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Fractions are an important but notoriously difficult domain in mathematics education. Situating fraction arith-
metic problems in a realistic setting might help students overcome their difficulties by making fraction arithmetic
less abstract. The current study therefore investigated to what extent students (106 sixth graders, 187 seventh
graders, and 192 eighth graders) perform better on fraction arithmetic problems presented as word problems
compared to these problems presented symbolically. Results showed that in multiplication of a fraction with a
whole number and in all types of fraction division, word problems were easier than their symbolic counterparts.

However, in addition, subtraction, and multiplication of two fractions, symbolic problems were easier. There
were no performance differences by students’ grade, but higher conceptual fraction knowledge was associated
with higher fraction arithmetic performance. Taken together this study showed that situating fraction arithmetic
in a realistic setting may support or hinder performance, dependent on the problem demands.

1. Introduction

Fractions play an important role in mathematics education because
they require a deeper understanding of numbers and they play an
important role in advanced mathematics and in the use of mathematics
in other fields such as economics, physics, biology, and chemistry
(Bruin-Muurling, 2010; Siegler et al., 2013). However, students expe-
rience profound difficulties in acquiring proficiency in this domain
(Hiebert, 1985; Lortie-Forgues et al., 2015; Siegler et al., 2013; Siegler &
Lortie-Forgues, 2017). One of the reasons for these difficulties is that
fractions are abstract and formal, and as such difficult to understand
(Lortie-Forgues et al., 2015). A possible way to overcome these diffi-
culties is to make the fractions more concrete and easier to understand
by situating fraction arithmetic in a realistic setting, as is done in word
problems (Hiebert, 1985). The current study aimed to provide empirical
evidence for this mechanism, by investigating the extent to which there
is a performance advantage of word problems (e.g., "Thomas has 3 liters
lemonade. How many bottles of £ liters can he fill?") compared to their

symbolic counterparts (3 : %) in fraction arithmetic.
1.1. Fractions
It has long been known that fractions are difficult for students in

primary and secondary school (Hiebert, 1985; Lortie-Forgues et al.,
2015; Siegler et al., 2013; Siegler & Lortie-Forgues, 2017). Because

fraction understanding in primary school is considered an important
predictor of later success in high school mathematics (Siegler et al.,
2012) and is related to general mathematical abilities in different
countries (Torbeyns et al., 2015), it is no surprise that a large body of
literature is focused on the understanding of fractions. However, fewer
studies focus on performing arithmetic operations (addition, subtrac-
tion, multiplication, and division) on fractions (Lortie-Forgues et al.,
2015) whereas that is crucial in everyday life, for instance when
following a recipe, as well as for several occupations, such as dosage
calculation in medical occupations and for statistical computations and
probability calculations.

The difference described above between fraction understanding and
performing arithmetic operations reflects the distinction between con-
ceptual fraction knowledge and procedural fraction knowledge. Proce-
dural fraction knowledge can be interpreted as the ability to solve
fraction arithmetic problems and to know how fraction arithmetic pro-
cedures work, whereas conceptual fraction knowledge includes the
implicit or explicit understanding of the fraction domain (Lenz et al.,
2019; Rittle-Johnson et al., 2001). Relations have been found between
procedural and conceptual fraction knowledge. However, there has been
no consensus on whether procedural knowledge is needed to acquire
conceptual fraction knowledge or the other way around (Hallett et al.,
2010; Rittle-Johnson et al., 2001). Although conceptual and procedural
fraction knowledge are strongly correlated, research showed that these
two knowledge types are empirically separable (Lenz et al., 2019).
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Therefore, it is important to study these knowledge types as separate
constructs. While ample studies focus on conceptual fraction knowledge,
this study will focus on procedural fraction knowledge.

1.2. Difficulties in fraction arithmetic

Students are faced with several difficulties when doing fraction
arithmetic. According to Hiebert (1985), the complexity of fraction
arithmetic is caused by difficulties in connecting fraction form, the
numbers, symbols and operations, and fraction understanding, the ideas
and intuitions about the reality of mathematics. One of those difficulties
is that the three-parted fraction structure £, including the numerator a,
denominator b and the fraction bar separating those numbers, can be
quite confusing leading students to misread fractions (Lortie-Forgues
et al., 2015). For example, research showed that many Dutch ninth
graders did not see fractions as a division (Bruin-Muurling, 2010,
Chapter 4).

A common difficulty is that students interpret the numerator and
denominator as two separate numbers instead of the ratio of these
numbers (Gabriel et al., 2013; Lortie-Forgues et al., 2015), the so-called
whole-number bias (Ni & Zhou, 2005; Siegler et al., 2011). Conse-
quently, children have difficulties understanding that many properties
of whole-number arithmetic are not valid for fraction arithmetic. This
leads to overgeneralization of procedures for whole numbers to frac-
tions, such as when procedures for whole numbers are applied to nu-
merators and denominators separately, for example when 2+ 2= is

incorrectly solved as 32 =3 (e.g., Braithwaite et al., 2017). Further-
more, students are biased by the direction of effects in whole-number
arithmetic, and this bias seems rather persistent and independent of
fraction understanding (Gabriel et al., 2013; Siegler & Lortie-Forgues,
2015). For example, US middle-school students and Canadian preser-
vice teachers who understood fraction magnitudes and were able to
correctly execute fraction arithmetic procedures in addition and sub-
traction problems, erroneously expected the whole-number principles —
that the outcome of a multiplication is larger than each of the operands
while the division outcome is smaller than each of the operands - to hold
for multiplication and division problems with fractions smaller than 1
(Siegler & Lortie-Forgues, 2015).

Another inherent difficulty is that fraction arithmetic requires
different procedures depending on the operations, the equality of the
denominators, and the type of fraction (Braithwaite et al., 2017; Lor-
tie-Forgues et al., 2015; Siegler & Pyke, 2013). In adding or subtracting
two fractions the denominators must be equal, whereas this is not
necessary in multiplying fractions. The procedure of dividing two frac-
tions might be even more difficult and abstract because the divisor needs
to be inverted and then multiplied with the dividend (Braithwaite et al.,
2017; Siegler & Pyke, 2013). Moreover, the underlying mechanisms for
these fraction arithmetic procedures are complex to understand,
particularly for fraction division, and many students do not have the
necessary knowledge prior to learning fraction arithmetic skills (Lor-
tie-Forgues et al., 2015). As a result, students seem to know how to apply
different fraction arithmetic procedures, but they do not understand
why these procedures work (Brown & Quinn, 2006). Hence, fraction
arithmetic procedures remain complex and abstract for many students.

