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Abstract

In a beautiful paper, Deligne and lllusie (Invent Math 89(2):247-270, 1987) proved the
degeneration of the Hodge-to-de Rham spectral sequence using positive characteristic
methods. Kato (in: Igusa (ed) ALG analysis, geographic and numbers theory, Johns
Hopkins University Press, Baltimore, 1989) generalized this result to logarithmic
schemes. In this paper, we use the theory of twisted derived intersections developed in
Arinkin et al. (Algebraic Geom 4:394-423, 2017) and the author of this paper to give a
new, geometric interpretation of the Hodge theorem for the logarithmic de Rham
complex.

1 Introduction
Let X be a smooth proper variety over an algebraically closed field k of characteristic 0.
The algebraic de Rham complex is defined as the complex

d d
2% =0— ﬁx—>.{2)1(/k—>...

where d is the usual differential on the algebraic forms. The de Rham cohomology of X is
defined as the hypercohomology of the de Rham complex,

Hiip(X) = R* T (X, 2y).
The Hodge-to-de Rham spectral sequence
EPT = HI(X, 25) = HI (%)
is given by the stupid filtration on the de Rham complex whose associated graded terms
are the Qﬁ.
In their celebrated paper [9], Deligne and Illusie proved the degeneration of the Hodge-

to-de Rham spectral sequence holds in positive characteristics by showing the following
result.

Theorem 1.1 [9] Let X be a smooth proper scheme over a perfect field k of positive char-
acteristicp > dim X. Assume that X lifts to the ring Wy (k) of second Witt vectors of k. Then
the Hodge-to-de Rham spectral sequence for X degenerates at E.

Then they showed that the corresponding result in characteristic 0 follows from a
standard reduction argument.
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Similar results can be obtained in the logarithmic setting. Consider a smooth proper
scheme X over a perfect field k of characteristic p > dim X and a reduced normal crossing
divisor D on X. Around each point of the divisor, there exist local coordinates x3, . .., xy
so that in an étale neighborhood of that point the divisor is cut out by x1 - .. . - x; for some
k < n. The logarithmic 1-forms are generated locally by the symbols

%, e %, dxgs1, ..., dxy.

X1 Xk
The logarithmic 1-forms form a locally free sheaf which we denote by 2} (log D). We
define the sheaf .Q; (log D) of logarithmic g-forms as the g-th wedge power of the sheaf
of logarithmic 1-forms, A9$2% (log D). The differential d of the meromorphic de Rham
complex maps logarithmic forms to logarithmic forms, and hence, we define the loga-
rithmic de Rham complex §2 (log D) as the subcomplex of the meromorphic de Rham
complex consisting of logarithmic forms. The stupid filtration of this complex gives rise
to a Hodge-to-de Rham spectral sequence

EP? = H(Y, 2% (log D)) = RPHI"(X, 25 (log D)).

In [12], Kato generalized the result of Deligne—Illusie obtaining the following result.

Theorem 1.2 [12] Assume that the pair (X, D) lifts to the ring Wy (k). Then the Hodge-to-
de Rham spectral sequence of the logarithmic de Rham complex degenerates at E;.

The corresponding result in characteristic 0 follows from a standard reduction argument

similarly to the case of the theorem of Deligne and Illusie. (For a detailed treatment, and
for applications to vanishing theorems see [10].)
In a recent paper [3], Arinkin, Célddraru and the author of the present paper recast the
problem of the degeneration of the Hodge-to-de Rham spectral sequence as a derived
self-intersection problem. They considered the embedding of the Frobenius twist X’ (see
Sect. 3 for the definition) of X into its cotangent bundle T* X’ as the zero section. The sheaf
of crystalline differential operators Dy on X can be regarded as a sheaf D of Azumaya
algebras on T*X’. This Azumaya algebra splits on the zero section X’ — T*X’ giving
rise to an embedding of Azumaya spaces X' — (T*X’, D)'. We follow [3] and call this
intersection problem as a twisted intersection problem. The main geometric observation
in [3] is that there exists a line bundle on the ordinary derived self-intersection of Y inside S
measuring the difference between the twisted and the ordinary derived self-intersections.
In the case of the embedding X’ — (7T*X’, D), this line bundle is given by the dual of
F,$2%, the Frobenius pushforward of the de Rham complex of X.

Using the theory of twisted derived self-intersections, the authors of [3] obtain the
following result giving a geometric interpretation of the result of Deligne—Illusie (see also
[15] for the relation between the statements (1) and (2)).

Theorem 1.3 [3] Let X be a smooth scheme over a perfect field k of characteristic p >
dim X. Then the following statements are equivalent.

1. X lifts to W(k).
2. D splits on the first infinitesimal neighborhood of X' in T*X'.
3. The associated line bundle is trivial.

1\We emphasize that D is a sheaf of algebras on X, not a divisor.
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4. F,$2y is formal in D(X') (meaning that it is quasi-isomorphic to the direct sum of its
cohomology sheaves).

In the present paper, we generalize the result of [3] to the logarithmic setting. We consider
the logarithmic scheme (X, D) where X is a smooth proper scheme over a perfect field
k of characteristic p > dim X and D is a reduced normal crossing divisor on X. As the
category of quasi-coherent sheaves on (X, D), we consider the quasi-coherent parabolic
sheaves on (X, D) defined by Yokogawa (see [21]).

These sheaves are generalizations of parabolic sheaves introduced by Mehta and
Seshadri [14,19], Mehta and Seshadri define parabolic sheaves on a projective curve with
finitely many marked points as locally free sheaves E with filtrations

0=F(E) — Fr_1(E)— ---—> Fy(E) = E

at every marked point. They use these sheaves to generalize the correspondence between
stable sheaves of rank 0 and irreducible unitary representations of the topological funda-
mental group to non-projective curves. One major advantage of Yokogawa’s version of
parabolic sheaves is that those sheaves form an Abelian category.

