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Abstract. We present a new version of MGCAMB, a patch for the Einstein-Boltzmann
solver CAMB for cosmological tests of gravity. New features include a new cubic-spline
parameterization allowing for a simultaneous reconstruction of µ, Σ and the dark energy
density fraction ΩX as functions of redshift, the option to work with a direct implementation
of µ, Σ (instead of converting to µ, γ first), along with the option to test models with a
scalar field coupled only to dark matter, and the option to include dark energy perturbations
when working with w 6= −1 backgrounds, to restore consistency with CAMB in the GR limit.
This version of MGCAMB comes with a Python wrapper to run it directly from the Python
interface, an implementation in the latest version of CosmoMC, and can be used with Cobaya.
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1 Introduction

The discovery of cosmic acceleration [1, 2], along with the unnatural smallness of the implied
cosmological constant Λ [3, 4] and the unexplained nature of the cold dark matter (CDM),
stimulated extensive studies of alternative gravity theories and their phenomenological sig-
natures [5–9]. Further interest is driven by the opportunities for testing General Relativity
afforded by the current and future cosmological surveys and, more recently, the emergence
of tensions between datasets [10] within the ΛCDM model. Modified Growth with CAMB
(MGCAMB), first introduced in 2008 [11] and significantly upgraded in 2011 [12] and 2019 [13],
is a patch for the popular Einstein-Boltzmann solver CAMB [14, 15], allowing one to compute
cosmological observables in models with modified relations between the gravitational metric
potentials and the matter density contrast. It has been used in conjunction with Monte-Carlo
Markov Chain samplers, such as CosmoMC [16, 17], to constrain modifications of gravity on
cosmological scales [18–20].

The field of cosmological tests of gravity has matured significantly over the past couple
of decades. Studies evolved from the phenomenology of specific models, such as f(R) [21–24]
and DGP [25, 26], to the development of general frameworks [27–34] for studying broad classes
of modified gravity theories, such as Horndeski [35, 36] and beyond [37–40], along with the
numerical tools for interpreting observations within these frameworks, such as EFTCAMB [41–
43] and hi_class [44, 45]. The essential difference between MGCAMB (and similar software,
like MGCLASS [46] and ISiTGR [47–49]) and codes like EFTCAMB and hi_class is that the latter
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are exact tools for testing scalar-tensor theories, albeit of most general type, while the former
are purely phenomenological, helping constrain departures from GR that are more directly
probed by large-scale structure surveys. In practice, one always has to choose a particular
parameterization and such choices are often driven by intuition gained from scalar-tensor
theories. Thus, there is a good degree of synergy between Horndeski-based tools and MGCAMB
when it comes to obtaining theoretical priors [50] on the phenomenological variables and
the interpretation of the constraints [51]. A recent example of such a synergistic approach
was the joint reconstruction [52, 53] of the two MGCAMB functions, µ and Σ, parameterizing
the relations between the matter density contrast and the Newtonian and Weyl potentials,
respectively, and the dark energy (DE) density fraction, ΩX , with the help of a Horndeski
correlation prior obtained using EFTCAMB.

This release of MGCAMB is publicly available at https://github.com/sfu-cosmo/MGCAMB
and comes with tools for using it with Cobaya [16, 54, 55] and an implementation in the latest
version of CosmoMC [16, 17, 56]. The added features include new models, such as a scalar
field coupled only to dark matter in the quasi-static approximation, the option to include DE
perturbations when working with w 6= −1 backgrounds, and a new binned parameterization
allowing for a simultaneous reconstruction of µ, Σ and ΩX as functions of redshift. In
what follows, we describe the new features in detail and demonstrate their use in a few
representative examples.

2 Overview of MGCAMB and its new features

Let us start briefly reviewing the framework of MGCAMB and the options available in the 2019
version, followed by a detailed description of the new features introduced in the current
release. A more comprehensive description of MGCAMB is provided in [13].

2.1 MGCAMB and its 2019 version
In MGCAMB, departures from GR are encoded in two phenomenological functions of the scale
factor a and Fourier number k, µ(a, k) and γ(a, k), introduced in the Newtonian gauge
linearized Einstein equations as

k2Ψ = −4πG µ(a, k) a2[ρ∆ + 3(ρ+ P )σ] (2.1)
k2[Φ− γ(a, k)Ψ] = 12πG µ(a, k) a2(ρ+ P )σ , (2.2)

where ρ∆ ≡ ∑
i ρi∆i and (ρ + P )σ ≡ ∑

i(ρi + Pi)σi, ∆i is the comoving energy density
contrast, ρi and Pi are the background density and pressure, and σi is the anisotropic stress of
individual particle fluids labeled by i ∈ {b, c, γ, ν} for baryons, CDM, photons and neutrinos,
respectively, and Ψ and Φ are the metric potentials, defined via

ds2 = a2(τ)
[
−(1 + 2Ψ)dτ2 + (1− 2Φ)dxidxi

]
, (2.3)

where τ denotes the conformal time. At late times, when the anisotropic stress contribution
from photons and neutrinos is negligible, the equations become

k2Ψ = −4πGµ(a, k)a2ρ∆ (2.4)
Φ = γ(a, k)Ψ , (2.5)

A popular and equivalent parameterization employs Σ(a, k), instead of γ(a, k), defined as

k2(Φ + Ψ) = −4πG Σ(a, k) a2[2ρ∆ + 3(ρ+ P )σ] . (2.6)
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In the limit of negligible photon and neutrino anisotropic stress, i.e. well after the onset of
matter domination, Σ and γ are simply related via

Σ = µ

2 (1 + γ). (2.7)

In the 2019 version of MGCAMB, when the user opted to specify µ and Σ, they would be
converted into µ and γ using (2.7), with the subsequent calculations carried by the code in
terms of the latter. One of the new features in the 2023 version is the direct implementation
of the µ and Σ parameterization in the equations, eliminating the need to assume validity
of (2.7), i.e. the need to neglect the anisotropic stress from relativistic particle species.

