paraineser

main bifurcation parameter. In this way, we get an insight in the relation between the filter width and the
number of possible steady states. In particular, we obtain the result that there exist parameter regions in
which the number of possible steady states decreases iiseéncreased. From a mathematical point of

view, our approach to combine information about limiting systems with precise bifurcation results may
be of interest for a wider class of systems of DDEs.

Keywords semiconductor laser; delay differential equations; bifurcations.

1. Introduction

Semiconductor lasers are being used in many technological applications, ranging from CD players and
laser printers to optical telecommunications. In many of these systems, reflections from an external
mirror, back into the laser, are often unavoidable. Upon re-entry into the laser, the light has acquired a
certain delay time due to the travel outside the laser. This delay time is in general large relative to the
fast internal time-scales of the laser and must therefore be taken into account.

Lasers with conventional optical feedback (COF), where the spectral content is not changed before
re-entry, have been studied quite extensively. More recently, filtered external optical feedback (FOF) has
become a topic of study, with the first experiments dating from the late 1Z80aliediaret al.,, 1987,

Li & Abraham, 1989 Etrich et al, 1991, Zorabedian1992 Yanet al, 1996. In a FOF laser, the light

is filtered before it is led back into the laser. Light with certain frequencies can pass the filter, while
other frequencies are filtered out. There are several advantages of FOF over COF. Filtering can be used
to control the output of the laser because of the external tunable parameters and it also leads to more
stable dynamics. In particular, filtering can make a laser operate in a single longitudinal mode.

The laser with FOF is in its simplest version modelled mathematically by three equations. The first
two, for the (complex) electric fielE and the (real) inversion, are given by a rescaled version of the
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 421

so-called Lang—Kobayashi (LK) equationsafg & Kobayashi198Q Krauskopf & Lenstra2000 that
were derived for the COF laser:

dE — }(1 +io)En)E(t) + kE(t — 7)e™'07

a 2 (1.1)
dn () |
n =J— Jr— S (I + En)|E®)%

Here, timet is scaled withw; 2, wherecwy is the frequency of the relaxation oscillation, an intrin-
sic resonance of the laser. The parameteneasures the injected field strength. The parametier
the linewidth enhancement factdt,is the differential gaingyg is the solitary laser angular frequency,
I is the photon decay rat@; is the carrier lifetime and and Jy,, are the pump current and its value at
solitary laser threshold. In practical experiments, the paramgteften depends od, see for instance
Fischeret al. (20003.

In these LK equations, the delay tewiE(t — 7)e~'®0? appears, which models feedback from an
external flat mirror. To incorporate the filter, centred at frequesgyvith width 4, this term is replaced
by a termy F. The filtered electric fieldr satisfies

(;—T — (iom — A)F = AE(t — 7)o", (1.2)
Hence, the full model we analyse is
dE _ 1(1+i YNE+yF
a 27 e
dn
=9~ o+ ananiE®P, (L.3)
1
Z—T — (iom — A)F = AE(t — 7)e71®07,

SeeYousefi & Lenstrg1999 and references therein for an explanation and for a derivation and numer-
ical studies of the resulting system.

The first studies were followed by a series of numerical and experimental stkisebdret al.,
2000a 2004 Yousefiet al, 200Q 2002 2003 in which various types of behaviour were observed.
However, analytically, even the simplest behaviour of the laser with filtered feedback was hardly un-
derstood so that additional analysis was needed. One attempt for an analytical approach is to stu
the limit cases of the problem. This is the strategy chosen in this paper. Other recent approaches are,
for instance, a simplification of the rate equations via asymptotic ana#&st{e & Erneux 2006 or
detailed bifurcation analysis using continuation methd&tzgraberet al, 2006 2007).

The first limit case we consider is the limit — oo, in which the problem reduces to a laser
with conventional feedback, i.e. without filtering. In this limit, the equationFasimply becomes the
algebraic relatiorF = E(t — 7)e™'“0?, which means that the equations reduce to the LK equations
(1.1). The second limit case is the limit — 0, the limit of the small filter width. We show that in this
limit, the laser is in fact a single optically injected semiconductor laser. However, since the injection is Q N
still obtained through feedback, the feedback delay appears to play a role in the selection of frequency
and phase shift of the electric fielel of the laser.

The LK equations and the extended version presented here are models of delay differential equa-
tions (DDEs) type that are really of interest from an applicational viewpoint. Therefore, the questions

71 / uepleT yeysIaAIUN AG 026£89/0ZF//2 /P 10IHE/fRWEWI/WOD dNO"dIWSPESE//:SARY WOy POPEOIUMOQ

z AJenuer 9| uo Jasn



422 G. HEK AND V. ROTTSCHAFER

that arise for these equations differ from the main research questions and known results for DDEs.

Often, the studied topics are of a more fundamental, mathematical nature, such as existence and unique-

ness questions or long-time behaviour of solutions, and appear to be very hard to analyse even for single

DDEs. See, for instanc€&jedler & Mallet-Pare{1989 andPolner(2002 for examples of results about

long-time behaviour. In the case of a very large delay, that may even be state dependent, more analyt-

ical results can be obtained. We refer to the sekedlet-Paret & Nussbaun 992 1996 2003 and

references therein for examples. Many of the results are still of a rather theoretical nature, and deal, for

instance, only with (very) slowly oscillating solutions with a period larger than the delay time.

It is in general very difficult to extend these results to higher-order systems of DDEs (but see, for
instanceMallet-Paret & Sel(1996ab) for some fundamental results Hale & Verduyn-Lunel2003
for an example of a more practical, but linear, application). The only way to really analyse more com-
plicated systems seems to perform numerical analysis. We, however, choose a different approach.

Since the current system has, as compared to the LK equations, two new parameters that are ad-

justable in an experiment, it is very natural to perform bifurcation analysis in these parameters for
certain types of (basic) solutions. This will be the focus of this paper. Although it is possible to perform
such analysis numerically (see, for instari€egelborgh®t al, 2001, 2002 Green & Krauskopf2006

and references therein), we feel that precise analytical results help to get a better understanding. We

choose to combine analysis of two singularly perturbed limits mentioned above with bifurcation analy-

sis in order to obtain answers to certain physical questions. Our approach differs from the average one in

that we do not attempt to determine how the dynamics of the limiting systems mirror the dynamics for

more moderate choices of the bifurcation parameter, but instead combine knowledge about the limiting

behaviour with bifurcation information about the route between these limits. We think that this can also
be an interesting approach for other, rather involved, systems of DDEs.

From a physical point of view, analysis of the parameter regioas® <« 1 and 0< % < lapriori
seems not to be of any interest since filters in experiments will satisfy neither of the limits. However,

6£89/0ZY/b/2. /o0 1ewewi/woo dno olwapede//:sdijy Woll papeojumo(]

analysis of these parameter regions may help to understand the dynamics that are observed in other
regions. The aim of this paper is to try and understand how the filter equations form a bridge between <

these two limits and thus between the standard single injection laser equations and LK equations. To do

so, we rescale Systerh.g) to a set of dimensionless equations:

E'=1+ia)NE+ I'F,
TN =P —-N—(1+2N)|EJ3 (1.4)
F'=1E(s—0)e 9% 4 (iQn — H)F.

See Appendix A for the details of this rescaling. From nowris called the inversiors is the rescaled
time variable ancE andF are the (complex) electric field and filtered electric field. The prime means
differentiation with respect tg. The parameters intrinsic to the laser are the ratio of decay fimes
and the linewidth enhancement factor The parameteP is the pump current related to the amount
of electrical energy supplied to the laser. Related to the filtetkgats mean frequency and the filter
width 4. Other parameters are the detgythe feedback strength and the solitary laser frequen@p.
Equations {.4) form a 5D system of DDEs with a del@y Their phase space is the infinitely dimen-
sional spac&[—0, 0] of continuous functions with values in the §E, N, F)-space. Se®iekmann
et al. (1995 for a general treatment of such equations.
We restrict ourselves to the study of ‘fixed points’ or the so-called external filtered modes (EFMs)
and their bifurcations as the filter parametdi1) is varied. Although the equations for the fixed points,
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 423

that form the backbone of the laser dynamics, have been written down many times before, they have not
been analysed in a concise way until recently. In this article, we assemble various pieces of the EFM
puzzle.

In Section2, we start with the analysis of the basic stéfe P, 0) and its bifurcations, and re-
late the Hopf bifurcation that it undergoes to the physical relevance of computed EFM solutions (se
also Rottsclafer & Krauskopf 2006h). We relate this analysis to the physical concept of ‘threshold
reduction’, see e.grischeret al. (2000h. We also describe the converse, a threshold increment (see
Section2.5).

Then, we carefully analyse the EFMs in the limit> 0 in Section3, and find that solutions have
either a frequency? with |2 — Qn| = O(4) or a frequency? = O(A). In the first case, the laser
synchronizes with the filter as one wishes in this set-up. In the second case, only a small portion of th
electric fieldE passes the filter, i.¢F| = O(1) while |E| = O(1), and the laser operates close to its
solitary laser frequency.

We also find that for 0< 4 < 1, the laser can only operaté Q) close to mean filter frequencyp, if

Qmis chosen such that it lies in one of a number of bounded interfﬁlsThe number of such intervals

varies depending on the parameterd”, € and Q. One interval | gm, is centred aroun@®,, = 0 and
exists for all parameter choices.