The sheaf of crystalline logarithmic differential operators Dy (log D)—defined as the uni-
versal enveloping Lie algebroid of the logarithmic tangent bundle—is not an Azumaya
algebra over its center. On the other hand, one can equip Dx(log D) with a filtration so
that the corresponding parabolic sheaf becomes a parabolic Azumaya algebra over its cen-
ter. (For a treatment of parabolic Azumaya algebras see [13].) The center of the parabolic
Azumaya algebra can be identified with the structure sheaf of the logarithmic cotangent
bundle T*X'(log D’) of the Frobenius twist (X', D’) of (X, D) equipped with the divisor
7*D" where 7w : T*X'(logD’) — X’ is the bundle map. Therefore the parabolic sheaf
of crystalline logarithmic differential operators can be regarded as a parabolic sheaf of
algebras D(log D), over (T*X'(log D'), 7*D’). Moreover, the parabolic Azumaya algebra
D(log D), splits on the zero section (X', D') — (T*X'(log D'), #*D’). We consider the two
embeddings

o (X',D') — (T*X'(log D), 7*D’) and
o (X, D) — (T*X'(logD'), #*D/, D(log D)..).

where the second embedding is an embedding of logarithmic Azumaya schemes. (For
more details, see Sect. 5.)
The difference between the derived self-intersections of the embeddings is measured by a
parabolic line bundle, which is the dual of the Frobenius pushforward of the logarithmic
de Rham complex F, £2; (log D) equipped with the filtration given by D.

We generalize the theory of twisted derived self-intersections to the logarithmic setting.
Our main result is a generalization of Theorem 1.3.

Theorem 1.4 Let X be a smooth variety over a perfect field of characteristic p > dim X,
with a reduced normal crossing divisor D. Then, the following statements are equivalent.

1. The logarithmic scheme (X, D) lifts to W (k).

2. The associated line bundle is trivial.

3. The parabolic sheaf of algebras D(log D), splits on the first infinitesimal neighborhood
of (X', D) inside (T*X'(log D'), n*D’).
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4. The complex F. 82 (log D)y is quasi-isomorphic to a formal parabolic sheaf equipped
with the trivial parabolic structure.

As an easy corollary, we obtain Kato’s theorem, Theorem 1.2.

We remark that there is another approach in the literature to deal with the sheaf of
differential operators in the logarithmic setting. In [18], Schepler extends the theory of
Ogus and Vologodsky [15] to the case of logarithmic schemes. He uses the theory of
indexed modules and algebras, and he shows the sheaf of differential operators form an
indexed Azumaya algebra. These results are generalized by Ohkawa [16,17] to the ring of
differential operators for higher level. We choose not to work with indexed modules and
algebras because of lack of functoriality. It would be interesting to compare the results of
[16-18] with our approach.

The paper is organized as follows. In Sect. 2, we collect some basic facts about logarithmic
schemes and parabolic sheaves. In Sect. 3, we introduce the parabolic sheaf of crystalline
differential operators and the parabolic logarithmic de Rham complex. We show the
Azumaya property of the parabolic sheaf of crystalline differential operators, and we show
that there exists a Koszul duality between the parabolic sheaf of crystalline differential
operators and the parabolic logarithmic de Rham complex. In Sect. 4, we summarize the
theory of twisted derived intersections. We expand the theory to the case of logarithmic
schemes in Sect. 5. We conclude the paper with Sect. 6 where we prove our main theorems
Theorem 1.4 and Theorem 1.2.

2 Background on logarithmic schemes
In this section, we introduce the notion of the category of (quasi-)coherent sheaves on
logarithmic schemes (X, D). We show how to apply pushforward and pullback functors
to the objects, and we also provide some details about the monoidal structure of this
category. We remark that we could have taken an alternative path, looking at the category
of (quasi-)coherent sheaves on the infinite root stack (see [4,20]). In our case, the two
categories are equivalent and we decided to follow the paper [21].
We regard R as the category whose objects are real numbers and whose morphism spaces
between two objects « € R and 8 € R are defined as
Mor(e, ) = i @Py  ifa > g,
@ otherwise.

In other words, if o > 8, then there exists a unique morphism from « to ; otherwise,

the morphism space is empty.

Definition 2.1 An R-filtered Ox-module is a covariant functor from the category R to
the category of Ox-modules. For an R-filtered 'x-module E we denote the Ox-module
E(a) by Eg, and the Ox-linear homomorphisms E(i*#) by ig’ﬂ.

Remark 2.2 The morphisms ig’ﬁ

We can shift R-filtered sheaves.

are not necessarily injections.

Definition 2.3 For an R-filtered Ox-module E, we define the R-filtered &y -module E|[«]

as E[a]g = Ey4p with morphisms iEﬁ’[Z] = i§+a’y+a. In the sequel, we denote R-filtered

Ox-modules by E,.
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Moreover, the R-filtered sheaves can be equipped with a module structure over the
monoid of Ox-modules:

Definition 2.4 For an R-filtered Ox-module E, and for an “ordinary” Ox-module F, we
define their tensor product as (Ex,®F)y = E, ® F with homomorphisms lg* ":; r= L;* p ®Ridf.

We are ready to define the category of (quasi-)coherent parabolic sheaves with respect
to an effective Cartier divisor D.

Definition 2.5 A (quasi-)coherent parabolic sheaf is an R-filtered Ox-module E,
together with an isomorphism of R-filtered &’x-modules

E.® ﬁX(_D) = E*[l]-

Parabolic morphisms between parabolic sheaves E, and E,, are natural transformations
E, — E,. We denote the Abelian group of parabolic morphisms by Hom(E,, E,).

Remark 2.6 1t is enough to know E, and ig’ﬂ for o, B € [0, 1] in order to determine the
parabolic sheaf E,. We say that a parabolic sheaf has weights & = («y, . . . o)

O<uor<ay...<oap<1

if Eg = Ey and ig’ﬁ =idforall 8,y € [0, 1] satisfyingo; < B, ¥ < @jy1.
Visually a parabolic sheaf can be thought of as a finite collection of sheaves Eg, E;, ..., Eg;

on the interval [0, 1].

Eo

0 o1 o - o 1

Now, we can define the category of (quasi-)coherent sheaves on (X, D).

Definition 2.7 The category of (quasi-)coherent sheaves on (X, D, «) is the category
whose objects are parabolic sheaves with weights «, and the Hom-spaces are the sets of
parabolic morphisms. These categories will be denoted by Coi(X, D, o) or QCoh(X, D, )

respectively.

Throughout the paper, we only use two kinds of weights. Either the parabolic sheaves have
trivial parabolic structure meaning that « = (0) or the parabolic sheaves have weights
a = (0, }7, 1%, ... ’%1). The choice of the weights will be clear from the context, and
hence, by abuse of notation we write Coh(X, D) (or QCok(X, D)) instead of Coh(X, D, «)
(or QCoh(X, D, @)).

