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Proof of a Conjectured 0-Rényi Entropy Inequality
With Applications to Multipartite Entanglement

Zhiwei Song™, Lin Chen, Yize Sun, and Mengyao Hu

Abstract— Characterizing the relations among the three bipar-
tite reduced density operators pap, pac and pgc of a tripartite
mixed state papc has been an open problem in quantum
information. One of such relations has been reduced by [Cadney
et al, LAA. 452, 153, 2014] to a conjectured inequality in terms
of matrix rank, namely r(pas) - r(pac) > r(pBc) for any
paBc. It is denoted as open problem 41 in the website “Open
quantum problems-IQOQI Vienna”. We prove the inequality,
and thus establish a complete picture of the four-party linear
inequalities in terms of the 0-entropy. Our proof is based on
the construction of a novel canonical form of bipartite matrices
under local equivalence. We extend our result to inequalities in
multipartite systems, as well as the condition when the inequality
is saturated.

Index Terms— Entropy inequality, multipartite quantum state,
Kronecker product, reduced density operator.

I. INTRODUCTION

ULTIPARTITE Multipartite systems play a key role

in quantum-information processing. For example, the
inequality for the von Neumann entropy of reduced density
operators of a multipartite has been proposed in [1] and
[2], and the multipartite state conversion under many-copy
cases has been shown under stochastic local operations and
classical communications [3]. Further, the relation between
the distillability of entanglement of three bipartite reduced
density matrices from a tripartite pure state has been studied
[4], [5], [6]. However, it is not easy to extend the relation to
the tripartite mixed state, even we merely consider the rank of
reduced density operators. It has been conjectured in [7] that
the following inequality in terms of matrix rank may hold for
any tripartite mixed state p4pc, namely

Manuscript received 13 July 2021; revised 1 June 2022; accepted
30 November 2022. Date of publication 9 December 2022; date of current
version 17 March 2023. This work was supported in part by the National
Natural Science Foundation of China under Grant 11871089 and in part by
the Fundamental Research Funds for the Central Universities under Grant
7G216S2110. (Corresponding author: Lin Chen.)

Zhiwei Song and Lin Chen are with the School of Mathematical
Sciences, International Research Institute for Multidisciplinary Science,
Beihang University, Beijing 100191, China (e-mail: zhiweisong @buaa.edu.cn;
linchen@buaa.edu.cn).

Yize Sun is with the School of Mathematical Sciences, Beihang University,
Beijing 100191, China (e-mail: yizesun@buaa.edu.cn).

Mengyao Hu is with the School of Mathematical Sciences, Beihang
University, Beijing 100191, China, and also with the Lorentz Insti-
tute, University Leiden, 2300 RA Leiden, The Netherlands (e-mail:
mengyao@]lorentz.leidenuniv.nl).

Communicated by M. Mosonyi, Associate Editor for Quantum Information
Theory.

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/T1T.2022.3227914.

Digital Object Identifier 10.1109/T1T.2022.3227914

A )
r(pAB/ wd

B - C |

r(Pac)

Fig. 1. The tripartite state papc is conjectured to satisfy the inequality
r(paB) -T(pec) > r(pac) in terms of bipartite reduced density operators
pAB> PBC, and pac, and r(M) denotes the rank of matrix M. The
inequality is known to be equivalent to the O-entropy inequality So(AB) +
So(BC) > So(AC). We prove the inequality in this paper.

Conjecture 1:

r(paB)-r(pac) > r(pso), 1)

where (M) denotes the rank of matrix M, see Figure 1.
Note that Conjecture 1 has been listed as an open
problem in [8]. It has been proven true when 7(pap)

is at most two and three in [7] and [9], respectively. In this

paper we prove Conjecture 1 for any papc in Theorem 2.

The inequality together with the inequalities constructed in [7],

establish basic inequalities for the tradeoff among the ranks of

three bipartite reduced density operators, see (76)-(79). This is
another point of view in contrast to the monogamy trade-off by

Bell inequalities [10], [11], [12], [13], [14], [15], [16]. We thus

manage to extend the results in [4], [5], and [6] from tripartite

pure states to mixed states. Next, we extend the inequalities
to multipartite systems in Lemma 13 - Theorem 17. We also
discuss the condition when the inequality (1) is saturated in

Lemma 18 and Proposition 20.

We review the meaning of Conjecture 1 in terms of
the O-entropy. Let o € (0,1) U (1,00) and the logarithm
has base two. The known «-Rényi entropy S, of a quan-
tum state p is defined as Sa(p) = 7= logTrp®. One
can verify that lim,_1S5,(p) is exactly the von Neumann
entropy S(p) := —Tr(plogp). In contrast, authors in [7]
has defined the O-entropy So(A) = lim,—oSa(pa) =
logr(pa), the O-entropy vector as the 7-dimensional vec-
tor (T(PA)a T(PB), T(PC), T(PD), T(PAB), T(PAC), T(PAD)) of
a 4-partite pure state of system A, B, C, D, as well as the sub-
additivity So(A) + So(B) > So(AB), So(AB) + So(AC) >
So(A) as well as more inequalities, just like the counterpart
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inequalities of von Neumann entropy. Further, the 0-entropy
inequalities determine a cone with extremal rays characterized
by eight 0-entropy vectors. In [7], focusing on the four-party
case, authors have found six 0-entropy vectors corresponding
to extremal rays, as well as the set of inequalities they corre-
spond to. The set turns out to be the known 0-entropy inequal-
ities and Conjecture 1. Hence, our proof of Conjecture 1 helps
complete the aforementioned characterization and construct a
complete picture of the four-party linear inequalities for the
0-entropy. We now present the main theorem.

Theorem 2: The inequality r(pag) - r(pac) > r(psc)
holds for any tripartite mixed state papc.

Remark 1: Tt has been proved in [7] that Theorem 2 has an
equivalent form in terms of the partial transpose and Schmidt
rank, see Theorem 3. Hence in this paper, we prove Theorem 2
by proving Theorem 3.

The partial transpose is a positive map of extensive applica-
tions in quantum information. Firstly it is known that a sepa-
rable state has a positive partial transpose (PPT), and it is the
most efficient method of detecting entanglement so far [17].
Next, the two-qutrit PPT entangled states were constructed in
1997 [18], and such states of rank four have been charac-
terized [19], [20]. The PPT entanglement represents quantum
resources which cannot be distillable into pure entangled states
under local operations and classical communications (LOCC).
What’s more, bipartite non-PPT states of rank at most four turn
out to be distillable [21], [22], [23], and some non-PPT states
are conjectured to be non distillable [24], [25], [26], [27], [28].
On the other hand, the Schmidt rank is a basic parameter of
characterizing bipartite pure states, and has been extended to
multipartite pure states as an entanglement monotone [3], [29].
Our result shows novel understanding of the aforementioned
quantum-information applications in terms of partial transpose
and Schmidt rank.

The rest of this paper is organized as follows. In Sec. II
we introduce Theorem 3 and the preliminary facts in
Lemmas 5 - 9 for the proof of Theorem 3. We show the
proof of Theorem 3 supported by Theorems 11 and 12 in
Sec. III. Then we apply and extend our result to Lemma 13 -
Proposition 20 in Sec. I'V. Finally we conclude in Sec. V.