In Section5, we compare the limitd — 0 andl — oo. We find that there exist parameter regions
in which the injection limith — 0 has three EFM solutions (steady states, named locked modes if they
are stable), whereas the LK limit — oo has only one such solution (named external cavity mode
(ECM) for a laser with COF). This is somewhat surprising since numerically, so far, only increments of
the number of EFMs tol(4) had been observed for increasihg

Section6 consists of a bifurcation analysis, in which we analyse saddle-node (SN) bifurcations of
EFMs that occur ad is varied. We determine conditions under which the bifurcation is creating of
nature (two EFMs appear dsis increased) or annihilating of nature (two EFMs disappear iasin-
creased). The main conclusions are stated in Se6tibiVe conclude that all bifurcations of EFMs with
frequencyQ between 0 (solitary laser frequency) a@d, (mean frequency of the filter) are of creating
nature, which corresponds to observations in numerical studiesé€fi & Lenstral999 Yousefiet al,,
2001): the two ‘islands’ of EFMs that have been observed for low valudsget connected in a series of
bifurcations, in which additional EFMs appear for increasirand no annihilations occur in between.

Our analysis is complementary to that@feen & Krauskop{2006, where the EFMs are studied
for a fixed value oft (and fixeda, I andT) and varying detuningd between the laser and the filter
(i.e. varying Qn in our case). This study focuses on the islandsuéefi & Lenstra 1999 or ‘EFM
components’ Green & Krauskopf2006 and the parameter sets for which these get connected (see
Remark6.3).

sdny wouy pepeou%oq

2. Existence of EFMs
2.1 The basic solution

The basic solution of1(.4) is the trivial solution(E, N, F) = (0, P, 0). When this basic solution is
stable, there is no lasing activity; the laser is off. Equatidnd) (are rescaled so th&® = O is the
solitary laser threshold. This means that, for a solitary l&6eR, 0) destabilizes when the pump current
increases abov® = 0. It is well-known that delayed optical feedback can cause a reduction of this
threshold, se&ischeret al. (20000. Therefore, one may expect that ih4), with non-zero/” and 4,

the trivial solution already undergoes a destabilizing bifurcation for sBine 0. We study the stability
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424 G. HEK AND V. ROTTSCHAFER

properties of0, P, 0) below and in Sectiof.4.
With E = E; + iEp andF = F1 + iF,, we write (L.4) as

d
5 (B1(9), B2(9), N(9), Fa(9), Fa(s) "
= G(Ex(s), E2(S), N(S), F1(9), F2(S), E1(s — 0), E2(s — 0)).

The linear variational equation around the fixed péiBf N, F) = (0, P, 0) then becomes

d
5 (F1(9), E2(s), N(9), Fu(9), Fa(s) "
= M(Ex1(S), E2(5), N(8), F1(S), F2(s), E1(s — ), Ex(s — )T, (2.1)

whereM denotes the Jacobian DG Gf evaluated at the fixed poiti0, O, P, 0, 0, 0, 0). With &(s) =
(E1(8), E2(8), N(s), F1(8), F2(s)) T, (2.1) is written in the standard way as

dc
5 = A9 +BE(s—0), (2.2)
whereA andB are given by
P —aP O r 0 0 0 00
aP P 0 0 r 0 0 0 0O
A=|l0 0 -3 0 0 and B= 0 0 000
0 0 0 -1 —-9On AC0SQpf AsinQgfd 0 0 O
0 0 0 QOm -1 —AsinQpf icose® 0 0 O

Now, for each rooy; of the characteristic equation
detd(u) =0, whered(u) =pul — A—e /B,

the exponentiaf(s) = & €S, with & a constant vector, is a solution &.2). We compute
1
detd (u) = (ﬂ + ?) (I e "0 sinQgf — Qm(u — P) — aP(u + 1))?

+(I'2e 0 cosQof — (u + ) (u — P) + QrmaP)2]. (2.3)

For delay equations, the characteristic equation has, in general, infinitely (but countably) many solutions,
of which finitely many satisfy Rg:j) > 0 (seeDiekmannet al, 1995. Here, there is only a finite
number of eigenvaluesif = 0 or I" = 0, the eigenvalues being= —%, u==xiQmandy = PxiaP
whenl = 0andy = —%, u=—-AxiQmandu = P £iaP when/" = 0. Sincel > 0, this means
that the stat€0, P, 0) is stable in these two casesHf < 0 and unstable iP > 0.

In casel # 0 and/” + 0, all eigenvalues, apart from the eigenvalue- — 2, must satisfy

Irie"sinQed — Qm(u — P) —aP(u + 1)
= +i(I'2e " cosQof — (u + 2)(u — P) + QmaP).
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 425

To compute for whichP the statg0, P, 0) destabilizes, we writeg = iv, v € R, and find
—risin(wd — Qo) =L — P — QmP + a P2,
—I'J.cogvd — Qof) =v% + (2m+ aP)v + PA+ aPQn
as condition for a Hopf bifurcation g, P, 0). We already refer to Fig3 for plots of the Hopf curves
for various choices oP and . The basic solutiorfO, P, 0) is stable inside the loop that appears for
smallP > 0. ForP < 0, the solution is stable below the Hopf curve.

If v = 0, the Hopf bifurcation coincides with a SN bifurcation. This is actually an SN bifurcation of
an EFM. We now address this type of solutions.

(2.4)

2.2 External filtered modes

widpeoe//:sdny woJj papeojumoq

If the basic solution(0, P, 0) becomes unstable, the laser starts lasing. EFMs represent the simplest typeg
of lasing behaviour. These modes (fixed points) have constant intensities and inversion and a phase that
depends linearly on time:

E(s) = Ré@st%0) F(s)=Sé?S and N(s)= N, (2.5)

whereR, S, N, Q and¢g are constants. Since the fiel@#sand F are optically related, they have the
same frequency, possibly with a phase sfift These solutions are easiest studied in polar coordinates,
so away fromE| = |F| = 0, we rewrite {.4) as

E(s) = R(5)d?® = R(s)d(25+4©),
F(s) = S(s)dV® = S(s)d@s+v(S),

with Qs defined as the linear part of the phase=ofThe laser operates &t = Q + Qg Q,i.e.Q is
the detuning of the frequencies BfandF with respect to the solitary laser frequen@y.

(2.6)

REMARK 2.1 In standard modelling of lasers, injectiéhis defined as the detuning of the ‘injected
field’ from the solitary laser frequency. Herg,is in fact the injected field, and it is thus natural to put
Qs as the full linear part of rather tharE. This choice means that(s) is purely non-linear and that
¢(s) may contain constant terms. Note, however, that in, for insta¥mesefi & Lenstra(1999 and
Fischeret al. (20003, the opposite choice has been made in the definition of the fixed points: there the
phase shiftyg in (2.5) is incorporated irf-.

With the decomposition?(6), for R, S # 0, we write (L.4) as
R = NR+ I'Scoqy — ¢),

¢’+Q:aN+F§Sin(t//—¢),
S = AR(s—6)codp(s—6) — w(s) — Qo — 20) — AS, 2.7)

1//+.Q_AR( 9

s sin(¢(s — ) — y(S) — Qb — 20) + Onm,
TN =P —-N-(1+2N)R2

EFMs Q.5 satisfyR' = ¢’ = S = y’ = N’ = 0. The resulting conditions can, far+# 0, be written
as

20z Alenuer g uo Jesn DN / UspIaT HBNSIBAIUN A 0L6€89/02F/1/Z./SI0IHEABWEWI/WOD dNO
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Q —aN
tan(¢o) = N (2.9)
s 12
B A— 2.10
R2 ™ 124+ (Q - Qm)?’ (2.10)
Q-0

tan(¢o — Qo — Q0) = Tm (2.11)

P-N
R? = . 2.12
142N (2.12)

In the LK limit 1 — oo, (2.10 reduces t&&? = R? so that £.8) is an ellipse in thé 2, N)-plane: it
resembles the fixed-point ellipse that defines the locus of fixed points of the LK equations. Combining
(2.8) and .10, the locus of EFMs 0f2.7) in (2, N)-space is found as is shown in Fig.

The relation 2.12) betweenR andN is also found in the LK and injection laser equations. It implies
that solutions with real amplitud®, the physically relevant solutionRéttsclafer & Krauskopf 20063,
should forP > —3 satisfy

1
—5 <N <P. (2.13)

With N = —F% coq¢p) = —I cod¢pg — Qo8 — 20) cod¢o), (2.9 and @.11) form a set of two
equations for2 andgyo:

Q = —TI"cospo — Qo — Q6) cospo)(tan(go) + @), (2.14)
Q — Qm = Atan(go — Qof) — Q0), (2.15)

from which one derives

Q-9
do = Q00 + Q0 + arctar(Tm)

and
Q=-r 2+ 0?) sin{ Qof + Q0 + arcta 2= Gm + arctar{a) (2.16)
T Zr @ - om0 & o |
N / N
—_—=
a. A=A Q b. A=A>N

FIG. 1. Locus of EFMs in(Qm, N)-space as the parametéris increased. EFMs are plotted as dots. The locus always con-
sists of one connected componentias> oo (b); depending on the parameters, it may consist of one or two components for
smaller/ (a).
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This corresponds to the calculationsMousefi & Lenstrg1999 andGreen & Krauskop{2006. Note
here that the equalit% = coq¢o — Qo — Q06) that is used to derive this expression is not necessarily
satisfied in the limit = 0, but it is as long a2 > 0. Note as well thazps'g ‘= ¢o+ kn,k € Z, also
solves .15 but leads to the same formula fer.

