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ABSTRACT

The mass and distribution of metals in the interiors of exoplanets are essential for constraining their formation and evolution
processes. Never the less, with only masses and radii measured, the determination of exoplanet interior structures is degenerate,
and so far simplified assumptions have mostly been used to derive planetary metallicities. In this work, we present a method based
on a state-of-the-art interior code, recently used for Jupiter, and a Bayesian framework, to explore the possibility of retrieving
the interior structure of exoplanets. We use masses, radii, equilibrium temperatures, and measured atmospheric metallicities
to retrieve planetary bulk metallicities and core masses. Following results on the giant planets in the Solar system and recent
development in planet formation, we implement two interior structure models: one with a homogeneous envelope and one with
an inhomogeneous one. Our method is first evaluated using a test planet and then applied to a sample of 37 giant exoplanets
with observed atmospheric metallicities from the pre-JWST era. Although neither internal structure model is preferred with
the current data, it is possible to obtain information on the interior properties of the planets, such as the core mass, through
atmospheric measurements in both cases. We present updated metal mass fractions, in agreement with recent results on giant

planets in the Solar system.

Key words: planets and satellites: composition — planets and satellites: gaseous planets —planets and satellites: interiors.

1 INTRODUCTION

The amount of metals in an exoplanet has long been considered an
indicator of the relative accretion of gas and solids during planet
formation, as well as an important tracer of the location where
the planets are born (Venturini, Alibert & Benz 2016). With most
of the planet’s metal mass contained in its interior, finding links
between metallicities observed in exoplanet atmospheres and interior
properties is essential for the interpretation of new results coming
from JWST.

Due to a lack of constraints, previous papers modelling the interior
structure of exoplanets used simple models, in which the interior of
the planets is made of a core of heavy elements, surrounded by a
homogeneous, enriched envelope (Thorngren et al. 2016; Miiller,
Helled & Cumming 2020). The metallicity of this envelope is
assumed to be the same metallicity as observed in their atmospheres.
Never the less, recent results for Jupiter using data from the Juno
mission (Wahl et al. 2017; Nettelmann et al. 2021; Miguel et al. 2022)
and on Saturn using ring seismology (Mankovich & Fuller 2021),
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show that giant planet interiors are more complex than previously
thought. All these models show inhomogeneous envelopes with a
distribution of metals that gradually decreases from the core to the
most external layer, a result that is also supported by the most recent
formation models of giant planets (Lozovsky et al. 2018; Valletta &
Helled 2022).

Motivated by these results and by the extremely accurate atmo-
spheric metallicities that we are expecting to find with measurements
by JWST, in this paper, we explore the possibility of retrieving
interior parameters of exoplanets using different models. For this, we
adapt the static model developed for Jupiter by Miguel et al. (2022)
to exoplanets, considering masses, radii, atmospheric metallicities,
and helium fractions as prior data for a Bayesian fitting code. We
retrieve bulk metallicities and core masses using both a homoge-
neous and an inhomogeneous distribution of heavy elements in the
envelope. We combine evolution and static models to speed up the
retrieval.

We describe the modelling of the interior and the fitting method
used to estimate interior parameters in Section 2. In Section 3.1, we
first apply this method to a test planet. We then apply it to a sample
of real exoplanets in Section 3.2. In Section 4, we discuss our results,
and Section 5 contains our conclusions.
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Figure 1. A schematic illustration of a model of the interior of a planet with
a core of heavy elements and a homogeneous envelope.
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Inner core

Figure 2. A schematic illustration of a model of the interior of a planet with
an inhomogeneous envelope.

2 METHODS

2.1 Planetary interior structure

In this work, we use CEPAM to model the interiors of giant exo-
planets. CEPAM (Guillot & Morel 1995) was originally developed
to model interiors of the giant planets in the Solar system, but
has also been used for exoplanets (e.g Guillot & Showman 2002).
The code has been developed further, and the last version includes
a variety of atmospheric limits to be able to use it on inflated
exoplanets (Parmentier & Guillot 2014; Parmentier et al. 2015), and
includes different potential internal structures with homogeneous
or inhomogeneous envelopes (Miguel et al. 2022). This code uses
the properties of the planet to calculate the observable parameters.
For exoplanets, we use CEPAM to calculate the expected planetary
radius. We use static modelling to model the planetary interiors
throughout this work, but use evolution models to determine the
range of potential luminosity values to use according to the age of
each planet (see Section 2.2.1).

The homogeneous model has a simple structure, and consists of
a core made of heavy elements surrounded by an envelope with a
homogeneous distribution of metals (see Fig. 1). In this model, the
atmospheric metallicities observed are equal to the overall metal
fraction in the giant planet’s envelope.

On the other hand, models with inhomogeneous envelopes consist
of a core and an envelope, where the heavy elements in the envelope
are inhomogeneously distributed and gradually decrease from the
core towards the atmosphere (see Fig. 2). In this paper, we use the
same formalism as in Guillot et al. (2018), Miguel et al. (2022),
and Howard et al. (2023) to describe the increase of metals in the
dilute core region based on the best fit to the observations. The metal
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fraction at each point in the envelope is described by,
Z ilute — Zatm - ilu
Z(m) = Zy + T g (TN (g
2 sm

where Z(m) is the heavy element fraction at the mass coordinate m,
Z.m 18 the heavy element fraction observed in the atmosphere, which
is effectively the outer boundary, Zg is the maximal mass fraction
of heavy elements in the envelope, Mgy 1S the mass coordinate at
which the metallicity gradient in the dilute core is steepest, and dm is
the slope of the gradual change in the heavy elements mass fraction.
We set the parameter dm equal to 0.075, which is the value used
in Miguel et al. (2022). We find that varying §m does not have a
significant impact on the radius. Our tests show that the difference
in radius between a run with dm set to 0.075 and a run with ém set
to 0.25 is less than 0.3 per cent.