II. PRELIMINARIES

In this section we introduce the preliminary knowledge
and facts of this paper. Let M,,, be the set of m X
n complex matrices, and M, := M, ,. Let I, be the
order-n identity matrix. We denote det(M) as the deter-
minant of matrix M, denote M7 as the transpose of
matrix M. We denote the bipartite matrix M € M,,, ,, ®
M, n, as M= 3700 3700 [ij| @ Mi; with M ; €
M, n,- We denote the partial transposes of M w.r.t. sys-
tem A and B as M"™ = 3™ 37" [j)i] © M, and
MPe= ST ST [i)G| @ M, respectively. Next, the
number of linearly independent blocks M ; is referred to
the Schmidt rank Sr := Sr(M) of M. One can derive that
Sr(M) = Sr(MT4) = Sr(MF2) = Sr(MT). They work
for the statement of following theorem.

Theorem 3: For any M € My, n, © My nys

r(MY2) < Sr(M) -r(M). )
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Remark 2: The conjecture is equivalent to r(MT4) <
Sr(M) - r(M). If we write M = EZKZI R; ® S;, where
Ry,...,Rgk € M,,, ,, are linearly independent, and
S1,...,58k € My, n, are linearly independent, then it is also
equivalent to 7 Y R, @ ST ) < K-r( X R @5 ).

Theorems 2 and 3 are shown to be equivalent in [7]. Next
it follows from Theorem 5 of [7] that Theorem 3 holds for
Sr(M) < 2. It has been proved in Theorem 2 of [9] that
Theorem 3 holds for Sr(M) = 3. Nevertheless, these proven
cases do not contribute to our proof in the next section.
To explain our proof, we present the following definition.

Definition 4: Two matrices M and N are said to be locally
equivalent, M ~ N, if there exist invertible tensor product
matrices U®V and W®X such that (UV)M(W®X) = N.

Specifically, for M = 37 3701, |i)j| ® M;;, U and
W correspond to block-row and block-column operations on
M respectively, V' and X correspond to row and column
operations on each block M; ; respectively, which is M; ; —
VM; ;X.So M and N have the same rank and Schmidt rank,
one can also show that M2 and N'2 have the same rank
and Schmidt rank. Hence proving M satisfies Theorem 3 is
equivalent to proving N satisfies Theorem 3, and we shall
frequently use this fact in the next section.

In the rest of this section, we present five preliminary
lemmas used for the proof of the next section. The following
two lemmas can be straightforwardly proven by using the basic
matrix theory.

Lemma 5: The following inequalities

r(A;) < r([A1A2~ : An}) <r(A)+---+r4,), 3
A0
1)+ <ol o)) @
hold for any block matrix.

Lemma 6: (i) Suppose Ay, ---, A, € M, », are linearly
independent, R € M,,, is invertible. Then A, - R,--- , A, - R
are linearly independent.

(ii) Suppose Ay, -+, A, Any1 € My, 0y, and R € M,
is invertible. If A, 41 € span{Ay,---, A}, then A1 - R €
span{A; - R,--- , A, - R}.

The following lemma is assertion (a) of Theorem 6 in [9].
The proof also involves basic matrix theory, see details in [9].

Lemma 7: Suppose one block-row or block-column of the
Schmidt-rank- K block matrix M has K linearly independent
blocks. Then M satisfies Theorem 3.

Further, given a bipartite matrix M, we hope to arrange its
linearly independent blocks in a more regular position, i.e, the
left-upper blocks of M. The following lemma achieves this by
applying block-row and block-column operations on M under
local equivalence of the A system.

Lemma 8: (i) Suppose

M1 Mo My,

Vo | Mia Moo My,
0 M1z Mijpim, |7

L 0 Mml:Q Mmhm_
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where M 1,---, My ; are linearly independent, further, there
exists at least one block M;; for t +1 < ¢ < my,2 <
j < ny, which is linearly independent with M 1, -+, My 1.
Then M is locally equivalent to M’ := [M] ;], where the first
block-column of M’ has at least ¢ + 1 linearly independent
blocks.

(i1) Suppose

M1 M 2 M 3 My,
M- My My My 3 My,
Miy1h Mig12 Migas Miin, |’
| M1 Mo M3 Mg pn, |

where My 1, -+, Mg1,Mi2,--- , Mo are linearly indepen-
dent, s > t, and M, is spanned by M; q,---, M, for all
t+ 1 < i < s. At the same time, there exists at least one
block M; ; for t +1 <7 < 5,3 < j < ng, which is linearly
independent with My 1,---, Mg 1, M 2,--- , M. Then M
is locally equivalent to M" := [M";], where M{'y,---, M,
are linearly independent, the second block-column of M" has
at least ¢+ 1 linearly independent blocks, and they are linearly

independent with M7’y .- M.
(iii) Suppose
[ Miq My 2 M n Min,
My, 1 M, 2 My, n M, iy
My, 410 Mi,41,2 M, +1,n M, +1,n,
M = , .
Mtz,l Mt2»2 Mtz»n Mt2!"1
L Mthl Mt1»2 Mtl»" Mtl!nl

where My 1, --- My 1, Mio,-- ,Myo,---, Min,--,
M, ,, are linearly independent, 2 < mn < nj, and
t1 > ty > > tp—1 > tn. Any M;, is spanned
by M, , My 1, Mig,--- My, Min1, -,
My, | n—1, where t,, +1 < 7 < t5. At the same time, there
exists at least one block M; ; for ¢, +1 < i <t;,n+1 <
j < nq, which is linearly independent with M 1,--- , My, 1,
Mg, My o,--+, Myy, -+, M, . Then M is locally
equivalent to M (") := [Mi(f;)], where the n-th block-column
of M has at least ¢, + 1 linearly independent blocks and
they are linearly independent with the linearly independent

blo(cl;s Ml(ﬁ), . ,]\4]‘/(1”7)17Ml(g)7 . '7Mt(Z)2’ . 7M1(7’;)_17 o
Mtn_l,n—l'

Proof: (i) Without loss of generality, assume that M; 1 o
is linearly independent with My 1,--- , M, ;. Let

10
W= [k 1] ® I, 2 5)

be the n; x n; invertible matrix in Definition 4, and & an
undetermined nonzero number (W = ]16 (1)] if ng = 2).
Therefore

2387
is locally equivalent to M, and
Mj 4 My 1 M o
M, My My o
L= s R )
i1 My My
f{+1,1 0 Miy12
Our aim is to find suitable & such that Mj ,---, M{ 4,
are linearly independent. Since M 1, -, My 1, Myiq2 are
linearly independent, we focus on M; o, -+, M; o, and have
two cases, namely (A) and (B), as follows.
(A).  Suppose M;jo,---,M;o are spanned by
M171, cee ;Mt,la Mt+1’2. Set
Mo =ay Mg+ +auMp1+biMiyy 2 (8)

with 1 < ¢ < t. From (7) we obtain that

- !
M},l
M2!1

/
M; 4
!
LM 411

r(kain + )M + kaaa Mo + -+ - + kann M1 + kbi Mey1 2
kaiaMi1 + (kazz + 1) Mz + - - + karo M1 + kba Mit1,2

ka1eMi1 + kaseMaq + -+ + (kaw + 1) M1 + kb Mit1,2

L kMgy1,2
rkaii +1 ka2 ka1 kby M1
kalg ka22 + 1--- katz kbg M2,1
=l z ©
k/'alt k)th e ~I€att —+ 1k)bt Mt71
L 0 o --- 0 k Mii1,2
Further, there must exist a k£ such that
k?all +1 kagl k;aﬂ kbl
ka12 ka22 +1--- k?atg kbg
det(| : 51 i )£00 0
kalt kagt . -k:att + 1kbf
0 0 - 0 k

(9) and (10) imply that My ,---, M, are linearly inde-
pendent. Since M’ ~ M by (6), we have proved the case.

