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ABSTRACT

In this work, we investigate the effect of gravitational lensing on the gravitational wave (GW) signals of a population of tidal
disruption events (TDEs). We estimate the number of lensed-magnified signals that we expect to detect with future space-based
GW observatories, in particular LISA and DECIGO. We model the lens distribution using an hybrid approach that combines
semi-analytic methods with numerical results from ray tracing simulations. We divide the TDE population in two classes, nuclear
TDESs (main sequence stars tidally disrupted by massive black holes in the cores of galaxies) and globular TDEs (white dwarfs
tidally disrupted by intermediate mass black holes in globular clusters). We find that, even considering the effect of lensing,
LISA will not be able to observe any TDEs, while DECIGO could detect ~16 strongly lensed (i > 2) globular TDEs and ~135
strongly lensed nuclear TDEs, over an observational period of 10 yr. Our results reveal the role that lensing will play in future
deci-Hertz GW observatories, indicating exciting multimessenger opportunities with TDEs but at same time signalling the need

to develop adequate data analysis techniques to correctly reconstruct the astrophysical properties of the source.

Key words: gravitational lensing: strong — gravitational waves — transients: tidal disruption events.

1 INTRODUCTION

Stars orbiting around a massive black hole (BH) can be shred into
pieces due to tides induced by the BH’s gravitational field. We call
these extreme phenomena tidal disruption events (TDEs; Luminet &
Carter 1986; Rees 1988; Phinney 1989; for a recent review see
Rossi et al. 2021). Thanks to the bright electromagnetic (EM) flares
produced by the stellar debris during the following accretion, TDEs
have been one of the most powerful ways to reveal the presence
of otherwise quiescent massive BHs. To date, we have around 100
observations of these events, in different bands of the EM spectrum
(see for recent reviews, Saxton et al. 2020 for X-ray; van Velzen
et al. 2020 for optical; Alexander et al. 2020 for radio, and all the
references therein).

Besides being multiband emitters in the EM spectrum, TDEs
are potential multimessenger sources. Recently, a few TDEs have
been claimed to be associated to observed astrophysical neutrinos
(Reusch et al. 2022; Stein 2022) as theoretically expected in the
presence of jets (Hayasaki 2021). Moreover, TDEs are also predicted
to emit gravitational waves (GWs). In particular, we can distinguish
between three main GW contributions: GWs due to the internal
stellar mass quadrupole, generated by the stretching and compressing
action of the BH tidal forces (see e.g. Stone, Sari & Loeb 2013);
GWs associated to the BH-star system mass quadrupole, emitted
during the disruption phase (see e.g. Kobayashi et al. 2004; Toscani,
Rossi & Lodato 2020; Toscani et al. 2022); GWs produced at later
stages, along the circularization process (Toscani et al. 2022) and
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in presence of an accretion disc (see e.g. Toscani, Lodato & Nealon
2019). For standard values of the parameters involved, the strongest
gravitational contribution is the burst emitted during the disruption
phase, that has typical frequencies in the range 1073-102 Hz.

Being low frequency GW sources, TDEs could be detected by
future space-based interferometers such as the Laser Interferometer
Space Antenna (LISA; Amaro-Seoane et al. 2017, 2023), currently
scheduled for launch in the mid-2030s, and the proposed deci-Hertz
Gravitational Observatory (DECIGO; Sato et al. 2017). A detailed
study about TDEs detectability with these next-generation detectors
has been carried out in Pfister et al. (2022). Their work shows
that while detection of individual TDEs by LISA seems unlikely,
these events are promising sources for deci-Hz observatories. Future
instruments with a DECIGO-like sensitivity (e.g. DECIGO, BBO —
Harry et al. 2006; ALIA — Baker et al. 2019; DO — Sedda et al. 2020,
2021) could observe hundreds of thousands TDEs per year.

Given these expectations, it becomes relevant to assess the effects
that a distribution of lenses produces on the GW emission from a
TDE population. We refer to gravitational lensing (see e.g. Schneider,
Ehlers & Falco 1992) when a massive object (i.e. the lens), which lies
along the line of sight between the observer and the source, curves
the surrounding space-time, causing the signal to deviate from its
original path. This effect has interesting consequences: for example
it may (de-)magnify the signal or produce multiple images of the
source. Moreover, different images typically arrive at the detector at
different times (time-delay effect) and they interfere if the duration
of the signal is larger than the typical delay in the time of arrival.

In this work, we study for the first time the effect of gravitational
lensing on a TDE population and provide estimates on the expected
number of observed lensed-magnified TDEs. We consider both LISA,
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for which a magnified TDE could be the only way to have a signal
above the detectability threshold, but also DECIGO, for which
the ability to distinguish lensed TDEs would avoid errors in the
reconstruction of the parameters describing the source (e.g. distance
and mass), as well as provide additional information on the astro-
physical properties of the source and lens populations. We perform
this investigation dividing TDEs in two different classes: nuclear
TDEs, where we consider main sequence (MS) stars disrupted by
massive BHs in the cores of galaxies, and globular TDEs, where
we consider white dwarfs (WDs) tidally disrupted by intermediate
mass BHs (IMBHs) located in globular cluster (GCs). The structure
of the paper is the following: in Section 2 we illustrate the basis
of gravitational lensing, in Section 3 we describe the distribution of
lenses and the TDE populations in details, in Section 4 we show and
discuss the results and finally in Section 5 we draw our conclusions.