Because giant exoplanets are made primarily of hydrogen and
helium, the equations of state of these elements are very important to
properly determine the interior structure (Miguel, Guillot & Fayon
2016; Miguel et al. 2022). In this work, we use the MH13-H
equation of state for hydrogen (Militzer & Hubbard 2013; Miguel
et al. 2016), the SCVH95-He equation of state for helium (Saumon,
Chabrier & van Horn 1995), and the SESAME equation of state
for water (Lyon & Johnson 1992) to describe the heavy elements,
assumed to be ices, in the envelope. We assume that all the heavy
elements in the envelope and atmosphere (including the dilute core
region) are in ices, and that the small, compact core is made of pure
rocks, with a structure based on Hubbard & Marley (1989).

2.1.1 The atmospheric boundary

In this work, we use a non-grey opacity model for a solar composition
atmosphere, described in Parmentier & Guillot (2014) and Parmen-
tier et al. (2015) and based on a classical model by Chandrasekhar
(1935). The model relies on the equilibrium temperature (Teq) to
include the effect of irradiation on the planetary structure. Following
Parmentier & Guillot (2014), we fix the optical depth limit to 7y, =
10, We tested the impact of varying this parameter and found that it
has a small impact on our calculations. The changes in radius caused
by varying Ty, between 1 and 10° are <1 percent. We set the
other parameters to the default values recommended in Parmentier &
Guillot (2014) for giant planets.

2.2 Fitting routine

To fit the interior structure model to the measurements, we use the
algorithm MULTINEST (v 3.10) (Feroz et al. 2013), which implements
nested sampling. We use the Python implementation described
in Buchner et al. (2014). MULTINEST uses Bayesian evidence to
compare models.

Defining the data D as the scalar of the measurement of the radius
of the planet, the parameter vector @ as the vector containing the
values of the parameters of the model, and M as the model itself, we
can use Bayes’ theorem

Pr(DI|6, M)Pr(0|M)

Pr(6|D, M) = PrDIM) , 2

to determine Pr(@|D, M), the posterior distribution of the model
parameters. The posterior distribution represents the updated belief
of the model parameters given the data. Pr(D|0, M) = L(0) is the
likelihood function. This is the likelihood of observing this set of
data given the model and parameters. Pr(6|M) = I1(0) is the prior
information for a model and Pr(D|M) = Z is the Bayesian evidence,
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an indication of how well the model predicts the observed data. In
this work, we use Z., to indicate the evidence value, so as to not
confuse it with the metal fractions.

CEPAM uses the properties of the planet to calculate the radius.
For this reason, we use the radius in the likelihood function. We
assume the uncertainty on the radius is normally distributed, with
the mean being the measured value and the standard deviation equal
to the uncertainty on the measurement. With this assumption, we can
define the joint log-likelihood function as

1 (D - Rmodel)2

InL(0) = -3 — +1n (270?) |, 3)

where D is the measured radius and Ry is the predicted radius
by the model M with parameters 6. This log-likelihood function is
then convolved with priors for each parameter, based on physical
constraints and previous measurements. An example of a physical
constraint is that the metal fraction of a planet cannot be less than
Zero.

In Bayes’ theorem, Bayesian evidence is required to normalize the
posterior over the volume of the prior. This is defined by

7o — / / / L@O)TI(6)d0, @)

where the dimensionality of the integration is equal to the number of
free parameters in the model. The MULTINEST algorithm initializes a
number of live points sampling the prior space. It then contracts the
distribution around points of high likelihood by discarding the points
with the lowest likelihood and re-initializing them according to the
prior distributions. This is repeated until the region of maximum
likelihood is found.

The number of points the algorithm uses combined with the sam-
pling efficiency determines how accurate the resulting parameters
and evidence values are. Feroz et al. (2013) recommend using 400
points with a sampling efficiency of 0.3 for evidence calculation. We
find that in this mode, the log evidence values are not always constant,
but the value only varies by £2. Other modes perform equally well
or worse. We therefore use the evidence estimation mode for all
evidence calculations.

To assess which model best describes the data, we consider the
difference in evidence values calculated by MULTINEST. The best-
fitting model between two competing models that are a priori equally
likely to describe the data is evaluated by considering the ratio of their
evidence values. Expressed in log space, we write this as Aln (Ze,) =
In(Z;)—In (Z,). Using an updated version of the Jefferys scale (e.g.
Kass & Raftery 1995; Scaife & Heald 2012; Callingham et al. 2015;
Bloot, Callingham & Marcote 2022), Aln (Z.y) > 3 is strong evidence
that M, is significantly better at describing the data than M. 1 <
Aln(Z.,) < 3 is moderate evidence that M, describes the data better
than M;, and 0 < Aln(Z.,) < 1 is inconclusive. However, in our
case, we note that there is an extra uncertainty from the variation of
the evidence value between runs. As mentioned before, the variation
is at most +2, so we take Aln(Z.,) > 5 as the condition for strong
evidence that M, is significantly better at describing the data than M.
We treat Aln (Z,) > 3 as a suggestion that M, is better at describing
the data than M.

We note that this comparison requires that the two models are a
priori equally likely. If this is not the case, this comparison does not
hold.

MNRAS 523, 6282-6292 (2023)

2.2.1 Input and output parameters

The input of the fitting method consists of the measured or inferred
parameters, combined with any physical constraints. An example of
such a constraint is that the core mass fraction cannot be less than 0.0,
nor can it be more than 1.0. The measured or inferred parameters used
in this work are the mass, radius, metal fraction in the atmosphere,
and equilibrium temperature. The radius is used to calculate the
likelihood, whereas the mass, metal fraction in the atmosphere, and
equilibrium temperature are used as priors for the fitting method.
For the mass and the equilibrium temperature, we use a Gaussian
prior distribution centred on the measured or calculated value, with a
width determined by their error bars. We use a logarithmic Gaussian
prior distribution for the metal fraction in the atmosphere, as most
metal fraction measurements are given in log space. The distribution
is again centred on the measured value with a width determined by
the error bars.

