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Abstract In mammals, an endogenous clock located
in the suprachiasmatic nucleus (SCN), synchronizes
physiological and biological rhythms to the envi-
ronmental light–dark cycle. In experiments, most
researchers applied rectangular scheme as the external
light–dark scheme received by the SCN neuronal oscil-
lators. However, the external light intensity changes
gradually throughout the day. Therefore, trapezoidal
schemes (twilight) or sinusoidal schemes were also
applied. Thus far, the effects of different light–dark
schemes on the oscillators of the SCN did not get
fully explored. In the present study, we theoretically
analyzed how the five common light–dark schemes
affect the entrainment ability of the SCN, based on a
Poincaré model. We numerically found that when the
maximum light intensity, the minimum light intensity,
and the total amount of light exposure per cycle were
the same, the largest entrainment range was obtained
in the oscillators receiving more light in the daytime.
However if, under the condition of 12:12-h illumina-
tion, the total amount of light exposure per cycle was
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the same, the maximum light intensity during the day
leaded to an increased range of entrainment. Moreover,
the entrainment range was reduced when the photope-
riod was extended. Note that, increasing the maximum
light intensity increased the entrainment ability of all
light–dark schemes. Our results exposes the important
role of light–dark schemes in the entrainment ability
of the SCN network, and provides a potential explana-
tion for the diversity of the entrainment range between
diurnal and nocturnal animals.

Keywords SCN neuronal network · Circadian
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1 Introduction

Due to the rotation of the Earth, the period of the light–
dark cycle is fixed at 24h,while the intensity of environ-
mental light changes gradually throughout the day [1].
Under natural conditions, the intensity and the dura-
tion of light vary with geographical latitudes and local
seasons [1]. For example, although the daily insolation
values at the equator and the arctic pole are similar at
summer solstice, the intensity of light is higher and the
duration is shorter at the equator, while the intensity of
light is lower and the duration is longer in the arctic pole
[1]. In most typical laboratory conditions for circadian
rhythm research, a rectangular scheme of light–dark
alternation was often applied [2–4]. In experimental

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-023-08500-z&domain=pdf
http://orcid.org/0000-0002-1809-2826
https://doi.org/10.1007/s11071-023-08500-z
https://doi.org/10.1007/s11071-023-08500-z


12626 W. Zheng et al.

studies, it has been shown that the light–dark scheme
affects the circadian rhythm.

The circadian rhythm of organisms is entrained by
the environmental light–dark cycle [5]. When the daily
photoperiod changes, the organism will entrain to the
corresponding period [3,6]. For example, a Eutamias
sibiricus can be entrained between 14.9h (the lower
limit of entrainment, LLE) and 32.4h (the upper limit
of entrainment, ULE), a human being can be entrained
between 20.5h and 29h, and a Microcebus murinus
can be entrained between 21.2h and 25.3h [3,6–8].
The range that the organism can be entrained from the
LLE to the ULE is called the entrainment range [3,9].
The entrainment range is a collective behavior of the
organism and reflects the flexibility of the organism to
entrain to the external light–dark cycle.

In mammals, the entrainment is ensured by an
endogenous biological clock, which is located in the
suprachiasmatic nucleus (SCN) of the brain [10–14].
The SCN is located in the anterior hypothalamus and
composed of about 20,000 heterogeneous neuronal
oscillators [6,15]. These neuronal oscillators oscillate
autonomously with nonidentical periods and form a
network through neurotransmitter coupling [7,16–19].
According to the neurotransmitters released by these
neuronal oscillators and the sensitivity to the light infor-
mation, the SCN can be divided into two different sub-
groups, one is the ventrolateral (VL) subgroup located
in the core of the SCN, and the other is the dorsome-
dial (DM) subgroup surrounding the core [20]. The VL
subgroup contains neuronal oscillators that are directly
sensitive to the light information, and transmit this light
information to the light-insensitive neuronal oscilla-
tors located in the DM subgroup through the release
of neurotransmitter vasoactive intestinal peptide (VIP)
[20–22]. The DM subgroup converts the rhythmic VIP
signal into circadian oscillation of the neurotransmitter
arginine vasopressin (AVP), resulting in uniform and
robust circadian rhythms [20,23].

The flexibility and robustness of the SCN to respond
quickly to changes in the external environment are
vitally important for its proper function. Light is the
most potent and important Zeitgeber (i.e., the time
giver) for organisms to become synchronized with the
24h rhythmon earth, and has a great impact on the SCN
[24,25]. Understanding the light entrainment of the cir-
cadian rhythm in the SCN is very important. When the
SCN is exposed to irregular light signals, it may result
in numerous pathologies [4].

Under laboratory conditions, in order to facilitate
the control of lighting conditions, rectangular schemes
were often applied [2–4].However, the light intensity in
the environment changes gradually throughout the day
[3]. Schmal et al. assumed that the natural light condi-
tions vary sinusoidally [1]. A number of other experi-
mental studies considered twilight schemes as being
closer to natural light conditions. Twilight schemes
are trapezoidal schemes, which are basically rectan-
gular schemes with a one or two-hour linear transition
between light and darkness and between darkness and
light [26–29]. As far aswe know, the effects of different
light–dark schemes on the oscillators of the SCN did
not get fully explored. The present study considered a
rectangular scheme, a trapezoidal scheme, and a sinu-
soidal scheme, but also considered two other light–dark
schemes, triangular and sawtooth.