(B). Suppose there exists at least one M;o that is
linearly independent with M 1, , M1, Myy1,2, where
1 < ¢ < t. Without loss of generality, assume that
My, - My, Myy10,My o, -+, M, are linearly inde-
pendent, 1 < v < t. At the same time, any M; o is spanned
by the t + 1 + v matrices for v + 1 < ¢ < t. From (7)
we obtain that Mj ,,---, M, ; are linearly independent for
any k. Similar to the Case (A), we can find suitable k
such that My 4 4,---, M{,, ; are linearly independent, at the
same time, they are linearly independent with M7 ;,---, M} ;.
Since M’ ~ M, we have proved this case.

We obtain assertion (i).
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(i1) Without loss of generality, assume that M, ;3 is
linearly independent with My 1,--- , Mg 1, My, , M.
Further, based on the assumption, we set

Miyp1o=gM+ - +9gsMs;. (11)
Let
10
Wi=1&® [kl] DS In, 3 (12)

be the n; x n; invertible matrix in Definition 4, and & an

undetermined nonzero number (W7 = 1 @ [1(1)] if n; = 3).

k
Therefore
M" =MW1 ® In,) (13)
is locally equivalent to M, and
[ M ] [ M 1 |
Mél,l Ms,l
My | = | Mia+kM g3 (14)
M, Mo+ kM3
[M{12]  [Misr2 + kMg 3]
Our aim is to find suitable & such that M{fl,~-~ , é’,l’

M{y, -+, My'y, MY, , are linearly independent, and similar
to (i), we have two cases, namely (C) and (D), as follows.

(C). Suppose My 3,---,M;3 are spanned by
M171,'~' ,Msyl,MLQ,"' ,Mt72,Mt+1’3, where 1 § 7 § t.
Set

M;3=ciiMy1+ -+ ceiMs 1

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 4, APRIL 2023

with 1 <7 <t. From (11) and (15), we obtain that in (16),
shown at the bottom of the page. There must exist a k£ such
that

I S

0o --- 0 0

det( kCu- . ~]€051kd11 + 1--- kdtl k‘fl )

kcig---kesy kdie - -kdy + 1k f;

L g1+ gs 0 N 0 k i
kdin +1--- kdn kfi

= det( oo 40 (1)
kdi, - -kdy + 1kf,

Since My q,---, Mg, Myg,--+, Mo, M;y1,3 are linearly
independent, (16) and (17) imply that My'y,--- M/,
My, My, M{",; , are linearly independent. We have
proved the case.

(D). Suppose there exists at least one M; 3 that is linearly
independent with M171, cee 71\43717 MLQ, s ,Mt71, Mt+173,
where 1 < ¢ < t. Without loss of generality, assume that
Miq, - Mg1,Myo, -, Myo, Myi13,Mi3,---,M,3are
linearly independent, where 1 < v < t. At the same time, any
M, 3 is spanned by the s+4-¢+14v matrices for v+1 <1 <.
From (14), we obtain that M{'y,--- M, M{y,--- , M,
are linearly independent for any k. Similar to the Case (C),
we can find suitable & such that M), ,,---, M/, are
linearly independent, at the same time, they are linearly inde-
pendent with M{'y, -, M, M{'y, -, M,'5. Since M" ~
M, we have proved this case.

We obtain assertion (ii).

+diiMio+ -+ dy Mo+ fiMiy s, (15) (iii) The proof is similar to that of (ii). |
My T M, _
My My 1
My | =|ketiMig 4 -+ keaMs1 + (kdin +1)Mio+ -+ kdp My o + kfi My 3
MYy ke Mia + -+ ket Mg + kdyy My g+ - - + (kdy + 1) My o+ kfi My 3
ol L gMiai+- o+ geMsy +EMiya3 ]
I 0 - 0 07 [ My]
Is . . . . :
0 - 0 0 M,
=|kci1 - kesikdyy + 1o+ kdyy kfi| | Mg (16)
kevg-kese  kdyg - kdy + 1k fy Mo
g1 - s 0 0 k _Mt+1,3_
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)

Lemma 9: Suppose the m x 1 block matrix P =
P,

has rank k, where Py,---, P, are { X n matrices. Then
Q = Z:’;l ¢; P; has at most rank k for arbitrary numbers
Ci1, " ,Cm.

Proof: ~ Consider the map 7 from the column vec-
tors of length m¢ to those of length ¢ defined by
m([x1, 22, o7 = Z:’;l c;x;, where each z; is a col-
umn vector of length ¢. Since this is a linear map, any linear
dependence between column vectors of P is mapped to the
same linear relation between the image of the column vectors,
which are the columns of Q. So, in particular, if n—k columns
of P are linear combinations of the remaining k, the same with
hold for the columns of Q. [ ]

III. PROOF OF THEOREM 3

For any block matrix M € M, n, ® M, pn, with Schmidt
rank K < mq - ny, we write

My DMy M3 My,
Moy  Mss  Mys My,

M = . . ) . ,  (13)
Mm1,1 Mm1,2 Mm1,3 Mml,nl

where M has K linearly independent blocks.

Our proof of Theorem 3 is divided into two subsections.
In subsection III-A, we first present N in (19) as a canonical
form of M under local equivalence of the A system in Theo-
rem 11. Further, we present IV, in (50) as a canoniacal form
of N under local equivalence of the B system in Theorem 12.
In subsection III-B, we prove that INV,, in (50) satisfies the
theorm and hence M ~ N ~ N, satisfies the theorem.

A. Two Canonical Forms of Bipartite Matrices

Definition 10: A bipartite matrix set M C M,,, ,, ®
Mps.n, 1s called Megnonicar, if any Schmidt-rank-K matrix
N € Meanonica iS written as

[ Nig1 | Nig | Nigs Nip |
: : : : A,
Ng,1 | Nk,2 | Nk,.3 N, p
Ay
Nig1 | Nigj2 | Nis,3
Nig1 | Nig,2
: A
Nkl,l 2
0
: Ay
L O i

2389

WhereNLl,"' ;Nk’l,laNl,Q;"' 7Nk2,2;"' 7N1,pa"' 7Nkp,[)
are linearly independent, and

1<p<n, (20)

1<k, <+ <ky <ky <my, 21

ki + kot +k,=K. 22)

At the same time, for any 1 < ¢ < p, each mg X ng block
in the L-shaped part A; is spanned by Ny, -+, N, 1,

Nig,--+ ,Npy2, -+, Nig, -+, Ng, i, we denote as
NA,; S Span{Nl,la o 7Nk1,17N1,27 o aNk2,27
Nl,i;"' 7Nki,i}a (23)

and we shall use this notation from now on.

Note that if m; = kq, then the zero blocks below N, i
disappear and A; becomes a (k1 — k2) x 1 rectangular block
matrix. If k; = ko, then A; becomes a (my — k1) x (ng —
1) rectangular block matrix and Az becomes a (k2 — k3) X
1 rectangular block matrix. If there exists ¢ (2 < i < p— 1)
such that k; = k;41, then A; becomes a (k;—1 —k;) X (n1 —1)
rectangular block matrix, and 4,11 becomes a (k; 11— kit2) X
1 rectangular block matrix. If k,_1 = k,, then A,_; becomes
a (kp—2 —kp—1) x (n1 —p+1) rectangular block matrix, and
A, becomes a k, x (n1 — p) rectangular block matrix.