The physical constraints on the other parameters are determined in
a few different ways. If the parameter is completely unconstrained,
the input consists of the entire physically possible range. The
unconstrained parameters in the default method are the core mass
fraction and the parameters to determine the metal fraction in the
envelope for the inhomogeneous case (Zgiue and mgiye, S€€ equation
(1)). For these parameters, we use a prior uniformly distributed
between 0.0 and 1.0. With these priors, it is technically possible
to create a planet with a negative heavy element gradient. A negative
metallicity gradient will be unstable, either succumbing to convection
or a Rayleigh—Taylor instability, both of which will quickly restore a
positive gradient. While these solutions are found to be very unlikely,
they do occur occasionally. In those cases, we add an extra prior
requiring that the gradient of heavy elements cannot be negative.
For the helium fraction Y and the heavy element fraction in the
atmosphere Z,,, we define a constraint that Y 4+ Z,,, < 0.75. This
value was chosen to avoid a too large Y + Z,, value in the envelope
and to ensure convergence. We use a Gaussian distribution for the
helium fraction Y, centred on 0.277 with a standard deviation of 0.01.

The upper limit on the internal luminosity is set by running one
homogeneous evolution model in CEPAM with all parameters set to
the mean values of the measurements, with the helium fraction set
to 0.3 and the core mass fraction set to 0.05. Out of all parameters,
the one that has the largest impact on the internal luminosity in our
tests is the metal fraction in the envelope. An increased atmospheric
metallicity leads to an increased internal luminosity. Therefore, to
calculate an upper limit on the luminosity, we set Z,,, = 0.5. We
then select the highest value of the internal luminosity that agrees
with the age of the star and use this as our upper limit. The lower
limit on the internal luminosity is obtained from Guillot & Gautier
(2015) and Sarkis et al. (2021). We set it to 10** ergs™!, or 0.3 L. If
the upper limit on the internal luminosity is below or very close to
this value, we set the lower limit to 10?! ergs™!, 3 - 107 L; instead.
The range of the prior on the internal luminosity is fairly large. The
goal of this is to not bias the fitting method to certain regions of
the parameter space. In practice, this means that the calculated age
of the best-fitting set of parameters can be lower than the measured
age, but still within the error bars. This is discussed in more detail in
Section 3.1.2.

The output of the model consists of the best-fitting parameters and
the log evidence value. Out of the best-fitting parameters, the most
relevant parameters to constrain the interior of a planet are the core
mass fraction, the overall heavy element fraction of the planet, and
the parameters to determine the metal fraction in the envelope for the
inhomogeneous case.
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Table 1. Parameters used to create the test planet and the prior ranges used for the two runs. The test value
is the value for that parameter used to create the planet. The first of the two runs only includes measurements
of the radius R and the mass M, whereas the second run uses the radius R, mass M, equilibrium temperature
Teq, metallicity of the atmosphere Zym and the helium fraction Y. The value of the internal luminosity used
to create the test planet was chosen based on an evolution run, using an age of 1 Gyr. The prior ranges
are written as i £ o for the Gaussian distributions, where p is the mean of the distribution and o is the
standard deviation. For the uniform priors, the lower and upper limits of the uniform distribution are given.
Mdilute 18 the mass coordinate where the dilute core region is located and Zgijye is the dilute core central

metal fraction.

Test value Run with only R, M Run with R, M, Teq, Zam, Y

Mass (Mjy) 0.478 0.478 £ 0.02 0.478 £ 0.02

Core mass fraction 0.0065 [0.0, 1.0] [0.0, 1.0]

Y 0.277 [0.0, 1.0] 0.277 £ 0.01

Zatm 0.11 [0.0, 1.0] -

log(Zatm) —0.95 - —0.95+£0.12

Teq (K) 1580 [0.0, 6000] 1585+ 24

Internal luminosity (Ly) 4.5 [0.3,5.8] [0.3, 5.8]

Mdilute 0.27 [0.0, 1.0] [0.0, 1.0]

Zdilute 0.2 [0.0, 1.0] [0.0, 1.0]

Radius (Ry) 1.5 1.5 £0.06 1.5+ 0.06
1.0 1.0

1 Homogeneous [ Homogeneous
[ Inhomogeneous [ Inhomogeneous
0.8 0.8
0.6 3 0.6F r
0.4 + 0.4} ; :
0.2l . . . 0.2} | . i
0oLt e — . 0oLl : . . . .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Core mass fraction

Core mass fraction

Figure 3. Histogram showing the distribution of the core mass fraction produced by fitting the two different interior structures to measurements of the radius
and the mass (left-hand panel) and the radius, mass, equilibrium temperature, helium fraction, and atmospheric metal fraction (right-hand panel) of the test
planet. The light blue line shows the distribution of the core mass fraction for the homogeneous model fit, and the dark green line shows the distribution for the
inhomogeneous model. The insets show the same distribution between 0.0 and 0.15 in more detail, using more bins. The dashed black line shows the core mass

fraction used to create the test planet.
3 RESULTS

3.1 Test planet

In this section, we test the robustness of the method by applying it
to a simulated planet to analyse how well we can retrieve its interior
structure. Our test planet is created using the properties in Table 1.

