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A B S T R A C T

Recently, Dewar (2019) has suggested that one can apply the strategy of ‘sophistication’—as exemplified by
sophisticated substantivalism as a response to the diffeomorphism invariance of General Relativity—to gauge
theories such as electrodynamics. This requires a shift to the formalism of fibre bundles. In this paper, I develop
and defend this suggestion. Where my approach differs from previous discussions is that I focus on the meta-
physical picture underlying the fibre bundle formalism. In particular, I aim to affirm the physical reality of gauge
properties. I argue that this allows for a local and separable explanation of the Aharonov-Bohm effect. Its puzzling
features are explained by a form of holism inherent to fibre bundles.
1. Introduction

Gauge symmetries—by which I mean local symmetries that act on the
theory's internal degrees of freedom1

—pose many of the same problems
that other symmetries pose in similar contexts. Firstly, it seems that the
gauge transformations of electrodynamics relate empirically equivalent
yet physically distinct states of affairs, implying an underdetermination
of empirical facts by the theory's dynamics. Secondly, the fact that gauge
symmetries are local means that one can construct analogues of the
infamous Hole Argument: transformations that act trivially before some
time t, but non-trivially thereafter. This implies a failure of
indeterminism.

Broadly, there are three strategies for interpreting symmetry-related
models (SRMs). The first is literalism: SRMs represent physically
distinct states of affairs. In order to avoid indeterminism, however, one
has to supplement literalism with some further claim. For example, one
could claim that only one out of an equivalence class of SRMs represents a
possible state of affairs. This claim in effect elevates a particular gauge
fixing condition to become an additional law. But such strategies face
various problems—most importantly, that the particular choice of ‘gauge
uk.
among philosophers, it is not un
erve the term for local symmetr
015) and Dewar (2020).
is distinction; see also Martens a
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law’ is essentially arbitrary. Therefore, I will not further consider liter-
alism here. Instead, I will consider the interpretation of gauge symme-
tries from the perspective of the debate between reduction and
sophistication.2 Recall that reduction aims at a reduced theory formulated
solely in terms of invariant quantities, such that each model of the
reduced theory uniquely corresponds to an equivalence class of SRMs of
the old theory. Sophistication, on the other hand, aims at a restructured
theory such that the new theory's SRMs are isomorphic. Since isomorphic
models are structurally equivalent, the latter method allows one to
interpret SRMs anti-quidditistically as physically equivalent (more on this
below). I will defend sophistication as the correct interpretation of gauge
theories. Specifically, I will argue that sophistication makes most sense of
physicists' use of the fibre bundle formalism in modern formulations of
gauge theories, which for a reductionist seems to possess excess
structure.

The suggestion that one can illuminate electrodynamics with fibre
bundles is not novel; I discuss several related proposals in x4. But my
account differs from previous ones in two important ways. Firstly, I
intend to dissolve the issue of underdetermination: once gauge-related
models are identified, the underdetermination disappears. This is not
common to use the term ‘gauge symmetry’ for any transformation that relates
ies; see Weatherall (2016b). Furthermore, there is some debate over whether

nd Read (2020) and Jacobs (2021).

rticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

mailto:caspar.jacobs@philosophy.ox.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1016/j.shpsa.2022.11.010&domain=pdf
www.sciencedirect.com/science/journal/00393681
www.elsevier.com/locate/shpsa
https://doi.org/10.1016/j.shpsa.2022.11.010
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.shpsa.2022.11.010
https://doi.org/10.1016/j.shpsa.2022.11.010


4 This leaves out several other proposals, such as those of DeWitt (1962),
Mattingly (2006) and Mulder (2021). Since the aim of this section is not to offer

C. Jacobs Studies in History and Philosophy of Science 97 (2023) 34–43
the case for the fibre bundle-based accounts of Leeds (1999), Nounou
(2003) or Maudlin (2007), to name a few. Secondly, my solution involves
an appeal to anti-quidditism, following a suggestion by Dewar (2019).
This requires a closer study of the metaphysics of the fibre bundle
formalism, which is absent from more mathematical treatments such as
Weatherall's (2016a). For example, in x6.2 a novel distinction between
‘deflationary’ and ‘inflationary’ principal bundle realism is drawn. The
latter results in a construction called the ‘bundle of connections’.

The plan for the remainder is as follows. In x2, I use the Aharonov-
Bohm effect to illustrate how symmetries pose a problem for the inter-
pretation of gauge theories. In x3, I survey and criticise various reduc-
tionist responses to this problem. In x4, I introduce the fibre bundle
framework. In x5, I discuss gauge symmetries in this formalism. In x6, I
consider the metaphysics of fibre bundles on a sophisticated account.
Specifically, I argue that anti-quidditism about gauge quantities allows us
to interpret SRMs as physically equivalent. In x7, I discuss whether my
account is local in various senses. I argue that the fibre bundle account is
both local and separable, but that it also implies a form of holism. x8
concludes.

2. The Aharonov-Bohm effect

The Aharonov-Bohm effect is essentially a modified double-slit
experiment in which a solenoid is placed between the plate and the
screen. We assume that the solenoid is impenetrable. The Aharonov-
Bohm effect then refers to the fact that the interference pattern on the
screen changes when we let a current run through the solenoid. This is
the case despite the fact that the electromagnetic field vanishes outside
the solenoid. Hence, we cannot simply understand the effect as a result of
the force field acting locally on the matter field. This led Aharonov and
Bohm to posit the four-potential, which does not vanish outside the so-
lenoid, as causally responsible for the effect (Aharonov & Bohm, 1959).

In more detail,3 recall that the electromagnetic field tensor Fμν can be
expressed in terms of the electromagnetic four-potential Aμ:

Fμν ¼ ∂μAν � ∂νAμ (1)

In terms of Fμν and Aμ, the Lagrangian for a single particle with wave
function ϕ in an electromagnetic field Fμν is

L ¼ ðDμϕÞðDμϕÞ* � m2jϕj2 � 1
4
FμνFμν (2)

where Dμ: ¼ ∂μþiqAμ and q is a scalar quantity which denotes the field's
charge. Here, ϕ is a classical matter field. The Lagrangian is invariant
under the following gauge transformation:

Aμ → Aμ � 1
q
∂μαðxÞ

ϕ → eiqαðxÞϕ

(3)

where α(x) is a function of the spacetime coordinates x.
For the Aharonov-Bohm effect, we consider the matter field

ϕðxÞ ¼ ϕIðxÞ þ ϕIIðxÞ; (4)

where ϕI and ϕII are the components of the field that pass through the
left and right slit respectively. Let P denote the source of the field, and Q
an arbitrary point on the screen. Then ϕ(Q) transforms under (3) as
follows:

ϕðQÞ → ϕIðQÞ þ eiqΦϕIIðQÞ (5)

where Φ is the flux through the solenoid.
3 The exposition draws on Healey (2007) and Brown (2016).
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The puzzling fact is that Φ depends only on Fμν, which vanishes
outside the solenoid. The phase shift of the matter field seems to
causally depend on a field with which it cannot interact locally. For this
reason, physicists often consider the four-potential Aμ, which does not
vanish outside the solenoid, as physically real (Aharonov & Bohm,
1959; Feynman et al., 1964). But the fact that Aμ is gauge-variant is
problematic for familiar reasons. Configurations of the A-field related
by the gauge transformations in (3) are observationally equivalent.
Therefore, reifying the four-potential implies the underdetermination
of the theory's models by the empirical data. Furthermore, there exist
gauge transformations that act as the identity before some time t but
non-trivially thereafter (i.e. αðt; x!Þ 6¼ 0 iff t0 > t). The existence of such
transformations seems to imply that electrodynamics is indeterministic.
This form of indeterminism is particularly problematic because the
difference between outcomes is unobservable, so the indeterminism
does not occur at the level of observables (unlike the indeterminism of
quantum mechanics). The literal approach to Aμ, according to which
gauge-related models represent distinct states of affairs, thus has
several undesirable features.