We note that variations of the gravitational coupling in the Solar System are tightly
constrained by lunar ranging and other experiments. The parameterization in eq. (2.4)
implies an effective coupling Geff ≡ µ(a, k)G, determining the gravitational clustering of
matter on cosmological scales, where G is the Newton’s constant measured on the Earth.
In particular, this parameterization allows for Geff 6= G at present time, a = 1. This is
indeed possible in theories with a screening mechanism [7, 57–60], allowing for gravity to
be different cosmologically, while being indistinguishable from GR in the Solar System. As
all screening mechanisms are intrinsically nonlinear, they cannot be described using tools of
linear perturbation theory employed in MGCAMB. Hence, while testing gravity on linear
scales, we effectively assume the existence of a screening mechanism.

MGCAMB also allows the user to work with functions Q(a, k) and R(a, k), defined as [61]

k2Φ = −4πG Q(a, k) a2ρ∆ (2.8)
k2(Ψ−R(a, k)Φ) = −12πG Q(a, k) a2(ρ+ P )σ (2.9)

An entirely different parameterization of modified growth, also available in MGCAMB, is
based on Linder’s parameter γL [62], defined via f ≡ Ωm(a)γL , where f is the growth rate
and Ωm(a) is the background matter density fraction.

For each of the above choices of phenomenological functions, the user can choose a
parameterization from a set of built-in options or add their own. The built-in MGCAMB pa-
rameterizations can be broadly divided into two categories — those based on the expressions
for µ and γ obtained from scalar-tensor theories in the quasi-static approximation, and the
ad hoc parameterizations introduced in the literature. The latter includes the Planck [19]
and DES [20] parameterizations of µ and Σ, while in the former category there are the
Bertschinger-Zukin parameterization [63], which applies to most scalar-tensor theories, the
generic [11] and the Hu-Sawicki [23] f(R), the symmetron [60] and the dilaton [58, 64, 65].
We note that, in all the scalar-tensor-theory-based parameterizations, it is assumed that
baryons and CDM are universally coupled to the scalar field. One of the added features in
the 2023 version is the option to constrain scalar field models with coupling only to CDM.

The background evolution in the 2019 version of MGCAMB is set by specifying the DE equa-
tion of state, w, with w = −1 corresponding to Λ, and built-in options for a constant w and
the (w0, wa) parameterization [66, 67]. The 2023 version has an additional option of a param-
eterization of the DE density fraction ΩX(a). Note that, in the default CAMB, in models with
w 6= −1, there is a contribution of DE density fluctuations to the Poisson equation calculated
either under the assumption of a minimally coupled scalar field [68], i.e. the quintessence, or
the Parameterized Post-Friedmann (PPF) fluid model [69]. In MGCAMB, w is an effective quan-
tity that need not be associated with a fluid, hence, the DE perturbations were not included.
This, however, led to a small discrepancy between the output of CAMB and that of MGCAMB
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with µ = γ = 1 for w 6= −1 background models. To give the user the option to eliminate
this discrepancy, we added the DE perturbation option to the 2023 version of MGCAMB.

2.2 MGCAMB 2023

The new features of this release of MGCAMB are:

• added compatibility with Cobaya, and an implementation in the latest CosmoMC;

• added Python wrapper to run MGCAMB using the Python interface;

• an option to constrain models of a scalar field coupled only to CDM in the QSA limit;

• a direct implementation of the µ-Σ parameterization in the Einstein-Boltzmann solver,
eliminating the need to convert to µ-γ using eq. (2.7);

• added background model based on parameterization of the DE density (as opposed to
w), denoted as ΩX ;

• a non-parametric parameterization of µ, Σ and ΩX , based on a cubic-spline interpola-
tion over a set of discrete nodes in a. This allows a joint reconstruction of µ, Σ and
ΩX [52, 53];

• the option of including DE perturbations to restore the consistency with CAMB when
working with w 6= −1 background models.

In what follows, we describe these new features in more detail.

2.2.1 MGCAMB with Cobaya and CosmoMC
In order to use Cobaya with MGCAMB, one needs to install Cobaya first from the Cobaya web-
site [55]. Generally, running Cobaya with MGCAMB is the same as running it with CAMB.
We have created an input YAML file, available for download at https://github.com/sfu-
cosmo/MGCobaya, that includes both the basic cosmological model parameters and MGCAMB-
specific new parameters along with complete instructions. Users are referred to the provided
template file temp.yaml and can modify it according to which MG model they want to
work with.

Additionally, a new version of MGCosmoMC, which is a modified version of the
latest release of CosmoMC with MGCAMB implemented in it, is publicly available at:
https://github.com/sfu-cosmo/MGCosmoMC.