In short, students have difficulties understanding fractions due to the
abstract structure and the lack of meaning, since students do not see
them as divisions. Furthermore, the whole-number bias, the direction-
of-effects bias, and the diversity of arithmetic procedures for different
operations make solving fraction arithmetic problems more difficult and
abstract for students. Since competence with fractions is important for
future mathematical competence and everyday life (Siegler et al., 2012;
Torbeyns et al., 2015), it is important to investigate ways to overcome
these difficulties.
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1.3. Word problems

One of the possible ways to overcome students’ difficulties in frac-
tion arithmetic could be to situate the fraction arithmetic in a realistic
setting or story, since that could enhance understanding (Hiebert,
1985). Word problems, in which a story sketching a realistic situation
that requires mathematical modeling is presented, are an important part
of mathematics education throughout the world and play a central role
in contemporary mathematics education in the Netherlands (Hick-
endorff, 2021; van den Heuvel-Panhuizen & Drijvers, 2014). Word
problems are thought to have several potential benefits for students: the
realistic situations can be motivational, they can be seen as a starting
point in instruction as a tool for mathematical modeling, i.e., the process
of going from concrete real-life situations to abstract symbolic mathe-
matical problems, and they create opportunities to practice the appli-
cation of mathematical knowledge and skills in real-life situations
(Verschaffel et al., 2020). Furthermore, the situations described in word
problems might also elicit more informal, and possibly more effective,
solution strategies, particularly when the mathematics is abstract for the
students (Koedinger & Nathan, 2004).

As such, using word problems could contribute to overcoming the
inherent difficulties students experience in fraction arithmetic. The ab-
stract three-parted fraction structure and the concept of fractions as
divisions are probably less abstract and more transparent when the
fraction is referring to a meaningful situation. For example, the fraction
£ is more meaningful and less abstract when it represents three students
from a class of 25 students. Additionally, other difficulties, such as the
whole-number bias or the direction-of-effects bias, might be partly
overcome when a fraction arithmetic task is presented in a realistic
situation. For example, it is more obvious that the outcome of 5 times % is
smaller than 5 when the fraction represents a quarter of a cake,
compared to the symbolic task 5 x } that is not linked to concrete ob-
jects. Furthermore, the realistic situations might promote the use of
intuitive fraction arithmetic strategies, because of the “naturalness of
corresponding solution methods” (Bruin-Muurling, 2010, p. 94). For
instance, when the task is to calculate the total content of 20 milk car-
tons holding 2 liters each, a natural solution strategy fitting the situation
is repeated addition of 2. By contrast, when the task is to calculate 3 of 20
kg, the natural solution strategy would be to divide 20 kg into four parts
of 5 kg and taking three of those parts. (Bruin-Muurling, 2010, p. 94). As
mentioned earlier, fraction division has a particularly abstract formal
solution procedure. Solving fraction division problems such as 1:L
might be less abstract and therefore easier when the fractions refer to
pizzas or pies, because this might elicit the mental model: how many
pieces of 5 fit into } of a pizza (Fig. 1).

Previous studies in Dutch third to sixth graders showed no perfor-
mance difference between word problems and their symbolic counter-
parts in whole-number arithmetic (Hickendorff, 2013, 2021). However,
studies in the domain of algebra showed that US students were more
successful in solving word problems than in solving mathematically
equivalent symbolically presented problems because they more often
used intuitive, informal strategies to solve the word problems (Koe-
dinger et al., 2008; Koedinger & Nathan, 2004). Koedinger and Nathan
(2004) suggested that the situation presented in word problems might
help to overcome the abstractness of symbolically presented problems.
Since fraction arithmetic in symbolic format is also abstract to students,
word problems may help overcome this abstractness in a similar way.
Furthermore, they also found that students were better able to detect
and avoid errors when solving word problems. For example, students
achieved better on decimal word problems than on their symbolic
counterparts because it prevented them from incorrectly adding or
subtracting dollars to cents. Misconceptions in fraction arithmetic, such
as arithmetic errors because of the whole-number bias, might also be less
frequent when presenting a fraction arithmetic problem in a realistic
situation.
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Fig. 1. Pie chart as mental model in solving fraction division problems such
1.1
as g5

In conclusion, there are several possible ways in which situating
fraction arithmetic in realistic settings might aid students’ problem
solving. The main hypothesis of the current study was therefore that in
fraction arithmetic, students perform better on word problems than on
their symbolic counterparts, whereas we did not expect to find this
word-problem advantage for whole-number arithmetic, since that is not
abstract for students at the end of primary school anymore. In what
follows, we discuss two factors that could play a role in this hypothe-
sized mechanism: conceptual fraction knowledge and students’
instructional experiences with fractions.

1.4. Conceptual fraction knowledge

Better understanding of the concept of fractions and of fraction
magnitude may help to perform better on fraction arithmetic (Hallett
et al., 2010; Lortie-Forgues et al., 2015). Rittle-Johnson et al. (2001)
found conceptual understanding, procedural knowledge, and problem
representation of decimal fraction problems to be interrelated in US fifth
and sixth graders. High conceptual knowledge may help students to
construct a better mental representation of a problem and thereby
increasing the chance of selecting an effective procedure. Furthermore,
fraction magnitude knowledge allows students to reject procedures that
generate implausible answers (Siegler & Pyke, 2013). One of our pro-
posed mechanisms for a word-problem advantage in fraction arithmetic
was that the situation of a fraction word problem might elicit mental
representations that may aid in selecting and conducting effective pro-
cedures. Students with high conceptual knowledge might not need this
situation to construct this mental model, but use their conceptual
knowledge instead. Therefore, we hypothesize that the expected per-
formance advantage of word problems is largest for students with low
conceptual knowledge.

1.5. Instructional experiences

In the Dutch mathematics curriculum, fraction arithmetic is taught in
sixth, seventh and eighth grade. During these years, students make a
transition from primary school (sixth grade) to secondary school (sev-
enth grade and further) (Meelissen et al., 2020). In Dutch secondary
education, students are placed in differentiated tracks: prevocational
education (“VMBO”, further differentiated in three ordered tracks
“VMBO-basis”, “VMBO-kader”, and “VMBO-theoretisch™), senior gen-
eral secondary education (“HAVO”) and pre-university education
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(“VWO”).