3. Failures of reduction

There are various alternatives to A-realism that aim to avoid this
indeterminism. The three main proposals are F-realism, holonomy realism
and field monism.4 I will discuss each of these in turn. As far as I am aware,
no one has yet noticed that all of these approaches are instances of
reduction. Recall that reduction aims to avoid underdetermination by
constructing a new theory in terms of invariant quantities of the old
theory, such that there exists a unique correspondence between equiva-
lence classes of SRMs of the old theory on the one hand and models of the
new theory on the other. I will argue that reduction is an unsatisfactory
response to the presence of gauge symmetries.

3.1. F-realism

F-realism is the view that the electromagnetic field-tensor Fμν is
fundamental. F-Realism is a form of reduction, since Fμν: ¼ ∂μAν�∂νAμ is
an invariant quantity defined in terms of Aμ; there is a unique corre-
spondence between models in terms of Fμν and equivalence classes of
gauge-related models in terms of Aμ (Weatherall, 2016b, pp. 1041–42).

F-realism faces two main problems. The first is the well-known fact
that an explanation of the Aharonov-Bohm effect in terms of the Faraday
tensor implies a violation of the principle of Local Action (Healey, 1997).
Since there is no overlap between the electromagnetic field and the
matter field, the former can only act on the latter at a distance. This is
universally seen as sufficient reason to reject F-realism.

The second problem is that F-realism implies a ‘cosmic coincidence’
(Dewar, 2019, p. 498). This follows from the fact that Fμν is in some sense
a comparative quantity: the derivative that occurs in its definition means
that its values depend on the values of Aμ at infinitesimally close points.
The coincidence is the Gauss-Faraday law ∂½μFνρ� ¼ 0. When Fμν is
interpreted as fundamental, this is a brute law-like fact. But when Aμ is
considered fundamental, the definition of Fμν as the exterior derivative of
Aμ entails the Gauss-Faraday law. Put differently, for the F-realist it is an
unexplained fact that Fμν behaves just as if it is the exterior derivative of a
four-potential, even if it is in fact a fundamental quantity. Therefore,
F-realism incurs an explanatory loss in addition to a violation of Local
Action.
a comprehensive overview of responses to the Aharonov-Bohm effect but only to
show that the most prominent instances of reduction fail, I will not discuss these
here. For a response to DeWitt, see Aharonov and Bohm (1962); for a criticism
of Mattingly, see Healey (2007, x4.2).
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3.2. Holonomy realism

While F-realism has virtually no advocates, holonomy realism is a
popular interpretation of electrodynamics (Belot, 1998; Healey, 2007;
Lyre, 2004). According to holonomy realism, the so-called holonomies H
of Aμ are fundamental:

HðlÞ ¼ exp
�� iq

I
l
Aμdxμ

�
(6)

On this picture, there is a fundamental non-localised property associated to
every closed curve in spacetime. Holonomies are not composed of thefield-
values at each spacetime point, but attach to curves as a whole. When a
matter field interacts with these holonomies, it does so ‘at once’ around a
loop. Since holonomies overlapwith thematterfield, interactions are local.

Like F-realism, holonomy realism is an instance of reduction. The
holonomies are gauge-invariant quantities (in non-Abelian theories, the
Wilson loops are the invariants), and moreover an equivalence class of
gauge-related A-fields yields a unique equivalence class of assignments of
holonomy values to closed curves in spacetime up to a choice of base
point for each such curve (Barrett, 1991; Rosenstock&Weatherall, 2016,
2018). Moreover, holonomies are comparative quantities. The holonomy
around a closed path l is a function of the integrals of Aμ over any pair of
open paths l1, l2 that compose l:

HðlÞ ¼ e�iq
H
l
Aμdxμ ¼ e

�iq
R
l1
Aμdxμ

e
�iq
R
l2
Aμdxμ (7)

Thus,H(l) is comparative in the sense that it is defined as a function of pairs
of paths, just as distance is defined as a function of pairs of particles. It is for
this reason that Arntzenius (2012) calls Healey's view ‘gauge relationism’.

Holonomy realism faces three main problems. The first is that the
dynamics are still expressed in terms of Aμ, not in terms of H. As far as I
am aware, no one has yet succeeded in writing down a Lagrangian for
scalar electrodynamics in terms of holonomies directly. But if holonomies
are the fundamental quantities of nature, why is it that we cannot express
the laws in terms of them?

The second is that an ontology of holonomies is non-separable: the
intrinsic facts about a region X and the intrinsic facts about another re-
gion Y don't uniquely determine all intrinsic facts about the joint region X
[ Y. Myrvold (2011) calls this notion ‘patchy’ separability. We can easily
see that patchy separability fails when we consider two partially over-
lapping regions X and Y close to the solenoid in the Aharonov-Bohm
effect. Since X does not enclose the solenoid, the flux through its sur-
face is zero; and likewise for Y. But now consider the union X [ Y. This
region does enclose the solenoid, so it has a non-zero holonomy value.
Therefore, the intrinsic facts about X and Y fail to determine the intrinsic
facts about X [ Y: separability fails.

But it is debatable whether this is a real issue. Perhaps the world just is
non-separable. Quantum entanglement already gives us reason to think
this is the case.5 I therefore find the third issue associated with holonomy
realism most serious. The issue is that holonomy realism has to postulate
certain structural patterns in the instantiation of holonomies as brute
facts. Specifically, the holonomies of distinct loops l1 and l2 must satisfy
the following relation:

Hðl1 ∘ l2Þ ¼ Hðl1ÞHðl2Þ (8)

Here, l1◦l2 is the concatenation of the two loops, that is, the result of first
going around l1 and then going around l2. Call this feature composite loop
multiplication (CLM).6 The fact that CLM holds guarantees that we can
5 Although as Maudlin (1998) argues, the entanglement here is of a different
nature. In addition, Dougherty (2017) argues that an ‘untruncated’ version of
the holonomy view is separable.
6 In the case of non-Abelian theories, the gauge-invariant quantities satisfy a

more complicated set of relations called the Mandelstam identities, wich seem
even more conspiratorial than CLM.
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express holonomies as exponentials of loop integrals of Aμ. If CLM fails
then it is no longer the case that any assignment of holonomies uniquely
defines a potential field up to gauge-equivalence. Put differently, CLM
makes it look as if holonomies supervene on local fields. Or, as Arntzenius
(2012, p. 195) puts it, “a fairly obvious explanation of why [CLM] hold[s]
is that the map H is, roughly speaking, the integration of a connection
around a loop”.