Throughout this work, we adopt a ACDM cosmological model,
with matter density parameter 2, = 0.274, dark energy density
parameter 2, = 0.726, and Hubble constant Hy = 70 Kms~! Mpc.

2 GRAVITATIONAL LENSING IN A NUTSHELL

We want to determine the number of TDEs that, having a given
strain amplitude, or rather a given signal-to-noise ratio (SNR) p
for a specified interferometer, are significantly magnified by lensing.
Following Cusin, Durrer & Dvorkin (2021), we present semi-analytic
formulae which can be applied to an arbitrary lens and source
distribution, keeping full control of modeling and transparency of
all physical effects. We mainly focus our analysis on strong lensing,
working out the distribution of magnification for u > 1, considering
LISA and DECIGO. It is indeed true that the lensing induced
by the Cosmological Large Scale Structure can also lead to de-
magnification (i < 1) of asignal. However de-magnification from the
Large Scale Structure usually does not reach values p < 1, meaning
that its contribution should not significantly affect the detection rates
of the observed population. Furthermore the TDE population is well
below the detection threshold of LISA, hence de-magnified events
will anyway remain undetected. For these reasons in what follows
we ignore the effect of de-magnification.

Our description of strong lensing relies on the geometric optics ap-
proximation (we do not describe wave effects such as diffraction and
interference). This is a well-justified approximation when looking
at TDEs lensed by a population of galaxies. Indeed, given a lens of
mass M), diffraction effects are relevant when (see e.g. Takahashi &
Nakamura 2003)

-1
My < 10° Mo (i) , )
mHz

where f'is the frequency of the lensed signal. Since GWs by TDEs
have typical frequencies in the range 1073-10~2 Hz, wave effects
can be neglected in our work, as we consider galaxy stellar masses
between 10° — 102 M.

To predict the number of magnified TDEs observable with a given
instrument, we need to take the following steps:

(i) choose a lens model, and a model to describe the lens distribu-
tion and the population of sources;

(ii) derive the probability density function (PDF) for a generic
source at redshift z; to be amplified more than u by the population
of foreground lenses;

(iii) convolve the magnification PDF with the population of
observable events for a given instrument, in presence of magnification
M.

MNRAS 523, 3863-3873 (2023)

source image

observer
(e.g.,LISA)

Figure 1. Sketch of the geometry for a SIS lens.

In the following, we model the lenses as singular isothermal
spheres (SIS) that we describe in detail in Section 2.1. While SIS are
not very realistic when considering lensing by individual clusters,
they are sufficient for statistical purposes. In particular, the main
advantage of the SIS model is that it can be studied analytically, which
allows us to have a better (even tough idealized) comprehension of
the physics behind lensing. To follow a more realistic approach in
addition to strong lensing, described by our semi-analytic approach,
we also consider the contribution from weak lensing due to the
gravitational potential of the Large Scale Structure. To derive
numerical results, we use ray-tracing simulations by Takahashi et al.
(2011), which include both weak lensing contribution, and strong
lensing tails in the magnification PDF.

2.1 SIS and gravitational lensing statistics

In the SIS model all the mass components of the galaxy behave like
particles of an ideal gas, confined by their combined, spherically
symmetric gravitational potential, in thermal equilibrium (see e.g.
Narayan & Bartelmann 1996). The mass density of a SIS is described
by
2

2nGr?’
where o, is the velocity dispersion in the galaxy, G is the gravitational

constant and r is the distance from the centre. Integrating equation
(2) along the line of sight, we get the surface mass density

o(r) = )

0.2

Y(E)= —, 3

) 2GE 3)
where £ is the bi-dimensional vector in the lens plane, called lens
impact parameter. The geometry of such system is illustrated in

Fig. 1, where the following elements are shown:

(1) the source, its lensed image, the observer (e.g. LISA) and the
lens,

(i1) y, angle between the line of sight and the unlensed source,

(iii) 0, angle between the line of sight and the lensed image,

(iv) & deflection angle induced by the presence of the lens,

(v) d,, angular diameter distances between the lens and the source
(x =18s), the lens and the observer (x = 1), the source and the observer
(x=s),
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(vi) & = 0d,, lens impact parameter, in the lens plane,
(vil) n = yd;, source impact parameter, in the source plane.

We recall (see e.g. Hogg 1999) that the angular diameter distance
of an object is related to its luminosity distance, D, by

D

S+
and the angular diameter distance between two objects at redshifts
z1 and z, 1s

(C)]

1 1
dp=—— 22) — X2 = X1, 22), 5
R i, [x(z2) — x(z1)] 1_}_ZZX( 1, 22) (5)
where x is the comoving distance
c [*d7
x(2) = 7/ . (6)
Hy Jo E(Z)

In the above equation, we have introduced E(z') = (Qn(1 + 2 ) +
)2, where @, and Q, are the present values of the matter and
cosmological constant density contrasts and c is the speed of light in
vacuum.