3.1.1 Required measurements to constrain the interior structure

In order to find the best-fitting model that reproduces the properties of
the test planet, we check what parameters are necessary to break the
degeneracies. The first test is to use only the mass and the radius of
the planet as input for our method, and test if that information alone
is enough to retrieve the interior structure of the test planet. For the
radius, we use a value of 1.5+ 0.06 R, and we set the mass value
to 0.478 £ 0.02 M;, where the error bars are chosen in agreement
to typical exoplanet measurement estimations, examples of which
are shown in Table 3. With just these constraints, we find that the
method struggles to constrain any of the parameters. This is shown

in Fig. 3 (left-hand panel), where we plot the histogram of the core
mass fraction distribution that we find for both models. We see that
the core mass fraction is completely unconstrained in these runs. The
core mass fraction in the homogeneous model is 0.26210%¢. For the
inhomogeneous model, it is 0.21170%32. The same is found for the
other unconstrained parameters.

We observe that in this case, where we use only the mass and
radius of the planet as prior data, we cannot retrieve the true core
mass fraction of the planet. This can be seen in Fig. 3 (left-hand
panel), where some of the extreme values retrieved for the core
mass fraction are close to 0.8, while the true value of this parameter
in the test planet is 0.0065. This is because, in a system with few
constraints and many unknowns, the problem is degenerate and the
code can obtain a solution that is far from the true value. For example,
when the core mass fraction is high, other parameters, such as the
metallicity and helium fraction of the atmosphere, as well as the
internal luminosity, can compensate for the effect of the large core to
still create a planet with the desired radius. This is therefore a valid
solution for the system, even if it is not close to the right one.

MNRAS 523, 6282-6292 (2023)
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Figure 4. Evolution of the internal luminosity as a function of time for the
test planet. The blue line shows the results from an evolution run using the
best-fitting parameters for the test planet, using the homogeneous model with
a helium fraction constraint. The black line indicates the best-fitting internal
luminosity calculated with the fitting method using static modelling. The
point where the two lines cross is at 622 Myr.

Table 2. The log evidence values found for the test planet for both models,
with constraints on R, M, Zym, Teq and Y.

Run In(Zey)
Homogeneous —33.1£0.05
Inhomogeneous —323+02

It is clear that the method requires more information to find a
good fit. This is expected, as a fitting method generally requires more
constraints than free parameters to converge to a solution. When only
using the mass and the radius as input, we have four free parameters
in the homogeneous model and six in the inhomogeneous model. In
this case, the two constraints are not enough to allow the method to
converge.

Other parameters that can be determined observationally are the
atmospheric metal fraction and the equilibrium temperature (via
the determination of the stellar parameters and planetary albedo).
Moreover, we can also add the helium fraction as a constraint
in the calculations. While helium is a challenging element to be
spectroscopically detected in stars or exoplanet atmospheres, one of
the approaches typically followed by stellar modellers is to determine
the initial helium abundance by setting free values of Yi,; 4 in a
range thatis in reasonably good agreement with solar values (Nsamba
et al. 2021). We can then assume that the exoplanets have the same
helium fraction as their primitive host star, an assumption also made
for the overall helium abundance of the giant planets in the Solar
system.

To test the effect of adding these measurements, we run the method
again on the same test planet, with the atmospheric metal fraction,
the equilibrium temperature and the helium fraction added as input
priors. The prior parameters are listed in Table 1. The uncertainties
on these values are based on uncertainties of measurements of real
exoplanets, examples of which can be found in Table 3. When we
apply the method using these constraints, we find a distribution in
core mass fractions as shown in Fig. 3 (right-hand panel). The core
mass is much more constrained in these runs, as we can now see that
the core mass is less than 0.1, independent of the interior structure.

MNRAS 523, 6282-6292 (2023)

For the homogeneous model, the core mass is now 0.01270:02. The
inhomogeneous model is again very similar, with the core mass
being 0.01573923. This last case using the equilibrium temperature,
atmospheric metal fraction and helium fraction as input parameters
in addition to mass and radius is the best case to retrieve the interior
properties of the planets and the one that will be used during the rest
of this manuscript.

3.1.2 Internal luminosity

In Section 2.2.1, we describe the upper limit on the internal lumi-
nosity, based on the age of the star used in an evolution model of the
planet. To test the validity of this assumption for the upper limit, we
run the evolution model for the best-fitting parameters found with
the fitting method and static model for the test planet and compare
this with the internal luminosity found with this fitting routine. The
results of this run are plotted in Fig. 4. We compare the results of this
run, particularly the radius and the internal luminosity, to the radius
and luminosity found by the static runs using the upper limit on the
internal luminosity. We find that the internal luminosity found by the
static runs is realistic when looking at the full evolution run. The age
of the planet that agrees with both the calculated radius and internal
luminosity is 0.6 Gyr. The age chosen to create the planet is a little
higher at 1 Gyr, but well within typical observational error bars when
compared to the values in Table 3.

3.1.3 Homogeneous versus inhomogeneous structures

A consequence of using this fitting method is that it produces an
evidence value for each run. Comparing these evidence values could
give us information about which model describes the data better. We
list the found log evidence values for our simulated planet in Table 2.
We see that there is no significant difference between the evidence
values of the two models. This indicates that the parameter space is
still too large for the fitting routine to find a unique solution. There
are simply too many degeneracies to find one single solution. More
constraints would be needed to better determine which one of these
two models fits exoplanet data better and would be the study of future
research.

3.2 Sample of exoplanets

After analysing the robustness of our method with a test planet, we
apply it to real exoplanets. In this section, we present the results
of retrieving interior parameters for a sample of 37 exoplanets.
These planets were selected based on several criteria. First, they
need to have available measurements of the radius and the mass,
as well as an inferred equilibrium temperature. Because we use
atmospheric water abundances as an estimate for the metal frac-
tion in the atmosphere, we select planets with measured water
abundances. Finally, our planets are in a mass range of 0.1-3 M.
The entire selection of exoplanets with the corresponding measured
values used to constrain the calculations is listed in Table 3,
where we also include stellar ages when available. We note that
when stellar age is not available, we use 1 Gyr as the age of the
planet for the determination of the upper limit on its internal
luminosity.