Theorem 11: For any bipartite matrix M in (18), there
exists N € Mcanonicar in (19), such that M is locally
equivalent to N.

Proof: OQur first aim is to obtain that

[ My, | M, M, ]
M ~ M/ — M]gl.l M]él.Q M]él ni (24)
0 )
: Al
L 0 i
where Mj 4, - ,M,ghl are linearly independent, k1 < my,

and every ma X ng block in the rectangular block matrix A
is spanned by My ,,---, M |, ie.,

J\4A'1 € Span{M{,la U 7M],cl,1}' (25)

We apply the following three steps, namely Steps 1-3,
to achieve this aim.

Step 1: Consider the first block-column of M in (18).
Assume it has s; linearly independent blocks, s; < m;. Up to
block-row operations,

r 1 1 1
My | My M,
W | o M
M Ml = Msl,l M81,2 MSlynl , (26)
0
1
z Ay
- O -
where Ml(ll), M 511)1 are linearly independent. If s; =

my or M ,a) € span{Ml(}l), e ,Mg(ll?l}, then M ~ M; sat-
isfies (24) and we have achieved this aim.
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Step 2: Suppose s1 < mj and there exists at least one block
in A(ll) that is linearly independent with Ml(ll), .M @)

s1,1°

Using Lemma 8 (i), applying block-column and following
block-row operations on M7, we obtain that

r 2 2 2) 7]
M| M,
) @) @)
My ~ My = M51+a 1 Mlera 2 Mlera,nl , 27)
0
: AP
L O -
where MI(QI), ,Mélzlayl are linearly independent, 1 <
a < m; — s1. If s1 +a = mq or MA(z) S
1
span{Ml(?f,'~' ’Ms(fzra,l , then M ~ M; ~ M, satis-

fies (24) and we have achieved this aim.

Step 3: If s14+a < mq and there exists at least one block in
A(12) that is linearly independent with M 1(11) s, M, 9(11_)1, then
repeat Step 2. /

Eventually we obtain that M ~ M’ in (24). Recall that M
in (18) has Schmidt rank K, hence M’ has Schmidt rank K.
If k; = K in M’ in (24), then M’ ~ N in (19) with p = 1.
Suppose

ki < K (28)
in M'. Our next aim is to obtain that
[ MYy | My | MY MY, ]
My, (M, oMy, 5 My,
M ~M' =] A . (29
M]:;/I L 2
0
: A
L O i

where M{:l, e 7M12'1,1aM{’,27 e
pendent, 1 < ko < k1 < my, and

" . .
, My, o are linearly inde-

M yp € span{M{',--- , My}, (30)
May € span{M{'|, -, M{' |, M{'y,--- , M{ ,}. 31)

We next apply the following five steps, namely Steps 4-8,
to achieve this aim.

Step 4: Consider the matrix M’ in (24). (25) and (28)
imply that there exists at least one block M{j that is
linearly independent with M{J,--- ,M,ghl for 1 < ¢ <
k1 and 2 < j < ny. Up to block-row and block-column
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switches on M’,

ras(3 3 3 3)
MY | ME3 ML M,
@) |1, 5 23
MM My M,
M=)l e |
klylel 2Mk)1,3 Mkl;nl
0
3
z AP
L 0 ]
where Ml(Bl)7 e ,M,gi)l, M1(‘32), e ,MS)Q are linearly inde-

pendent, 1 < so < kq, and
3 3 3 3
Mi(72) e span{Ml(’l), e ,M,ih)l, M1(2)a S

holds for any so + 1 < i < ky if 59 < k.

Step 5: 1f so = k1, then M’ ~ M3 satisfies (29) and we have
achieved this aim. If so < k;, by (33), applying block-row
operations on M3 in (32) such that

M) (33)

r 4 4 4 A
MO ),
MDD, M,
Mo = é4) AgY , (3
Mk’l 1
0
4
|
Lo ]

where Ml(l)7 e ,M,gf?l,Ml(le), .
pendent, 1 < sy < kq, and

M @ € span{Ml(jll), e 7M]§4)1}.

M g(j)Q are linearly inde-

P I (35)

4 4 4 4
If M, € span{ MY, MY MY, MD,), then
M’ ~ My satisfies (29).

Step 6: If so < kp and there exists at least one block
in Agl) that is linearly independent with Ml(fll), e ,M,gi)l,
M1(42) o ,MS(S?Q in (34), using Lemma 8 (ii) and repeat
Steps 5, we obtain that

r 5 5 5 5 7
M| M| M M
@ |y® |y® . y®
M52+a,1Msz+a 2Msz+a,3' ) 'MSQ-i-a ni
My~Ms=| (5) , (36)
(5) 4
My
0
5
z A7
L 0 |
5 5 5 5 .
where Ml(l), e ,M,ih)l, M1(2)v e ,MS(zzra!Q are linearly

independent, 1 < a < ky — so, and

My € span{ M- M) }. (37)

Restrictions apply.
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If s +a = ki or MA(5> € span{Ml(i),---,
MO M), MDY, then MY ~ Mj satisfies (29).

Step 7: If s + a < ki and there exists at least
one block in M A that is linearly independent with
M1(51), X M,E5)1, M1(52),~ MS(5zra 5, then repeat Step 6.
Eventually we obtain that M’ ~ M" in (29), and M” has
Schmidt rank K. If ki + k» = K, then M"” ~ N with
p =2 in (19).

Step 8: If k1 + ko < K, then similar to Steps 4-7, consider
the third block-column of M” using Lemma 8 (iii). Continue
this process until we obtain that M ~ N.

By achieving (24) and (29), we have shown that M ~ M’ ~
M" ~ N in (19). We have finished the proof. [ |

Theorem 11 presents N in (19) as a canonical form of
bipartite matrices under local equivalence of the A system.
We further apply three steps on N, namely Steps 9-11,
to present a canonical form of N under local equivalence of
the B system. For this purpose, we denote *; as a matrix that
contains exactly ¢ columns, denote \; as a matrix that contains
exactly ¢ column vectors which are linearly independent,
denote 0; as a matrix that contains exactly 4 columns which
are all zero column vectors.

Step 9: Consider Ny 1,---,Ng, 1 in (19), which form a
matrix of ny columns. If the matrix has rank 1, then

r1 < min{ng, r(N)}. (38)
If 71 < no, then there exists an no X no invertible matrix
R such that
Nia
. Rl - >\r1 Onzfrl 5 (39)
Ni,
where the leftmost 7; column vectors are linearly independent,
and the rightmost ny — r; column vectors are zero vectors.
Recall from (23), using Lemma 9 and (39), we have

A, R = [ kry Ony—ry ] .