In more detail, if we define H(l): ¼ exp[�i/ℏ
H
lA ⋅ dx], then

Hðl1ÞHðl2Þ ¼ exp
�� iq

I
l1

Aμdxμ
� � exp�� iq

I
l2

Aμdxμ
�

¼ exp
�� iq

I
l1∘l2

Aμdxμ
�

¼ Hðl1 ∘ l2Þ

(9)

Hence we can explain CLM if we posit the existence of a local four-
potential. On the holonomy interpretation, on the other hand, there is
apparently nothing which guarantees CLM. For example, H(l1) could
have been slightly lower than it actually is. In that case, H(l1◦l2) would
either have been different too, or it would remain the same. In the former
case CLM could easily have failed, so it seems a conspiracy that the
holonomies just happen to be lined up the right way in the actual world.
In the second case, on the other hand, the values of H(l1) and H(l2) are
counterfactually connected, despite the fact that l1 and l2 only partially
overlap. This counterfactual action-at-a-distance is at least as puzzling as
non-separability, if not more so. In either case, CLM is a cosmic
coincidence.

In response to this objection, Healey appeals to the loop supervenience
of holonomy properties: “the holonomy properties of any loop �iLi are
determined by those of any loops Li that compose it” (Healey, 2007, p.
123). In other words, composite loops are not fundamental since they are
composed of smaller loops. Of course, the same is true for these smaller
loops, which are themselves composed of even smaller ones. There is no
end to this chain of supervenience, hence no smallest fundamental unit.
But let's set aside potential worries this infinite regress may invite. The
question then becomes: can loop supervenience explain CLM? The
answer is ‘No’. For the sense in which smaller loops ‘compose’ larger
loops is unusual. It is not the case that smaller loops constitute composite
loops in the same way that the mass of a composite system is determined
by the masses of the parts, for example. In the latter case, we are simply
concerned with mereological composition. But loop composition does
not have the correct formal properties to count as mereological fusion.
For example, mereological parthood is anti-symmetric: distinct objects
cannot be proper parts of each other. But we can prove that loop
composition is symmetric. Let l�1

1 stand for the loop that goes around l1 in
the opposite direction; then Hðl1 ∘l2ÞHðl�1

1 Þ ¼ Hðl2Þ. If loop composition
is identical to mereological fusion, then this would imply that l1◦l2 is part
of l2. But since l2 is also part of l1◦l2, this implies that the whole is part of a
part of the whole: a contradiction. Thus, loop composition fails to
determine a unique supervenience base. The thesis of loop supervenience
cannot explain composite loop multiplication.

3.3. Field monism

Wallace (2014b) introduces an interpretation of electrodynamics
which is both local and separable. Since on Wallace's account “the elec-
tromagnetic and scalar fields cannot be thought of as separate entities”,
but jointly “[represent] aspects of a single entity” (15), I will call this
view field monism. Instead of a complex matter field, Wallace's funda-
mental fields are the real scalar field ρ ¼ |ϕ| and the covariant derivative
field Dμθ ¼ ∂μθ�Aμ, where θ is the phase of ϕ.7 Since both ρ and Dμθ are
invariant quantities defined in terms of the old theory's variant
7 For simplicity, we will only consider cases in which the matter field does not
vanish. As Wallace (2014a, x4) notes, if the matter field does vanish then field
monism is non-separable too.
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quantities, field monism presents us with another example of reduction.
The joint distributions of these fields uniquely correspond to equivalence
classes of gauge-related models of electrodynamics. Moreover, Wallace's
account is comparative in the same sense in which F-realism was, since
Dμθ is defined in terms of the partial derivative of θ. For this reason, we
would expect similar cosmic conspiracies to appear.

But the main issue with field monism is that it does not easily extend
to more complex gauge theories. Wallace (2014a, p. 17) himself admits
that this is a problem, writing that “in general, I know of no comparably
simple set of local gauge-invariant quantities in the non-Abelian case that
can serve as a gauge-invariant representation”. This suggests that it is no
more than a fortunate accident that we can represent the simple U(1)
gauge theory Wallace considers in terms of a unique set of
gauge-invariant local quantities.

Moreover, even more complex Abelian theories need not have a
unique gauge-invariant representation (as Wallace also admits). Consider
a pair of complex-valued fields ϕ and χ with different charges, both of
which are coupled to Aμ. The Lagrangian of this system is:

L ¼ L1 þ L2 � 1
4
FμνFμν (10)

where

L1 ¼ ð∂μ þ ie1AμÞϕ⋆ð∂μ � ie1AμÞϕ (11)

L2 ¼ ð∂μ þ ie2AμÞχ⋆ð∂μ � ie2AμÞχ (12)

L1 is just the Lagrangian of a single complex field coupled to the gauge
field. Therefore, we can follow Wallace and rewrite it in terms of the
gauge-invariant quantities ρ ¼ |ϕ| and Dμθ1 ¼ ∂μθ1�Aμ, where θ1 is the
phase of ϕ. But since we have replaced Aμ with Dμθ1 in L1, we have to
make the same substitution in L2. This results in a gauge-invariant
ontology which consists of a real-valued field ρ1 with charge e1, a
complex-valued field χ with charge e2, and a connection Dμθ1. Alterna-
tively, we could have started with L2 and written that Lagrangian in
terms of a real-valued field and a connection. This results in a gauge-
invariant ontology which consists of a complex-valued field ϕ with
charge e1, a real-valued field ρ2 with charge e2, and a connection Dμθ2.
Crucially, these are different ontologies. Although both theories posit a
real-valued field and a complex-valued field, the charges of these fields
differ. On the first interpretation the charge of the real scalar field is e1
and that of the complex field is e2, while on the second interpretation this
is the other way around.

Therefore, on one way of understanding Wallace's observation with
respect to the unitary gauge, it implies a form of theoretical under-
determination: the choice between these two ontologies is arbitrary. This
is hardly better than the underdetermination of theory by the empirical
data implied by the existence of gauge symmetries. Therefore, in these
more complex scenarios Wallace's account for finding a gauge-invariant
representation is inadequate.

4. Fibre bundle accounts

Instead of reduction, I suggest sophistication as an approach to gauge
symmetries. Recall that the aim of sophistication is to restructure a
theory's models such that symmetry transformations become iso-
morphisms. This allows us to interpret those models as physically
equivalent, as I will explain in x6. In the case of local symmetries the
appropriate mathematical structures are fibre bundles. In this section, I
introduce the fibre bundle formalism. Because my focus is on the physical
interpretation of this formalism I do not aim for a comprehensive treat-
ment; for more details, see inter alia Baez and Muniain (1994), Isham
(1999), Healey (2007) or Weatherall (2016a).