The results of all runs, including corner plots of the distributions,
are available at https://github.com/AstroYamila-Team/exoplanet-in
terior-retrievals.
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Table 3. Exoplanets used in this work. The planets marked with % are planets that are not well-reproduced by our method and
that are removed from consideration for the analysis of the results. *: there is no given uncertainty on the water abundance of 51
Peg b, therefore we use a typical value based on the other exoplanets in the sample. References: (1) Birkby et al. (2017), (2) Brogi
et al. (2013), (3) Martins et al. (2015), (4) Pinhas et al. (2019), (5) Nikolov et al. (2014), (6) Bakos et al. (2007), (7) Line et al.
(2013), (8) Todorov et al. (2013), (9) Hartman et al. (2009), (10) Esposito et al. (2014), (11) Tsiaras et al. (2018), (12) Knutson
etal. (2014), (13) Hartman et al. (2011a), (14) Torres, Winn & Holman (2008), (15) Chan et al. (2011), (16) Hartman et al. (201 1b),
(17) Bonomo et al. (2017), (18) Sato et al. (2012), (19) Hartman et al. (2012), (20) Sato et al. (2005), (21) Triaud et al. (2010),
(22) Southworth (2010), (23) Paredes et al. (2021), (24) Melo et al. (2006), (25) Wang & Ford (2011), (26) Colén et al. (2020),
(27) Pepper et al. (2017), (28) Goyal et al. (2021), (29) Hellier et al. (2014), (30) Gillon et al. (2014), (31) Wilson et al. (2020),
(32) Anderson et al. (2017), (33) Spake et al. (2018), (34) Lendl et al. (2014), (35) Anisman et al. (2020), (36) Collins, Kielkopf &
Stassun (2017), (37) Delrez et al. (2016), (38) Chen et al. (2018), (39) Wallack, Knutson & Deming (2021), (40) Lam et al. (2017),
(41) Anderson et al. (2011a), (42) Anderson et al. (2010), (43) Mancini et al. (2013), (44) Hebb et al. (2010), (45) Gibson et al.
(2013), (46) Saha & Sengupta (2021), (47) Hellier et al. (2010), (48) Anderson et al. (2011b), (49) Lehmann et al. (2015), (50)
Chakrabarty & Sengupta (2019), (51) von Essen et al. (2019), (52) Faedi et al. (2011), (53) Wakeford et al. (2017), (54) Gillon
et al. (2012), (55) Hébrard et al. (2013), (56) Gillon et al. (2009), (57) Hellier et al. (2012), (58) Bruno et al. (2018), (59) Anderson
et al. (2014), (60) Luque et al. (2020), (61) Mancini et al. (2019), (62) West et al. (2016), (63) Maxted et al. (2013), (64) Line
et al. (2021), (65) Cortés-Zuleta et al. (2020), (66) Triaud et al. (2013), (67) Yip et al. (2020), (68) McCullough et al. (2006), (69)
Holman et al. (2006), and (70) Southworth et al. (2018).

Name Mass (My) Radius (Ry) Teq (K) log(XH,0) Stellar age (Gyr) References
51 Pegb + 0.47+903 19103 1226103 ~35+1* 4423 1-3
HAT-P—1b « 0.52570010  1.31970018 132211 272738 3.6 4-6
HAT-P-12b 0.210570013  0.9497008 957 £20 —-3.9119% 2.5%2 4,7-9
HATP—18 b 01831003 0047+00M g4y 415 2634 118 12.4+64 10-13
HAT-P-3 b 0.5911001%  0.82779033 1127499 —6.93 £2.73 1.6713 11,14,15
HAT-P—32b * 0757013 1789700 1786 £26  —2.84£0.92 3.8703 11,16, 17
HAT-P-38 b 0.2671092  0.82510983  1082+£55  —4.29+2.16 10.1+43 11,18
HAT-P—41b * 0.870192 168570076 1941+£38  —2.77£1.09 22794 11,19
HD 149026 b 035710011 0.718700% 1634153 —5.75 £291 2408 11, 14, 20-22
0.025 0.077 13 0.46
HD 189733 b 113810052 1.1387507 120113 -5.041030 0.6 4,14,23,24
HD 209458 b * 0.6970017  1.3870018 1449112 —4.667030 4% 4,14,24,25
0.019 0.18 51 1.13
KELT-11b 0.195% 0010 135035 171243 —4.73% 4 26,27
0.004 0.05 0.4
WASP-101 b 0.5 0004 La1*g5 1559 £38  —6.95+2.61 0.9773 11,28,29
WASP-103 b 14910088 152870003 2513+49 1731038 4h 28,30, 31
WASP-107 b 0.127501 0.947502 770 £ 60 —1.740% 32,33
WASP-117 b 0.275510:0%  1.02179952 1225738 -3.8211 4.6%3 34,35
WASP-12 b 1.47+0076 1.97907 2546 + 82 ~3.16708 AR 4,28,36
WASP-121 b * 118470003 1.8657001 2358 +£52  —3.05+0.87 11,37
WASP-127 b 0.18%002 1377004 1404 + 29 -2.5619%2 114148 38-40
0.032 0.081 0.91 2.6
WASP-17 b % 04861003  1.99170081  1771£35 —4.04%01 3430 4,41,42
WASP-19 b % 11397508 14175017 2099 + 39 3,910 115727 4,28, 43, 44
WASP-29 b 0.2431002  0.77510031 970131 ~7.934£2.38 1578 11, 45-47
0.03 0.06 1.01
WASP-31 b 0.478%) 0 15377000 1575+£32 -3.975% 4,48
0.53 0.014 3.00
WASP-33 b 2.87023 1.603%001s 2781 +41 —-6.87300 49, 50, 51
0.03 0.04 30 0.05
WASP-39 b 0.28% )03 127500 103013, —1.375)% 4,52,53
0.053 0.019
WASP-43 b 20527005 1.036%001g 1444 40 —436 +£2.1 0.4 11,28, 54
WASP-52 b 0.461002 127708 1315+£35  —4.09£0.87 0.4%03 15,55
0.019 0.051 58 1.83 7
WASP-6 b 0.503% )05 1.2247002) 1194422 —6.911)% 117 4,56
WASP-63 b % 0.3879:03 1.437506 1536 +£37  —5.81+2.81 11,28, 57
WASP-67 b 0.4270:04 14702 1040 £ 30 -5.617598 11,57,58
0.017 0.047
WASP-69 b 02670017 1.057%000 96318 —3.94 4125 2 11,59
0.014 0.036 1
WASP-74 b 0.826% 001 1.248700%0  1922+46  —591+£281 2% 11,28, 59-61
WASP-76 b % 0.9275:03 1.837506 2190 £43 —2.741.07 11,28, 62
WASP-77 A b 1.76%0:58 1217532 171572 ~3.937049 1793 63-65
+ Y —-0.06 *=7-0.02 -25 *7~-0.09 -0.5
WASP-80 b 0.554700% 09527002 825+20  —534+£265 11,66
0.03 0.06 0.90 8
WASP-96 b 0.48%003 127000 1285 + 40 —3.65% 004 8+36 29, 67
XO-1b 0.9 11847007 1204£11  —275+ 1.64 4572 68-70
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Figure 5. Comparison between measured and fitted parameters. Left-hand panel: measured radius—used as input for the fitting method—on the horizontal axis,
and the radius found by the fitting method on the vertical axis. Right-hand panel: measured mass—used as input for the fitting method—on the horizontal axis,
and the mass found by the fitting method on the vertical axis. In both figures, the light blue and dark green points, respectively, correspond to the homogeneous
and inhomogeneous models. A line showing where they are equal is drawn. The error bars represent the 1o uncertainty.
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Figure 6. Bulk metallicity as a function of the best-fitting radius. We see a
clear correlation, with the heavy element fraction decreasing with the radius.
The light blue points are the homogeneous runs and the dark green points are
the inhomogeneous models. Jupiter and Saturn are plotted for reference (Ni
2020; Miguel et al. 2022). The error bars represent the 1o uncertainty.