Experimental studies compared either a sinusoidal
or a twilight scheme to a rectangular scheme showed
that the rectangular scheme led to a smaller range of
entrainment [3,26,27]. Comas, et al., explored the dif-
ferences of the twilight conditions in different pho-
toperiods and the 12-12h rectangular scheme (equinox)
[29]. They looked for 1-hour and 2-hour twilight condi-
tions, and the results were not consistent with the find-
ings of Boulos, et al [28]. Therefore, We analyzed how
themaximum light intensity during the day and the total
amount of light exposure during the day influenced the
entrainment ability of the SCN, and we examined the
influences of different photoperiods on the entrainment
ability of the SCN.

In the present study, we examined the effects of dif-
ferent light–dark schemes received by the SCN neu-
ronal oscillators on the entrainment range, based on
a Poincaré model [6,30–32]. The rest of this paper
is organized as follows. In Sect. 2, several light–dark
schemes are described, and a Poincaré model is intro-
duced to describe the SCN neuronal network exposed
to the external light–darkness cycle. Then, in Sect. 3,
the effects of different light–dark schemes received by
the SCN neuronal oscillators on the entrainment range
are compared by numerical simulations. After that, in
Sect. 4, the theoretical explanations are given to confirm
the simulation results in Sect. 3. Finally, conclusions
are drawn and discussions are presented in Sect. 5.

123



A modeling approach shows the effects 12627

2 Methods

2.1 Description of the light–dark schemes

In this section, we introduced the five common cyclic
schemes representing the alternation of light and dark
in Fig. 1. For simplicity, the LD, the TRA, the SINE,
the TRI and the SAW represent the rectangular scheme,
the trapezoidal scheme, the sinusoidal scheme, the tri-
angular scheme, and the sawtooth scheme, respectively.
Note that 0–12h corresponds to the daytime and 12–
24h corresponds to the nighttimewith in one 24h cycle.
In order to ensure that the maximum light intensity,
the minimum light intensity, and the total amount of
light exposure per cycle were consistent, the rectan-
gular scheme was the only scheme that received light
only during the day-time, and the other schemes also
received light during the night, resulting in less light
during the day-time.

Most of the literatures, especially in laboratory con-
ditions, introduced the rectangular scheme, and a few
introduced the sinusoidal scheme [1,3]. Therefore, we
performed additional tests on the rectangular and sinu-
soidal schemes in order to draw more general con-
clusions. As the photoperiod, the light intensity and
the total amount of light exposure in one cycle affect
the entrainment range, we considered the rectangu-
lar scheme and several common sinusoidal schemes
in Fig. 2, where (a) and (d) correspond to Fig. 1(a)
and (b), respectively. Note that we only considered the
12:12h rectangular scheme. The sinusoidal schemes of
(b) and (c) both received 12h illumination only at the
day-time. Among them, the total amount of light expo-
sure in one cycle were the same in (a), (b), and (d),

Fig. 1 (Color online). Scheme of the five schemes for light and
darkness in one 24-h cycle. Note that white background corre-
sponds to the daytime and gray background corresponds to the
nighttime

Fig. 2 (Color online). Scheme of the 12:12h rectangular scheme
and different sinusoidal schemes when exposed to the external
light–dark cycle for 24h. Note that white background corre-
sponds to the daytime and gray background corresponds to the
nighttime

while the maximum light intensity of (a), (c), and (d)
were the same.

The total amount of light exposure and the photope-
riod in one cycle have an important influence on the
entrainmentg ability of the SCN neuronal oscillators.
The present studies took the rectangular scheme and
the sinusoidal scheme as examples to conduct in-depth
research in Figs. 3 and 4, respectively. When the pho-
toperiod was expanded, the total amount of light expo-
sure canmaintain constantly by reducing themaximum
light intensity. Conversely, when the photoperiod was
shortened, the total amount of light exposure can main-
tain constantly by increasing the maximum light inten-
sity. In Fig. 3(a) and (c) were 12h light–dark schemes,
i.e., the SCN neuronal oscillators only 0–12h received
light in one 24-h cycle. (b) and (d) were 16h light–dark
schemes, i.e., the SCN neuronal oscillators only 0–16h
received light in one 24-h cycle. In (c), the total amount
of light exposure in one 24-h cycle was the same as in
(b). This leaded to a higher maximum light intensity
during midday. In (d), the total amount of light expo-
sure in one 24-h cycle was the same as in (a). This
leaded to a lower maximum light intensity during mid-
day. Fig. 4 was similar to Fig. 3.