This implies that the rightmost no —7; column vectors of each
block in A; are zero vectors. Let

Ny = [NY] =N (I, ® Ry),
from (19), (39) and (40) we obtain that

(40)

(41)

N&) N<1> N(l)---N(l) 1
<:1> (:1> <:1> 1o A
Nk,,,lNkp,szp,a’"'Nkp,p
: HI
. Ap
'1 1 1
N
N~N = | .
.1 1
ngz,)l 752,)2
: 1
(1) AyY
Kyl
0
1
|
0
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r 1 1 1 ]
Ny | N Ny,
. . . : A(l)
(1) (1) (1) P
Nk,,,Q Nk,,,?) e Nk,,,p
Ary Onyory ' 5 6
T ng—r ’ L Ap
(1) (1)
= Nk}3,2 ng 3 5
(1)
Nk’Q.Q
*Tl Onzf’l“l A(Ql)
071,2 *7‘1 Ong—rl *7‘1 Ong—rl' te *rl Ong—m e
' “2)

where N1 € M anonicai by Lemma 6. If r; = ng, then the
rightmost ny — 71 zero vectors in (39) and (40) disappear and
Ny = N.
Step 10: Consider the second block-column of Nj in (42),
we write
N3

: = | *r1 *na—ry (43)
(1)
Nk}Q,Q
For the rightmost ny — r; column vectors in (43). Suppose
they form a matrix of rank rs, then

ro < min{ng — r1,7(N1)}. (44)

If 1 + ro < no, then there exists an (ne — r1) X (ne — r1)
invertible matrix Ro such that

1
Ny

(I, @ Re) = . (45)

*Tl >\T2 0n2 —Tr1—"T2

1
v,

where the middle r5 column vectors are linearly independent
and the rightmost no —r1 —r2 column vectors are zero vectors.
Further, from (40), we have

N,y - (I, ® Ra)
1
- |:*’I“1 0’!7,27’1:| ° (Irl @ RQ) - NA§1> (46)

This
after

implies each block in N AW
(17"1 S2] RQ)
Span{Nl(,ll)v" ng)l’NIOQ)""
and (45), we have

does not change
Since NAS) S

,N,E,Q?Q}, using Lemma 9

right-multiplying

NAS) ' (Irl S RQ) = |:*7“1+T2 0"2—7"1—7“2 ) (47)

where the rightmost ny —r; — 75 column vectors of each block
in AS) are zero vectors. Let

=Ny [In, ® (I, ® R2)]. (48)

From (42), (45), (46) and (47), we have in (49), shown at
the bottom of the next page, where No € M unonical bY

— v®@
Ny = [Ni,j]
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Lemma 6. Note that if r; + ro = no, then the rightmost
ng — r1 — ro column vectors in (45) and (47) disappear and
Ny = Nj.

Step 11: Consider Nl(é), e ,N,gf)g in (49) using the same
way in Steps 9 and 10. Continuiné this process, finally we
obtain the following theorem.

Theorem 12: Any N € M anonicar in (19) is locally equiv-
alent to N, := [Ni(g)] € Meanonicai- Np is written in (50),
shown at the bottom of the page, where r1 4 --- 4+ 1, < no,
and the rightmost no — (71 +- - - +7,) column vectors of each
block in Aép ), if exist, are zero vectors.

Note that if 71 +---+7r; = no for 1 <7 < p, then N ~
N; = N;y1 = --- = N,,. Hence we have presented another
locally equivalent form of M in (18).

B. Proof of Theorem 3

The proof proceeds by induction on the Schmidt rank K
of M. Denote *! as a matrix that contains exactly i rows, 07

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 4, APRIL 2023

of Schmidt rank at most K — 1, with K > 2. We will
prove that Theorem 3 holds for any M of Schmidt rank K.
In subsections III-A, we have shown that M ~ N ~ N,
Further, it has been proved by Lemma 7 that IV in (19) satisfies
Theorem 3 if k&1 = K. So from (21) and (22), we assume
that
1<ks< K ShH
holds for any 1 < s < pin N in (19) and N,, in (50).
We next decompose N, in (50) into the sum of p bipartite
= [NZ(EI)] S Mm,l,nl ® Mm,g,ng»
where the leftmost 7y columns of Ni(gl) in Ny, are exactly

matrices. Firstly, let N,

the leftmost 1 columns of Ni(”;.) in N, in (50), the remaining

ne — r1 column vectors of NNV, (1)

;. in Ng, are zero vectors.
From (50), we obtain that

as a matrix that contains exactly i zero rows. Denote 0} 7 as Ary Ong—rifry Ong—raf iy Ony—ry
the partial transpose of the B system of a bipartite matrix 0;. No, =
First, it is clear that Theorem 3 holds for any M of Schmidt 0 . 0 bk O
. n2 T1 Ynz2—ri 71 Yng—ry
rank one. Next, suppose Theorem 3 holds for any matrix
i (2) (2) (2) T
Nis N1 Nip
@) (2) (2) 4P
kp,3 Ny, 4 kp.p P
by Arg Ong—ry—ry |- 4?2
)\rl Onzfrl . . p=1
(2) (2)
Nk’4,3 Nk4.4
Ny~ No = ) (49)
(2)
Niy'3
2
*ritry Onz*ﬁ*Tz A;(g )
*ry Ong—ry $pitry Ong—ry—ro =00 iy Ongpy—py -
0n2 *Tl Onzf’l“l *Tl 0’!7,277’1 *7’1 Onzf’l“l
*r1+...+7~p71)\Tponzfrlf...frp
A1(7p)
ryfry )‘Ts OnQ—Tl—TQ—Ts to
*rydetr 710712*7’1*"'7’ —1
kry Ary Ong—ry—ry : ’ i
Ary Opg—ry L L
*T’1+~"+T’p710”2*7’1*"'7’;;71
N, = : (50)
*ridry Onz*ﬁ*T’z
*ry Ong—ry *ritre Ong—ri—rs *ritry Ong—ri—rs
0n2 *rl Onzfrl *rl Onzfrl *7’1 Onz*ﬁ
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N
©| NN | ©?
Opy | Wi

where w%m) is an (m1 — k1) x (n1 — 1) rectangular block
matrix, and

N @ € span{N{%), - - 7_]\7}811?1) . (53)
Thus by (51), we have
S?“(wiql)) <k <K, (54)

i.e., the Schmidt rank of w%qﬂ is strictly less than K. Further,
from (52), recall the definition of )\;, using Lemma 5, we have

N(Ql)
(@)

)+r(w1 (q1)

) =r1+r(W;

r( ) <7(Ng,). (55

(a1)
Nt
Secondly, let N, := [Nij?)] € My, ny @ My, n,, where the
k-th column of Ni(f;?) in N, is exactly the k-th column of
Ni(f;-) in Ny in (50), 7 +1 < k < r; + rp. At the same time,
the remaining no — ro column vectors of Ni(gz) in Ny, are
zero vectors. From (50), we have

N‘IZ

071 A7‘2 0"2 —Tri1—r2

OT1 *ry O712*T1*T2 C

071 *T2 0"2 —ri—r2

(56)

On
2 0n2 07‘1 *'rz Onzf'rlf'rz c O'rl *7‘2 0n277‘17'r2
077,2 0n2 0"2
[ IR N
| OnaNAZING N |
0n2 wéqz)
O(ny—1)ns
(q2) . .
where Wq " is a (k1 —k2) x (n1 —2) rectangular block matrix,
and

N, € span{N{%), - N2 N{®) .. N (57)

2393
Note that N. 1(?12), <+, N, ,5‘1121) are zero matrices, therefore
N, € span{Ny%5),--- N}, (58)
and by (51), we have
(g2)
Sr(wy ) < ks < K. (59)
At the same time, using Lemma 5 and (56), we have
My (g2) (g2)
2 2
(| 1 ) Fr(Wy ) =AWy ) <r(Ng,). (60)
(g2)
k.2