The category QCoh(X, D) is Abelian, the kernel and cokernel of a morphism can be defined
pointwise. It has enough injectives (see [21]); we denote the corresponding derived cate-

gory by D(X, D).
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2.1 Pushforward and pullback functors

The pushforward and pullback functors can be quite complicated for a general map of
logarithmic schemes (X, D1) — (Y, D). On the other hand, these functors are simple in
the following very special case.

Consider a morphism f : X — Y and an effective Cartier divisor D on Y such that f*D
is an effective divisor on X. These data give rise to a morphism of logarithmic schemes
(X f*D) — (Y, D). We abuse notation and denote the induced map by f as well. We
define the pushforward and pullback along f as follows. For any parabolic sheaf E, on X
its pushforward f.E, is defined as the parabolic sheaf where (f,E), are the pushforward
of the sheaves E, along f and the morphisms zzg are the morphisms f,kij;”z2 . Indeed, we
obtain a parabolic sheaf on (Y, D), by the projection formula, we have

f*(E*[l]) :f*(E* ® ﬁX(_f*D)) :f*E* ® ﬁY(_D) :f*E*[l]'

Similarly, for any parabolic sheaf E,, on Y its pullback f*E., is defined as the parabolic sheaf
where (f*E’)q is the pullback of E, along f and the morphisms i}x;’z/ are the morphisms

f *i;’,ﬂ . Again, we obtain a parabolic sheaf on (X, f*D), we have

fHELND) =f*(E, ® Oy(=D)) = f*E, ® Ox(=f"D) = f*E,[1].
The pushforward and pullback functors descend to the derived categories and by abuse
of notation, we denote the corresponding maps by f; and f* as well.
We give an example of a more complicated pushforward. Consider the morphism
(X, D) — (X, pD) which is the identity on X and the embedding of the divisor D into

pD. The pushforward along this (X, D) — (X, pD) brings a parabolic sheaf E, with weights
a = (0) generated by

E® O(-D) —> E
to a parabolic sheaf generated by
E® O(—pD) — E® O(—(p —1)D) < --- < E

with weights

12 ~1
(o,_,_,...,”_).
pp p

2.2 Monoidal structure
In our cases (when ¢ = (0) and o« = (0, 1%, ey 1%1)) the categories Coh(X, D) and
QCoh(X, D) are equipped with natural monoidal structures. We describe the monoidal
structure in the case of « = (O, 1%, e ’%1), the other case is very similar. In order to
describe the monoidal structure, we take a quick detour.

An important subcategory of QCoh(X, D) is the category of parabolic bundles (see [14,

19)).

Definition 2.8 A parabolic bundle is a triple (E, F,, a,) where E is a locally free sheaf on
X, Fy is a filtration of E by locally free sheaves on X

Fi(E) = E® Ox(=D) = Fy_1(E) <> Fx(E) — -+ — Fo(E) = E
together with a sequence of weights o satisfying

O0<a; <---<or<l
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The sequence of weights determines a family of coherent sheaves E, for 0 < x < 1 defined
as
Eo =E and Ex = Fl'(E)

for ; < x < ajy1. A morphism between parabolic bundles (E, F,, o) and (E, F, o) is a

morphism of Ox-modules ¢ : E — E’ so that ¢(E,) C E foranyx € [0, 1]. By Remark 2.6,
parabolic bundles give rise to parabolic sheaves and morphisms between parabolic bundles

are exactly the parabolic morphisms between the corresponding parabolic sheaves.

Consider o = (0, }7, . ’%) and the morphism

1
Y :PicX x Z| — | = Coh(X, D)
p
mapping the pair (L, a) to the parabolic bundle (L, Fy, o) where
L ifx <d,
L ® Ox(—D) ifa <x <1

Here a’ denotes the residue of @ modulo 1. Parabolic bundles of this form are called the
parabolic line bundles. The tensor product of parabolic sheaves is defined (for parabolic
line bundles) to respect the group structure coming from the natural group structure on
Pic(X) x Z [}7] given by

(L1, a1) - (Ly, a2) = (L1 ® Lo, a1 + a).

The unit element of the tensor product is given by the parabolic sheaf ¥/ (0%, 0), where

ﬁx 1fx = 0,
Ox(—D) ifo<x <1

W(ﬁx, O)x =

We define the structure sheaf of the logarithmic scheme (X, D) to be the parabolic sheaf
¥ (O, 0) and in the sequel we denote it by &y p).

Definition 2.9 For two parabolic sheaves E,, F,, we define the sheaf Hom as
Hom  (E,, Fy) := Hom(E,, Fy[x]).

Remark 2.10 1f the parabolic sheaves E, and F, have weights o« = (0,

1

P
o = (0)), then the parabolic sheaf Hom,(E,, F.) has weights « = <0, 117’ e p;l) (or
a = (0)) as well.
For any parabolic line bundle L, its parabolic sheaf of endomorphisms is isomorphic to
Ox,p)- The sheaf Hom functor and the tensor product satisfy the usual adjoint property
(for more details, see [21]) giving rise to natural monoidal structures on Cok(X, D) and
QCoh(X, D). We remark that the monoidal structures descend to the derived category
D(X, D).

3 Background on schemes over fields of positive characteristics

In this section, we collect basic facts about schemes over fields of positive characteristics.
We review the notion of logarithmic tangent sheaf, logarithmic g-forms and the crystalline
sheaf of logarithmic differential operators. We show that the parabolic sheaf of crystalline
logarithmic differential operators is an Azumaya algebra over its center. We conclude
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the section by showing that there exists a Koszul duality between the parabolic sheaf
of crystalline logarithmic differential operators and the parabolic logarithmic de Rham
complex.

We begin with the definition of the Frobenius twist.
Let X be a smooth scheme over a perfect field k of characteristic p. The absolute Frobenius
map ¢ : Speck — Speck is given by the p-th power map k — k. The Frobenius twist of
X is defined as the base change of X along the absolute Frobenius morphism

X' X

L,

Speck . Spec k.