2.2 Description of the Poincaré model

In the field of circadian rhythm, there are mainly two
types of models used to describe the oscillatory behav-
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Fig. 3 (Color online). Rectangular light–dark schemes of 24-h
cycles. (a) and (c) correspond to 12-h photoperiod, and (b) and
(d) correspond to 16-h photoperiod. Note that, the total amount
of light exposure in (a) and (d) are the same, and the total amount
of light exposure in (b) and (c) are the same

Fig. 4 (Color online). Sinusoidal light–dark schemes of 24-h
cycles. (a) and (c) correspond to 12-h photoperiod, and (b) and
(d) correspond to 16-h photoperiod. Note that, the total amount
of light exposure in (a) and (d) are the same, and the total amount
of light exposure in (b) and (c) are the same

ior of the SCNneuronal oscillators, i.e., the biophysical
models (such as the Goodwin model) and the general
models (such as the Poincaré model and the Kuramoto
model) [6,32,33]. The Goodwin model describes the
neuronal oscillator through a genetic feedback loop,
the Kuramoto model is purely based on the phase of
the oscillator, while the Poincaré model is an abstract
model, which uses a more general description of the
oscillator. Here the Poincaré model was chosen for
numerical simulation, because of its generality and
more direct theoretical analysis method.

In the present study, the Poincaré model was intro-
duced to simulate the SCN network composed of N
neuronal oscillators [34–38]. Each neuronal oscillator
is represented by two variables x and y [6,30,32,39].
The subscript i represents the ith neuronal oscillator,
and its dynamics are described as follows

ẋi = γ xi (A − ri ) − 2yiπ

τ
+ gF + K f Li ,

ẏi = γ yi (A − ri ) + 2xiπ

τ
,

F = 1

N

N∑

i=1

xi , i = 1, 2, · · · , N , (1)

where the parameters γ , A, τ , g and N represent the
amplitude relaxation rate, intrinsic amplitude, intrinsic
period, coupling strength and the total number of neu-
ronal oscillators, respectively. For simplicity, the SCN
was assumed to be an all-to-all connected network,
i.e., all the neuronal oscillators were coupled under the
function of the mean field F representing neurotrans-
mitters, where the value of F depended on the average
value of the output variable x of all the neuronal oscil-
lators. The parameter ri is the coupling amplitude of
the ith neuronal oscillator, which is defined as

ri =
√
x2i + y2i . (2)

K f Li represents the external light input to the neu-
ronal oscillator i , where K f is the light-sensitivity. The
value of parameter K f is different in different sub-
groups. In this paper, we assumed that the VL sub-
group contains 50% SCN neuronal oscillators and the
DM subgroup composed of the rest 50% SCN neu-
ronal oscillators. If the neuronal oscillator i was located
in the VL subgroup, the parameter K f �= 0; if the
neuronal oscillator i was located in the DM subgroup,
whether during the daytimeor the nighttime, the param-
eter K f = 0. In this study, the key parameter Li

depended on the light–dark scheme received by the
neuronal oscillators exposed to the light–dark cycle
with external period T . A rectangular scheme can be
described as follows

Li =

⎧
⎪⎨

⎪⎩

1, mod(t, T ) ≤ T

2
,

0, mod(t, T ) >
T

2
.

(3)
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A trapezoidal scheme can be described as follows

Li =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

12
T mod(t, T ) + 1

2 , mod(t, T ) ≤ T
24 ,

1, T
24 < mod(t, T ) ≤ 11T

24 ,

13
2 − 12

T mod(t, T ), 11T
24 < mod(t, T ) ≤ 13T

24 ,

0, 13T
24 < mod(t, T ) ≤ 23T

24 ,

12
T mod(t, T ) − 23

2 , mod(t, T ) > 23T
24 .

(4)

A sinusoidal scheme can be described as follows

Li = sin( 2πT t) + 1

2
. (5)

A triangular scheme can be described as follows

Li =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2
T mod(t, T ) + 1

2 , mod(t, T ) ≤ T
4 ,

3
2 − 2

T mod(t, T ), T
4 < mod(t, T ) ≤ 3T

4 ,

2
T mod(t, T ) − 3

2 , mod(t, T ) > 3T
4 .

(6)

A sawtooth schemet can be described as follows

Li =

⎧
⎪⎨

⎪⎩

1

T
mod(t, T ) + 1

2
, mod(t, T ) ≤ T

2
,

1

T
mod(t, T ) − 1

2
, mod(t, T ) >

T

2
,

(7)

where the parameter t is the external time. For the pho-
toperiod studies, where the photoperiod was changed,
the light–dark schemes have been modified accord-
ingly, andwere adjusted for the prolonged photoperiod.
For example, the rectangular scheme for 16h light and
8h darkness is as follows

Li =

⎧
⎪⎨

⎪⎩

1, mod(t, T ) ≤ 2T

3
,

0, mod(t, T ) >
2T

3
.

(8)

2.3 Definition of the LLE

In Sect. 3, we will study the effects of different light–
dark schemes on the entrainment range of the SCN.
Here, the lower limit of entrainment (LLE) was used
to represent the entrainment range [6]. The smaller the
LLEwas, the larger the entrainment rangewas, and vice
versa. If the difference between the period Ti of the ith
neuronal oscillator and the external light–dark period
T was less than 0.00001h, the SCN was considered to

be entrained by the external light–dark cycle [6]. The
value of Ti was calculated according to the evolution
of variable yi .