I am not the first to suggest that the fibre bundle formalism can aid
our interpretation of electrodynamics: Leeds (1999), Nounou (2003),
37
Maudlin (2007), Arntzenius (2012), andWeatherall (2016a) all appeal to
it in one way or another. But my account differs from theirs on a few
point. Leeds, Nounou and Maudlin all aim to draw metaphysical con-
clusions from the fibre bundle formalism. Nounou, for instance, argues
that topological features of the fibre bundle explain the Aharonov-Bohm
effect, whereas Maudlin emphasises the consequences of a fibre bundle
picture for the status of universals. However, none of their accounts
address the underdetermination or indeterminism problems. Leeds
explicitly acknowledges that his picture “traffics heavily in
non-measurable properties and quantities” (613); Nounou similarly ad-
mits that “we also part with determinism in the sense that […] there are
infinitely many gauge fields corresponding to one electromagnetic field”
(193). The aim of a sophisticated account of gauge theories is to rid
ourselves of underdetermination and indeterminism by interpreting
SRMs as physically equivalent. The proposal thus comes closer to those of
Arntzenius and Weatherall. Weatherall, for instance, notes that gauge
transformations in electromagnetism are formally similar to those in
General Relativity. In the latter case we already have a deflationary
interpretation of gauge symmetries (sophisticated substantivalism), so
Weatherall suggests that we apply the same interpretation to electrody-
namics. But Weatherall remains silent on the metaphysical questions this
raises: what are the fundamental quantities of electrodynamics? I aim to
present a perspicuous metaphysical picture that corresponds to the fibre
bundle formalism. In particular, my account appeals to anti-quidditism,
analogous to Pooley's (2006) anti-haecceitism in the case of General
Relativity.

For an intuitive idea of fibre bundles, start with the concept of a ‘value
space’. The value space of the four-potential, VA, has the structure of a
four-dimensional vector space. According to A-field realism, spacetime
points are mapped into this vector space via a function AμðxÞ : M → VA.
The essential idea of a fibre bundle account is to assign a local ‘copy’ of
VA to each spacetime point. In other words, instead of a single value
space VA, there is a distinct value space Vx

A for each x 2 M. These local
value spaces are called fibres. The collection of all fibres forms a manifold,
called the fibre bundle, defined as follows:

Definition (Fibre Bundle). A fibre bundle is a triple (E, π, M) where E
and M are smooth manifolds and π: E → M is a continuous map, with a
space F (called the ‘typical fibre’) such that for each x 2M there exists an
open neighbourhood U ⊆M and a homeomorphism h: U� F→ π�1(U) for
which π(h(x, y)) ¼ x.So, a bundle consists of a pair of manifolds and a
projection π that defines which points on the bundle lie ‘above’ which
points on the base manifold. The bundle is called a fibre bundle because
locally E looks like the product U� F. In physical terms, we can think of F
as the generic representative of a localised value space. But note that
there is no canonical map from fibres of E to F: there exist many distinct
structure-preserving maps—local trivialisations—from π�1(x) into F.

Physical fields are represented by sections of fibre bundles:

Definition (Section). A section of a fibre bundle is a map s:M→ E such
that π(s(x)) ¼ x.Put simply, a section assigns to each point x on the
manifold a unique point p of the fibre above x. If the fibre over a point
represents the possible field values at that point, then a section yields a
determinate field value at each point. Thus, sections replace functions f :
M → VA from the manifold into some universal value space.

We now come to discuss some more specific types of fibre bundles
relevant in physics. The first of these is a principal fibre bundle:

Definition (Principal Fibre Bundle). A principal fibre bundle (P, π, M)
is a fibre bundle whose typical fibre is homeomorphic to a Lie group G,
for which there exists a smooth and free right action of G on P such that
for any local trivialisation ξ: U � G → π�1(U), ξ(p, g)g0 ¼ ξ(p, gg0).The
typical fibre G is called the structure group of P. We require that any local
trivialisation preserves the structure of the regular group action ofG on P.
An intuitive way to see this is that the action of G defines the ‘difference’
between points: if p, q 2 π�1(x) and q ¼ pg, then g is the difference
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between p and q. The requirement that local trivialisations preserve this
structure means that if points on the typical fibre G are some ‘distance’ g
away from each other, then so are their images in ξ.

As before, there is no privileged map from the fibres of P onto G. This
implies that for points of P on different fibres, it is indeterminate whether
these points correspond to the same element of G. We can, however,
endow a principal bundle with additional structure that defines a notion
of ‘sameness’ across fibres. This is called a connection:

Definition (Connection). Let TpP denote the tangent space at a point p
2 P. The vertical subspace Vp of Tp is defined as VpP ¼ {τ 2 TpP: π*τ ¼ 0},
where π* is the pushforward of π. A connection ω on P then assigns a
horizontal subspaceHpP of TpP to each point p 2 P such that (1) TpP¼ VpP
� HpP and (2) Rg*(HpP)¼HpgP (where Rg is the action of G on P and Rg* is
the pushforward of Rg).8 Effectively, a connection determines which of
the vectors tangent to p count as horizontal, such that any vector in TpP
has a decomposition in terms of HpP and VpP (where the latter consists of
all vectors that point ‘along’ the fibre). The connection is compatible with
the action of G on P, so the horizontal subspace has the same orientation
at each point on a fibre.

I will now connect these mathematical structures to the theory of
scalar electrodynamics. First, we postulate that the connection on the
principal bundle represents the electromagnetic potential. In this case,
the structure group of the principal bundle is U(1). We can represent the
connection ω as a vector field Aμ onM relative to a choice of section. This
is the familiar vector potential, also called the Yang-Mills field. But Aμ

depends on an arbitrary choice of section, whereas ω is intrinsic to the
bundle. Therefore, I will focus on ω as the representative of the Yang-
Mills field.

We do not yet have a representation of the matter field ϕ on which Aμ

acts. These matter fields live on the associated bundle:

Definition (Associated Bundle). Define the G-product X �GY of two
spaces X and Y on which G has a right action as the space that is obtained
from the product space X � Y by identifying points (x, y) and (x0,y0) iff x0

¼ gx and y0 ¼ gy for some g 2 G. Let [x, y] denote the equivalence classes
obtained in this way.

If P is a principal G-bundle and F is a spacewith a right G-action, define
PF¼ P�GF. The associated F-bundle of a principal G-bundle then is a triple
(PF, πF,M) where πF([p, v])¼ π(p). If F is a vector-representation ofG, then
the associated bundle is a vector bundle.The matter field ϕ is represented
by sections of the associated bundle. Since the structure group of elec-
trodynamics is U(1), the associated bundle is a vector bundle whose
typical fibre is isomorphic to C. Locally, a section of this bundle is an
assignment of an element of C to each point in M. But again, there is no
canonical map from fibres of PF to C, so a comparison of field-values
across points depends on a conventional choice of local trivialisation.

However, the connection on P endows PF with some further structure
which defines a notion of parallel translation. First, define the horizontal
lift of a curve on M to P:

Definition (Horizontal Lift to Principal Bundle). Let γ(t) be a smooth
curve on M. A curve γ↑(t) on P is a horizontal lift of γ(t) iff π(γ↑(t)) ¼ γ(t)
and γ↑(t) is horizontal, i.e. _γ↑ðtÞ 2 HpP. For each point p 2 π�1(γ(0)), there
is a unique horizontal lift γ↑(t) of γ(t) such that γ↑(0) ¼ p.This gives us the
lift of a curve on M to the principal bundle P, but we are interested in
parallel translation on the associated bundle PF. We can use the previous
definition to define horizontal lifts on PF as follows:

Definition (Horizontal Lift to Associated Bundle). Recall that points on
the associated bundle are equivalence classes [p, v]. Let kv(p)¼ [p, v], and
8 Alternatively, one can define a connection algebraically as a Lie algebra-
valued one-form that satisfies analogous conditions. These definitions are
equivalent (Isham, 1999, p. 255).
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let γ↑ be the unique horizontal lift of a curve γ(t) on M to the principal
bundle P such that γ↑(0) ¼ p. Then, for any point ½p; v� 2 π�1

F ðγð0ÞÞ, the
horizontal lift of γ(t) that passes through [p, v] is the curve γ↑FðtÞ : kvðγ↑ðtÞÞ
¼ ½γ↑ðtÞ;v�.

