
Lensing of gravitational waves from tidal disruption events
Toscani, M.; Rossi, E.M.; Tamanini, N.; Cusin, G.

Citation
Toscani, M., Rossi, E. M., Tamanini, N., & Cusin, G. (2023). Lensing of gravitational waves
from tidal disruption events. Monthly Notices Of The Royal Astronomical Society, 523(3),
3863-3873. doi:10.1093/mnras/stad1633
 
Version: Publisher's Version
License: Creative Commons CC BY 4.0 license
Downloaded from: https://hdl.handle.net/1887/3718966
 
Note: To cite this publication please use the final published version (if applicable).

https://creativecommons.org/licenses/by/4.0/
https://hdl.handle.net/1887/3718966


MNRAS 523, 3863–3873 (2023) https://doi.org/10.1093/mnras/stad1633 
Advance Access publication 2023 June 2 

Lensing of gravitational waves from tidal disruption events 

Martina Toscani , 1 ‹ Elena M. Rossi, 2 Nicola Tamanini 1 and Giulia Cusin 

3 , 4 

1 Laboratoire des 2 Infinis - Toulouse (L2IT-IN2P3, Universit ́e de Toulouse, CNRS, UPS, F-31062 Toulouse Cedex 9, France 
2 Leiden Observatory, Leiden University, PO Box 9513, NL-2300 RA, Leiden, the Netherlands 
3 Institut d’Astrophysique de Paris, Sorbonne Universit ́e, CNRS, UMR 7095, 98 bis bd Arago, F-75014 Paris, France 
4 Universit ́e de Gen ́eve, D ́epartement de Physique Th ́eorique and Centre for Astroparticle Physics, 24 quai Ernest-Ansermet, CH-1211 Gen ́eve 4, Switzerland 

Accepted 2023 May 22. Received 2023 April 24; in original form 2022 December 22 

A B S T R A C T 

In this work, we investigate the effect of gravitational lensing on the gra vitational wa ve (GW) signals of a population of tidal 
disruption events (TDEs). We estimate the number of lensed-magnified signals that we expect to detect with future space-based 

GW observatories, in particular LISA and DECIGO. We model the lens distribution using an hybrid approach that combines 
semi-analytic methods with numerical results from ray tracing simulations. We divide the TDE population in two classes, nuclear 
TDEs (main sequence stars tidally disrupted by massive black holes in the cores of galaxies) and globular TDEs (white dwarfs 
tidally disrupted by intermediate mass black holes in globular clusters). We find that, even considering the effect of lensing, 
LISA will not be able to observe any TDEs, while DECIGO could detect ∼16 strongly lensed ( μ > 2) globular TDEs and ∼135 

strongly lensed nuclear TDEs, o v er an observational period of 10 yr. Our results reveal the role that lensing will play in future 
deci-Hertz GW observatories, indicating exciting multimessenger opportunities with TDEs but at same time signalling the need 

to develop adequate data analysis techniques to correctly reconstruct the astrophysical properties of the source. 

Key words: gravitational lensing: strong – gravitational waves – transients: tidal disruption events. 
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 I N T RO D U C T I O N  

tars orbiting around a massive black hole (BH) can be shred into
ieces due to tides induced by the BH’s gravitational field. We call
hese extreme phenomena tidal disruption events (TDEs; Luminet & 

arter 1986 ; Rees 1988 ; Phinney 1989 ; for a recent re vie w see
ossi et al. 2021 ). Thanks to the bright electromagnetic (EM) flares
roduced by the stellar debris during the following accretion, TDEs 
ave been one of the most powerful ways to reveal the presence
f otherwise quiescent massive BHs. To date, we have around 100 
bservations of these events, in different bands of the EM spectrum 

see for recent re vie ws, Saxton et al. 2020 for X-ray; van Velzen
t al. 2020 for optical; Alexander et al. 2020 for radio, and all the
eferences therein). 

Besides being multiband emitters in the EM spectrum, TDEs 
re potential multimessenger sources. Recently, a few TDEs have 
een claimed to be associated to observed astrophysical neutrinos 
Reusch et al. 2022 ; Stein 2022 ) as theoretically expected in the
resence of jets (Hayasaki 2021 ). Moreo v er, TDEs are also predicted
o emit gravitational waves (GWs). In particular, we can distinguish 
etween three main GW contributions: GWs due to the internal 
tellar mass quadrupole, generated by the stretching and compressing 
ction of the BH tidal forces (see e.g. Stone, Sari & Loeb 2013 );
Ws associated to the BH-star system mass quadrupole, emitted 
uring the disruption phase (see e.g. Kobayashi et al. 2004 ; Toscani,
ossi & Lodato 2020 ; Toscani et al. 2022 ); GWs produced at later

tages, along the circularization process (Toscani et al. 2022 ) and 
 E-mail: martina.toscani@l2it.in2p3.fr 

 

l
n

2023 The Author(s) 
ublished by Oxford University Press on behalf of Royal Astronomical Society 
n presence of an accretion disc (see e.g. Toscani, Lodato & Nealon
019 ). For standard values of the parameters involved, the strongest
ra vitational contrib ution is the b urst emitted during the disruption
hase, that has typical frequencies in the range 10 −3 –10 −2 Hz . 
Being low frequency GW sources, TDEs could be detected by 

uture space-based interferometers such as the Laser Interferometer 
pace Antenna (LISA; Amaro-Seoane et al. 2017 , 2023 ), currently
cheduled for launch in the mid-2030s, and the proposed deci-Hertz 
ravitational Observatory (DECIGO; Sato et al. 2017 ). A detailed 

tudy about TDEs detectability with these next-generation detectors 
as been carried out in Pfister et al. ( 2022 ). Their work shows
hat while detection of individual TDEs by LISA seems unlikely, 
hese events are promising sources for deci-Hz observatories. Future 
nstruments with a DECIGO-like sensitivity (e.g. DECIGO, BBO –
arry et al. 2006 ; ALIA – Baker et al. 2019 ; DO – Sedda et al. 2020 ,
021 ) could observe hundreds of thousands TDEs per year. 
Given these expectations, it becomes rele v ant to assess the effects

hat a distribution of lenses produces on the GW emission from a
DE population. We refer to gravitational lensing (see e.g. Schneider, 
hlers & Falco 1992 ) when a massive object (i.e. the lens ), which lies
long the line of sight between the observer and the source, curves
he surrounding space-time, causing the signal to deviate from its 
riginal path. This effect has interesting consequences: for example 
t may (de-)magnify the signal or produce multiple images of the
ource. Moreo v er, different images typically arrive at the detector at
ifferent times (time-delay effect) and they interfere if the duration 
f the signal is larger than the typical delay in the time of arri v al. 
In this work, we study for the first time the effect of gravitational