2.2.2 Scalar field coupled only to CDM
MGCAMB evolves the full set of Einstein-Boltzmann equations parameterized via the functions
µ-γ. Built-in expressions for the latter are typically based on their QSA form in scalar-tensor
theories and are derived in the Jordan frame, in which baryons and CDM follow the geodesics
and obey the standard conservation equations, while the scalar field is coupled to the metric,
thus modifying Einstein equations. The Brans-Dicke type theories, such as f(R), can also be
formulated in the Einstein frame, conformally related to the Jordan frame, in which Einstein
equations are not modified, but all the matter is non-minimally coupled to the scalar field. As
all of our observational tools and units are based on the Standard Model physics, theoretical
predictions must be made in the baryon frame, which is the Jordan frame in this case.
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In addition to the universally coupled case, it is interesting to study models in which
the scalar field only couples to CDM [70, 71]. In this case, the baryon frame is the Einstein
frame, i.e. Einstein’s equations are not modified. Instead, the CDM conservation equations
are modified by the coupling to the scalar field. While the cosmological phenomenology of
the universal and CDM-only coupled cases is very similar, the technical implementations of
the two in MGCAMB are different. In the latter case, µ = γ = Σ = 1, but the CDM continuity
and Euler equations acquire new terms. In the Newtonian gauge, in Fourier space, they are
given by (see appendix A for more details)

δ̇c + θc − 3Φ̇− ˙(βδφ) = 0 (2.10)
θ̇c +

[
H+ βφ̇(0)

]
θc − k2Ψ = βk2δφ , (2.11)

where δc is the density contrast, θc is the velocity divergence, ˙ = ∂/∂τ , H = ȧ/a, φ(0) is the
background scalar field, δφ is the perturbation, m(φ) and β(φ) are the mass and the coupling
functions defined in appendix A. When applying the QSA, we assume that all time-derivatives
of the scalar field can be neglected, giving

δ̇c + θc = 0 (2.12)
θ̇c +Hθc − k2Ψ = βk2δφ , (2.13)

with δφ algebraically related to the density contrast:

δφ = − βρcδc
k2/a2 +m2 , (2.14)

thus eliminating the scalar field entirely from all equations. We note that this is a strong
version of the QSA which is not applicable to theories in which kinetic energy of the scalar
field is a non-negligible fraction of the total energy [72]. However, this is a good approximation
for theories like chameleon, symmetron and dilaton, in which the scalar field remains at the
minimum of the slowly evolving effective potential. In theories where this is not the case,
one should add the scalar field explicitly to the code, which is not done in MGCAMB.

To implement in MGCAMB, it is necessary to convert the CDM Euler equation to syn-
chronous gauge using [73]

δ(syn) = δ(con) − αρ̇
ρ

(2.15)

θ(syn) = θ(con) − αk2 , (2.16)

giving

δ̇c + θc + 1
2 ḣ = 0 (2.17)

θ̇c +Hθc = −k2β̃2 ρc (δc − 3αH)
k2/a2 +m2 (2.18)

where all the quantities are now in synchronous gauge, β̃(φ) = β(φ)/
√

8πG, α = (ḣ +
6η̇)/(2k2), and h and η are the synchronous gauge potentials [73].

The 2023 MGCAMB has built-in parameterizations for CDM-coupled scalar field models
based on the forms of m(a) and β̃(a) in the symmetron and dilaton models as described
in [74]. In [75], we tested the validity of the QSA for these models by comparing to the exact
solutions with an explicitly present scalar field, and found that the QSA works very well for
a broad range of parameters. Other forms of m and β̃ are straightforward to add.

– 5 –
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2.2.3 Direct µ− Σ parametrization
As mentioned earlier, the original version of MGCAMB was based on the set of linearly per-
turbed Einstein equations parameterized via the functions µ(a, k) and γ(a, k). Depending on
the data sets that one considers, it can be preferable to work with the combination µ(a, k)-
Σ(a, k). In the original version, this choice would be first transformed into the corresponding
µ(a, k)-γ(a, k), with MGCAMB determining γ from γ = 2Σ/µ − 1, along with the derivatives.
As discussed earlier, the latter is an approximated relation valid as long as the modifications
occur well-after the onset of matter domination and anisotropic stresses of relativistic species
can be neglected. It can be generalized to properly take into account these effects; neverthe-
less, also in view of numerical accuracy, we opted for adding a direct implementation of µ and
Σ, with the latter defined via eq. (2.6), in the equations for perturbations. When working
with µ − Σ models, the user can opt for this direct implementation by setting MG_flag=5.
Using other values for MG_flag would revert to the old way based on converting to γ.

The modifications to equations in the µ−Σ case are similar to those for µ−γ described
in [13]. Here we point out the main differences. The modified Poisson equations with the
µ − Σ parameterization are defined in the Newtonian gauge via eqs. (2.1) and (2.6). To
convert to the synchronous gauge, and to find the variable z used in CAMB,

z = kα− 3 η̇
k
, (2.19)

we start with the transformations given by eqs. (B.4) and (B.5) to find α and α̇ as

α̇ = −η − a2

2k2 Σ
[
2ρ∆ + 3ρ

(
1 + w

)
σ
]

(2.20)

α = 1
H

{
η + a2

2k2

[(
2Σ− µ

)
ρ∆ +

(
Σ− µ

)
3ρ
(
1 + w

)
σ
]}
. (2.21)

Then, following the same steps that were used in the µ − γ case, as described in [13], we
obtain

η̇= 1
2

a2

k2+ 3
2a

2(2Σ−µ)ρ(1+w)

×
{

(2Σ−µ)kρq
[
1+ 3(H2−Ḣ)

k2

]
+ρ∆

[
2H(Σ−µ)−(2Σ̇−µ̇)

]
(2.22)

+k2α

[
(2Σ−µ)ρ(1+w)− 2

a2 (H2−Ḣ)
]
−2(Σ−µ)ρΠ̇+2ρΠ

[
(Σ−µ)3H(1+w)−(Σ̇−µ̇)

]}
,

where Π = 3
2(1 + w)σ, and (1 + w)θ = kq, allowing us to determine z.