Bruin-Muurling (2010) showed that there is a discontinuity in the
fractions learning trajectory in the Dutch mathematics curriculum: in
primary education, the focus is on informal, situational, solution stra-
tegies, which shifts into a focus on formal mathematical reasoning with
numbers as mathematical objects in secondary education. Consequently,
in sixth grade students solve fraction arithmetic problems primarily as
word problems, whereas in seventh and eighth grade students primarily
solve symbolic fraction arithmetic problems. The strong connection
between situations and procedures in primary school is thus abolished in
secondary education and possibly complicate the generalization to more
formal, symbolic, fraction procedures. We expect to see these differences
in instructional experiences reflected in the word problem advantage.
That is, we hypothesize that the advantage of word problems is higher in
sixth graders, for whom situated fraction arithmetic is common but
symbolic fraction arithmetic is new and abstract, than in seventh and
eighth graders, who have been taught procedures to solve symbolic
fraction arithmetic.

1.6. The current study

Fractions are a critical concept in mathematics education, but they
are also notoriously difficult for students. Situating fractions problems in
a realistic story might help students overcoming these difficulties,
because it is expected to make fractions easier to understand and frac-
tion arithmetic easier to perform. The aim of the current study was
therefore to provide empirical evidence for this suggested mechanism,
by investigating the effect of problem representation (symbolic vs. word
problems) in fraction arithmetic performance. A sample of sixth, sev-
enth, and eighth graders solved addition, subtraction, multiplication,
and division fraction arithmetic problems in word-problem format and
in symbolic format. To ensure that the expected word-problem advan-
tage is specific for fraction arithmetic, we also included whole-number
arithmetic problems in symbolic and word-problem format as a con-
trol baseline, since previous studies showed no performance difference
between word problems and their symbolic counterparts in whole-
number arithmetic (Hickendorff, 2013, 2021). Furthermore, to address
the potential moderating effect of conceptual knowledge of fractions,
students also solved conceptual fraction knowledge problems. Finally, to
address the potential impact of the discontinuity in the Dutch fractions
learning trajectory from primary to secondary education (Bruin--
Muurling, 2010), we included students from the final year of primary
school (sixth graders) and the first two years of secondary school (sev-
enth and eighth graders). We had the following expectations.

Hypothesis 1. We expected a performance advantage of word prob-
lems compared to their symbolic counterparts in fraction arithmetic,
which we did not expect in whole number arithmetic.

Hypothesis 2. We expected the performance advantage of word
problems in fraction arithmetic to be affected by students’ conceptual
fraction knowledge: the lower students’ conceptual fraction knowledge,
the larger the performance advantage of word problems.

Hypothesis 3. We expected the performance advantage of word
problems in fraction arithmetic to decrease when students move from
primary to secondary school, due to the discontinuous learning trajec-
tory. Therefore, we expected the word-problem advantage to be highest
in sixth graders and lower in seventh and eighth graders.

2. Materials and methods
2.1. Participants
In total, 498 students from nine primary schools and nine secondary

from different regions in the Netherlands participated. Thirteen students
(one sixth grader, six seventh graders and six eighth graders were not
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able to reach the end of the task (a string of the last eight problems or
more were left unanswered) and were excluded from further analysis.
The effective sample thus consisted of 485 students: 106 sixth graders,
187 seventh graders, and 192 eighth graders. Table 1 presents descrip-
tive statistics of the students’ gender and age. There were seven to 68
students participating per school (average 26.9 students per school). The
research protocol was approved by the Institute’s IRB [number ECPW-
2016/141] and only children with written parental consent and indi-
vidual consent participated.

For 77 sixth graders whose parents gave consent to register back-
ground information we collected their most recent score on the stan-
dardized mathematics subtest of CITO’s student monitoring system (Hop
et al., 2017) divided in five population-referenced quantiles I-V. There
were 28 students (36%) in the highest quantile I, 14 students (18%) in
quantile II, 17 students (22%) in quantile III, 10 students (13%) in
quantile IV, and 8 students (10%) in the lowest quantile V.

From secondary education, there were 74 students from the highest
track of the prevocational education program (“VMBO-theoretisch”), 26
students from the combined track of prevocational education theoretical
program and senior general secondary education (“VMBO-theoretisch/
HAVO”), 89 from senior general secondary education (“HAVO”), 58
from the combined track of senior general secondary education and pre-
university education (“HAVO/VWO”), and 132 from pre-university ed-
ucation (“VWO”). Note that there were no secondary school students
from the lowest prevocational education programs.

2.2. Materials and design

A 40-item task was developed, consisting of 24 fraction arithmetic
problems, eight whole-number arithmetic problems, and eight concep-
tual fraction knowledge problems. There were eight different task
booklets, constructed by crossing three factors: (a) two different random
orders of the arithmetic problems (whole-number and fraction arith-
metic problems were mixed, (b) two different orders of which problems
were presented first: arithmetic problems or conceptual fractions
knowledge problems, and (c) two different versions of which arithmetic
problem version was presented in symbolic format and which in word-
problem format (see below). In the task a maximum of three problems
were printed on a page (A4 size).

2.2.1. Fraction arithmetic problems

Table 2 shows the 24 fraction arithmetic problems, covering addi-
tion, subtraction, multiplication, and division. There were 12 problem
types and for each problem type there were two parallel versions a and b
with numbers and solution steps as similar as possible (see Table 2).
Either problem versions a were presented in word-problem format and
versions b in symbolic format or vice versa. The word problems were
similar to those in Dutch educational textbooks and assessments, which
are mostly written in a triparted structure, for instance: “Jesse still has 2
of a loaf or bread. He eats 2 of a loaf of bread. How much loaf of bread
does he has left?”

To ensure measuring fraction arithmetic instead of other fraction
competences (e.g., regrouping of improper fractions or simplifying) a
few restrictions were made on the fraction arithmetic problems. The
problems were constructed so that simplification of the operands and

outcome was not possible or necessary. Mixed fractions (e.g. 13, 33, etc.)

