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Abstract

Classifying elements of the Brauer group of a variety X over a p-adic field by the
p-adic accuracy needed to evaluate them gives a filtration on Br X. We relate this
filtration to that defined by Kato’s Swan conductor. The refined Swan conductor con-
trols how the evaluation maps vary on p-adic discs: this provides a geometric char-
acterisation of the refined Swan conductor. We give applications to rational points
on varieties over number fields, including failure of weak approximation for varieties
admitting a non-zero global 2-form.

Mathematics Subject Classification (2020) Primary 14F22 - Secondary 14G12 -
14G20 - 14F30

1 Introduction

Let k be a p-adic field with ring of integers Oy, uniformiser 7 and residue field F, and
let X/k be a smooth geometrically irreducible variety. The most naive filtration on
the Brauer group Br X, and the one we aim to understand, is that given by evaluation
of elements of Br X at the k-points of X. If A € Br X has order coprime to p, then [7,
§5] shows that the evaluation map for A factors through reduction to the special fibre.
In this article, we describe the variation of the evaluation map in the considerably
more complicated case of elements of order a power of p in Br X.

To define the evaluation filtration, fix a smooth model X' /Oy having geometrically
integral special fibre Y /I with function field F. Given A € Br X, one can ask whether
the evaluation map |A| : X (O) — Brk factors through the reduction map X' (Oy) —
X (O /m') for any i > 1. We first define some notation.
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820 M. Bright, R. Newton

Let &’ be a finite extension of k of ramification index e(k’/ k), with ring of integers
Oy and uniformiser /. For r > 1 and P € X(Oy), let B(P, r) be the set of points
Q € X(Oy) such that Q has the same image as P in X (Oy /(z")"). Define

Ev,BrX ={AeBrX|Vk'/kfinite,V P € X(Oy),
|A| is constant on B(P, e(k'/k)(n + 1))} (n>0),
Ev_1BrX ={A€BrX|Vk'/k finite, | A| is constant on X (Oy)},
Ev_»BrX ={AeBrX |Vk'/k finite, | A| is zero on X (Oy)}.

Let {fil, Br X},>0 denote the filtration given by Kato’s Swan conductor (see Def-
inition 2.1) and, for n > 1, write rsw, (A) for the refined Swan conductor of A €
fil, Br X (see Definition 2.14). We have rsw,(A) = [«, Blr., for some («, ) €
SZ% ® Q}V In Sect. 3 we will define a residue map 9: filg Br X — H! (Y, Q/Z).

Theorem A Let k be a finite extension of Qp. Let X be a smooth, geometrically irre-
ducible variety over k, and let X — Spec Oy be a smooth model of X. Suppose that
the special fibre Y of X is geometrically irreducible. Then

1. Ev,BrX ={AefilyBrX | 3A=0};

2. Ev_ BrX ={A€efilgBrX | 3.A c H (F,Q/Z)};

3. EvgBrX =filp Br X;

4. forn>1,Ev, BrX = {A € fil,41 BrX | rswy11(A) € [Q%, 01z, nt1)-

Remark 1.1 1. By definition of the refined Swan conductor,
fil, Br X C {A € fil, 41 BrX | rswyp1 (A) € [QF, 0Lzt

with equality if ptn + 1. See Lemma 2.17 for more details.

2. In the case of H'(K) = H'(K, Q/Z), where K is the function field of X, Kato’s
filtration and the refined Swan conductor have been extensively studied in the
literature, and are closely related to ramification theory (see Sect. 10). We be-
lieve that Theorem A is the first geometric characterisation of Kato’s filtration
on H2(K) = Br K, with Theorem B below giving a geometric description of the
refined Swan conductor. The modified version of Kato’s filtration featuring in The-
orem A does not seem to have appeared elsewhere, though it is analogous to the
“non-logarithmic” version of Kato’s filtration on H' (K) defined by Matsuda [34]
in equal characteristic.

3. The reason for considering points over finite extensions of k, instead of just over
k itself, is that the filtration obtained is better behaved. (A function that is non-
constant on points over some field extension can be constant on the rational points,
simply because there are “too few” points of Y (IF): see [7, Remark 5.20] for an
example.)

4. A consequence of Theorem A is that the evaluation filtration does not change if Y
is replaced by a non-empty open subset.

5. In fact, our proof of Theorem A shows that it remains true if we modify the defi-
nition of Ev,, Br X by restricting to unramified finite extensions k’/ k instead of all
finite extensions, see Corollaries 9.4 and 9.7.
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6. The model X is not assumed to be proper. If X has bad reduction, for example
admitting a proper model whose special fibre has several components of multi-
plicity 1, then the filtrations fil,, and Ev,, are defined separately for each compo-
nent, by looking at the smooth model obtained by restricting to the smooth locus
of that component. The relationship between the filtrations corresponding to dif-
ferent components is in general complicated. However, in Sect. 5 we shall study
the specific case in which one component arises from blowing up the model in
a smooth point of another component, which will be a central ingredient of our
proofs.

7. The inclusion fil, Br X[p] C Ev, Br X[p] is implicit in work of Uematsu [42], at
least in the case when k contains a primitive pth root of unity.

8. Yamazaki [43] has proved a result very similar to Theorem A in the case that X
is a smooth proper curve. In that case, one can extend the Brauer—Manin pairing
to the Picard group Pic X. Yamazaki defines a filtration on Pic X by considering
the kernels of reduction modulo powers of 7, and shows that the induced filtration
on BrX coincides with Kato’s filtration. (When X is a curve, the group SZ%- is
trivial, so our filtration in Theorem A also coincides with Kato’s, by definition of
the refined Swan conductor.)

9. Sato and Saito [37] have shown that Ev_, Br X coincides with the image of Br X’
in Br X when X is regular and proper over Ok, but without the assumption of
smoothness. (They also assume that X" satisfies purity for the Brauer group, but
this is now known to hold for all regular schemes [8].) In Corollary 3.7, we will
show how our results give a new proof of this when X’ is smooth over Ox.

In order to prove Theorem A, we examine the behaviour of the evaluation maps on
the graded pieces of Kato’s filtration on the Brauer group. The results of this study for
n > 1 are summarised in Theorem B below; for a stronger and more detailed state-
ment, see Theorem 8.1. In order to state Theorem B, we need to introduce some more
notation. Let P € X'(Ok) and let Py denote the image of P in Y (F). Elements in the
image of the reduction map B(P,n) — X (Ox/ "1y can be identified with tangent
vectors in Tp,Y (see Lemma 7.1). Write [P Q], for the tangent vector corresponding
to the image in X' (O /"ty of a point Q € B(P, n). In the statement of the follow-
ing theorem, we denote by x/p the image of x € F,, under the identification of Z/p
with the p-torsion in Q/Z. The integer e is the absolute ramification index of k and
wesete' =ep/(p —1).

Theorem B Let k be a finite extension of Qp. Let X be a smooth, geometrically ir-
reducible variety over k, and let X — Spec Oy be a smooth model of X. Suppose
that the special fibre Y of X is geometrically irreducible. Let n > 0, let A € fil,, Br X,
and let 1swy, (A) = [«, Blx.n for some (o, B) € Q% ® QIF Let P € X(Oy), and let
Po € Y () be the reduction of P. Then o and B are regular at Py and we have the
following description of the evaluation map |A|: X (Oy) — Brk.

1. For Q € B(P,n),

1
inv A(Q) =inv. A(P) + > Trr/w, ﬁPo([P—)Q]n)~
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822 M. Bright, R. Newton

In particular, if Bp, # O then | A| takes p distinct values on B(P,n).
2. If B=0and ap, # 0 then there exists Q € B(P, 1) such that | A| takes p distinct
values on B(Q,n — 1).

Remark 1.2 1. Case (2) is only possible if p | n: see Lemma 2.17.

2. Complementing the formula in (1), Theorem 8.1(3) gives a description of the eval-
uation map in the case where § =0 and n > 2. See also Lemma 8.10 for the case
where f=0and p=n=2.

3. If A has order p’ in the Brauer group then evaluating A at points in X (Oy) gives
values in Brk[p'] = p~'Z/Z. Theorem 8.1(5) gives sufficient conditions for all
p' possible values to be obtained.

Elements in Br X of order coprime to p have been thoroughly treated in the litera-
ture, in particular by Colliot-Thélene—Saito [9], Colliot-Théléne—Skorobogatov [11]
and Bright [7]. The computation of the evaluation map in the coprime to p case is
greatly aided by the fact that the map factors through reduction to the special fibre. In
a similar way, Theorem B enables the computation of the evaluation map for Brauer
group elements of order a power of p. Thus it facilitates a systematic treatment of
Brauer—Manin obstructions, which will have both theoretical and computational im-
plications for the study of rational points on varieties. Some first consequences of
Theorem B are outlined below (see Theorems C and D).

1.1 Applications to the Brauer—-Manin obstruction

Manin [33] introduced the use of the Brauer group to study rational points on varieties
over number fields. Let V be a smooth, proper, geometrically irreducible variety over
a number field L. The evaluation maps |B|: V(L,) — BrL, for each B € BrV and
place v of L combine to give a pairing

BrV x V(AL) — Q/Z,

where A denotes the ring of adeéles of L. Manin observed that the diagonal image
of V(L) is contained in the right kernel of this pairing, denoted V (Az)B". If V(A1)
is non-empty but V(A7)B" is empty, then there is a Brauer-Manin obstruction to
the Hasse principle; if V (Az)B is not equal to the whole of V (Ay), then there is a
Brauer—Manin obstruction to weak approximation.

The following question posed by Swinnerton-Dyer [11, Question 1] is of great
relevance to the computation of V (A7 )P

Question 1.3 (Swinnerton-Dyer) Let L be a number field and let S be a finite set of
places of L containing the Archimedean places. Let V be a smooth projective Og-
scheme with geometrically integral fibres, and let V /L be the generic fibre. Assume
that Pic V is finitely generated and torsion-free. Is there an open and closed set Z C
[Tyes V(Ly) such that

V(AP =Z x HV(LU)? (1.1
vgS
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Evaluating the wild Brauer group 823

Informally: does the Brauer—Manin obstruction involve only the places of bad
reduction and the Archimedean places?

In [11, Theorem 3.1] Colliot-Thélene and Skorobogatov prove that if the transcen-
dental Brauer group of V (meaning the image of the natural map BrV — BrV) is
finite and S contains all the primes dividing its order then the answer to Question 1.3
is yes. Skorobogatov and Zarhin show in [40] that the transcendental Brauer groups
of Abelian varieties and K3 surfaces over number fields are finite; their question as to
whether this is true for smooth projective varieties more generally remains open (see
[40, Question 1]).

Before we address Question 1.3, let us introduce one further question.

Question 1.4 (Wittenberg) If a smooth projective variety V over a number field L
satisfies the Hasse principle and weak approximation over all finite extensions, does
it follow that H*(V, Oy) = 0?

Question 1.4 is one of a family of questions posed by Olivier Wittenberg in a
private discussion with Jean-Louis Colliot-Thélene in 2010, as follows: if a smooth
projective variety V over a number field L satisfies the Hasse principle and weak
approximation over all finite extensions, does it follow that V is rationally connected?
Does it at least follow that H (V, Oy) = 0 for all i > 0? Does it at least follow that
H2(V, Oy) = 02 Note that the analogue of Question 1.4 with H>(V, Oy) replaced by
H!(V, Oy) has a positive answer — this follows from [21, Corollary 2.4], for example.

Our next result owes its existence to Wittenberg’s suggestion that our methods
could be used to address Question 1.4. It gives a positive answer to that question,
and also shows that the answer to Question 1.3 is no, in general. In fact, it shows
that if HO(V, Q%/) # 0 then every prime of good ordinary reduction is involved in a
Brauer—Manin obstruction over an extension of the base field.

Theorem C Let V be a smooth, proper variety over a number field L with
HO(v, Q%,) # 0. Let p be a prime of L at which V has good ordinary reduction,
with residue characteristic p. Then there exist a finite extension L'/L, a prime p’
of L' lying over p, and an element A € BrVy.{p} such that the evaluation map
|Al: V(L;,) — Br L;, is non-constant. In particular, if V(A /) # @ then A obstructs
weak approximation on Vp,.

It has been conjectured that a smooth, projective variety over a number field L has
good ordinary reduction at a positive density set of primes of L: Joshi [25, Conjec-
ture 3.1.1] attributes this conjecture to Serre. In the cases of Abelian surfaces and K3
surfaces, it is known to be true [4, 25].

The assumption that HO(V, Q%/) # 0 implies, via Hodge theory, that the second
Betti number b,(V) and geometric Picard number p(V) are not equal. Since Br V
contains a copy of (Q/Z)P2=P (see [12, Proposition 5.2.9]), this implies that there
exists a finite extension L’/L such that the transcendental Brauer group of V/ is
non-trivial. On the other hand, if the transcendental Brauer group is trivial then [9,
Theorem 3.1] shows that the answer to Question 1.3 is yes.

Having seen in Theorem C that the places involved in the Brauer—Manin obstruc-
tion need not be confined to the places of bad reduction and the Archimedean places,
one may be interested in the following question:
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824 M. Bright, R. Newton

Question 1.5 Let V' be a smooth, proper, geometrically irreducible variety over a
number field L such that Pic V is finitely generated and torsion-free. Does there exist
a finite set S of places of L and a closed set Z C [[, g V (L,) such that

V(AP =7Z x HV(LU)? (1.2)
vegS

If so, can one give an explicit description of such a set S?

The assumption in Questions 1.3 and 1.5 that Pic V be finitely generated and
torsion-free is necessary: for example, in the case of an elliptic curve E over Q with
finite Tate—Shafarevich group and trivial Mordell-Weil group, [39, Proposition 6.2.4]
shows that

EAQP =E®R"x [] (O}

p prime

where E(]R)0 denotes the connected component of the identity in E(R). This con-
tradicts the description of (1.2). More generally, note that non-trivial torsion in Pic V
implies that the abelianisation of nft(V) is non-trivial. For a smooth, proper, geomet-
rically integral variety V over a number field L satisfying V (L) # ¢ and nft(\_/) #0,
Harari [21, §2] has shown that for any finite set ¥ of places of L, the variety V
does not satisfy weak approximation outside X. The proof uses a descent obstruction
which, in the case of an abelian covering, is coarser than the Brauer—-Manin obstruc-
tion. It follows that in this setting the Brauer—Manin set is not of the form described
in (1.2).

If one assumes that the transcendental Brauer group of V is finite in Question 1.5
then it follows from the Hochschild—Serre spectral sequence that the quotient of Br V
by the image of BrL is finite; therefore the existence of the finite set S is a con-
sequence of the Albert-Brauer—Hasse—Noether Theorem and the continuity of the
Brauer—Manin pairing. The finiteness of the quotient of Br V by the image of Br L
also implies that the Brauer—Manin set is open as well as closed. On the other hand,
without the finiteness assumption on the transcendental Brauer group, the existence
of the finite set S in Question 1.5 is not a priori obvious.

Theorem D below gives a positive answer to Question 1.5, without any finite-
ness assumption on the transcendental Brauer group of V. One consequence of this
theorem is that for a K3 surface over Q the only places that play a role in the Brauer—
Manin obstruction are the Archimedean places, the primes of bad reduction, and the
prime 2 (see Remark 11.5).

Theorem D Let L be a number field. Let V be a smooth, proper, geometrically ir-
reducible variety over L. Assume Pic 'V is finitely generated and torsion-free. Then
there is a finite set of places S of L such that, for all A € BrV and all places p ¢ S,
the evaluation map |A|: V(Ly) — Br Ly is constant. Furthermore, the set S can be
taken to consist of the following places of L:

1. Archimedean places;
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Evaluating the wild Brauer group 825

2. places of bad reduction for V;

3. places p satisfying e, > p — 1, where ey, is the absolute ramification index of p
and p is the residue characteristic of p;

4. places p for which, for any smooth proper model V — Spec Op of V, the group
HO(V(p), Q)l/(p)) is non-zero, where V(p) is the special fibre of V.

Remark 1.6 1. James Newton observed that the set in (4) is contained in the set con-
sisting of places that are ramified in L/Q and places lying above 2. Indeed, let p be
aplace of L with ep,/, = 1 and residue field Fy, of characteristic p > 2. Since Pic V
is torsion-free, we have Hét(\_/, Z/pZ) = 0. Hence, the integral comparison theo-
rem of Fontaine—Messing ([15], see also [6, Theorems 3.1.3.1 and 3.2.3]) shows
that the de Rham cohomology group H}iR(V(p) /Fy) is zero. Now by the degen-
eration of the Hodge—de Rham spectral sequence for V(p) (Deligne-Illusie [14,
Corollary 2.5]), this implies HO(V(p), Q{,(p)) =0.

2. In some cases of interest, such as when V is a K3 surface, one can show that the
setin (4) is always empty — see Remark 11.5.

1.2 Outline of the paper

Section 2 contains some technical results and background relating to Kato’s refined
Swan conductor. In Sect. 3 we define a residue map 9: filyBr X — H' (¥, Q/Z) and
use it to describe the evaluation maps for elements of filg Br X. The main body of the
paper, Sects. 4-8, is concerned with the proof of Theorem B. Its proof will involve
a chain of blowups with an associated decreasing sequence of Swan conductors at
the exceptional divisors. Eventually, we will obtain Swan conductor zero, whereupon
evaluations are controlled by the residue map, as in Sect. 3. Section 4 contains some
technical results that will be used in Sect. 8 to relate the refined Swan conductor of a
Brauer group element to that of its residue along the exceptional divisor. In Sect. 5, we
show how information about the refined Swan conductor is retained under blowups.
Section 6 gathers some calculations pertaining to the exceptional divisors of these
blowups. Section 7 relates lifts of points to tangent vectors and shows how to keep
track of them when blowing up. In Sect. 8 we bring everything together to complete
the proof of Theorem B. In Sect. 9 we prove Theorem A. In Sect. 10 we compare
various other filtrations in the literature with our modified version of Kato’s filtration
which gives rise to the evaluation filtration on the Brauer group. Section 11 is con-
cerned with applications to the Brauer—-Manin obstruction and contains the proofs of
Theorems C and D.