Every solutionQ of (2.16) corresponds to exactly one EFM. Once a valuetois determined, the
unknownsR, S, N and¢g are obtained via the equations above. Howe&1,§ is transcendental it®
and it can therefore not be solved explicitly.

2.3 Bifurcations of fixed points

In order to study the EFMs, we define the functions

2A+a?) Q — On
f(Q2;1) = —F\/m sm(Qoé? + Q0 + arctar(T) + arctar(a)) ,  (2.17)

9(2; 1) = Q. (2.18)

Solutions of 2.16) satisfy f = g, and SN bifurcations of fixed points occur when bdth= g and
fo = go. A combination of these two requirements will lead to our bifurcation results. InZ-igpe
functions f andg are plotted a4 is increased.

The main question in this article is how the number of EFMs varies wiite. when the set-up is
varied from an injection laser to a laser with external feedback. It is well-known that the model for the
injection laser only exhibits parameter regions with one or three fixed points, while the LK equations
can haven fixed points (which may not be all physically relevant) for any edd O (Rottsclafer &
Krauskopf 20064 van Tartwijk & Lenstra 1995 Wieczoreket al, 1999, and it is interesting to see
how these fixed points are related. Sectida devoted to this analysis.

2.4 The physical relevance bifurcation

As mentioned in2.13, the amplitude of the EFMs becomes complex and the EFMs are no longer
‘physically relevant’ when—% < N < P.In order to study the related ‘physical relevance bifurcation’
at whichN passes through the vali® we study a neighbourhood of this transition. It occurs when the
amplitudesk and S of the EFM get small, and simultaneoudlygoes toP. Therefore, we set

C2

N=P+cd°, R=c3d, S=c, z= = >0 (2.19)
3

/\>/\0

C.

FiG. 2. Plots of f andg as functions of2 as the parameteris increased. (a) Only one EFM exists. (b) Two EFMs are formed in
a SN bifurcation att = 1. (c) There are three EFMs.
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428 G. HEK AND V. ROTTSCHAFER

where thec; are constants. An EFM solution is only physically relevant if the constgntnd c3
are positive, so we takey, cz > 0. It follows from .12 thatc; = —(1 + 2P)c§. Substituting this
assumption into the equilibrium equations for the EFMs, we obtain

N = —7I"zcod¢o), (2.20)

Q = aN + Ntan(¢o), (2.21)
z=co9Q00 + 26 — ¢o), (2.22)

Q — Qm = —1tan(Qob + Q0 — ¢o). (2.23)

Filling in (2.19 in (2.20, one finds as leading-order equationgin

P ) / P2
do = iarcco{—r—z) +2kz, keZ, or sin(gg) ==+,/1— T2 (2.24)

where the plus and minus signs correspond to each other. Substituti2r2@fgnd .24 into (2.21)
yields

Q =aP FI?%22 - P2, (2.25)
Furthermore,Z.22) gives that
Q00 + Q0 — ¢po = L arccogz) + 2kz, ke Z. (2.26)

Here, the plus or minus sign is independent of those2i@4j. Equations 2.22), (2.26 and .23
together yield

Q—0Qm= % 1- 22, (2.27)
and combiningZ.24) and @.26) gives the four cases
Qo0 + Q0 F arcco{—%) = tarccogz) + 2kz, keZ. (2.28)
(Note that the signs change independently.) Combinag, (2.27) and .29 leads to the four cases
V1?2 — P2+ %m — Om—aP (2.29)
and to each of them one related equation
Qo0 =+ arccos(—riz) + [arcco$z) + 9%@} —009nm+2kr, keZ. (2.30)
(Note that if a sign changes ig.29, the corresponding sign changes 2230 as well.)
Summarizing, once > 0 is solved from 2.29), (2.30 gives the relation the parameters satisfy in
the physical relevance bifurcation, i.e. when an EFM disappears getting a complex-valued amplitude.

It follows from (2.12) that the closer an EFM moves to the boundary where it ceases to be physically
relevant, the smaller its ‘radius becomes. Physically, this means that its intendit)f = R? goes to
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SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 429

zero. When the boundary is reached, the radius has become zero, which suggests a Hopf bifurcation of
a solution on the subspa¢e = 0, F = 0} in (E, N, F)-space. The solution involved can only be the
basic solution discussed in Secti@rl. Indeed, we find numerically that the expressions as found for
the physical relevance bifurcation and the Hopf bifurcatidd)(coincide. We prove this coincidence
algebraically in the two limitd — oo and/ — 0.

In the limit 4 — oo, the variablez, introduced in 2.19, must satisfyz = 1. Hence, 2.30 re-
duces to exactly the same equation as found for both the Hopf curve and the curve of physical releva
bifurcations in the LK equations iRottsctafer & Krauskopf(2006h):

P
Qo0 = + [arccos(—;) +0V 12— PZ} —alP + 2kr.

On the other hand, fot = 0, (2.4) yields that the purely imaginary eigenvalpe= iv satisfies
v = —Qm, which ensures by continuity th&at + Q| = O(1) for 0 < 1 « 1. Therefore, we put
v = —Qn + alin (2.4) and find as leading-order termsin

I'sin@(Q2o0 + Qm)) = —aP—Qnm+aP, (2.31)
—I'cog6(R20+ Qm)) = a(aP — Q) + P. (2.32)
Squaring both equations, adding them and solving the resulting equatiamyiice

a?= r -1
P2+ (aP — Q)2

Multiplying (2.31) by a and subtractingq.32 gives, after some manipulations,
P
0(LQ0 + Q) + arctam = + arcco —F\/ 1+ az} + 2Kkr. (2.33)

Equation 2.33 coincides with the curve2(30 obtained for the physical relevance bifurcation when
A« 1: for A « 1, the leading-order terms i2 9 give that

2 2
2P (QITZ “P)”  and hence? + 1= =

This implies that arctaa = arccosz. Using the two relations betweenandz, one observes tha2 30

and Q.33 indeed coincide for & 1 « 1.

In the above analysis, we heavily rely on the fact that&k 1. For more general, this result is
difficult to obtain, but plots of both curves indeed overlap, as they should from a physical point of view
(see Fig3).

From this analysis, we conclude that the curve of Hopf bifurcations of the sol{@jdh 0) not only
gives information about the stability of the basic solution itself but also tells us whether or not all the
computed EFMs are physically relevant.

bz0z Adenuer g, uo Jesn QNN / usple Naysienun AQ 026€89/0ZF//Z /S0 EARWEWI/WOD dNO-0WapEoE//:SARY WO FRPEOJUMOQ

2.5 The Hopf curve and change of the lasing threshold

We proceed by analysing the various properties of the Hopf curve that will give information about the
so-called threshold reduction. For any parameter combination, the curves satigf)rayé¢ symmetric
under(I", Qof) - (=1, Qob + 7).
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P =-0.01, A =0.001 = —0.01, A=0.01 P=-001, A=1
T \/ T r
(. X/ 0.02
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0.01
0 0 0
Qo6 Qo Qo6
= —0.001, A =0.001 P =-0.001, A =0.01 =-0.001, A=1
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P =0.001, A =0.001 P =0.001, A=0.01 P=0.001, A=1
r T r
0.02 0.02
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0.01
0 0 0
Qob Qob Qob

FiG. 3. Plots of the Hopf bifurcation curve.6) of (0, P, 0), which coincide with the curves of physical relevance bifurcations
(2.30. In all panels, the valu€q6 runs from 0 to Z. From left to right,/ is varied from the injection to the LK limit and in the
vertical direction,P is varied. The latter illustrates the threshold reduction or increment, see the text.
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For P = 0, the Hopf bifurcations form curves in ti€o0, I")-plane that intersect thE = 0 axis;
see theP = 0 panels in Fig3. We compute the intersection points in the limit|, 0 as follows: By
(2.4), the eigenvalug: = iv satisfies

2 fe} 2
p2y VWt Cm)” ; m” _ 2, (2.34)

so for A # O fixed, v behaves in the limit" | 0 asv = O(I"). Withv = wI in (2.34), we find

w21+ Lwl"/%@mﬁ) = 1, which results in the limit” = 0inw = +(1 + %)‘1/2. Back in @.4), this
gives forP = 0 at leading ordef2of = ay + 2kz or Qo = = — ax + 2kz, k € Z, with

02\
ay = arcsinf + 1+T;” (2.35)

as intersection points o2(4) with the I” = 0 axis.

In the limit A — oo, (2.4) obeys the symmetried’, QOQ) = (=TI, Qo0 + m) and (I, Qof) —
(—I',m — Qof) and becomes degenerate curfes: £ Qo0 — & + & andl" = —1 Qg0 — L + &r
which are, up to 2-periodicity, two lines that intersect each other(@roe, I = (z, %), and that
intersect thel” = 0 axis atQof = 5 andQof = 37” respectively.