ensing on a TDE population and provide estimates on the expected 
umber of observed lensed-magnified TDEs. We consider both LISA, 

http://orcid.org/0000-0001-5997-7148
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Figure 1. Sketch of the geometry for a SIS lens. 
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or which a magnified TDE could be the only way to have a signal
bo v e the detectability threshold, but also DECIGO, for which
he ability to distinguish lensed TDEs would a v oid errors in the
econstruction of the parameters describing the source (e.g. distance
nd mass), as well as provide additional information on the astro-
hysical properties of the source and lens populations. We perform
his investigation dividing TDEs in two different classes: nuclear
DEs , where we consider main sequence (MS) stars disrupted by
assive BHs in the cores of galaxies, and globular TDEs , where
e consider white dwarfs (WDs) tidally disrupted by intermediate
ass BHs (IMBHs) located in globular cluster (GCs). The structure

f the paper is the following: in Section 2 we illustrate the basis
f gravitational lensing, in Section 3 we describe the distribution of
enses and the TDE populations in details, in Section 4 we show and
iscuss the results and finally in Section 5 we draw our conclusions.
Throughout this work, we adopt a � CDM cosmological model,

ith matter density parameter �m 

= 0.274, dark energy density
arameter �� 

= 0.726, and Hubble constant H 0 = 70 Km s −1 Mpc . 

 G R AV I TAT I O NA L  LENSING  IN  A  NUTSHELL  

e want to determine the number of TDEs that, having a given
train amplitude, or rather a given signal-to-noise ratio (SNR) ρ
or a specified interferometer, are significantly magnified by lensing.
ollowing Cusin, Durrer & Dvorkin ( 2021 ), we present semi-analytic
ormulae which can be applied to an arbitrary lens and source
istribution, keeping full control of modeling and transparency of
ll physical effects. We mainly focus our analysis on strong lensing,
orking out the distribution of magnification for μ > 1, considering
ISA and DECIGO. It is indeed true that the lensing induced
y the Cosmological Large Scale Structure can also lead to de-
agnification ( μ< 1) of a signal. Ho we ver de-magnification from the
arge Scale Structure usually does not reach values μ � 1, meaning

hat its contribution should not significantly affect the detection rates
f the observed population. Furthermore the TDE population is well
elow the detection threshold of LISA, hence de-magnified events
ill anyway remain undetected. For these reasons in what follows
e ignore the effect of de-magnification. 
Our description of strong lensing relies on the geometric optics ap-

roximation (we do not describe wave effects such as diffraction and
nterference). This is a well-justified approximation when looking
t TDEs lensed by a population of galaxies. Indeed, given a lens of
ass M l , diffraction effects are relevant when (see e.g. Takahashi &
akamura 2003 ) 

 l � 10 8 M �

(
f 

mHz 

)−1 

, (1) 

here f is the frequency of the lensed signal. Since GWs by TDEs
ave typical frequencies in the range 10 −3 –10 −2 Hz, wave effects
an be neglected in our work, as we consider galaxy stellar masses
etween 10 9 − 10 12 M �. . 

To predict the number of magnified TDEs observable with a given
nstrument, we need to take the following steps: 

(i) choose a lens model, and a model to describe the lens distribu-
ion and the population of sources; 

(ii) derive the probability density function (PDF) for a generic
ource at redshift z s to be amplified more than μ by the population
f foreground lenses; 
(iii) convolve the magnification PDF with the population of

bserv able e vents for a given instrument, in presence of magnification
. 
NRAS 523, 3863–3873 (2023) 
In the following, we model the lenses as singular isothermal
pheres (SIS) that we describe in detail in Section 2.1 . While SIS are
ot very realistic when considering lensing by individual clusters,
hey are sufficient for statistical purposes. In particular, the main
dvantage of the SIS model is that it can be studied analytically, which
llows us to have a better (even tough idealized) comprehension of
he physics behind lensing. To follow a more realistic approach in
ddition to strong lensing, described by our semi-analytic approach,
e also consider the contribution from weak lensing due to the
ravitational potential of the Large Scale Structure. To derive
umerical results, we use ray-tracing simulations by Takahashi et al.
 2011 ), which include both weak lensing contribution, and strong
ensing tails in the magnification PDF. 

.1 SIS and gravitational lensing statistics 

n the SIS model all the mass components of the galaxy behave like
articles of an ideal gas, confined by their combined, spherically
ymmetric gravitational potential, in thermal equilibrium (see e.g.
arayan & Bartelmann 1996 ). The mass density of a SIS is described
y 

( r ) = 

σ 2 
v 

2 πGr 2 
, (2) 

here σ v is the velocity dispersion in the galaxy, G is the gravitational
onstant and r is the distance from the centre. Integrating equation
 2 ) along the line of sight, we get the surface mass density 

( ξ ) = 

σ 2 
v 

2 Gξ
, (3) 

here ξ is the bi-dimensional vector in the lens plane, called lens
mpact parameter . The geometry of such system is illustrated in
ig. 1 , where the following elements are shown: 

(i) the source, its lensed image, the observer (e.g. LISA) and the
ens, 

(ii) γ , angle between the line of sight and the unlensed source, 
(iii) θ , angle between the line of sight and the lensed image, 
(iv) ˆ α deflection angle induced by the presence of the lens, 
(v) d x , angular diameter distances between the lens and the source

x = ls), the lens and the observer (x = l), the source and the observer
x = s), 

art/stad1633_f1.eps
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(vi) ξ = θd l , lens impact parameter, in the lens plane, 
(vii) η = γ d s , source impact parameter, in the source plane. 

We recall (see e.g. Hogg 1999 ) that the angular diameter distance
f an object is related to its luminosity distance, D , by 

 = 

D 

(1 + z) 2 
, (4) 

nd the angular diameter distance between two objects at redshifts 
 1 and z 2 is 

 12 = 

1 

1 + z 2 
[ χ ( z 2 ) − χ ( z 1 ) ] = 

1 

1 + z 2 
χ ( z 1 , z 2 ) , (5) 

here χ is the comoving distance 

( z ) = 

c 

H 0 

∫ z 

0 

dz ′ 

E( z ′ ) 
. (6) 

n the abo v e equation, we hav e introduced E ( z 
′ 
) = ( �m 

(1 + z 
′ 
) 3 +

λ) 1/2 , where �m 

and �λ are the present values of the matter and
osmological constant density contrasts and c is the speed of light in
acuum. 