We have tested that, for late-time modifications (which includes all models currently
implemented in MGCAMB), the results are equivalent to those based on the conversion to γ.
Still, the added option gives the users the possibility to work with new models that may
involve early-time modifications of µ and Σ.

2.2.4 Effective dark energy density fraction ΩX

The dynamics of DE in CAMB is set by specifying the equation of state parameter w. In this
version of MGCAMB, we added the option of specifying the DE energy density instead. Namely,
we introduce a function ΩX(a), defined via the Friedmann equation,

H2

H2
0

= Ωra
−4 + Ωma

−3 + ΩX(a) , (2.23)

– 6 –
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where H = a−1da/dt is the Hubble parameter (defined in terms of the physical time t),
H0 is its present value, Ωr and Ωm are the fractional energy densities of radiation and
matter, respectively, and ΩX = ΩDEX(a) with X(a = 1) = 1 and Ωr + Ωm + ΩDE = 1.
Thus, ΩX(a), describes the collective contribution of any terms other than the radiation
and matter densities, including terms due to modifications of gravity that may alter the
Friedmann equation. In MG theories, the energy density of the effective DE fluid, defined as
above, need not be positive and can cross zero, making its equation of state singular. Hence,
when deriving constraints on MG, it is reasonable to avoid introducing w and work with the
effective DE density instead.

The effective DE pressure peff
DE, used in the equations in CAMB, can be obtained from

X(a) via [76]
Y = −X − 1

3
dX

da
a (2.24)

with Y (a) = peff
DE(a)/ρeff

DE(a = 1).
In the current version of MGCAMB, ΩX(a) is implemented as a cubic spline over a discrete

set of nodes, as detailed in the next section. Other parameterizations can be added following
the general scheme for adding new models to MGCAMB.

To work with ΩX , one needs to choose DE_model = 3 in the params_MG.ini file. This
option can be used independently from the choice of parameterizations of µ and Σ. For
example, to use the “DES” parameterization along with ΩX , one needs to set MG_flag = 1,
pure_MG_flag = 2, musigma_par = 1 and DE_model = 3.

2.2.5 The cubic-spline parameterization and reconstructions
To allow for a non-parametric reconstruction of the functions µ, Σ and ΩX , in this release,
we provide an implementation of a pixelization which can be easily modified or extended by
the user for their own purpose.

We restrict to the time-dependent case, and parameterize the functions µ, Σ and ΩX

by fitting nodes placed at certain chosen redshifts, and the values of these functions at
intermediate redshifts are determined by a cubic spline interpolation. In the code, each
function is assigned with 11 fitting nodes, with the first ten uniformly distributed in the
redshift range of z ∈ [0,3], and the last one set at z = 4. This is because most observations
can only provide tomographic measurements at z < 3, thus variations of these functions
beyond z = 3, if any, are difficult to probe. From z = 4 to z = 1000, we require all three
functions to smoothly transit from the fitted value at z = 4 to the ΛCDM value, which are
unity for µ, Σ, and ΩDE for ΩX . This is hardcoded using 9 additional nodes uniform in the
scale factor a whose values are determined by a tanh function. In sum, there are 11×3−1 = 32
free parameters1 to be determined, which is quite challenging given the strong degeneracies
among these parameters. The way out is to apply the correlated priors [77, 78], which can
be calculated in theory [52, 53], to remove the flat directions of the likelihood surface. The
covariance matrices for a few correlated priors are available in the MGCosmoMC package:
https://github.com/sfu-cosmo/MGCosmoMC, under data/corr_prior. To make the priors
work with Cobaya, one would need to construct an external likelihood class following the
general way instructed on the Cobaya website [55]. The priors are simply implemented as a
new contribution to the total χ2 via:

χ2 = (f − ffid) C−1 (f − ffid)T (2.25)
1X(a = 1) = 1 by definition.

– 7 –

https://github.com/sfu-cosmo/MGCosmoMC


J
C
A
P
0
8
(
2
0
2
3
)
0
3
8

where f ≡ {ΩXi, µi,Σi} describes the discrete nodes for the functions, with the fiducial value
ffid determined by the so-called running average method [31] to avoid the statistically biased
result, instead of the mean value obtained from the covariance matrices for the functions,
which is denoted as C in the expression.

Note that these three functions do not have to be in the same parametric form. For
example, when µ and Σ are parameterised using the aforementioned fitting nodes with the
cubic spline, dark energy can take the (w0, wa) parametrization, in which case one needs to
set MG_flag = 6 and DE_model = 2 in the params_MG.ini file. Likewise, when ΩX is a free
function with fitting nodes, µ and Σ can take a simpler form as already mentioned in the
previous subsection.