The basic quantity for statistical analysis is the cross section of
the lens for producing the desired lensing effect (e.g. magnification
larger than ). The corresponding optical depth is the fraction of
the sky where, given the lenses, one can place a source and observe
this magnification (see e.g. Kochanek 2006). In the case of the SIS,
the area on the source plane in which a source at redshift zg will be
magnified > is given by ¢is(it, Zs, 21, 0v) = TN, Zs, 21, 0y). The
corresponding optical depth is

N 2
w2 = [ dads (4) [ donn et zeo), D)

where dr is the physical length element at redshift z;, while n(o,
z1) is the physical number density of lenses per bin of o, (Kochanek
2006).

In the SIS model, there are two lensed images when the source
satisty the following criterion (Schneider et al. 1992)

o
y <a0=47tc—— (8)

where « is usually called Einstein angle. In our study we consider
this scenario, but we restrict our attention to the primary, i.e. more
magnified, image,' for which we provide the cross section and the
explicit final formula for v in Appendix A. This choice is justified
since we expect to see a short burst of GWs from a TDE which
comes only from one image. The second image is in fact delayed in
time, with typical time delay of the order of a few months (see e.g.
Oguri 2018), much longer than the GW burst itself. The problem of
correctly identifying secondary images, and associating them to their
primaries, requires a dedicated data analysis investigation which goes
beyond the scope of our study.

The probability that a source at redshift z, is magnified more than

W is

+00
P(> n,z) =1 —exp(—t(W, z5)) = / P(W, z)d W, 9)
[
where
dt
p(/"-v Zs) = _di CXP(—T(LM Zs)) (10)
[

'In lensing analyses it is common jargon to refer to the observed signals as
‘images’, even though they are not EM signals. In this paper we follow this
convention, calling images the lensed GW signals.
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is the magnification PDF.

To understand equation (9) note that dt/dz can be interpreted as a
sort of GW scattering rate leading to magnification larger than w (per
bin of redshift). Hence the probability for magnification larger than
satisfies the differential equation dP(> u, z)/dz = (1 — P)dt/dz with
solution (9). The factor (1 — P) is essential to keep the probability
normalized also when t becomes large. In the limit of small optical
depth, P(> u, z;) =~ t(U, Z5).

As mentioned above, note that our approach does not describe
de-magnification which happens when a signal crosses a cosmic
under-density.

2.2 Gravitational lensing applied to a source population

We consider a population of sources, that we describe as a function of
source redshift z and SNR p and we denote the number of sources
per bin of redshift and SNR as dN'/(dpdzs). If the magnification
is u, the number of observable sources per bin of zg, for a given
interferometer, reads

AN (. z0) /°° dN
dzs B o

dpdn (1)
where pyn, i the threshold above which we have a GW detection. In
the rest of the paper, we take pj, = 8.

Convolving this quantity with the magnification PDF (equation
10), we get the total number of observed objects in presence of
magnification

) Zmax dN
Nobs = / dzsi(zs) =
0 dzs

Zma +oo dN(u, zs)
/ dz, / dup(y, zs>d7” , (12)
0 Z

min S

where zy,x corresponds to the maximum redshift at which we expect
to find sources and fpi, is the minimum value of magnification
considered. The probability that if an instrument sees a source from
redshift z; this is magnified more than u is given by

= ANGU,2)
P(zs,u>=0/ p(u/,zs)%du, (13)
n s

where C is a normalization constant.

3 METHODS

In this section we illustrate how we build our model for lens and
source distributions.

3.1 Lens distribution

We model the number density of galaxies (lenses) as a function of
redshift and of the velocity dispersion o,. One can show that if
the evolution of sources is neglected, T reduces to (see e.g. Cusin,
Durrer & Dvorkin 2019a, 2021)

0.001 [ Hox(z)\' [ N& (%)

L Zs) o L , (14
Tz = s ( c 100H] ¢ x5 x 1014 ] - U9
where N is the present galaxy density,

o0
N =/ doyn(o,, 2 =0), (15)
0

MNRAS 523, 3863-3873 (2023)
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Figure 2. Magnification PDF for different values of source redshift: z =
0.28 (light blue, dotted), z; = 0.49 (orange, short-dashed), z; = 1.10 (green,
long-dashed), zg = 1.72 (red, solid).

and (o)) a mean of the velocity dispersion to power 4. Crude
estimates for N and o, are

N = 10"—3

3

IZ. (o) = (150kms~)*. (16)

Then the PDF magnification reads

Pl 2) = (i”‘_(zf; exp (J‘fzi))z), pi(z) = 0.001 (%) .an
In the present work, we adopt this simplified model for the lens
distribution at low redshift (z < 1), which was validated by Cusin et al.
(2021). Indeed, they show that such a method provides results for the
optical depth in good agreement with the one obtained considering
a more realistic distribution of lenses, which evolves with redshift
(fractional deviations of a few per cent). For completeness, we would
also like to highlight an earlier work of Shan, Wei & Hu (2021), where
they used a full-sky multisphere ray-tracing code (developed by Wei
etal. 2018) to calculate the GW lensing magnification at low redshift.
Yet, for the purpose of our work, the analytic model of Cusin et al.
(2019a, 2021) is appropriate.