Since the free running period of the SCN was
affected by the coupling strength g, we standardized
the LLE as follows

LLEnormalized = LLE

FRP(g)
× 24, (9)

where FRP(g) represents the free running period of
the neuronal oscillators when the coupling strength is
g. For simplicity, we used the LLE to represent the
LLEnormalized in this paper.

2.4 Simulation details

In the numerical simulation, we set the parameters as
γ = 0.03, A = 1 and τ = 24 [6]. The value of g was
selected between 0 and 0.2. At present, no researches
have found whether the light sensitivity was larger than
the coupling strength, so the four light sensitivities con-
sidered herewere K f = 0.05, 0.10, 0.15 and 0.20.With-
out special instructions, the number of neuronal oscil-
lators N was 2, i.e., each subgroup contains 1 neuronal
oscillator.

The fourth-order Runge–Kutta method was intro-
duced for the numerical simulation, in which the time
step was 0.01h. To avoid the effect of transients, we
ignored the initial 1,000,000 time steps (10,000h). In
thismodel, the initial conditions for the variables xi and
yi were randomly selected from a uniform distribution
of 0 to 1.

3 Simulation results

Figure 5 shows non-entrained and entrained conditions
of the SCN model. In (a), the external period is 22h,
and both the VL and the DM subgroups are not able to
entrain to this external condition, because the periods
of both subgroups can not synchronize to the external
period of light and darkness. (b) shows an entrained
condition, as both subgroups adhere to the 24h external
light–dark cycle, and as such the external cycle entrains
both subgroups to a 24h period. To find the range of
entrainment for the SCNmodel, we look for the lowest
external period to which the system entrains. This is
called the lower limit of entrainment (LLE).
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Fig. 5 (Color online). The temporal evolution of neuronal oscil-
lators in the VL and the DM subgroups exposed to the sinusoidal
scheme cycles of 22h and 24h, respectively. The y-axis repre-
sents the amplitude of each subgroup of the SCN. Gray back-
ground corresponds to darkness and white background corre-
sponds to light. The coupling strength g and the light sensitivity
K f are both equal to 0.10

3.1 Compare the five light–dark schemes

For each of the different light–dark schemes shown in
Fig. 1, the LLE is calculated in Fig. 6. In (a), the rela-
tionship between the LLE and the coupling strength g
for the different schemes are showed, when the light
intensity K f = 0.05. These are calculated for differ-
ent values of the coupling strength between all neu-
ronal oscillators. For the five light–dark schemes con-
sidered in this section, we observe that there is a similar
parabolic relationship between the LLE and g, which
is comparable to what was found in Ref. [32]. With
the increase of coupling strength g, the LLE decreases
first and then increases, i.e., the range of entrainment
becomes larger first and then becomes smaller. When
the coupling strength g reaches a certain critical value
gc, the maximum entrainment range is obtained. When
the coupling strength g = 0, i.e., there is no coupling
between the neuronal oscillators, the LLE of all light–
dark schemes are the same as the intrinsic period τ of
the individual oscillator.

The order of the different light–dark schemes going
from the largest entrainment range to the smallest
is rectangular scheme, trapezoidal scheme, sinusoidal
scheme, triangular schemeand sawtooth scheme.When
the maximum entrainment range is obtained, i.e., near
the critical value gc, the discrimination of the influ-
ences for the five light–dark schemes on the entrain-
ment range is the largest.

Fig. 6 (Color online). The comparison in the relationship of
the LLE to the coupling strength g among the five light–dark
schemes in Fig. 1. The four light sensitivity values K f = 0.05,
0.10, 0.15 and 0.20 are considered in (a)–(d)

To examine if the light sensitivity K f affects the
entrainment range, different light sensitivity values K f

=0.10, 0.15 and 0.20 are examined in Fig. 6(b)–(d). The
results show that the parabolic nature has not changed
and the order of the different light–dark schemes is also
the same. The only difference that can be noted is that
a higher light sensitivity leads to a larger (maximum)
entrainment range.

Through comparing the five light–dark schemes, we
find that when the maximum light intensity, the mini-
mum light intensity, and the total amount of light expo-
sure per cycle are the same, the neuronal oscillators
that receive more light in the day-time obtain a larger
entrainment range. In addition, with the increase of the
light sensitivity, i.e., exposure, the entrainment range
of the five light–dark schemes increases, but their order
is not affected.

Next, we study the influence of the number of the
SCN neuronal oscillators on the entrainment range of
the five different light–dark schemes. We select the
number of neuronal oscillators to be N = 200 for the
numerical simulation, i.e., each subgroup contains 100
neuronal oscillators. The results shown in Fig. 7 are
comparable to those shown in Fig. 6. Thus, the number
of neuronal oscillators does not affect the influence of
the light–dark scheme on the entrainment range.
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Fig. 7 (Color online). The comparison in the relationship of
the LLE to the coupling strength g among the five light–dark
schemes when the number of oscillators of the SCN are N =
200. Other parameter values are the same as those in Fig. 6

3.2 Compare the 12:12h rectangular scheme with
several different sinusoidal schemes

In Figs. 6 and 7, we have seen that the rectangular
scheme leads to the highest entrainment range, and this
coincides with the fact that all light in this condition is
given during the day, and not during the night. All the
other light–dark schemes also have partial illumina-
tion during the night period, and as the total amount of
light exposure is the same for all schemes, the amount
of light exposure during the day is smaller in those
other light–dark schemes. To investigate the influences
of light during the day more closely, we have designed
a number of variants from the sinusoidal schemes in
Fig. 2. The results of the simulations are shown in
Fig. 8.