For P =£ 0, the singular situation, with two lines that interséct= 0, breaks down. The breakdown
is always in the same manner: for sm&ll > 0, the lines connect in a loop, that disappearsdPas
increases further, while for sma#l < 0, the lines connect the other way around (@igf = O—recall
the 2z -periodicity). In the limitA — oo, it is easily calculated that the minimum d¢f.4) restricted to
the positive half-plane is always = |P| and that the loop disappears Rt= % For generall, the
minimum also lies af” = |P].

The configuration of this Hopf curve and its changePasgaries across the solitary laser threshold
P = 0 perfectly explain the concept of threshold reduction: the laser with optical feedback may be lasing=
below its solitary laser threshold because of possible positive interference between the laser field ana
the feedback field. By such interference, the light that is fed back may counter the losses that need to b?:'e
overcome for lasing. The converse, a threshold increment, can theoretically also occur as a consequen%e
of negative interference.

For P < 0, the(0, P, 0)-solution is always stable for valués’, Qo) below the lowest connected
part of the Hopf curves and unstable above this curve: a high enough feedbaékaatecause lasing
below threshold. A decreases further, the minimum of this curve increases ¢at|P|) and a higher
feedback ratd” is required for lasing.

For P = 0, the region in whicl{0, P, 0) is stable is reduced to the (deformed) triangle, which in turn
becomes the closed loop f& > 0. If there are no other stable solutions for the param&i@gg, ')
within this ‘triangle’, then the laser has an ‘increased threshold’ for these parameters: the laser remain
off until the loop has, for increasinB, shrinked or moved far enough so tti&g0, I") lies outside the
loop. InRottsclafer & Krauskopf(20061, it is shown that in the LK limit such situations indeed occur,
assuming that the only alternative stable solutions are EFMs.
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3. Analysisinthelimit 1 — 0

In this section, we study Systerh.§) in the limit . — 0 and especially focus on the number of EFMs.
For 0 < 1 « 1, System 1.4) is a singularly perturbed system. Depending on the magnitude,pf
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there are different cases to study. We focus on the tage= O(1). If the solution moreover satisfies
|[F| = O(1) with respect tol, the third equation ini(.4) resembles in first-order standard circular motion
with frequency@m; F(s) = C &“ms,

REMARK 3.1 If Qn = O(4) and/or|F| = O(4), the EFMs limit either at the trivial solutio(®, P, 0)
or at one of the cases described in LemBndand Remarl3.6.

First, we study the case= 0 for which @.7) yields
S=0 and ¢ =9Qn—Q,

which results, by the requirement thatcontains only non-linear terms & in Q = Qmn andS =
constant. This implies that in this caf&s) = S&“mS. Substituting this into the remaining equations
of (1.4) yields

E'= A +ia)NE + I'S&9ns,

3.1
TN =P —N—(1+2N)|EJ?, 3-1)

which are exactly the equations for a single injection laser Ksaaskopf & Lenstra200Q for various
versions). Its EFMs or fixed point(s) = R€(@S+¢0) andN(s) = N are given by

0= NR+ I"'Scog—¢o), (3.3)
Qm=oaN + r% sin(—¢o), (3.4)
0=P—-N-(1+2N)R2 (3.5)

Note that this corresponds to zero derivativesarr)for 4 = 0. Hence wheri = 0, the injected field
strength F| is fixed and the detuning frequen&yequalsQy,. The 5D system(.4) for the filtered laser

reduces to the 3D system describing the single injection laser. The consequence is that the phase spac
of a single injection laser serves as a skeleton for the behaviour of the semiconductor laser with filtered

feedback, as long as the filter width is sufficiently smalk{Q. « 1). In the limitA — 0, System {.4)

can be seen as a 2D stack of 3D systems that each describes an injection laser for a fixed injected field

strength|F| and detuning frequencg .
However, one should be careful here. Equatich&@, (2.11) and .16 suggest a singular pertur-
bation analysis and introduction of a new independent variable(Q — Qn)/1. Consideringy as an

O(21) independent variable corresponds well with the intuitive expectation that the laser will operate at

a frequency close to the frequency of the injected fi€d= Q,, = O(1). In the sequel, we analyse
the fixed points, mainly by studyin@ (16 for Q = Qn + 1y, with y = O(1) and1 « 1. In the case
that? — Qn = O(1), however, we introduce = Q — Q, and study 2.16) for Q = Qn + X, with

x = 0(1).

3.1 Thecase? — Oy = O(4) and Qy = O(1)
ForQ — Oy = O(1), we setQ = Qn + 1y so that £.16) for the Q-coordinate of the EFMs becomes

/ 2
Onm+ily=-TI 11 (;2 sin[(Qo + Pm + 1y)0 + arctar(y) + arctaria)], (3.6)

20z Aienuer g1, uo sesn HINT / uspie nensiFaun Aq 026£89/021/7/Z./8101eARWEWI/WO"dNO"olWapese/:sdiy Wolj pOpEOjUMO(]



SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 433

which is in leading order

1 2
Om=-I] 1 —JI; zz sin[(2o + Pm)f + arctar(y) + arctar(a)]. 3.7)
We write f andg as functions ofy:
1+a2 .
f(y;)=-r Tyz sin[(Qo + Qm + 1y)0 + arctan(y) + arctaria)], (3.8)
g(y; 4) =4y + &m (3.9)

so that EFMs for zero or smallcan be studied as intersectionsfofndg. With

C:=T6v1+a?,
D = (20 + 2m)f + arctar{a)

(3.10)

andl = 0, we write

—C(ycosD +sinD)
0(1+y?) ’

f(y;0) = — sin[arctarly) + D] =

C
— g(y; 0) = Om.
01+ y? "
Here, C is the classical feedback strengtfal der Gragf1997. The function f (y; 0) has, unless
cosD = 0, a single zero a = — tanD and two extreme values, see Higb). Furthermoref satisfies
limy— 00 f(y; 0) = 0. We first treat the case c@s# 0. In this case, the extrema are

—CcogD C : : —sinD+1
fmin=f = =——(1 D) <0 thy, = — —~ ' =
min = 0 = 55 S sinp) = gt T SIND) <0 withyy =—C 5
fmax= f(y-) = Ccos'D —C(l sinD) > 0 with _—sinb-1
max = t0-) = g2+ 2sinD) 2 Y-="CcosD

see Fig4(b). Note that f (y+)| # | f (y=)| unless sirD = 0, in which case alsd (0; 0) = 0 and f is
an odd function, see Fig{(c) where sirD = 0.

_//\ Yy f
g f - \

e

FiG. 4. Plots of f (y; 0) andg(y; 0) as functions ofy for various values of2g. The parametef2n, is taken negative. Whef2m

is varied, the functiorg moves up or down and changes from, which leads to creation or annihilation of intersection points of
f andg, the EFMs. (a)2g is such that co® = 0 and sinD > 0. (b) Qg is such that co® # 0, sinD # 0 and coD > 0. (c)

The case when sib = 0 and coD > 0.

a. b. C.
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Sinceg(y; 0) = Qn, for 2 = 0, it is clear thatf (y; 0) = g(y; 0) has two solutions whe®, lies
between the two extrema df:

C . C . C . C
55 (L+8IND) < 2 < (1= siND) = — (1 +inD) + . (3.11)

An equality on either side corresponds to a bifurcation value: SN bifurcations where two EFMs are
formed or disappear take place@, = ig—g(l F sinD). Substituting the expressions férandD, we
see that the bifurcations occur for tha@g, satisfying

1
—EF\/ 14 a2(£1+ sin((Qo + 2m)f + arctam)) = Q. (3.12)

So depending on the parameters, there are a number of bounded inteajssfpace in whichf = g
has, forl = 0, two solutions. The paramet&, can be varied to enter or leave these intervals, i.e. to
gain or lose two EFMs via a SN bifurcation, see Fifp).

Furthermore, the laser operates at a frequeBcy: Qn, + 1y. Hence, the fact that there are only
a number of bounded intervals i@,-space in whichf (y; 0) = g(y; 0) has two solutions, while
f (y; 0) = g(y; 0) has no solutions for parameter valugg, outside these intervals, says the following:
given fixed parameters, I, 6 and Qg, the laser can in the smallregime only operate at frequencies
Q in a number of bounded intervals. ##, is chosen such that it lies in such interval, the laser will
(probably) operate at a frequency( A close to thisQn,. If Qn, is more than Q1) away from these
intervals, there are no EFM solutions wi¢h= Qn, + 1y.

We now study theQqy-intervals where two EFMs exist. Their number changes when [S)(
holds and the derivatives with respect®g, at both sides 0f3.12) are equal. Differentiating3(12 with
respect ta2, yields

2
coSQmf + D7) = ——,
C
with C as above an®1 := Q00 + arctar{a). Therefore,
2
Qmb + D1 = £ arcco —C + 2km
and

. / 4
sin(Qmf + D7) = £+,/1— cz

These two equations combined with11) yield that anQn-interval is created or annihilated precisely

when
1 4 2 ‘
_EC 1+ 1—& + D1 = Qnf + D = +arcco -c + 2kn
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1 / 4 2
_EC {1:& 1- @] +D1+C=0Qnw0+ D1 = :tarccos(—a) + 2Kk,

or

where the plus and minus signs correspond to each other. Rewriting these equations and substituti

D1, we see that creation/annihilation of an interval igan I", 9, Qq)-parameter space determined by

2 1 C2
Qof = £ arcco Cc —|—§Cj: o — 1 — arctarn + 2kr,
(3.13)

2

2 1 /C
Qo =+ ——)-=C+,/— —1-—arct 2kr.
N arccos( C) 2C 7 arctan + 2k

Note that these expressions do not depend on the parafetbe pump, and that these equalities

can only occur Wher%2 —1 > 0, hence wherC > 2. WhenC < 2, the number of2,-intervals
remains fixed to one that always exists: an interval aro@qd= 0 for which the size decreases to
zero asl” — 0. The curves3.13 are plotted in Fig5 in (206, I')-parameter space; the number of
Qm-intervals is given in the various regions.