Similarly, let Ny, := [Ni(j-‘“)] € My n, © My, n,, Where
3 < s < p. For each N,_, the k-th column of Ni(g‘“) is exactly
the k-th column of Ni(f;) in Npin (50), " +---+rs1+1<
k <ry+---+r,, and the remaining column vectors of N i(j-“")
are zero vectors. We obtain that in (61), shown at the bottom of

the page, where wsqs is a (ks—1 —ks) X (n1 — s) rectangular
block matrix, and

ngw) € Span{Nl(:];)a o 7N]§(ng)}a (62)
Ny
(qS) _ (QS)
r(| 0 )W) = Fr(Wg) <r(Ng,), (63)
(gs)
Nk:],s
Sr(wg%)) <k <K, (64)

hold for any 3 < s < p. On the other hand, from the
construction of each N, , we have decomposed N, in (50)

into the sum of Ny, ,---, N, , ie.,
Np=Ng + Ny, +---+ Ng,. (65)
Using Lemma 5, we have
r(Ng,) < 7(Np) (66)

holds for any 1 < s < p. Note that if ry + --- + r; = ng for
1 <i <pin Ny, then Ny, ,,---, N, disappear. We next
consider the partial transpose of system B of each N, . For

(as)| plas) (as)
N1,§ N1,§+1 "'Nl,:Ll
0_s— Arg0, 3 - 5 — 0,,,_5ss - 0_s— 0pp_vs o~ . . -
21;:11 TS no—¥i_1 7 i,=11 - *rs Ung T8 il 2:=11 *rs Ung i1 . (;1 : (q.> : (q‘ )
s s s
— 5 — _ (5_1)712Nk5,5Nk5,5+1”'Nkb»,nl (61)
Ongy :=_11 ry TS Uno—Xi_g Tyl Zfz_ll Ts Unmp—XF_q T On2 w.(;qs) ’
Ong Ony Ong
O(ny—s+1)ng
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s = 1, from (52), we have

— T T T
NN N
NEs — NP N
= | o) ey” o
0ng | 1w
02;2—7“102;2—7“1 03;2—1"1
= *rT1 *rT1 *TTI (67)
’ ’ N
0n2,r10n2,r1 0712*7“1
0nf | fwi™yrs
Using Lemma 5 and (67), we have
(q1)7""
r(NEB) <kyom+r(wy ] ). (68)

Similar to N, , from (61), for any 1 < s < p, one can show
that

_ T T T -
| N
0f8 |y |y@) T 'N(q;) T
NFB_ (S*l)ng ks,s koys+1 TV kg ni
qs
0 | Wiy
I'p
(n1—s1+1)n2
r T T T 7
OZ: 17 OZ: 1T 02: 117'L
T
On, *?b *?b *fb
T T
0"2—2?:1 Ti0"2—23:1 i ne—3 1T
0;'?_17‘- 0;'?_17‘- 0721:\‘:—17‘/
— OT 7,;1 z 7,;1 z N 7,;1 i , (69)
na *o Ky *pg
T T
0"2*25 1 Ti,onz*ZS:] T na— 07 1T
OEZB [wgfls)]FB
I'p
0= 1)ns -
(n1—s1+1)ng
and hence
r (qs) b
r(N,P) < ks rs +r([Wg™'1 ). (70)
. . qs) .
From (64), we obtain that the Schmidt rank of wg o) is at most

K — 1, where wsqs) is from (61). Recalling the assumption
of induction that Theorem 3 holds for any matrix of Schmidt
rank at most K — 1, hence for any 1 < s < p, we have

)< Srw!l®)) @) a
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Further, from (63), (64), (70) and (71) we obtain that
T(N;;B)é ks -7s + Sr(wgqs)) . r(wg%))

< ko (re + (%))

< ky T(N) 2

holds for any 1 < s < p. On the other hand, from (65),
we have

NyP =NIP+ NP+ +N.2, (73)
and by Lemma 5,
r(NJ2) < r(NE2)+ r(NEP) 4+ n(NDP). (74)

From (22), (66), (72) and (74), we have

r(Ny2)< ky - 1(Ng, ) 4 ko - 7(Ngy) 4 -+ + k- (N,
< k1 r(Np) + ko - m(Np) + -+ + kp - 7(Np)
= (kv + kot +kp) - r(Np)
=K -r(Np).

This implies Theorem 3 holds for N, in (50). Recall that

M in (18) is locally equivalent to N, hence we prove that
Theorem 3 also holds for M. This completes the proof.

(75)

IV. APPLICATION

In this section, we apply and extend Theorems 2 and 3.
In subsection IV-A, we extend Theorem 2 and Theorem 3 to
multipartite systems in Lemma 13 and Lemma 16 respectively.
On the other hand, given a multipartite pure quantum state,
the Schimidt measure, employing the tensor rank of the
state, is a tool for quantifying entanglement [29]. In Theo-
rem 17, we show a link between the Schmidt measure and the
O-entropies of some reduced density matrices of an
even-partite pure state. In subsection IV-B, we partially discuss
the condition when the inequality 7(pag) - r(pac) > r(psc)
is saturated in Lemma 18. Specially, we give a general
expression of tripatite PPT states that satisfy the condition
in Proposition 20.

A. Applying and Extending Theorems 2 and 3 to Multipartite
Cases

Firstly, we know that for a tripartite mixed state p4 g, there
are four inequalities in terms of the O-entropy of p4:

So(A) >0, (76)
So(A) + So(B) = So(AB), (77)
So(AB) + So(AC) = So(BC), (78)
So(AB) + So(AC) + So(BC) > 2S0(A).  (79)

In particular, (77) is (8) of [7], (79) is Theorem 2 of [7],
and (78) is Theorem 2. Note that the inequality

So(AB) + So(AC) > So(A) (80)

obtained in [7] is a corollary of (78) and (79). So we
have established a complete picture of the four-party linear
inequalities in terms of the 0-entropy.
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Next, we extend the inequalities (77)-(79) to multipartite
quantum systems as follows.
Lemma 13: Given an n-partite mixed state of systems

Ay, ..., A, with n > 3, we have
Z So(A;) > So(Ay ... Ap), (81)
k—1
> So(Aj4;511) = So(A1Ay) (82)
j=1
hold for any 2 < k < n, and
k-1
> So(AjAj41) + So(AkAr) > 280(Ar) (83)
j=1

holds for any 3 < k < n.
Proof: Firstly, (77) implies (81) for k£ = 2. Suppose (81)

holds for £ — 1, then
k k-1
> So(A)=">_ So(4;) + So(A)
=1 =1
> So(A1... Ap—1) + So(Ar)
> So(A1... Ax), (34)

where the last inequality follows from (77). Hence we have
proved by induction that (81) holds.

Next, it is clear that (82) holds for & =
we obtain that

2. From (78),

So(A1Az) + So(A243) > So(A1A3) (85)

holds by permuting the systems A; and As. Suppose (82)
holds for k£ — 2. Then

k—1 k—2
So(AjAj11) =D So(AjA;111) + So(Ak-14%)
j=1 7j=1
>S0(A1Ak—1) + So(Ak—1A4k)
>So(A14), (86)

where the last inequality follows from (85). We have proved
by induction that (82) holds.
Third, we have

k—1

> So(AjA541) + So(AxAr)

j=1

k-2
ZZ So(AjAj41) + So(Ak—1Ak) + So(Ar A1)

j=1
>80(A1Ag—1) + So(Ax—1Ak) + So(Ar A1)
>250(41), 87)
where the first inequality follows from (82) and the last
inequality follows from (79). Hence (83) holds. This completes
the proof. [ |

Now we apply the above results to obtain more inequalities.

