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4 Early post-quench perturbative
expansion

4.1. Early time expansion

We study the early time evolution of two, initially independent, subsystems (A
and B) after coupling them with an instantaneous quench at ¢ = 0:

H(t)=Ha® 14, + 14, @ Hg + 0(t)Hipn (4.1a)
Hiny :ZAIK U@k (4.1b)
IK

Before the quench (¢ < 0), each subsystem is governed by the Hamiltonians
H, and Hp respectively, and the identity matrix action on the complementary
Hilbert space encodes their independence. The subscript on the identity operators
indicates the dimensionality of the respective Hilbert space: ds = dimH 4 and
dp = dimH . Initially, we consider a generic interaction Hamiltonian Hine (4.1b),
given in a tensor-product basis of the individual Hilbert spaces ¥; € H4 and
['x € Hp and later we will demonstrate our results on two specific models, SYK
and Mixed Field Ising.

Before the quench, the whole system is prepared in a tensor product state of the
two individual subsystems:

po = pa ® pa, (4.2)

and the post-quench time evolution is given by the unitary transformation with
the full interacting Hamiltonian which can be expanded as a time series with
operator-valued coefficients R,,:

4 . 1 1
p(t) =e Tt poettlt — (1 —iHt — EH2t2 . ) 00 <1 +iHt — §H2t2 . ) =
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4. FEarly post-quench perturbative expansion

By explicitly computing the first few terms in the expansion (4.3a), a recursive
relation appears that determines all of the R, operators (4.3b). However, in
this letter, we are interested in the evolution of the reduced density matrices
which, similarly to p, can be expressed as a time series by simply tracing out the
complementary subsystem from R.,. So, to obtain the reduced density matrix
pa(t) of subsystem A one traces out the subsystem B, and tracing out subsystem
A yields pp(t).

pal) = Tep(p(t) = " An 5 A =Tra(Ry) (4.40)
n=0

pp(t) = Tealp(t) = Y2 SBu 5 Bu=Tra(R,) (4.4b)
n=0

Once the reduced density matrices are obtained, we can compute the time evolu-
tion of any observable in each individual subsystem, for example the behavior of
the energy E4(t) is:

N n
Ea(t) = Tralpa(t)Ha) =) —1 Tra(AnHa) = Z ﬁt" (4.5)
n=0 n
Despite the compactness of the expansion, evaluating the operators R,, and sub-
sequently A, or B, is rather tedious for n > 2, so we will restrict our study to

only the second-order expansion of the energy of the subsystem A:
EA(t) ZTI“A(pA( )HA) =eg+ et + 2t2+0(t3) (4.6)

The particular initial states we are interested in — thermal or energy eigenstates
— commute with their respective Hamiltonians (e.g. [pa(0), Ha] = 0) leading
to many vanishing terms in the coefficients A,, (4.7), when compared to the co-
efficients from a general state (4.28). We will drop the time ¢ = 0 argument
p4(0) from here on, and implicitly will mean the density matrix at ¢ = 0 when
no argument is given pg = pa(0).

Ay =pa; (4.7a)
Al :iZAIK[pA,\i/[]TrB(prK); (47b)
1K

Ay i2{ > Mikcllpa, Uil Hal Trep(pp Ui )+
IK

) Mk ([,OA U7, U] Trp(pp Tk Tier)— (4.7¢)
K K'T'

— U7 pa, Up ) Trp(pp Trr fK)) };
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4.2. Examples

Additionally, when studying the time evolution of observables that commute with
the Hamiltonian the coefficients in their expansion simplify even further. This
condition is trivially satisfied for the energy of the subsystem F 4(¢) and using the
relation (4.40) we can compute the first three coefficients:

€0 :TTA(pAI;[A) = EA(O) (4.8&)
€1 =1 Z )\IK TI‘A ([PA; \ill}ﬁA) TrB(pB fK) =
- o ) (4.8b)
=i Atk Tea ([Ha, pa) 1) Trp(ps Pic) = 0;
K
€2 i2{ Z)\IK Tra (HPA, ‘i’f],ﬁA]ﬁA) Trp(ps Dr)+
K
+) ) MikArk (TI”A ([PA by, @If]ﬁA) Trp(pp Tk D) —
IK I'K'
—Tra ([‘i’f PA, ‘i’f']ffA) Trp(pp Dk 1AﬂK)) } = (4.8¢)

:7,2{ Z Z A[K)\I/K/ (TI‘A (pA @[[@1/7_131-14]) TI'B(pB f‘K fK’)
IK I'K'

_Tl"A (pA[@I’,-HA] @[) TTB(pB f‘K’ fK)> }

Naturally, the time-independent contribution eq is equal to the pre-quench energy
and the first term is zero due to the aforementioned vanishing commutators.
Therefore, we need to determine only the es term, which is presented in the next
section for two specific models.