Table 1
Descriptive statistics of students’ gender and grade.
N boys girls age M (SD)
grade 6 106 51 56 11.66 (0.450)
grade 7 187 101 72 12.53 (0.663)
grade 8 192 99 86 13.56 (0.448)

Note: Missing information on students’ gender 1-7%; missing information on
students’ age 2-7%.
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Table 2
Fraction arithmetic and whole-number arithmetic problems.
Fraction arithmetic problem Version a Version b
Al Fraction + fraction (equal denominators) 2 5 2 3
2.2 242
9 9 7 7
A2 Fraction + fraction (unequal denominators) 1 4 3 1 4 7
4 8 5 10
S1 Fraction - fraction (equal denominators) S 2 3 A 1
7 7 5 5
S2 Fraction - fraction (unequal denominators) 8 1 S 2
9 3 6 3
M1 Fraction x whole number 1 1
9 x 3 8 x 7
M2 Whole number x fraction ; X210 12 % 240
M3 Fraction x fraction (equal denominators) 7.3 1 . 3
10 10 55
M4 Fraction x fraction (unequal denominators) 1 . 5 3 . 9
29 8 10
D1 Fraction: whole number 6: § 3 3
4 ‘5
D2 Whole number: fraction 6. 3 8 4
7" 11
D3 Fraction: fraction (equal denominators) 4 2 6.2
5°5 77
D4 Fraction: fraction (unequal denominators) 3.1 21
4°8 3°6
Whole-number arithmetic problem
A Addition 283 + 368 386 + 238
S Subtraction 432 -185 423 - 158
M Multiplication 24 x 36 23 x 34
D Division 238:14 216:12

or improper fractions (e.g, §) were not included as operands or out-
comes. The fraction denominator had a maximum value of 12, to ensure
the face validity of the fractions regarding real-life situations and to keep
the complexity of the fraction problems manageable.

The problems were constructed to systematically cover different
complexity factors in fraction arithmetic (Bruin-Muurling, 2010). For
each of the four operations, problems with fractions with equal de-
nominators and fractions with unequal denominators were included.
Moreover, in multiplication and division problems there were two more
problems with a whole number and a fraction as operands, in two
different orders. Those mixed-operand problems were not included in
addition and subtraction problems, because that would lead to mixed
and improper fractions.

The inter-item reliability of these 24 fraction arithmetic problems
was high, 1-2 = 0.842.

2.2.2. Whole-number arithmetic problems

The eight whole-number arithmetic problems (Table 2) were
selected from the study by Hickendorff (2021) and consisted of four
problems with two parallel versions a and b, with numbers and solution
steps as similar as possible. In each test booklet, half of the problems
were presented in word-problem format and half in symbolic format.
Like in fraction arithmetic, each task version contained either problem
versions a in word-problem format and versions b in symbolic format, or
vice versa. Again, the word problems were similar to those in Dutch
mathematics textbooks and tests, for instance “Elisa has been on a trip.
The hotel costed 283 euros, and she also spent 368 euros. How much did
the trip cost in total?” The inter-item reliability of these eight problems
was rather low, A-2 = 0.593, possibly due to the small number of
problems. However, it is important to note that the statistical analyses
did not use the scale scores but rather the scores on individual problems.

2.2.3. Conceptual fraction knowledge problems

There were eight conceptual fraction knowledge problems, where, in
contrast to the fraction arithmetic problems, no computations were
needed. Four problems addressed fraction magnitude knowledge in part-
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whole representations. In two of these problems students had to name
the fraction that corresponded to the shaded part of a circle: two out of
seven equally sized parts (correct answer 2; and one out of five equally
sized parts (correct answer ). In the other two problems students had to
shade the part of a circle corresponding to a given fraction themselves: 5
and 3.

There were two problems addressing fraction magnitude knowledge
in number-line representation. In these multiple-choice items, students
had to circle the correct arrow pointing to a specific fraction (2 and §) on
the 0-1 number line, segmented in ten equally sized segments. Finally,
there were two fraction comparison problems, in which students had to
compare two fractions, 2 or # and 2 or 2, and circle the largest fraction.

The inter-item reliability of the eight-item scale was rather low (1-2
= 0.602) and the distribution very skewed to the left. Therefore, in the
analyses we used a categorical variable: CFK level I (0-6 problems
correct; n = 105), level II (7 problems correct, n = 131) and level III (8
problems correct, n = 249).

2.3. Procedure

The test was administered as a paper-and-pencil test in a classroom
setting by one of eleven trained research assistants. The eight different
task booklets were randomly distributed within the classrooms. Students
were instructed that they could work through the test booklet at their
own speed, within a 50-minute time slot. Furthermore, students were
instructed that they could use the space next to each problem to write
down their solution steps if they wanted to, and that they had to write
their final answer to each problem on the designated answer line.
Furthermore, they were instructed to give their answer either as fraction
or whole number, but not as decimal number. Students’ answers to each
of the 40 problems were coded as either correct (1) or incorrect (0).
Problems with no answer were scored as incorrect, assuming that stu-
dents skipped the problem because they did not know how to solve it, as
is common in untimed educational assessments such as TIMSS (Foy
et al., 2019) and PISA (OECD, 2020). Improper fractions (e.g. g) and
non-simplified fractions (e.g., $) that were equivalent to the correct
answer were scored as correct.

2.4. Statistical analyses

The dependent variable in each of the research questions was
arithmetic performance. In the current design, items are fully crossed
with students, and students are nested in schools. To fully use all the
information in the data, we did not aggregate the responses across items
into scale scores, but instead used the responses of individual students to
individual items as the unit of analysis. That is, we estimated a Rasch
model, which is an item response theory (IRT) model in which differ-
ences between items are captured with fixed item effects (item diffi-
culty/easiness parameters) and differences between individuals with a
random student intercept (also called ability). To account for the fact
that students were nested in schools, and in secondary schools also
within tracks, the random student intercept was split into two compo-
nents: one random intercept accounting for variation between students
within tracks-within-schools, and one accounting for variation between
tracks-within-school (37 different categories). Thus, we estimated the
multilevel extension of the Rasch model (Doran et al., 2007).

To explain variance on the level of persons and/or items, predictor
variables can be added to the regression, which has been called
explanatory IRT modeling (De Boeck & Wilson, 2004). Such an approach
has been used before in other studies addressing the effects of task/-
problem features in the domain of mathematics (Fagginger Auer et al.,
2016, 2018; Hickendorff, 2020), reading (Pavias et al., 2016), and
analogical reasoning (Stevenson et al., 2013).