2.2.6 DE perturbations
A dynamical DE, i.e. any form of DE other than Λ, necessarily implies inhomogeneities in
the DE fluid [79]. In CAMB, in models with w 6= −1, the DE stress-energy fluctuations are
computed either based on a quintessence scalar field [68] or the PPF fluid model [69]. In
previous versions of MGCAMB, the DE contribution to the stress-energy perturbations was not
included in the perturbed Einstein equations. Instead, it was assumed that their contribution
would be absorbed into the phenomenological functions µ and γ. This, however, caused a
small but noticeable difference between the best fit parameters obtained using CAMB compared
to the µ = γ = 1 limit of MGCAMB for w 6= −1 background cosmologies. In the current version,
we have added the option MGDE_pert in the params_MG.ini to include the DE perturbations,
calculated using the quintessence or the PPF model, in the equations of MGCAMB, in the same
way as they appear in CAMB. Whether the DE perturbations should be included when running
MGCAMB depends on the context.

In MG theories, the DE equation of state w is not necessarily representative of a scalar
field, or a conserved fluid assumed by the PPF model. Rather, it is an effective quantity
representing the overall modification of the Friedman equation due to changes to the Einstein
equation as well as the impact of inhomogeneities in the extra degree of freedom. Hence, using
the quintessence or the PPF model for DE perturbation when performing model-agnostic
tests of MG is, strictly speaking, theoretically inconsistent. On the other hand, if the user’s
priority is to be able to recover the default-CAMB-based results in the µ = γ = Σ = 1 limit
when running w 6= −1 models, they should include the DE perturbations.

In addition to the DE perturbations arising from DE dynamics, in scalar-tensor theories,
in the Einstein frame, there is a contribution to the energy density perturbations in the
Poisson equation due to the non-minimal coupling of the scalar field to matter. Since the
baryon frame in the CDM-only coupled case is the Einstein frame, this term appears on the
right hand side of eq. (A.6). We note that it is generally very small on sub-horizon scales and
could be safely neglected for models for which the QSA holds well. Nevertheless, we keep it
for completeness.

3 Testing gravity with the new MGCAMB

In what follows, we demonstrate the use of the new MGCAMB for deriving constraints on
parameters of two new models that were not present in previous versions. The first is the
CDM-only coupled symmetron, which we compare to the universally (all matter) coupled
case. The second is a joint reconstruction of ΩX , µ and Σ as functions of redshift using the
cubic spline model with and without the Horndeski prior.
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Figure 1. The relative difference in the matter power spectrum for two scalar field models with uni-
versal and CDM-only coupling compared to ΛCDM model. For the symmetron model, the parameter
values are β∗ = 1.0, ξ∗ = 10−3 (λc = 4.29 Mpc), a∗ = 0.5; while the parameter values for dilaton
model are β0 = 1.0, ξ0 = 10−4 (λc = 0.43 Mpc), atrans = 0.001, where atrans sets the transition time
from GR to MG regime. In both panels, the blue line corresponds to the CDM-only coupled scalar
field, while the red line corresponds to the universally coupled scalar field.

3.1 Constraints on the universally and the CDM-only coupled symmetron
The built-in parameterizations in MGCAMB include the symmetron and dilaton models de-
scribed in terms the QSA forms of the mass function m(a) and the coupling β̃(a). As de-
scribed in section 2.2.2, in addition to the previously implemented case of the scalar field uni-
versally coupled to all matter, the current version also includes the option for the scalar field
coupled only to CDM. Figure 1 compares the matter power spectra of two scalar field models,
symmetron and dilaton, with CDM-only vs universal coupling. In both cases and for both
models there is an enhancement due to the fifth force. However, this enhancement is smaller
in the CDM-only coupled case, since the fifth force affects only a fraction of total matter.

In what follows, we compare the constraints on the symmetron model for the two cases
with the universal and the CDM-only coupling. To work with this model, we set MG_flag=3,
QSA_flag = 2 for the universal coupling and MG_flag=4, QSA_flag = 2, CDM_flag = 1
for the CDM-only coupling in the params_CMB_MG.ini file for the CosmoMC runs, or the
input YAML file if using Cobaya.

In the symmetron model, under the QSA, the functions β̃(a) and m(a) are given
by [65, 74]

β̃(a) = β?

√
1−

(
a?
a

)3
(3.1)

m(a) = H0
c

1
ξ?

√
1−

(
a?
a

)3
, (3.2)

for a > a?, where a∗ is the scale factor at which the symmetry breaking takes place. Prior
to the symmetry breaking, the minimum of the effective scalar field potential is at φ = 0,
implying β̃(a) = 0. Hence, under the QSA, the symmetron model reduces to ΛCDM, and
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coupling Universal coupling CDM-only coupling Universal coupling+AL CDM-only coupling+AL

ξ∗ 0.0011 0.0016 0.0013 0.0022
λc(Mpc) 4.743 7.051 5.802 9.539

Table 1. The 2σ upper bounds on ξ∗ and λc for the two models with fixed and varying AL, respec-
tively, as defined in the text.

we evolve the ΛCDM equations for a < a?. In [75], it was found that these QSA-based
expressions work well for a broad range of parameters.

Current data is unable to constrain all three symmetron parameters (ξ∗, β∗ and a∗)
simultaneously. For our demonstration, we set β∗ = 1 and a∗ = 0.5, and constrain the
remaining parameter ξ∗ that sets the Compton wavelength of the fifth force mediated by the
scalar field,

λc = c

H0
ξ∗ . (3.3)

We present our results in terms of λc.
We use the new version of MGCosmoMC to compare constraints on λc in the symmetron

model with universal and CDM-only coupling. Along with ξ∗, we vary the main cosmological
parameters: Ωbh

2, Ωch
2, θ, τ , ns and ln[1010As]. Our dataset includes the Planck 2018 CMB

temperature, polarization and lensing [80], joint measurements of baryon acoustic oscillations
(BAO) and redshift-space distortions (RSD) from BOSS DR12 [81], the SDSS DR7 MGS
data [82], the BAO measurement from 6dF [83], and the Dark Energy Survey (DES) Year 1
galaxy-galaxy-lensing correlation data [84] with the standard cut of nonlinear scales (see [13]
for more details on the implementation of the cut). We use a logarithmic prior on ξ∗ covering
seven orders of magnitude, ξ∗ ∈ [10−6, 1].