2395

Corollary 14: Given an n-partite mixed state of systems

Ay, ..., A, with n > 3, we have
k—1
> So(AjAj41) > So(As), (88)
j=1
k
> So(Ar-- Ay A Ak) = So(4i), (89)
j=1
k
ZSo(fh CAj A Ay
j=1
>2S0(Ay - Aj1Aipr -+ Ag) (90)

hold any for 3 <k <nand any 1 <7 < k.

Proof: By permuting the systems, we only need to
prove (88)-(90) for « = 1. Firstly, (82) and (83) imply that (88)
holds for 7 = 1. Next, one can show that

QZSO
.
> So(AjAj1) + So(ArAr) > 250(A1),

Jj=1

Aj1Ajpr- - Ay)

W‘

o

where the first inequality follows from (78) and the second
inequality follows from (83).
Third, we prove (90). If k is odd, then

k
> So(A
Jj=2
O(A2A3)
>50(A2 )

Aj1Ajir- Ay)

-4 So(Ak—14k)
(92)

where the first inequality follows from (78) and the second
inequality follows from (81). If k = 4, then

So(A1A3A4) 4+ So(A1A2A4) + So(A1A2As)

>S0(A1A3As) + So(A1As) > So(AzA3As). (93)
If £ > 4 is even, then
ZSO Aj 1 Ajpq - Ay)
—ZSO Aj 1 Ajir - Ag)
+ZSO ] lA]Jrl"'Ak)
230(A2A3A4) + So(A5A46) + -+ So(Ak—14x)
>So(Ag -+ Ag). 4

(92), (93) and (94) imply that (90) holds for ¢ = 1. This
completes the proof. |

We have constructed a few novel inequalities every mul-
tipartite mixed state must satisfy. They shed new light to
the marginal problem for multipartite systems, as well as the
understanding of von Neumann entropy.
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Third, we extend Theorem 3 to multipartite matrices. For
this purpose, we refer to I'12. ,, as the partial transpose of
systems Aq, As, ..., A,,. Next, we refer to the Schmidt rank
Sr(M) of an n-partite matrix M on the n-partite Hilbert
space H1 ® Ho ® ... ® H, as the smallest integer d such
that M = Z;.lzl Bj1 ®Bjs®...® B, . Further, we refer
to the Schmidt rank s of M over the system bipartition
A A A Aj., by rewriting

Groe e g C A e

S
M =Y "Cy® Dy, (95)
k=1

where Cj,’s are linearly independent matrices on the systems
Aj., ..., Aj,., and Dy’s are linearly independent matrices on
the systems A; . .,..., A;. . Evidently Sr(M) > s. Now we
propose the following observation.

Lemma 15: Suppose M is an n-partite matrix, and L is the
largest Schmidt rank over all system bipartition of M. Then for
any subset S of integers j1, ja,...,Jm € {1, -+ ,n}, we have

r(MYs) < L-r(M). (96)

Proof: Using (95), we obtain that L > s. It follows from
Theorem 3 that 7(MYs) < s-7(M) < L-r(M). So the
assertion holds. [ |

If n = 2 then Lemma 15 is exactly Theorem 3. Further,
the lemma evidently holds when L is replaced by the Schmidt
rank of M. That is

Lemma 16: Suppose M is an n-partite matrix. Then for any
subset S of integers j1,ja,...,Jm € {1,--+,n}, we have

r(MYs) < Sr(M) - r(M). (97)

Fourth, we apply Lemma 16 to multipartite quantum states.
For an n-partite pure quantum state |1)) on the Hilbert space
Ha, ®- - -®@Hg,,, the tensor rank of |1)) is the smallest integer d,
such that

k
@ ),

Z W) @

where |1/11(41?> € Ha;, j = 1,---,n. Next, in [29], the Schmidt
measure is defined as P(|1)(1|) = log, d, which can be used
to quantify the degree of entanglement of |¢)). The following
theorem shows that, given a 2n-partite pure state, the Schmidt
measure is also an upper bound of the difference between the
0-entropies of some reduced density matrices.

Theorem 17: Suppose |1)) is a 2n-partite pure state of
systems Aj - - - Ay, with dimensions dy, - - - , do, respectively.
Then

So(X1Xo -+ X)) — So(V1Ya--- Vi) < P(Jw)¢)),

where X; (Y;) is one of Ay;_; and Ayj, 1 < j <mn.

Proof: Our aim is to prove (99) holds for the situation
that Y1Y5---Y,, = A1 As--- Asp—1, and X is choosen from
Asj_1 and Ay; arbitrarily. If this is true, then (99) holds for
any other situations by permuting the systems of [)).

From (98), we write

Z W) @

(98)

99)

@ [y (100)
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where d is the tensor rank of [¢). Next, for any j €
{1,3,---,2n — 1}, the following identities

d.’l
k k k .
Wi @ ) )=, @ M) -3 i)
i=1
djt1
=M @1, }- Z jid) (101)
hold, where M;k) are
equality of (101) with
we have

dj+1 x d; matrices. Taking the first
all j € {1,3,---,2n — 1} to (100),

d
Z Idl Ml(k) & Id:} ® M?Sk) X Id2n—1
k=1

d don—1
oM ). (i: |id) ® i ity @@ Y |id). (102)
i=1 i=1 i=1
Let M = ZZ=1 Ml(k) ® Mék) ®-® Méﬁll, then M is an
n-partite matrix with
Sr(M) < d. (103)
Let p = [¢)Xv], from (102), it is clear that
(P Ay Agerdnn_y) = T(M). (104)

Further, given any reduced density matrix px, x,...x, where
X is one of Ay;_1 and Ay;, 1 < j < n, define the integer
set S = {s| Xy = Asgs,1 < s < n}. For any s € S, take the
second equality of (101) with j = 2s — 1 to (102), we obtain
that

r(px,Xyx,) = 1(M'S) < Sr(M) - (M)

<d- T(M) =d- T(PA1A3~~~A2,L,1),

where the first inequality follows from Lemma 16, the second
inequality follows from (103) and the last equality follows

from (104). By taking the logarithm of base two in (105),
we have finished the proof. |

(105)

B. The Condition When the Inequality in Theorem 2 Is
Saturated

¢), what is the
c)? We partially

For the inequality r(pag) - r(pac) > r(ps
condition by which r(pag) - r(pac) = r(ps
answer the problem as follows.

Lemma 18: (i) Suppose p4pc 1is a tripartite pure state. Then
the condition is r(pg) - r(pc) = r(pa).

(ii) Suppose papc = pa ® ppc 18 a tripartite mixed state.
Then the condition is r(p4) = 1 and r(ppc) = r(pB) -T(pc)-

(iii) Suppose papc = pp ® pac is a tripartite mixed state.
Then the condition is 7(pa) - r(pac) = r(pc).