The total amount of light exposure in one 24-h cycle
of SINE I is the same as LD, which leads to a higher
maximum light intensity duringmidday. Themaximum
light intensity of SINE II is the same as LD. This leads
to a lower total amount of light exposure in one cycle.
SINE I leads to a larger entrainment range compared
to the LD, while for SINE II, the entrainment range is
smaller than theLD.SINE II has the exact same entrain-
ment range as SINE. As total amount of light exposure

Fig. 8 (Color online). The comparison in the relationship of the
LLE to the coupling strength g among the 12:12h rectangular
scheme and several different sinusoidal schemes shown in Fig. 2.
Other parameter values are the same as those in Fig. 6

in one 24-h cycle are the same for both schemes, this
indicates that light during the night does not affect the
entrainment range. Only light during the day changes
the range of entrainment. Therefore, more light dur-
ing the day and higher maximum light intensity both
positively affect the entrainment range of the SCN.

3.3 Compare the four rectangular schemes

We now investigate if prologing the day-time, simulat-
ing seasonal summer time, affects the range of entrain-
ment. The simulation results of the four rectangular
schemes are shown in Fig. 9. Comparing LD and LD
II (or LD I and LD III), it can be found that when
the photoperiod is the same, the entrainment range
increases with the increase of themaximum light inten-
sity, which is consistent with the result in Fig. 8. Com-
paring LD and LD I, when the maximum light inten-
sity is the same and the photoperiod is extended from
12h to 16h, the entrainment range decreases, which
means that increasing the photoperiod will decrease
the entrainment range.

It is not difficult to verify that the entrainment range
of LD II is larger than that of LD I, and the entrain-
ment range of LD is larger than that of LD III, because
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Fig. 9 (Color online). The comparison in the relationship of the
LLE to the coupling strength g among the rectangular schemes
shown in Fig. 3. The four light sensitivity values K f = 0.05, 0.10,
0.15 and 0.20 are considered in (a)–(d)

when the total amount of light exposure is the same, the
entrainment range will be reduced by prolonging the
photoperiod and decreasing the maximum light inten-
sity.

3.4 Compare the four sinusoidal schemes

We also investigate the prolonged day-time in sinu-
soidal schemes, where we take the half-sinusoidal
scheme of SINE II as a basis. The simulation results
of the four sinusoidal schemes are shown in Fig. 10.
Comparing SINE II and SINE IV (or SINE III and
SINEV),when the photoperiod is the same, the entrain-
ment range increases with the increase of the maxi-
mum light intensity. The results show that the entrain-
ment range of SINE IV is larger than that of SINE III,
and the entrainment range of SINE II is larger than
that of SINE V, which is consistent with the simula-
tion results of the rectangular scheme shown in Fig. 9.
When the total amount of light exposure is the same,
the entrainment range is still increased when the pho-
toperiod is shortened and the maximum light intensity
is increased. Comparing SINE II and SINE III, when
the maximum light intensity is the same and the pho-
toperiod is extended from 12h to 16h, the entrainment

Fig. 10 (Color online). The comparison in the relationship of the
LLE to the coupling strength g among the sinusoidal schemes
shown in Fig. 4. The four light sensitivity values K f = 0.05, 0.10,
0.15 and 0.20 are considered in (a)–(d)
range increases, which is inconsistent with the results
of the rectangular scheme.

3.5 Compare the different photoperiods of the
rectangular scheme and the sinusoidal scheme

To investigatewhy the photoperiod extension from12h
to 16h gives different results of the rectangular scheme
and the sinusoidal scheme, we systematically study the
relationship between the LLE and the photoperiod of
these two schemes in Fig. 11. The simulation results
show that with the increase of the photoperiod from 0h
to 24h, the entrainment range of the rectangular scheme
and the sinusoidal scheme increases first and then
decreases. Note that, the rectangular scheme obtains
the maximum entrainment range at a photoperiod of
12h, while the sinusoidal scheme obtains the maxi-
mum entrainment range at 16h. Our research find that
different photoperiods change the entrainment ability
of the SCN.