Since k is assumed to be perfect, the p-th power map kK — k is an isomorphism; hence,
X' is abstractly isomorphic to X (but not over Speck). The p-th power map Ox — Ox
gives rise to a morphism X — X compatible with ¢; thus, by the universal property of
fiber product it factors through the Frobenius twist. The induced morphism F : X — X’
is called the relative Frobenius morphism. For any effective Cartier divisor, D on X with
ideal sheaf .¥ = Ox(—D); we obtain a corresponding Cartier divisor D', which is the
pullback of D under the base change morphism X’ — X and whose pullback F*D’ under
the relative Frobenius morphism is the divisor pD. Thus, we have the following sequence
of maps of logarithmic schemes

(X, D) — (X, pD) — (X, D') — (X, D).

The morphism (X, D) — (X', D') is called the relative Frobenius morphism of logarithmic
schemes; by abuse of notation, we denote it by F as well.

In this paragraph, we explain why we only consider the category of (quasi-)coherent
sheaves on a logarithmic scheme as the category whose objects are parabolic sheaves with
weights o = (O, 1%, e 1%1) and weights « = (0), and the Hom-spaces are the sets of
parabolic morphisms (see Definition 2.7). Consider the category of parabolic sheaves on
(X, D) with trivial weights @ = (0). In other words, the objects of this category are just

sheaves E on X equipped with the trivial parabolic structure
E® 0(—-D) — E.
Consider the pushforward of such sheaves along the sequence of morphisms
(X, D) — (X, pD) — (X, D").
The pushforward along the first map (X, D) — (X, pD) brings E to the parabolic sheaf

E® O(—pD) > EQ O(—(p —1)D) < ... < E

with weights o = (0, 117, ceo 1%1) (see Paragraph 2.11.2). The second map (X, pD) —
(X', D') brings the above parabolic sheaf to the parabolic sheaf

F.E® O(=D') = F.(E® O(—(p — 1)D)) <> --- < F,E

i i — (01 r—1
with weights o = (0, IR )
3.1 Logarithmic tangent and cotangent bundles
We say that a derivation § € Tx is logarithmic if for every open subset U we have
5(Z(U)) c Z(U). The logarithmic derivations form a subsheaf of the tangent bundle of



M. Hablicsek Res Math Sci (2020) 7:24 Page9of21 24

X which is called the logarithmic tangent sheaf, Tx (log D). The sheaf Tx(log D) is a Lie
subalgebroid of Tx meaning that it is closed under the Lie-bracket on T’x. In characteristic
p > 0, the p-th iteration 8! of a derivation § is again a derivation. Clearly, the sheaf
Tx(log D) is closed under this operation as well; hence, Tx (log D) is a sub-p-restricted Lie
algebroid of Ty.

In general Tx(log D) is not a subbundle of Ty, we say that a divisor is free if Tx(log D)
is a locally free sheaf. For instance, reduced normal crossing divisors are free divisors.
Indeed, we can find local coordinates xj, . . ., x;,, around each point of the divisor so that
in an étale neighborhood of that point the divisor is given by x; - ... - x; for some k <

n, and thus, the logarithmic tangent sheaf is generated by the logarithmic derivations

8 o
0xpy1” """ Oxy "

il ad 9
xlm,xza—xz, . .,ka and

Remark 3.1 1t is easy to see that the logarithmic derivations are just derivations of the
parabolic bundle @ x p).

We say that a meromorphic g-form w is logarithmic, if @ and d(w) have a pole of order
at most one along the divisor. The logarithmic g-forms form a subsheaf .Qf((log D) of the
sheaf of meromorphic q-forms. The differential d of the meromorphic de Rham complex
maps logarithmic forms to logarithmic forms. We define the logarithmic de Rham complex
25 (log D) as the subcomplex of the de Rham complex consisting of the logarithmic forms.
This complex £2; (log D) is not a complex of Ox-modules, the differential 4 is not linear
in Ox. On the other hand, we have

d(sPw) = psPLds A w + sPdw = Pdw

for every s € Ox and w € .Q)q((log D). This implies that F,£2;(log D) is a complex of
Oxr-modules.

If the divisor is free, then the sheaves Qf( (log D) are locally free sheaves, and moreover,
we have that the sheaf of logarithmic g-forms is the g-th wedge power of the sheaf of
logarithmic 1-forms: 52)’% (log D) = A1 .Q}((log D). In the case of a reduced normal crossing
divisor, locally the logarithmic 1-forms are generated by

d(logx1) = ﬂ, ...,d(logxy) = %, dxri1s - .o dxp.
X1 Xk

Similarly to the non-logarithmic case, there is a perfect duality between Tx(log D) and
21 (log D) given by contracting with polyvector fields.
In the sequel, D denotes a reduced normal crossing divisor.
The sheaf of crystalline logarithmic differential operators Dx(log D) is defined as the
universal enveloping algebra of the Lie algebroid T'x (log D). Explicitly it is defined locally
as the k-algebra generated by sections of Tx(log D) and Ox modulo the relations

o s-8 =sbforeverys € Ox and § € Tx(logD),
o 81 - 52 — 32 -6 = [51, 52] for every 81, 52 € Tx(logD) and
e §-5—35-8 =204(s) for every s € Ox and § € Tx(log D).

We emphasize that we do not work with the sheaf of PD differential operators, for our
purposes we need an algebra which is of finite type over X. Since Tx(log D) is a Lie subal-
gebroid of Ty, we have an inclusion of Dx (log D) into the sheaf of crystalline differential
operators Dy (defined as the universal enveloping algebra of the Lie algebroid T).
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The map
Y : Tx(log D) — Dx(log D)

mapping
8 > 87 — sl

is Oxs-linear and its image is in the center of Dx (log D) (see [5] for a detailed treatment in
the non-logarithmic case) implying that the center of Dx (log D) can be identified with the
structure sheaf &7+ y/(1og by Of the logarithmic cotangent bundle 7 : T*X’(log D) — X’
over the Frobenius twist. The zero section i : X’ — T*X'(log D’) of the bundle map =
gives rise to a natural embedding of logarithmic schemes

ip:(X,D') — (T*X'(log D), n*D"),

since i*n*D' = D'.
We equip the sheaf of algebras Dy (log D) with the trivial logarithmic structure on (X, D)
(in other words o = (0)), we denote the corresponding logarithmic sheaf by Dy (log D).:

Dx(log D) ifx =0,

Dx(log D)y =
Dx(logD) ® Ox(—D) if0 <x <1

After pushing forward the parabolic sheaf Dy (log D), along the relative Frobenius mor-
phism F : (X, D) — (X', D’), we obtain the parabolic sheaf F,Dx (log D)., whose filtration
is given by

F,Dx(log D) ® O/(—D') = F.(Dx(log D) ® Ox(—pD)) < - - - <> F,(Dx(log D)).
This parabolic sheaf has weights o = (0, 1%, ceos 1%).
By the discussion in Paragraph 3.4, we can regard the parabolic sheaf of algebras
F,Dx(log D), as a parabolic sheaf of algebras on (T*X’(log D), 7*D’). We denote the
corresponding parabolic sheaf of algebras by D(log D).. The bundle map 7 identifies
1+ D(log D), with F, Dx(log D),.