The basic quantity for statistical analysis is the cross section of
he lens for producing the desired lensing effect (e.g. magnification 
arger than μ). The corresponding optical depth is the fraction of
he sky where, given the lenses, one can place a source and observe
his magnification (see e.g. Kochanek 2006 ). In the case of the SIS,
he area on the source plane in which a source at redshift z s will be

agnified ≥μ is given by ς sis ( μ, z s , z l , σ v ) = πη2 ( μ, z s , z l , σ v ). The
orresponding optical depth is 

( μ, z s ) = 

∫ z s 
0 d z l 

dr 
dz l 

(
d l 
d s 

)2 ∫ 
d σv n ( σv , z l ) ς sis ( μ, z l , z s , σv ) , (7) 

here dr is the physical length element at redshift z l , while n ( σ v ,
 l ) is the physical number density of lenses per bin of σ v (Kochanek
006 ). 
In the SIS model, there are two lensed images when the source

atisfy the following criterion (Schneider et al. 1992 ) 

< α0 = 4 π
σ 2 

v 

c 2 

d ls 

d s 
, (8) 

here α0 is usually called Einstein angle . In our study we consider
his scenario, but we restrict our attention to the primary, i.e. more
agnified, image, 1 for which we provide the cross section and the 

xplicit final formula for τ in Appendix A . This choice is justified
ince we expect to see a short burst of GWs from a TDE which
omes only from one image. The second image is in fact delayed in
ime, with typical time delay of the order of a few months (see e.g.
guri 2018 ), much longer than the GW burst itself. The problem of

orrectly identifying secondary images, and associating them to their 
rimaries, requires a dedicated data analysis investigation which goes 
eyond the scope of our study. 
The probability that a source at redshift z s is magnified more than
is 

 ( > μ, z s ) = 1 − exp ( −τ ( μ, z s ) ) = 

∫ +∞ 

μ

p( μ, z s ) d μ, (9) 

here 

( μ, z s ) = − dτ

d μ
exp ( −τ ( μ, z s ) ) (10) 
 In lensing analyses it is common jargon to refer to the observed signals as 
images’, ev en though the y are not EM signals. In this paper we follow this 
onvention, calling images the lensed GW signals. 

w

N

s the magnification PDF. 
To understand equation ( 9 ) note that d τ / dz can be interpreted as a

ort of GW scattering rate leading to magnification larger than μ (per
in of redshift). Hence the probability for magnification larger than μ
atisfies the differential equation dP ( > μ, z)/ dz = (1 − P ) d τ / dz with
olution ( 9 ). The factor (1 − P ) is essential to keep the probability
ormalized also when τ becomes large. In the limit of small optical
epth, P ( > μ, z s ) ≈ τ ( μ, z s ). 
As mentioned abo v e, note that our approach does not describe

e-magnification which happens when a signal crosses a cosmic 
nder-density. 

.2 Gravitational lensing applied to a source population 

e consider a population of sources, that we describe as a function of
ource redshift z s and SNR ρ and we denote the number of sources
er bin of redshift and SNR as d N / ( d ρd z s ). If the magnification
s μ, the number of observable sources per bin of z s , for a given
nterferometer, reads 

dN ( μ, z s ) 

dz s 
= 

∫ ∞ 

ρlim / 
√ 

μ

dN 

d ρd z s 
dρ , (11) 

here ρ lim 

is the threshold abo v e which we have a GW detection. In
he rest of the paper, we take ρ lim 

= 8. 
Convolving this quantity with the magnification PDF (equation 

0 ), we get the total number of observed objects in presence of
agnification 

 

obs = 

∫ z max 

0 
d z s 

d N 

d z s 
( z s ) = ∫ z max 

0 
d z s 

∫ +∞ 

μmin 

d μp( μ, z s ) 
d N ( μ, z s ) 

d z s 
, (12) 

here z max corresponds to the maximum redshift at which we expect
o find sources and μmin is the minimum value of magnification 
onsidered. The probability that if an instrument sees a source from
edshift z s this is magnified more than μ is given by 

( z s , μ) = C 
∫ ∞ 

μ

p( μ′ , z s ) 
dN ( μ′ , z s ) 

dz s 
d μ′ , (13) 

here C is a normalization constant. 

 M E T H O D S  

n this section we illustrate how we build our model for lens and
ource distributions. 

.1 Lens distribution 

e model the number density of galaxies (lenses) as a function of
edshift and of the velocity dispersion σ v . One can show that if
he evolution of sources is neglected, τ reduces to (see e.g. Cusin,
urrer & Dvorkin 2019a , 2021 ) 

( μ, z s ) 
 

0 . 001 

( μ − 1) 2 

(
H 0 χ ( z s ) 

c 

)3 [
Nc 3 

10 9 H 

3 
0 

〈 σ4 
v 〉 

c 4 × 5 × 10 −14 

]
, (14) 

here N is the present galaxy density, 

 = 

∫ ∞ 

0 
dσv n ( σv , z = 0) , (15) 
MNRAS 523, 3863–3873 (2023) 
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Figure 2. Magnification PDF for dif ferent v alues of source redshift: z s = 

0.28 (light blue, dotted), z s = 0.49 (orange, short-dashed), z s = 1.10 (green, 
long-dashed), z s = 1.72 (red, solid). 
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nd 〈 σ 4 
v 〉 a mean of the velocity dispersion to power 4. Crude

stimates for N and σ v are 

 = 10 9 
H 

3 
0 

c 3 
, 〈 σ 4 

v 〉 = (150 km s −1 ) 4 . (16) 

hen the PDF magnification reads 

( μ, z s ) = 

2 p 1 ( z s ) 

( μ − 1) 3 
exp 

(
p 1 ( z s ) 

( μ − 1) 2 

)
, p 1 ( z s ) = 0 . 001 

(
H 0 χ( z s ) 

c 

)
. (17) 

n the present work, we adopt this simplified model for the lens
istribution at low redshift ( z < 1), which was validated by Cusin et al.
 2021 ). Indeed, they show that such a method provides results for the
ptical depth in good agreement with the one obtained considering
 more realistic distribution of lenses, which evolves with redshift
fractional deviations of a few per cent). For completeness, we would
lso like to highlight an earlier work of Shan, Wei & Hu ( 2021 ), where
hey used a full-sky multisphere ray-tracing code (developed by Wei
t al. 2018 ) to calculate the GW lensing magnification at low redshift.
et, for the purpose of our work, the analytic model of Cusin et al.
 2019a , 2021 ) is appropriate. 

