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A B S T R A C T   

The LEEM-IV spectra of few-layer graphene show characteristic minima at specific energies, which depend on the 
number of graphene layers. For the same samples, low-energy TEM (eV-TEM) spectra exhibit transmission 
maxima at energies corresponding to those of the reflection minima in LEEM. Both features can be understood 
from interferences of the electron wave function in a purely elastic model. Inelastic scattering processes in turn 
lead to a finite, energy-dependent inelastic Mean Free Path (MFP) and a lower finesse of the interference features. 
Here we develop a model that introduces both an elastic and inelastic scattering parameter on the wave-function 
level, thus reconciling the models considered previously. Fitting to published data, we extract the elastic and 
inelastic MFP self-consistently and compare these to recent reports.   

1. Introduction 

The (inelastic) electron Mean Free Path (MFP) is a material-specific 
quantity describing the mean distance of free travel by an electron until 
it scatters (inelastically). In the case of a bulk material and an electron 
incident from vacuum, one can to first approximation expect an expo
nential decay of the electron flux with increasing thickness. The MFP 
with respect to energy was generally found to follow a U-shape curve in 
a broad selection of materials [1]. This so-called universal curve [2] runs 
over a large energy range, up to 106 eV, and has a single minimum 
around 30–50 eV. However, recent studies of 2D materials, foremost 
graphene, have shown additional features to the energy-dependent MFP 
curve, especially at low energies where the electron wavelength is on the 
order of the lattice spacings [3–6]. An increasing interest in properties 
and applications of (heterostructures of) 2D materials, as well as in in
elastic interaction of low-energy electrons with nanolayers, calls for a 
consistent description of scattering effects in these quantum systems. 

Recently, experimental reflectivity and transmissivity data on 1-4 
layers of graphene have been published by Geelen et al. [4]. In that 
study, Low Energy Electron Microscopy (LEEM) was used to obtain 
reflection spectra R(E), while electronVolt-Transmission Electron Mi
croscopy (eV-TEM) was introduced to obtain transmission curves T(E)
(see Fig. 1a). Here, E denotes the electron energy with respect to the 
vacuum energy, defined as Evac = 0. For multilayers (two or more 
atomic layers) of graphene, both R(E) and T(E) curves revealed inter
ference effects, thus calling for a wave-based scattering model. From the 

difference between unity and the sum of reflection and transmission, 
inelastic scattering effects were quantified. Thus, the authors deter
mined the inelastic MFP (IMFP) as a function of energy, directly from 
reflectivity and transmissivity spectra. More recently, Yang et al. [7] 
argued against the methodology chosen by Geelen et al. to determine the 
IMFP and re-analyzed the experimental data using an alternative 
method. Specifically, they applied a correction factor to take into ac
count the zig-zag path the electron travels between multiple reflections. 
Within their analysis, they conclude that a π + σ plasmon in multilayer 
graphene is discernible in Geelen et al.’s data. This π + σ plasmon cannot 
be excited in the monolayer [8]. 

The jellium-like model used by Yang et al. has clear advantages with 
respect to the method Geelen et al. used. Specifically, the statistical 
average of the path travelled by an electron until it randomly scatters 
inelastically was developed in their model. Fundamental to the jellium- 
like model, however, is that it cannot account for the interference effects 
[9] that are characteristic of the multilayer graphene system. 

Here we introduce an improved method to reconcile these two pre
vious models. Our approach is to keep the notion of discrete graphene 
layers intact while incorporating an inelastic loss factor that relates to 
the zig-zag path travelled by the electron between graphene layers. By 
fitting this model to the data published in reference [4], we extract the 
inelastic MFP and a reflection coefficient of the electron wave function 
in a one-step process. We also discuss whether the π + σ plasmon can 
indeed be extracted from the data available. 
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2. Interference model with losses 

To obtain some intuition for the problem, we will first consider 
single-layer graphene. Along the propagation direction of the electron, 
perpendicular to the atomic plane, the scattering problem then re
sembles a well-known quantum-mechanics exercise: calculating the 
(unbound) states of a one-dimensional potential well [10]. The exten
sion of this calculation to multiple wells equivalent to multiple graphene 
layers can then be done by a transfer matrix approach [11]. Further 
simplifying this model, one can compare each graphene layer to a 
partially transparent mirror in an optical Fabry-Pérot experiment [12], 
leading to a series of resonances as a function of wavelength and hence 
energy. Fig. 1b illustrates the partial reflection (transmission) of the 
electron wave incident upon a graphene layer (orange plane) with 
reflection and transmission coefficients r and t. As there is no cutoff to 
the number of partial reflections, the reflected/transmitted flux is the 
absolute square of an infinite sum of interfering waves. Conservation of 
flux at the layer requires , with r, t < 1. Note that in the experiment by 
Geelen et al. (see sketch Fig. 1a) the electron beams incident on the 
graphene from either side were aligned perpendicularly to the sample 
and a contrast aperture was inserted to block electrons that lost energy 
or were scattered off-axis. 