The following lemma is a straightforward generalization of [5] to the case of logarithmic
schemes.

Lemma 3.2 Assume that D is a reduced normal crossing divisor. Then, the parabolic
sheaf of algebras D(log D), is a parabolic Azumaya algebra over the logarithmic space
(T*X'(log D'), *D'). Moreover, the parabolic Azumaya algebra D(log D) splits on the
zero section

(X',D') — (T*X'(log D), n*D’).

Proof We only highlight the key steps. We need to show that D(log D), becomes a
parabolic matrix algebra under a flat cover. Consider an affine open set U’ of X', and
the corresponding open set U/ C X. Pick local coordinates xy, . .., x, for U so that the
reduced normal crossing divisor, D is given by the equation x; - ... - x;. Then, the (non-
parabolic) sheaf of algebras Dx (log D) is generated by I" (L, Ox) and the derivations x; dixi
for 1 < i < k, and the derivations dixi for k < i < n. Consider F,Dx(log D) and the cen-
tralizer Ay of I'(U’, Ox’) inside F,Dx(log D). A straightforward calculation shows that
the centralizer is the R = I' (U, Ox)-algebra generated by the logarithmic derivations §



M. Hablicsek Res Math Sci (2020) 7:24 Page 11 0f21 24

of X, in other words

Ax =R|x d X d d d
x= ldxl"”’ kdxk’dka’”"dx,,

There is a natural logarithmic structure on V' = Spec Ay given by the restriction of the
divisor 7*D’ to V. The ideal sheaf corresponding to the divisor is generated by the element
x’f S xi We denote by .# the ideal sheaf of O generated by the element x; - ... - xz.

The sheaf
D(log D)lv := D(log D) B 1+ x1010g Y11 Ax
is generated by I' (U, Ox’) and two copies uy, . . ., uy and vy, . . ., v, corresponding to the

logarithmic derivations
d d d d
.X‘1d—xl, .. .,.X‘kd—xk, m, ey d_xn
The action u;.x = u;x and v;.x = xv; for x € D(log D) gives rise to an action of D(log D)|v
on the parabolic sheaf

D :=D(log D) ® #? — D(logD) ® #P~! < ... < D(log D)

viewed as a parabolic sheaf over Spec Ayx. A local calculation similar to one in [5] shows
that we have an isomorphism

D(log D)xlv = End(y 7 +py),,)(D)x

hence D(log D). is an Azumaya algebra over (T*X’(log D'), n*D’).

Next we show that the parabolic Azumaya algebra D(log D). |y’ splits. More explicitly, we
show that D(log D)«|x' = Endx/ p)(FxO(x,p))- We remind the reader that the parabolic
sheaf F, 0(x p) is defined as the parabolic sheaf given by the filtration

F.Ox ® Ox/(—D') = F.Ox(—pD) > .. < F,Ox(—D) < F,Ox.

The sheaf of crystalline logarithmic differential operators acts non-trivially on Ox(—D),
Ox(—2D), ..., Ox(—(p — 1)D) and moreover the elements which act trivially are generated
by the symbols 87 — 8! for § € Tx(log D). These are exactly the elements which vanish
under the pullback map Or«x/(ogp) — Ox', hence D(log D)«|x’ acts on F.O(x,p). As
before, a local calculation similar to one in [5] shows that we have an isomorphism

D(log D)«|x' = End(x p)(FxO(x,p))-

This concludes the proof. |

Remark 3.3 If D is a non-reduced normal crossing divisor, then the lemma above does
not hold anymore. It would be interesting to generalize the above lemma to any normal
crossing divisor. For instance, in the case of p = 5, X = Speck[x], .# = (x*), the parabolic
sheaf of algebras D(log D), is not a parabolic Azumaya algebra over the logarithmic space
(T*X'(logD'), x*D’).

As a consequence of Lemma 3.2, we obtain a Morita equivalence between the cate-
gory of coherent sheaves Coh(X’, D) on (X', D) and the category of coherent sheaves
Coh(D(log D)« |x,pry) on (X', D') with a left D(log D), |x-action: the functors

my : Coh(X', D) — Coh(D(log D)«|(x,p)) :
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and

m* : Coh(D(log D)«|(x",py)) = Coh(X',D') :

Ey > Homp 140 p), 1 (Fx O(x,0) Ex)

Ix’
are inverses to each other. These functors give rise to an equivalence between the corre-
sponding derived categories D(X’, D) and D(X’, D', D(log D)«|(x",0))-

We conclude this section by showing that the sheaf of crystalline logarithmic differential
operators and the logarithmic de Rham complex are Koszul dual (our reference is [7]). The
sheaf O is naturally a left Dy (log D) C Dx-module given by the action of the logarithmic
derivations on Oy. The logarithmic Spencer complex Sp'(€x) defined as the complex of
left Dx (log D)-modules

0 — Dx(logD) ® N"Tx(logD) — --- — Dx(log D) ® Tx(log D) — Dx(log D)
where the differentials
dsp : Dx(log D) ® A'Tx(log D) — Dx(log D) ® A"~ ! Tx(log D)
are given by
i
dsp(T ® 81 A--- A 8;) = Z(—Dl’*lm,@al A NS A A

=1

i
+ Y DT @B, 8 AL A AS A A A A
I<k=1

is a locally free resolution of O by locally free left Dx (log D)-modules. As a consequence,
for any left Dy (log D) module F we have that the object RHom(X,fDX(logD))(ﬁX, F) can be
represented by the logarithmic de Rham complex of F