We add to this strong lensing PDF the contribution of weak lensing
ue to the gravitational potential of the Large Scale Structure, which
llows us to build a more realistic lens distribution. To do so, we
se results for the magnification probability density of Takahashi
t al. 2011 (for z ≥ 1), which reconstruct the path of light through
nhomogeneous clumps of matter in the Universe via high-resolution
ay-tracing approximation. We interpolate their results 2 for the
edshift values we want to study. In their simulations they used
he box size of 50 h 

−1 Mpc with 10 243 particles, the mean particle
eparation of 50 h 

−1 kpc, and the softening length of 2 h 

−1 kpc. 
The o v erall magnification PDF that we obtain is shown in Fig. 2 ,

or some selected values of z s . From this plot, we see that this function
n general increases with the source redshift, which is reasonable
ince for bigger z s we expect more foreground lenses between the
NRAS 523, 3863–3873 (2023) 

 The probability densities from Takahashi et al. ( 2011 ) are available on this 
ebsite http:// cosmo.phys.hirosaki-u.ac.jp/ takahasi/raytracing/ open data/ . 

3

t

ource and the observ er. Furthermore, o v er the magnification interval
 ≤ μ ≤ 500, the function decreases very steeply, showing a 10
rder-of-magnitude lowering, which shows how higher values of the
agnification are generally suppressed in fa v our of lower values. 

.2 Source population 

efore illustrating how we built the source population, we briefly
ecall the main formulas for the TDE gravitational emission. 

The GWs associated with the disruption of a star can be approxi-
ated as a monochromatic burst, with strain and frequenc y giv en by

see e.g. Toscani et al. 2022 ) 

 gw ≈ 2 × 10 −22 β ×
(

M ∗
M �

)4 / 3 
×

(
M bh 

10 6 M �

)2 / 3 
×(

R ∗
R �

)−1 
×

(
χ

16 Mpc 

)−1 
, (18) 

 gw ≈ β3 / 2 × 10 −4 Hz ×
(

M ∗
M �

)1 / 2 
×

(
R ∗
R �

)−3 / 2 
, (19) 

here M ∗ and R ∗ are the stellar mass and radius, M bh the BH mass,
 � and R � the solar mass and radius, and β = R t / R p is the penetration

actor, i.e. the ratio between the maximum distance from the BH to
ave a full disruption, a.k.a. the tidal radius 

 t ≈ 7 × 10 12 cm ×
(

R ∗
R �

)
×

(
M bh 

10 6 M �

)1 / 3 

×
(

M ∗
M �

)−1 / 3 

, (20) 

nd the stellar pericentre R p . Requiring R p bigger than BH
chwarschild radius, we get the following limits for β

 � β � βmax ≈ 20 ×
(

R ∗
R �

)
×

(
M ∗
M �

)−1 / 3 

×
(

M bh 

10 6 M �

)−2 / 3 

. (21) 

he SNR ρ for such a signal can be written as (Pfister et al. 2022 ,
ee also Appendix B ) 

= 

h gw 

h c ( f gw / (1 + z)) 
= 

= β × 2 × 10 −22 ×
(

M ∗
M �

)4 / 3 

×
(

M bh 

10 6 M �

)2 / 3 

×
(

R ∗
R �

)−1 

×
(

χ

16 Mpc 

)−1 

× 1 

h c ( f gw / (1 + z)) 
, (22) 

here h c is the characteristic noise of the instrument (Moore, Cole &
erry 2015 ). Throughout this work, we consider the sensitivity
urves of LISA (LISA Science Study Team 2018 ) and DECIGO
Sato et al. 2017 ), illustrated in Fig. 3 , where we also plot the peak
train for two typical TDEs. 3 

In this study, when considering MS stars, we adopt the following
pproximated scaling relation (Kippenhahn & Weigert 1990 ) 

M ms 

M �
≈ R ms 

R �
, (23) 

hile for the WD case we assume fixed values for the mass and
adius, M wd = 0.5M �, R wd = 0.01R �. 

Note that, from this point forward, we use M bh ≡ M •, when
eferring to massive BHs residing in galaxy cores, while we write
 bh ≡ M h when referring to IMBHs located in GCs. 
 Since the TDE gravitational signal is a monochromatic burst, its Fourier 
ransform can be written as ˜ h ≈ h gw /f gw and thus we have h c ≈ h gw . 
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Figure 3. Sensitivity curves for LISA (blue, dashed) and DECIGO (magenta, 
solid). On top of this, we also show the peak strain for two typical TDEs: 
Sun-like star disrupted by a 10 6 M � BH (green stars) and and WD disrupted 
by a 10 4 M � BH (orange cross), at a distance of 16 Mpc. The β parameter is 
increasing from left to right (cf. equation 21 ). 
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.2.1 Nuclear TDEs 

e build the population of MS stars tidally disrupted by massive 
Hs residing in galaxy cores following the same steps as in Toscani
t al. ( 2020 ), 

dN 

ms 

d zd M •d M � d β
= 

4 πcχ ( z) 2 

H 0 E( z) 
� ( M •) ψ( β) φ( M ∗) 

�( M •) 

(1 + z) 
T , (24) 

here we have the following terms: 

(i) the comoving volume term 4 πc χ ( z) 2 / H 0 E ( z); 
(ii) the distribution of nuclear massive BHs that we build from 

 Schechter mass function with z-dependence (see Gabasch et al. 
006 ), expressed in terms of M • using the Faber–Jackson relation 
Faber & Jackson 1976 ) and the M •–σ relation (McConnell & Ma
013 ), as done in Toscani et al. ( 2020 ), 

 ( M •) = 

0 . 003 Mpc −3 

(1 + z) 0 . 48 10 8 M �
×

(
M •

10 8 M �

)−1 . 24 

× exp 

(
− 0 . 59 

(1 + z) 0 . 7 

(
M •

10 8 M �

)0 . 7 
)

; (25) 

(iii) the normalized distribution for β (Stone & Metzger 2016 ), 

( β) = 

βmax ( M •, M ∗) 

β2 ( β( M •, M ∗max ) − 1) 
; (26) 

(iv) the normalized Salpeter initial stellar mass function (Salpeter 
955 ), 

( M ∗) = 

1 . 35 

M 

−1 . 35 ∗min − M 

−1 . 35 ∗max 

M 

−2 . 35 
∗ ; (27) 

(v) the galaxy rate for nuclear TDEs (see e.g. Stone & Metzger 
016 ), 

( M •) = 2 . 9 × 10 −5 /(yr gal) 