We can then define parallel translation as a ternary relation S(γ, [p, v],
[p0, v0]) between a path γ(t) on M and a pair of points [p, v], [p0, v0] 2 PF
such that ½p; v� 2 π�1

F ðγðaÞÞ and ½p0
; v0 � 2 π�1

F ðγðbÞÞ for some a, b 2 γ(t).
Then S(γ, [p, v], [p0, v0]) iff the horizontal lift γ↑FðtÞ such that γ↑FðaÞ ¼ ½p; v�
is such that γ↑FðbÞ ¼ ½p0

;v
0 �. Intuitively, this means that when one starts at

[p, v] and travels along γ, one ‘ends up’ at [p0, v0]. The relation of parallel
translation is path-dependent: it is possible that [p, v] and [p0, v0] are
connected via one path, but not via another. Therefore, parallel trans-
lation does not offer a well-defined universal notion of sameness across
fibres.

In the next two sections, I will show how this picture facilitates a
sophisticated account of electrodynamics and the Aharonov-Bohm effect.

5. Gauge symmetries

According to sophistication, one can interpret symmetry-related
models as physically equivalent when those models are isomorphic.
This follows from an appeal to anti-quidditism—the analogue of anti-
haecceitism for determinates—which I will discuss in the next sec-
tion. In this section I argue that fibre bundle theories are appropri-
ately structured in the sense that symmetry-related models are
isomorphic.

In order to see whether fibre bundle theories are sophisticated, we
first need to know their symmetries. Earlier I remarked that the local
representative Aμ of the Yang-Mills field depends on a choice of section of
P. It is sometimes claimed that a gauge transformation is simply a choice
of a different section from which to represent the Yang-Mills field.
However, this amounts to a passive transformation: a different choice of
section yields a different coordinatisation of ω. But we are after active
transformations. These are induced bymaps between sections, also called
vertical principal bundle automorphisms:

Definition (Vertical Principal Bundle Automorphism). A principal
bundle automorphism is a diffeomorphism u: P→ P such that u(pg)¼ u(p)
g. A principal bundle automorphism is vertical iff π(u(p)) ¼ π(p).

The vertical principal bundle automorphisms are dynamical symme-
tries of scalar electrodynamics. But vertical bundle automorphisms are,
as the name suggests, also symmetries of ðP;π;MÞ: such automorphisms
preserve both the action of G on P and the map π from P toM. Moreover,
the same transformations are also symmetries of the associated bundle
ðPF ;πF ;MÞ. This is so because any principal bundle automorphism induces
an associated bundle automorphism uF: [p, v] → [u(p), v].

Because of this the symmetry-related models of electrodynamics are
isomorphic. We can see this when we consider the action of gauge
symmetries on the physical quantities s and ω. The transformation of s is
straightforward: if s(x) ¼ [p, v], then u*s(x) ¼ [u(p), v]. The connection,
meanwhile, transforms via the pull-back of u to u*ω. By definition, u
preserves the ‘vertical’ structure of both s and ω, namely the regular
group action of G on both. This leaves us with the ‘horizontal’ structure,
which is captured by their behaviour under parallel translation. Consider
a path γ and values of s at points x, y 2 γ. The question then is: is it the
case that S(γ, s(x), s(y)) iff S(γ, u*s(x), u*s(y))? The answer is ‘Yes’. Let
s(x) ¼ [p, v] and let γ↑(t) be the lift of γ(t) to P which passes through p.
Suppose that γ↑(y) ¼ q. From the definition of the horizontal lift to the
associated bundle, it follows that s(y) is the parallel translation of s(x) iff
s(y) ¼ [q, v]. Consider now the gauge-related section u*s(x). From the
same definition as before, it follows mutatis mutandis that u*s(y) is the
parallel translation of u*s(x) iff u*s(y) ¼ [u(q), v]. But this is the case iff
s(y) ¼ [q, v], hence s(x) and s(y) are parallel translated via γ iff their
respective gauge-transformed values are. Therefore, the relation of par-
allel translation is preserved under gauge transformations. Since gauge
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symmetries preserve both vertical and horizontal structure, it follows
that gauge-related models are indeed isomorphic.

6. The metaphysics of fibre bundles

The fact that gauge theories possess local symmetries is usually seen
as a defect. Consider the matter field as represented by a section s(x) of
the associated bundle. Generally, s(x) 6¼ u*s(x), where u is a vertical
bundle automorphism. However, since these fields are symmetry-related,
the difference between them is undetectable. The presence of symmetries
thus seems to entail underdetermination. Since the symmetries of gauge
theories are local, this also seems to entail that such theories are
indeterministic.

But these arguments are based on the implicit assumption that s(x)
and u*s(x) represent distinct fields. This follows from a literalist reading of
the fibre bundle formalism: if every point [p, v] 2 PF represents a field
value, then an assignment of different elements of PF to points of Mmust
represent a distinct field. However, this claim rests on the assumption
that any point [p, v] of the associated bundle represents the same field
value across models.9 But sophistication rejects this assumption: it claims
that when symmetry-related models are isomorphic, we can interpret
them as physically equivalent. In the case of field theories, this requires
an appeal to anti-quidditism: the thesis that field values are qualitatively
individuated. In brief, this means that which field value is instantiated at
some point x depends on the structure of the field over the totality of
spacetime. I will elaborate on this claims below.

In this section, I discuss the matter field and the Yang-Mills field in
turn. I will argue that both fields are amenable to sophistication. This will
yield the result that gauge-related models of classical field theories are
physically equivalent. In this way, sophistication avoids both under-
determination and indeterminism.

6.1. Matter fields

The analysis of matter fields consists of two steps. The first step is to
reify the associated bundle; the second is to identify field values with
structural positions within this bundle: anti-quidditism. I will discuss
each step in turn.