4 Theoretical analysis

The numerical simulation results in Sect. 3 showed
that the number of neuronal oscillators did not affect
the final results. In order to facilitate the theoretical
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Fig. 11 (Color online). The comparison in the relationship of
the maximum LLE to the different photoperiods among the rect-
angular scheme and the sinusoidal scheme. The x-axis shows the
number of hours of light in the 24-h cycle. The four light sen-
sitivity values K f = 0.05, 0.10, 0.15 and 0.20 are considered in
(a)–(d)

analysis, we consider the case of two neuronal oscilla-
tors, i.e., one neuronal oscillator a represents the VL
and the other neuronal oscillator b represents the DM.
Therefore, the Poincaré model can be simplified as
follows

ẋa = γ xa(A − ra) − ωya + g
xa + xb

2
+ K f Li ,

ẏa = γ ya(A − ra) + ωxa,

ẋb = γ xb(A − rb) − ωyb + g
xa + xb

2
,

ẏb = γ yb(A − rb) + ωxb,

(10)

where the intrinsic frequencyω is 2π
τ
. For convenience,

we convert Eq. (10) from Cartesian Coordinates to
Polar Coordinates and introduce parameters θa and θb.
let xa = ra cos θa , ya = ra sin θa , xb = rb cos θb,
yb = rb sin θb, φa = θa − Ωt , and φb = θb − Ωt .
Substituting them into Eq. (10), we obtain

ṙa = γ ra(A − ra) + gra
2

cos2(φa + Ωt)

+ grb
2

cos(φb + Ωt) cos(φa + Ωt)

+ K f Li cos(φa + Ωt),

φ̇a = ω − g

2
cos(φa + Ωt) sin(φa + Ωt)

− grb
2ra

cos(φb + Ωt) sin(φa + Ωt)

− K f Li

ra
sin(φa + Ωt),

ṙb = γ rb(A − rb) + gra
2

cos(φa + Ωt) cos(φb + Ωt)

+ grb
2

cos2(φb + Ωt),

φ̇b = ω − gra
2rb

cos(φa + Ωt) sin(φb + Ωt)

− g

2
cos(φb + Ωt) sin(φb + Ωt).

(11)

In order to simplify Eq. (11), the averaging method
developedbyKrylov andBogoliubov inRefs. [6,30,32,
40] is applied. As φ has a lower timescale than Ωt , the
parameter α =< φa > − < φb > is introduced, where
< · > represents the average value of a light–dark
period. Equation (12) can be obtained by integration:

< cos2(φa + Ωt) >= 1

2
,

< cos(φb + Ωt) cos(φa + Ωt) >= cosα

2
,

< cos(φa + Ωt) sin(φa + Ωt) >= 0,

< cos(φb + Ωt) sin(φa + Ωt) >= sin α

2
.

(12)

When all the neuronal oscillators in the SCN are
entrained to the external light–dark cycle T , ṙa = 0,
ṙb = 0, φ̇a = Ω and φ̇b = Ω can be obtained. Through
substituting Eq. (12) into Eq. (11), the following sim-
plified formula Eq. (13) can be obtained

0 = γ ra(A − ra) + g

4
(ra + rb cosα)

+ K f Li cos(φa + Ωt),

Ω = ω − rb
4ra

g sin α − K f Li

ra
sin(φa + Ωt),

0 = γ rb(A − rb) + g

4
(ra cosα + rb),

Ω = ω + ra
4rb

g sin α.

(13)

Lc = Li cos(φa + Ωt) and Ls = Li sin(φa + Ωt)
are related to the light–dark schemes, and the schemes
can be expressed by piecewise functions. Therefore,
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the values of Lc and Ls for the rectangular scheme are
calculated by piecewise integration as follows

Lc =
∫ T

2
0 cos(φa + Ωt) dt

T
= − sin φa

π
,

Ls =
∫ T

2
0 sin(φa + Ωt) dt

T
= cosφa

π
.

(14)

The values of Lc and Ls for the sinusoidal scheme
are calculated by piecewise integration as follows

Lc =
∫ T
0

sin(Ωt)+1
2 cos(φa + Ωt) dt

T
= − sin φa

4
,

Ls =
∫ T
0

sin(Ωt)+1
2 sin(φa + Ωt) dt

T
= cosφa

4
.

(15)

The calculation formulas of other schemes are not
displayed below, and the values of Lc and Ls are
directly shown in Table 1.

When Ω reaches the maximum value, LLE = 2π
Ωmax

is obtained.Without losing generality, wewill compare
the values of the LLE for the five light–dark schemes
under the conditions of g � K f and g � K f .

When g � K f , it can be obtained that sin α ≈ 1 and
cosφa ≈ 0 according to Ref. [35]. Therefore, Eq. (13)
can be simplified as

0 = γ ra(A − ra) + g

4
ra + K f Li cos(φa + Ωt),

Ωmax = ω − rb
4ra

g − K f Li

ra
sin(φa + Ωt),

0 = γ rb(A − rb) + g

4
rb,

Ωmax = ω + ra
4rb

g.

(16)

According to the first and the third equations of
Eq. (16), we obtain

ra = A + g

4γ
+ 4K f

4Aγ + g
Li cos(φa + Ωt),

rb = A + g

4γ
.

(17)

According to the second and the fourth equations of
Eq. (16), we obtain

Ωmax = ω + g

8

(
ra
rb

− rb
ra

)

− K f

2ra
Li sin(φa + Ωt).