Generally, interference effects will depend on electron energy via the 
de Broglie electron wavelength. At wavelengths for which interferences 
are constructive in the forward direction, transmission maxima will be 
found. Thus, the so-called interference ‘toy-model’ introduced by Geelen 
et al. provides a basic explanation for the presence of transmission peaks 
and (accompanying) reflection minima in the experimental curves, 
which occur around 3 eV and 18 eV (see Fig. 3). 

For our discussion, we first need to consider this toy-model in more 
detail. The phase propagation over a distance equal to the layer spacing 
a is given by: 

φ = a⋅
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2me

ℏ2 (E + Φ)

√

, (1)  

where E is the incident electron energy (with respect to the vacuum 
level) and Φ = 4.6 eV (which is close to the work function), the free 
electron mass and ℏthe reduced Planck constant [13]. The quantum 
mechanical reflectivity and transmissivity coefficients of n layers (see 
supplemental material in [4]) yield the following recursive formulas: 

tn =

[
t⋅tn− 1eiφ

1 + r⋅rn− 1e2iφ

]

(2a)  

rn =

[

r+
t2⋅rn− 1e2iφ

1 + r⋅rn− 1e2iφ

]

(2b)  

with r and the wave reflection and transmission coefficients for a single 
layer within the structure. Obviously, for the case of single layer gra
phene, r1 = r and t1 = t, respectively. The measured electron intensities 
for n layers of graphene are finally obtained by taking the absolute 
square of the wave function, Tn = |tn|2 and Rn = |rn|

2. 
However, the formulas used by Geelen et al. to extract the total and 

inelastic MFP (Eq. (1) and (2) in [4]) were not linked to this toy-model. 
Rather, the authors chose a more macroscopic picture. As Yang et al. 
criticize, Eq. (1) and (2) in [4] combined imply that both the transmitted 
and reflected electrons travel a distance equal to the sample thickness 
d through the material, which is a reasonable assumption for the 
transmitted electrons but not for the reflected electrons. Furthermore, 
we point out that Eq. (2) in [4], reading T + R = exp(− d/λinel) cannot 
hold for bulk, as it implies that no electrons are transmitted nor re
flected, while LEEM experiments show that there is reflection from bulk 
samples (in fact several nanometers of thickness can be considered as 
bulk: after that the reflectivity barely changes, possibly being as large as 
50%, e.g., in graphene on silicon carbide [13]). 

Yang et al. also emphasize that the path travelled by an electron may 
be much larger than the material thickness, as the partial reflection and 
transmission leads to zig-zag paths (see Fig. 1c for an example path). 
They propose a correction factor (Fig. 1c in [7]) that depends on the 
experimentally obtained elastic MFP, thus the number of internal re
flections. This correction factor is developed in a V-trajectory, where the 
block of graphene is treated as ‘jellium’-like material, so scattering is 
equally possible anywhere inside the material. However, in such a jel
lium material no interference effects can occur, which is a severe limi
tation to their model. 

The aim of this study is to reconcile both approaches. For this, we 
start with Geelen et al.’s toy model, and extend it to account for inelastic 
losses. This has the advantage that interferences are possible, while in
elastic processes – which, e.g., lead to a loss of finesse and thus a 
broadening of the peaks in the interference system - are considered more 
accurately. We introduce an inelastic loss factor β for every reflection or 
transmission event. While the losses upon reflection and transmission 
may in principle be different, fitting β and r already allows for this 
freedom (without introducing redundant parameters). By using only one 
factor β, (1 − β)2 can be interpreted as the loss in electron flux per unit 
cell length a travelled (see Fig. 2). Still the elastic backscattering events 
only take place at the discrete graphene layers, keeping the interference 
condition intact. Effectively this means replacing r and t by βr and βt 
[rn− 1 and tn− 1 remain unchanged, as the factor β is already included 