(
M •

10 8 M �

)−0 . 404 

; (28) 

(vi) the observation time T , that we take equal to the lifetime of the
ission. Here we assume, both for LISA and DECIGO, T = 10 yr . 
.2.2 Globular TDEs 

e build the population of WDs tidally disrupted by IMBHs located
n GCs in a similar way as done in Toscani et al. ( 2020 ), 

dN 

wd 

d zd M •d β
= 

4 πcχ ( z) 2 

H 0 E( z) 
� ( M •) N 

gc 
gal ( M •) ψ( β) 

� ( M h , M wd ) 

(1 + z) 
T , (29) 

here we have the following terms: 

(i) the comoving volume term 4 πc χ ( z) 2 / H 0 E ( z); 
(ii) the distribution of nuclear massive BHs, � ( M •); 
(iii) a scaling relation between the number of GCs per galaxy and

he mass of the BH in the core (Burkert & Tremaine 2010 ; Harris &
arris 2011 ) 

 

gc 
gal = 

M •
4 . 07 × 10 5 M �

; (30) 

(iv) the rate of globular TDEs per GCs (Baumgardt, Makino & 

bisuzaki 2004 ) 

 ∼ 60 Myr −1 ×
(

R wd 

R �

)4 / 9 

×
(

M wd 

M �

)−95 / 54 

×

×
(

M h 

10 3 M �

)61 / 27 

×
(

n c 

pc −3 

)−7 / 6 

×
(

r c 

1 pc 

)−49 /

(3

here we take the GC core density equal to n c = 10 5 pc −3 and the
C core radius equal to r c = 0 . 5 pc . We remind that we assume the
D mass and radius to be fixed, M wd = 0 . 5 M �, R wd = 0 . 01 R �. 

We assume that the mass distribution of IMBHs is a δ function at
 fixed value of M h . In particular, we will build two populations, one
ith M h = 10 3 M �, the other with M h = 10 4 M �. 

.2.3 Range of parameters for the TDE populations 

o derive the total number of observed TDEs in presence of
agnification, N 

obs , we start by building the nuclear and globular
DE populations according to the aforementioned description. In 
articular we choose the following ranges: 

(i) for the source redshift we take z s ∈ [0.001, 2], where the min-
mum value of redshift corresponds to ≈ 20 Mpc (average distance 
f the Virgo Cluster), while the maximum value corresponds to the
edshift after which the GW emission from a TDE population is
egligible (Toscani et al. 2020 ). 
(ii) for the central BH mass we take M • ∈ [10 4 M �, 10 9 M �], thus

onsidering both dwarf and large galaxies; 
(iii) for the stellar mass we take M ∗ ∈ [1 M �, 100 M �] for the MS

tar case, hence young stellar population, while for the WD case we
ssume fixed mass and radius M wd = 0 . 5 M �, R wd = 0 . 01 R �. 

(iv) for the penetration factor we take β ∈ [1, βmax ], where the
ormula for βmax , which in general will depend on the BH and star
ass, is illustrated in equation ( 21 ). 

 RESULTS  

nce we have built the two TDE populations, we can study which
s the probability that they are lensed by a foreground population of
enses, using the framework presented in Section 3.1 . We illustrate
he main results of our lensing study in the following, distinguishing
etween the case of nuclear and globular TDEs. 
MNRAS 523, 3863–3873 (2023) 
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M

Figure 4. Number of nuclear TDEs per bin of SNR and bin of source redshift as a function of SNR ρ. The different redshift bins are represented in the following 
way: z s = 0.28 blue dotted line, z s = 0.49 orange dot–dashed line, z s = 1.10 green dashed line, z s = 1.72 red solid line. On the left-hand panel we consider 
LISA, on the right-hand panel we consider DECIGO. The pink horizontal dashed line represents 1 TDE per SNR and redshift bin in 10 yr. 

4

I  

B  

l  

D  

b  

(  

t  

a  

A  

r  

s
 

ρ  

c  

s  

d  

q  

s  

w  

o  

o  

t  

(  

w  

w  

e
 

o  

(  

l  

t  

e  

n  

t  

5  

f  

m

4

A  

o  

w  

a
 

a  

s
 

I  

p  

M  

i  

n  

d  

f
 

m  

(  

i  

t
 

o  

n  

a  

t  

∼  

μ

5

I  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/523/3/3863/7189905 by guest on 15 January 2024
.1 Strong lensing of GWs from nuclear TDEs 

n Fig. 4 we show the number of MS stars tidally disrupted by massive
H per bin of SNR and z s , d N 

ms / d ρd z s (cf. equation 11 ). On the
eft side we calculate the SNR considering LISA, on the right side
ECIGO. Each colour represents the number of TDEs in a redshift
in z s ± 0.068, and in particular we show selected values of z s : 0.28
blue), 0.49 (orange), 1.10 (green), 1.72 (red). In general, we see
hat d N 

ms / d ρd z s diminishes for higher values of ρ as expected. In
ddition to this, the maximum SNR decreases for higher redshift.
s for the minimum SNR, this is al w ays ≈0, which is a reasonable

esult since for each redshift bin we have TDEs below the instruments
ensitivity curves. 

In Fig. 5 , we show the number of visible (i.e. abo v e the threshold
lim 

/ 
√ 

μ) nuclear TDEs if the magnification is μ, d N 

ms ( μ, z s ) / d z s ,
alculated through equation ( 11 ). The layout and colour are the
ame as in Fig. 4 . From these plots, we see that while for LISA
 N 

ms ( μ, z s ) / d z s decreases for higher values of redshift, the same
uantity for DECIGO first increases for higher values of z s , than it
tarts to lower again. This behavior can be explained in the following
ay. Since DECIGO has a better sensitivity than LISA, there are two
pposite trends that interplay between each other: (i) the total number
f TDEs increases for higher values of redshift (volume effect), (ii)
he number of visible TDEs decreases for high values of redshift
SNR limitation). In the case of LISA ho we ver, which presents a
orse sensitivity to TDEs, the (ii) effect al w ays prevails. In other
 ords, LISA is al w ays SNR limited and the very few detectable

vents decrease rapidly with redshift. 
Finally, we have all the ingredients to calculate the total number of

bserved TDEs in presence of magnification, N 

obs , through equation
 12 ). Restricting to magnification μ > 2 (i.e. focusing on the stronger
ensed image, cf. Section 2 and Appendix A ), we find that for LISA
he number of lensed-magnified TDEs is 0, while for DECIGO we
xpect the detection of ∼135 magnified TDEs ( μ > 2). Yet, this
umber decreases quite rapidly as we increase the magnification
hreshold: it reduces to ∼18 for μ > 3, ∼6 for μ > 4, ∼3 for μ >

 and quickly drops for higher magnification ( ∼0 for μ > 10). This
NRAS 523, 3863–3873 (2023) 

o  
ast drop is in agreement with the steep decreasing presented by the
agnification PDF illustrated in Fig. 2 . 