1.3 Notation

If A is an Abelian group and n a positive integer, then A[n] and A/n denote the
kernel and cokernel, respectively, of multiplication by n on A. If € is prime, then
A{¢} denotes the £-power torsion subgroup of A.

We use extensively the notation introduced in [30, §1]. In particular, the notation
(Z/n)(r) has a particular meaning in characteristic p. Write n = p*m with p { m.
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826 M. Bright, R. Newton

For any scheme S smooth over a field of characteristic p, the object (Z/n)(r) of the
bounded derived category DP(Sg) is defined by

(Z/n)(r) = s & Wi 1o [—r].

Here W;Q5 log is the logarithmic de Rham—Witt complex of Illusie: see [24, 1.5.7].

We further use Kato’s notation

Hi(R) :=H"(Ret. (Z/n)(q — 1)), HY(R) := limH;(R)

n

whenever either n is invertible in R, or R is smooth over a field of characteristic p.
The definition of (Z/n)(r) ensures that, in any characteristic, we have an exact
triangle

(Z/n)(1) > G = G — (Z/n)(D[1] (1.3)

where the part prime to the characteristic is the Kummer sequence, and the p-part in
characteristic p is [24, Proposition 1.3.23.2]. Givena € R* = H(R, Gp), we denote
the image of a in HY(R, (Z/n)(1)) by {a}. The exact triangle (1.3) further shows that,
for a field K of any characteristic, we have H2(K )=BrKk.

2 Kato’s refined Swan conductor

In this section, we gather some technical results from [30] relating to Kato’s refined
Swan conductor, extending them as necessary. For this section only, K denotes a
Henselian discrete valuation field with ring of integers O and residue field F of
characteristic p > 0. Let 7w be a uniformiser in Ok and denote by mg the maximal
ideal of Ok . Our goal is to describe, for each ¢ > 1, the following constructions.

e Anincreasing filtration {fil,, H?(K)},>0 on H? (K) (Definition 2.1). The Swan con-
ductor sw(y) of x € H1(K) is then defined to be the smallest n > 0 such that
x € fil, H(K). The prime-to- p part of H? (K) is entirely contained in fily HY (K),
as are all elements split by an unramified extension of K (Proposition 2.6(1)).

e An injection A,: HY(F) @ HI"!(F) — HY(K) whose image coincides with
fily HY (K) (see (2.3) and Proposition 2.6(1)). We also define ¢} : H{ (F) — H}(K)
to be the first component of A, (restricted to HI(F)), see Sect. 2.2.1. The “residue
map” 9: filgH?(K) — H9~!(F) is defined to be the inverse of A, followed by
projection to the second component (Definition 2.21).

e For each r > 1, a surjection §,: W, Q;{fl — H;’),(F) (Definition 2.10). Following
Kato, we sometimes also denote the composition A, o §, simply by A.

e For each n > 1, an injection (the refined Swan conductor), denoted rsw,, from
fil, HY(K)/fil,—; HY(K) to an object that is essentially Q% & sz‘f;‘ (Defini-
tion 2.14).

The principal case of interest will be when K is the Henselisation of the func-
tion field of a variety X, and we will be interested in the case ¢ = 2, for which
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Evaluating the wild Brauer group 827

H?(K) = Br(K). In the details of our proofs in future sections, we will also need the
equal-characteristic case (when K is the function field of a variety in characteristic
p, Henselised at a prime divisor). Moreover, we will need the maps A, and §, in a
more general context, as defined in Sect. 2.2.3.

2.1 Vanishing cycles and the Swan conductor

In order to define the Swan conductor, we need to deal not only with fields but also
with more general rings. The following definition serves this purpose.

Let A be aring over Ok, and let i, j be the inclusions of the special and generic
fibres, respectively, into Spec A. Denote R = A/mg A. If char K > 0, assume that
A ®o, K is smooth over some field, so that (Z/n)(g — 1) is defined. Define

Vil (A) :=H!(Ra, i*Rjx(Z/n)(q — 1))

and VI(A) := limn Vil(A). Note that, in the case when K has characteristic zero,
(Z/n)(g — 1) is simply a sheaf for the étale topology.

As an example, in the case A = Ok with char K = 0 we can identify j,(—) with
HO(K ars —), Where K, is the maximal unramified extension of K. The spectral se-
quence implicit in the definition of V,! (Ok) is the inflation-restriction spectral se-
quence for the extension K,,, /K, and we find V,/ (Og) = HL(K).

The construction is functorial in the following sense. Let K’'/K be an extension
of Henselian discrete valuation fields; let Ok~ be the ring of integers of K’ and let F’
be the residue field. Suppose that we have a commutative diagram

A —— A

[ [

OK _— OK/

where again A’ ®p,, K'(= A" ®o, K) is smooth over some field. Let R' =
A’/mgs A’ and let i’, j’ be the inclusions of the special and generic fibres, respec-
tively, of Spec A’ — Spec Ok. We have a commutative diagram

Spec R’ % Spec A’ <L Spec(A’ ®p, K)
| /| |
Spec R . Spec A — Spec(A ®p, K)
of schemes. Define
Vi (A") :=HY (R, (") R(N«(Z/n)(q — 1)).
Applying (i’)* to the natural base-change map

[*Rju(Z/n)(qg — 1) = Rj(Z/n)(q — 1)
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828 M. Bright, R. Newton

and using (i")* f* = g*i* gives a map
"R (Z/n) (g — 1) = (I")'Rj(Z/n)(g — 1)

and so, by adjunction, a natural map V,{ (A) — V,/ (A’) for all ¢, n.
In the case of the field K, we have product maps

HY (K) x (K*)® — HJ™(K)

defined by (x,ai,...,a;) = x U{ai}U---U{a,}, where {—} denotes the Kummer
map K*/(K*)" — H'(K, It,,) as in (1.3). This construction can be generalised to
V. (A) as follows. The natural map of sheaves

Rj(Z/n)(g — 1) — ixi*Rjx(Z/n)(g — D).
gives a natural map
Hi (A ®0, K) =H(A,Rju(Z/n)(g — 1)) = Vi (A) 2.1

for all g, n, which Gabber [17] (see also [41, Theorem 09ZI]) has proved to be an
isomorphism if (A, mg A) is Henselian. (Note that this generalises the observation
Vil (Ok) = Hl(K) above.) In that case, we mimic the construction just described
and define a product

vI(A A K)9H® — vita
(A) x (A®o, K)*)¥ — (A) 22)
(x,at,...,ar )= {x,ai,...,a}

using the Kummer map (A ®op, K)* — H'(A ®ox K, (Z/n)(1)) and the cup prod-
uct

Hi(A®0, K) x H(A®0, K, (Z/n)(1)® - Hi " (A®o, K).
For general A, let A?) denote the Henselisation at the ideal mx A; then the natural
map Vil(A) —» V! (A(h)) is an isomorphism, because the stalks of i *R j,(Z/n) (g — 1)
do not change when A is replaced by AM  We deduce VI (A) = HY (A(h) ®0y K),
which allows us to define the product (2.2) for A as well. The products for different
n are compatible and so give rise to a product
VI(A) x (A®og K))® — VIt (A).
Taking A = Ok |[T], we can now define Kato’s Swan conductor.
Definition 2.1 [Kato [30, §2]] The increasing filtration {fil, H? (K)},>0 is defined by
x €fil, H(K) < {x, 1 +7"T'T} =0in VI (Ok[T)).

For x € HY(K), define the Swan conductor sw(x) to be the smallest n > 0 satisfying
x € fil, H(K).
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Remark 2.2 For r > 1, the map HZ, (K) — HY(K) allows us to pull the filtration back
to HY,. By [30, Proposition 1.8], the map Vj,* YOkIT)) — VI+(Ok[T)) is injec-
tive, showing that x € HY, (K) lies in fil, HY, (K) if and only if {x, 1 + 7" *'T} =0
in Vi Ok TD).

Remark 2.3 There is an equivalent definition using only Galois cohomology. Namely,
Kato [30, Proposition 6.3] states that x € H?(K) lies in fil,, HY (K) if and only if, for
any Henselian discrete valuation field L/K such that Ox C O and my = Opmg,
we have {xz, 1 +7"t1O} =0in HIT!(L).

Remark 2.4 Suppose that K is a finite extension of @, and take ¢ = 1. The filtration
on H!(K) = Hom(Gal(K /K), Q/Z) coincides with that induced by the upper rami-
fication filtration on Gal(K /K). This is an exercise in local class field theory, using
the fact that the local reciprocity map identifies the upper ramification filtration on
the Galois group with the unit filtration on K *.

Remark 2.5 1If K is a finite extension of Q, then the filtration on H2(K) =Br(K) is
uninteresting: we have fily H>(K) = H2(K). This follows, for example, from Propo-
sition 2.6 and is related to the fact that every element of the Brauer group of K is
split by an unramified extension. The filtration on Br(K) is only interesting when the
residue field F is not perfect.

2.2 Themaps ¢! and A,
2.2.1 1] in the Henselian local case

Let A be a Henselian local ring with fraction field L and residue field £ of character-
istic p > 0. In [30, §1.4], Kato defines a homomorphism (the “canonical lifting”)

- HL(0) - HI(L)

for all positive integers n, which we now recall. If n is coprime to p, define ¢} simply
as the composite

HY(¢, (Z/n)(q — 1)) =H! (A&, (Z/n)(q — D)) > HI(L, (Z/n)(q — D).

If n = p® is a power of p, then this works only for ¢ = 1; in the other cases, we have
not defined a sheaf (Z/n)(q — 1) on Ag. In those cases we define o by the formula

ddx,ar, ... ag—1) =y, ar, ..., a5-1)

for x € H,l1 (&) and ay, ...,aqy—1 € A*; Kato has proved that this characterises a well-
defined homomorphism.
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2.2.2 ) inthe Henselian DVR case

We now return to our Henselian discrete valuation field K with ring of integers Ok
and residue field F. For a fixed uniformiser 7 € Ok, we define

Ar: HI(F) @ HY ' (F) > HY(K) (2.3)
as

e O XD =G0+ o) 7).

Kato has proved that this is injective. An important relationship between A, and the
filtration fil,, is given by the first part of the following proposition.

Proposition 2.6 (Kato, [30, Proposition 6.1]) Let p =char F > 0.

1. filg HY(K) coincides with the image of \r, and furthermore
filo HY(K) = HY(K) (non-p) & ker(H? (K){p} — H? (Kn/){P}).

where (non-p) denotes the prime-to-p part and K, the maximal unramified ex-
tension of K .
2. We have HY(K) =filgHY(K) if [F : FP]=p‘ <ocoandq > c+ 1.

2.2.3 The smooth-over-DVR case

We will also need a version of A, for more general rings. Specifically, we need a def-
inition that works for the ring Ok [T] in order to define the refined Swan conductor;
and in order to prove the main result of Sect. 3 we need a definition that works for
the coordinate ring of an affine piece of our smooth model X'. Both of these are rings
smooth over a Henselian discrete valuation ring. So let A be a ring smooth over Ok,
with R = A/mg A; we seek an injective homomorphism

q g—1 q
H, (R) @ H, ' (R) > V) (4)

coinciding with the definition of A, in Sect. 2.2.2 in the case A = Ok.

In [30, §1.9], Kato treats the case r = 1, which is all that is needed in order to
define the refined Swan conductor. The extra case we will need in Sect. 3 is for
r > 1 in the case of mixed characteristic. Assume therefore char K = 0. We will now
explain how to define a homomorphism

bt HO (R)®HYT (R) — VI (A)

for all g > 2 and r > 1 (Definition 2.8). In Lemma 2.12 we prove that our definition
of A, coincides with that of Definition (2.3) in the case when A = Og and n = p”.
We closely follow [30, §1.9] throughout, though we believe this contains a sign error
which we will correct below.
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Since R has p-cohomological dimension < 1 (see [2, X, Théoreme 5.1]), the spec-
tral sequence calculating Vgr (A) reduces to a short exact sequence
0— H'(Re,, "R ju(Z/p") (g — 1)) = Vi (A)

— H(Re, i*R7 ju(Z/p") (g — 1)) = 0. 2.4

Following Bloch and Kato in [3], write M? ™' = i*R9=1j,(Z/p")(g — 1). By [3,

Theorem 1.4], there is a finite decreasing filtration {U mp - }m>0 on M ~! with

UMY~ = M7 and with graded pieces g™ (M? ™"y = U MI™ JumH I MI T that
can be described as follows: there is an isomorphism

=1\ ~ -1 -2
g M) =W, Q% @ W Q% o, 2.5)

and, for m > 1, a surjection
-2 -3 -1
om: Qb T ®QE T - g (M), (2.6)
(For i < 0 we set Q’IR =0.)

Lemma 2.7 Suppose q > 2. The natural map

- —1\\ ~ - -2
H' (Re, M ™') > H' (Ret, (M ™1) = H' (R, W, Q2% 10, & W, Q% 2)

is an isomorphism.

Proof We first show H!(Rg, gr’"(Mf_l)) =0 for m > 1, using (2.6). On the one
hand, we have H' (Rg, Q’k) =0 fori > 0 because Q"R is a coherent sheaf on the affine
scheme Spec R. On the other hand, if we let K,, = ker(p,,), then H>(Rg, K,,) =0
because cd,(R) < 1. The long exact sequence in cohomology coming from the short
exact sequence

0 Kn— Q2@ > oM™ >0
shows H' (Ret, g (M2 ™)) = 0 form > 1.
A simple induction now gives H' (R, U"M?™") = 0 for m > 1, and the short
exact sequence
0— UIM;F] — M;Fl — grO(M;Fl) -0

completes the proof. g

-1 -2
The group Hl(Rét, WrQ%JOg (&) WrQ%JOg

tion of the sheaf (Z/n)(g — 1), equal to Hj’,,. (R) ® HZ,_I(R).

) appearing in Lemma 2.7 is, by defini-
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Definition 2.8 Suppose char K = 0. For ¢ > 2, define
. y4 q—1 q
Aot HE, (R) @ HE N (R) — Vi (4)

to be (—1)7~! times the inverse of the isomorphism of Lemma 2.7, composed with
the map labelled « in (2.4). Moreover, define

q .y q

tyr s Hpr (R) = V0 (A)

to be the first component of A .

Remark 2.9 In the case A = Ok, the étale cohomology groups become Galois coho-
mology: the sequence (2.4) becomes

0— H'(F,H" (K, (Z/P")(q — 1))

res

— HY(K,(Z/p") (g — 1)) — H'(Ku, (Z/p") (g — 1))

where K, is the maximal unramified extension of K. The map (—1)q_lkn factors
as

H'(F, W, Q0. (F) @ W, QL *(F*)) < H'(F.HI™ (K. (Z/p")(q — 1))
— HY(K, (Z/p") (g — 1))

(Here F* is a separable closure of F, and we identify Gal(K,,/K) = Gal(F*/F)
without further comment.)

log

2.2.4 The map §,

We keep the notation of the previous subsection: A is a ring smooth over Ok, and
R =A/mgA.By [30, §1.3] (see also [10, Lemme 2] and [24, 1.3.3]), there is an exact
sequence

0— W' - W' S warlavilert o0 @)

of sheaves on Rg. Here we have abused notation by using C~! to denote the map
denoted F in [30, §1.3] and [24, §1.2.17], which coincides with the inverse Cartier

operator when r = 1. The map V is the Verschiebung defined in [24, §I1.1]. By defi-
nition, we have HY, (R) = H' (Re.. W, Q{fog‘).

Definition 2.10 We define
8 W% ' /dV QG — Y, (R)

to be the boundary map in the long exact sequence of cohomology corresponding
to (2.7). We also use §, to denote the map W, Q;’;l — HZ, (R) obtained by precom-

. . .. -1 —1 —_ -2
posing with the natural surjection W, Q%" — W, Q% /avr—1Q% .
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Following Kato, we sometimes use A, to denote the composition

_ -2 & —1 A
w4 '@ w,Q% > % B (R @ HY (R) 5 Vi(A). 2.8)

The following lemma will be used in the proofs of Lemmas 2.12 and 2.13.

Lemma 211 Let w € W,Q% ' and a € R*. Let dlog(a) € W,Qk ., be as in [24,
§1.3.23] and let

1
fa: HI(R) — Hjj (R)

be the homomorphism H' (R, W, Q?{lég) — H! (Rgt, W, Q%’log) induced by

W, & ow.ql

R.log R log’ x — x Adlog(a).

Then we have
8r(w A dlog(a)) = fa (8, (w)) =8, (w) U{a}.
In other words, we can take the wedge product “inside the H!”.

Proof The sequences (2.7) give the rows of a diagram of sheaves on Ry as follows:

—1_
fe —— Wt S50 weelavlar? —— o

Adlog ﬁl Adlog &l A dlogﬁl

—1_
f, —— W S5 weeiavlee! —— o

0 —— W, Q

0 —— W,Q

It is easy to check that this diagram commutes, using C~!(dlog(a)) = dlog(a) (see
[24, §1.3.23]). Taking cohomology now gives the first claimed equality. The second
is the final statement of [30, §1.3]. Il

2.2.5 Compatibility of the two definitions of A

We can now prove that the definition of A, in Definition 2.8 is compatible with that
described in §2.2.2.

Lemma 2.12 In the case charK =0, A = Ok and q > 2, the map )\, defined in
Definition 2.8 agrees with that defined in §2.2.2.

Proof We will prove this by induction on ¢, by showing that our map A, of Defini-
tion 2.8 satisfies the characterisation given in §2.2.2. Let LL, : HY(F) —> HY{(K) be

the natural map defined in §2.2.1. Recall that, for g > 2, the notation LZ, refers to the
first component of A . Specifically, we will show:

1. for x € H}J,(F) and a € O3, we have t%r({x,c_l}) = {L},r(x),a};
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2. for x € H, (F), we have A (0, x) = {t}, (), 7 };
3. forg>2,xe€ HZ,(F), and a € OF, we have Lf,,({x, a)) = {L;],r_l(x),a};
4. forg>2,x € H?Dr_l(F), and a € O, we have A, (0, {x,a}) = — {1+ (0, x), a}.