Figure 2 shows the marginalized joint constraints on λc for the universal and the CDM-
only coupling cases, along with the derived parameters S8 and Ωm. As expected, λc is
constrained more stringently in the universally coupled case compared to the CDM-only
coupled case, whether the CMB lensing parameter, AL, is fixed or set free to vary, since all
of the matter is affected by the fifth force in the universally coupled case. The quantitative
68% and 95% confidence level constraints on λc cannot be readily obtained from getdist
due to the fact that we use a logarithmic prior and the parameter is unbounded from below.
Instead, in table 1, we provide the “2σ” upper bounds on ξ∗ and λc defined as the value of
the parameter at which the marginalized probability is equal to 1/e2 of the peak value. For
a Gaussian distribution, this would set the 95% confidence level, or the 2σ bound.

We note that there is a degeneracy between S8 and λc at larger values of S8, which
is plausible since the fifth force tends to increase the clustering amplitude of matter. Note
that the value of Ωm stays the same, i.e. the increase in clustering can be achieved without
increasing the matter fraction. In addition, the mean values of Ωm and S8 are lower when AL
is varying, since CMB temperature data tends to elevate Ωm and S8 due to the preference
for more CMB lensing effects when AL is fixed. Instead, when AL is varied, one finds a
preference for AL > 1.

3.2 Reconstructing gravity with and without a Horndeski prior

As a second worked out example, we perform a combined non-parametric reconstruction
of ΩX , µ and Σ from current cosmological data. We set {MG_flag=6, DE_flag=3} in the
input params_CMB_MG.ini file, which corresponds to modeling all three functions through
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Figure 2. The 68% and 95% marginalized confidence level contours for Ωm, S8 and λc in the
universally coupled (blue) and the CDM-only coupled symmetron (red), with fixed and varying AL,
respectively. The other symmetron model parameters are fixed at β∗ = 1 and a∗ = 0.5. The ΛCDM
(green) contours are shown for comparison.

the cubic spline over 11 fitting nodes in redshift, as described in section 2.2.5. We fit the
resulting 32 free parameters of the theory, along with the standard cosmological parameters,
to data, considering both the case with and without the Horndeski correlated prior (as already
discussed, the Horndeski prior can be added by including cor_prior_Hor_ox.ini and setting
use_SMPrior = T in the input .ini file).

Our dataset is comprised of the Planck 2018 CMB temperature, polarization and lensing
spectra [80], the full shape consensus results of joint measurements of BAO and RSD from
BOSS DR12 [81] complemented by portion of the eBOSS DR16 data release [85–91] not
included in DR12, the BAO measurements from MGS and 6dF, the Pantheon sample of
uncalibrated supernovae [92], along with the DES Y1 data with the standard cut of nonlinear
scales. The results are shown in figure 3 and figure 4. They reproduce the more general results
obtained in [52, 53], where the same set of data were used. We refer the reader to the latter
work for an extensive discussion of the findings. Here we shall simply comment on the main
points: the reconstructed functions are consistent with their ΛCDM predictions within 2−3σ;
the role of the prior, in preventing overfitting of the data, is clearly visible; all three functions
show some mild deviations from their ΛCDM values, hinting at the features that would be
needed for late time dark energy in order to ease some of the cosmological tensions [10]. In
particular, as can be seen in figure 3, it is possible for late time modifications to ease the S8
tension if AL, is let free to vary. This is achieved mostly through the combined behavior of
ΩX and µ, with an increase in ΩX at intermediate redshifts, and µ achieving values above
unity at low and intermediate redshifts, while Σ is close to unity in the redshift range relevant
for the CMB lensing kernel.
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Figure 3. The 68% and 95% marginalized confidence level contours for S8, AL and Ωm, in the cases
of joint reconstruction of µ, Σ and ΩX using the same datasets with varying AL, with and without
the Horndeski prior, respectively, in comparison with ΛCDM model.

One expects the values of µ, Σ and ΩX at adjacent redshifts not to be entirely indepen-
dent, as these functions are generally smooth and correlated with each other. The Horndeski
correlated prior plays an important role in suppressing the likelihood of abrupt unphysical
changes in the data-only reconstruction, preventing an overfitting and ensuring that the re-
construction is independent of the binning scheme. We use the prior covariance obtained from
the ensemble of cosmological histories within Horndeski theories generated in [50]. There,
the space of Horndeski models was sampled by varying the five free functions of time that
appear in the effective field theory (EFT) action for (linear) Horndeski gravity, keeping only
the solutions that satisfy basic principles of physical viability (e.g. no instabilities) and are in
broad agreement with the observed cosmic expansion history. The strength of the resultant
correlation depends on the amount of freedom in a given model (e.g. the entire Horndeski
vs only the Brans-Dicke subset). We have made the covariance matrices for a few correlated
priors available in the MGCosmoMC package, but the user could follow the same template to
build other correlation matrices, e.g. for other theories of gravity.