From (.12 and @.13, we conclude that the number of EFMs with;2n = O(1) changes between
zero and two a®2, is varied.

LEMMA 3.2 Let/l | 0 and fix the parameters, Qp, I” andéd such that co® := coq Qg + 2m)f +
arctaria) # 0. If C = I'0v/1+ a2 < 2, there is a single open intervbg aroundQy, = 0 such that
there are two solutiong to (2.16), hence two EFMs, witty = £=2n = O(1) whenQp € 13 and
none if Qn, ¢ E

ForC = ram > 2, there are a number of interval§ such there are two solution3 to

(2.16 with y = =00 if Oy € IQ for somej and none ifQn, ¢ IQ The locus in parameter
space of the creatlons of these regions is giverdoy/d.

\

O T BQ[) 27

FiG. 5. The curves3.13 and the number of mterval% for Qm in (Qqg0, I')-parameter space far— 0. WhenQm in chosen
in these intervals, there exist three EFMs.
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Next, we consider the case dds= 0. In this case,f (y; 0) has a single extremunfi(0; 0) =
—%sinD = i%, and f is an even function. The equatioi(y; 0) = g(y; 0) has two solutions if

Qm € (0, —% sinD), and SN bifurcations of EFMs occur f@, = 0 and forQm, = —% sinD. From
cosD = 0, it follows that eithelD = %n + 2kz or D = %n’ + 2kz . Hence, there exist two solutions
whenQy € (0, i%), where the positive sign corresponds widh= %n + 2kz and the negative sign

with D = %n +2kz . The SN bifurcations of EFMs take place exactly whigp = i% =+I'V/1+ a2
Inserting this into the expression fér, one sees that this is only possible if

3 2k 1

Om= _ZZ + —en - Qo — i arctamm = I'vV1+a2 or (3.14)
T 2kn 1 —

QmZ%—FT —Qo—éarctam = _F 1+a2~ (315)

Hence, this bifurcation takes place wh@g, is varied and the remaining parameters satisfy

P o1+ a2 —m +2kn  or
— —0Qp — arctam = (3.16)
2 —TO/1+ a? + 2kr.

These expressions correspond to those obtained after |&ting oo in (3.13. The bifurcation that
occurs whem2, crosses2, = 0 is a special one: two EFMs either vanish or appea at +oo.
From 3.12 and @.16), we conclude the following lemma.

LEMMA 3.3 Leta | 0 and fix the parameters Qo, I” andé such that .16 holds. Then, there is a
single open interva.ll?2m bounded on one side by, = 0 and on the other side bg.(L4) or (3.15 such

that there are two solution8 to (2.16), hence two EFMs, witly = £=2n = O(1) whenQp, € 33

and none ifQy, ¢ Eom.

3.2 Thecase? — Qm = 0(1)
To analyse the case — O, = O(1), we introduceQ = Qn + x with Q, = O(1) andx = O(2) into
(2.16, and write the functiong andg as functions ok:

F(x; 1) = —4 X0 + arctar(%) +0), (3.17)

C .
———F—FFSIn
O A2 + X2 (
g(x; ) =X+ Om, (3.18)

where agairC = I'dv/1+ a2 andD = (Qo + 2m)0 + arctanu. It is necessary to use these scalings
ify - —Tgm i.e. if Q — 0. The limit of f(x; 1) as1 — 0 is well-defined for all|x| > O(1) and
satisfiesf (x; 0) = 0 for every|x| > O(1). Forx = O(1), one should considet = 1y as was done
in the previous section and.g) would be obtained. The functiofi in (3.17) has its zeroes where
arctar(¥) + x0 + D = k. As A — 0, arctarfX) — % for x > 0 and arctaf%) — —% for x < 0,
hence the zeroes df(x; 1) at either side ok = 0 arer /0 apart ast — 0.

For 2 = 0, the functionsf (x; 0) andg(x; 0) intersect akk = —Qy, since f is identically zero. By
applying the implicit function theorem, it follows that there exigtandxg such thatv A € [0, Ag), X €
(—Qm — X0, —Qm + Xo) : |g—f((x; A)| < 1. Hence, sincéj%(x; 1) = 1, there exists a unique intersection
point of f (x; ) andg(x; 1) with x € (—Qm — X0, —Qm + Xo). The uniqueness proof can be extended

20z Alenuer g1 uo Jasn DN / UspIaT HeUSIBAIUN A 0L6€89/0ZF/1/Z./SI0IHEEWEWI/WOS dNO™DIWePEDE//:SA])Y WO POPEOJUMOQ



SEMICONDUCTOR LASER WITH FILTERED OPTICAL FEEDBACK 437

to (x; 1) € (R\[—X, X]) x [0, 1) for someX = O(/) since|%(x; )| < 1 for all thesex as long as.
is small enough.

This intersection point can be approximated using thakit®ordinate must lie close te Qp,
hence, we set = —Qy + Azorz= % Then,f(z; 1) = g(z; 4) implies

C . —-Q A
- sm((—Qm + 12)0 + arctar(m—+z) + D) =7z
022 + (—Qm + 22)? A

which leads in the limil — 0, with C and D substituted, to

- I'JV1+a? | —Qm+ Az
z=lim ——— sin{ Qo0 + arctarm + arctar{ —
=0 | Qm| A

I'vi 2
= —% coq Qo + arctarn). (3.19)
m

LEMMA 3.4 ForA — 0 anda, Qo, Om = O(1), I" andd fixed, there exists a solutia@ to (2.16) with
X = Q — Om = O(1). This solution is constant up to and including ord€i§) and is approximated by

Q= —if—blr:”’z cos Qo + arctarm).

REMARK 3.5 This solution, wherg = Q — Q, = O(1), corresponds to a solution witle,. — Q| =
O(4) in Erneuxet al. (2004, whereas the solutions with — Q,, = O(1) = Ay correspond to the limit
|QL — Q5] = O().

REMARK 3.6 The solution withQ — Q, = O(1) must by .10 necessarily satisfyg = O(4). This
corresponds to the physical intuition that if the injected field stre®gsh(too) small, the laser prefers to
operate at its own solitary laser frequengy instead of the frequency of the injected light (with centre
frequencyQs = Qn + Qo).

Lemmas3.2and3.4together give a complete overview of the number of EFMs (number of solutions
of (2.16) that exist for smalk in different parameter regions. From Lem#h4, it follows thatfori — 0
and the other parameters fixed, there always exists one EFM. Combining this with L&@2)méere
depending o2y, zero or two EFMs exist, we find that &%, is varied, the total number of EFMs for
(1.4) in the limit 4 — 0 changes between one and three.

In the case of one EFM, the locus of EFMs always consists of a single component that grows with
In the case of three EFMs, there are two components for sirththt get connected asincreases, as
plotted in Fig.1 (see also Corollarg.2).

4. Analysis in the limit 2 — oo

In this section, we study Systerh.§) asi — oo. Again, there are two cases to study, related to different
orders of magnitude aP,,. We, however, focus on the cagk, = O(1).

In the limit 2 — oo, with Qn = O(1), the equation folF in (1.4) simply reduces to the algebraic
relationF (s) = E(s—60)e 9 as long ag = O(1). This means thatl(3) reduces to the LK equations
(1.1), and System1(.4) becomes the rescaled form of the LK equations as studi€tbitsctafer &
Krauskopf(20063.

20z Alenuer g1 uo Jasn DN / UspIaT HeUSIBAIUN A 0L6€89/0ZF/1/Z./SI0IHEEWEWI/WOS dNO™DIWePEDE//:SA])Y WO POPEOJUMOQ



438 G. HEK AND V. ROTTSCHAFER

With u = % the rescaled equations.{) are rewritten as

E'=Q+ia)NE+ I'F,
TN =P —-N—(1+2N)EJ? (4.1)
uF' = E(s—0)e719 4 (iuQm — 1)F.

By introducing rescaled time= & andd = x6, we obtain the equivalent system

E=u(14+ia)NE+ ul'F,
TN=uP —uN — u(1+2N)|EJ?, (4.2)
F=EG-0)e9 4 (iuQm— 1)F,

where the dot denotes differentiation with resped&.to
Taking the limitA — oo corresponds ta — 0. Foru = 0, (4.2) reduces to

E=N=0 and F=EG-0)e? —_F =Ee %’ _F,

as long a2y, = O(1) and|F| = O(1) with respect tqu. So,E andN are constant on th&time-scale.

For u = 0, the last equation of Syster.{) yields F (s) = E(s — 0)e~'?0’ meaning that the dynamics

of (4.1) is only defined when this holds. The flow is then prescribed by the first two equations of System
(4.2), the (rescaled) LK equation:

E'=1+ia)NE+ I'E(s— ) 120,
TN =P —-N—-(1+2N)E|2

Hence, the fixed points, EFMs, of Syste#nl) are the fixed points, ECMs, of the LK equation, with the
additional restriction that they lie ifF = E e~'“0?}. In the coordinates2(5), these fixed points should
therefore satisfjR = Sandg¢g = Q2¢6.