Then (1) and (2) prove the claim for ¢ = 2; statement (3) shows that the first com-
ponent of A, agrees with the previous definition of L;’), in §2.2.1 for all ¢ > 2;
and all four statements together imply the final part of the characterisation, namely
hr (0. %) = (147 (). 7} for x e HITH(F).

We prove (3) and (4) first. Let ¢ > 2 and let a be an element of Ol’é. Leta e F*
be the reduction of @ and let {a} be its class in H' (F, (Z/p")(1)). We claim that the
following diagram commutes.

HY(K. (Z/p")(q — 1)) @y HI+ (K, (Z/p)(q))

I I

H(FHI~ (Ko (Z)p") (g — 1)) —— 22 HU(F,HI(K,. (Z/P")(q)))

=| E

_ dlogan,dloga
HL(F, W,20 (F)® Qoednh TN HA(F. WL, (F)®
HI(F, W, Q0,2 (F) H(F, W, ' (F*)

- (V=17 Ha},u(=1a))
HY, (F) @ HY, ' (F) @2C I (P @ HY, (F)

Here the horizontal maps are as follows. The first horizontal map is cup product
with the class of @ in H'(K, (Z/p")(1)). The second horizontal map is induced by
cup product with the class of @ in H' (K, (Z/p")(1)). The third horizontal map is
that induced on cohomology by the homomorphism w — dloga A @ on each factor.
The fourth horizontal map is given by cup products as written. That the top square
commutes is [26, §1.2, Lemma 2 (2)] (and it is in order to apply that lemma that we
have put the cup products on the left). That the middle square commutes is shown by
the formula after [3, Corollary 1.4.1]. The bottom square commutes by Lemma 2.11
and the anti-commutativity of the wedge product.

In this diagram, the map going upwards from bottom left to top left is, by defini-
tion, (—1)2~ !, and that from bottom right to top right is (—1)%A,. Let x € H‘IIJ,. (F).
The commutativity of the diagram gives

(=D (x U (=D Ha}, 0) = (=D Ha} U Ax (x, 0)
—Az(x U{a},0) = (=17 (=1)7az (x, 0) U {a}
Ax (x U@}, 0) = Az (x, 0) U {al,
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proving (3). Similarly, for x € HZ,_I (F) we have

(—=1)%2x (0, x U(=D{a}) = (=17 H{a} U A (0, x)
2 (0, x U{ah) = (=17 (=1)747 (0, x) U {a}
Az (0, x Ula}) = =27 (0, x) U {al,
proving (4).

The case ¢ = 1 is similar but easier. The sequence (2.4) is simply the inflation-
restriction sequence, and one checks that the following diagram commutes.

H(K,Z/p") el » H2(K, (Z/p")(1)

o] 1

H'(F,Z/p") ———— HY(F,H (K,, (Z/p")(1)))

H | =

(dloga,0)

H'(F,Z/p") ————— H'(F, W,Q,,(F*) ® W, Q) (F*))

|- H

1 (U{a},0) <2 1
H, (F) » Hy, (F) @ H, (F)

The bottom left vertical map is induced by the isomorphism € : Z/p" — W, Q?Og(F )
(see [24, Proposition 3.28]). The first horizontal map is cup product with the class of
ain HY(K, (Z/p")(1)), the second horizontal map is that induced on cohomology by
sending 1 to the class of a@ in HY(K,,, (Z/ p")(1)), the third horizontal map is that
induced on cohomology by 1 — (dloga, 0), and the fourth horizontal map is the cup
product map as written.

The left-hand column, from bottom to top, is the map ¢ }),, and the right-hand col-
umn from bottom to top is —A,. Let x € H},r (F). Commutativity of this diagram
gives

—hx (x U@}, 0) = {a} Utpr (x)
(X Ufa}, 0) =1, (x) U {a}

proving (1).
Finally, we have a third diagram

HU(K. Z/p") — 2% H2(K,(Z/p")(1)

infT T
HY(F,Z/p") ——— HY(F,H'(K,r. (Z/p")(1)))

H | =

0, . .
H'(F.Z/p") —2% HY(F, W,QL,(F) ® W,Q0,(F)
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in which the bottom horizontal map is induced by the isomorphism € : Z/p" —

WrQ?Og(FS). Again, this commutes by [3, formula after Corollary 1.4.1] and
[26, §1.2, Lemma 2 (2)]. For x € H},,(F ), commutativity of this diagram gives

—Xz(0, x)={m}uU L})r (x), proving (2) and completing the proof of the lemma. [J
2.2.6 Change ofring

We finish this section on A, by describing how it behaves with respect to base change.

Let K’/K be an extension of Henselian discrete valuation fields of characteristic
zero with finite ramification index. Let O be the ring of integers of K’ and let F’
be the residue field. Suppose that we have a commutative diagram

AL)A/

[ I

OK E— OKf

where A is smooth over Ok and A’ is smooth over Og-. Let R" = A’/mg/ A’ and let
i’, j' be the inclusions of the special and generic fibres, respectively, of Spec A" —
Spec Ok'. As described in Sect. 2.1, there are natural maps ¢ : V,/ (A) — Vi (A)).
Let¢: R — R’ be the map on residue rings induced by ¢, and ¢ : H{ (R) — H}(R’)
and ¢,.: W, Q% — W, Q%, the induced maps. Let 7’ be a uniformiser in O

Lemma 2.13 In the situation described above, let e be the ramification index of K’ /| K
and define a € F’ to be the reduction of ¢ (m)(zw')~¢. Then, for all ¢ >2 and r > 1,
the following diagram commutes:

_ _ _ At
w,Q%, ! @Wr9§,2 _ HZr(R’)@H‘j,r 'Ry — = V;’r(A’)
T (@, B)> (da+dy fAdlog(@), ey B) T (. B)> (P +{$sB.a} . ehs ) T bx
— — Sy - Ax
woh e w,h ——— Hl, (R @H (R) ——— Vi (4)
(2.9)

Proof We go through the steps of the construction of A, . Let g: Spec R’ — SpecR
be the morphism corresponding to ¢. The natural map

i"Rju(Z/n)(q — 1) = (") Rj(Z/n)(g — 1)

of sheaves on Rg induces a map between the sequences (2.4) for A and A’. The

definition of the Bloch—Kato filtration on M, ~! — j*Ra-! j«(Z/p")(g — 1) shows

that the map ¢, : Mf;l — Mf;,l respects the filtration, so induces a map on gr°.
The sheaf MZ ;1 is locally generated by symbols; we now explain what this means.

Letty,...,t,—1 belocal sections of i* j,Gy,. The Kummer sequence allows us to push
these forward into Mr1 4» and the cup product of the resulting classes is a local section
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of M7, A ! which we denote by {1, ...,%;—1}. Bloch and Kato prove that the resulting
“symbols” locally generate the sheaf M qgl in the étale topology
The isomorphism grO(Mq 1) — W, QR 10 oW, QR 10 of (2.5) is described in the

formula after [3, Corollary 1.4.1]:if x1, ..., x,_1 are local sections of Gy, on R and
X1,...,Xq—1 are any lifts of the x; to i*((Gm)A, then we have
{X1,...,Xg—1} > (dlogx; A--- Adlogx,—1,0)
{X1,...,Xg—2, w} > (0,dlogx; A --- Adlogx,_2).

. —1
Working in M, we have

PulX1, . Xg2, Ty ={P(X1), ..., d(Xg-2), @ ()}
={p(E1), ..., 9(Fg-2), a(r)}
={p(E1), ..., 9 (Fg-2),a} +e{p(F1), ..., ¢(Fg—2), 7'}

where a = ¢ () (") ~¢. Therefore the isomorphisms (2.5) for A and A’ satisfy the
following commutative diagram:

grO(MqA,) — W1 @WQR,

R’ log ,log

T T(a,ﬂ)w(¢>*a+¢*ﬁAdlog&,ed3*ﬁ)

1 2
O(MqA ) W, Ql}l? ,log oW, Qllii’ log

The rest of the proof follows from Lemma 2.11. g
2.3 Therefined Swan conductor

Equipped with the map X, for the ring Ok [T], we can now define Kato’s refined
Swan conductor. We follow the exposition in [5, 4.5-4.6].

Firstly, let us define the group in which the refined Swan conductor lives. To start
with, consider the scheme Spec Ok with the divisor D given by the closed point.
The coherent sheaf Q}QK (log D) of differentials with log poles at D is, concretely,

the Ok -submodule of Q}( generated by Q}Q together with dlogm = dn/m for any
uniformiser 7; this submodule is independent of the choice of . (See [41], Section
OFMU, for more details on differentials with log poles.) This sheaf fits into a short
exact sequence

0= Qp, — @, (log D) = O — 0,

and a choice of uniformiser 7 gives a splitting a — a dlog . Now define w}p to be
the pullback of this coherent sheaf under the closed immersion Spec F — Spec Ok .
Concretely, we have a)}, =Q }91( (log D) ®, F. (A more direct definition is that a)},
is the sheaf of absolute Kihler differentials on the log scheme obtained by equipping
Spec F with the “standard log point” log structure coming from its embedding in
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Spec Ok, see [29, 1.1, 1.7].) For g > 1, let w(;, denote the gth exterior power of a)}r

The map Q(fp—l — a)% given by n > n A dlog r yields a splitting of the natural exact
sequence

res —1
0—>Q%—>w%—>9% — 0.

The refined Swan conductor at level n will be an element of m}” 0k a)‘}, which is
also non-canonically isomorphic to Q% & Q’fl.

From (2.8) applied to A = Ok[T], we have the map A, : qum @ Q%ITI] —
VI+tL(Ok[T]). Kato [30, Theorem 5.1] proves the following: if x is an element of
fil, H7(K) for n > 1, then there exists a unique («, 8) € Q% &) Q%_l such that

(X, 1+ 7"T} =1y (Ta, TB) in VITH(OK[T]). (2.10)
Note that here A, really means A o 41, as in (2.8).
Definition 2.14 Letn > 1. Given y € fil, H?(K), the refined Swan conductor of x is
15w, (x) =7 "(a + B Adlogm) e my" Qo a)‘fp

where o, B are as in (2.10). We will often write [, 8], as shorthand for 7 7" (« +
B Adlogm).

For n > 1, the refined Swan conductor defines an injective homomorphism
rswy, : fil, HY(K)/ fil,—1 HY(K) — m¢" @, o
as shown in [30, Corollary 5.2].

Remark 2.15 The pair («, 8) in (2.10) depends on the choice of uniformiser 7 ; how-
ever, 1swy () is independent of the choice of 7, as stated by Kato [30, Definition 5.3].
This motivates the choice of m" ®o, w% as the target group and the definition of
rswy, (x). The precise dependence of (¢, ) can also be seen as a consequence of
Lemma 2.16.

We now prove several auxiliary results about the refined Swan conductor.

Lemma 2.16 Suppose char K = 0. Let K'/K be a finite extension of Henselian dis-
crete valuation fields of ramification index e. Let ©’ be a uniformiser in K', let F' be
the residue field of K’ and define a € F' to be the reduction of w (') ~¢. Let x be an
element of fil, HY (K), and let

res: HY(K) — HY(K')

be the restriction map. Then res(x) lies in fil,, H4(K'). Furthermore, for n > 1, set-
ting 1swy (x) = [o, Blr.n we have

1sWep (res(x)) = [a™" (a4 B Adloga),a " el en-
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Proof That res(x) lies in fil,, H? (K’) follows from the characterisation of fil, given
in [30, Proposition 6.3]. Lemma 2.13 gives

Ao (T(a+ B Adloga), eTB) ={resx, 1 +n"T} = {res x, 1 + (7)"a" T},

where a = w(7’)~¢. Applying Lemma 2.13 a second time to the automorphism of
Ok|[T] defined by T > a"T proves the claimed formula. O

The following lemma is implicit in [30, Proposition 5.4], which is stated without
proof. For completeness, we provide a proof here.

Lemma2.17 Let x be an element of fil, H1 (K) with rsw, (x) = [o, Blz.n. Then do =
0and dB = (—1)7na.

We first prove a lemma whose first part will be used in the proof of Lemma 2.17
and whose second part will be used in the proof of Lemma 2.19 below. We use C to

denote the Cartier operator. Recall the definition of §; : 52(11e — H;’,H (R) from Defi-
nition 2.10.

Lemma 2.18 Let R = F(T) and let o be an element on'fI for some g > 2.

1. We have 61(Tda) = (—1)1{61(Ta), T} € H%—H(R).
2. Suppose da =0, so that C () is defined. Then §1(T C(a)) = 61(TPa).

Proof By [30, 1.3.2], the subgroup d2% " is in the kernel of §; : Q% — H%™ (R), s0
0=251(d(Ta)) =8, (Tda) + 8 (dT Aa)
and therefore
81(Tda) = —81(dT Aa) = (—1)48;(Ta AdT/T) = (—1)4{8,(Tex), T}

by the last formula of [30, §1.3], proving (1).
To prove (2), note firstly that d(T”«a) = TPda = 0, so that C(TPw) is defined.
The image of C —1 _ 1 is in the kernel of 81, so we have

0=381((C™" = N(C(TPa))) = 81(T e — C(T"))
and therefore
51(TPa) =81 (C(TPa)) =81 (TC()). O

Proof of Lemma 2.17 By definition of rsw,,, we have {x, | + 7"T} = A, (Ta, TB) in
VItL(Ok[T]). We would like to take the cup product with —" T, but as this is not
a unit in K[7T] we first have to pass to a larger ring. Let A be the Henselisation of
the localisation of Og[T] at the ideal mg Og[T]. By [30, 1.8.1], the natural map
Va+t2(Ok[T]) — VIT2(A) = HIP2(A ®p, K) is injective. Working in V972(A),
we compute

O0={x,1+#"T,—7"T}
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={0;(Ta, TB), —7"T}
={Ax (T, TP), T} +n{rny(Ta, TH), 7w} + {Ar (T, TP), —1}. (2.11)

The last term in (2.11) is zero; this follows from Lemma 2.11 and dlog(—1) = 0. Let
L'Z, : HZ(F(T)) — V4(A) be the canonical lifting map of Sect. 2.2.1, which is the first
component of A;. By Lemma 2.18(1) and Definition (2.3), the first term of (2.11) is

P (T, TB), T = {5 (51 (T ), T} + (¢ (31 (TB)). 7, T)
= (4" 61T ). T) — (i (51(TP)). T. )
=481 (T), TY — (T (81(TB). T). )
= DTGP G1(Tda) + 14 (1(Tdp)). 7))
= (=19, (Tda, Tdp).
For the middle term of (2.11) we have
A (Ta, TB), 7} = (i (61 (Tw)). 7} + (4 (81(TH)). w, ) = A (0, Tax),
because again {t%(81(TB)), —1} =0 and {7, —7} = 0. This produces
(=) (Tda, TdB) +niry (0, Ta) =0,

in V412(A) and therefore also in VI1t2(Og[T]). The result now follows from the
injectivity of A, and [30, Lemma 3.8]. O

We conclude this subsection with a description of the refined Swan conductor of
px when sw(y) is sufficiently large, in the char(K) = 0 setting.

Lemma 2.19 Suppose char(K) = 0, let e be the absolute ramification index of K , and
set e’ =ep/(p—1). Let u= p/n® and let i € F* be its reduction. Let x € H1(K)
have sw(x) =n > 0 and write r1sw, (x) = o, Blr.n-

1. Suppose n > ¢ — 1. Then py € fil,—_. H?(K).

2. Suppose n > €'. Then rswy,_o(px) = [ia, i Blr.n—e and consequently, sw(py) =
n—e.

3. Suppose n =¢€'. Then da = dp =0 and

1SWo_o(px) = [ﬁa +C(a),up + C(,B)]

e —

Proof To prove (1), let m =n — e. Then

px, 1+7" Ty ={x, A + 72" T)P)

={x,1+7""'T1"}
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m+1
where T’ = Wiﬂnp_l =aiT+arT*+- ~-+a,T? withay, ...,a, € Og. There-

fore, T' € Ok [T]. Since sw(x) = n, we have {x, 1 + 7"t 7'} =0in VIt (Ok[T]),
by the functoriality of V4¥!1(.). Therefore, sw(py) < m =n — e, which completes
the proof of (1).

Now we move on to prove (2) and (3). We are assuming that n € Z satisfies n >
¢’ > e, whereby n — e > 1. Similarly to the calculation above, we have

{px, 147" T}y ={x, 1 +x"T"} (2.12)

where 77 = WDl — T 4 by T2 o 4 b, TP with by = p/n® € OF and
by,....,bp,_1 € tOk. If n > ¢’ then b, € nOk; if n = ¢’ then b, = 1. Now [30,
6.3.1] gives

(X, 1+7"T"} = Ag (@b T, Bb1T) + Ay (b, TV, Bb, TP). (2.13)

If n > ¢ then b » = 0. Thus, (2) follows from (2.12) and (2.13). Finally, suppose
n = ¢’ and therefore b, = 1. Since n = ep/(p — 1) € Z, we have p | n, whereby
Lemma 2.17 yields do = df = 0. Now Lemma 2.18(2) shows that A, («T?, BT?) =
A (C()T,C(B)T), giving (3). a

Remark 2.20 In the context of Lemma 2.19, suppose B8 A du = 0 as happens, for
example, if du = 0. One perhaps surprising consequence of Lemma 2.19 in this set-
ting is that for x € HY(K) with sw(x) =n > ¢’ and rsw,(x) = [&, B1r.n, We have
ea = 0, where e is the absolute ramification index of K. This can be seen by apply-
ing Lemma 2.17 twice: applying it to x yields dB = (—1)?na, and applying it to px
yields udB = (—1)4(n — e)iiae. For y € HY(K) with sw(x) = ¢/, we obtain the more
complicated formula d(C(8)) = (—1)?*'e(iia + C()), which reduces to e = 0 if
o and B are exact.