In all analyses in the current study, we estimated multilevel Rasch

Learning and Instruction 86 (2023) 101775

models on the correct/incorrect scores on the 24 fraction arithmetic
problems (hypotheses 1-3) or the eight whole-number arithmetic
problems (hypothesis 1). For hypotheses 2 and 3, students’ conceptual
fraction knowledge (CFK) level (three categories) and grade (three
categories) were added as predictors to this model, respectively.

Such multilevel Rasch models can be conceptualized as a random
effect multivariate logistic regression models, and can therefore be
estimated with software for generalized linear mixed models (Rijmen
et al., 2003). We used the glmer-function in the Ime4-package to esti-
mate the multilevel Rasch models (Bates et al., 2015; Doran et al., 2007)
in R (R Core Team, 2021). Predictor effects with one degree of freedom
were tested for significance with Wald tests and predictor effects with
more than one degree of freedom (e.g., the main effect of categorical
predictors such as grade) were tested with likelihood ratio (LR) tests.
LR-tests statistically evaluate the improvement in model fit (log-likeli-
hood) of the more complex model containing a specific predictor
compared with the simpler model without that predictor, with a
chi-square statistic. All tests were based on a Type I error probability of
.05.

To control whether the eight different task booklets had the same
difficulty level, we first analyzed the effect of Task Booklet (eight cat-
egories), which was not significant for fraction arithmetic (LR y? (df =
7) = 5.60, p = .587) nor for whole-number arithmetic (LR ;(2 dr=7=
8.60, p = .283).

3. Results

Table 3 presents descriptive statistics of performance on all arith-
metic problems. For whole-number arithmetic, there were only minimal
differences between symbolic and word problems — although the dif-
ference of .08 for subtraction problems is an exception. For fraction
arithmetic the differences between symbolic and word problems are
somewhat larger, but more importantly, they are in both directions.
Particularly the division problems stand out with higher performance on
word problems than on their symbol counterparts.

3.1. Hypothesis 1: Word-problem advantage in fraction arithmetic
performance

First, we analyzed the fraction arithmetic scores with a multilevel
Rasch model with random intercepts for students and (tracks within)
schools and fixed item effects f; — which represent item easiness pa-
rameters in the glmer-parametrization. The variance of the random

Table 3
Descriptive statistics of performance (proportion correct) for fraction and whole-
number arithmetic.

Fraction artithmetic problem Symbolic Word problem
Al Fraction + fraction (equal denominators) 91 .81
A2 Fraction + fraction (unequal denominators) .81 .75
S1 Fraction - fraction (equal denominators) 91 .82
S2 Fraction - fraction (unequal denominators) .78 .76
M1 Fraction x whole number .36 71
M2 Whole number x fraction .70 .79
M3 Fraction x fraction (equal denominators) .48 11
M4 Fraction x fraction (unequal denominators) .56 13
D1 Fraction: whole number .50 .68
D2 Whole number: fraction .27 .54
D3 Fraction: fraction (equal denominators) .30 .83
D4 Fraction: fraction (unequal denominators) 31 .70
Whole-number arithmetic problem

A Addition .88 .87
S Subtraction .79 71
M Multiplication .66 .69
D Division .66 .67
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student-within-schools intercept was 0.784 and of the random school
intercept 0.624. Table 4 presents the item easiness parameters f;, which
ranged between —2.77 and 2.67. Furthermore, it presents the difference
in easiness parameters between the two problem formats of the same
problem type Saitt = fwp — Psym, With its associated standard error and
Wald test. Positive values of fqif indicate that the word-problem format
was easier than the symbolic counterpart of the same problem type,
whereas negative values of Sy indicate the opposite pattern. These
differences were statistically significant for all but one (S2) of the twelve
problem types. Notably, the direction of the difference was not consis-
tent. For the two addition problems, one of the two subtraction problems
and two of the four multiplication problems, word problems were
significantly more difficult than their counterparts presented as sym-
bolic problems. For the other two multiplication problems and the four
division problems, word problems were significantly easier than their
counterparts presented as symbolic problems. Fig. 2 shows a graphical
representation of these differences (where item easiness parameters are
transformed into the estimated probability correct per item, for easier
interpretation).

To control whether these representation effects are unique for frac-
tion arithmetic, we conducted a similar analysis on the whole-number
arithmetic problems. Again we first estimated a multilevel Rasch
model, this time with the correct/incorrect scores on the eight whole-
number problems as dependent variables. The variance of the random
student intercept was 0.795 and of the random school intercept 0.130.
Item easiness parameters ranged between 0.75 and 2.31 (Table 4). The
differences between symbolic and word problems were statistically
significant for the subtraction problem only (word problem more diffi-
cult than symbolic problem); for the other three problem types differ-
ences were not significant. Fig. 3 shows the estimated probability correct
on the whole-number arithmetic problems.

In all, findings for hypothesis 1 were mixed. We expected a word-
problem advantage in fraction arithmetic which we indeed found in
half of the fraction multiplication problems and in all fraction division
problems. However, in fraction addition, one of the fraction subtraction
problems, and half of the fraction multiplication problems the opposite
pattern was found, with word problems being more difficult than

Table 4

Item easiness parameters f; and differences in item easiness between word problems
and symbolic problems faisr = Pwp — Psym from multilevel Rasch models for fraction
arithmetic and whole-number arithmetic.

Fraction arithmetic

Problem Symbolic ~ Word problem Difference (word problem —
symbolic)

pi (SE) i (SE) Paitr (SE) z P
Al 2.64 (0.218) 1.70 (0.190)  —0.94(0.210) —-4.49  <.001
A2 1.70 (0.190) 1.26 (0.183) —0.44(0.174) —2.52 .012
S1 2.67 (0.219) 1.75(0.191)  —0.92(0.212) -4.34  <.001
S2 1.48 (0.186) 1.35(0.184)  —0.13(0.171) —0.78 .438
M1 —0.87 (0.176) 0.98 (0.179) 1.85 (0.155) 11.92  <.001
M2 0.93 (0.179) 1.56 (0.187) 0.62 (0.167) 373  <.001
M3 -0.26 (0.174)  -2.77 (0.213)  -2.50(0.191) —-13.14  <.001
M4 0.17 (0.174)  —2.49(0.204) —2.66(0.181) —-14.70 <.001
D1 —0.18 (0.173) 0.79 (0.177) 0.96 (0.150) 6.41  <.001
D2 —1.45(0.181) 0.04 (0.174) 1.49 (0.155) 9.59 <.001
D3 -1.22(0.179) 1.82(0.193) 3.04 (0.175) 17.41  <.001
D4 —1.20(0.178) 0.93 (0.179) 2.13(0.158) 13.48  <.001
Whole-number arithmetic
Problem Symbolic ~ Word problem  Difference (word problem —