(iv) Suppose papc = pc @ pap 1s a tripartite mixed state.
Then the condition is 7(pa) - 7(pas) = r(pB)-

(v) Suppose papc is a tripartite PPT state. Then the condi-
tionis 7(pap) = r(pp), r(pac) = r(pc) and r(pp)-r(pc) =
r(pBC)-

Proof: (i) The assertion follows from the assumption of
tripartite pure states.
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(ii) We have r(pa)? - 7(pp) - (pc) = 7(paB) - r(pac) =
r(pec) < r(pp) - r(pc). So assertion (ii) holds.

(iii) The condition r(pap)-r(pac) = r(psc) is equivalent
o r(pa®pp)-r(pac) = r(pp®pc), namely r(pa)-r(pac) =
r(pc).

(iv) The condition 7(pag) - r(pac) = r(ppc) is equivalent
tor(pap)r(pa®pc) = r(pp@pc), namely r(pa)-r(pap) =
r(pB).

(v) It is known that the rank of a bipartite PPT state is lower
bounded by that of any one of its reduced density operators.
Hence (77) implies
r(pc) = r(ppc).  (106)

r(paB) -r(pac) > r(pp) -

If r(pap) -r(pac) = r(ppc) then we obtain assertion (v). H

We point out that the states p4pc satisfying the conditions
of this lemma exist, as we show by the following examples.
In (i) we assume papc |0,0,0X%0,0,0|. Actually the
example applies to all of the five cases in Lemma 18, and
we shall show more non-trivial examples. In (ii) we assume
papc = [0X0la @ [B)Blp @ [v)(v|c where § and ~ are
arbitrary states. In (iii), we assume that p4c is a pure state.
In (iv) we assume that p4p is a pure state. In (v), we assume
that paso = |0)X0l4 @ |B)YBl5 © [)rlc where § and 5
are arbitrary states. A more non-trivial example satisfying
(v) is papc = |0)0]a ® opc where ope is a bipartite PPT
state such that r(pg) - 7(pc) = r(ppc). Actually, there is
no other state satisfying (v), as we prove in the following
Proposition 20. For this purpose, we refer to an m x n state
p in the sense that rankps = m and rankpp = n, and
we denote R(M) as the range of matrix M. We present the
following preliminary lemma.

Lemma 19: (i) The m X n state of rank max{m,n} is
separable if and only if it is PPT. In this case the state is
the convex sum of max{m,n} pure product states.

(ii)) The m x n state of rank r is entangled and NPT if
max{m,n} > r.

(iii) Suppose the separable m x n state of rank n(> m) is
written as p = . |a;,bj)a;, bj|. By removing proportional
states, we can assume that the set {|a;)} contains exactly k
pairwise linearly independent states |a1), ..., |ax). Then p =
Yoi_y laj)a;| @ pj, where R(p;) "R(p;) = {0} for any i # j
and 3%, R(p;) = R(ps).

Proof: Assertion (i) and (ii) have been respectively proven
in [30] and [31], and applied in [32], [33], [34], and [35].
We prove assertion (iii). It follows from assertion (i) that

p= Z|C%v

where |d;)’s are linearly independent. By removing propor-
tional states and up to the permutation of subscripts, we may
assume that the set {|c;)} contains exactly s pairwise lin-
early independent states |c1),. .., |cs). Let |c1,d;, ) with 44 €
Sl,...,|05,di5> with i € S, such that $; N'S; = 0 and
S1U...USs={1,2,...,n}.

Next because p = ), |aj, i)Xaj,b;l, using (107) we have
that |a;,b;) € R(p) = span{|cz, i) }. The above facts imply
that |a;) is proportional to one of |c1), ..., |cs), say |¢;), and

Xei, di, (107)
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thus |b;) € span{|d;;)} for i; € S;. Hence k = s. We can

write p as
bo(i) |> ,

where 7, N 7; = () for any m # n, |bs(;)) € spanS; for
i € 7T;, and some integer permutation o. By writing p; =
>ieT, 1ba(i) Xbo(i) |, one can show that R(p;) N R(p;) = {0}
for any ¢ # j and

(108)

p—DaJ sl (3 bro

i€T;

k k
> Rip;) =Y _span{|dy,),i; € S;}
j=1 j=1
=span{|d;)} = R(pn). (109)
We have proven the assertion. |
Proposition 20: Every tripartite PPT state satisfying
Lemma 18 (v) has the expression papc = |a)a|la ® opc,
where opc is a Dbipartite PPT state such that
r(pB) -r(pc) =r(pBC)-

Proof: Using Lemma 18 (v), we may assume that p4pc

is a tripartite PPT state satisfying r(pag) = r(pB), r(pac) =
r(pc) and r(pg) - r(pc) = r(psc). Hence
r(pag) - r(pc) = r(pasc) = r(ppc)
=r(pB) -r(pc) = r(pas) - r(pc), (110)

where the second inequality follows from Lemma 19 (ii).

So all inequalities are saturated, namely r(papc) = r(ppc).

It follows from Lemma 19 (iii) that
PABC = Z lajXajla ®

j=1

(pj)BC, (111)

where |a;)’s are pairwise linearly independent, and R(p;) scN
R(p;)Bc = {0} for any ¢ # j. Using (111) we obtain that

S

PAB :Z|aj><a‘j|A®(pj)B (112)
j=1
pac =Y laj)ajla ® (pj)c. (113)

J=1

Because r(pap) = r(pp) and r(pac) = r(pc), Lemma 19

(iii) implies that for any i # j,
R((pi)B) N R((pj)B) = R((pi)c) NR((p

Hence, we obtain

=Dim R(ppc)

=Dim 3" R((py)5c)

:2 Dim R((p;)5c)

—Z
<Z

i)c) = {0}. (114)

r(pBc)

PJ BC)

r((pj)c)
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—r(o5) - r(pc),

<(Srm) (X rtwe)
- (115)

where the last equality is from (114). The inequalities are
saturated because of the condition 7(pg) - r(pc) = r(ppc)
in Lemma 18 (v). It holds only if s = 1. Then the assertion
follows from Eq. (111) and the fact that pspc is PPT. [ |

We stress that, the conditions 7(pag) = r(pB), r(pac) =
r(pc) and r(pg) - r(pc) = r(ppc) are necessary. Otherwise
Proposition 20 fails due to the following example. Let papc =
>, 1335)333], which satisfies r(pap) = r(pp) and 7(pac) =
r(pc), though the third equality r(pp)-r(pc) = r(ppc) fails.

V. CONCLUSION

We have proven the inequality 7(pag) - r(pac) > r(psc)
for any tripartite mixed state p4pc by proving an equivalent
theorem as well as the construction of a novel canonical form
of bipartite matrices. So we have a complete picture of the
four-party linear inequalities in terms of the 0-entropy. We also
have extended the inequalities to the scenario of multipartite
systems, sheding light on an inequality relation between the
0-entropy and the Schmidt measure, and discussed the condi-
tion when the equality 7(pag) - 7(pac) = 7(psc) holds.

We believe that the canonical form in Theorem 11 might
be applied to more quantum-information problems concerning
multipartite systems. Besides some open problems from this
paper are as follows.

1) Can we obtain tighter lower bounds in the inequalities

(81)-(83)?

2) Can we obtain more inequalities of multipartite systems,
apart from Lemma 13 and Corollary 14 ?

3) Although we have provided some conditions by which
the inequality in (1) is saturated in Lemma 18, a general
condition is still missing. That is, can we characterize
all states saturating Lemma 18 in a more non-trivial
way?
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