2.4 The residue map 9
Let n > 1. By Proposition 2.6, the image of

Aot HY(F) @ HI ™' (F) > Hi(K) = Br K [n]
coincides with fily H (K).
Definition 2.21 Define a homomorphism

9: filyHI (K) — HI (F)

to be the inverse of A, followed by projection onto the second factor, c.f. [30, §7.5].
Its inductive limit is a homomorphism filg HY (K') — H? —L(F), which we also denote

by 9. We will refer to 9 as the residue map.
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2.5 Comparison with the classical residue map on the Brauer group

For a Henselian discrete valuation field K of characteristic zero with perfect residue
field, there is a standard definition of a residue map on Br K, as in for example [38,
§XIL.3], [13, §1.1], or [12, §1.4.3], where it is called the Witt residue. In our setting,
this definition carries over unchanged to define a residue map

3" Br(Kn-/K) — H'(F,Q/Z).

We will now recall this definition and verify that it is compatible with ours. For the
rest of this section, assume char K = 0. First note that Br(K,,,/K) = fily H2(K), as
follows from Proposition 2.6(1) and [12, p. 35].

Let §: H'(F,Q/Z) — H%(F, Z) be the connecting map coming from the short
exact sequence 0 > Z — Q — Q/Z — 0 of Galois modules. It is an isomorphism.
Let 8’ be the composite map

H2(Ky /K. KS) > H2(K,, /K. Z) < H2(F, Z) < H\(F,Q/Z),

where v: KX, — Z is the valuation. Let A be the ring of integers in K, and let ¢’ be
the composite of the natural maps

BrF < BrA — Br(K,./K).

By the same argument as [38, §XII.3, Theorem 2] and the remark following it, the
sequence

0— BrF > Br(K,/K) <> H'(F,Q/Z) — 0 (2.14)

is exact.

To state the following proposition, we make use of the exact triangle (1.3) of com-
plexes of sheaves on the étale site of any field, for any n > 1. Recall also the “canon-
ical lifting” map L%: H% (F) — fily H%(K ), which is the first component of A, (see
Sect. 2.2.2).

Proposition 2.22 For any integer n > 1, the following diagram commutes:

2 .
H2(F) —2 filgH2(K) ——  H!(F)

l l l ) (2.15)

BrF —" Br(K, /K) —— H\(F,Q/Z)

Here the two left-hand vertical maps come from the triangle (1.3), and the right-hand
one from the natural inclusion Z/n — Q/Z.

We first prove a lemma on cup products.
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Lemma 2.23 Let L be a field, and let n be a positive integer. Let u: L™ —
HY(L, (Z/n)(1)) and t: B*(L, (Z/n)(1)) — Br L be the maps coming from the tri-
angle (1.3). Let §: HY(L, Z/n) — HZ(L, Z) be the connecting map coming from
the short exact sequence 0 — 7Z — 7 — Z/n — 0 of Galois modules. For x €
HY(L,Z/n) and a € L, we have §x Ua =t (x Uu(a)).

Note that this definition of § agrees with the previous one when H'(L,Z/n) is
considered as a subgroup of H' (L, Q/Z).

Proof 1t suffices to prove the lemma separately for n invertible in L, and for n = p”
where p > 0 is the characteristic of L and r > 1. For n invertible in L, we have
(Z/n)(1) = p,,, the triangle (1.3) is the Kummer sequence, and the lemma is proved
in [18, proof of Proposition 4.7.1].

For n = p”, let L® be a separable closure of L. The triangle (1.3) is the short exact
sequence

dlog

0— (L) 5 (L) =5 W,yQs 1 — 0

of Galois modules, u is the map dlog: L* — WrQIL,log’

HY(L, W, Q! S,log) — H2(L, (L*)™). Note that the above sequence is isomorphic to
that obtained by taking the short exact sequence 0 - Z — Z — Z/p" — 0 and

forming the tensor product with (L%)*. The result then follows from [18, Proposi-
tion 3.4.8]. O

and ¢ is the boundary map

Proof of Proposition 2.22 We first express ¢’ in terms of Galois cohomology. The
strict Henselisation A is the ring of integers in K, and has residue field F*,
a separable closure of F. The Hochschild—Serre spectral sequence, together with
Pic(A%h) = Br(A®") = 0 [35, Corollary IV.1.7], gives an isomorphism

H?(K,, /K, (A™)*) = BrA,
compatible with the usual isomorphisms
H*(F,(F*)*)=BrF and H*(K, /K,K)X)Z=Br(K, /K).
So ¢/ is identified with the composite

H2(F, (F*)*) < H*(Ku /K, (A")) — H*(K,r /K, K

nr/:

Both rows of the diagram (2.15) are split exact sequences: the map y +—> {L,11 (x),m}
is (by definition) a section of 9; and the map x +> 8 x U is a section of 8’. (Here we
identify the absolute Galois group of F with Gal(K,,/K).) It is therefore enough to
show that the following diagram commutes:

1
H2(F) —  fipxk) ZU%T g

! ! l

H2(F, (F$)") —— HX(K,/K.K5) L2 HU(F,Q/z)
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That the right-hand square commutes follows from Lemma 2.23 applied to K. (Note
that L,ll is simply the identification of Galois groups just mentioned)

For the left-hand square, L% is defined separately in Sect. 2.2.2 for n invertible in
F, and for n = p". If n is invertible in F, then the commutativity follows imme-
diately from the definition and the Kummer sequence on A. For n = p”, it suffices
to prove it for elements {x,a} where x € H'(F,Z/n) and a € F*. By definition,
we have {x,a} = x Uu(a), so Lemma 2.23 shows that the image of this element in
H2(F, (F*)*) is equal to 8y U a; applying ' gives 8 U a, where a € A* is a lift of
a and we have as before identified Gal(F*/F) with Gal(K,,/K). On the other hand,
first applying Lﬁ gives {L,lZ (x),a} = x Uu(a) and Lemma 2.23 again shows that the
image in H?(K, /K, K,%.)is 8x Ua, as desired. O

3 The tame part

We return to the situation of the introduction. Let k be a finite extension of @, with
ring of integers Ok, uniformiser 7 and residue field F. Let X/k be a smooth, geo-
metrically irreducible variety over k, and let X’ be a smooth Oy-model of X having
geometrically irreducible special fibre Y. Denote by K the function field of X and by
F the function field of ¥. Let K" be the field of fractions of a Henselisation of the
discrete valuation ring Oy y.

The natural map BrX — Br K" allows us to pull back Kato’s definition of the
Swan conductor, and the associated filtration, to Br X. In this section we look at
the smallest piece filg Br X of Kato’s filtration on Br X. By Proposition 2.6 and [19,
Corollaire 1.3], this is the same as the subgroup of Br X consisting of those ele-
ments whose image in Br K is split by an unramified extension of K”. Equivalently,
such an element is split by a finite extension L/K, where L is the field of fractions
of a discrete valuation ring étale over Og = Oy y. To see this equivalence, note
that the maximal unramified extension K/ of K" is the field of fractions of a strict
Henselisation of Ok, and therefore is the colimit of all such extensions L/K. Re-
call the residue map 9 defined in Definition 2.21. We will denote the composition

filgBr X — filg H2(K") LN H!(F) also by 9. Recall that : Brk — H'(F, Q/Z) is
an isomorphism, by a standard calculation of local class field theory. The main result
of this section is the following.

Proposition 3.1 1. If A € filg Br X, then 3(A) e H' (Y, Q/Z) c H\(F,Q/Z).
2. Let P € X(Oy) reduce to a point Py € Y (IF). Then the following diagram com-
mutes:

filBrX —— H'(Y,Q/Z)

r| I

Brk ——— HI(F,Q/7)

=5

11

The following corollary is immediate.
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Corollary3.2 (i) For A € filyBr X, the evaluation map |A|: X (Ox) — Brk depends
only on 3(A).

(ii) For A € filyBr X and P € X (k) reducing to a smooth point Py € Y (), the eval-
uation A(P) depends only on Py.

Proposition 3.1 will be used in the proof of Theorem B, in combination with the
following lemma. We use % to denote the map H!(F, Z/p) — H!(F, Q/Z) induced
by identifying Z/ p with the p-torsion in Q/Z.

Lemma 3.3 Let 8;: F — H'(F, Z/p) be the Artin-Schreier map. Suppose that A €
Brk[ p] satisfies 3(A) = %51 (x), with x € F. Then inv(A) = %TrF/FP (x).

Proof Let g = p” be the cardinality of [F. By definition, inv(A) is obtained by
evaluating 3(A) € H'(F,Q/Z) = Hom(Gal(It_T/IF), Q/Z) at the g-power Frobenius
element Frob € Gal(IE_?/IF). On the other hand, the 1-cocycle §;(x) is defined as
follows: let y € F be such that y? — y = x; then, for o € Gal(F/F), we define
81(x)(0) =0 (y) —y € Z/p. Combining these definitions gives

1 1 v — 1
inv(4) = —(Frob(y) —y) = — (" =" )4+ (G =) =~ Treye, (). O
p p p

In Sect. 3.1 we prove Proposition 3.1 for A € Br X[p"]. The result for Brauer
group elements of order prime to p follows from comparison with the classical
residue map (see Proposition 2.22) and well-known properties of the latter: see for
example [7, Proposition 5.1], together with [12, Theorem 1.4.14 and Theorem 2.3.5]
for comparing the various different residue maps.

3.1 Evaluation of tame elements of p-power order
We first prove a lemma.

Lemma3.4 Leti: Y — X be the inclusion of the special fibre and let j: X — X be
the inclusion of the generic fibre. Let T: Spec F' — Y be the inclusion of the generic
point. Let g, r > 1. Then the map

"R ju(Z/p")(q — 1) = ©,T"i"RY ju(Z/p") (g — 1)
of sheaves on Y is injective.

Proof We use induction on r. For the case r = 1, it suffices to prove the statement
after adjoining a pth root of unity to the base field k, and then this is [3, Proposi-
tion 6.1(1)].

For any g, m, the sheaf t*i*RY j,.(Z/p")(m) on Fg is the sheaf corresponding to
the Gal(F*/F)-module Hq(Kfl’,, (Z/p")(m)). Consider the long exact sequence in
cohomology on K ﬁr coming from the short exact sequence

0—>Z/p ' >Z/p"—Z/p—0 (3.1)
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of Galois modules. We have a commutative diagram

K,—1(K) S K,—1(KI)

| |
He—1(Kh

s (L P (g = 1)) —— HIU(K] (Z/p)(g — 1))

in which the vertical maps are the Galois symbols, which are surjective by [3, §5];
this shows that the bottom map is surjective. It follows that the long exact sequence
of cohomology of (3.1) gives

0— HY (K", (Z/p" (g — 1) — HI(K], (Z/p") (g — 1)

— HY(K" , (Z/p)(g — 1)).

Consider this as a sequence of sheaves on Fg. Applying 7, gives the bottom row of
the following commutative diagram of sheaves on Y.

P"RYj(Z/p g = 1) —— i"RYju(Z/p" ) g — 1) — i"RYju(Z/p)(g — 1)

| | |

0+ wr™"RYju(Z/p ™ Ng—1) + wt*i*RYju(Z/p) g — 1) + wt*"RYju(Z/p)(g — 1)

By induction, the two outer vertical maps are injective, and therefore the middle one
is as well. 0

To prove Proposition 3.1(1), we will prove a result for general ¢, in the case that
X is affine.

Lemma 3.5 Suppose that X = Spec A is affine, and define R = A/myA. Let r > 1
and q > 2. Let x be an element of fily HZr (K™Y, whereby x = Az (a, B) for a unique

(@, pB) e Hj,, (F)® Hj,,“ (F). If x lies in the image of vg, (A), then («, B) lies in the
image of HY, (R) ® H ' (R).

Proof Let Ay : Hj,, (R) ® H;I;‘ (R) > vg, (A) be the map defined in Definition 2.8.
The sequences (2.4) give a commutative diagram as follows.

0 — HY.(R) @ HL ' (R) AN Vi (A) — H(R,i*RYju(Z/p") (g — 1))

K |» l (3.2)

0 — HL(F) @ HL ' (F) =% HY, (K") —=— HO(F,HY, (K},))

By assumption x = A, («, B) lies in the image of b. To show that («, 8) lies in the
image of a, it is enough to prove that c is injective; but this follows from Lemma 3.4.
O
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Proof of Proposition 3.1 We first prove part (1). Let A lie in filg Br X[p"]; then 9(A)
lies in H'(F, Z/p") and we must show that it actually lies in H' (Y, Z/p"). By [20,
Corollaire 1.10.3], this subgroup consists of all classes in H!(F, Z/p") such that
the corresponding torsor is unramified on Y; this condition may be checked on an
affine cover of Y. Let Spec A be any affine open subset of X’ that meets Y. Lift
A (using the Kummer sequence) to H2(X, (Z/p")(1)). Looking at (2.1) for the
morphisms Spec Oy y — Spec A — X shows that the map H2(X, (Z/p") (1)) —
H2(K",(Z/p") (1)) = Vlfr (Ox.y) factors through V;r (A), and so Lemma 3.5 shows
that 8(A) lies in H! (Spec(A/my A),Z/p"). The affine schemes Spec(A/my A) aris-
ing in this way cover Y, proving the statement.

Part (2) now follows easily from Lemma 2.13. O

We conclude this section with an alternative description of the kernel of a.

The natural map Br K — Br K" allows us to extend the definition of the classical
residue map 9’ to Br(Kfl‘r/K) = filp Br K. The following lemma is a generalisation
of aresult of [13, §1.1] to the case of imperfect residue field.

Lemma 3.6 The kernel of 3’ : filgBr K — H'(F, Q/Z) coincides with the image of
BrOy y— Brk.

Proof Leti: Spec F — SpecOy y and j: Spec K — Spec Oy y be the inclusions
of the special and generic points, respectively. As in [19, §2], where the case of perfect
residue field is treated, the short exact sequence

0—> Gn— jiGn—>izZ—0
of sheaves on Spec Oy y gives rise to an exact sequence

0— BrOyy — H*(Ox.y, jxGm) — H2(F, 7).

The Leray spectral sequence shows that H>(O x.v» jxGm) is the kernel of the natural
map BrK — BrK ,}l'r. Applying the same construction to the Henselisation A = O}/’l\,’ v
gives a commutative diagram with exact rows '

0 —— BrOyy —— Br(K! /K) —— H*(F,Z)

| | |

0 —— BrA —— Br(K! /K" —— H*(F,7Z)
If o« € filpBr K satisfies 9'(a) = 0, then the exact sequence (2.14) shows that the

image of « in BrK” lies in the image of ¢/, which is the image of Br A. From the
above diagram it then follows that « lies in the image of BrOy y. 0

Corollary 3.7 The kernel of 3: filyBr X — H'(Y, Q/Z) coincides with the image of
the natural map Br X — Br X.
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Proof The purity theorem [8, Theorem 1.2] shows BrX = Br X NBr Oy y, with the
intersection taking place inside Br K. (This particular case of the purity theorem was
proved by Gabber [16, Theorem 2.2].) By Lemma 3.6, this consists of those elements
of filg Br X lying in the kernel of ', and by Proposition 2.22 this coincides with the
kernel of 9. U

4 Comparisons of some (refined) Swan conductors

In this section we begin working towards the proof of Theorem B. Our main tool
will be to blow up the model in a smooth point; this results in a new component
of the special fibre, corresponding to a new discrete valuation and so to a new Swan
conductor and refined Swan conductor. This and the following sections are devoted to
studying the effect of blowing up on the Swan conductor and refined Swan conductor;
this study will lead in Sect. 8 to an inductive proof of Theorem B. We begin by
recalling some more notions from Kato’s paper [30].

4.1 Unramified elements

Let X be a normal irreducible scheme with function field K. For x € X, let K, be the
field of fractions of the Henselisation O’)'(’ . of Ox » and let k (x) denote the residue
field at x. Following [30, §1.5], we say that an element x of H?(K) is unramified on
X if for any x € X, the image of x in H?(K ) belongs to the image of the canonical
lifting map (4 (O;‘(’x) :HY(k (x)) = HY(K,), which is the first component of A (see
Sect. 2.2.1). In the case ¢ = 1, x is unramified on X in this sense if and only if x
belongs to H' (X, Q/Z) c H'(K).

4.2 (Refined) Swan conductors in a geometric setting

As in Sect. 4.1, let X be a normal irreducible scheme with function field K and let
x €HI(K). Forpe X' ={x e X | dim Oy , = 1}, the field K} = Frac((’)é’(’p) is a
Henselian discrete valuation field. Let xj, denote the image of x in H?(K},). Follow-
ing [30, Part II], we denote by swy () the Swan conductor of x;,. Now let n > 1 and
suppose that y, lies in fil, H (K}) (i.e. swp(x) < n). We denote by rswy ,(x) the
refined Swan conductor rsw,, (xy). For an irreducible subset Z C X of codimension
one with generic point z, we let swz(x) = sw;(x) and rswz ,(x) = rsw; ,(x) for
n>1.

4.3 Comparisons

Blowing up a smooth model leads to a new model having two components in its
special fibre. Along each of these components, a given element of the Brauer group
of the generic fibre has a Swan conductor and a refined Swan conductor. In order to
understand how these relate to each other, we put ourselves in the following more
general setting and follow [30, Sect. 7].

For the rest of this section, let A be an excellent regular local ring with field of
fractions K and residue field £ of characteristic p > 0 such that [£ : £7] = p°. Let
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(i) 1<i<r be part of a regular system of parameters of A, let p; = m; A € Spec A
and let {p;} denote the closure of {p;} in Spec A. Let R; = A/p; and let «(p;) =
Frac(R;) denote the residue field at p;. For j € {1,...,r}, let D; denote the divi-
sor 3 ({pi} N {p;]) on {p;} = Spec R;. We use Qp (log D;) to denote the F),-
subalgebra of Q;{(pj) generated by Q‘Rj and elements of the form dlog f such that
f € Rj and Supp(R;/f) C Dj. Let ¢ > 0 and let x € HY(K) be unramified on
Spec A\ Ui_, {pi}. Letn; = swy, x for 1 <i <r.