Indeed, the relation for th@-values of the EFMsZ.16) reduces in the limif — oo to the equation
f(Q, 00) =g(L2, o) or

Q = —I'V1+ a?sin(Qgf + Q6 + arctar(a)), (4.3)

which equals, after a rescaling of parameters, the relation for EFMs in the LK equation given in
Rottsctafer & Krauskopf{20063. Hence, the results froRottsclafer & Krauskopf(2006g concerning
EFMs and their formation in SN bifurcations immediately apply. As concluded there, SN bifurcations
of EFMs should also satisf§i, = go, which together with4.3) yields the locus of SN bifurcations in
(Qob, I')-parameter space:

1
Quf* = + [m + arcco<—6)] — arctar + 2Kr. (4.4)

Note that this condition does not depend on the parankgtére pump. This is irrespective of Condition

(2.13.
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5. Comparison between the limitst — Oand 2 — oo

In this section, we compare the results we obtained in the lilnits O (injection limit) and. — oo
(LK limit). We first state a relation between the equations found for@healues of the EFMs in both
limits. Comparing 4.3) and @3.7), one concludes the following lemma.

LEMMA 5.1 Thel — O-limit equation 8.7) has a solutiory = 0 if and only if Qn, is a solution for the
A — oo-limit equation 4.3).

This means that although the FOF laser in general has a frequeatigyofdthe filter meanQy, if
0 < 1 « 1, its frequency? can satisfyQ = Q, exactly (the laser with filtered feedback acts exactly
as a laser with injected optical fieldSe€“m?). This happens if and only if the parameters/” andd
are chosen such that one of the EFMs (ECMs) that exist in the limit O has frequency2 = Q.

REMARK 5.2 Although this may seem striking, it is clear from the physics that there should be such
relation between the injection limit and the LK limit. A semiconductor laser normally lases at its solitary
laser frequency. If light with a different frequency?; is injected, the laser may or may not ‘lock’ to
this frequency, i.e. operate & = Q1 instead ofQ = Qq. For a COF laser, the situation is similar if
the laser operates at one of its ECMs. In an ECM with the laser (again with solitary laser frequency
Qo) operates a2 = Q3 and this light re-enters (so is in fact ‘injected’) after an external round trip.
Hence, if the parameters are such that in the injection limit 0 the laser locks to the injected
frequency@Q = Qn, the same semiconductor laser would in the LK lithit> oo have an EFM with
Q = Qn. Vice versa, if the parameters are such that there exists, among others, an EF® it
in the LK limit, then a narrow{ — 0) filter centred at2, only allows this EFM to persist and this
EFM also exists in the injection limit.

For a laser operating at a fixed point determinedg)( we have by 2.7)
R .
Y =80 — On= /Ig sin(¢o — (Lo + 2m + Ay)0),

from which the angleyg can be solved. It follows that if it exists, so if the parameters are chosen as in
Lemmabs.1, an EFM withy = 0 satisfiespg = (Qm + 20)0 + kz,k € Z.

A second comparison between the LK limit and the injection limit can be made by looking at the
curves of SN bifurcations of EFMs in both limits, i.e. by compari8dL@ to (4.4).

Recall that the curves(13 for 1 — 0 separate regions in ti€o0, I")-plane where the number of

Qm—intervalslém changes. Whe®,, is chosen in an interval! o there are three EFMs of which two

satisfy|Q — Qm| = O(1) and one satisfie® = O(1). WhenQy, is chosen outside any interv!aj)m,
only the one EFM withQ = O(1) exists. The curvesi(4) in the LK limit on the other hand separate
regions in thg Qof, I")-plane with different number of EFMs.

In Fig. 6, we plotted 8.13 and @.4) in the (200, I")-parameter space for a&d-window of length
2r. When a black (thinner) line is crossed, a pair of EFMs is created or annihilated in the LK limit
A — o0. When a blue (thicker) line is crossed, a regilcjym, where three EFMs exist, appears or
disappears in the injection limit — 0. In the figure, the number of EFMs for the LK limit is given in
the different regions that are separated by the curves. Far theO-limit, the number ofQ-intervals
where three EFMs exist are given (roman numerals).

We define the various regions (®q6, I")-parameter space as follows:

Vk = {(Q00, I)|(4.3) hask solutiong, k=1,35,...,

5.1
W = {(Q00, I')|(3.1)) is satisfied i regiong, | =1 1L1I,.... ®-1)
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(0] ™ [N 2T

FIG. 6. The SN bifurcation curves8(13 (blue thicker lines) and the number of interv&!%m (roman numerals) iiQq0, I')-
parameter space far - 0. ForA — oo, the SN bifurcation curvesi(4) (black thinner curves) and the number of EFMs are
given. The tiny regio’; N W) is denoted by the arrow pointing down to Ill. See the text for further explanations.

The bifurcation curves in Figi do not depend on the pump parameReso the figure is the same for any
value of P. Moreover, the cusp point of the LK limit is found étQq, I") = (n — arctan, ;)

O/ a2+1
and the cusp point of the — O-limit lies at (0 Qq, I') = (i 1 — arctam, ;); hence the

arrangement of the curves is exactly as given in Bigzurthermore, it can be shown that the first LK
curve lies ‘above’ the curve for — 0 for any choice of the parameters. We thus conclude the following
theorem.

THEOREM5.3 Leta, P > 0 be given. Then, the setd4 N W, V1 N Wy andV1 N Wy in (Q90, I')-
parameter space are all non-empty.

Theoremb.3and Fig.6 can be explained as follows.

Regardless of2¢0, the LK limit, A — oo, has one EFM in the limit” | 0 and a second and
third solution appear whef is increased above the first bifurcation curve. Also regardles,6f the
injection limit, 2 — 0, has one Windovwgm such that in the limit/” | O, there is a single EFM when

Qm ¢ 13 and there are three EFMs@p, € 13, see Lemma&.4. The same is true in the total (large)
regionV; N W, the shaded part of Fig. A second region}gm appears whed is increased above the
first bifurcation curve so thatQof, I") € V1 N W) Here, three EFMs exist fa@y € 13 U I} and
one EFM otherwise. There is even a tiny regidm W, where a thirdQ-interval Iém exists.

The boundaries of the intervalém are given by the (transcendental) equati®ip.

6. Bifurcation analysis for varying 1

In this section, we study bifurcations of EFMs asaries fromi = 0to 1 — oo. As these states are
characterized by thei2-coordinates determined by = g (2.17, 2.18, we study SN bifurcations of
EFMs as solutions of (2; 1) = g(2; A) and fo (2; 1) = go(2; 1) (or the same characterization in
one of the alternative independent variables y). When both equations are satisfied, EFMs are created
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or disappear at a SN bifurcation {®; 1). Solutions of this pair of equations are not easily found, so
we alternatively use either one of the following sufficient conditions to characterize SN bifurcations at
which two EFMs are ‘created’ asis increased, here stated in th@ariable.

At a SN bifurcation(y = yp; 4 = 4g), two EFMs are created (supercritical bifurcation)las increased

if one of the following three statements holds:

() f(yo; 20) = 9(Yo; 40), fy(Yo; 40) = 9y(Yo; 40) and
(f = 9)yy(Yo; 20)(f — )2 (Yo; 20) <O,
(i) Vo> 0small enoughf (yo; 40) = 9(yo; 40) > O, Ty(Yo; Z0) = Gy(¥o; 40) and 6.1)
f(Yo; Ao +6) > d(Yo; 4o + 9), '
(iii) V6 > 0 small enoughf (yo; 40) = 9(Yo; 40) <O, fy(Yo; Z0) = gy(Yo; 40) and
f (Yo; 20 + ) < 9(Yo; A0+ 9).

Two EFMs will ‘vanish’ (subcritical bifurcation) under these conditions with— g)yy(yo; 20)(f —
9).(Yo; 20) > 0in case (i),f (Yo; 20+9) < 9(Yo; 20+ 0) in case (i) andf (Yo; 20+ 0) > g(Yo; Lo+9)

in case (iii). Note here that a non-degeneracy conditipn # gyy = 0 should also hold to assure
occurrence of a SN bifurcation.

Of these three characterizations, the first is the most standard or@u@fenheimer & Holmes
1983 Theorem 3.4.1, oHale & Kocgak 1991, Theorem 10.9). It will, however, turn out that it is not
always easy to determine the sign(df — g)yy(yo; 40) so that the two other characterizations will also
prove useful.

Recall that the functiory is given byg(y; 1) = Ay + Qm. Hence, at the poinyp = —%, it
changes sign providing a boundary to whgy; A) is positive or negative as in cases (ii) or (iii) of
(6.1), respectively. Therefore, we define the interiaby

Q Q
ly == (—T;“,O), for Qm >0, ly:= (O, —T;") , forQm <O. (6.2)

6.1 Main results

We are now ready to state the main results of this section, concerning SN bifurcations of both creatin
and annihilating nature.