Fig. 1. (a) sketches the LEEM setup, with the path of the 
incident electrons in LEEM mode (black) and in eV-TEM mode 
(green). After reflection/transmission from the sample the 
electrons follow the red path to the detector. (b) Illustration of 
the electron paths through two layers of graphene upon mul
tiple partial reflections and transmissions. Between the layers, 
the electron wave gains a phase φ. (c) One classical electron 
trajectory (red path). After travelling some distance (on 
average: the inelastic Mean Free Path (IMFP)), an inelastic 
scattering process happens. Experimentally, this means that the 
electron is not detected in reflection nor transmission. Analysis 
of the IMFP is required to take into account such ‘zig-zag paths’ 
[6], which may be significantly longer than the thickness of the 
material.   
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inside them in the previous iteration] in Eqs. (2a) and (2b), so the 
modified recursion formulas including β are: 

tn =

[
βt⋅tn− 1eiφ

1 + βr⋅rn− 1e2iφ

]

(3a)  

rn =

[

βr +
β2t2 rn− 1e2iφ

1 + βr⋅rn− 1e2iφ

]

(3b)  

with r1 = βr and t1 = βt. We will use the recursive formulas Eq. (3a/b) to 
extract the wave reflection coefficient r and the loss factor β for each 
energy and layer count n. 

3. Results 

The reflection and transmission spectra Rn(E) and Tn(E) for each 
energy were calculated from Eq. (3a/b) (absolute squared) and fitted to 
the experimental data from Geelen et al. (see Fig. 3a/b) using a least 
square fitting routine with r and β as the only fitting parameters. The 
resulting fit has zero degrees of freedom, as there are only two 

unknowns, r(E) and β(E), at each energy and the two electron intensities 
Rn(E) and Tn(E) have been measured. Thus, the fit actually is the result 
of numerically solving these two equations (R(E) and T(E)) with two 
unknowns (r(E) and β(E)). The fitting code, that invokes the scipy.opti
mize.leastsq routine in the SciPy [14] package, is provided as a python 
notebook file in the supplementary material. The initial guess of r(E) and 
β(E) was estimated from the analytical solution of the one-layer case. 
After a maximum of 100 iterations, the fit has converged for all datasets 
except for the 4-layer dataset above 23 eV. These non-converged fits 
have been disregarded, as the pair of R and T values at that energy falls 
outside the solution space of our model, even with zero degrees of 
freedom. We attribute this to the low intensity of the (transmitted) 
electrons, where the noise is comparable to the detector dark count and 
note that the same applies for the model of Yang et al. at the same 
datapoints (as seen in the absent data points for the four layer inelastic 
and elastic MFP in Figs. 2a and 3 of [7], respectively). 

The best fit in R and T is shown in Fig. 3 c/d, and the fit parameters 
obtained are shown in Fig. 3e/f. The extracted loss factor β (Fig. 3e) 
decreases from nearly 1, i.e., no inelastic loss, at 0 eV to about 0.25 (i.e. 
75% loss) for all layer counts. However, the multilayer β spectra follow a 
distinctly different line from the rather flat monolayer curve, deviating 
to higher values (less loss) between 2–8 eV and 12–25 eV. The wave 
reflectivity amplitude r (Fig. 3f) is rather constant for all layer counts up 
to 13 eV, ranging from r = 0.3 to r = 0.55. The interference peaks 
around 3 eV do not show up in the extracted r. At energies above 13 eV, 
the monolayer curve diverges from the multilayer curves, with the 
monolayer curve monotonically increasing to 1, while the multilayer 
r(E) curves sharply drop to 0.15 around 18 eV and then increase to 0.4 at 
25 eV. 

For comparison to previously derived MFPs, we can now calculate 
the inelastic MFP directly from β, and the elastic MFP from t. By the 
relation between wave function and probability density, the inelastic 
loss factor in electron flux is |β|2 = β2. As the inelastic loss takes place 
once within each interlayer spacing a, the inelastic MFP λinel is obtained 
from 

exp(− a / λinel) = β2 ⇔ λinel
/

a =
− 1

2⋅ln β
(4) 

With the same reasoning for the transmissivity t, the elastic MFP λel is 
obtained from 

Fig. 2. Illustration of the improved interference model. Each graphene layer 
(orange) partially transmits (reflects) the electron wave function with fraction t 
(fraction r). Over a layer distance a the phase propagates by φ and the ampli
tude is damped by the loss factor β. For multilayer graphene, this ‘unit cell’ 
is repeated. 