4.2. Examples

In this section, we derive the early time evolution of the energy E4(t), to the
second order in time, for two models the SYK, and Mixed Field Ising model
(MFT). The analytical expressions help us understand why the energy bump in the
SYK, happens for any temperature T4, and provide an insight into the emergence
of the critical temperature T,(h,,h,) in the MFI that marks the disappearance
of the energy bump for Ty > T..
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4. FEarly post-quench perturbative expansion

4.2.1. SYK

First, we consider two, initially decoupled SYK dots of size N4 and Ng governed
by the following Hamiltonians:

Na Np
. A PN « oA B A
Hy=— Zle,j27j37j4wj1wj2 oty 3 Hp=-— ZJll,IQ...l4Xl1Xl2X13Xl4 (4.9)
j=1 =1
2
Ja

s dagonis fdoniidd = S5

J1,92,93,J4% J1,52,73,J4

a € {A, B} (4.10)

We prepare the system in a tensor product state (4.2) then, at ¢ = 0, we quench
couple both SYKs with a two-point interaction Hamiltonian with random inter-
actions:

Hipy =i E Xijbide ® X; (4.11a)
ij
)\2
(AijAirjr)n = N it 051 (4.11b)

Here, 4. is proportional to the product of all Majorana fields in A and, as explained
in Appendix 4.B, it is necessary for proper anti-commutation relations between
the two subsystems. Substituting this interaction Hamiltonian in (4.8) we get the
second order coefficient of F 4(t):

Na Np
e ="y > Ajhiy (TYA (PA%%[W% HA]) Trp(pBX;iXs)—
W 7 (4.12)

—Tra (PA [irAe, EA]T/A%’%) TYB(PB)%;")Z;‘)) .

For SYK-like interactions, the coefficients e,, simplify even further upon disorder-
averaging which, due to the independence between the inter-dot and intra-dots
couplings, can either be averaged simultaneously or one after the other. Here, we
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4.2. Examples

take the latter route and initially average ep over the inter-dot coupling A;;:

PRERE

(e2)x N, Z (TYA (PAi/Sﬁc[i/;ﬁc»ﬁAD -

Np
—Tra (PAW%@@ HA]M‘%) ) > Tre(psi;x;)
J

A2 A . - N,
) (m (patiAeldide, al) = Tea (pa [wm,HA]m)) o
2 Na . . R ) )
:% ZTrA (PA [Q/Ji’%, [%’%,Hﬂ}) = _/\72 4Try (PAHA)
= — 4\’ E4(0).

(4.13)

In the second row we used the Majorana identity )23 = 1/2. The double commu-
tator on the last line is evaluated in Appendix 4.C.2 with result (4.50) for g = 4.
Lastly, by disorder-averaging over the intra-dot couplings (-) s:

(o) =(Ea(0))s (4.14a)
(e1) =0; (4.14b)
(ea) = — 4X*(E4(0)).s, (4.14c)

we notice that the first two non-zero coefficients depend only on the initial energy
of the analyzed subsystem and the interaction constant A. Using these coefficients
in (4.6), we obtain the averaged energy of the subsystem A up to the second order
in time:

(AE(t)) = %ﬂ = —2)\2(E4(0)) 5% (4.15)

In Fig. 4.1, we compare this expression with the energy obtained from a numerical
time evolution of two equally-sized SYKs (N4 = Np) with J4 = Jg = J when the
quench happens from two independent thermal states at temperatures T4 = 0.5J
and Tp = 0.1J. We observe that (4.15) qualitatively matches the early time
behavior of (F4(t));. In order to quantify how well the analytical expression
explains the behavior of the numerical results, we fit the data from the early-
time interval to a quadratic model (4.16) and study the ratio between the two
coefficients as/es.