0—->-F—>FQ® .Q)l((logD) — - > F® 2% (logD).
In the case of F = O, we obtain an isomorphism
2y (log D) = RHOom x 1, (10g D)) (OX> Ox).
Similarly, for any left Dy (log D)-module E we obtain a complex Sp'(E) defined as
0 — Dx(logD) ® N"Tx(logD)® E — --- — Dx(logD)® E
where the differentials
d : Dx(log D) ® AiTx(log D) ® E — Dx(log D) @ A1 Tx(log D) ® E

are given by

d(T®51/\~~-A5l’®e):dsp(T®51A---/\5i)®e

i
=Y CD)TIT @8 A AS A AR S(e).
=1
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The Spencer complex of E gives rise to a locally free resolution of E by left Dy (log D)-
modules. As a consequence, we can compute

RHom(X,DX(IOg D))(ﬁX(lD), ﬁx (mD))
for any [, m € Z by replacing Ox (ID) by its Spencer complex, and we obtain isomorphisms
RHom x 1. (10g p)) (Ox (ID), Ox (mD)) = 25 (log D) ® Ox ((m — 1)D). (1)
The above discussion shows that for the parabolic sheaf Dx (log D), we have

RHOM b, 1y (10g ),) (O (x,0)» O(x,0))+ = £2x (log D)

where £2; (log D). is the parabolic sheaf given by the de Rham complex equipped with the
trivial parabolic structure:

25 (log D) ifx =0,

25 (og D), = ‘
25 (logD) ® Ox(—=D) if0<x <1

Consider the parabolic sheaf F,Dx(log D), on (X', D’). We remind the reader that this
p—1

parabolic sheaf has weights « = (0, }7, s 7). As before, using the isomorphisms 1 we

obtain an isomorphim
Rm—m(x’,D’,F*Dx(logD)*)(F «O(x,pp FxO(x,p))« = Fi82x (log D)

where F,$2} (log D), is the complex of parabolic bundles given by the pushforward de
Rham complex with the filtration

F,2;(log D) ® Ox/(=D') = - = F,(22}(log D) ® Ox(—D)) < F, 2} (log D)

with weights o = (0, 1%, . pTl).
4 Derived self-intersection of (Azumaya) schemes

In this section, we summarize the theory of derived self-intersections of (Azumaya)
schemes. Our references are [1,2,8,11].

Let S be a smooth variety and X a smooth subvariety of S of codimension n. Assume that
the base field is either of characteristic 0 or of p > n. We denote the embedding of X inside
S by i and the corresponding normal bundle by N. The derived self-intersection W of X
inside S is a dg-scheme whose structure sheaf is constructed by taking the derived tensor
product of the structure sheaf of X with itself over &s. The derived self-intersection is
equipped with a map from the underived self-intersection, X, by the universal property of
fiber product.

W ——X

|

X——S

We say that a derived scheme W is formal over a scheme 7 : W — Z if Oy is a for-
mal complex of z-modules, meaning that there exists an isomorphism of commutative
differential graded algebras

T Ow = @%ﬂk(ﬂ*ﬁw)[—k]
k
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A local calculation [6] shows that the cohomology sheaves of the structure sheaf of the
derived self-intersection W (over S) are given by

A (Ow) = Tors (O, Ox) = A*NV.

Therefore, the formality of the derived self-intersection asserts that there is a quasi-
isomorphism (of commutative dg-algebras)

n
T Ow = P ANV[i] = S(NV[1]).
i=0
(We omit writing the pushforward of NV to Z along the map X — W — Z.) The main
result of [1] is the following.

Theorem 4.1 [1] The following statements are equivalent.
1. There exists an isomorphism of dg-autofunctors of D(X)
i"ix(—) = (=) ® SIN[1]).

2. W is formal over X x X.
3. The natural map X — W is split over X x X.
4. The short exact sequence

0> Tx > Tslx > N—>0

of vector bundles on X splits.

Remark 4.2 For instance, the derived self-intersection of X’ inside 7*X’(log D’) is formal:
the bundle map 7 : T*X'(log D') — X' splits the embedding of the zero section, and
hence, the injection

Txr = Tr+x'(logD)|x’

is split.

An Azumaya scheme is a pair (S, A) where S is a scheme or dg-scheme and A is an
Azumaya algebra over S. We say that (f E) : (X, B) — (S, A) is a 1-morphism of Azumaya
schemes if f is a morphism of schemes and E is an f*A°%? ® B-module that provides
a Morita equivalence between f*A and B. Given an embedding of Azumaya schemes
i: (X Alx) — (S A), the derived self-intersection is given by W = (W, Alw).

From now on, assume that A|x is a split Azumaya algebra with splitting module E, in
other words there exists a 1-isomorphism (id, E) of Azumaya schemes m : X — (X, Alx).
We denote the induced map X — (S, A) by i’. We organize our spaces into the following
diagram.

w X

|

(W, Alw) —2—= (X, Alx) |7

C

X —" o (X, Aly) ——= (S, A)

i
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The Azumaya schemes W and (W, A|w) are abstractly isomorphic, but in general the
isomorphism is not over (X, X). (We remark that W can be thought of as a dg-scheme
over X x X; on the other hand, Azumaya spaces do not have absolute products, and thus,
it is more natural to think of them as spaces equipped with two morphisms to X.) The
structure sheaves of derived self-intersections W and (W, A|w ) regarded as dg-schemes
endowed with a map to (X, X) are the kernels of the dg-autofunctors of D(X) i*i.(—)
and "7 (—) respectively. In [2], the authors show that there exists an isomorphism of
dg-autofunctors of D(X)

i (=) = qup* (= ® L)
for some line bundle L on the derived scheme W. This line bundle is called the associated
line bundle of the derived self-intersection in [2].

Consider the object i*i,E of D(X, A|x). A local calculation similar to one in [6] shows that

there exist isomorphisms
AN iE) = E® ATFNY[—K].
Therefore, we obtain a triangle in D(X, A|x)
EQNV[1] - = Y*i,E > E—> EQN"[2]
The rightmost map of the triangle
ar € Hy 4)(EE®NY) = H*(X,N")

is called the HKR class of E.

The HKR class gives the obstruction of lifting E to the first infinitesimal neighborhood of
(X, Alx) inside (S, A). Having a lifting of E is equivalent to having a splitting module F
of the Azumaya algebra A|yq) so that Flxy = E where X (@) denotes the first infinitesimal
neighborhood of X inside S. Such lifting exists, if i’ splits to first-order meaning that there
exists a map ¢ : X' — X splitting the natural inclusion X — XU, so that ¢*E is a
splitting module for A|yq). We are ready to state the main result concerning about the
triviality of the associated line bundle.