Fig. 3. Reflectivity (a) and transmissivity (b) data reproduced 
from Geelen et al. [4]. Best fit of the reflection/transmission 
equations (panel c, d) to the reflection/transmission data set 
(panel a,b). The energy-dependent loss parameter β (panel e) 
and wave reflectivity r (panel f) were obtained by fitting the 
improved model (Eq. 3) to the transmission and reflection data. 
This fit, with zero degrees of freedom, was performed for each 
layer count independently. The fit reproduces the dataset very 
well, except for the 4-layer data above 23 eV (omitted from 
plots above 23 eV in panels e and f).   
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exp(− a / λel) = t2 = 1 − r2 ⇔ λel
/

a =
− 1

2⋅ln t
. (5) 

The total MFP then follows from 

a/λtot = a/λinel + a/λel = − 2 lnβ − 2 lnt = − 2 ln(βt) (6)  

which is consistent with interpreting (βt)2 as the total flux transmitted 
through a single layer after elastic and inelastic scattering. 

The calculation of the inelastic MFP was the focus of the work of 
Yang et al. [7]. The inverse inelastic MFP they obtained is shown in 
Fig. 4a, alongside the inverse inelastic MFP obtained in the present study 
(Fig. 4b, from the fitted β). For the multilayers of graphene, the curves 
obtained in both studies are basically identical. Also, the monolayer 
curves of both studies resemble each other up to 15 eV. However, they 
differ at higher energies. While the curve calculated by Yang et al. in
creases rapidly, the curve obtained here re-joins the multilayer curves 
again at ~25 eV. Thus, the increase of the inverse inelastic MFP in 
multilayers from 5 to 15 eV (with respect to Evac = 0) looks less unique 
in our analysis than in the one by Yang et al., where it was attributed to 
the excitation of the π + σ plasmon. In our analysis the maximum in 
inverse inelastic MFP is rather caused by the surrounding local minima. 
The position of these local minima coincides with the maxima in 
transmissivity in the multilayer data (Fig. 3b). The fact that these local 
minima show up in the multilayer and not in the monolayer data sug
gests that they are actually caused by interference of the wave function. 
While the construction of the model should account for all interference 
effects, broadening of spectral features in the experiment can move 
interference effects into the fitting parameters. Also, a scattering effect 
that is non-linear with the electron flux ‘trapped’ in the cavity would 
show up in the fitting parameter β. That is, in the semi-classical picture 
of Fig. 2, we assume a constant damping factor β for each subsequent 
reflection between two neighboring layers (Fig. 1). The peaks in β in the 

2–7 and 15–22 eV energy windows (where the transmission resonances 
occur) indicate that inelastic excitations in subsequent reflection
s/transmissions may in fact be suppressed. 

While the π + σ plasmon in multilayer graphene has been calculated 
[15] and observed [16,17] around 15 eV, it is unclear how it would 
affect the inelastic MFP-dependence on the energy of the incident 
electrons. Whereas EELS spectra, e.g. [18,19], show electron intensity as 
a function of the energy loss of the scattered electron, e.g., the loss to a 
plasmon, the inelastic MFP is a function of the energy of the incident 
electron. In other words, the electrons that are lost from the perpendic
ularly reflected and transmitted beam at a given energy, make up the 
total EELS spectrum (integrated over all energy losses) plus electrons 
scattered elastically over a sufficiently large angle to no longer pass 
through the contrast aperture. Thus, one might expect to observe a 
plasmon excitation as a step in the inverse inelastic MFP, at the lowest 
incident energy that is sufficient to excite that plasmon. At higher 
incident energies the plasmon can still be excited; actually, the scat
tering cross section generally grows with energy. To see a local 
maximum in inverse inelastic MFP, one must argue that the excitation of 
the plasmon is resonantly enhanced. We are not aware of calcu
lations/studies that support this (at the lowest possible energy for 
excitation of this plasmon). The fact that the IMFP curve for the 
monolayer matches the curves for the multilayer IMFPs at the energies 
where the π + σ plasmon should decrease the multilayer IMFP exactly in 
both Yang et al.’s and in our new analysis further refutes the interpre
tation as a plasmon loss. 

We conclude that the features in the inelastic MFP curve of the 
multilayers cannot with any certainty be attributed to the π + σ plas
mon, and must more likely be attributed to non-linear effects due to 
constructive/destructive interference of the electron waves alternating 
with incident electron energy. However, the general trend and magni
tude of the inelastic MFP curve is robust in the different analyses, 
running from close to no loss at 0 eV to 1/λtot ≈ 3 [layers− 1] at 25 eV. 