(18)

Due to cosφa ≈ 0, we can obtain sin φa ≈ −1.
Equation (18) can be simplified as

Ωmax = ω + g

8

(
ra
rb

− rb
ra

)
. (19)

Table 1 The values of Lc and Ls for the five light–dark schemes

LD TRA SINE TRI SAW

Lc
− sin φa

π

−12 cos 5π
12 sin φa

π2
− sin φa

4
−2 sin φa

π2
− sin φa

2π

Ls
cosφa

π

12 cos 5π
12 cosφa

π2
cosφa

4
2 cosφa

π2
cosφa
2π

According to the values of Lc for the five light–dark
schemes in Table 1 and sin φa ≈ −1, we can obtain
1
π

>
12 cos 5π

12
π2 > 1

4 > 2
π2 > 1

2π . From Eq. (17), we
obtain ra > rc, and ra(rectangular) > ra(trapezoidal)
> ra(sinusoidal) > ra(triangular) > ra(sawtooth).
The larger value of ra is, the larger value of ra

rb
−

rb
ra

is. From Eq. (19), we obtain Ωmax (rectangular)
> Ωmax (trapezoidal) > Ωmax (sinusoidal) > Ωmax

(triangular) > Ωmax (sawtooth), i.e., LLE(rectangular)
< LLE(trapezoidal) < LLE(sinusoidal) < LLE
(triangular) < LLE(sawtooth), which confirms the
results in Fig. 6.

When g > K f , it can be known sin α ≈ α and
cosφa ≈ −1 from Ref. [35]. Therefore, Eq. (13) can
be simplified as

0 = γ ra(A − ra) + g

4
(ra + rb)

+ K f Li cos(φa + Ωt),

Ω = ω − rb
4ra

gα − K f Li

ra
sin(φa + Ωt),

0 = γ rb(A − rb) + g

4
(ra + rb),

Ω = ω + ra
4rb

gα.

(20)

Due to cosφa ≈ −1, Lc ≈ 0 can be obtained. From
the first and the third equations of Eq. (20), we obtain

ra ≈ rb ≈ A + g

2γ
. (21)

From the second and the fourth equations ofEq. (20),
we obtain

Ωmax = ω − K f Li

2ra
sin(φa + Ωt). (22)

Due to cosφa ≈ −1, we can obtain sin φa ≈ 0.
According to the values of Ls for the five light–
dark schemes in Table 1, we can obtain − 1

π
<

− 2
√
2

π2 < − 1
4 < − 2

π2 < − 1
2π . From Eq. (22),

we can obtainΩmax (rectangular)> Ωmax (trapezoidal)
> Ωmax (sinusoidalE) > Ωmax (triangular) > Ωmax
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Table 2 The values of Lc and Ls for the 12:12h rectangular
scheme and different sinusoidal schemes

LD SINE I SINE II SINE

Lc
− sin φa

π
−π sin φa

6
− sin φa

4
− sin φa

4

Ls
cosφa

π
π cosφa

6
cosφa

4
cosφa

4

Table 3 The values of Lc and Ls for the rectangular schemes

LD LD I LD II LD III

Lc
− sin φa

π
−3 sin φa

4π
−4 sin φa

3π
−9 sin φa

16π

Ls
cosφa

π
3 cosφa

4π
4 cosφa

3π
9 cosφa
16π

Table 4 The values of Lc and Ls for the sinusoidal schemes

SINE II SINE III SINE IV SINE V

Lc
− sin φa

4
−4

√
3 sin φa
7π

− sin φa
3

−3
√
3 sin φa
7π

Ls
cosφa

4
4
√
3 cosφa
7π

cosφa
3

3
√
3 cosφa
7π

(sawtooth), i.e., LLE(rectangular) < LLE(trapezoidal)
<LLE(sinusoidal)<LLE(triangular)<LLE(sawtooth),
which confirms the results in Fig. 6.

Therefore, the LLE of the five light–dark schemes
are closely related to the values of Lc and Ls . With the
increase of |Lc| and |Ls |, the LLE decreases, i.e., the
entrainment range increases.

Similarly, the values of Lc and Ls in Figs. 2, 3 and 4
are shown in Tables 2, 3 and 4, respectively. The theo-
retical analysis results inTables 2, 3 and 4 are consistent
with the numerical simulation results of Figs. 8, 9 and
10.

Finally, we analyze the relationship between the
entrainment range and the photoperiod of the rectangu-
lar scheme and the sinusoidal scheme. When the pho-
toperiod of the rectangular scheme is m, the values of
Lc and Ls are shown in Eq. (23).

Lc =
∫ mT

24
0 cos(φa + Ωt) dt

T

= − 1

π

(
sin

mπ

24

)2
sin φa,

Ls =
∫ mT

24
0 sin(φa + Ωt) dt

T

= 1

π

(
sin

mπ

24

)2
cosφa .

(23)

Let f (m) = 1
π
(sin mπ

24 )2, we can obtain the deriva-
tive of f (m) in Eq. (24).

f ′(m) = 1

12
sin

mπ

24
cos

mπ

24
. (24)

When f ′(m) = 0, we obtain m = 0, 12, 24. When
m = 12, themaximum |Lc| and |Ls |, i.e., themaximum
entrainment range, can be obtained, and the result is
consistent with Fig. 11.

When the photoperiod of the sinusoidal scheme is
n, the values of Lc and Ls are shown in Eq. (25).