3.2.1 Reproducing the measurements

To test if our method works well for the entire sample of exoplanets,
a first check is to compare the radii and masses measured against
the best-fitting radii and masses found with the fitting routine. This
comparison is shown in Fig. 5. The plot shows that most of the
planets in the sample are well-reproduced. For the masses, (Fig. 5,
right-hand panel) all the planets have masses that are well-fitted,
with the exception of the most massive planet in the sample. We
note, however, that the difference between the best-fitting mass and
the measured mass for this massive planet is less than 20, showing
that the method can reproduce the masses very well. However, when
looking at the radius (Fig. 5, left-hand panel) there is also a number
of planets that are not properly fitted. These planets have a best-
fitting radius that is smaller than the measured radius. The difference
between the best-fitting radius and the measured radius for most
inflated planets can be between 10 and 20c. The large difference
between the best-fitting radius and the measured radius is caused by
the planet being very inflated. Due to the effect of stellar irradiation
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Table 4. Core masses for both models fit to WASP-39 b with 1o error bars.

Homogeneous Inhomogeneous
Core mass fraction 0.0122 10018 0.0125 100042,
Core mass (Mgarth) 0.88 t1t) 0.9 61

on exoplanets, there is extra energy deposited in the interior of the
planet (Mol Lous & Miguel 2020). This might be another uncertainty
and extra parameter to consider in our calculations for some extreme
cases. We come back to these extreme planets in Section 4.4. In the
rest of this work, we remove these planets from the sample, leading
to a final sample of 25 exoplanets.

3.2.2 Core mass distribution

Our results show that there is a correlation between the core mass
fraction and the radius of the planet. We show the best-fitting core
mass fraction as a function of the best-fitting radius in Fig. 6, where
we see that larger planets have smaller core mass fractions, a result
that is also in agreement with trends found in the giant planets in the
Solar system (Ni2020; Miguel et al. 2022). In addition, another thing
to notice is that smaller planets are less constrained than the larger
planets in the sample. This is because the smaller planets have a
larger amount of metals and larger degeneracies in the determination
of their interior structures. Furthermore, the inhomogeneous models
are often less constrained than the homogeneous models, which is
caused by the difference in the size of the parameter space between
the two models.

For most planets in the sample, we find that the core mass fraction
is often very similar between runs of the same planet. For WASP-
39 b, for example, we show the found core mass fraction in Table 4
for both the homogeneous and the inhomogeneous run. The values
of both runs are very similar.

3.2.3 Mass metallicity relation for exoplanets

‘We show the retrieved bulk metallicity of the exoplanets as a function
of their mass in Fig. 7. We notice that the metal mass fraction of a
planet decreases as the total mass of the planet increases, a result
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Figure 7. Bulk metallicities as a function of the total estimated planetary
mass. The light blue points are the homogeneous runs and the dark green
points are the inhomogeneous models. Jupiter and Saturn are shown in the
figure for comparison. The error bars represent the 1o uncertainty.
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Figure 8. Distribution of metals over the core and envelope. The vertical
axis shows the envelope heavy metal fraction and the horizontal axis shows
the core mass fraction. The light blue points are the homogeneous runs and
the dark green points are the inhomogeneous models. The error bars represent
the 1o uncertainty.

in agreement with previous calculations (e.g. Thorngren et al. 2016;
Thorngren & Fortney 2019). We note that our retrieved metallicities
are often slightly lower than the values provided by previous
calculations (see Section 4.1). Our results are also in agreement
with recent estimations of Solar system giants (Mankovich & Fuller
2021; Miguel et al. 2022).