symbolic)

pi (SE) i (SE) Paitr (SE) z P
A 2.31 (0.167) 2.14 (0.160) —0.17 (0.200) -0.83 .405
S 1.50 (0.141) 1.05(0.13)  —0.45(0.159) —2.84 .005
M 0.75 (0.129) 0.93 (0.131) 0.18 (0.148) 1.21 .225
D 0.75 (0.129) 0.82 (0.130) 0.07 (0.147) 0.45 .652
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symbolic problems. In whole-number arithmetic there was no word-
problem advantage in addition, multiplication, or division (as ex-
pected); in subtraction the word problem was significantly more difficult
than the symbolic problem.

3.2. Hypothesis 2: Students’ conceptual fraction knowledge

We added the effect of Conceptual Fraction Knowledge (CFK in three
categories: level I, II or III) to the fraction arithmetic model multilevel
logistic regression model on the fraction arithmetic problems. The main
effect of CFK was significant (LR )(2 (df =2) = 36.57; p < .001). Students
with CFK at level I performed significantly lower than students at level II
(i = —0.56 (SE = 0.138), z = —4.08, p < .001) and level III (B =
—0.78 (SE = 0.128), z = —6.11, p < .001); the difference between the
latter two levels was not significant (S = —0.22 (SE = 0.115), 2 =
~1.89, p = .059).

Next, Table 5 shows the results of the statistical tests of the inter-
action effects between students’ CFK and Problem Representation, per
problem type. On four of the twelve problems, this interaction effect was
significant — Al, M2, M3, and D4 — meaning that the problem repre-
sentation effect was moderated by students’ level of conceptual fraction
knowledge for these problems.

Two of these problems showed an advantage of symbolic problems
(A1 and M3) in the previous analyses. Post-hoc analyses for problem A1l
(adding two fractions with equivalent denominators) showed that only
for students with CFK level III had a significant advantage of symbolic
problems (B4iff = —1.76) whereas problem representation differences
were not significant or students with CKF level I or level II. Post-hoc
analyses for problem M3 (multiplying two fractions with equivalent
denominators) showed that for students with CFK level I (gi¢r = —3.61),
level IT (Bgier = —2.13), and level III (B4ir = —2.40) there was a significant
advantage of symbolic problems; this advantage was largest for students
at CFK level L.

The other two problems showed an advantage of word problems (M2
and D4) in the previous analyses. Post-hoc analyses for problem M2
(multiplying a fraction with a whole number) showed that only for
students with CFK level II (B4t = 1.36) and level III (B4;¢s = —0.75) had a
significant advantage of word problems, whereas problem representa-
tion differences were not significant for students with CKF level I. Post-
hoc analyses for problem D4 (dividing two fractions with non-equivalent
denominators) showed that for students with CFK level I (fgis = 1.37),
level IT (Bqifr = 2.19), and level III (Bgi¢r = 2.41) there was an advantage
of word problems; this advantage was larger for students with higher
levels of CFK.

In all, these results are largely in contrast with hypothesis 2, since we
expected a decrease in the word-problem advantage for higher levels of
conceptual fraction knowledge. For three of the four items (M2, M3 and
D4) the opposite pattern was found, with an increased word-problem
advantage or decrease in symbolic advantage for higher levels of con-
ceptual fraction knowledge. Only one problem (Al) showed the ex-
pected pattern, with an increase in symbolic advantage for students with
higher levels of conceptual fraction knowledge.

3.3. Hypothesis 3: Students’ grade

Finally, we added the effect of students’ Grade (three categories:
sixth, seventh, or eighth grade) to the fraction arithmetic model. The
main effect of Grade was not significant (LR )(2 (df =2) =5.54;p =.063).
Table 6 shows the results of the statistical tests of the interaction effects
between Problem Representation and students’ Grade. This interaction
was significant for two of the twelve problem types: for A1 and M2. In
problem A1 (adding two fractions with equal denominators), for which
an advantage of symbolic problems was found in the overall analyses,
post-hoc analyses showed that symbolically presented problems were
significantly easier than word problems only in seventh (Bgiff = —1.47)
and eighth grade (fqiff = —1.20), whereas there was no performance
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Table 5

difference in sixth grade. For problem M2 (multiplying a whole number
with a fraction), for which an advantage of word problems was found in
the overall analyses, post-hoc analyses showed that word problems were
significantly easier than their symbolic counterparts only in seventh
(Baiee = 0.63) eighth grade (Bqirf = 1.12), whereas there was no perfor-
mance difference in sixth grade.

In all, the performance patterns displayed in Fig. 2 hold for students
in sixth, seventh, and eighth grade on most of the problems, which is
contrary to hypothesis 3. On one of the two problems with differential
effects the pattern aligned with our hypothesis (increase in the advan-
tage of symbolic problems for secondary students) but on the other
problem the pattern was opposite to what we expected (increase in the
advantage of word problems for secondary students).

4. Discussion

Fractions are a critical concept in mathematics education. They play
a central role in the transition from early to more advanced mathematics
and in the use of mathematics in other fields and in everyday life.
However, fraction problems are also notoriously difficult for students,
likely due to their abstractness which hampers understanding (Brown &
Quinn, 2006; Hiebert, 1985). The main hypothesis of the current study
was that situating fractions arithmetic in a realistic story might help
students overcoming these difficulties. This makes fractions and fraction
arithmetic more concrete, and as such can help students to use mental
models that fit the problem situation, as was shown in algebra

Likelihood Ratio (LR) tests for the interaction effects between Problem Representation and students’ Conceptual Fraction Knowledge (CFK) in fraction arithmetic, with

post-hoc tests of the difference in item easiness Bgitt = Pwp — Bsym per level of CFK.