We now state some results of Kato that will be used here and in the proof of
Theorem B in Sect. 8. The first is an integrality statement. As defined, the refined
Swan conductor at p; is given by

—nj

rsij(x):nj (a+pB Adlogm)) 4.1)
with o € QZ(pf) and B € QZ&IJ,). The following theorem states that «, B are in fact

integral outside D; and describes their possible poles along D;. (Note that the o, B
occurring in Theorem 4.1 coincide with those in (4.1) when r = 1, and in other cases
they are rescaled by [[; £ ni"i J)

Theorem 4.1 (Kato, [30, Theorem 7.11) Let j € {1, ..., r} and assume nj > 1. Write
15wy (X) = (l—[rri_"”) (a+ B Adlogr)
i=l1

. -1
with o € QZ(p_,) and B € QZ(p_,)- Then we have

-1
o€ Qy (logDj),  peQy (logD)).

The following proposition describes how the refined Swan conductors associated
to the different p; are related to each other. Retain the notation of Theorem 4.1. For
asubset s C{1,...,r}, let |s|] =card(s) and let s(1), ..., s(|s|) denote the elements
of s ordered so that s(1) < --- < s(|s]). Theorem 4.1 allows one to write

.
rswp (x) = (Hﬂf"’) . Za)s(j) Adlogmgy A -+ A dlog ms(js))
i=1 s

with w,(j) € Q%j__lsl, where s ranges over all subsets of {1, ..., r}.

Proposition 4.2 (Kato, [30, Proposition 7.3]) Let R = A/(p; + -+ + p,) and let
Ji.j2 €{1,...,r} be such that nj > 1 and nj, > 1. Then for each s C {1,...,r}
the images of ws(j1) and ws(j2) in Q‘I];‘SI coincide.

We now state a definition and a theorem concerning blowups.
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Definition 4.3 (Kato, [30, Definition 7.4]) Recall that £ is the residue field of A. We
say that x is strongly clean with respect to A if for any j such that n; > 1, the image

of wg(j) in szm under Q‘;{,M — Q;{flsl is not zero for some s.
J

Theorem 4.4 (Kato, [30, Theorem 8.1]) Ler f : X — Spec A be the blowup at the
closed point of Spec A, and let v € X be the generic point of the exceptional divisor.
Then

swo(f*X) < Y _ni

i=1

with equality if and only if x is strongly clean with respect to A.

In fact, Theorem 4.4 is only the first part of Kato’s statement, but it will suffice for
our purposes.

An important case that is missing from Theorem 4.1 and Proposition 4.2 is the
case nj = 0. In that case, there is no refined Swan conductor at p;. However, in its
place we have the isomorphism H7 (« (p;)) & H? 1 (x (pj)) — filp HY(Kyp;) given by
Anj (see Proposition 2.6(1)). If we write x = Aﬂj (X1, x2), then we can ask about
the Swan conductors and refined Swan conductors of i, x2 at the prime ideals of
R; corresponding to the p;. The following lemma, which we see as an analogue of
Theorem 4.1 in the case n; = 0, deals with the Swan conductors.

Lemma 4.5 Let j € (1,...,r} and assume n; =0, whereby there exist unique xi €
H(k(p;)) and x2 € Hq_l(/((pj)) such that X = Az, (X1, x2) in HY(Kp;). Denote
by p; the image of p; in Rj = A/p;. Then, for i # j, we have swp, (x1) < n; and
swi, (x2) < n;.

Proof As in Kato’s proof of Theorem 4.1, we reduce to the following situation:
dim(A) = 2; A is complete; H;“(Z) # 0 where p¢ = [£ : £P]; and the order of x
is a power of p. The reduction to dim(A) = 2 comes from replacing A by A, where
q corresponds to a height one prime ideal of R;. By [30, Lemma 7.7], there exists
a field extension ¢’/£ such that HZ*‘ (") # 0 (where c is defined by p¢ =[€': ¢'P])
and a p-basis of £ remains a p-basis of £/, implying in particular that ¢’/¢ is separa-
ble. Applying [27, Lemma 1] to A/m® for s > 1 and taking the inverse limit shows
the existence of a complete two-dimensional regular local ring A” which is flat over
A and has residue field A’ ® £ = ¢’. Now the stability of the Swan conductor un-
der well-behaved extensions of Henselian discrete valuation fields described in [30,
Lemma 6.2 and Proposition 6.3] shows we can replace A by A’. By Proposition 2.6(1)
we may replace x by its p-primary component and so assume that the order of y is a
power of p.

Our assumption that dim(A) = 2 implies r < 2. The statement for r = 1 is empty
so assume r =2, swp, (x) =0, swp,(x) =n > 0. The discrete valuation correspond-
ing to p2 on Ky, has residue field £ with [£ : £7] = p°, so by Proposition 2.6(2) the
result is automatically true for g > ¢ + 2; we therefore assume g < ¢ + 2. Kato [30,
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§7.5] defines a complex that in our situation becomes
43 gy ada c+2 Oaa et
HP(K) 5 @ H(k(q) — H (). (4.2)
qeSpec(A)!

Note that filgH 3 (Ky) = HP3(Ky); this follows from [30, Corollary 2.5] if
chark (q) = 0 and from Proposition 2.6(2) if chark(q) = p. Thus the residue map
of Definition 2.21 is defined on the whole of Ht3(K q)- Composing it with the nat-
ural map HF3(K) — H3 (K ) gives the map 9 in (4.2). The map 95 is defined
similarly.

Consider the element

t={x,1 —I—an’ngl,b], Y J, S N = HC+3(K),

for arbitrary a € A and by, ..., b2y € A[1/mm2]*. Since swy, (x) = n, Defini-
tion 2.1 shows that # becomes 0 in HC+3(KP2). Now let q € Spec(A)] \ {p1, p2}. Since
t is unramified on Spec A \ ({p1} U {p2}), we have dq(t) = 0 by [30, §7.5]. Therefore,
dq(t) = 0 for all height one prime ideals q # p;. Now Kato’s complex (4.2) gives
35, 9p, (1) = 0. Moreover, the p-primary part of 9, H "2 (ke (p1)) — HTL(0) is an
isomorphism by [28, Theorem 3 (3)] and so it follows that 9y, (t) = 0.

For p1, the definition of A, in Sect. 2.2.2 gives

= {)\‘7T1 (Xl’ XZ)! 1 +aﬂ;+1,b1, e 7b(,+2—({}
= {Lq(Xl)a 1 +an£l+17bls "'1bC+2—L]}

{07 2, s L ami by, begog)
in HH3 (K p;)- If the b; are all units in A then the properties of (7 (see Sect. 2.2.1)
give
t =T (a1 +any ™ by, ... beta—g))
(D o, L+ ami by, bego—g)), )

= (U1, L+ amh ™ by, o bego—g),

(=D o 1+ amt by, berayg)),

where the bars denote images in A/p1. Now, recalling that the residue map 9y, is
given by the inverse of A, followed by projection on the second factor, we obtain

0=0p, (1) = (=D "y, 1+ amy ™ by, ... betayg)

in H*"2(« (p1)). In other words, x> annihilates U"*! K43_, (i (p1)), where the unit
filtration is defined using the discrete valuation corresponding to 2. By [30, Propo-
sition 6.5], this means that SWp, (x2) <n.

A similar argument with b; = m; gives swi, (x1) < n. Il
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Our next result is an analogue of Proposition 4.2 in the case n; = 0. For simplicity
we state it only in the case r = 2. Suppose swy, (x) =0 and swp, (x) =n > 1. Write
X =*m (1, x2) in HY(Ky,), with x1 € HY(k(p1)) and x2 € HY™! (i (p1)). Apply-
ing Theorem 4.1 with j =2, we can write

rsWp, 1 (x) = [n+ @ Adlogmy, n' + &' Adlog ﬁl]nm
where 7 € Q‘IIQZ; w,n € Q%;l; o € Q‘gz and 7| denotes the image of | in Ry =
A/pa.

Lemma4.6 We have
15Wpy,n (X1) = [, =1 Vy.n,
15Wp,,n (X2) = [=@, @'z,.n,
where the bars denote reductions modulo p.

Proof As in the proof of Lemma 4.5, we reduce to the case where dim(A) =2; A
is complete; H;“ (€) # 0 where c is defined by p¢ = [£ : £7]; and the order of y is
a power of p. Our assumption that swy,(x) =n > 1 implies that ¢ < ¢ + 2. This
follows from Proposition 2.6(2) because Ky, has residue field « (p2) with [k (p2) :
Kk (p2)P] = p<t! (see [30, Lemma 7.2], for example).

Consider the element

t={x,14+an, by, ..., beya—q} € H(K)
for arbitrary a € A and by, ..., bc42—4 € A[l/mmp]*. Since ¢ is unramified on

Spec A \ ({p1} U {p2}), we have 34(t) = 0 for all q € Spec(A)! \ {p1,p2} by [30,
§7.5]. Therefore, Kato’s complex (4.2) gives

85 B, (1) + 8}, B, (1) = 0. 4.3)

Beware that in what follows, for x € A, the notation x will sometimes denote the
reduction of x modulo p; and sometimes it will denote the reduction of x modulo
p2. In each new context, we will state which reduction is meant by the notation. The
notation x will always mean the image of x in £, in other words its reduction modulo

p1+p2.
In HEP3(K p2), by definition of the refined Swan conductor (Definition 2.14) we
have

{(x. 1 +amy} =An, (@ + o Adlogmy), a(n' + o Adlogmy)),

where the bars denote reduction modulo p,. Therefore, by definitions of ¢ and of A
(Sect. 2.2.2 and (2.8)),

t ={ip,(a(n+ o Adlogmy),a(n’ + o' Adlogm))), b, ..., beyr—q}
= (1 G1@0 + o Adlog 7)), b, . beta—g)
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+{(@1@n' + o' Adlogm))), 72, b, ..., bepo—q}

in HH3(K p2)» Where again the bars denote reduction modulo p;.
Suppose first that by, ..., bcy2—4 € A*. Then Lemma 2.11 gives

O, (1) = (=D T181@(n' + &' Adlog 1)), bi, ..., berar—g)

= (=D 81(@n’). b1, ....beya—q}
+ (=) 981 (aw’ Adlogmy), bi, ..., beyr—q)

= (=DU81@n"), b1, ..., beso—g} + (=D U81 (a0 ), 71, b1, . .., bera—g)

= (_1)C7q{51(én/)1 Els ey EC+2—q} + {81 (C_la)/), Elv sy bC+2—q7 7-_[1}

in H 2 (k (p2)), where the bars denote reduction modulo p,. Therefore,

3,0, (1) = {81(@). by ..., beya—g)
=681(Ge Adloghy A+ Adloghesag) (4.4)

in Het1(¢), where X denotes the image of x in £ and o’ denotes the image of o’ in
q—2
Q, . . '
On the other hand, under the assumption that by, ..., bc42—4 € A%, a calculation
similar to the one in the proof of Lemma 4.5 yields

B, () = (=) 2, 1 + @y, by, ..., beyo—g)

in Het2(k (p1)), where this time the bars denote reduction modulo p;. Now write
rswi, n(x2) = [@, Blz,,n for some & € QZFI ,B e 9272, where agaip the bars denote
reduction mogulo_ p1. By definition of the refined Swan conductor, this means {x2, 1+
any} = Az, (aa,ap), where x denotes the reduction of x modulo p; and x denotes
the image of x in £. Thus, with the same convention for the bar notation,

O, (1) = (=D Uz, (@w. @), bi. ... beya—q)
= (=) @), by, ... bego—g)
+ (DI 81@B)). A2 b bera—g)
= (=D (1 @), i, ... beya—g)
— {071 (61@@B)). b1, ... beya—q. T2}

in Ht2 (« (p1)). We obtain
By, Opy (1) = —{81@PB), b1, ..., beyr—g}
= 5@ Adloghy A+ Adlogherag) (4.5)

in Ht1(¢). Now combine (4.3), (4.4), (4.5) and Lemma 4.7 below to obtain g = o',
The other equalities are obtained by taking some of the b; equal to 1, 3. (|
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Lemma 4.7 Let ¢ be a field of characteristic p > O with [£ : £P] = p© and H;‘H(Z) #*
0.Leta e QZ be such that, for alla € £ and all by, ..., b.—4 € £x,

d1(aa Adlogby A--- Adlogb._y) =0

in HSH(€). Then a = 0.

Proof By [41], Lemma 07P2, Q}Z is a £-vector space of dimension c. By linear alge-
bra, Q has dimension 1, and the wedge product QZ X Q;_q — Q is a perfect £-

linear pairing. The elements adloghy A --- Adlogb. 4 fora € £ and by, ..., b. 4 €
£* generate Q; ?; so, if & # 0, then the hypothesis implies that §;(¢) = 0. But
81: Q) — H;H(E) is surjective, so this contradicts H;“ £) #0. O

5 Blowing up

In this section, we show how information about the refined Swan conductor [«, Bz,
is retained under blowups. Namely, in Lemma 5.1, we show that after a blowup at
a point Py on the special fibre, one can read off ap, and Bp, from the residues at
logarithmic poles of some relevant differentials.

First, we introduce some notation.

5.1 Residues

Letg > 1,let X — S be a morphism of schemes and let D C X be an effective Cartier
divisor. Suppose that X étale locally along D looks like D x A!, in the sense that the
de Rham complex of log poles is defined for D C X over S (see [41], Definition
OFMYV); this is for example true if D is a smooth prime divisor in a smooth variety X
over a field. Recall (from [41], Section 0FMU, for example) the exact sequence

0— QY s> Q% slogD) 5> Q5 >0 (5.1)

of sheaves on X, where p is the residue map: on a sufficiently small open set U, we
have D N U = (f) for some rational function f and any section w of Q7(log D) on
U can be written as w = n + g dlog f with n € Q4(U) and g € Q41 (U); then p(w)
is defined to be g|p, which is independent of the choices made.

5.2 Residues after a blowup

For the remainder of this section, let Y be a smooth variety of dimension m over a
field L, Py € Y (L) a point, R = Oy, p, the local ring at Py with maximal ideal m.
Let f: Y —> Spec R be the blowup at Py; by definition, we have Y= Proj S, where
S is the graded ring R @ P;-; m’, with the grading putting the factor m’ in degree
i.letZ=f ~1(Py) be the exceptional fibre, isomorphic to ]P"f_l. There is a natural
homomorphism m — S sending x € m to the element x() € §, which is x considered
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as an element of the degree-1 factor of S. This induces a natural homomorphism
m/m? — HY(Z, O(1)), which we also denote by x > x(1.

We begin by identifying some natural isomorphisms.

The map d: m/m? — Q%,/Lhu0 = Q}Q/L ®g L is an isomorphism; let

v Qylp — HY(Z, 0z(1) (5.2)

be the inverse of this isomorphism composed with the map x — x! defined above
(so ¥ (dx) =x1),
By [22, Theorem II.8.13], there is a short exact sequence of sheaves

0— Qy,(2) > Oz()" — 0z(2) > 0
on Z, giving a short exact sequence
0— H%(Z.Q},.(2)) > H(Z, 02(1))" - H*(Z, 02(2)).

Observe that HY(Z, @z(1))" can be identified with HO(Z, Oz (1))®2: one con-
crete way to see this is by choosing an L-basis (comprising m basis vectors) for
HY(Z, O7(1)). Having made this identification, the map to HY(Z,0,2)) is given
by x ® y — xy, and so its kernel is naturally (up to a choice of sign) identified with
/\2 HO(Z, ©z(1)) under the embedding x A y — (x ® y) — (y ® x). Combining this
with the isomorphism ¥ gives an isomorphism

¢: Qylp — H(Z,Qy,0(2). (53)

The proof of [22, Theorem I1.8.13] leads to the following explicit description of ¢: if
X1, ..., X, form a basis for m/mz, then

1 n,.a
p(dx; Ndxj) = (xj. ))zd(xl.( )/x; )).
We are now ready to state the main result of this section.

Lemma5.1 Fixx e m\ m? and let m7 = f*x.

1. The element 7tz is a local parameter in Oy .

2. Take B € Q}e/L and denote by Bp, the image of B in Q;/L|p0. Then (f*B)/my lies
in Qé)iz(log Z) and has residue 1//(,3p0)/x(1).

3. If furthermore Bp, # 0, then (f*B)/m}, does not lie in Qbyz(log Z) forr > 1.

4. Take a € Q%/L and denote by ap, the image of o in Q%,/L|p0. Then (f*oc)/n% lies
in Qé?,z (log Z) and has residue (p(apo)/(x(l))z.

5. If furthermore ap, # 0, then (f*a)/m}, does not lie in SZ%QN (log Z) forr > 2.

Y.z

Proof Since the statements concern Oy ,, we may work on the affine piece U of Y
obtained by inverting x(1. Denote by f the restriction of f to U. We use standard
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facts about blowups: see, for example, [41], Section 052P. Extend x to a basis x =
X1, X2, ..., X%y for m/mz; then we have U = Spec R’, where

R =Rluy, ..., upnl/(Xuz — X2, ..., Xty — Xp)

and u; = xl.(l) /x(. The ideal mR’ is principal, generated by the image of x, prov-
ing (1). In what follows we will often abuse notation and identify R with its image in
R'.

We can write 8 = aydx| + - - - + apdx, withay, ..., a, € R. Then

fo(B) = aidx; + ax(uadxy + x1duz) + - - - + ap (wpdxy + x1duy).
and so (writing 7z = x = x| in R)
foB)/nz = (ardus + - - + amduy) + (a1 + axuz + -+ + apuy)dnz /7 7.