The inhomogeneous models could reproduce the homogeneous
model solutions by finding solutions where the core-boundary metal
fraction is equal to the atmospheric metal fraction. In that case, the
distribution of the heavy elements over the core and the envelope
should be equal to that in the homogeneous model. Fig. 8 shows the
metallicity in the envelope as a function of the core mass fraction,
where we see that homogeneous and inhomogeneous models occupy
different regions of the parameter space. The homogeneous solutions
either have a relatively high core mass fraction and a low envelope
metal mass fraction, or a low core mass fraction and a relatively high
envelope metal mass fraction. The inhomogeneous models occupy
the regions between these two extremes. This result implies that
the inhomogeneous solutions are different from the homogeneous
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Figure 9. Heavy element fraction as a function of the mass coordinate of the
inhomogeneous runs. The vertical axis shows the heavy element fraction and
the horizontal axis shows the mass fraction. We only include the runs where
the core mass fraction is below 0.25, to show the structure of the other planets
more clearly.

models, indicating that the homogeneous model is not the only
possible solution to explain the interior structure of these planets.

To illustrate how the heavy elements are distributed in the envelope
in inhomogeneous models, we plot the heavy element fraction as a
function of mass of the best-fitting models in Fig. 9. We see that in
most planets in our sample, the gradient of metals in the envelope
extends in a range from 0.2 to 0.7 in mass fraction coordinates.
Values found for Solar system giants show that the gradient of metals
or dilute core region (as this region is normally called in planetary
science) extends between 0.5 and 0.6 of the planetary radius (Wahl,
Hubbard & Militzer 2016; Mankovich & Fuller 2021; Miguel et al.
2022). On the other hand, formation models find that this region
extends to a smaller radius, close to 0.3 radii (e.g. Miiller et al. 2020;
Helled et al. 2022, and references therein). However, a recent analysis
from Howard et al. (2023) points towards a better agreement between
interior and formation models about the extent of the heavy-element
gradient. The values found in this work for exoplanets cover the
entire range of both theoretical and observational values, although
these models do not have such tight constraints as the Solar system
giants.

4 DISCUSSION

4.1 Comparison to previous work

Previously, mass-metallicity relations for exoplanets have been
estimated, for example by Thorngren et al. (2016). However, they
use a different approach, considering evolution models (instead of
static models as considered in this work), only using a homogeneous
structure and putting at most 10 Mg, into the core. In general, our
trend indicates slightly lower metallicities when looking at the entire
sample of exoplanets, but we can also perform a direct comparison
between our retrieved metal masses to their findings, as several
exoplanets are included in both papers. An example is WASP-
29b. For this planet, we find a metal mass of 19*_'2:? Mo using
the homogeneous model and 14f(5’j2 Mg,y With the inhomogeneous
model. Thorngren et al. (2016) find a metal mass of 25.65 553 M.
The metal mass found in this work is lower, although the values agree
within 3¢. The other planets included in both samples are HAT-P-
12b, HAT-P-18 b, WASP-69b, and WASP-80b. We find the same
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Figure 10. Difference in log evidence values between the homogeneous
and inhomogeneous model runs. The horizontal axis is the average radius of
the homogeneous and inhomogeneous runs. The solid black lines represent
Aln(Zey) = £5, and the dashed lines indicate Aln(Zey) = £3. The error bars
represent the 1o uncertainty.

metal mass for HAT-P-12b, close to the same value for HAT-P-18 b
and a higher value for WASP-69 b and WASP-80b. All values agree
within 30.

Thorngren & Fortney (2019) also look at the total metal fraction of
exoplanets. Their Fig. 2 can be compared against our Fig. 7. In both
figures, Jupiter and Saturn are marked for reference. In the figure by
Thorngren & Fortney (2019), Jupiter and Saturn are both significantly
lower in metal fraction than the exoplanets in the sample. The points
plotted for the exoplanets are limits, but the mean values are still
higher than Jupiter and Saturn. In our figure, Jupiter and Saturn are
in the middle of our sample and follow the trend established by the
exoplanets. In our sample, there is no significant difference in the
metal mass trend between the Solar system and exoplanets.

There are several planets included in both samples, which we can
directly compare. These planets include WASP-39b, WASP-43 b,
WASP-52 b, and WASP-107 b. We find lower metal mass fractions for
all these planets, although the error bars are larger on our determined
values.

4.2 Homogeneous versus inhomogeneous structures

A consequence of using the fitting method described in Section 2.2
is that it produces an evidence value for each run. Comparing
these evidence values could give us information about which model
describes the data better. The Bayesian evidence takes the size of
the parameter space into account to reduce the risk of overfitting. In
practice, this means that two models with the same evidence value
are equally likely, even if one model has more free parameters than
the other.

We list the found log evidence values for our simulated planet in
Table 2. We see that there is no significant difference between the
evidence values of the two models. This indicates that the parameter
space is still too large for the fitting routine to find a unique solution.
There are simply too many degeneracies to find one single solution.
We see the same for our entire sample, as shown in Fig. 10. Although
some planets show a suggestion that one model is better than the
other, none show strong evidence. More observational and theoretical
constraints would be needed to determine which one of these two
models fits exoplanet data better.
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Figure 11. Bulk metallicities as a function of the total estimated planetary
mass for the homogeneous runs, where the colour indicates the stellar
metallicity. Jupiter and Saturn are shown in the figure for comparison. The
error bars represent the 1o uncertainty. Metallicities from Gillon et al. (2009,
2012,2014), Hartman et al. (2009, 2011a), Cameron et al. (2010), Hellier et al.
(2010, 2014, 2015), Chan et al. (2011), Sato et al. (2012), Torres et al. (2012),
Triaud et al. (2013), Lendl et al. (2014), Mancini et al. (2014), Anderson et al.
(2017), Pepper et al. (2017), and Polanski et al. (2022).