.2 Strong lensing of GWs from globular TDEs 

s for the case of globular TDEs, we consider two sub-populations:
ne where WDs are disrupted by IMBHs of mass 10 3 M �, the other
ith an IMBH mass of 10 4 M �. We assume that in each GC there is

n IMBH. 
If we consider LISA, both these sub-populations of globular TDEs

re below threshold and not even lensing can make part of these
ources detectable. 

The situation is instead more interesting if we consider DECIGO.
n Fig. 6 we show the number of WDs tidally disrupted by IMBHs
er bin of SNR and z s , d N 

wd /d ρd z s . On the left side we consider
 h = 10 3 M �, while on the right M h = 10 4 M �. The colour scheme

s the same as previously described. In a similar way as for the
uclear TDE scenario, we note that: (i) d N 

wd / d ρd z s shows a general
ecreasing trend while ρ increases; (ii) the maximum SNR decreases
or for higher z s ; (iii) the minimum SNR is ≈0. 

In Fig. 7 , we show the number of observable globular TDEs if the
agnification is μ, d N 

wd ( μ, z s ) / d z s , calculated through equation
 11 ). The layout and colour are the same as in the previous plot. Also
n this case, we note the interplay between the volume effect against
he SNR effect already presented in Fig. 5 for DECIGO. 

Finally we have all the ingredients to calculate the number of
bserv ed magnified TDEs. F or the case M h = 10 3 M �, DECIGO will
ot observ e an y TDEs with μ > 2. Thus, DECIGO will not detect
ny TDEs from this population. As for the scenario M h = 10 4 M �,
he number of TDEs is ∼16 for μ > 2, ∼6 for μ > 3, ∼3 for μ > 4,

2 for μ > 5 and it quickly drops for higher magnification ( ∼0 for
> 10). 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

n this paper, we have investigated the effects of gravitational lensing
f GW signals from TDEs of MS stars disrupted by massive BHs in

art/stad1633_f4.eps
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Figure 5. Number of visible (i.e. abo v e the threshold ρlim 

/ 
√ 

μ) nuclear TDEs if the magnification is μ. On the left-hand panel we consider LISA, on the 
right-hand panel we consider DECIGO. The different redshift bins are represented in the following way: z s = 0.28 blue dotted line, z s = 0.49 orange short-dashed 
line, z s = 1.10 green long-dashed line, z s = 1.72 red solid line. 

Figure 6. Number of globular TDEs per bin of SNR and bin of source redshift. The different redshift bins are represented in the following way: z s = 0.28 blue 
dotted line, z s = 0.49 orange dot–dashed line, z s = 1.10 green dashed line, z s = 1.72 red solid line. On the left-hand panel we consider M h = 10 3 M �, on the 
right M h = 10 4 M �. We assume that the interferometer is DECIGO. The pink horizontal dashed line represents 1 TDE per SNR and redshift bin in 10 yr. 
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alaxy cores (nuclear TDEs) and from TDEs of WDs disrupted by 
MBHs in GCs (globular TDEs). In order to follow a most realistic
rocedure as possible, we built the distribution of lenses following an 
ybrid approach. The lenses (galaxies) are modeled as SIS. To derive 
umerical results, we add the contribution of weak lensing from the 
arge Scale Structure using the results from ray-tracing simulations 
f Takahashi et al. ( 2011 ), which include both weak lensing contri-
ution, and strong lensing tails in the magnification PDF. 

For the TDE population, we follow similar steps as in Toscani 
t al. ( 2020 ). Our work shows that, while LISA shall not be able
o observe lensed-magnified TDEs, the situation will be different 
or an interferometer with a DECIGO-like sensitivity. While this 
nterferometer will observe ∼16 magnified globular TDEs ( μ > 2), 
or the most promising scenario of nuclear TDEs it should detect
135 events with μ > 2 (78 per cent of which at redshift higher

hen 1). In Fig. 8 we show a summary plot illustrating, for this latter
ase, the probability that a TDE from redshift z s is magnified more
han μ (see equation 13 ). The probability that a TDE observed at
edshift z s = 0.28 would be magnified more than μ > 2 is ∼10 −4 ,
nd increases up to one order of magnitude if we go to higher
edshift ( z s = 1.72). At fixed redshift bin, the probability to have
igher magnification decreases steeply (roughly 9 to 10 orders of 
agnitudes in the interval 1 ≤ μ ≤ 100), which justifies why the 

umber of magnified TDEs drops rapidly as explained above. 
MNRAS 523, 3863–3873 (2023) 
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Figure 7. Number of visible (i.e. abo v e the threshold ρlim 

/ 
√ 

μ) globular TDEs if the magnification is μ. On the left-hand panel we consider M h = 10 3 M �, on 
the right-hand panel we consider M h = 10 4 M �. The different redshift bins are represented in the following way: z s = 0.28 blue dotted line, z s = 0.49 orange 
short-dashed line, z s = 1.10 green long-dashed line, z s = 1.72 red solid line. 

Figure 8. Probability that, if DECIGO detects a nuclear TDE from redshift 
z s , this is magnified more than μ. The different redshift bins are represented in 
the following way: z s = 0.28 blue dotted line, z s = 0.49 orange short-dashed 
line, z s = 1.10 green long-dashed line, z s = 1.72 red solid line. 
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Our results point out that DECIGO will observe a non-negligible
raction ( ∼0.1 per cent) of strongly lensed TDEs. Hence data analysis
echniques need to be developed to be able to distinguish lensed
DEs from unlensed ones. This will be important to prevent a
iased reconstruction of the parameters of the source. Lensed events
ill in fact have a (de-)magnified GW amplitude at the detector,
hich could bias the measurement of source parameters such as its
istance. Furthermore, we expect lensing to induce lensing selection
ffects on the study of the TDE population, in analogy with what
ound for example in Cusin & Tamanini ( 2021 ) for a population
f supermassive black hole binaries visible by LISA. Indeed, a
NRAS 523, 3863–3873 (2023) 
ealistic GW detector has a finite sensitivity: magnified sources are
n average easier to detect than de-magnified ones and this affects the
istribution of lensing magnification of an observed source sample.
hese lensing selection effects, which should disappear in the limit
f a perfect instrument, are then expected to introduce a bias on
he reconstruction of the source parameters (e.g. the luminosity
istance), independent of the sample size. Hence, the characterization
f all the implications due to lensing, including selection effects due
o the specifics of a given instrument, is necessary to accurately
nfer the source population astrophysical properties across cosmic
ime, but also to be able to use high-redshift GW sources as a new
osmological probe. 