F(&) =ao+ %tQ (4.16)
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4. FEarly post-quench perturbative expansion

SYKy; N=10; Ty =0.5J, Tp=0.1; A=0.1J

0.010——
I ]
0.006k

9 0.004f
0.002
0.000

0 1 2 3 4 5
t
< (AB4(t)) — —20H(E4(0))#?

Figure 4.1. Early time evolution of (AE4(t)) computed numerically (blue dots)
and analytically from (4.15) (red line). Numerical results are obtained from a
quench of two equally sized (N4 = Np = 10) SYK, dots.

Fig. 4.2 shows that this ratio is close to 1 for a few different temperatures T4,
proving the validity of the analytical expression (4.15) and the perturbative ap-
proach in general. The error bars on this Fig. 4.2 are computed with the error
propagation relation using 99.7% confidence estimators for the errors o,, and o,

(3.21).
(G (&) o

It is important to emphasize that for SYK dots with random interaction of the
form (4.11a) the time evolution of E4(t), up to the second order, depends on
the temperature T4 only implicitly through E4(0), and is completely impartial
to any parameter of the subsystem B. The same holds, the other way around,
for Ep(t). From the exposition above, we see that the initial energy rise happens
when (E4(0)); < 0, regardless of the initial temperature Tpp. Recalling that
(E4(0))s < 0 holds always for the SYK, [55] explains why the energy increases
initially for any temperature T4.
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4.2. Examples

SYKy; N =10; Ty =0.1; A= 0.1J ; NR = 30000
1.010 ————————————————
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Figure 4.2. The ratio of the second order coefficients obtained from a fit of the
numerical results as and the analytical perturbative expansion e; with error bars
given by the error propagation relation (4.17).

4.2.2. Mixed Field Ising

Next, we consider a system composed of two Mixed Field Ising models:

Na
Ho ==Y (JZ8Z3 0+ gX{ +hZf), a=AB (4.18)

i

coupled at t = 0, by the same quench procedure as before, with an interaction
Hamiltonian that connects the last site of A to the first site of B:

Hipy = —Ap_6%, @67, —A_yby, ®67, =— > dapdl, @67,
abe{+,~} (4.19)
i-l- = )\+_ = )\, )\++ =A__=0.

Here, 0 = X +iY are the ladder operators and we express H;,, in this particular
form so it is readily usable in the general relations (4.8). Then we proceed the same
as before, preparing the system in a tensor product of two decoupled subsystems,
with density matrices that satisfy [pa,fla] = 0, and directly substituting those
parameters in (4.8) to obtain the early time evolution of the MFI subsystem A.
As explained in Sec. 4.1, the time-independent contribution is equal to the pre-

quench energy eg = E4(0), the first-order term vanishes e; = 0 and ey is evaluated
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4. FEarly post-quench perturbative expansion

below:

e =233 Aapdarn (m (pad%, (6%, Ha]) Ten(ppot, o1, )-
aa’ bb’ (420)
- TI'A (PA [a.;l\[A ’ E[A]&?VA) T‘I‘B(pB&i)B a-;)B)> )

First we expand the double sum:

ey = iQ{)\+)\+ <TrA (pA&va (67, Hal) Trp(ppo1,07,)—

(4.21)

and notice that the terms on the first and last lines of (4.21) vanish due to identity
%6 =0 (4.54). Taking this into account and regrouping the other four terms
the expression for es simplifies to:

er = i2| A|2{ <TrA (padx, (6%, Fal) = Tra (pA[a;VA,ﬁA}afVA)) Trp(ppét, o1, )+

+ (TTA (PA@J\?A [@QAJA{A]) —Tra (PA[&]\L/AJEIA}&&A)) Trp(pp61,671,)
(4.22)

Additionally, using (4.57), (4.58) and the relation between the ladder operators
and Pauli matrices 6*6F = 2(1 — Z) we can express this coefficient in terms of
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4.2. Examples

one-point and two-point functions of the spin operators:
e —2i2)\|2{ (TrA <pA R [&L,ISIA]D +Tr (,OA (5%, [&;VA,EIA]D> +
; (m <pA (o, [&ﬁA,ﬁA]}) Tr (pA (%, [&;A,m})) Tm(pBZlB)}
:2i2>\|2< (—16J<ZN_1ZN>A — 8hE (X n)a — 16h;,<ZN>A) +
+ (16J<ZN_1>A + 16h?v) <213>B>
= — 32| \]? (J (<ZN712N>A - <ZN71>A<213>B) +

+ %h’fv@zv)A + hiy ((sz)A - <215>B) )
(4.23)

With this, we have solved the early time behavior of E4(t) up to the second
order in time, however, there are no analytical relations for the temperature de-
pendence of the one-point and two-point functions at arbitrary field strengths
(hg, h,). Therefore, in order to evaluate ey, we numerically compute the thermal
expectation values in the last line of (4.23).