We add to this strong lensing PDF the contribution of weak lensing
due to the gravitational potential of the Large Scale Structure, which
allows us to build a more realistic lens distribution. To do so, we
use results for the magnification probability density of Takahashi
et al. 2011 (for z > 1), which reconstruct the path of light through
inhomogeneous clumps of matter in the Universe via high-resolution
ray-tracing approximation. We interpolate their results® for the
redshift values we want to study. In their simulations they used
the box size of 50 A~! Mpc with 10243 particles, the mean particle
separation of 50 2! kpc, and the softening length of 2 2~! kpc.

The overall magnification PDF that we obtain is shown in Fig. 2,
for some selected values of z,. From this plot, we see that this function
in general increases with the source redshift, which is reasonable
since for bigger z; we expect more foreground lenses between the

2The probability densities from Takahashi et al. (2011) are available on this
website http://cosmo.phys.hirosaki-u.ac.jp/takahasi/raytracing/open_data/.

MNRAS 523, 3863-3873 (2023)

source and the observer. Furthermore, over the magnification interval
1 < @ < 500, the function decreases very steeply, showing a 10
order-of-magnitude lowering, which shows how higher values of the
magnification are generally suppressed in favour of lower values.

3.2 Source population

Before illustrating how we built the source population, we briefly
recall the main formulas for the TDE gravitational emission.

The GWs associated with the disruption of a star can be approxi-
mated as a monochromatic burst, with strain and frequency given by
(see e.g. Toscani et al. 2022)

43 2/3
haw ~ 2 x 10728 x (11\\447;) X (10121?/}@) X
-1 -1
Ry
(&) = (iw) a

~ B2 % 104 Hz x (M) (2) 7 19
Jew = B77 Z X\ Mg X\ Rg s (19)

where M, and R, are the stellar mass and radius, My, the BH mass,
Mg and R, the solar mass and radius, and 8 = R/R,, is the penetration
factor, i.e. the ratio between the maximum distance from the BH to
have a full disruption, a.k.a. the tidal radius

13 ~1/3
R ~7x 10%cm x R X My x M, , (20)
Ro 10°M,, M,

and the stellar pericentre R,. Requiring R, bigger than BH
Schwarschild radius, we get the following limits for 8

R M\ 3 M —2/3
1SB S B ¥ 20x (5o ) x [ o x )@
Ro Mo 10 Mg,

The SNR p for such a signal can be written as (Pfister et al. 2022,
see also Appendix B)

hew _
he(faw/(1+2))

M\ M 2/3
B x2x1072 x X ob X
Mo 10°Mg,

(&) (&) g
x X , (22)
Reo 16 Mpc hc(fgw/(l +2)

where A, is the characteristic noise of the instrument (Moore, Cole &
Berry 2015). Throughout this work, we consider the sensitivity
curves of LISA (LISA Science Study Team 2018) and DECIGO
(Sato et al. 2017), illustrated in Fig. 3, where we also plot the peak
strain for two typical TDEs.3

In this study, when considering MS stars, we adopt the following
approximated scaling relation (Kippenhahn & Weigert 1990)

Mms ~ Rms
Mo Ro

p:

; (23)

while for the WD case we assume fixed values for the mass and
radius, Myq = 0.5Mg, Ryq = 0.01R.

Note that, from this point forward, we use My, = M,, when
referring to massive BHs residing in galaxy cores, while we write
My, = My, when referring to IMBHs located in GCs.

3Since the TDE gravitational signal is a monochromatic burst, its Fourier
transform can be written as i & hgy / fow and thus we have he ~ hgy.
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Figure 3. Sensitivity curves for LISA (blue, dashed) and DECIGO (magenta,
solid). On top of this, we also show the peak strain for two typical TDEs:
Sun-like star disrupted by a 10® Mg BH (green stars) and and WD disrupted
by a 10* My BH (orange cross), at a distance of 16 Mpc. The  parameter is
increasing from left to right (cf. equation 21).

3.2.1 Nuclear TDEs

We build the population of MS stars tidally disrupted by massive
BHs residing in galaxy cores following the same steps as in Toscani
et al. (2020),

dAN™  dmex(2)?
dzdM.dM.dB ~— HyE(z)

where we have the following terms:

(M) ¥ (B)p(M )MT 24
. * (1+Z) )

(i) the comoving volume term 47 ¢y (z)*/HoE(2);

(ii) the distribution of nuclear massive BHs that we build from
a Schechter mass function with z-dependence (see Gabasch et al.
2006), expressed in terms of M, using the Faber—Jackson relation
(Faber & Jackson 1976) and the M,~o relation (McConnell & Ma
2013), as done in Toscani et al. (2020),

—1.24
__0.003Mpc3 M.
d(M,) = A+20 8105 Mg < (108M®)

0.7
X exp (—(113;_7 ) ); 25)

(iii) the normalized distribution for 8 (Stone & Metzger 2016),
ﬁmax(Mn M,) .
ﬂZ(ﬁ(M.’ M*max) - 1)’

(iv) the normalized Salpeter initial stellar mass function (Salpeter
1955),

Y(B) = (26)

1.35 _235
M-135 _ pg-135""%

*min *max

d(M,) = ; 27

(v) the galaxy rate for nuclear TDEs (see e.g. Stone & Metzger

2016),
M. —0.404
; 28
108 Mo, ) %)

['(M,) =2.9 x 107 /(yr gal) (

(vi) the observation time 7, that we take equal to the lifetime of the
mission. Here we assume, both for LISA and DECIGO, T' = 10 yr.