While it is not evident from the results that we are presenting here, in the original recon-
struction work [53] it was shown that current cosmological data can constrain 15 combined
modes of ΩX , µ and Σ. This is already significantly more than the few parameters typi-
cally employed in simple parameterizations and highlights the importance of non-parametric
methods.
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4 Summary

We have presented a new version of MGCAMB which is now publicly available at
https://github.com/sfu-cosmo/MGCAMB and comes with tools for using it with Cobaya [16,
54, 55], as well as an implementation in the latest version of CosmoMC [16, 17, 56]. This new
version includes several added features: new built-in models, e.g. a scalar field coupled only
to dark matter in the quasi-static approximation; a direct implementation of the µ-Σ pa-
rameterization in the Einstein-Boltzmann solver, eliminating the need to convert to µ-γ; the
option to include DE perturbations when working with w 6= −1 backgrounds; a new binned
parameterization allowing for a simultaneous reconstruction of µ, Σ and ΩX (the fractional
dark energy density) as functions of redshift. For each of these we have provided detailed
instructions on how to use it. In some cases, we have also provided a worked out example
complete with fits to currently available cosmological data.

This new version brings MGCAMB up to speed with the more recent analysis tools devel-
oped in preparation for the upcoming cosmological surveys. It makes it also more versatile
and complete in terms of theoretical scenarios that can be explored and resolves the small
glitch w.r.t. the output of CAMB for cosmologies with µ = 1 = γ but w 6= −1. This fea-
ture comes with some warnings about when to activate it in order to maximize theoretical
consistency.

Of particular importance in view of upcoming LSS surveys, is the new possibility to
run MGCAMB directly with a µ − Σ parameterization of the Einstein equations, without it
converting to µ−γ. This will improve precision in the analysis for which Σ is a more obvious
function to fit to data, such as in weak lensing surveys.

As it was shown in [52, 53], cosmological data can constrain much more than the few
parameters typically employed in simple parameterizations of dark energy and modified grav-
ity. The constraining power will further increase with upcoming LSS surveys and the new
built-in feature of MGCAMB, with the simultaneous binning of µ, Σ and ΩX , will facilitate
interesting reconstructions.
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A Scalar field coupled to CDM

The action of a theory with a scalar field coupled to CDM can be written as

S =
∫

d4x

{√
−g
[
M2

Pl
2 R−

1
2∂µφ∂

µφ−V (φ)
]

+Lc
(
ψc, A

2(φ)gµν
)

+LSM (ψSM, gµν)
}

(A.1)

where LSM represents the Lagrangian density of the Standard Model of particle physics,
which includes baryons and radiations, and Lc represents the Lagrangian density of dark

– 13 –

https://github.com/sfu-cosmo/MGCAMB


J
C
A
P
0
8
(
2
0
2
3
)
0
3
8

0.6

0.8

1.0

1.2

1.4

1.6

1.8

(z
)

0.0 0.5 1.0 1.5 2.0 2.5 3.0

z

0.8

1.0

1.2

1.4

1.6

(z
)

0.0

0.2

0.4

0.6

0.8

1.0

x(z
)

cubic-spline+prior+AL

cubic-spline+AL

Figure 4. The evolution of µ, Σ and ΩX derived from the reconstruction by cubic-spline model, using
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to the 68% confidence level regions obtained from the marginalized posterior distributions for each
node, and the solid lines inside the bands correspond to the mean values of parameter functions.

matter. Here Mpl ≡ (8πG)−1/2 is the reduced Planck mass, and φ is the scalar field. The
coupling of the scalar field to dark matter arises due to the conformal factor A(φ) that alters
the gravitational metric felt by the CDM. Varying the action in eq. (A.1) with respect to φ
gives the equation of motion for φ,

�φ = V,φ −
A,φ
A
T c = V,φ + A,φ

A
ρc ≡ V eff

,φ (A.2)

where ,φ is the derivative with respect to φ, T c = −ρc is the trace of the CDM stress-energy
T cµν , and we have defined the effective potential V eff . The Einstein’s equation is obtained by
varying the action with respect to gµν :

Gµν = M−2
Pl

[
T SM
µν + T cµν + T φµν

]
, (A.3)

where the stress-energy tensor of the standard matter is conserved, ∇µT SM
µν = 0, and so is

the sum of the scalar field and the CDM stress-energies: ∇µ[T cµν +T φµν ] = 0, but T cµν and T φµν
are not individually conserved. We have

∇µT cµν = −βρc∂νφ , (A.4)

where β ≡ A,φ/A.
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Perturbing eq. (A.4) to first order and transforming to Fourier space, yields the con-
tinuity and the Euler equations for CDM given by eqs. (2.10) and (2.11). Also, perturbing
eq. (A.2) to first order and taking the QSA, gives

δφ = − βρcδc
k2/a2 +m2 (A.5)

wherem2 ≡ V eff
,φφ evaluated at the minimum of the effective potential. Namely, when applying

the QSA we assume that the scalar field is always at the minimum of V eff . This allows us to
eliminate the scalar field entirely from all equations.