In Chapter 3, using numerical time evolution of the whole system, we discovered
that when A is coupled to an equivalent MFI at temperature Tp = 0.1 there
is no energy increase in the classical case h, = 0, and on the other extreme,
the increase appears for any temperature T4 when the system is at the critical
point h; = 1,h, = 0. Interestingly, moving slightly away from h, = 1,h, =0 a
finite critical temperature T, emerges above which the early time energy increase
disappears, but below which it is present. The height of the numerically obtained
energy bump E,, for those three examples is depicted in Figure 4.3 (left), and the
critical temperature for the particular case h, = 1 and h, = 0.05is T,. ~ 77.845.J.

The newly derived analytical relation for the energy (4.6) predicts the existence
of an initial energy increase when e; > 0 in the case under consideration when
e1 = 0. Now, using the expansion for ey in (4.23), we compute and show in Fig.
4.3 (right) the eg value as a function of T4 for the three particular cases elaborated
above. These results confirm our previous findings on the existence of the energy
increase. For any T4, es < 0 in the classical case, e; > 0 at the quantum critical
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4. FEarly post-quench perturbative expansion

Ising; N=6;Tp=01;J=1; A=0.1 Ising; N=6;Tp=01;J=1

0.0004

03[ 0.0003

0.0002

0.0001 =
L o2k 4= 0005 0010 0,050 0.100
=

g 0.0000
5} 0005 0.010 0050 0.100

0.0t b L . . . .
0.001 0.010 0.100 1 10 0.001 0.010 0.100 1 10
Ba Ba

hy=0:h.=05 ¢ hy=1;h.=0 « h,=1; h, =0.05

Figure 4.3. Existence of the early time energy bump in the classical (h, = 0,h, =
1), quantum critical (h, = 1, h, = 0) and arbitrary case with (h, = 1, h, = 0.05).
On the left, the height of the energy bump FE,, is presented with E,,, = 0 indicating
its absence. The right panel presents the ey coefficient (4.23), for the same three
models. The energy bump disappears when e; < 0.

point and when the system is tuned slightly away from it the coefficient changes
from a positive sign when T4 < 77.5 to negative for T4 > 77.5.

To show that this match between the numerical results and the analytical expres-
sion is not limited to these three special cases we apply the same reasoning to
three other models with results presented in Fig. 4.4. As before, the left panel
displays the height of the energy bump E,,, which goes to zero when the bump
disappears. On the right panel, which plots the second coefficient es, one notices
that it turns negative exactly at the same temperature for which F,, — 0.

This match in the critical temperature demonstrates the equivalence and validity
of our two approaches and allows us to use the early time expansion to understand
the early time behavior and in particular the quantum energy ruse in the hot
system A. Note that for the MFI we can write the second coefficient (4.23) as a
difference of two separate contributions, e5 that depends only on the subsystem
under consideration A and e3'Z which depends on both A and B, therefore being
sensitive on the temperature Tg:

es = 32|\2 (eg‘ - eg‘B) , (4.24a)

N TP
€5 :J<ZN,12N>A+7<XN>A+}LN<ZN>A; (4.24b)
AP — (J<ZN,1>A n hN) (25 (4.24¢)

Here we see that, similar to the SYK model, the result for e5 depends only on the
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Ising: N=6;Tz=01:.J=1:A=0.1 Ising; N=6; Tp=01;J=1
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Figure 4.4. Disappearance of the energy bump, for three different models, com-
puted by a time evolution of the full model (left) and from the exact thermody-
namic evaluation of the ey coefficient (right).

properties of the subsystem under consideration A. However, unlike before, the
additional term e5'® depends also on the subsystem B, therefore being sensitive
to the temperature Tg. Since both of these terms are positive, the energy bump
disappears (e < 0) in the temperature regime where e5' < e4Z, as shown on Fig.
4.5.