Lensed TDEs 3867

3.2.2 Globular TDEs
We build the population of WDs tidally disrupted by IMBHs located

in GCs in a similar way as done in Toscani et al. (2020),
AN B 4mex (z)?
dzdM.df ~ HyE(z)

. TI(My, My,
¢(M.)Ngga1(M.)¢(ﬂ)((lhfz)d)T, (29)

where we have the following terms:

(i) the comoving volume term 47 ¢y (2)*/HoE(2);

(i1) the distribution of nuclear massive BHs, ®(M,);

(iii) a scaling relation between the number of GCs per galaxy and
the mass of the BH in the core (Burkert & Tremaine 2010; Harris &
Harris 2011)

N& = M.

= 30
#7407 x 100 Mg G0

(iv) the rate of globular TDEs per GCs (Baumgardt, Makino &
Ebisuzaki 2004)

49 —95/54
T~ 60Myr~! x (ﬁ> X (MWd) X
Ro Mo

M, N\ ne \ 76 re \ 9P
X X X\ ,
103 Mg pc3 1 pc

€29

where we take the GC core density equal to n. = 10° pc> and the
GC core radius equal to . = 0.5 pc. We remind that we assume the
WD mass and radius to be fixed, Myq = 0.5 Mg, Ryg = 0.01 R

We assume that the mass distribution of IMBHs is a § function at
a fixed value of M,,. In particular, we will build two populations, one
with M, = 10> Mg, the other with M, = 10* M,

3.2.3 Range of parameters for the TDE populations

To derive the total number of observed TDEs in presence of
magnification, A%, we start by building the nuclear and globular
TDE populations according to the aforementioned description. In
particular we choose the following ranges:

(i) for the source redshift we take z; € [0.001, 2], where the min-
imum value of redshift corresponds to ~ 20 Mpc (average distance
of the Virgo Cluster), while the maximum value corresponds to the
redshift after which the GW emission from a TDE population is
negligible (Toscani et al. 2020).

(ii) for the central BH mass we take M, € [10* My, 10° My ], thus
considering both dwarf and large galaxies;

(iii) for the stellar mass we take M, € [1 Mg, 100 M] for the MS
star case, hence young stellar population, while for the WD case we
assume fixed mass and radius Myg = 0.5 Mg, Ryg = 0.01 R

(iv) for the penetration factor we take 8 € [1, Bmax], Where the
formula for f.x, which in general will depend on the BH and star
mass, is illustrated in equation (21).

4 RESULTS

Once we have built the two TDE populations, we can study which
is the probability that they are lensed by a foreground population of
lenses, using the framework presented in Section 3.1. We illustrate
the main results of our lensing study in the following, distinguishing
between the case of nuclear and globular TDEs.

MNRAS 523, 3863-3873 (2023)
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Figure 4. Number of nuclear TDEs per bin of SNR and bin of source redshift as a function of SNR p. The different redshift bins are represented in the following
way: z; = 0.28 blue dotted line, z; = 0.49 orange dot—dashed line, zy = 1.10 green dashed line, zs = 1.72 red solid line. On the left-hand panel we consider
LISA, on the right-hand panel we consider DECIGO. The pink horizontal dashed line represents 1 TDE per SNR and redshift bin in 10 yr.

4.1 Strong lensing of GWs from nuclear TDEs

In Fig. 4 we show the number of MS stars tidally disrupted by massive
BH per bin of SNR and z;, dV™ /dpdz, (cf. equation 11). On the
left side we calculate the SNR considering LISA, on the right side
DECIGO. Each colour represents the number of TDEs in a redshift
bin z; + 0.068, and in particular we show selected values of z: 0.28
(blue), 0.49 (orange), 1.10 (green), 1.72 (red). In general, we see
that V'™ /dpdz, diminishes for higher values of p as expected. In
addition to this, the maximum SNR decreases for higher redshift.
As for the minimum SNR, this is always ~0, which is a reasonable
result since for each redshift bin we have TDEs below the instruments
sensitivity curves.

In Fig. 5, we show the number of visible (i.e. above the threshold
Plim/ /1) nuclear TDEs if the magnification is i, AN™(u, z4)/dzs,
calculated through equation (11). The layout and colour are the
same as in Fig. 4. From these plots, we see that while for LISA
dN™(u, z)/dzs decreases for higher values of redshift, the same
quantity for DECIGO first increases for higher values of z, than it
starts to lower again. This behavior can be explained in the following
way. Since DECIGO has a better sensitivity than LISA, there are two
opposite trends that interplay between each other: (i) the total number
of TDEs increases for higher values of redshift (volume effect), (ii)
the number of visible TDEs decreases for high values of redshift
(SNR limitation). In the case of LISA however, which presents a
worse sensitivity to TDEs, the (ii) effect always prevails. In other
words, LISA is always SNR limited and the very few detectable
events decrease rapidly with redshift.