By definition, this lies in Qé% (log Z). Since each a; lies in R, the restriction of a;
Y.z

to Z is the constant function a;- (Pp). The residue of fi; (B)/mz is therefore

a1(Po) + ax(Po)ualz + -+ ap (Po)um|z = (a1 (P)x\" + - - ap (Po)x D) /x D
=¥ (Bp)/x"

proving (2). Statement (3) follows easily: if (f*B)/n’, were to lie in Q}Oi Z(log Z)
with r > 1, then (f*8)/mz would lie in QL but this is not the case, since by (2)
Y.Z
its residue is non-zero.
To prove (4), write v =)
rately.
For terms with j = 1, we have

i>jaijdx; Adx; with a;j € R. We treat the terms sepa-
foaindx; Adxy) = ajid(xiu;) Adxy = ajix1du; A dxy
and so
7572 fitandx; Adxy) = apdu; Admz [z,
which has residue
ait(Po)d(x" /x{V) = p(ai (Po)dxi A dxp)/ (x{")2.
as required. For terms with i, j ## 1, we have
fi(aijdx; Ndxj) = aijd(xiu;) Ad(xiuj)
= a;j(xidu; Aduj+ xjuidxy Aduj+ xyujdu; Adx)
and so

nngﬁ(aijdxi /\dx]-) =aijdui /\duj +aij(ujdui — uiduj) /\dsz/Trz,
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with residue
aij(Poyu3d(x{" /x\") = g(ai; (Po)dxi A dxj) /(x{P)2.

This proves (4), and (5) follows as in the first case. O

6 Some calculations for P"

This section collects some calculations for projective space. In Sect. 6.1 we study
some spaces of differentials on projective space with poles of bounded (logarith-
mic) order along a hyperplane, and show to what extent they are determined by their
residues. This will be used in Sect. 8 in the proof of Theorem B in conjunction with
aresult of Kato (Proposition 4.2) to transfer information about the refined Swan con-
ductor along a chain of blowups. The relevant projective spaces will be the excep-
tional divisors of these blowups. In Sect. 6.2 we describe the graded pieces of Kato’s
filtration by Swan conductor on H'(E \ Z, Q/Z), where E is projective space over
a field of characteristic p and Z is a hyperplane. This will be used in Sect. 8 in the
proof of Theorem B once our successive blowups have reduced the Swan conductor
to zero, and Proposition 3.1 has reduced our task to computing the residue map 9 via
Lemma 3.3.

6.1 Differentials with logarithmic poles along a hyperplane in P"

Let L be a field and let P = IP"L' have coordinates Xy, ..., X,. Let H C P" be the
hyperplane defined by Xo = 0.

Lemma 6.1 1. The homomorphism
H(P", Q' (log H)(H)) & HO(H, 0(1)), (6.1)
obtained by forming the tensor product with O(H) in (5.1) and using O(H)|g =
On (1), is an isomorphism. HO(P", Q' (log H)(H)) has a basis {d(X;/Xo) : 1 <
i <n} satisfying p(d(X;/Xo0)) = —Xi|n.
2. HO(P", Q' (2H)) has a basis consisting of the n(n + 1)/2 elements
((X7/X0d(X/Xi) =—(X7/X0)d(X;/X;):0<i < j <n}.

The n of these with i =0 make up the aforementioned basis of the subspace
HO(P", Q' (log H)(H)). The natural morphism of sheaves Q]%,,, — L*Q}{ (where
L is the inclusion of H in P") gives rise to a short exact sequence

w—oly

0— HO(P", Q' (log H)(H)) - H'(P", Q' 2H)) —% H(H, Q'(2)) - 0

in which, for 0 < i < j < n, the basis element (X?/X(z))d(Xj/Xi) maps to
X?2d(X;/X;) e H'(H, Q' (2)).
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3. The homomorphism
HO(P", @2(log H)(2H)) & HO(H, ' (2)),

obtained by forming the tensor product with OQRH) in (5.1) and using
OQH) |y = Oy (2), is an isomorphism. HO(P", Q*(log H)(2H)) has a basis con-
sisting of the n(n — 1) /2 elements

{dXi/Xo)Nd(Xj/Xo): 1 <i<j<n}
satisfying p(d(X;/Xo) Ad(X;/Xo)) = Xl.zd(Xj/Xi).
Proof We will repeatedly use the short exact sequence
0— Qb = Opr (1) = Opr — 0 6.2)

of [22, Theorem I1.8.13] which, together with the standard calculation of the coho-
mology groups H! (P, O(r)), lets us calculate the cohomology of Q' (r) (or, equiva-
lently, Q! (r H)). For r > 0, taking the tensor product with O(r) and taking cohomol-
ogy gives the exact sequence

0— H(P", Q' (r)) - H'®", O¢r — 1)) S HOP", O(r)) —
—H!P®", Q'(r) >0, (6.3)

where we have used H' (P", O(r — 1)) = 0. Identifying H(P", O(r — 1)) with the
space of homogeneous polynomials of degree r — 1, the map « is given by

alfo,.... fu) = foXo+--+ fuXu.

To prove (1), take r = 1; then « is an isomorphism, showing that HO(P", Q' (1))
and H' (P", Q' (1)) are both zero. It then follows easily that

p: H' (P, Q'(log H)(H)) — H(H, O(1))
is an isomorphism. We have
d(Xi/Xo) = (Xi/Xo)dlog(X;/ Xo) = —(X;/ Xo) dlog(Xo/ X;)

showing p(d(X;/Xo)) = —Xi|u . The elements — X; |y form a basis of H'(H, O(1)),
showing that the d(X;/Xo) form a basis for HOP", Q! (log H)(H)).

To prove (2), take » = 2; then a basis for the kernel of « is given by the n(n +
1)/2 elements having X; in the jth position and —X; in the ith position, for i < j.
Therefore H(P", Q! (2H)) has dimension n(n + 1)/2.

We can now prove by induction on n that the claimed elements do indeed form
a basis. For n = 1 the dimension is 1 and it is clear. Assuming the statement to
be true for P"~!, the elements Xl.zd(Xj/Xi) with 0 < i < j < n form a basis for
HO(H, 2'(2)). Now, of the claimed basis elements (X?/X3)d(X;/X;), those with
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i =0 form a basis for HO(P"?, Q! (log H)(H)) by (1) and restrict to zero on H. Those
with i > 0 map bijectively onto our basis for H(H, Q! (2)), showing that all together
they form a basis for HO(P", Q' 2H)).
To prove (3), we first verify p (d(X;/ Xo) Ad(Xj/X0)) = X?d(Xj/X,-) by writing
d(Xi/Xo) Ad(X;/Xo) = (X; X/ X§)dlog(X;/ Xo) A dlog(X ;/ Xo)
= (X; X/ Xg) dlog(X j/ Xo) A dlog(Xo/ X:)
= (Xi X/ Xp)(dlog(X;/ X;) — dlog(Xo/ X))
Adlog(Xo/X;)
= (X7/X)d(X;/X;) A dlog(Xo/ X;)

which, since X/ X; is a local parameter at H, gives the claimed result.
Given the exact sequence

0— H(P", Q2(2H)) — H'(P", Q*(log H)2H)) & H(H, Q' (2)),

and that the elements Xl.zd(Xj/Xj) form a basis for HO(H, Q1(2)) by (2), it is now
enough to show HO(P", Q2(2H)) = 0. To see this, consider the short exact sequence

0— Q3 — A2(Opi (=)' - QL — 0

arising from (6.2); for details see [41], Lemma OFUK, and its proof. As remarked
there, the middle term is isomorphic to the direct sum of n(n + 1) /2 copies of O(—2).
Twisting and taking global sections gives a short exact sequence

0— H(P", Q%(2)) — HO(P", 0" D2 5 HO P, Q'(2)) — H' (P, Q2(2))

in which the last term vanishes by loc. cit.. Comparing dimensions shows that
HOY(P", Q%(2)) =0, completing the proof. O

6.2 (Refined) Swan conductors for H'(E \ Z, Q/Z)

Let IF be a field of characteristic p > 0, let E =P and let Z C E be a hyperplane.
Let k(E)z be the field of fractions of the Henselisation of Of z. Let % denote the
canonical map H}, (k(E)z) = H'(k (E)z, Q/Z) induced by identifying Z/ p with the
p-torsion in Q/Z.

Lemma 6.2 Let E = ]P’ﬁ;” with homogeneous coordinates X, ..., X, and let Z be
the hyperplane Xo = 0. Write m = Xo/ X 1. Let k (E) z be the field of fractions of the
Henselisation of Og.z and consider the filtration on H'(E \ Z,Q/Z) obtained by
pulling back {fil, H' (k (E)2)}.

1. filyHY(E \ Z, Q/Z) consists of the constant classes H (F, Q/7Z).
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2. For p1n, there is an isomorphism
HY(Z,0(m) — gr, H'(E\ Z,Q/Z)

given by F +— %81 (F/Xg), where F € HY(E, O(n)) is any lift of F and
S1: k(E)z — H;)(K(E)Z) is the Artin—Schreier map. The refined Swan conductor
is given by

1 ~
SW), (;51(F/X3)> =[—d(F/X}), nF/X’f]n,n-

Proof There is an exact sequence
0—H'(F,Q/Z) -~ HY(E\ Z,Q/Z) - H(E\ Z,Q/Z)

where E, Z are base changes of E, Z to a separable closure of F. By Proposi-
tion 2.6, the piece filyH'(E \ Z,Q/Z) is generated by the prime-to-p torsion in
H!(E \ Z,Q/Z) together with the elements unramified at Z, that is, the image of
HY(E,Q/Z). We have E =P and E \ Z = A Therefore H' (E \ Z, Q/Z) has
no prime-to-p torsion, showing that the prime-to-p torsion in H'(E \ Z, Q/Z) all
comes from H!(FF, Q/Z). Moreover, H' (E, Q/Z) is trivial, showing that the image
of H'(E, Q/Z) also coincides with H! (F, Q/Z). This proves (1).

Since the filtration on H'(E \ Z,Q/Z) is obtained by pulling back that on
H'(k(E) ), the resulting map

gr, H(E\ Z,Q/Z) — gr, H' (k(E)7z)

is injective. By [30, Lemma 3.6], for p 1 n there is a surjection
1 1 ~_—n
h:k(Z)— gr, H (k(E)z), x> =81 (xm™").
p

By [30, Lemma 3.7], the resulting element has refined Swan conductor

1. . _

rswy, | =81 (X ") | =[—dx,nx]z,.
p

In particular, this shows that / is an isomorphism for p { n. We claim that the image
of H(Z, O(n)) under the injective map F > F /X' corresponds under the isomor-
phism £ to gr, H'(E \ Z, Q/7Z).

Indeed, we have h(F/X}) = %61 (f /X{), which is unramified outside Z. On the
other hand, if x is an element of gr, HY(E \ Z,Q/Z) then we write x = %Sl(in’”)
and consider its refined Swan conductor. By Theorem 4.1 applied to the local rings
of all points in Z, we see that x is regular on Z apart from a pole of order at most n
along X1 = 0. (For points where 7 is a local equation for Z this follows immediately;
at other points of Z a simple change of variables is needed.) Thus x is of the form
F /X for some F € HO(Z, On)), as claimed. O
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7 Tangent vectors

We return to the setting and notation of Theorem B, wherein & is a p-adic field with
ring of integers O, uniformiser = and residue field F, and X/ is a smooth geomet-
rically irreducible variety with smooth model X' /Oy, and geometrically irreducible
special fibre Y. For r > 1 we write g, for the reduction map X (Oy) — X (O /7" Ok),
where 7 denotes a uniformiser of k. For P € X (O;) we use B(P,r) to denote
the set qr’l (gr(P)) of points Q € X'(O) such that Q has the same image as P in
X (O /7"). We write Py for the image of P in Y (IF).

In Lemma 7.1 we collect some well-known facts relating lifts of points to tangent
vectors. In Lemma 7.3 we show how to keep track of these tangent vectors when
blowing up our scheme X" at a point on the special fibre.

Lemma?7.1 Thereis a function B(P,r) — Tp,(Y), which we denote as Q [P—Q>]r,
depending on the choice of uniformiser & and with the following properties.

1. The function factors as q,1 followed by a bijection from q, 41 (B(P,r)) to Tpy(Y).
2. For a point Q € B(P,r) and a regular function f € Ox p,, we have

F(Q)= f(P)+7"dfp,(PO),) (mod 7' tY), (7.1)

1 . L . 1 ..
where df € QOY,PO  is the derivative of f restricted to Y, dfp, € Qy|p, is its

/
image in the stalk at Py, and Q; | py is naturally identified with the F-linear dual
of Tp,(Y).

3. Let k' / k be a finite extension, with F' /T the extension of residue fields, and let X’
and Y’ be the base changes of X to k' and Y to ¥, respectively. Let P' € X' (k")
be the base change of P. Fix a uniformiser ' in k' and write m = c(')¢ with
ce (’)kx, , S0 that ¢ is the ramification index of k' / k. Let ¢ denote the image of ¢ in
F*. Then the diagram

(P,
qr+1(B(P,r)) ——— Tpy(Y)

| be

—
[P/']sr

ger+1(B(P',er)) —— Tp,(Y")
commutes, where we identify Tp,(Y") with Tp,(Y) Qr F'.

Proof One explicit way to see this is as follows. Write d = dim X. Since X — O
is smooth at Py, there is a neighbourhood of Py that embeds into A’(lgk as the zero
set of n — d polynomials f1, ..., f,—4. Such an embedding induces an embedding
of the tangent space Tp(X) into Tp(A") = O}. Consider a point Q € A"(Oy) that
is congruent to P modulo 7”; we can write Q = P 4+ n"v, where v € Tp (A’é)k) isa
vector. Using the Taylor expansion, the condition that g,41(Q) lie in X can be written
as

(f1(D)s oo fu—a(Q)) = (f1(P), ..., fu—a(P)) + 7" J(P)V
=0 (mod x" 1), (7.2)
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where J is the (n — d) x n Jacobian matrix of partial derivatives of the f;. Let v € F”"
be the reduction of v modulo 77; the reduction of J(P) modulo 7 is J(Pp). The con-
dition (7.2) is equivalent to J(Pp)v = 0, which simply says that v lies in the tangent
space Tp,(Y); because Y is smooth at Py, this is an [F-vector space of dimension d. So
every point Q € B(P, r) givesrise to a vector v € Tp,(Y), and we define [P—Q>]r =V.
Conversely, every v € Tp,(Y) gives a solution to (7.2), which by Hensel’s Lemma
lifts to a point of B(P, r). This defines the bijection of (1).

For (2), take Q € B(P,r) and write as before Q = P + n"v, where v € O} has
reduction v lying in Tp,(Y). The function f extends to a regular function on a neigh-
bourhood of Py in A’ x and we denote the extension also by f. Taylor expansion
gives

f(Q)= f(P)+7"Vf(P)-v (modx"t1).

This depends only on v, and the restriction of V f(P) to Tp,(Y) is d fp,, proving (2).

Also, property (2) characterises the bijection and does not depend on the embedding

used to define it, showing that the bijection itself does not depend on the embedding.
The statement (3) follows easily from the definitions using

P4+ra'v=P+c" (@) v. O

Remark 7.2 The canonical bijection is between ¢,1(B(P, r)) and the vector space
Tp,(Y) ®F (m” /m’+1) instead of Tp,(Y), as can be seen by applying (3) with k = &’.
See, for example, [20, §III.5]. That gives a bijection independent of the choice of .
However, since we will use the formula (2), we opt for the explicit rather than the
canonical choice.

7.1 Tangent vectors and blowups

Let m denote the maximal ideal of Oy, p,. Let f: X — X be the blowup of X at
Pp and let E be the exceptional divisor, isomorphic to Py . Let Y denote the strict
transform of Y. The linear form () € HO(E, O(1)) cuts out a hyperplane in E which
is ENY. Its complement U is naturally isomorphic to Spec Sym(m/m?), the affine
space corresponding to the vector space m/m?. To make this explicit, choose a system

o8 ( )

of local parameters 7, x, ..., X, in Oy, p,; then 7, X give a system of

projective coordinates on E, so the u; = xi( ) /D for 1 <i < m restrict to a system of
affine coordinates on U. This means that, for every point O € U (F), there is a natural
isomorphism @ from m/m? to the cotangent space mo / m%). (In explicit coordinates,
0(dx;) =du;.)

Lemma7.3 Let Q € B(P,r), let P, Q be the strict transforms of P, Q, respectively,

and let Po, Qo € E(IF) be their respective reductions.

1. If r > 1, then Q € B(P,r — 1) and the dual map 0" : TpU — TpY sends
== — == —
[PQlr—1 to [PQ]. In explicit coordinates, du;([PQl,—1) = dx;([P Q],) for

1<i<m.
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~ —
2. Ifr =1thenu;(Qo) =dx;i([PQl) for 1 <i <m.

Proof Work on the affine piece of X corresponding to 71; then f is defined by
xi =mu; for 1 <i <m and (7.1) yields

~ ~ —>
7ui(Q) =nu;(P) +n"dx;([PQl,) (mod x"t1). (7.3)
Hence, ui(@) = u,-(13) (mod 77"~ for 1 <i < m, whereby Q € B(Ig, r — 1). For
r>1,(7.1) yields
~ ~ ==
ui(Q)=u;(P)+ 7" "'du;((PQl,—1) (mod x"). (7.4)
and comparing (7.3) and (7.4) proves (1).
To prove (2), observe that for r = 1, (7.3) gives
H ~ ~
dx;([POI1) =ui(Q) —u;(P) (mod m)
=u;(Q0) — ui(Po) = u;(Qo)

since ui(ﬁo) =0. O

8 Proof of Theorem B

We continue with the setting and notation of Theorem B. In this section, we will
prove the following strengthening of Theorem B.