Problem LR chi? (df = 2) P CFK level I CFK level IT CFK level III
Pite (SE) Zdiff P Pite (SE) Zdiff p Pife (SE) 2Zdiff p
Al 10.75 .004 —0.64 (0.359) -1.79 .074 —0.16 (0.400) —0.40 .686 —1.76 (0.337) —5.22 <.001
A2 3.55 .169
S1 0.68 711
S2 5.85 .053
M1 5.45 .065
M2 13.95 <.001 —0.31 (0.318) —0.96 .337 1.36 (0.323) 4.21 <.001 0.75 (0.251) 2.99 .003
M3 8.01 .018 —3.61 (0.454) —7.96 <.001 —2.13 (0.337) —6.34 <.001 —2.40 (0.240) —9.98 <.001
M4 2.97 227
D1 0.27 .872
D2 1.23 541
D3 1.26 .533
D4 6.48 .039 1.37 (0.337) 4.06 <.001 2.19 (0.300) 7.30 <.001 2.41 (0.225) 10.71 <.001
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Table 6
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Likelihood Ratio (LR) tests for the interaction effects between problem Representation and students’ Grade in fraction arithmetic, with post-hoc tests of the difference

in item easiness Paifr = Pwp — Psym per Grade.

Problem LR chi? (df = 2) p Grade 6 Grade 7 Grade 8
Paite (SE) Zdiff P Paise (SE) Zdiff P Paise (SE) Zdiff p

Al 7.63 .022 —0.13 (0.366) -0.37 714 —1.47 (0.356) —4.13 <.001 —1.20 (0.359) -3.35 <.001
A2 2.31 .315

S1 3.10 212

S2 2.26 .323

M1 1.19 .550

M2 6.92 .031 0.00 (0.315) 0.00 1.00 0.63 (0.272) 2.315 .021 1.12 (0.285) 3.930 <.001
M3 1.82 402

M4 5.56 .062

D1 4.45 .108

D2 0.47 791

D3 0.81 .667

D4 4.46 .107

(Koedinger et al., 2008; Koedinger & Nathan, 2004). In the current study
we therefore investigated the effect of problem representation (symbolic
vs. word problem) on fraction arithmetic performance of students at the
end of primary school and the start of secondary school. Furthermore,
we contrasted the problem representation effect for fraction arithmetic
with that for whole-number arithmetic, and investigated the potential
moderating role of students’ conceptual fraction knowledge and grade
(sixth, seventh, eighth).

Our first hypothesis, that there would be a word-problem advantage
in fraction arithmetic but not in whole-number arithmetic, was partly
confirmed but also partly rejected. We found that in fraction arithmetic,
problem representation effects were found in both directions. In adding,
subtracting, and multiplying two fractions, word problems were more
difficult than symbolic problems, contrary to our hypothesis. In multi-
plication of a fraction with a whole number and in all types of fraction
division, word problems were easier than their symbolic counterparts. In
contrast to these results for fraction arithmetic, in whole-number
arithmetic word problems were just as difficult (addition, multiplica-
tion, and division) or more difficult (subtraction) compared to their
symbolic counterparts, but never easier, replicating previous studies’
results (Hickendorff, 2013, 2021). In all, it thus seems that there may
indeed be a word-problem advantage in fraction arithmetic, but only in
particular problems and particularly in fraction division, where the
differences were large, whereas in addition and subtraction we found a
rather small advantage of symbolic problems. This pattern suggests that
the more abstract the fraction arithmetic procedure, the larger the
likelihood that there is a word-problem advantage (with multiplication
as an exception, which will be discussed later).

Our second hypothesis, that the word-problem advantage in fraction
arithmetic would decrease as students have higher conceptual fraction
knowledge, was not supported. Although students with higher levels of
conceptual fraction knowledge had higher performance in fraction
arithmetic overall, conceptual fraction knowledge did not moderate the
problem representation effect in eight of the twelve problems. In the
four problems in which we did find an interaction between students’
conceptual fraction knowledge and problem representation, we found a
pattern opposite to our expectations, with an increased word-problem
advantage or decrease in symbolic advantage for higher levels of con-
ceptual fraction knowledge, for three problems. Only one problem
showed the expected pattern.

Our third hypothesis, that the word-problem advantage in fraction
arithmetic would decrease across grades six to eight as students move to
secondary education, was also not supported. There were no significant
differences in overall fraction arithmetic performance between sixth,
seventh, and eighth graders. Grade did not moderate the problem rep-
resentation effect in ten of the twelve problems. In the two problems for
which we did find an interaction effect between students’ grade and

problem representation, the pattern was in the expected direction for
one problem and in the opposite direction for the other problem.

4.1. Word problems in fraction arithmetic

Our main expectation was that situating fraction arithmetic in a
realistic story or setting would make fractions easier to understand and
fraction arithmetic easier to perform and as such would help overcome
students’ difficulties. For fraction division we indeed found a robust
word-problem advantage. Since fraction division has the most abstract
and complex formal procedure of the four operations (Siegler &
Lortie-Forgues, 2015), it is not surprising that this is the operation where
we find a word-problem advantage. Situating the fraction division
problem in a concrete setting may elicit mental models that fit the
problem situation, which can lead students to use informal strategies
that they understand rather than the formal procedures they do not
understand as well as students checking the plausibility of their answers
(Koedinger et al., 2008; Koedinger & Nathan, 2004). Furthermore, the
multiplication problems that required multiplying a fraction with a
whole number were also significantly easier as word problem than as
symbolic problem. Perhaps the realistic situation also elicited other
mental models and solution strategies, such as seeing than multiplying
with £ is the same as dividing by 3. Further research should address
students’ solution strategies and error types, for instance by think-aloud
protocols, to put this explanatory mechanism to the test.