Finally, we have all the ingredients to calculate the total number of
observed TDEs in presence of magnification, A/°%, through equation
(12). Restricting to magnification x> 2 (i.e. focusing on the stronger
lensed image, cf. Section 2 and Appendix A), we find that for LISA
the number of lensed-magnified TDEs is 0, while for DECIGO we
expect the detection of ~135 magnified TDEs (1 > 2). Yet, this
number decreases quite rapidly as we increase the magnification
threshold: it reduces to ~18 for u > 3, ~6 for u > 4, ~3 for u >
5 and quickly drops for higher magnification (~0 for i > 10). This
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fast drop is in agreement with the steep decreasing presented by the
magnification PDF illustrated in Fig. 2.

4.2 Strong lensing of GWs from globular TDEs

As for the case of globular TDEs, we consider two sub-populations:
one where WDs are disrupted by IMBHs of mass 10° Mg, the other
with an IMBH mass of 10* M. We assume that in each GC there is
an IMBH.

If we consider LISA, both these sub-populations of globular TDEs
are below threshold and not even lensing can make part of these
sources detectable.

The situation is instead more interesting if we consider DECIGO.
In Fig. 6 we show the number of WDs tidally disrupted by IMBHs
per bin of SNR and z,, dN"¢/dpdz,. On the left side we consider
My, = 10° M, while on the right M, = 10* M. The colour scheme
is the same as previously described. In a similar way as for the
nuclear TDE scenario, we note that: (i) dA*4/dpdz, shows a general
decreasing trend while p increases; (ii) the maximum SNR decreases
for for higher z; (iii) the minimum SNR is ~0.

In Fig. 7, we show the number of observable globular TDEs if the
magnification is u, dAV¥I(u, z;)/dz,, calculated through equation
(11). The layout and colour are the same as in the previous plot. Also
in this case, we note the interplay between the volume effect against
the SNR effect already presented in Fig. 5 for DECIGO.

Finally we have all the ingredients to calculate the number of
observed magnified TDEs. For the case M;, = 10° My, DECIGO will
not observe any TDEs with i > 2. Thus, DECIGO will not detect
any TDEs from this population. As for the scenario M}, = 10* M,
the number of TDEs is ~16 for u > 2, ~6 for u > 3, ~3 for u > 4,
~2 for u > 5 and it quickly drops for higher magnification (~0 for
n > 10).

5 DISCUSSION AND CONCLUSIONS

In this paper, we have investigated the effects of gravitational lensing
of GW signals from TDEs of MS stars disrupted by massive BHs in
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galaxy cores (nuclear TDEs) and from TDEs of WDs disrupted by
IMBHs in GCs (globular TDEs). In order to follow a most realistic
procedure as possible, we built the distribution of lenses following an
hybrid approach. The lenses (galaxies) are modeled as SIS. To derive
numerical results, we add the contribution of weak lensing from the
Large Scale Structure using the results from ray-tracing simulations
of Takahashi et al. (2011), which include both weak lensing contri-
bution, and strong lensing tails in the magnification PDF.

For the TDE population, we follow similar steps as in Toscani
et al. (2020). Our work shows that, while LISA shall not be able
to observe lensed-magnified TDEs, the situation will be different
for an interferometer with a DECIGO-like sensitivity. While this

interferometer will observe ~16 magnified globular TDEs (u > 2),
for the most promising scenario of nuclear TDEs it should detect
~135 events with © > 2 (78 percent of which at redshift higher
then 1). In Fig. 8 we show a summary plot illustrating, for this latter
case, the probability that a TDE from redshift z, is magnified more
than u (see equation 13). The probability that a TDE observed at
redshift z; = 0.28 would be magnified more than p > 2 is ~1074,
and increases up to one order of magnitude if we go to higher
redshift (z; = 1.72). At fixed redshift bin, the probability to have
higher magnification decreases steeply (roughly 9 to 10 orders of
magnitudes in the interval 1 < p < 100), which justifies why the
number of magnified TDEs drops rapidly as explained above.
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Our results point out that DECIGO will observe a non-negligible
fraction (~0.1 per cent) of strongly lensed TDEs. Hence data analysis
techniques need to be developed to be able to distinguish lensed
TDEs from unlensed ones. This will be important to prevent a
biased reconstruction of the parameters of the source. Lensed events
will in fact have a (de-)magnified GW amplitude at the detector,
which could bias the measurement of source parameters such as its
distance. Furthermore, we expect lensing to induce lensing selection
effects on the study of the TDE population, in analogy with what
found for example in Cusin & Tamanini (2021) for a population
of supermassive black hole binaries visible by LISA. Indeed, a

MNRAS 523, 3863-3873 (2023)

realistic GW detector has a finite sensitivity: magnified sources are
on average easier to detect than de-magnified ones and this affects the
distribution of lensing magnification of an observed source sample.
These lensing selection effects, which should disappear in the limit
of a perfect instrument, are then expected to introduce a bias on
the reconstruction of the source parameters (e.g. the luminosity
distance), independent of the sample size. Hence, the characterization
of all the implications due to lensing, including selection effects due
to the specifics of a given instrument, is necessary to accurately
infer the source population astrophysical properties across cosmic
time, but also to be able to use high-redshift GW sources as a new
cosmological probe.