Ising; N=6;Tp=01;J=1

10L1 . ' . o 10lt . ' . Lo
2 B 70 1 2 5 10 1 2 5 10

Ba Ba Ba

why=01;h. =05 wh, =02; h.=05 wh, =03 h. =05 — ¢f ez e3P

Figure 4.5. Those plots present the e (full line) and the e5'? (dashed line) terms
of the ey coefficient (4.24), for the same models as on Fig. 4.4.

4.3. Conclusion

In this Chapter we presented how to expand the post-quench time evolution of the
density matrix into a time series and how to obtain from there the time evolution
of the subsystem-reduced density matrices perturbatively in the time ¢ since the
quench. We have derived a general expression for the first three coefficients of
the expansion and used it to analyze the early time behavior of the subsystems
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4. FEarly post-quench perturbative expansion

energies for two distinct models. Namely, in order to compare results we studied
the same models as Chapter 3: SYK as a representative of a strongly interacting
highly entangled, and chaotic model and the Mixed Field Ising in its classical,
fully quantum quantum critical, and mixed quantum-classical regimes.

We have shown that this analytical approach not only reproduces the results from
our study on a numerical time evolution but it provides an explanation for the
omnipresence of the bump in the SYK and its disappearance above a critical
temperature in the MFI models. The peculiar nature of the Majorana SYK
conspires in such a way that the first three coefficients of the energy expansion
are completely independent of the other subsystem resulting in an energy increase
even when the analyzed subsystem is at a higher temperature than the other one.
On the other hand, the second term es of the MFI expansion depends on both
subsystems leading to the appearance of the critical temperature 7.

Continuing this analytic approach to derive the third and fourth coefficients of
the energy expansion might give access to the time at which the maximum in the
bump appears. This would be useful in understanding how the system transitions
from this early-time quantum behavior to the late-time evaporation. Additionally,
one expects a universal behavior of the energy coefficients in the SYK setup and it
would be interesting to see what other thermodynamic quantities appear in those
higher-order terms. We leave this for future work.
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4.A. General State Expansion

4.A. General State Expansion

Series expansion of the density matriz — Here we represent the time-dependent
density matrix, after an instantaneous quench (4.1b), as a time series, similar to
the main text, under the assumption of a separable initial state py = pa ® pp
composed of arbitrary subsystem states pg:

, , 1 1
p(t) =e 1t pyettt — (1 —iHt — 5H2t2 . ) 00 (1 +iHt — §H2t2 . ) =

= Z o R,
n=0
(4.25a)
Ro =pPo ; Rn+1 = ’L[Rn, H] (425b)

Where R,, are operator-valued coefficients and the first four are given below:

1:20 =po (4.26&)
Ry =i[Ro, H) = i ([p1, H1] ® p2 + p1 @ [p2, Ha] + [p0, Hint]) (4.26b)
Ry =i[Ry, H] =i ([fzh Hy © 14 + [R1, 10, ® Ha] + Ry, Hm]) (4.26¢)
Ry =i[Ro, H] = i ([Rg, Hy ©14)] + [Ro, 14, ® Ha] + [Ro, Hm]) (4.26d)

Expanding the commutators we obtain:
Ro =po (4.27a)
Ry =i[Ro, H] = i[pa, Ha] ® pp +ipa @ [pp, Hp|+

+iY Mxlpa @ pp, ¥ 9Tk (4.27b)
IK
Ry :i[fﬁ,ﬁ] = i[]:h,ff,q ® 1l4,] +i[R171dA ®I§'B} +iZAIK[R17¢/I®f‘K]

IK

:ﬁ{ [[pA,IYA},fIA] R pB+pa® [[pB;H-BLH-B} +2[PA,PIA] ® [PBaﬁB]+
# 3 0k [loa © o0 Eul, 1] + [[pa ® o1 &l 1] +
K
+ {[ﬂA,fJA] ®va®I®fK:| + [/’A ® ['DB’FIB]’@I@fK} )

+) 3 MxAr [[PA ®pp, V@], ¥y & fK/] }
IK I'K’
(4.27¢)
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4. FEarly post-quench perturbative expansion

Ry =i[Ry, H] = i[Ry, Ha ® 14,] +i[R2, 10, ® Hp] +1 Y _ Ax[Ro, U1 @T] .
K
(4.27d)

Next, we present the operator-valued coefficients A, (4.28) which define the time
evolution of the reduced density matrix p4(t) (4.4a). Note that many terms vanish
due to (4.39a).