The observational constraints that could help include better mea-
surements of the surface parameters of exoplanets, such as the
metallicity, as well as measurements of Love numbers (e.g. Wahl
et al. 2021), which contain information on the interior structure.

Finally, the internal luminosity of giant exoplanets, especially
those close to their host stars, is still not completely understood.
Theoretical advancements on the range on this parameter would
decrease the error bars on the parameters determined in this work.

4.3 Impact of stellar metallicity

The metallicity of the star in a planetary system may affect the interior
properties of the planets in that system. To test this hypothesis, we
plot the total metal fraction as a function of mass, coloured by the
metallicity of the star, in Fig. 11. We show only the homogeneous
model runs, but the results for the inhomogeneous model are almost
identical. Fig. 11 shows that the two planets with the highest metal
mass fraction are also the two systems with the highest stellar
metallicity. On average, it seems that planets orbiting a star with a
higher metallicity than the Sun have a higher total metal fraction than
the Solar system planets, and the other way around. Although this
correlation is not yet very significant, it suggests that the properties
of the planet and its star are related. This will be further investigated
in a future publication.

4.4 Inflated planets

A significant amount of the exoplanets in our sample are inflated
planets, with measured radii higher than our estimated values. To
properly model these planets, we need to add more free parameters
in our sample related to the atmospheric boundary condition and the
energy deposited in the interior of the planet, which could increase the
degeneracy in the system and the uncertainties on other parameters.
To test the effect of this, we re-ran all the inflated planets using a
higher upper limit on the internal luminosity. Instead of limiting it
to the values predicted by the evolution runs, we now set a general
upper limit to the high (and arbitrary) value of 10* ergs™', or 3 x
10*Ly, for all the inflated planets. We see that with this new parameter
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Table 5. Comparison of different internal luminosity upper limits for HAT-
P—32D, for the homogeneous runs. The given error bars are lo.

Radius (Ry) Core mass fraction

Default limit 101759548 0.14475255
10% ergs™! limit 179100233 0.19475:007
1078 erg s~ limit 17870039 0.04287 5053

Table 6. Comparison of different internal luminosity upper limits for
HD 209458 b, for the homogeneous runs. The given error bars are lo.

Radius (Ry) Core mass fraction

Default limit 1.059017 0.286" 0053
10%° erg s~ limit 1~33f8f8:3§ 0~390t8:83%
10% ergs™! limit 1.3870.087 0.15575:0133

space, we can reproduce the radius of even the most inflated planets
very well. For comparison, we discuss two planets in more detail.

HAT-P-32b is one of the most inflated planets in our sample. It
has a measured radius of 1.8 Ry, but in the original runs, the best-
fitting radius is only 1 R;. When we increase the limit on the internal
luminosity, the radius can get to 1.8 R;. However, now the core mass
fraction and other free parameters are less constrained. The values
of the core mass fraction and the radius are shown in Table 5 (for
the homogeneous run). We have also added an intermediate run with
the upper limit on the internal luminosity set to 10% ergs™!, or 3 x
103L;. We see that this run still manages to reproduce the radius, and
that the parameters are much more constrained than in the run with
a higher internal luminosity limit.

HD 209458 b is a well-known inflated planet. We find that again,
for this planet, we cannot reproduce the observed radius using our
method. However, with the increased internal luminosity limit at
10% erg s~!, we can reproduce the radius, as shown in Table 6. When
we decrease the limit to 10?8 erg s~!, the parameters are slightly more
constrained.

The two values used here for the upper limits are arbitrary values
chosen to test the impact of increasing the internal luminosity.
However, what this test shows is that any inflation mechanism
that relies on adding a free parameter to the model will increase
the parameter space and make it more difficult to constrain the
interior structures of exoplanets. If this mechanism is understood
well-enough and constrained based on the properties of the planet, it
would most likely be possible to recover the interior structure.

5 CONCLUSIONS

In this work, we present a method based on static calculations to
retrieve the interior properties of exoplanets, using observational
data as constraints, including their masses, radii, equilibrium tem-
peratures, and atmospheric metallicities. In our model, we adopt
the traditionally used homogeneous structures of an exoplanet,
where the interior consists of a core and a homogeneous envelope
(e.g. Thorngren et al. 2016; Thorngren & Fortney 2019), but also,
based on recent results from the giant planets in the Solar system
(Mankovich & Fuller 2021; Miguel et al. 2022) and on formation
models of giant planets (Lozovsky et al. 2018; Valletta & Helled
2022), we introduce inhomogeneous structures to the study of
exoplanet interiors. In these inhomogeneous models, the metals in the
envelope decrease gradually from the core toward the atmosphere,
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creating more diverse interior structures with a different distribution
of metals and bulk metallicities.

We apply the method to a sample of exoplanets and retrieve their
core mass fractions, envelope metal fractions, and bulk metallicities.
Our results show that for larger planets, we find smaller core mass
fractions. An analysis of the mass-metallicity relation for both models
(homogeneous and inhomogeneous structures) shows that our sample
of planets is in excellent agreement with recent determination of bulk
metallicities of the giant planets in the Solar system (Mankovich &
Fuller 2021; Miguel et al. 2022). We also see that more massive
planets have a lower metal mass fraction, in agreement with previous
estimations (Thorngren et al. 2016; Thorngren & Fortney 2019).

Our results on a test planet, as well as on the entire sample of
exoplanets, show that the method provides accurate constraints for
exoplanets that are not inflated, but that extra constraints would be
needed to use it in retrieval estimations of highly inflated planets.
Both models presented here can describe the sample of exoplanets
well. To distinguish between the two, we require more observational
constraints, such as improved measurements of atmospheric param-
eters, as well as potentially Love numbers.

This study is important in the context of future JWST observations,
where atmospheric metallicities would be found for more exoplanets
and with more accurate estimations, which would help to constrain
their interior properties and to inform formation models towards a
better determination of the history of planetary systems.
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