We would like to remind that our study of lensing relies on
the geometric optics approximation. We expect wave effects to
become non-negligible in the mHz waveband only when dealing
with diffusion off sub-galactic structures (see e.g. Nakamura 1998;
Takahashi & Nakamura 2003; Dolan 2008; Takahashi 2017; Cusin,
Durrer & Ferreira 2019b; Cusin & Lagos 2020; Dalang, Cusin &
Lagos 2022). Diffraction on sub-galactic scales makes lenses on those
scales effectively transparent to GW in the LISA band (Takahashi &
Nakamura 2003), in contrast with what happens for lensing of EM
sources (see e.g. Fleury, Larena & Uzan 2015) as the EM spectrum is
at much lower wavelengths than any relevant astrophysical structure
at cosmological scales.

We conclude by pointing out that TDEs may indeed constitute
highly interesting multimessenger sources, as they emit not only EM
radiation, but also GWs and high-energy neutrinos. The observation
of both EM and GW signals from the same TDE, could in fact enable
spectacular multimessenger analyses which may well unveil new
secrets on the intrinsic mechanisms behind these events. Concretely
for example, the GW signal would mark the moment of stellar
disruption at the first pericentre passage, otherwise undetectable
(Rossi et al. 2021). A measurement of the time delay between
the GW signal and the subsequent EM signals would decisively
help discriminating between EM emission mechanisms, currently
highly debated (Bonnerot & Stone 2021). We may compare this
scenario with GW170817 which revolutionized our understanding
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of binary neutron star mergers (Abbott et al. 2017a, ¢, 2019a), and
triggered new tests of general relativity (Abbott et al. 2019b) and
new cosmological measurements (Abbott et al. 2017b). TDEs may
well be used for similar measurements in the future: for example
they could allow us to probe the expansion of the universe if the
luminosity distance is extracted from the GW signals and the host
galaxy is identified from the EM emission, in analogy to massive BH
binary mergers with LISA (Tamanini et al. 2016; Belgacem et al.
2019) and double WD mergers with DECIGO (Maselli, Marassi &
Branchesi 2020).

The observation of a multimessenger lensed TDE would not only
provide the data for the analyses outlined above, but the differences in
the observed EM and GW lensed signals would yield unprecedented
opportunities to study properties of both the source and the lens.
For example the EM radiation will always fall within the geometric
optics approximation, while as mentioned above the GW signal could
show signs of wave optics effects, which may then be used to infer
additional information on the lens. A detailed analysis of lensed EM
emission from TDEs is currently missing in the literature and this
will be the subject for a future work.
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APPENDIX A: STRONG LENSING IN A
NUTSHELL

In this appendix we present details of the derivation of cross-
section and optical depth for a SIS lens.

A1 Basic strong lensing quantities

A typical situation considered in gravitational lensing is the one
illustrated in Fig. 1, where a lens of mass M, at redshift z; deflects the
signal from a source at redshift z;. The actual path followed by the
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signal,* which is smoothly curved in the space-time surrounding the
lens, can be-as a first approximation-replaced by two straight rays
with a kink near the deflector. The difference between the angular
position of the image and the angular position of the source is called
deflection angle, and we denote it as &.

The true position of the source is related to its lensed image on the
sky through the lens equation, which reads (Schneider et al. 1992)

ds .
n= EE — d,@(§). (AD)
I

Taking into account the geometry illustrated in Fig. 1, the source and
lens impact parameters can be written as

n=yds, &=20d, (A2)
and thus the equation (A1) becomes

dys
y=0— d—l‘&(Odd) =0 —a®), (A3)
where we have introduced the scaled deflection angle @ = (d)s/d;)@.

The scaled deflection angle can be expressed in terms of the
convergence «, as

1 0—-¢6
0)=— [ d*0'k®) — Ad
() n/ <@g g (A4)
where « is defined as
X (di8) . c2d,
0) = , th o = ———. A5
)=~~~ Wi AnGdidy, (A5)

Note that the surface mass density X is obtained by integrating the
mean mass density of the lens along the line of sight. We are in the
strong lensing limit when ¥ > X, i.e. when the mass distribution
of the lens allows the production of multiple images of the source
(Kochanek 2006).

Let us now focus on the SIS model. The mass density of a SIS is
given by (Narayan & Bartelmann 1996)

2

GV
2nGr?’ (46)

where o, denotes the velocity dispersion of the lens. Despite the
singularity in the centre and the infinite total mass, this can be
considered as a rather realistic mass distribution for lensing by a
galaxy (see e.g. Schneider et al. 1992), with o velocity dispersion
within the galaxy. Integrating along the line of sight we obtain the
surface density

02 +00 1
@) =2 x / S
2nG 0 §2+Z2

o(r) =

a1
= ﬁ?
_o L (A7)
2G d6
Thus, for a SIS the convergence reads
@)= ZO _ o dil (A8)
pIN 2 d, 6’
with a constant deflection angle
O‘v2 dls
a(f) =4n— — =20k(0) = ap . (A9)
c? d

S

4We recall that we are here working in the geometric optics limit.