Firstly, I propose associated bundle Platonism: elements of the
associated bundle PF represents physically real entities, namely the
values of the relevant matter field. In the case of scalar electrody-
namics, these are the values of the matter field ϕ. The sections of the
associated bundle then represent physical fields. Thus, spacetime
points instantiate field values in the same way that particles instan-
tiate masses, except that in the fibre bundle formalism each spacetime
point carries its own set of field values. This implies that field values
at different points are numerically distinct, so distinct points cannot
possess the same field value. The structure of the associated bundle
encodes the relations between field values. For instance, the ternary
relation of parallel translation is part of the horizontal structure: there
is a physical fact of the matter as to whether the field values instan-
tiated at distinct points are related to each other via parallel trans-
lation along some path γ(t).10

The above claims are meant literally: field values exist and stand in
second-order relations. We can contrast this with the views of Maudlin
(2007) and Arntzenius (2012). For Maudlin, field values are neither
universals nor tropes; he rejects the existence of field properties
entirely. Maudlin argues that properties ought to induce a notion of
similarity between objects. For example, tomatoes and strawberries are
similar in that both are red. But since the fibre bundle picture implies
that the field values at each point are sui generis, there simply is no
(path-independent) notion of similarity for gauge fields. Maudlin
9 Jacobs (2021) calls this the ‘Value-Magnitude Link’.
10 In this way, the present view resembles the one found in Leeds (1999).
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concludes that the category of properties is superseded by that of fibre
bundles. The view I call associated bundle Platonism is dismissed in a
footnote: “One could suggest that there are still [gauge] properties, but
that every point in the spacetime has its own set of properties, which
cannot be instantiated at any other point. But since such point-confined
properties could not underwrite any notion of similarity or dissimilarity
[…], it is hard to see what would be gained by adopting the locution.”
(Maudlin, 2007, fn. 9).

Maudlin focuses too much on identity here. If distinct objects possess
the very same property, then this is one way in which they are similar.
But consider two objects, one of which is 1 kg and the other is 2 kg. These
objects do not possess the same mass value, yet they are similar in that
both objects are massive. Furthermore, it is clear that both objects are
more similar to each other in this respect than to some third object whose
mass is 100 kg. The latter claim follows from the fact that mass value
space has a certain structure for which mass ratios are well-defined: the
closer a mass ratio is to 1, the more similar the objects are with respect to
their masses. But just like mass value space, the associated bundle which
represents the matter field possesses a highly non-trivial structure—for
instance, the relation of parallel transport defined above. Although the
fibre bundle picture does not allow us to say whether distinct points
possess the same field value (or, rather, it unequivocally says that distinct
points cannot possess the same field value), this does not mean that we
cannot say anything of interest about the field properties at distinct
points. In particular, just like there is a well-defined difference between
mass values, the group structure of the principal fibre bundle defines a
notion of closeness between field values within the same fibre. For

example, let γ and γ0 represent distinct paths from x to y; and let γ↑F and γ
0 ↑
F

represent their horizontal lifts onto PF such that γ↑FðxÞ ¼ γ
0 ↑
F ðxÞ. Then

γ↑FðyÞ and γ
0 ↑
F ðyÞ lie on the same fibre, and hence one can meaningfully

say which of these is closer to s(y), the value of the matter field actually
instantiated at y. Maudlin's view simply ignores such rich structural re-
lations between localised field values.

Arntzenius (2012) presents a different interpretation of fibre bun-
dles, which Wolff (2020) calls locationism. The core idea of this view is
that field values are not Platonic universals, but of the same meta-
physical kind as spacetime points. In addition to their usual spatio-
temporal location, particles also have a location in ‘field value space’.
The advantage of this view is that it satisfies Occam's razor insofar as it
posits fewer kinds of entities. But the problem with fibre bundle loca-
tionism is that it fails in the context of field theories. In field theories,
spacetime points themselves possess field values. Formally, the field
distribution is represented by a section: a function from the manifold
into the bundle. On Arntzenius' view, the section determines the loca-
tion of each spacetime point within the fibre above that point. But while
we can make sense of the idea that some discrete object has a location
both in spacetime and in some distinct value space, it does not make
much sense to say that spacetime points themselves are located in a
value space: spacetime points are locations. I therefore prefer Platonism
over locationism.

The second step of sophistication is to stipulate certain cross-world
identity conditions for field values. In particular, we stipulate that field
values are qualitatively individuated: they are nodes in a web of re-
lations. This amounts to a rejection of quidditism. Black (2000) defined
quidditism in terms of determinable quantities: anti-quidditism then
implies that there are no distinct world in which (for instance) mass and
charge are swapped. But I will use the term in a slightly different sense,
namely to cover the determinate values of physical quantities. The idea is
that field values have no primitive identities, but are qualitatively iden-
tified via their pattern of instantiation. Dewar formulates the claim as
follows: “We should be anti-quidditists, and deny that physical properties
are modally robust. We should not believe that there are worlds that
instantiate the same structure in their laws, and differ only over which
properties play which nomological roles” (Dewar, 2019, p. 505). The
differences between isomorphic SRMs are representationally irrelevant,



12 There is a similarity here to the debate between the dynamical and
geometrical approach to spacetime. On the former approach, it is a brute fact
that all matter fields have the same symmetries. But if we assume that matter
surveys the structure of spacetime, then the latter can explain this coincidence of
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since they concern quidditistic facts about which particular field values
are instantiated. But because the structural relations between field values
are the same in isomorphic models, anti-quidditism implies that the same
values of the matter field are instantiated across those models.

On the one hand, then, a gauge transformation changes which element
of the fibre a spacetime point is mapped into by some section s. In that
sense different values of the matter field are instantiated across gauge-
related models. On the other hand, it is a consequence of anti-quidditism
that these different points in the fibre represent the same physical field
value across gauge-related models. This is so because the transformations
in question preserve the structural patterns between points of the bundle.
The relevant structural patterns here are just those codified in the vertical
and horizontal structure of the fibre bundle. The fact that gauge-related
models are isomorphic means that gauge transformations of field values
preserve these structural patterns. From anti-quidditism, it thus follows
that a gauge transformation does not affect which physical values of the
matter field are instantiated at any spacetime point.

For a concrete example, consider a pair of gauge-related sections s and
s0. On a literalist view, these sections represent distinct field configura-
tions. But from the discussion of x5 it follows that s and s0 are structurally
equivalent: for any point x 2 M, the values s(x) and s0(x) instantiate the
same qualitative pattern. For example, the relations of parallel trans-
lation between field values at distinct points is preserved under gauge
transformations: if s(x) and s(y) are related by parallel translation via
some path γ, then so are s0(x) and s0(y). Therefore, s(x) and s0(x) are
merely different representations of the same field. Notice that the claim
here is not that either a section or the connection are invariant under
gauge transformations. This is not the case: a gauge transformation
changes which direction on the bundle counts as ‘horizontal’. But the
bundle contains no background structure fromwhich one can discern this
difference, which means that the transformed connection is structurally
equivalent to the untransformed one.

Consequently, gauge-related models represent the same physical
possibility. On a sophisticated interpretation the theory is neither
underdetermined nor indeterministic.

6.2. Yang-Mills fields

Since the Yang-Mills field is represented by a connection on the
principal bundle it is tempting to adopt principal bundle Platonism in
analogy with associated bundle Platonism. But there is an important
disanalogy between the matter field and the Yang-Mills field: while the
former is represented by a section of the associated bundle, the latter is
represented by a connection on the principal bundle. While we can easily
interpret a section as an assignment of field values to spacetime points,
the same is not the case for the connection. The connection specifies
relations between points of the principal bundle—but what do the points
of the principal bundle themselves represent?11

I will discuss two possible answers to this question. The first is a
deflationary approach: neither the principal bundle nor the connection on
its own represent anything physical. Rather, it is the induced connection
on the associated bundle that represents the Yang-Mills field. This
approach has difficulties in accounting for distinct matter fields coupled
to the same Yang-Mills field. The inflationary approach, on the other hand,
reifies not the principal bundle but the so-called ‘bundle of connections’.
The inflationary approach is preferable because it can explain the way in
which distinct matter fields couple to the same Yang-Mills field.