Theorem 8.1 Let k be a finite extension of Q,. Let X be a smooth, geometrically
irreducible variety over k, and let X — Spec Ok be a smooth model of X. Suppose
that the special fibre Y of X is geometrically irreducible. Let n > 0, let A € fil, Br X,
and let 1swy, (A) = [«, Blr.n for some (o, B) € Q%, ® Q}, Let P € X(Oy), and let
Py € Y(IF) be the reduction of P. Then

1. «a and B are regular at Py.

Moreover, we have the following description of the evaluation map |A|: X(Ok) —
Brk.

2. For Q € B(P,n),
. . 1 —>
inv A(Q) =inv A(P) + > Trr/r, Bry ([P Qln).
In particular, if Bp, # 0 then | A| takes p distinct values on B(P, n).

3. If B=0and n > 2 then there exists y € Q§,|p0 such that, for Q € B(P, 1) and
ReB(Q,n—1),

. . 1 — —>
inv A(R) =inv A(Q) — > Trr/r, apy ([P Ql1, [QRIn-1)

1 —
+ ;TY]F/]FP(J/([QR]nfl))
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If, furthermore, p is odd and 2 <n < e’ 4+ 2 + te for some t € Z>o such that
[k(m pr+1) 2 k1 is coprime to p then the following holds. For any integer s with
1<s<n/2,QeB(P,s)and R € B(Q,r) withr =n — s, we have

. . s — —>
inv A(R) = inv. A(Q) — » Trrr, apy ([P Qls, [QR]) +84.0(R),

where ga o @ B(Q,r) — p~UtD7Z/7 is a continuous function satisfying

84.0(R) = L Trg/z, (y (QR1,-1)) for all R € B(Q.n — 1),

4. If B=0and ap, # 0 then there exists Q € B(P, 1) such that | A| takes p distinct
values on B(Q,n — 1).

5. Suppose A has order p'*' in BrX for some t € Zsq. Suppose either that n >
e+ (t — e, orthatn =e' + (t — 1)e and C(a) = C(B) =0, where C denotes
the Cartier operator.

() If Bp, #0 then |A|: B(P,n —te) — Brk[p'*11= p=U+DZ/7 is surjective.

(ii) If B =0 and ap, # O then, under the additional assumptions that n > ¢’ + 2
and n > te + 3, there exists Q € B(P, 1) such that |A| : B(Q,n —te — 1) —
Brk[p't11= p= D77 is surjective.

Remark 8.2 1. As remarked in the introduction, case (4) is only possible if p | n. In
fact, Lemma 2.17 shows that if p{n and 8 = 0 then « = 0.

2. Lemma 8.10 provides a complement to (3) in the case where 8 =0 and p =n = 2.

3. The function g 4, ¢ (R) in (3) satisfies g 4, o (R) =invD(R) — inv D(Q) for some
D efil,—1 Br(Ox,p, [p~'): see the proof below.

4. The condition in (3) that the Swan conductor of A be smaller than ¢’ + 2 + te
for some ¢ € Zx¢ with [k(p pm) : k] coprime to p is automatically satisfied (with
t = 0) if p? does not divide the order of A in Br X, see [30, Proposition 4.1(1)]
and Proposition 2.6(1).

5. The condition in (5)(ii) that n > re 4+ 3 is only needed if p = e = 2. In all
other cases where t > 1, it follows from n > ¢’ + (t — 1)e combined with p | n
(Lemma 2.17) and p | e (Remark 2.20). The result for ¢ = 0 is (4).

We begin the proof by noting that Theorem 8.1(1) follows from Theorem 4.1 ap-
plied to the local ring Oy p,. (Note that A lying in Br X C H?(K) is equivalent to
A being unramified on X in the sense of § 4.1 by [30, Corollary 2.5] and purity, see
[12, Theorem 3.7.3], for example.)

Now let f: X—>x be the blowup of X" at Py and let E be the exceptional divisor,
isomorphic to Pp. Let Y, P, Q R denote the strict transforms of Y, P, 0, R and
let Z=ENY. Let P(), Qo, Ro € E(FF) be the reductions of P Q R respectively.
Let K denote the function field of X. Let m be the maximal ideal of Oy p,. Extend
7 to a basis , xq,...,x, for m/mz. Then the restrictions of n(l),xfl) x,(,,l) IS
HO (/'F\,’V , O(1)) give a system of homogeneous coordinates on E =Py, in wh1ch ZCE

is cut out by 7() = 0. On X we have nx}l)

=x7V, giving 7 = nymg where
1
7T7=7T(1)/XE), g = f*(x1)
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are local parameters at the divisors Y and E respectively.

Our first two results in this section relate the Swan conductor and refined Swan
conductor at E of f*A to those of A. We recall the definitions of swg(f*.A) and
rswg , (f*A) from Sect. 4.2. We make use of the homomorphisms

¥ Q) plp — H(Z,0(1)),

¢ Q3 plp = HY(Z, Qy p(2)),

p:HY(E, Q' (log 2)(2)) - H*(Z, 0(1))
defined in (5.2), (5.3) and (6.1), respectively.

Lemma 8.3 Let A € BrX with sw(A) =n > 1 and rsw,(A) = [«, Blr.n. Then
swe(f*A) <n —1 and 1swg n—1(f*A) = lag, BElx.n—1 Where Bg is the unique
element of HY(E, Q' (log Z)(2)) satisfying p(Be) = —V (Bp,). Explicitly, if Bp, =
Zi a;dx; for some a; € F then Bg = Zi a;du; where u; = xi(l)/nm. In particular, if
Bp, #0 then sweg(f*A)=n—1.

Proof The blowup f induces an isomorphism Oxy — Ogy, whereby
swy(f*A) =swy Aand

rswy, (f*A) =" (f o+ f*B Adlogr).

Since F is perfect, QL = Qﬂ% = 0. In particular, this implies that the images of «
and B in Q%F and Qﬁ?, respectively, are zero. Thus, A is not strongly clean with respect
to Oy, p, (see Definition 4.3). Consequently, Theorem 4.4 shows swg(f*A) < n.
Write swg (f*A) =n — r for some r > 1.

Writing m = wymg gives

rswy, (f*A) = (el )y (f*a + f B Adlogrg + f*B A dlogn;). 8.1)

Let Ry = O)?‘Z/ny = Oy’z and Rp = O3 ,/mg = O 7. Now Theorem 4.1 gives

g f*Be Q}ey(log 7).
Suppose Bp, # 0. Applying Lemma 5.1(3) shows that » = 1, that is, swg (f*A) =
n — 1. On the other hand, using 7 as a uniformiser on E, we have

rsWE 1 (5 A) = (0"~ (e + B A dlog )
with (ag, Bg) € Qi(E) @ Q,]((E). Writing m = wymg gives
rswg a—1(f"A) = (nlﬂ,ng_l)_lny (otE + Be Adlogny + BE A dlognE). (8.2)

Applying Theorem 4.1 to all local rings of E gives Bg € Q}g(log Z)(Z).
We now apply Proposition 4.2, which states that the terms in dlogmy A dlog g
in (8.1) and (8.2) coincide, after restricting to «(Z). In other words, the residue
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of —JTEIf*,B along Z C Y and the residue of nyBE along Z C E are equal. By
Lemma 5.1(2) and Lemma 6.1(1), this is equivalent to p(Bg) = =¥ (Bp,).

If, on the other hand, we have 8p, = 0, then either » = 1 and the above calculation
gives Bg =0; or r > 1 and ag, Bg both vanish; in either case, the claimed equation
for B¢ holds. U

Taking s = 0 in Lemma 8.4 below shows that when 8 = 0 the Swan conductor
drops further and the refined Swan conductor at E of f*A is related to ap,.

Lemma 8.4 Suppose n > 0 and p | n. Let s > 0 and suppose sw(A) = n —
2s and 18wy_25(A) = [ots, Bslrn—as with ay = Zi>j aijdx; A dx; and By =
SZ,'>/' aijszd(x,-/x]') for some a;j € Oy, p,. Then swg(f*A) <n —2(s + 1) and
ISWE n—2s+1) (f*A) = g, BElx n—2(s+1) With

O = Za,-j(Po)dui Aduj

i>j

Be=(s+1) Za,-j(Po)uﬁd(u,-/uj) mod HY(E, @' (log 2)(2)).

i>j
In particular, if ag p, # 0 then swg(f*A) =n —2(s + 1).

Remark 8.5 By Lemma 6.1(2), the statement concerning B is equivalent to Sg|z =
(s + Do(ap,), where ¢ is defined as in (5.3).

Proof By Lemma 8.3 and its proof, we have swg(f*A) <n — 2s — 1 and
rsWE n—25—1(f*A) = [, 0l n—2s—1 for some o’ € Q% since all the x; vanish
at Py and hence B p, = 0. Suppose for contradiction that swg f*A=n —2s — 1.
Then (8.1) gives

rswl?,anS(f*‘A)

= 2 Y T (ffa + £ By Adlogs + £5By Adiogy ). (8.3)

Since Bs, p, =0, Lemma 5.1 shows that nglf*,Bs e Q! (Y) and JTElf*OlS € Q2(Y),
with (T[El f*ag)|z = 0. Moreover, (8.2) becomes

sWg p—2s—1(f*A) = (ng_zsnl’}_zs_l)flnya’. (8.4)

Applying Theorem 4.1 to all local rings of E gives o’ € Q%(log Z)(Z). Now we
apply Proposition 4.2 twice: comparing the dlogmg terms in (8.3) and (8.4) gives
(nb?lf*,Bs)|Z = 0; comparing the remaining terms gives &’ € Q%(E). Since E = Py,
we have Q*(E) = 0 and hence o’ = 0. Therefore, rswg ,_25_1(f*A) = 0, which
contradicts the assumption that swg f*A=n —2s — 1. Hence swg f*A<n—2(s+

1).
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It remains to prove the claims concerning the refined Swan conductor at level
n—2(s +1). Write swg f*A=n —2(s + 1) — r for some r > 0. Then (8.1) gives

1SW§ o (f*A)

e S et ( Fras+ f* By Adlog e + [*Bs A dlogny).

(8.5)
By Theorem 4.1, 71*2 "f*Bs € .Q (logZ) and nE2 " fra, € Q (logZ)
whereupon Lemma 5.1 shows that 1f r > 0 then oy p, = 0. This 1mphes that all the
a;j(Po) are zero, which proves the claimed equality in the case r > 0, since then ag
and B are zero by definition of the refined Swan conductor at level n — 2(s + 1).
Let us assume henceforth that «; p, # 0 and hence swe(f*A) =n —2(s + 1).
Now (8.2) becomes

ISWE n—2s+1) (f*A)

=y 2s Ty AstDy-172 (aE + Be Adlogmy + BE A dlognE> (8.6)

Applying Theorem 4.1 to all local rings of E gives B € Q! plogZ)(2Z) and
ap € Q2 (log Z)(2Z). Now we apply Proposition 4.2 several times. Comparing the
dlogmg A dlogmy terms in (8.5) and (8.6) shows that the residue of ny,BE along

Z C E equals the residue of —nEZ f*Bs along Z C Y. We now show that this residue
is zero. Recalling that f*x; = g, we have

—r [ Be=s Y frajuidui/ui) =5 fraijuiduj —ujdu;),  (8.7)
i>j i>j

which has zero residue along Z C Y. Therefore, 7152 f*Bs € Qb? , and Bg €
Q! Q,(2Z). Comparing the dlog g terms in (8.5) and (8.6) shows that (n%ﬂ E)|z equals

the sum of the remdue of mg f*o;Y along ZCYand Ty f Bslz. Lemma 5.1 shows
that the residue of 7 2 along Z C Y is

0ets, ) (1 = (3 ai (Pordxs A dx ) [ (x DY

i>j
Moreover,

”Ezf*/gs|2 = S(P(Zaij(l’o)dxi A dxj>/(x(1))2_

i>j

Hence, (n%ﬁEnZ =(s + 1)¢<Z,> jaij(Po)dxi A dxj) /(x1)2. Multiplying by
()c(l))2 shows that

Belz=(s + l)w(Zaij(Po)dxi A dxj).

i>j
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By Lemma 6.1(2), this proves the claim regarding 8.

Now compare the dlogzy terms in (8.5) and (8.6) to see that nng*ﬂslz is
equal to the sum of the residue of n%aE along Z C E and (n%ﬂgﬂ z. By our
calculations above, this implies that the residue of n%aE along Z C E equals
~¢(r- aij(Po)dxi A dx; ) /D)2, Now Lemma 6.1(3) shows that this residue
is equal to ,o(ozE)/(x(l))2 and hence ag = Zi>j a;j(Po)du; Nduj. Il

The next two results deal with the end game, where the Swan conductor at E is
zero and our task is to compute the residue dg (f*.A).

Lemma 8.6 Let A € BrX with sw(A) = 1 and rswi(A) = [«, Blr.1. Then
swe(f*A) =0. Let F € HY(E, O(1)) be any linear form restricting to ¥ (Bp,) on
Z. The residue g (f*A) € H (k(E), Q/Z) lies in H(E \ Z,Q/Z) and coincides,
modulo H' (F, Q/7Z), with the image of F /7D under the map
1
«(E) — H'(c(E), Z/p) = H' (c(E), Q/Z)

induced by the Artin—Schreier sequence.

Proof We begin as in the proof of Lemma 8.3 to obtain swg (f*.A) = 0 and
rswy  (ffA) = (ny)_lngl(f*a + f*B Andlogmg + f*B /\dlogny).

Write x, = dg(f*A) € H](K(E)). By Proposition 3.1, x» lies in the subgroup
HY(E \ Z,Q/Z). Denote by x(E), the field of fractions of the Henselisation of
OE.z. To determine x», we consider Kato’s filtration on H!(x(E)z). Lemma 4.5
gives swz(x2) <1, and Lemma 4.6 gives

1swz1(x2) = [, Bz

in which g’ is equal to the residue of nEl f*B at Z, that is,

B =¥ (Br)/x}"

by Lemma 5.1. The proof is completed by Lemma 6.2. g

Lemma 8.7 Suppose p =2. Let A € Br X with sw(A) =2 and rswa(A) = [o, 0], 2.

Then swg(f*A) = 0. Furthermore, let k(E)z be the field of fractions of the

Henselisation of Og.z and consider the filtration on H'(E \ Z,Q/Z) obtained by

pulling back {fil, H (x (E)2)}. Let F € HY(E, O(2)) be any quadratic form such

that dF restricts to ¢(ap,) on Z. The residue dp(f*A) € H'(«(E), Q/7Z) lies in

HY(E \ Z,Q/Z) and coincides, modulo fily H'(E \ Z,Q/Z), with the image of
1

F/ ()2 under the map x(E) — H'(k(E), Z/p) >, H!(k(E), Q/7Z) induced by
the Artin—Schreier sequence.
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Proof We begin as in the proof of Lemma 8.4 to obtain swg (f*.A) =0 and

rswi o (f*A) =757 fra =[5 f*a, Oleg 2.

Write x» = dg(f*A) € H (k(E)). By Proposition 3.1, x» € HW(E \ Z,Q/Z).
Lemma 4.5 gives swz(x2) <2, and Lemma 4.6 gives

15wz 2(x2) =[—®, 0lz; 2 (8.8)

in which o is equal to the residue of nEz f*a at Z, that is

@ =g(ap)/(x")? (8.9)

by Lemma 5.1.
Let F e HY(E, O(2)) be any quadratic form such that d F' restricts to ¢ (o p,) on
Z. To see that such an F exists, write o = ij ajjdx; ndx; with a;; € Oy, p,. Then

(o) =Y aij(Po)(x§)2d(x" /x)
i>j

=" aij(Po)d(x{xi")

i>j

since we are in characteristic p = 2.
Now let §; : k(E)z — H}, (k(E)z) denote the Artin—Schreier map. Note that

81(F /(7 M)?) is unramified outside Z and hence %51(F/(n<‘>)2) eH(E\Z,Q/Z).

By [30, Lemmas 3.6 and 3.7], %81(F/(7r(1))2) € H'(k(E) ) has refined Swan con-
ductor

15wz (81(F/ (™)) = [=d F/(x{")?, 01, >
= [—¢(ap,)/(x{")?. Olr;.2. (8.10)

The result now follows from (8.8), (8.9), (8.10) and the injectivity of the refined Swan
conductor on the graded pieces of Kato’s filtration by Swan conductor. g

We now prove Theorem 8.1(2) in the case n = 1. This will form the basis for a
proof of Theorem 8.1(2) by induction.

Lemma 8.8 Let A € fil; Br X, and let 1sw(A) = [a, Blr.1. Let P € X(Ok), and let
Py € Y(IF) be the reduction of P. For Q € B(P, 1),

. . 1 —
inv A(Q) =inv A(P) + > Trr/r, B, ([P Q1)-
In particular, if Bp, # 0 then | A| takes p distinct values on B(P, 1).
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Proof We have
inv A(Q) —inv A(P) =inv A,

where A = f*A(é) - f*A(ﬁ) € Brk. By Lemma 8.6, Proposition 3.1 and
Lemma 3.3, A € Brk[p] and

. 1 ~ N
A= Treye, (F/n(l)(Qo) . F/n“)(PO)),

where F € HY(E, O(1)) is any linear form restricting to ¥ (8p,) on Z. Write Bp, =
> ;aidx;. Then we can take F =), a,-xi(l) and hence F/m () = > ;aiui, where
u; = xl-(])/n“). Since u,-(ﬁo) =0for 1 <i <m, we have F/n(l)(ﬁo) =0 and

1 ~
invA = — Tree, (F/n“)(Qo)).
p
Now the result follows from Lemma 7.3(2). O
We now prove Theorem 8.1(2) by induction.