Lc =
∫ nT

24
0 sin( 24πnT t) cos(φa + Ωt) dt

T

= n

2π

(
1

24 + 2n

+ 1

2n − 24

)
sin

nπ

12
sin φa,

Ls =
∫ nT

24
0 sin( 24πnT t) sin(φa + Ωt) dt

T

= − n

2π

(
1

24 + 2n

+ 1

2n − 24

)
sin

nπ

12
cosφa .

(25)

Let g(n) = − n
2π ( 1

24+2n + 1
2n−24 ) sin

nπ
12 , we can

obtain the derivative of g(n) in Eq. (26).

g′(n) = − 1

2π

(
1

24 + 2n
+ 1

2n − 24

)
sin

nπ

12

− n

2π

[ −2

(24 + 2n)2
+ −2

(2n − 24)2

]
sin

nπ

12

− n

24

(
1

24 + 2n
+ 1

2n − 24

)
cos

nπ

12
.

(26)

When g′(n) = 0, we obtain m = 0, 16. When
m = 16, the maximum |Lc| and |Ls |, i.e., the maxi-
mum entrainment range, can be obtained, and the result
is consistent with Fig. 11.

5 Discussion and conclusion

In most experimental studies of circadian rhythms, a
rectangular scheme was applied, meaning a sudden
transition from light to dark and vice versa. In this
paper, we theoretically analyzed the influences of the
five light–dark schemes on the entrainment character-
istics of the SCN, using a Poincaré model [33]. We
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showed that more light during the day time lead to
a larger range of entrainment, irrespective of light in
the night period. Moreover, with the same amount of
light exposure during the day, a higher maximum light
intensity during the day also lead to a larger range of
entrainment. Moreover, we found that the ability to
entrain to different light–darkperiods changeswith sea-
sonal adaptation. Depending on the light–dark scheme,
the entrainment ability was altered when different pho-
toperiods were applied. For the rectangular scheme, the
maximum entrainment ability was reached when the
photoperiod was 12h in one 24-h cycle. However, for
the sinusoidal scheme, the maximum entrainment abil-
ity was reached when the photoperiod was 16h in one
24-h cycle. This should be considered when designing
experiments and choosing a light–dark scheme.

Without loss of generality, we also considered the
Goodwin model and presented the results in the sup-
plementary materials (figure R1) [32]. The results are
qualitatively consistent with the results in the paper.
For simplicity, we considered the all-to-all connected
network in this paper. However, in the SCN network,
the connections between neuronal oscillators are not
all-to-all connected. We also considered a Barabási-
Albert (BA) scale free network and an Erdös-Rényi
(ER) random network in the supplementary materials
(figure R2 and R3) [41]. The results are qualitatively
consistent with the results in the paper.

To sum up, the light–dark scheme which the SCN
was exposed to has a large impact on the ability of the
SCN to entrain to different periods of the light–dark
cycle. A larger entrainment ability was reached when
(i) it was exposed to more light during the day, (ii) the
maximum light intensity during the light period was
higher, and (iii) this depended on different photoperi-
ods. However, this last option differs between the dif-
ferent light–dark schemes.

Howmuch of the natural light–dark cycle an animal
actually perceives is still not entirely clear. De Coursey,
et al., found that nocturnal animals saw light for only
a brief amount of time (0.4–3.5% of the photoperiod)
mainly at dusk [42]. Hut, et al., investigated diurnal ani-
mals and found that these animals generated their own
patterns of exposure to light within the natural light–
dark cycle, by emerging from their burrows a few hours
after dawn and returning to their burrows a few hours
before dusk [43]. This showed that the light exposure
was obviously different between nocturnal and diurnal
animals. This differencemay have a great impact on the

results shown in this paper. Here we assumed that ani-
mals perceived the light throughout the cycle. If more
information on the actual light that is perceived by dif-
ferent species becomes available, this study should get
a follow-up to incorporate these results.

In addition to the difference of external light inten-
sity, organisms also have different sensitivity to light,
which affects the flexibility of circadian rhythms [7,
16,18,19,44,45]. Therefore, the differences between
species will also change the results presented here.
However, we believe that the general message provided
in our study provides a solid basis that can be used in
future experimental studies.

This study is relevant to health and disease. A larger
ability to entrain leads to a faster recovery from, for
example, jet lag or night shift work. Individuals who
are more sensitive to light have better adaptability to jet
lag. Because women and the elderly are less sensitive
to light information than men, they are more vulner-
able to jet lag and are not able to recover easily [46–
50]. Increasing the range of entrainment, and thus the
flexibility of the SCN clock, by providing more light
during the day, with higher light intensity, may help
these people recover more quickly from detrimental
effects of jet lag.Moreover, long-term exposure to light
at night will also destroy the circadian rhythm of organ-
isms, resulting in physiological and behavioral changes
in, amongst others, nocturnal rodents [51]. Therefore,
appropriate light intensity and light duration are very
important for diurnal and nocturnal animals, which can
not only reduce the occurrence of related diseases, but
also enhance their adaptability to external environmen-
tal changes [4]. In conclusion, we believe that we offer
a well-defined framework that identifies differences in
light–dark schemes, and show the importance of well-
chosen light–dark schemes for different purposes.
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