6.2.1. Deflationary bundle realism
Recall from x4 that the connection on the principal bundle P induces a

connection on the associated bundle PF. According to the deflationary
approach the latter represents the Yang-Mills field, which is therefore not
really a field. Rather, the connection specifies relations between field
11 Dewar (2019, fn. 42) also mentions this conundrum.
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values. The Yang-Mills field is thus similar to velocity, in the sense that
velocities also supervene on relations between nearby points on a curve.
Wallace (2014a) points out that this yields an essentially dualistic
ontology of local field values on the one hand and infinitesimal field
relations on the other.

On this picture, the principal bundle is a mathematical abstraction.
Weatherall (2016a) defends this view. Weatherall notes that just as it
is possible to define an associated bundle from a principal bundle, so
one can do the reverse. Furthermore, the principal bundle is mathe-
matically similar to the bundle of frames in General Relativity, whose
role it is to coordinatise spacetime. On this view, it is only when we
consider more than one field that the principal bundle becomes rele-
vant. For if distinct matter fields couple to the same Yang-Mills field, it
is useful to represent the latter ‘by itself’ on a principal bundle. The
claim that both matter fields couple to the same Yang-Mills field then
translates into the fact that both vector bundles are associated to the
same principal bundle.

But it is a problem for this approach that the two fields survey the
same connection as a matter of brute fact. There really are two connec-
tions: one defined over the first associated bundle, and one defined over
the second. These connections are the same only in the sense that we can
represent both with the same connection on a single principal bundle. But
on the deflationary approach there is no independent Yang-Mills field
that the associated bundle connections supervene on. This makes it seem
somewhat mysterious that these connections are equivalent. The coor-
dination between associated bundles begs for a ‘common cause’ in the
form of an independently existing Yang-Mills field.12 I will therefore
consider an alternative view which can explain the coincidence of
distinct connections in terms of a physically real Yang-Mills field which
interacts with both matter fields.

6.2.2. Inflationary bundle realism
Recall that a connection defines a horizontal subspace at each point p

2 P. The function of the connection is to determine which direction
counts as horizontal. This strongly suggest that the ‘values’ of the Yang-
Mills field are not elements of P, but of the tangent bundle TP. Specif-
ically, at each point p the value of the Yang-Mills field consists of a
subspace HpP of TpP which counts as horizontal.

Yet this picture is redundant, in two ways. Firstly, the connection
assigns an entire subspace of TpP to points of M, rather than a single
vector of it. In this sense, the connection does not yield a unique value of
the Yang-Mills field. Secondly, the connection assigns a subspace of TpP
for each point p 2 π�1(x). This overdescribes the Yang-Mills field, since the
connection at one point on a fibre uniquely determines the connection
elsewhere on the same fibre via the condition that the connection is
compatible with the action of G on P (i.e. Rg*(HpP) ¼ HpgP).

We can remove this excess structure via a construction called the
bundle of connections:13

Definition (Bundle of Connections). Let (P, π, M) be a principal
bundle with structure group G; TP is its tangent bundle. Let TP/G
denote the quotient of TP by G. Then (TP/G, dπ, TM) is a fibre bundle
over TM (the tangent bundle of the spacetime manifold M), called the
bundle of connections. There is a one-to-one correspondence between
connections on P and linear sections Γ of the bundle of connections.

The bundle of connections involves two innovations. Firstly, the
bundle projects onto the tangent space TM of the manifoldM. Instead of a
horizontal subspace for each point, the bundle of connections assigns to
symmetries.
13 For more on this construction, see Kobayaschi (1957, Ch. 4). Gomes (2021)
calls this object the Atiyah-Lie manifold.
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each vector v2 TM a subspace of TP such that each vector in this subspace
points in the same direction as (the lift of) v. This overcomes the first
redundancy. Secondly, in the definition of the bundle of connections we
have quotiented by the action of G, such that each vector in TM is
attached to just one copy of the tangent bundle TpP at some point p. This
overcomes the second redundancy. The result is a construction which
assigns a vector space TpP/G to each element of TM (or, alternatively, to
each pair of infinitesimally close spacetime points). The Yang-Mills field
is then represented by a section of the bundle of connections, which as-
signs to each tangent vector of the spacetime manifold a unique hori-
zontal vector of the principal bundle in the same direction. This might be
taken to vindicate Wallace's claim that the ontology of gauge theories is
dualistic: matter fields inhere in points, whereas gauge fields can be
understood as relations between points.14

The advantage of the inflationary view is that the Yang-Mills field is
an independent entity which we can use to explain the fact that distinct
matter fields behave in the same way under parallel translation. The
explanation is simply that both matter fields survey the same connection,
here understood as a section of the bundle of connections.

Finally, we can apply anti-quidditism to the Yang-Mills field, just as
we did for the matter field. In this case, a gauge transformation acts
directly on a section of the bundle of connections. But once more, such
transformations preserve all structural patterns. Therefore, the image of
ω after a gauge transformation is really the same connection differently
represented on the bundle of connections. The conclusion is the same:
gauge-related models represent the same physical possibility.

7. Locality, separability, holism

The sophisticated interpretation of the fibre bundle formalism faces
no underdetermination. But an equally puzzling feature of the Aharonov-
Bohm effect is its apparent non-locality. Is this also the case for fibre
bundle realism? In this section, I will argue that fibre bundle realism is
both local and separable. But there is another—less problematic—sense
in which the fibre bundle account is holistic, which explains the non-local
nature of the Aharonov-Bohm effect.

7.1. Local Action

According to literal-minded A-field realism, the four-potential field
acts locally on the matter field, shifting its phase as the field propagates
across regions within which Aμ is non-trivial. But this account assumes
that field values are comparable across points, such that Aμ has an
unequivocal influence on ϕ. This is no longer true on a fibre bundle
account, since each spacetime point now has its own set of field values.
The idea here then is that the connection determines the evolution of
the matter field. Locally, the connection defines a notion of ‘sameness’
across bundles: if q is the parallel translation of p over a path γ, then p
and q lie in the same horizontal plane. The dynamics of classical field
theories tell us that matter fields propagate along this horizontal di-
rection. The account is thus fully local: it is only the connection at the
location of the matter field which determines the evolution on the fibre
bundle over time.

In the Aharonov-Bohm effect, the connection is such that the parallel
translation of the field along a path through the left slit and one along a
path through the right shift differ. When both halves of the matter field
meet at Q, they find themselves at different points on the fibre above Q:
this is the phase difference that causes the shift in the interference
pattern. The degree to which parallel translation around closed curves is
curved is called the curvature, characterised by Fμν. This is indeed a global
feature of the bundle, but on our account it supervenes on local values of
the connection.
14 But note that since TM is itself a bundle over M, we can always re-interpret
the bundle of connections as another bundle over M.