Theorem 4.3 [2] Assume that W is formal over X x X. Then, the following statements

are equivalent.

1. The dg-schemes W and (W, Alw) are isomorphic over X x X.
2. There exists an isomorphism of dg-autofunctors of D(X)

i (=) " (=) = (=) @ SINV[1]).

3. The associated line bundle is trivial.
4. The morphism i’ splits to first order.
5. The HKR class g vanishes.

5 Derived self-intersection of logarithmic (Azumaya) schemes
In this section, we expand the theory of twisted derived intersections to the logarithmic
setting.



24 Page 16 of 21 M. Hablicsek Res Math Sci (2020) 7:24

Let X be a smooth subscheme of a smooth scheme S. We denote the embedding by i.
Let us equip S with an effective Cartier divisor D so that i*D is an effective divisor on X.
Consider the induced embedding of logarithmic schemes ip : (X, D|x) — (S, D). We say
that ip splits to first order if there is a left inverse of the induced morphism

(X, Dlx) — XY, Dlyw),

where X denotes the first infinitesimal neighborhood of X inside S. Equivalently, we say
that ip splits to first order if there is a splitting p : X1) — X of the embedding X — X
so that p*Dl|x = D|yw).

We define the derived-self intersection of (X, D|x) inside (S, D) as the logarithmic dg-
scheme (W, D|y). We assume that the dg-scheme W is formal over X x X. Notice that
the divisor D|w can be thought of restricting D|xxx to W. We generalize Theorem 4.1 to
the logarithmic setting.

Proposition 5.1 Assume further that ip splits to first order. Then we have an isomorphism
of dg-autofunctors of D(X, i*D)

ifips(-) = (-) ® SV [1))

In other words, (W, D|w) is formal over (X x X, D|xxx).
Proof The proof is entirely similar to the proof of Theorem 0.7 of [1]. O

Remark 5.2 All the assumptions of the Proposition above are satisfied in the case when
Sisavector bundler : S — X over X, i : X — S is the zero section and the divisor D is
the pullback along 7 of a divisor on X.

We turn our attention to embeddings of logarithmic Azumaya schemes. Let us equip the
logarithmic scheme (S, D) with a parabolic sheaf of Azumaya algebras A, and assume that
A, splits over (X, D|x) with splitting module E,. We remind the reader that E, induces
an isomorphism of spaces mp : (X, D) — (X, D|x, A«|x). We denote the embedding of
logarithmic Azumaya spaces (X, D|x, As|x) — (S, D, As) by ip, and the composite of
embeddings (X, D|x) — (X, Dlx, A«lx) — (S, D, As) by ij,. We organize our spaces as

follows.
(W, Dlw) Z (X, D)
lmD
a (W, Dlw, Aslw) — (X, DIx, Axlx) |
l s
(X D) —2+ (X, DIy, Aulx) — 2 (5, D, A2)

o

'p
The spaces (W, D|w) and (W, D|w, A«|w) are abstractly isomorphic, but in general not
over the pair ((X, D), (X, D)), since the splitting modules p},E, and g},E; may not be iso-
morphic. Two splitting modules differ by a parabolic line bundle; thus, the failure to have
an isomorphism between (W, D|w ) and (W, D|w, A.|w) is measured by a parabolic line
bundle on (W, D|w ) which we call the associated parabolic line bundle £,. As a conse-
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quence, we obtain an isomorphism of dg-functors

/% )

inip (=) = qpspPp(— ® Ly).

In particular for the structure sheaf ﬁ(x, Dix)» we have

o/ o] *
ipip«Oxplx) = 4D+PpLr

Consider the object ZEZD,*E*. As before, a local calculation similar to one in [6] shows that
there exist isomorphisms of parabolic sheaves

A (ipsEy) = Ex @ AKNV[—k].
As above, we define the HKR class Olg* as the rightmost map of the triangle

E.®@NY[1] = t= 7 i%ip.E. — Ex — E, @ NV[2]. )
A priori the HKR class is an element of

Extx piy, . o) Ex B« @ N),

which is the obstruction of lifting the splitting module E, to the first infinitesimal neigh-
borhood of the embedding ip.
By Morita equivalence the extension group above is isomorphic to

Ext(zx,mx)(ﬁ(X,Dlx)' Oxpix) ®NY) = H*((X, Dlx), Ox,ply) NV).

It is easy to see that Homx p|,)(O(x.p|x) E;) = Homx(Ox, E) for any parabolic sheaf E.
Therefore, the HKR class ag can be thought of as an element of H2(X, N). This element
corresponds to the rightmost map of the triangle given by the triangle in 2 when x = 0,
i.e., all objects are considered as ordinary sheaves. Summarizing the above discussion we
obtain the following theorem which is a straightforward generalization of Theorem 4.3.

Theorem 5.3 Assume that both maps i and ip split to first order. Then, the following
statements are equivalent.

1. The dg-schemes (W, D|w) and (W, D|w, Alw) are isomorphic over (X x X, D|xxx).
2. There exists an isomorphism of dg-autofunctors of D(X, D|x)

ipips(—) = ipip, (=) = (=) @ SN [1]).

3. The associated parabolic line bundle is trivial.
4. The morphism iy, splits to first order.
5. The HKR class (XED* vanishes.

6 Proof of the main theorems

In this section, we prove our main theorems, Theorems 6.1-6.3 and Corollary 6.5.

Let X be a smooth scheme over a perfect field k of characteristic p > dim X, and D
a reduced normal crossing divisor. We denote by D’ the corresponding reduced normal
crossing divisor on the Frobenius twist, X’. We consider the Frobenius twist, X" embedded
into the vector bundle T*X'(log D’) as the zero section. Recall that the parabolic sheaf
of crystalline logarithmic differential operators D(log D), can be regarded as a parabolic
sheaf of algebras over T*X'(log D’). Moreover, D(log D), is a parabolic sheaf of Azumaya
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algebras over the logarithmic scheme (T*X'(log D’), 7*D’), so that on the zero section
D(log D). |x is a split parabolic sheaf of Azumaya algebras.