THEOREM 6.1 Leta, I', 6, @m and Qg be fixed and lety,. = —f—fg + Ta)*/gr% + 470/6. Consider
a bifurcation in the pointyop, A19) with 1o > 0. Two EFMs are created ifyo, 10) when 1 is increased
throughig if yp € (=00, y-)UlyU(y4, 00), and two EFMs disappear @fo, Ao) if Yo is located outside
these intervals.

The basic ingredients for the proof of this theorem are Lem#&@&and6.9 that will be proved in
Section6.2

The SN bifurcations of EFMs witlyg |y form a bifurcation sequence that, ass increased from
0 to oo, results in connection of the two islands of fixed points mentionetirsefi & Lenstra1999,
see Figld. Thea | 0 limiting EFMs close ta2 = 0 andQ = Q, (if they exist) are the limiting island
configuration. From Theore® 1, one immediately deduces the following corollary that corresponds to
observations irvousefi & Lenstrg1999.
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COROLLARY 6.2 The SN bifurcations of EFMs withy € Iy, that together form a sequence resulting
in the connection of the two islands of fixed points, are all of ‘creating’ nature.
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REMARK 6.3 The two islands or EFM componentréen & Krauskopf2006§ become connected
wheng(y) and the envelope of (y) are tangent in somg. € |y, i.e. forl = A¢ such that

C
+—— =AYV + 2 6.3
HW cYe m (6.3)
and
C _
F LA+ = e (6.4)

Although Theoren®.1 gives a characterization of SN bifurcations for which the number of EFMs
increases, respectively, decreases, it does not state whether such bifurcations indeed do take place or no
In Corollary6.7, we however conclude that for certain choices of the parameters at least one annihilating
bifurcation occurs.

In Figs 7 and8, examples of annihilating bifurcations are shown.

Further results on the occurrence of bifurcations depend strongly on the value of the effective feed-
back strengtl€ = I'+/1 + a2 in the LK equations, introduced iran der Graa1997. The first result
is as follows withy," the largest solution t0loy + Qm)3(1+ y?) — g—zz =0.

LEMMA 6.4 IfC = 6I'v1+ a? < 1, then any SN bifurcation withip ¢ 1y results in an ‘annihilation’
of two EFMs. Moreover, any other SN bifurcation satisfieg < % andyp € ly or Qn > % and

Yo € [— ‘f—g“, y{] C ly, and results in a ‘creation’ of two EFMs.

In the caseC > 1, the results are more involved, see LengriED.

6.2 Proofs of the main results

Since the characterization of SN bifurcations is based on signs of certain derivatives of the function
f — g, we start by deriving some properties of those derivatives.

LEMMA 6.5 In a bifurcation pointyo, 10), the derivatives off — g satisfy the following:

(i) (f —9)(Yo; 20) < 0if yp € (=00, y-) U (0, yy) and(f —g):(yo; 40) > Oif yp € (y—,0) U
(Y4, 00), whereyy = —9m + L. /02 1 4)/0,

0.03 1 0.3

f 002

0.02 b 41
0.01 g -444) 119

-9l.0

01 Q -d.0

-0.005— 0

0.02\0.04 Q)

a. b. C.

FiG. 7. The functionsf andg as functions of2 as/ is increased. (a) For = 0.001, there are three intersectionsfoandg, so
there exist three EFMs. (k) = 0.5, with in (c) a blowup of thel = 0.5 plot. In this case, there is only one intersection (EFM).
The other parameters are fixed/at= 0.0064,0 = 70,a = 5.0, Qg = 0.0414 andQp, = 0.01.

—
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0.04

0.02

Y
0.01 g

-0.02 ow
0. 0.01 Q

a b.
0.04
02 g
.02
f))/ f
-0.04 -0.02 0.02 Q -0.04 -0,02 0.02 Q
-0.02
q -0.02
-0.04
C. d.

FiG. 8. The functionsf andg as functions of2 as/ is increased: (a} = 0.001, (b)4A = 0.012, (c)A = 0.18 and (d). = 1.3.

The number of intersections df andg now changes from 3 to 1 to 3 to 1 again/ais increased. The other parameters are fixed

at/" = 0.007,6 = 70,a = 5.0, Q9 = 0.04286 and2m = 0.01.

(i) th_ere existsavalug; € |y suchthat f —g)yy(yo; Z0) > Oif yo < y; and(f—g)yy(yo; 40) <
0if yo > vyj,

202 0Qm(22+220+020)

(A2+QR)(A+720+0Q26)"

(iii) if (— 42, 20 is & bifurcation point, thetf — g)yy( — $2; 1g) =

Proof. We compute polynomial expressions %r(yo; 0) and‘f:T;(yo; o) using expression$(8) and

(3.9 with C andD as in 3.10. In a bifurcation pointyp, 10), both f (yo; 20) = 9(Yo; 20) = AoYo+Om
and fy(yo; Ao) = gy(Yo; 40) = Ao hold. Substituting the first into the second yields

c 1
— P (Goyo + Qm) = ——— [xoa + —2] cos(loyof + arctanyo + D) = do. (6.5
1+ 0./1+ y? 1+¥s
This leads to

of C
a(yo; A0) = —Yo———= C0AoYol + arctanyg + D)
J1+Ve

20() Om) —
—vyo+ Y50 ( OYO2+ m) — Yo (6.6)
ioe(yo +1)+1

by substitution of §.5). Hence,

of -9
o

Y30 (LYo + 2m) — Yo
2003 +1) +1

(Yo; A0) =
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in a bifurcation point. The denominator is positive simg® > 0, and the zeroes of the nominator
y20(ly + Qm) —y arey = 0 andy. = — 92 + 1./Q2 + 41/0, wherey_ < 0 < y,. Itis now easily
checked that claim (i) of the lemma holds.
Similarly, using f (yo; 10) = g(Yo; 40) and 6.5), one derives

o2 f ¥6: Ja) _ Om(2+ 408 + 31307 (L+ y3) + A3 (L + D))

—— (Yo; 40) =

oy? A+ YL+ 2001+ ¥3))

ioyo(6 + 312021+ Y3) + 23031 + Y2)? + 2200 (3 + ¥2))
L+ YL+ Ao0(1 + ¥3))

(6.7)

in a bifurcation point(yo, 10). Again the denominator is positive, and the nominator is of the form
OmAYo) + 20YoB(Yo) with B(yp) > A(yo) > 0. Fixing 1o and considering/p as a variable in ex-

pression §.7), one hence concludes th%f(i(yo; Ao) has for eachip, a single zeroy; € ly with 1y

as defined in@.2). If for A = ¢ a bifurcation occurs iry = yp, then (yo, Ao) > 0 if yp satisfies

Yo < y;‘O and a—yz(yo; Ao) < 0if yo > yzo. Direct computation in the pointgg = 0 andyp = %
confirms this:
az f _ Om(2+ 420 + 32°0% 4 1%6%)
(0 4o) =
1+ 16

if (y =0, 4g) is a bifurcation point and

o2 f _ Om. _ 2220m(2) 4 220 + QF0)
o2 \ 20" ") T G2+ Q2)(h+ 220 + Q20)

if (y= %“ Jo) is a bifurcation point. Sinc%i—g = 0, the same results hold for the functién- g, so
claims (ii) and (iii) are proved. O

Outside the intervaly, the sign of(f — g)yy(f — g), at an SN bifurcation inyo; Ag) is now
known by the first two statements in Lem®. Therefore, using the first characterization ®flf, we
immediately conclude the following corollary.

COROLLARY 6.6 Leta, I', 8, Qm and Qg be fixed and let/,. = —2%'33 + 710,/9,% + 440/0.
In a bifurcation point(yp, A9) with Ao > 0, two EFMs are created whehis increased fromli if
Yo € (—00, y-) U (Y4, 00). Two EFMs disappear in a bifurcation poifyo, /o) if yo € (Y-, y+) \ ly.

Combining Lemma5.5(i) and (iii), it follows that if a bifurcation occurs iy = —% # 0 (corre-
sponding ta? = 0), then it is of annihilating type. Sincg 6 > 0, azg—y;g)(—ﬁ~ Ao) = 0iff Qm =0,
S0 in that case the bifurcation i = —% = 0 is a supercritical pitchfork bifurcation. However, it is

not known yet whether and when a SN bifurcation does take playeﬂm—ﬁ. This is stated in the
following corollary.