We would like to remind that our study of lensing relies on
he geometric optics approximation. We e xpect wav e effects to
ecome non-negligible in the mHz waveband only when dealing
ith diffusion off sub-galactic structures (see e.g. Nakamura 1998 ;
akahashi & Nakamura 2003 ; Dolan 2008 ; Takahashi 2017 ; Cusin,
urrer & Ferreira 2019b ; Cusin & Lagos 2020 ; Dalang, Cusin &
agos 2022 ). Diffraction on sub-galactic scales makes lenses on those
cales ef fecti vely transparent to GW in the LISA band (Takahashi &
akamura 2003 ), in contrast with what happens for lensing of EM

ources (see e.g. Fleury, Larena & Uzan 2015 ) as the EM spectrum is
t much lower wavelengths than any rele v ant astrophysical structure
t cosmological scales. 

We conclude by pointing out that TDEs may indeed constitute
ighly interesting multimessenger sources, as they emit not only EM
adiation, but also GWs and high-energy neutrinos. The observation
f both EM and GW signals from the same TDE, could in fact enable
pectacular multimessenger analyses which may well unveil new
ecrets on the intrinsic mechanisms behind these events. Concretely
or example, the GW signal would mark the moment of stellar
isruption at the first pericentre passage, otherwise undetectable
Rossi et al. 2021 ). A measurement of the time delay between
he GW signal and the subsequent EM signals would decisively
elp discriminating between EM emission mechanisms, currently
ighly debated (Bonnerot & Stone 2021 ). We may compare this
cenario with GW170817 which revolutionized our understanding
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f binary neutron star mergers (Abbott et al. 2017a , c , 2019a ), and
riggered new tests of general relativity (Abbott et al. 2019b ) and
ew cosmological measurements (Abbott et al. 2017b ). TDEs may 
ell be used for similar measurements in the future: for example 

hey could allow us to probe the expansion of the universe if the
uminosity distance is extracted from the GW signals and the host
alaxy is identified from the EM emission, in analogy to massive BH
inary mergers with LISA (Tamanini et al. 2016 ; Belgacem et al.
019 ) and double WD mergers with DECIGO (Maselli, Marassi & 

ranchesi 2020 ). 
The observation of a multimessenger lensed TDE would not only 

rovide the data for the analyses outlined abo v e, but the differences in
he observed EM and GW lensed signals would yield unprecedented 
pportunities to study properties of both the source and the lens. 
 or e xample the EM radiation will al w ays f all within the geometric
ptics approximation, while as mentioned abo v e the GW signal could
how signs of wave optics effects, which may then be used to infer
dditional information on the lens. A detailed analysis of lensed EM
mission from TDEs is currently missing in the literature and this
ill be the subject for a future work. 
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PPENDI X  A :  STRO NG  LENSI NG  IN  A  

UTSHELL  

n this appendix we present details of the deri v ation of cross-
ection and optical depth for a SIS lens. 

1 Basic strong lensing quantities 

 typical situation considered in gravitational lensing is the one 
llustrated in Fig. 1 , where a lens of mass M l at redshift z l deflects the
ignal from a source at redshift z s . The actual path followed by the
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ignal, 4 which is smoothly curved in the space-time surrounding the
ens, can be-as a first approximation-replaced by two straight rays
ith a kink near the deflector. The difference between the angular
osition of the image and the angular position of the source is called
eflection angle, and we denote it as ˆ α. 
The true position of the source is related to its lensed image on the

ky through the lens equation, which reads (Schneider et al. 1992 ) 

= 

d s 

d l 
ξξξ − d ls ̂  α̂ α̂ α( ξξξ ) . (A1) 

aking into account the geometry illustrated in Fig. 1 , the source and
ens impact parameters can be written as 

= γγγ d s , ξξξ = θθθd l , (A2) 

nd thus the equation ( A1 ) becomes 

= θθθ − d ls 

d s 
ˆ α̂ α̂ α( θθθd d ) ≡ θθθ − ααα( θθθ ) , (A3) 

here we have introduced the scaled deflection angle ααα = ( d ls / d s ) ̂ α̂ α̂ α.
he scaled deflection angle can be expressed in terms of the
onvergence κ , as 

( θθθ) = 

1 

π

∫ 
d 2 θ ′ κ( θ ′ θ ′ θ ′ ) 

θθθ − θ ′ θ ′ θ ′ 

| θθθ − θ ′ θ ′ θ ′ | , (A4) 

here κ is defined as 

( θθθ ) = 

�( d l θθθ ) 

� cr 
, with � cr = 

c 2 d s 

4 πGd l d ls 
. (A5) 

ote that the surface mass density � is obtained by integrating the
ean mass density of the lens along the line of sight. We are in the

trong lensing limit when � > � cr , i.e. when the mass distribution
f the lens allows the production of multiple images of the source
Kochanek 2006 ). 

Let us now focus on the SIS model. The mass density of a SIS is
iven by (Narayan & Bartelmann 1996 ) 

( r ) = 

σ 2 
v 

2 πGr 2 
, (A6) 

here σ v denotes the velocity dispersion of the lens. Despite the
ingularity in the centre and the infinite total mass, this can be
onsidered as a rather realistic mass distribution for lensing by a
alaxy (see e.g. Schneider et al. 1992 ), with σ v velocity dispersion
ithin the galaxy. Integrating along the line of sight we obtain the

urface density 

( θ ) = 2 × σ 2 
v 

2 πG 

∫ +∞ 

0 

1 

ξ 2 + z 2 

= 

σ 2 
v 

2 G 

1 

ξ

= 

σ 2 
v 

2 G 

1 

d l θ
. (A7) 

hus, for a SIS the convergence reads 

( θ ) = 

�( θ ) 

� c 
= 2 π

σ 2 
v 

c 2 

d ls 

d s 

1 

θ
, (A8) 

ith a constant deflection angle 

( θ ) = 4 π
σ 2 

v 

c 2 

d ls 

d s 
= 2 θκ( θ ) ≡ α0 . (A9) 
NRAS 523, 3863–3873 (2023) 

 We recall that we are here working in the geometric optics limit. 