We are in the context described in Paragraph 5.5. We compare the derived self-
intersection (W, D|w) corresponding to the embedding

i: (X, D) — (T*X'(log D), n*D’)
and the derived self-intersection corresponding to
i (X',D') — (T*X'(log D), n*D’, D(log D))
We denote the latter space by (W, D'|y), and the map
(X', D', D(log D)s|x') — (T*X'(log D'), 7* D', D(log D))

by i. As an easy consequence of Proposition 5.1 we obtain that the structure sheaf of
(W, Dlw) is a formal parabolic sheaf.

Theorem 6.1 The structure sheaf O(yw;,py,,) over X' is isomorphic to the dual of the formal

complex
S(2L(og D)[-1]) := Ox > 2L(ogD') > 22,(og D)) > ...
equipped with the trivial parabolic structure.
Proof The structure sheaf of (W, D|y) over X’ is given by the object i*i,0(x’ p). By

Remark 5.2, all the assumption of Proposition 5.1 are satisfied for the embedding i implying

the statement above. O
Next we compute the associated parabolic line bundle L, of the derived self-intersection
corresponding to

i (X',D') — (T*X'(log D), n*D’, D(log D))
Theorem 6.2 The associated line bundle L is isomorphic to the dual of Fy$25 (log D).

Proof We have the following sequence of maps

Fy 825 (log D), = RHOM ' y £ 1 (10g ),) (F O, D) Fx O(x,))
= RHomy' 1y . p(1og D)) (Fx O (x.0) Fx O(x,))
= RHO—m(X/,D/,ﬂ*D(log D)*)(T[*Z*F* ﬁ(}(,D): TTx z*F* ﬁ(X,D))
= 7RHOM 7+ x(10g 1), 7D, D(10g D)) O x, D)y 15 Fx O(x, D))
where the first isomorphism is the Koszul duality between £25 (log D). and Dx(log D),
the second is the isomorphism F,Dx(log D), = m.D(log D), for the bundle map = :
T*X'(logD’) — X', the third is the identity 7w o i = id and the last one is the consequence
of that 7 is affine. The map i, has a right adjoint, which we denote by i* (see [3,21]). We
have
F, .Qj((log D)>‘< = n*i*RHO—m(X’,D’,'D(log D)*|x’)(F* ﬁ(}()D), ZIE*F* ﬁ(X,D))'

We use again that 7 o i = id to obtain

F, 2 (log D), = RHOM(x 1y p(1og by, 1) (Fx Ox.0) £ ixFx O (x,))-

Ix")
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We remind the reader that there exists a Morita equivalence between (X’, D’) and
(X', D', D(log D)«|x’) given by the functors

my : Coh(X', D) — Coh(D(log D)« (x',p)) :
M > M ® F,Oxp)
and
m* : Coh(D(log D) |x',py) — Coh(X',D'):
M — Homp o py,, (FxOx,0) M)
and therefore
F.2x(log D)y = m*'i,0x ).
Moreover, the functor m* is both left and right adjoint to mz, implying that
F.2x(log D), = m'ii, O py = i"i,Ox,pr)
completing the proof. o

We conclude the paper by applying Theorem 5.3 to our situation.

Theorem 6.3 Let X be a smooth variety over a perfect field of characteristic p > dim X,
with a reduced normal crossing divisor D. Then, the following statements are equivalent.

1. The logarithmic scheme (X, D) lifts to W (k).
2. The class of the extension

0— Oy — F,0x — F.Z' — 23,(logD') - 0

vanishes. Here Z' denotes the image of d inside F,.$2 (log D).

3. The map i’ splits to first order.

4. The associated line bundle is trivial.

5. The parabolic sheaf of algebras D(log D), splits on the first infinitesimal neighborhood
of (X', D) inside (T*X'(log D'), n*D’).

6. The complex F.25(log D)y is a formal parabolic sheaf equipped with the trivial
parabolic structure.

7. There exists an isomorphism

F, Qi (log D) = S(2} (log D')[~1]).
in D(X', D') where the sheafS(.Q}(,(log D')[—1)) is equipped with the trivial parabolic

structure.

Proof The HKR class corresponding to the embedding i’ is the dual of the extension class
in 2. Therefore, the equivalence

VRN )R N C) RN YR N (YR V)|

follows from Theorems 5.3, 6.1 and 6.2. The equivalence (1) < (2) is proved in [10]. O

Remark 6.4 A particular interesting feature of the theorem above is part (7). The two
parabolic complexes F;§2; (log D), and S(.Q)l(,(log D’)[—1]). have different filtration, the

former one has weights o; = #1, the latter has the trivial parabolic structure. On the other

Page 19 of 21

24
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hand, under quasi-isomorphism the filtrations may change. We illustrate the phenomenon
in the simplest case. Let X = Speck[x] and D = {0}. Then the pushforward of the
logarithmic de Rham complex is given by

(xﬁk[x] > xP*lk[x] SN k[x]) i (xpk[xjdx <

k[x]dx>
s .

X

The kernel of d is the parabolic sheaf
xPk[xl] — &Lk[xP] — - — Lk[xP] — k[x]

which is isomorphic &y, pry. Similar calculations can be done for the cokernel.
As an immediate consequence, we obtain a Hodge decomposition for the logarithmic de
Rham cohomology.

Theorem 6.5 Let X be a smooth variety over a perfect field of characteristic p > dim X,
and D a reduced normal crossing divisor on X. Assume that (X, D) lifts to Wy (k). Then,

R*I'(X, 2x(logD)) = @) H(X, 2§ (log D)).
pHq=+

Proof By Theorem 6.3, there exists an isomorphism
F.2(log D), = S(£24,(log D')[—1])..

In particular setting * = 0, we obtain an isomorphism
F.2(log D) = S(£2y,(log D')[—1])

of objects in D(X’). Thus,

R*I'(X', F.2x(log D)) = R*I" (X', S($2y,(log D) [~1]) = @ H(X', 25, (log D')).
prq=x

On the one hand, since F is affine we have
R*I' (X', F.2x(log D)) = R*I" (X, 25 (log D)).
On the other hand, since X and X’ are abstractly isomorphic, we have

P HIX, 24(ogD) = @ HIX 2% (log D))
ptq==x ptHq=x

completing the proof. O

The above theorem implies that the Hodge-to-de Rham spectral sequence degenerates by
dimension counting. This gives a new, geometric proof of Kato’s theorem.

Corollary 6.6 Assume that the pair (X; D) lifts to the ring Wy (k). Then, the Hodge-to-de
Rham spectral sequence of the logarithmic de Rham complex degenerates at the E1-page.
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