41
7.2. Separability

Is fibre bundle realism also separable? Dewar (2019, fn. 56) alleges
that the connection on the principal bundle is not; see also Lyre (2004)
and Martens and Read (2020). On the contrary, I believe that the
connection is separable. Of course, the connection connects infinitesi-
mally close points, so in that sense it is not completely local. But such
violations of separability are not particularly worrisome, and this is
clearly not the sense of non-separability that Dewar has in mind. There is
little reason to believe that even classical theories are truly local in this
sense, as Butterfield (2006) has argued. Instead, consider regions rather
than points. Specifically, consider distinct regions U and V which
partially overlap. The connection on U determines the horizontal lift of
all paths on U, and the connection on V determines the horizontal lifts of
all paths on V. But since paths on U [ V are composed of paths on U and
paths on V, their horizontal lifts are now fully determined as well. It
follows that the fibre bundle picture is separable.

In personal correspondence, Dewar has clarified his claim as follows.
Consider regions U and V which individually do not surround the sole-
noid, but whose union U [ V does. The connections on U and V indi-
vidually are locally isomorphic to a connection which is zero everywhere
within these regions, even though the connection on U [ V is not.
Therefore, the connections on U and V up to gauge transformations are
insufficient to determine the connection on U [ V. But this shouldn't
come as a surprise, since the gauge-invariant content of a connection over
a region U just consists of the holonomies, which we already saw are non-
separable. The fibre bundle realist can resist this conclusion.15

The problem with Dewar's argument is that it assumes that sophisti-
cation considers symmetry-related states of subsystems of the universe as
equivalent. But sophistication (as I have presented it) is only interested in
universe states. After all, the issue of indeterminism only arises when we
consider universe symmetries. In the case of gauge theories, this is
obscured by the fact that subsystem symmetries which vanish to the
identity are universe symmetries. But a discussion of sophistication in the
context of classical mechanics clarifies this issue. Consider a pair of
(dynamically isolated) classical systems; for instance, Rovelli's (2014)
fleets of spaceships. Both of these systems are invariant under static
shifts, hence the symmetry-invariant content of each system consists only
of distance relations. However, the distances between ships of the first
fleet and the distances between ships of the second fleet fail to fully
determine the joint state of both fleets. After all, the latter also includes
the distance between both fleets. From this reasoning, it would seem that
even classical mechanics is non-separable—a conclusion which Dewar
et al. are unlikely to defend. But the mistake in this argument is that
sophistication is not committed to a symmetry-invariant ontology of
distance relations. On the contrary, sophistication embraces realism
about non-invariant quantities such as positions on a manifold. In the
same vein, Gomes (2019) argues that ‘forgetting’ symmetry-variant
structure of subsystems is fine when we consider such systems in them-
selves, but causes trouble when we consider the ‘gluing’ of subsystems.
Instead, Gomes advocates ‘external sophistication and internal reduc-
tion’: in order to glue subsystems together, we need to pay attention to
their symmetry-variant features.
7.3. Holism

Yet it remains the case that the Aharonov-Bohm effect is distinctly
non-local in character. This is clearly brought out when we ask where the
electron picks up a phase: where does the Aharonov-Bohm effect come
about? As Healey points out, for any local representation of the
15 The same point is made by Dougherty (2017), who shows that only a
‘truncated’ version of the fibre bundle formalism leads to non-separability. I
conjecture that Lyre and Dewar have this truncated version of the formalism in
mind.
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connection and any region U which does not enclose the solenoid, there
exists a gauge such that Aμ vanishes in U. Therefore, Healey concludes,
there is no region in which the matter field non-trivially interacts with
the Yang-Mills field—and hence no interaction at all! But Healey's
argument is invalid. For while it is true that for any region there exists a
gauge in which Aμ vanishes, there is no gauge such that Aμ vanishes
everywhere. Therefore, it is a gauge-invariant fact that the (local repre-
sentative of the) connection is non-trivial somewhere.

But there is no meaningful answer to the question where the matter
field picks up a phase because there are no meaningful cross-point
comparisons of phase, since each point of the manifold is associated
with its own fibre of field values. In particular, there is no canonical map
from local fibres into U(1). There simply is no picking up of a phase. The
matter field moves across the fibre as dictated by the connection. We can
only compare field values at the same point, when the two branches of
the matter field meet at the point Q on the screen. The holism of the
Aharonov-Bohm effect consists of the fact that there is not enough
physical structure to express phase differences along open paths, but only
around closed ones.

The following analogy is helpful.16 Consider the Twin Paradox: one
twin remains in her inertial rest frame on earth, while the other travels
makes a return trip to Alpha Centauri. Since the latter measures less
proper time, she is younger on return than her twin. Just as we are
interested in where the phase difference occurs in the Aharonov-Bohm
effect, we may wonder when the age difference between the twins
comes into existence. This is easy enough to answer with respect to
certain planes of simultaneity. From the perspective of the earth-twin, the
rocket-twin's clock runs slow at a constant rate. But it is often17 thought
that simultaneity is conventional. If that is indeed the case, different
simultaneity choices yield different results for the differential ageing of
the twins (Debs & Redhead, 1996). For example, one can choose a
convention such that the rocket-twin ages at the same rate as her
earthbound-twin on the outbound leg of her trip, but then ages much
more slowly on the return leg. This result is analogous to the fact that one
can choose a gauge such that Aμ is zero over any open path. Indeed,
Rynasiewicz (2012) has shown that choice of simultaneity convention is
formally equivalent to a choice of ‘gauge’ in General Relativity. Just as
there are no cross-point comparisons of field values, so there are no
objective cross-point simultaneity relations.

This implies that effects such as the Twin Paradox and the Aharonov-
Bohm effect are holistic in this sense: although the total effect size (the
age difference or interference shift) is measurable, there is no fact of the
matter as to how this effect comes about as the result of small local dif-
ferences. The final age difference between the twins is not the result of
many small age differences that accrue locally. Likewise, the final phase
difference in the Aharonov-Bohm effect is not the sum of the phase dif-
ferences over infinitesimal paths. Although puzzling, such holism is
simply a consequence of the fact that value spaces are localised.18 This is
not a defect in our theories, but a consequence of the novel metaphysics
of fibre bundles.

8. Conclusion

I have defended a sophisticated interpretation of gauge theories in the
fibre bundle formalism. The interpretation is local, separable and
deterministic. I have explained the puzzling nature of the Aharonov-
Bohm effect in terms of a certain form of holism which is a
16 For another helpful analogy (with currency exchange rates), see Maldacena
(2014).
17 But not universally—see Malament (1977).
18 Note: I do not claim that localised value spaces are a necessary condition for
such holism to occur. For example, one finds a similar sort of holism in the so-
called ‘topological’ Aharonov-Bohm effect, which does not require a fibre
bundle account.
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consequence of the fact that each point comes attached with its own set of
field values. The account easily generalises to non-Abelian gauge the-
ories, since nothing in the above depends on the fact that the U(1)
structure group of electrodynamics is Abelian. This makes sophistication
preferable over Wallace's deflationary account.

There is also a broader lesson here, namely that symmetries are an
important guide to the structure of physical quantities. This is especially
clear in the fibre bundle framework, since it is essentially the local U(1)
symmetry-group of electrodynamics which determines the structure of
the principal bundle, and hence of the associated bundle which repre-
sents matter fields. Far from a redundancy in our description of the
world, symmetries are carriers of physical information. Instead of erad-
icating this structure from our theories, sophistication does justice to its
significance.
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