The form of the Einstein equations is unchanged in this model, hence µ = γ = Σ = 1.
There is a contribution from the scalar energy density, V,φδφ, on the right hand side of the
Poisson equation, which is negligible for the class of models for which our QSA is valid.
However, we include it in the Poisson equation, after using (A.5), as

k2Ψ = −4πGa2
[
ρ∆ + β2ρca

2

k2 +m2a2 ρc∆c + 3(ρ+ p)σ
]
. (A.6)

While not strictly relevant to MGCAMB, let us note that combining eqs. (2.12) and (2.13)
in the QSA limit, we obtain the second order differential equation for δc:

δ̈c +Hδ̇c = −k2 [Ψ + βδφ] (A.7)

which has the additional term on the right hand side, due to the fifth force mediated by the
scalar field. The same equation for the baryons is

δ̈b +Hδ̇b = −k2Ψ , (A.8)

where we have omitted the baryon-photon coupling effect for the convenience of discussion.
Hence, the total matter density contrast, δ = (ρcδc + ρbδb)/(ρc + ρb), obeys

δ̈ +Hδ̇ = 4πGa2
(

1 + 2β̃2k2

k2 +m2a2
ρ2
cδc
ρ2δ

)
(A.9)

where we have used eq. (A.5) to replace δφ. This allows us to identify the effective gravita-
tional coupling as

Geff = G

(
1 + 2β̃2k2

k2 +m2a2
ρ2
cδc
ρ2δ

)
, (A.10)

which is very similar to the Geff on obtains from scalar-tensor theories with a universal
coupling to matter,

Geff = G

(
1 + 2β̃2k2

k2 +m2a2

)
, (A.11)

making it challenging to distinguish between the two cases observationally [94].

B The synchronous gauge implementation of Einstein equations in the
CDM-only coupled scalar field models

While the contribution from the scalar field density perturbation to the Poisson equa-
tion (A.9) is negligible for the QSA-compatible models that we study, for completeness, we
show their implementation in MGCAMB, which uses the synchronous gauge. Let us introduce

Cφ ≡
β2ρca

2

k2 +m2a2 (B.1)
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and write

− k2Ψ
4πGa2 = ρ∆ + Cφρc∆c + 3(ρ+ p)σ (B.2)

k2(Φ−Ψ)
4πGa2 = 3(ρ+ p)σ , (B.3)

where ρ∆ = ρδ + 3H(ρ + p)θ/k2 includes all species, including photons and neutrinos. Our
goal is to derive the quantity z = ḣ/(2k) appearing in CAMB. Applying the transformation
between the two gauges [73],

Ψ = α̇+Hα (B.4)
Φ = η −Hα (B.5)

where α = (ḣ+ 6η̇)/2k2, to (B.2) and (B.3), allows us to write

α̇ = −η − a2

2k2

[
2ρ∆ + Cφρc∆c + 3ρ (1 + w)σ

]
(B.6)

α = 1
H

{
η + a2

2k2

[
ρ∆ + Cφρc∆c

]}
. (B.7)

We can rewrite (B.7) as

η = Hα− a2

2k2 [ρ∆ + Cφρc∆c] = Hα− a2

2k2 Γ (B.8)

where Γ = ρ∆ + Cφρc∆c. We can also combine (B.6) and (B.7) to obtain

α̇ = −Hα− a2

2k2
[
Γ + 3ρ (1 + w)σ

]
. (B.9)

Taking the derivative of (B.8), we obtain

η̇ = Ḣα+Hα̇− a2

2k2 Γ̇− a2

k2HΓ (B.10)

In order to calculate Γ̇, we need to know ˙(ρ∆). For standard matter, the conservation
equations are

δ̇ = −(1 + w)
(
θ + ḣ

2

)
− 3H

(
δp

δρ
− w

)
δ (B.11)

θ̇ = −H(1− 3w)θ − ẇ

1 + w
θ + δp/δρ

1 + w
k2δ − k2σ . (B.12)

From this, we can write

˙(ρ∆) = −3Hρ∆− (1 +w)ρθ
[
1 + 3

k2
(
H2−Ḣ

)]
−3Hρ(1 +w)σ− (1 +w)ρ

(
k2α− 3η̇

)
(B.13)

For dark matter, the conservation equations are given by (2.17) and (2.18), from which we
find

˙(ρc∆c) = −3Hρc∆c− ρcθc
[
1 + 3

k2

(
H2 − Ḣ

) ]
− ρc

(
k2α− 3η̇

)
− (ββ̇+ 3Hβ2)ρ

2
c(δc − 3αH)
(k2 + a2m2) ,

(B.14)
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where we have used w = 0 and σ = 0 for CDM. We also have

Γ̇ = ˙(ρ∆) + Cφ ˙(ρc∆c) + Ċφρc∆c (B.15)

Using eqs. (B.13) and (B.14) in (B.15), we have

Γ̇ =−3Hρ∆−ρθ(1+w)
[
1+ 3

k2

(
H2−Ḣ

)]
−ρ(1+w)

(
k2α−3η̇

)
−3Hρ(1+w)σ

+Cφ

{
−3Hρc∆c−ρcθc

[
1+ 3

k2

(
H2−Ḣ

)]
−ρc

(
k2α−3η̇

)
−(ββ̇+3Hβ2)ρ

2
c(δc−3αH)
(k2 +a2m2)

}
+ Ċφρc∆c . (B.16)

We then substitute Γ and Γ̇ into the equation for η̇, and solve for η̇, to find

η̇ = 1
2

a2

k2 + 3
2a

2[ρ(1 + w) + Cφρc]

×
{
kρq

[
1 + 3(H2 − Ḣ)

k2

]
− ρc∆cĊφ + k2α

[
Cφρc − ρDE (1 + wDE)

]

+ (1 + Cφ)(ββ̇ + 3Hβ2)ρ
2
c(δc − 3αH)
k2/a2 +m2

}
, (B.17)

with kq = (1 + w)θ. Finally, we can obtain z used in the code from

z = kα− 3 η̇
k
. (B.18)
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