However, in adding, subtracting or multiplying two fractions (with
equivalent or non-equivalent denominators), we found an advantage of
symbolic representation, contrary to our expectations. One possible
explanation is that these problems were not as abstract as we expected
them to be; in other words, students may have been taught the formal
procedures to solve them and thus needed to rely less on their mental
models. Another explanation is that perhaps students used more
informal strategies on the word problems, and that these were less
efficient than the formal procedures. Finally, the fraction-times-fraction
problems showed a relatively large advantage of symbolic representa-
tion. A possible explanation is that the wording of these word problems
was confusing for students. Consider the following word problem “From
all children in a class, § plays a musical instrument. From all the children
playing a musical instrument, 3 th plays the piano. Which part of the
children in the class plays the piano?” Inspection of students’ answers
shows that many students answered 2, suggesting that they did not un-
derstand that they had to take part of a part. Perhaps this is an example
of a semantically disaligned word problem which have been found to be
more difficult to solve than semantically aligned word problem (Martin
& Bassok, 2005). It illustrates that situating fraction arithmetic only
helps if it elicits a correct mental representation, and otherwise may
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hinder performance.
4.2. Conceptual fraction knowledge

We expected that students who have difficulties understanding the
concept of fractions would be helped by presenting fraction arithmetic
problems in a situated way instead of symbolically. However, we did not
find this pattern for eight of the problems, and the pattern for three other
problems was even in the opposite direction. Possibly, understanding
individual fractions’ magnitudes is not a strong predictor of under-
standing how arithmetical operations transform those magnitudes.
Further research could focus on students’ understanding of fraction
arithmetic procedures (Siegler & Lortie-Forgues, 2014). Another
possible explanation is that students may need conceptual knowledge to
translate the word problems into the appropriate mental representation
and arithmetic problem (Rittle-Johnson et al., 2001).

An important question that the current study cannot address is the
extent to which situating fraction arithmetic in real-life settings can
contribute to acquiring fraction knowledge, as is suggested by Realistic
Mathematics Education (Van den Heuvel-Panhuizen et al., 2014).
Through such better understanding of fractions and informal solution
strategies, students are expected to understand the formal (symbolic)
fraction arithmetic procedures better. A longitudinal study design in
which students having ample experience in solving fraction word
problems are followed in their development of conceptual and proce-
dural fraction knowledge would be needed to address that question and
arrive at corollary instructional implications.

4.3. Instructional experiences

We expected there would be a difference between students at the end
of primary school on the one hand and students at the start of secondary
school on the other in the anticipated word-problem advantage.
Remarkably, we did not find a main effect of grade, which suggests that
the development of students’ fraction arithmetic competence stagnates
in the end of primary school, as was also reported by Bruin-Muurling
(2010, chapter 3 and 4). This is surprising since fraction arithmetic is
part of the mathematics curriculum in both the final grades of primary
school and the lower grades of secondary school, and it is particularly
striking since there were no secondary school students from the lowest
educational track in our sample.

For two of the twelve problems, students’ grade moderated the effect
of problem representation: once in the expected direction and once in
the opposite direction. In all, there were thus no robust patterns found.
The overall absence of student progress in fraction arithmetic perfor-
mance may also explain why we did not find robust differential effect of
problem representation by grade. If on average students hardly learned
something extra in secondary school it is not surprising that secondary
school students show the same performance patterns as primary
students.

4.4. Limitations

There are several limitations that are important to consider. First, we
used parallel problems to investigate differences between symbolic and
word problems. Although these problems were carefully matched so that
the numbers and solution steps were as similar as possible, there could
have been systematic differences between the parallel versions. How-
ever, since the sample size is large and the different problem version-
problem format combinations were distributed randomly across the
students, such potential systematic differences between parallel prob-
lems should level out in the analyses at group level, which is supported
by the finding that the eight different task booklets did not differ in
difficulty level.

Second, we included a specific set of real-life situations, which could
have impacted the results. Specifically, the situation that we used for
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multiplying two fractions seems to be unfortunate, since many students
misunderstood it, as mentioned before. If this problem would have been
situated in another story in which it is clear to students that they have to
take part of a part, such as “How much is % of g pie?” (Bruin-Muurling,
2010), potentially the word-problem advantage found for division
would also extend to multiplication. Furthermore, it illustrates the
importance of presenting a situation that, through the mental model,
supports using an appropriate solution strategy. Further research could
address the match between the situation model and the solution stra-
tegies to systematically investigate this suggested mechanisms. More-
over, in future studies more efforts should be undertaken to carefully
pilot the problems’ numerical characteristics (to accommodate the
previous limitation) and situational descriptions.

Third, we did not study all types of fractions, thereby excluding
several factors that make fractions abstract and complex. For instance,

3

we excluded improper fractions such as 5 or fractions that can be

simplified such as 8, whereas research findings suggest that these kind of
fractions may be particularly challenging for students (Bruin-Muurling,
2010). It would be important to extend the current study to fraction
arithmetic involving these challenging fractions, such as % +% = % = % =
1 % . Possibly students are helped if this problem is situated in a concrete
context that they can imagine, such as “How much pie do you have if you
have three quarters of a pie and another three quarters of a pie?”

Fourth, we used grade level as a proxy for instructional experiences.
Although instruction differs between grade levels as a result of general
differences in the Dutch mathematics curriculum, this does not mean all
students in the same grade have equal instructional experiences. Within
grades, relevant differences exist in for example prior knowledge or
differentiated instruction. For example, Braithwaite et al. (2017) found
individual differences in patterns of strategy use in fraction arithmetic.
Siegler and Pyke (2013) also found that differences in fraction arith-
metic accuracy between high achieving students and low achieving
students was larger in eight grade than in sixth grade. We did not
address such within-grade differences in the current study.

Fifth and finally, our analyses are restricted to performance (accu-
racy) only, which does not give insight into affective components of
learning, such as self-efficacy and motivation, or students’ process of
solving the problems. Since the suggested mechanism of the expected
word-problem advantage focuses on different solution processes, the
fact that we do not have information on the solution strategies or the
errors severely limits the interpretation of the results. Earlier research
showed there were individual differences in fraction arithmetic strategy
use in symbolic fraction arithmetic problems (Braithwaite et al., 2017)
and it would be interesting to extend this with word problems in future
research. Furthermore, such research could investigate to what extent
primary school and secondary school students used the same strategies
or whether they used different strategies but with the same overall
success ratio. Solution strategy data could also give insights into the
mental models that students construct in the word-problem solving
process.

4.5. Conclusion

Situating fraction arithmetic in a realistic setting might help students
overcome the difficulties they experience in this domain, but only under
specific conditions: when the formal procedure is abstract or difficult to
understand (as in division) and if the situation presented supports the
construction of an appropriate mental model. Importantly, these results
challenge common beliefs that word problems are particularly chal-
lenging for students because they have to translate the word problem in
an arithmetic problem. However, for less abstract or challenging frac-
tion arithmetic procedures, there may be an advantage of symbolic
representation. In all, the current study suggests that word problems that
are carefully selected can aid fraction arithmetic performance, particu-
larly for complex and abstract arithmetic procedures.
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