Ay =Trp(Ro) = Trp(po) = pa; (4.28a)

Ay =Trp(Ry) = l{ [oa, Hal + Y Aiklpa, U1 Trp(pp fK)}; (4.28Db)

IK

A

Trp(Ry) = i?{ ([, Ha), Ha] +

4,

+ Z)\IK<( {[pA,‘i’I],ﬁA} + [[pA,PIA], \i’l} ) Trp(psx)+
K
T 1o W1 Tes (o, A, fK>) (4.2580)

) Mk ([pA U, U] Trp(pp Tk Tier)—
K K'T

— W7 pa, U1 Trp(pp Txr fK)) }

4.B. Proper anti-commuting interactions between
coupled SYK dots

There are different ways to study two N-Majorana SYK dots. For example,
one can take 2N Majoranas and model the subsystems through the interactions.
However, we want to have manifestly separate subsystems so we will generate two
Hilbert spaces using the techniques from [115]. First dot has N7 = 2K Majoranas
denoted with v; and the second has N, = 2K, Majoranas denoted with x;, living
in their respective Hilbert spaces, H1 and Ha:

Ny =2K,: o €Hy, dimHy =25 {0} =01 02 = %1

[&ivdjj] = 27;“/;_]’ - 6ZJ = —21;{(;1‘ + 5ij (429&)
~ o~ ~ o~ 1
(i, hive] = (i i ve = 6i7ve 5 (Wive)® = —¢iv2 = 3

1
Ny =2Ky: i €Ho, dimHsy =252 {xi,%;} =61 X2 = 51 (4.29b)
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4.B. Proper anti-commuting interactions between coupled SYK dots

N1 N2
1 T 77 2 ~ o~ o~ o~
hl - Z J;1;2j3j4wj1 wj?wjifdjj‘l ; h2 == Z Jl(ll)glgl4X11X12Xl3Xl4 (430)
j=1 =1

The whole Hilbert space consists of the two dots H has N = 2K = N + N»
Majoranas in total:

N=N+Np: ti,x;€H, dimH =2
Wi, 5} =631, {xi;x;} =61, {¥ix;1=0

In order to generate those Majoranas we need to recall that Majorana operators
are closely related to the Clifford algebra of dimension n = 2k:

{%’ﬁj} =261 = Ai=1 (4.32)
Ye=(=)* v W=7 ¥2=1 5 {v7}=0 (4.33)

(4.31)

4.B.1. Numerical implementation of Majoranas

Now we would like to generate the two dots from Clifford algebra {I';}. We will
consider the simple case when Ny = Ny so N = 2N; = 4K, which would be
easy to extend to a system of asymmetric dots. The Clifford algebra {T';} can be
written in terms of subsystem algebra {~;}:

vi €Hy, dimH; =25 (4.34a)
I, =y 1, ie{l,2,... N} (4.34D)
FN1+j =Y ® 75, j e {1,2,N2} (434C)
The Majorana operators are obtained by renormalizing {I';}:
Iy, Ty...Ty (4.35a)
1 1 ~
vi= 5l = 5 (2 { 1} (4.35b)
1 1 - .
Xj = EFMH =5 ®U=0®X JE {1,2,...Na}. (4.35¢)

The noteworthy part is the appearance of the matrix ~. that ensures anticommu-
tation between the Majoranas in the two dots:

1

{¥i, 05} 25{%‘7%}@1:52‘]‘1@1 (4.36a)
1 1

i xi} =g @ (ot = 510 {nnt =05191 (4.36b)
1

{¥is x5} 25{%‘7%} ®v; =0 (4.36¢)
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4. FEarly post-quench perturbative expansion

In this basis, before the quench, the two Hamiltonians are manifestly decoupled :

H,=— Z Jil...i4wi1¢i2wi3¢i4

S (4.37a)
= Z Ji1‘~~i4wi1¢i2¢i3¢i4 ® 1 == hl ® 1

01,0004

Hy = — Z Jllu.l4Xl1Xlle3Xl4
114,1..414 o \ (4.37b)
=% ® Z Jiy o la Xt Xz Xis Xis @ 17 = 1@ ho
Iyl
Hint =1 Z )\gm/wg;Xy = Z )\mﬂ;w’)’c & >~(y (437C)
xy zy

4.C. Operators relations

In this appendix we gather some useful relations needed for coefficients derivation
in the early time expansion.