The total MFP includes elastic and inelastic scattering. The graph 
obtained by Geelen et al. (calculated from T = exp( − d /λtot), Eq. (1) in 
[4]) is shown in Fig. 5a, alongside our new analysis (from the fitted t and 
β following Eq. 6) in Fig. 5b. Both analysis methods yield similar values 
for λtot in the order of a few layer thicknesses. The interference peaks 
around 3 eV are more visible in the analysis of Geelen et al., but they still 
show up in our analysis (where they are mostly absorbed in the 
improved model). As a result, the total MFP in our analysis is rather flat 
up to 4 eV for the multilayers, ranging from 1.5 to 2 layer thicknesses. At 
energies above 10 eV and in the monolayer case the two analysis 
methods yield the same numbers. 

The elastic MFP is the most striking result in the analysis of Geelen 
et al. [4] (reproduced in Fig. 6a), sharply rising at the transmission 
resonances. Note that in Geelen et al.’s definition the elastic MFP is not a 
material property of an individual layer, but rather a macroscopic way of 
describing the interferences in n layers of graphene. To check consis
tency with Geelen et al.’s model, we calculate the elastic MFP according 
to λ− 1

el = λ− 1
tot − λ− 1

inel from the total MFP of Geelen et al. (which closely 
resembles the total MFP obtained in the present study, see Fig. 5) and the 
inelastic MFP obtained from fitting β (which resembles its counterpart in 
Yang et al.’s study, at least for the multilayer). The result is shown in 
Fig. 6b. In this analysis the maxima of elastic MFP around 3 eV and 18 eV 
are much broader than in Geelen et al.’s analysis and the curves for 
different layer counts fall closer together, indicating that they describe a 
material property less dependent on layer count. 

Finally, the elastic MFP in Fig. 6c directly follows from the fit 
parameter t, according to Eq. (5). In the elastic MFP obtained from t, the 
multilayer λel(E) shows a maximum of 30–40 layers around 18 eV and a 
rather smaller increase around 5 eV. The fact that no sharp maxima 
appear around the first transmission resonance around 3 eV indicates 
that the interferences are fully accounted for in the improved model. 

While Geelen et al.’s elastic MFP (Fig. 6a) peaks highest at the first 

Fig. 4. Comparison of the inverse IMFP as extracted by (a): Yang et al. (plot 
reproduced from [7], with the permission of AIP Publishing) and (b): present 
analysis. The energy scales are aligned as Yang et al. use the Fermi level as the 
reference, which is shifted by the work function from the vacuum level. 
Allowing for different loss factors β upon reflection and transmission leads to 
physically meaningful solutions only within a range of 20% and does not alter 
the features of the IMFP curve. 
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resonance (3 eV), the other calculations find the highest maximum at the 
second (18 eV) resonance. This is caused by the rather macroscopic 
definition used by Geelen et al., compared to the definition from the 
wave transmissivity t used here. Whichever definition one follows in a 
semi-classical model, the enhanced elastic MFP is a measure for 
enhanced transmission. 

4. Conclusions 

We have applied an improved version of Geelen et al.’s wave-optical 
model for electron scattering that reproduces both the elastic features 
linked to interference of the electron wave, and the inelastic features 
linked to inelastic losses. In the improved model the loss factor β is 
applied once at every interaction with a discrete graphene layer, thus 
describing the multiple-scattering zig-zag path travelled. We obtain the 
energy-dependent inelastic MFP, which over large ranges closely re
sembles the analysis of Yang et al. but which does converge at energies 
around 0 eV, 12 eV and 25 eV for the different layer counts. Further
more, the maximum in the inverse inelastic MFP (minimum in β) around 
12 eV is ascribed to the neighboring interference minima rather than to 
the excitation of the π + σ plasmon, as done by Yang et al.. This is 
confirmed by the fact that the inelastic MFP at the π + σ plasmon exci
tation is the same for the monolayer and the multilayers. We stress again 
that all models that define a MFP are semi-classical approximations. 

While the definition of elastic MFP is debatable, as it strongly de
pends on the semi-classical approximations made, the elastic MFP 
clearly increases to multiple layers in the resonances where elastic 
transmission increases, depending on layer count. Increased trans
mission goes hand-in-hand with reduced inelastic loss. A full explana
tion of this correlation must await a more realistic fully quantum 
mechanical treatment of electron scattering in multilayer graphene, 
including inelastic effects. 
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