 

n  

a  
his is usually called Einstein angle (see e.g. Schneider et al. 1992 ),
nd in order to have multiple images of the source the following
ondition needs to be fulfilled γ < α0 . 

If we rescale our variables by α0 , we can define the rescaled image
nd source positions as x = θθθ/α0 and y = γγγ /α0 , hence equation ( A3 )
ecomes 

 = x − x 
| x | . (A10) 

e can distinguish three cases: (i) for y = 0 the solution is the
instein ring | x | = 1, (ii) for y = | y | < 1 one solution is x 1 = | x 1 | =
 + y (on the same side of the line of sight as the source), the other
ne is x 2 = | x 2 | = 1 − y (on the opposite side), (iii) for y > 1 the
econd solution no longer exists. 

The Jacobian of the lens map is 

A ij = δij 

(
1 − 1 

| x | 
)

+ 

x i x j 

| x | 3 , 

et A = 1 − 1 

| x | , μ = 

1 

| det A | = 

| x | 
| 1 − | x || , (A11) 

here we have formally introduced the magnification μ. Expressing
he total magnification of a point source at position y in terms of y
e find 

( y) = 

{ 

μ( x 1 ) + μ( x 2 ) = 

y+ 1 
y 

+ 

1 −y 

y 
= μ1 + μ2 = 

2 
y 

, y ≤ 1 , 
y+ 1 
y 

= 1 + 

1 
y 

, y ≥ 1 . 

(A12) 

e observe that the magnification is al w ays positive. This is a
onsequence of the fact that SIS is an o v erdensity, hence it cannot
e-magnify the signal of a background source. 

2 Cross-section and optical depth 

he impact parameter of the source (in the source plane) is given by
 η| = η = γ d s = y α0 d s . A source with impact parameter smaller or
qual to η is amplified by at least a factor μ( y ). Hence, considering
 SIS with velocity dispersion σ v , the cross section for amplification
μ1 of the stronger image is 

( μ1 , z � , z s , σv ) = πη2 = π( yα0 d s ) 
2 = 

π(4 π) 2 σ4 
v d 

2 
ls 

c 4 ( μ1 − 1) 2 
. (A13) 

ote that this cross section gives the area, centred along the line of
ight of the lens, within which a source at z s must lie so that it is
mplified by a factor μ1 or larger by the lens at z l . The expression
 A13 ) remains valid also for y ≥ 1, where we have only one image
ith magnification μ1 which tends to 1 when y → ∞ . 
In our study of strong lensing of GWs we consider only one

mage and not the sum of both, since we expect to see a short burst
f GWs which comes only from one image. The second image is
elayed in time, with typical time delay of the order of a few months
see e.g. Oguri 2018 ), much longer than the GW burst. Since we are
nterested in magnification, we shall compute the cross section for the
tronger image. This point has been raised in Cusin et al. ( 2021 ) but
t was neglected in the previous literature: usually in equation ( A13 )
 

−1 = μ1 − 1 is replaced by y −1 = μ/2 = ( μ1 + μ2 )/2 which is
he correct expression for a static situation where both images are
een together. For strong amplification, μ1 ∼ μ2 � 1 this difference
educes the cross section by a factor 4. 

To compute the corresponding optical depth, denoted τ ( μ, z s ), we
eed to know the physical density n ( σ v , z l ) of lenses (galaxies) with
 giv en v elocity dispersion σ v at redshift z l . We define the density
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y → 1 where μ → 2 and the second image disappears, the two 
expressions agree. 

APPENDI X  B:  SNR  C A L C U L AT I O N  

To calculate the SNR ρ of a TDE for a given interferometer, we need 
to express the signal in the detector frame of reference, 

ρ = 

h 

d 
gw 

h c ( f d gw ) 
= 

= β × 2 × 10 −22 ×
(

M 

d 
∗

M �

)1 / 3 

×
(

M 

d 
•

10 6 M �

)2 / 3 

×
(

D 

16 Mpc 

)−1 

× 1 

h c ( f gw / (1 + z)) 
. (B1) 

For sake of simplicity, in the abo v e formula we have considered the 
MS star case and already applied the mass-radius scaling relation of 
equation ( 23 ). Considering how to convert frequency and mass from 

detector to source-frame reference, 

M 

d = M(1 + z) , (B2) 

f d gw = f gw / (1 + z) , (B3) 

and the relation between comoving and luminosity distance (Hogg 
1999 ) 

χ = 

D 

1 + z 
, (B4) 

we can re-write ρ as presented in equation ( 22 ). 
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unction n ( σ v , z l ) such that its inte gral n ( σ v , z l ) d σ v simply giv es
he total density of lenses at redshift z l . 

The optical depth for lensing with magnification ≥μ (of the most 
trongly magnified image in the case of two images) for a source at
edshift z s is 

( μ, z s ) = 

∫ z s 

0 
d z l 

d r 

d z l 

(
d l 

d s 

)2 ∫ 
ς ( μ, z l , z s , σv ) n ( σv , z l ) d σv , 

(A14) 

here dr is the physical length element at redshift z l , while n ( σ v ,
 l ) is the physical number density of lenses, which is related to the
omoving number density by n ( σ v , z l ) = (1 + z ) 3 n com ( σ v , z l ). Note
lso that we have rescaled the cross section to the lens redshift, ς →
( d l / d s ) 2 since in equation ( A14 ) we multiply by the lens density at
 l . Inserting this and ( A13 ) for the cross section in equation ( A14 )
e obtain 

( μ, z s ) = 

= 

π(4 π) 2 

( μ − 1) 2 

∫ z s 

0 
d z 

χ2 ( z, z s ) χ2 ( z) 

χ ( z s ) 2 (1 + z ) 3 H ( z ) 

∫ ∞ 

0 
d σv σ

4 
v n ( σv , z l )

(A15

here χ ( z 1 , z 2 ) denotes the comoving distance from redshift z 1 to
 2 . Equation ( A15 ) is the optical depth for magnification larger than
. 
Often only the strong lensing case is considered and the magnifica- 

ion from the two images is added to give the total magnification. To
o this one has to replace 1/( μ − 1) 2 by 4/ μ2 . As already mentioned
bo v e, here we cannot do this since in the case of strong magnification
nd double images we expect a considerable time delay, so that 
ypically we observe only one image at one given time. Here we
ssume this to be the stronger image. In the strong magnification 
ase, μ � 2, this difference is roughly a factor 4, while in the limit
MNRAS 523, 3863–3873 (2023) 
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