4.C.1. General relations

[AB,C] =[A,C|B + A[B, (] (4.38a)
{AB,C} =A[B,C]+{A,C}B (4.38b)
[p1 ® pa, OX ® Oy] :plox & pQOy — Oxpl X OYPQ (4.38c¢)
Tr ([/1, B]) =Tr ( AB) — Tr (BA) =0 (4.39a)
Tro ([6& X B, OX (24 OAy}) &O}f ® Tr (é?y) — OAxéé ® Tr (Oyé) = (4.39b)
~[a. Ox] Tx Oy )
Tr ([A, B]O) =Tr (ABC — BAC) =Tr (ABC — ACB) =
(4.40a)
=Tr{A[B,C]} = T+{[C, A|B}
Tr ([H[R» Al]a A2]7 T ]a Anfl]An) =Tr (Rv [Alv [A2v [ ) [Anfl’ An]m) (4'40b)
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4.C. Operators relations

4.C.2. Majoranas

General Majoranas —

Here, we consider a system with N Majoranas, forming a d = dim(H) = 2N/2 di-
mensional Hilbert space H, and we use the same normalization for the Majoranas
as in the numerical code.

Wt} =0y 3 Wev)=0 5 W=114 5 22=1; Wodi=—y
(4.41a)

[Vis i) =200y — 03y = =20500s + 85 5 [ive, il = —{Wi, i }ve = —0ij7e
(4.41b)

Next, we present some common commutators of Majorana strings, but first, we
introduce a notation for such strings that will help us write more compact expres-
sions, especially for large ¢ SYKs.

\Ij(lq) :¢z‘1 ¢i2 cee 'll)iq (4423)
U =y, i, Wi, (4.42D)

The easiest is to start with four Majoranas Strings (¢ = 4):

[Wa, O] =[ta, i, iy iy 01,]
=(4 ilawi2¢i5wi4 — OiyaWi, Vig Wiy + GigaWiy Vis iy — Sisaiy Vi Vi)

_dea 1oty
(4.43a)

[wa'ch (4)] W)a")’m 1/%'1 1/)1'27/)1'37/)1'4]
=— (6 ilavcl/)iﬂ/)iﬂ//u + OiyaWiy YeWis iy + Oiza®i, VigYeiy + digathi, ViyVisVe)

:_chéaz U+1\I’ )
(4.43b)

Then, those results can be generalized for an arbitrarily sized string with (¢ = 2p):

[0, ¥ Z B, (—1)7 1wl (4.44a)

[YaYe, U] = — 7 Z Jai, (~1)7 oY (4.44b)
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4. FEarly post-quench perturbative expansion

SYK like interaction —

Relations obtained in the previous paragraph can be used for commutators of
an SYK Hamiltonian with a string of Majoranas. Initially we’re interested in a
(¢ = 4) SYK Hamiltonians (4.9) :

N

o, HO] =2 " Tiiigia [V iy i iy ¥4,

11084 =1

N (4.45a)
Z Jiliziga/l/}il /l/}lé w’ig?
Z’lizig*l
[d’aﬂ’ca (4) Z J11121314 wa’YC? 1/}21 wlg 1/J131/JZ4]
vt (4.45D)
N

Z JivizizaYeWiy Viz Vig -
i1i2iz=1
Same as before, those commutators can be easily generalized to (¢ = 2p) SYK
Hamiltonians:

N N
[, H®D] =i1/2 Z Ti e, UD] = —qi9/? Z Jil...iqflalllg_l), (4.46a)

I=1 ipeigo1=1
N N
. . —1
Wave: HO) =i 3" Ti[ane, U] = ¢i?? 3" Jipeiy o
I=1 i1igo1=1

(4.46D)

When analyzing the time evolution of operators similar expressions to (4.46) ap-
pear with an additional sum over the Majorana field (¢):