MNRAS 523, 3863-3873 (2023)

This is usually called Einstein angle (see e.g. Schneider et al. 1992),
and in order to have multiple images of the source the following
condition needs to be fulfilled y < «.

If we rescale our variables by «, we can define the rescaled image
and source positions asx = 0 /ap and y = ¥ /g, hence equation (A3)
becomes

X
y=x——. (A10)
x|
We can distinguish three cases: (i) for y = 0 the solution is the
Einstein ring |x| = 1, (ii) for y = |y| < 1 one solution is x; = |x;| =
1 + y (on the same side of the line of sight as the source), the other
one is x = |xp| = 1 — y (on the opposite side), (iii) for y > 1 the
second solution no longer exists.
The Jacobian of the lens map is

1 XiXj
A=) e

dotA =1 | ! Ix|
(&} = — T - = ’
M= deta T 11— x]

x|
where we have formally introduced the magnification p. Expressing
the total magnification of a point source at position y in terms of y
we find

(Al1)

u(y):{u(xl)Jru(Xz):yj‘+1yy=u1+uz=§,y<l,

+1 1
(A12)

We observe that the magnification is always positive. This is a
consequence of the fact that SIS is an overdensity, hence it cannot
de-magnify the signal of a background source.

A2 Cross-section and optical depth

The impact parameter of the source (in the source plane) is given by
In| = n = yds; = yapd;. A source with impact parameter smaller or
equal to n is amplified by at least a factor u(y). Hence, considering
a SIS with velocity dispersion o, the cross section for amplification
>, of the stronger image is

n(4m)?otd?
Ay — D2
Note that this cross section gives the area, centred along the line of
sight of the lens, within which a source at z; must lie so that it is
amplified by a factor u; or larger by the lens at z;. The expression
(A13) remains valid also for y > 1, where we have only one image
with magnification p; which tends to 1 when y — oo.

In our study of strong lensing of GWs we consider only one
image and not the sum of both, since we expect to see a short burst
of GWs which comes only from one image. The second image is
delayed in time, with typical time delay of the order of a few months
(see e.g. Oguri 2018), much longer than the GW burst. Since we are
interested in magnification, we shall compute the cross section for the
stronger image. This point has been raised in Cusin et al. (2021) but
it was neglected in the previous literature: usually in equation (A13)
y~ ! = u; — 1is replaced by y~' = /2 = (u; + 12)/2 which is
the correct expression for a static situation where both images are
seen together. For strong amplification, j1; ~ py 3> 1 this difference
reduces the cross section by a factor 4.

To compute the corresponding optical depth, denoted 7 (u, z;), we
need to know the physical density n(o,, z;) of lenses (galaxies) with
a given velocity dispersion o at redshift z;. We define the density

Sy, 2¢, 25, 0y) = T* = T(yapdy)* = (A13)
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function n(o, z;) such that its integral f n(oy, z1)do simply gives
the total density of lenses at redshift z;.

The optical depth for lensing with magnification >u (of the most
strongly magnified image in the case of two images) for a source at
redshift z; is

s odr (&
(W, z5) = dz— | — s(W, 21, 25, Ov)n(oy, z)doy ,
0

le ds
(Al14)

where dr is the physical length element at redshift z;, while n(o,
z1) is the physical number density of lenses, which is related to the
comoving number density by n(oy, z;) = (1 + 2)’1° (o, z;). Note
also that we have rescaled the cross section to the lens redshift, ¢ —
¢(di/d)? since in equation (A14) we multiply by the lens density at
;. Inserting this and (A13) for the cross section in equation (A14)
we obtain

(W, Z5)
_ Ti(47)> /’“Z X2z, 29)x%(@) °°d6 otn(on. 21)
=12 Jo x@PA+2PHGE) Jo T

(A15)

where x(z;, z2) denotes the comoving distance from redshift z; to
z2. Equation (A15) is the optical depth for magnification larger than
M.

Often only the strong lensing case is considered and the magnifica-
tion from the two images is added to give the total magnification. To
do this one has to replace 1/(x — 1)? by 4/u?. As already mentioned
above, here we cannot do this since in the case of strong magnification
and double images we expect a considerable time delay, so that
typically we observe only one image at one given time. Here we
assume this to be the stronger image. In the strong magnification
case, (0 > 2, this difference is roughly a factor 4, while in the limit
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y — 1 where @ — 2 and the second image disappears, the two
expressions agree.

APPENDIX B: SNR CALCULATION

To calculate the SNR p of a TDE for a given interferometer, we need
to express the signal in the detector frame of reference,

p= o _

he(f3)

M 173 M 2/3
:ﬁxelO’zzx(—*> x( — )
Mo 10° Mo,
D \' 1
x x . (BI)
16 Mpc he(fow/(1 +2))

For sake of simplicity, in the above formula we have considered the
MS star case and already applied the mass-radius scaling relation of
equation (23). Considering how to convert frequency and mass from
detector to source-frame reference,

MY =M1 +2), (B2)

fav = fen/(1+2), (B3)

and the relation between comoving and luminosity distance (Hogg
1999)
D
147

we can re-write p as presented in equation (22).

X (B4)

This paper has been typeset from a TEX/I&TEX file prepared by the author.
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