COROLLARY 6.7 Leta, I',0, Qn andQq be fixed such tha®@, > 0 andQ¢f + arctarn € (37”, 2m) +
2kz, k € Z, or alternativelyQy, < 0 and Qqf + arctarm € (7r, 32y 4+ 2kz, k € Z. Then, there

exists a uniqué ,, satisfying arcta@— Qm) = —Qof — arctary + £ 5 + 2kr, for which an annihilating

bifurcation occurs iry = —£m = —¥m

A Za
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This means that if the parameters are chosen as in Cor6éllargt least one annihilating bifurcation
(in Q = 0) occurs wheri is increased from 0 too.
Proof. Necessary conditions for a SN bifurcationyn= —<n are f(—<n) = g(—£m) = 0 and

fy(—€m) = gy(—£m) = J. For this, it is necessary that, wifh as in @.10,

Q Q
sin (D — Qmf + arctar(—Tm)) = sin(QQH + arctaru + arctar(— —/1’“)) -0
2 Q
sgnfy (— /lm) = —sgn co(Qoe + arctan + arctar(_Tm)) )

Combining these two results, one finds that if a SN bifurcation occuys;'tn—%, then

and

3
77[+2k7r, keZ.

m

Q
Qo6 + arctam + arctar(—T) =

Since arcta-<r) € (0, %) if 2m < 0 and arctag-21) e (—%, 0) if 2y > 0, this can only occur
for Qm < 0 whenQgf + arctarn e (x, 3—”) + 2kn, k € Z, or for Qm > 0 whenQuf + arctarn €
(37”, 27) + 2kz, k € Z. The observation that there is a unique- 15 such that

m

Q
Qo + arctam: + arctar(—T) = + 2kz

is easiest made ir-coordinates (recalt = 1y). It follows from an analysis of the zeros of

fx; ) =—-4 X0 + arctar(%) + D)

C .
_ sm(
O 22 + x2
and their position ad varies from 0 tooco. It turns out that exactly one of the zergs(1) satisfies

Xn(4a) = — 0 for somel, € (0, 00). This ensures the uniqguenessigf The geometry of the graphs
of f andg confirms that the bifurcation is of annihilating type. O

As the zeroy;, of 227;()/0; o) in Lemma6.1(ii) cannot easily be determined directly, the question

remains whether or not annihilating bifurcations can take place in the intgrvahd if so, how large
the annihilating region is. We use the second/third characterizatighlint¢ analyse this. We compute

C
0,/1+ y2

1 of .
= f(yo; A0) cog0yol) + Wa(yo, 0) Sin(éyo?).

This yields, by usingf (yo; A0) = 9(Yo; 40), the exact expression

f(yo; Ao +90)=— sin(AoYod + dypl + arctanyg + D)

sin(dyo0d) B
Yot

which determines whether EFMs are created or annihilatdgioatlp). It is easily estimated that the
first term of 6.8) is of order Q¢?) and the second term is of orderd so that the right-hand side

of
f (Yo; Ao + 0) — 9(Yo; 40 + ) = f(Yo; Ao)[cOS(dyod) — 1] + a—i(yo; 20) oyo (6.8)
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of (6.8) is of order Q). Moreover, the sign off (yo; 10 + d) — 9(Yo; 40 + J), which determines the
creation or annihilation of the EFMs, depends on the relation bet\.%%ey@; /o) andyp as is stated in
the following lemma.

LEMMA 6.8 If there exists a consta#t > 0 such thabo > %(yo; Ao0) = Yo + K, then f (yo; A0 +
0) — 9(Yo; A0 + ) > 0 ford > 0O sufficiently small. Analogouslyf (yo; 10 + 6) — 9(Yo; A0 +J) < O
for 6 > 0 sufficiently small if there exists a constafit> 0 such that-oo < ‘;—E(yo; A0) < Yo — K.

To apply Lemm&6.8, we compar@;ﬁ1 (Yo; A0) with yp. This comes down to determining the sign of
‘”g—zm(yo; J0) as in Lemm&.5(i). Thus, the following lemma can be deduced.

LEMMA 6.9 In a bifurcation pointyo, 10), the derivative%(yo; Jo) satisfies the following:

() VYo e (—00,y-) U (0, y+), 3k > 0: Z(yo; 20) = yo — k,

(i) ¥yo e (Y=, 0) U (y4,00),3k > 0: 2 (yo; A0) = yo + k,
withy, = —2n + L. /02 1 47/6.

Combining Lemma$.8 and 6.9 with the fact thatf (yo; 20) = 9(Yo; 40) > Oif y > —%m and
vice versa, we conclude that any bifurcation(i, 10) with yg € Iy, with Iy as defined in§.2), is a
creating bifurcation. Recalling the statemer@tsf and Lemmab.5, yp must hence satisfyg € (0, Yi,)
if Qm <Ooryo € (y;,,0) if 2m > 0. These results are summarized in Theofein

To analyse whether annihilating bifurcations may occur or not, it is useful to observe that the resultin
Theorem6.1is invariant undefQn — —Qm, Yo — —Yo}. Hence, we take, without loss of generality,
Qm > 0inthe sequel.

In the following, we use the boundaries of the existence interval(s) of EFMs as a further restriction

i i iof: ——C <« y< —C
on the SN bifurcations. The envelope bhounds the functiorf: P f(y; 1) < PN o)
that in a SN bifurcation pointyp; 40), the requirement
C
< AoYo + Om < (6.9)

c
_9,/1+y§ 0,/1+ Y3

holds. An equality at either side gives, after taking squatesio + 2m)2(1 + ycz,) = g—zz. We therefore
define the function

2

C
k(Yo) = (Aoyo + @m)?(1 + y2) —

7 (6.10)

and we analyse its sign depending wh (since SN bifurcations can only occur for thogg with
k(yo) < 0). The functiork(yp) satisfies

Q 1
K(yo)=0, foryg=——", or Yyo=Ypm:=-—[-Qm+,Q%-8.7,
A0 ’ 429

whereyp m only exist ier% > 8/1(2) and—‘?—g" < Yp,m < 0if Qn > 0. Moreover,

Al

2 O 2
k() = Q2 — % and k (_Tm) __S .o (6.11)
0
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FiG. 9. Sketch of the functiok(y) with its zeroes and extrema. The dashed curve displays a different choice of the parameters,
with a different form and number of zeroesldfy) as a result. The intervals where the SN bifurcation can take place are shown.
Moreover, on the horizontal axis, the regions where a creating bifurcation occurs are given by the thicker red lines.

Hencek(yo) always has a negative (local) minimumyig = —!j—g“. Moreoverk has at least two zeroes

ylf, Y < ylf. Thus, there is a bounded regiogy |, yl'(*] outside which inequality@.9) is never satisfied.
Depending on the parameter values, this region can be split into two: when the local eygremd
yp exist and satisfk(ym) > 0 andk(yp) < 0, there are two more zerogs of k with y1 » € |y, see
Fig. 9. These latter zeroes need no further analysis since they give rise to possible SN bifurcations &
Yo € ly, that are by Theorer@.1 clearly of creating nature asis increased.

The relative positions of zeroes bfyg) and the pointsp = 0, —fj—{)” andy., that form the bound-
aries between creation and annihilation of EFMs in Theo6ein determine whether bifurcations of
creating or annihilating nature are possible or not. We compute

2
1 / 4)0 4 o
k(ys) = 2 (Qm +.,/02 + 7) + 2 |~ g2

from which it can be deduced that

20z Alenuer g1 uo Jasn DN / USpIaT NOUSIBAIUN AQT.L6E89/021/1/Z.L/BI0IME/EWEWI/WOS dNO™DIWaPEDE//:SA]Y WO, POPEOJUMOQ

K(y;; Qm) =0 iff Qm=Q} = C+—l [g(cz -1 - 10], (6.12)
K(y_; Qm) =0 iff Qm= 0 = -t F(CZ —1)— /10]. (6.13)
cz-1|¢0
Thereforek(y+) = 0 is only possible if the remaining parameters satisfy
C=0rvita2>1 (6.14)

(recall thatC, 8 > 0), i.e. while varyingQn, a zero ofk(yp) can only pass throughy if (6.14) holds.
We now have sufficient information to conclude Lemédand its counterpart.
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LEMMA 6.10 ForC = 67'+v/1+ a2 > 1, EFMs are ‘created’ in a SN bifurcation for

Yo € [y, y-]when 0< 2o < 2(C? — 1) and whenig > 3(C2 — 1) with Qm > Qp,
Yo € lywhen0< Qnm < &,

Yoe[— %;", yi ] whenop > &,

Yo € [y4, Yilwhen 0< 4o < (C%2 — 1) with 0 < O < Q.

Annihilation of EFMs takes place in a SN bifurcation for

yo € [y-, —f—;)“] when 0< Ao < 3(C2 — 1) and whenio > 3(C? — 1) with Qm > Q7
yo € [0, yf1when 0< g < 3(C? — 1) with Qf; < Qm < &
and whenlg > 3(C? — 1) with O, < §,
Yo € [0, y*lwhen 0 < g < 3(C? — 1) with O < Q7f,
Yo € [Vic s —‘f—g“] whenlg > 2(C2 — 1) with 0 < Qm < Q5.

The proof of this lemma is by a careful analysis of the positions of the various zerkes of
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Appendix A. Rescaling (.3) to (1.4)

In this appendix, we rescalé.@) to (1.4) by introducingN ands and renaminde andF:

én €T 1T
N=— s= Jpt E —E F —F.
2[‘0’ 09 % 2 b H 2

Thus, (.3) is rewritten as
E'=A+ia)NE+ I'F,
TN =P —-N—(1+2N)EJ? (A.1)
F'=1E(s—0)e7 % 4 (iQm — A)F.

Here, prime means differentiation with respecstd’he dimensionless parametérsP, 6, I", 1, Qo
andQn, are defined by

¢ty
T = 1T =-—(J - 0= It
oT1, 2Fo( Jthr), 07,
A
FEL, A= —, QOE@ and szw—m.
Io 1o Io 1o

Furthermoreqn, is in fact the detuning of the filter frequency with respect to the solitary laser frequency
wo. Hence, the centre frequency of the filter is denotedps wm + wp or Qf = Qm + Qo.
Typical values of the physical parameters are suggestéoligefiet al. (2003 and lead to the values

T=100 P=525 6=150 I =65x1073,

A2
L =6.7x10% ©Qf=1751rad (A-2)
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