N N N
E :QZJQ [woﬂ H(q)] = - qiq/Q § E Jz‘l...iq—mﬂ)a‘lfg_l)
a=1

ieig_1=1a=1

e (4.47a)
=g Y Ji1~-iq—1a\11(13_1)1/}a = qH@

i1-~~iq 1=1a=1

N
Z Yave[tae, H(q)] :qiq/z Z Z Jiy - ig— 1awa72\11(q b

a=1 i1-ig—1=1 a=1

N N
== qiq/2 Z Z Jil"'iqfla\I/(IZil)wa = _qH(Q)a

i1'~~7;q71=1 a=1

(4.47D)
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4.C. Operators relations

N
Zlbm :_qH(q)a

N
Z YaVe, HOJpore =gH,

(4.48a)

(4.48D)

where we have used (72 = 1) and the fact that the interaction constant (J;,...i, _,a)
vanishes in the case of at least two identical indices, hence permuting (1) past
the other Majoranas results only in an additional minus sign since ((71)’1’1 =

(—1)%~1 = —1),

Other related expressions are:
N
Z e [ty HY]) = 2qH,

N
Z '(/}a'Yc 1/)a%, H(q)]] = _QQH(q)-

o=

—

N
Zwoﬁ/c H(Q) %7 H(Q)m
a=1

Mz

[e3%

+

~~ =

Ya¥e) (H'D)? (Yove) = (have) (H'D)? (Yave) + (HD)2(1ha7c)?)

(wa%H(q)d}a%H(q) _ H(q)¢a76H(q)¢a7C)

p“%z

Q
Il
_

[%%,H( YayeH )]

Mz

Q
Il
—

([wo/}/c’ H(q)]'(/)a'YcH(q) + H(q)'l/)o/}/cw)a'}/ca H(q)]) =0

Mz

=2

Q
Il
s

(20 H Do HD — 2H Doy HOporye — ($are)* (HD)P+

(4.49a)

(4.49D)

(4.50)
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4. FEarly post-quench perturbative expansion

4.C.3. Pauli

General Pauli matrices - Single site —

Note that the following (anti)commutation relations are for same site operators.
Operators on different sites act on different spin states, so they commute.

L (01 o, (0 =\ . (1 0
o —<1 0) ; Y:O’—(i O) ; Z:O’—(O 1) (4.51)

UaT =o“ 5 O—QQ =1q ; Q, 637 € {l’vya Z} (4523“)
{0%,0°} = 20,p1a ; [0% 07 = 2ieqp 0 (4.52b)

X

From the Pauli matrices ladder operators can be formed

0 2 0 0
+ = ] = M - = —q =
o =X+1iY (0 O) ;o =X 1Y (2 O) (4.53)
ot =0T ; ofoT =0 ; oteT=2(1%2)
[O'i7X] =427 [O’i,Y] = F2%7 ; [ai, Z| = 2ot [ct, 07| =4Z

{of, X} =21 ; {oF,Y}=%il ; {65,2}=0 ; {ot,07}=41

Mized Field Ising with position-dependent fields (h¥,h?) —

Here we present commutator/anti-commutator relations for the most generic
Mixed Field Ising with position-dependent couplings (4.55). Setting the couplings
to the same constant at each site one recovers the standard MFI.

N— 1+pf

Hypp = —J Z ZiZig1 — ZhX Zh (4.55)

(6, Mvrn] = =27 (Zn-a6y + 0103 21) + 2% 2y = 2oy (4562)
(6%, Bven] == 27 (=Zx 168, = pso§ 21) = 204 Zn + 203l (4.56D)
[5';\% [5‘&, ]:IMFII]] = —8J (ZN,lzN +prNZI) — 4h§”\,6]§ — SthZAN (457&)
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4.C. Operators relations

(65,104, Hurnl) = —8J (ZN,lzN + pszzl) — 4h%6y — 8hiyZy  (4.57h)
(65, (6%, Hyrnl] + (65, 65, Hurnl) =

. . S . . (4.57¢)
= —16J (ZIHZN +prNzl) —8hE, Xy — 16h3 Zn

(65165, Harrn)} = —8J (ZN,1 +pf21) —8hA (4.58a)
(6%, 6%, Harn)}t = 8J (ZN_1 + ple) + 8h%, (4.58b)
{6N: [67\_[’}?MF11]} — {64, [5X;,ﬁMFI1]} =16J (ZN—I +pf21> + 16h%

(4.58¢)
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