Proof of Theorem 8.1(2) Let N > 1 and suppose that we have proved Theorem 8.1(2)
for all n < N. Our task is to prove it for n = N + 1. Suppose that A € fily; Br X,
rswyy1 A = [a, Blz.n+1, Q € B(P,N + 1). It follows from Lemma 8.3 that
swe(f*A) < Nandrswg y(f*A) = [ag, BElr Ny Where BE is the unique element of
HO(E, Q'(log Z)(Z)) satisfying p(Bg) = —¥(Bp,). Now we apply Theorem 8.1(2)
to f*Ae€BrX, PecXO), é € B(P, N) to obtain

. ~ ~ 1 ==
inv f*A(Q) = inv f*A(P) + > Trr/F, (ﬂE,ﬁo ([P Q]N)). (8.11)

== —>
Lemma 7.3(1) shows that ,BE’ﬁO ([P Q]N) = Bp, ([P Q]N+1). Noting that
f*A(é) = A(Q) and f*A(ﬁ) = A(P) completes the proof of Theorem 8.1(2). [

Now we turn our attention to the proof of Theorem 8.1(3) and (4). We begin with
the first statement of Theorem 8.1(3), which is the content of the next lemma.

Lemma 8.9 Let n > 2 and let A € fil, Br X with rsw, A = [, 0l.,. There exists
y € Q;|p0 such that the following holds: for any Q € B(P,1) and R € B(Q,n — 1),
we have

- —

1
inv AGR) = inv AQ) = - Treye, (en, (PO, [QRIn-1) + ¥ (OR D).

Furthermore, if a p, # 0 then there exists Q € B(P, 1) such that | A| takes p distinct
values on B(Q,n — 1).
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Proof By Lemma 8.4, we have swg(f*A) <n — 2 and rswg ,2(f*A) =
[@E, BElxn—2 where B € HO(E, Q1(22)) satisfies Be|z = ¢(ap,). Writing ap, =
Y aijdx; Adx for some a;; € F and letting u; = xi(l)/n(l), this means Bg = 81 + B2
where ) = Za,-,-u?d(ui/u,-) and B, € HO(E, Q'(log Z)(Z)). Lemma 6.1(1) shows
we can write 8y = Y _ b;du; for some b; € F. Note that Re B(@, n — 2). Now Theo-
rem 8.1(2) gives

~ ~ 1 =2
inv A(R) —inv A(Q) =inv f*A(R) — inv f*A(Q) = > Trgr, B, 5, ([QR]n—2)-

. =z — —
It remains to check that ﬂl’éo([QR]n_z) = —ap([PQli1,[QR],—1) and set y =

—Y bidx; € Q},|p0. We have
=z ~ =z ~ =z
Bi.5,([QR]n—2) = Zaij (Mj(Qo)dui([QR]n—z) - Mi(Qo)de([QR]n—z))

Now the claimed formula follows from Lemma 7.3.
For the second claim, it suffices to show the existence of tangent vectors v, w €

Tpy(Y) such that Trg/F, (ozpo(v, w) + y(w)) # 0, since one can then multiply w

by scalars in IF,. Since o p, # 0, it is easily seen that there exist v,w' e Tp,(Y) such
that o p, (v, w') +y (w’) # 0. The non-degeneracy of the trace form implies that there
exists A € IF such that

Tre/F, ()»(Otpo(v/, w') + V(w/))> #0.

Now take v =v" and w = Aw’. d

The following lemma for the case p = n = 2 completes the proof of Theo-
rem 8.1(4).

Lemma 8.10 Suppose p = 2. Let A € fil BrX, and suppose that rswy(A) =

[o, O]z 2. Write ap, = Zaijdxi Adx;j for some a;j € F. Let P € X(Oy), and let
Py € Y(IF) be the reduction of P. There exists y € Q%,|p0 such that for Q € B(P, 1),

inv A(Q) = inv A(P) + 3 Trsye (3 aigxs (POIdx; (PCI) + ¥ (PO,
Furthermore, if ap, # 0 then | A| takes 2 distinct values on B(P, 1).
Proof We have
inv. A(Q) — inv A(P) = inv A,

where A = f*A(é) — f*A(ﬁ) € Brk. By Proposition 3.1, Lemma 8.7 and
Lemma 6.2, A € Brk[2] and

d(A) = 3 (f*A) (Do) — 3 (f*A)(Po)
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= %&(F/(n“))2 +G /M) (Qo) — %81 (F/(xD)? + G /n V) (Py)

where F € HY(E, O(2)) is any quadratic form such that d F restricts to ¢(ap,) on
Z, G € HY(E, O(1)) is a linear form, and &1 : k(E)z — HL(K(E)Z) is the Artin—

Schreier map. Recalling that the characteristic is 2, we can take F =) _ a; jxl.(l)xg.l) ,

whereby F/(7t(1))2 = Za,-juiuj. Now Lemma 3.3 gives
. I . .
inv(4) = 3 Treym, ((F/r )2 + G/ V) (o) = (F/r ) + G /= V) (By))

= 2 Ty (F/ ) + G/ ) (Do),
since u; (Py) =0 for 1 <i <m and therefore (F/(xV)2)(Py) = (G /7 V) (Py) = 0.
Recall from Lemma 7.3(2) that u; (éo) =dx; ([P_Q)]l). By Lemma 6.2, we can write
G= Zbixl.(l) for some b; € F. Hence we set y = >_b;dx; € Q}Ipo.

For the second claim, let Q(v) = _a; jdx;(v)dx;(v) and let the associated bilin-
ear form be

Bw,w)=0@w+w)— QW) - Qw) = Zaij (dxj(v)dxj(w) + dxi(w)dx(v)).

Note that B(v, w) = (Q(v +w) + y (v +w)) — (Q() + ¥ (v)) — (Q(w) + y (w)).
It suffices to show the existence of v, w € Tp,(Y) such that Try/F, (B(v, w)) # 0,
since then at least one of Trp/r,(Q(v + w) + y (v + w)), Trr/r, (Q(v) + v (v)),
Trr/r, (Q(w) + y(w)) is non-zero. Since ap, # 0, there exist v, w’ € Tp,(Y) such
that B(v', w’) # 0. Now the non-degeneracy of the trace form shows the existence of
A € IF such that Trg/p, (AB(v', w’)) # 0, whence the result. d

Now we complete the proof of Theorem 8.1(3).

Proof of Theorem 8.1(3) The first statement of Theorem 8.1(3) has been proved in
Lemma 8.9. We will now prove the second statement. Note that if ap, = 0 then
the second statement follows from the first by setting g 4 o (R) equal to inv A(R) —
inv A(Q). Henceforth we will assume « p, # 0.

We first introduce notation for successive blowups. Let X £> X be the blowup
of X at Py with exceptional divisor E| and let Z; = E; NY. Let P; € X1(Of) be

the section lifting P and let &> 2) X be the blowup at the closed point P o of Pj.
Iterating this construction gives a sequence of blowups

AN AR LN P LA PRI Y

Write E; for the exceptional divisor of the ith blowup and let P;, Q;, R; € &; (Ok)
be the sections lifting P, O, R, respectively. Let m be the maximal ideal of Oy p,

and let T, xq, ..., x;;, be a basis for m/mz. Letuy ; :xﬁl)/n(l) sothatuy 1,...,u1m

restrict to a system of affine coordinates on E1\ Z1 = Ay. Now letup j = u(lli./n(l)
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sothatus , ..., us,, restrict to a system of affine coordinates on E; \ Z5, and so on
and so forth.

Write o = Zi>j a;jdx; A dx; for some a;j € Oyp,. By Lemma 8.4,
swg, (ffA) =n — 2 and, furthermore, rswg, ,—2(f;"A) = [ag,, BE, + ﬂ}sl]ﬂ,n,z
with af, = Zi>j a,-j(Po)dul,,- AN dul,j, /351 = Zi>j aij(Po)u%’jd(ul,,-/ul,j) and
B, € HO(E1, Q! (log Z1)(Z1)).

Let C; € Br V| (where V| is the generic fibre of some open neighbourhood V; of
Pp in X') be the explicit Brauer group element constructed in Lemma 8.11 below
with swg, (C1) <n —2 and rswg, ,—2(C1) = [0, ,3%1],,,,1,2. (To apply Lemma 8.11
we must check that n — 2 is not of the form ¢’ + £e for any integer £. If n — 2 were
of this form, then we would have ¢’ € Z and hence p | ¢'. But we also have p | n by
Lemma 2.17 and p | e by Remark 2.20 so this would give p | 2, a contradiction.) Let
By = f{fA—Ci € BrV; and note that rswg, ,—2(B1) = [ag,, BE, I n—2-

Now we blow up at P19 = Q1,0. Applying Lemma 8.4 to 3; and repeating the
argument above, we can write f2*81 = By + C; in BrV;, where V, is the generic
fibre of some open neighbourhood V, of Py o in &7, swg,(By) =n — 4, swg, (C2) <
n— 4, I”SWEZ,n_4(Bz) = [OIEZ, IBEZ]JT,H—“ with OlE2 = Zi>j a,'j(Po)duz,i A duz,j and
Be, =23, aij(Poyus ;jd(uai/uz j), and 1sWE, n—a(C2) = [0, B, Iz n—a for some
B, € H(Ea, Q' (log Z2)(Z2)). Thus,

HfA=B+C+ f5,Cr.
Continuing in this way, after s blowups we obtain an equality
o S FA=Bs + Dy

of elements in Br Vi, where Vs is the generic fibre of some open neighbourhood
Vs of P in Xy, swg, (Bs) =n — 2s and 1swg, ,—2s(Bs) = [0k, , BE, l7.n—2s With
ap, = Y ;. aij(Po)dus; N dusj and Bg = sy, aij(Po)uf,jd(us,i/us,j)- We
have gathered all the terms coming from the C;’s into D;.

Note that Ry € B(Qg,n — 2s) so Theorem 8.1(2) gives

. . 1 —
inv B (Ry) =inv B (Q;) + ; Tr]F/]Fp ﬁES,QS,O([Q.Y Rsln—2s). (8.12)

. —_— — — .
A calculation shows that g, ¢ ,([Qs Rsln—25) = —sap ([P Qls, [QR]n—s). Finally,

inv A(R) —inv A(Q) =inv £ ... f5 fifA(Ry) —inv £ ... 5 fiFA(Qs)
=inv By(R;) — inv By (Qy) + inv Dy (Ry) — inv Dy (Qy)
—s —
= I Trr/r, apy ([P Qls, [QR]n—s)
+ inv D (Ry) —inv Dy (Qy).

Define g 4,0 (R) to be inv D (R;) — inv D;(Q;). We claim that this does not depend
on the choice of a suitable s. In other words, suppose that Q € B(P, s) for some s
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with 1 <s < n/2. Then we can also consider Q as lying in B(P, s — 1). Our claim is
that for R € B(Q,n —s + 1) we have inv D (Ry) —invDs(Qy) =invD;_1(Rs_1) —
invDs_1(Qs—1). To prove the claim, write Dy = f;*Ds_1 + C,, with swg, Cs <n —
2s.For R € B(Q,n — s+ 1) we have

inv Dy (Rg) — inv D, (Qy)
=inv fFDs_1(Ry) +invCs(Ry) — inv £5Dy_1(Q5) — invCs(Qy)
= inVDS_l(Rs—l) - inVDs—l(Qs—l) + inVCS(RS) - inVCS(QS)'

For R € B(Q,n—s+ 1), wehave Ry € B(Qs,n—2s+ 1), whereby [Q; Rs],—2s = 0.
Therefore, Theorem 8.1(2) shows that invC(Ry) = invCs(Qy), whence the claim.
For s = 1, we have D| = (C; and Theorem 8.1(2) gives

. . 1 , —
invCi(Ry) —invCi(Q1) = ;TT]F/]F,, BE,,0,,([Q1R1]n-2).

Nowlet Uy =E{\ Z;andlety € SZ%,|p(J be the image of ‘B%LQI 0 under the isomor-

: 1 1 / 55 Y
phism 10, — 2} |, (see Sect. 7.1). Then B o ([Q1R1}-2) =y ([QR-1).
which completes the proof. O

Lemma 8.11 Let e be the absolute ramification index of k and set ¢’ = ep/(p — 1).
Let B € HY(E, Q' (log Z)(Z)) and suppose that either 0 <n < ¢ ore' + (t — 1)e <
n < é' + te for some t € 7> with [k(m pr+1) = k] coprime to p. There exists an open
neighbourhood V of Py in X with generic fibre V and an element C € fil, Br V[p't1]
such that 1swg ,(C) = [0, Blr.n. Explicitly, writing K for the function field of X, we
can take

"biu; ;
COTESK (,,111)/K Zi(l Foriom &p — l)l’,Mi>p¢+1 fpin—te

C= P b ul ;

COTESK (. 11)/K Zi( + (&p—DP ﬂ)p,ﬂ if pln—te,
where & = [k([me) tk1, B =)"; bidu; with b; € F, and bi is an arbitrary lift of b;
to Oy.

Proof By Lemma 6.1(1), 8 =), bjdu; = d(}_; bju;) for some b; € F, whereby
dB = 0. Take arbitrary lifts b; of the b; to Ok. Let k' = k(ﬂpt+1), let ¢ = [k : k]
and let 77/ be a uniformiser of k’. Let K’ = Kk’. Let F denote the common residue
field of K and K’ and let K" and (K’)" be their respective Henselisations. Let
w = (w")"* Ny’ and let w € F* be its reduction. The Brauer group element C
will be constructed via corestriction. We begin by proving the following claims.

1. We have cores gy gh (A (4 +)) = ANk,/kﬂ/(s-, 3.

2. Suppose C' € filg, Br(K")" for n > 0 and rswg,(C") = [/, B'lx’.en. Then
cores gy gn (C') € fil, Br K" and

rswy, (cores gy xn C') = [ew" o/, zD”,B’]Nk,/k,,/,n. (8.13)
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To prove (1), consider the isomorphism v’ : grO(M:{6tK/)h) — W,Q‘]F]ég &)

W,Qq_2 of (2.5), the inverse of which is used to define A,,. By [3, p. 113],

F.log
the sheaf Mfg i is generated by symbols and v can be defined as follows. Let
kil (K/)
Xi,...,Xg—1 € F* andlet Xy, ..., X,_1 be lifts of the x; to Ogx C O(kryr- Then

V({x1, ..., X4—1}) = (dlogxi A - Adlogxy—1,0) and

VI ({X1, .. Xg—2, ') = (0, dlogxi A -+ Adlogxg—2).

—1 —1 -2 . .
Now let v : grO(MZOKh) — WrQ%,log @ Wer’p’log be the isomorphism from (2.5)
whose inverse is used to define Ay, PR It is defined by

v({X1,...,Xg—1}) = (dlogx; A --- Adlogxy—1,0) and

v({X1, ..., Xg—2, Npjr'}) = (0, dlogx; A - Adlogxg—2).

Therefore, v o cores(K,)h/Kh({)El,...,iq_z,n’}) =Vv'({%1,...,X4—2, '}). Further-
more, since Xi,...,X;—1 € Ogn, we have COTES (K 1yh /(K Yh ({x1, ..., %1} = elx1,
-+, ¥g—1} and hence vocores gy gn ({X1, ..., Xg—1}) = ev'({X1,...,%4—1}). There-

fore, the isomorphisms v, v’ satisfy the following commutative diagram.

4

0 q—1 v gqg—1 q—2
gr (Mr,O(K,)h) WrQF,log ® WVQF,log

CO]'CS(K/)h/Khl l(o{,ﬂ)p—)(‘sa,ﬁ)
0apd—1 v q—1 q—2
ger (MV,OKh) — W”QF,log @ WrQF,log

Now the definitions of A, and 8, (Definitions 2.8 and 2.10) yield the commutative
diagram below for all g > 2 and r > 1

-1 -2 dr -1 Ayt
Wl oWl T ——— H;,.(F)@Hj,, (F) —Z— VI?,(O(K,)h)
l(a,ﬁw(w,m l (@.B)> (ca.B) l COTeS 1yh

AN,

Wl e w0l — 2 1 () @, (F) — 2 V(O

(8.14)
proving (1).

Now we prove (2). Suppose C’ € fil,, Br(K')"* for n > 0 and rswg,(C') =
[o', B'1x" en- That cores g ryh/gh (C") e fil, Br K" follows from the compatibility of
corestriction with cup products and [30, Proposition 6.3(ii)]. Recall that the defini-
tion of the refined Swan conductor (Definition 2.14) involves an abuse of notation
wherein we write A, for the composition A, o §;. With this convention, the compati-
bility of corestriction with cup products and (1) yield

{cores gryn gn C', 1+ (N )" T} = cores gy gn ({C', 1+ (N )" TY)

= COI'CS(K/)h/Kh ({C/, 1+ (ﬂ/)snwnT})
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= cores gy g (kg (@' w" T, B'w"T))
= )"Nk//kﬂ/(‘?a/wnTv ﬁ/lZ)nT),

proving (2).

Now let @ = 7 /(') and let a denote the image of @ in F*. The defi-
nition of the refined Swan conductor (Definition 2.14) shows that [0, Bl;, =
[o, tD”Ez‘",B]Nk,/kﬂr,n. Therefore, by (2), our task is to construct C’ € fil, Br K’ with

ISWep (C/) = [0, &_nﬁ]n’,sn‘

Let ¢,+1 € k" be a fixed choice of primitive p’ *+1th root of unity in k’. The choice of
¢ pr+1 yields choices of primitive p*throots of unity for 1 <s <t 41 by setting {,s =
t+1—s

C;’“ Forl<s<t+landx,ye (K')*,let(x,y)y €BrK'[p*] denote the class
of the corresponding cyclic algebra, which depends on our chosen primitive p®th root
of unity. Alternatively, as in [38, §XIV.2], (x, ¥) »s can be constructed as a cup product
as follows: let 8: (K')*/(K")*P" — H'(K’, M ps) be the Kummer isomorphism, and
take the image of (§(x), 6(y)) under the composition

HU (K, ) x HU(K )
S HAK 18D S HAK ) - K (K)) =Bk,
where we have used the choice of {ps to give an isomorphism ;L%}z = 5. Note that

(.X, y)PS :pl‘—‘rl—S(x’ y)pH'l'
First suppose 0 <n < ¢’ and p{n. Let

enm”"

B
o = Z(l + 2 g, — 1)P,ui) eBrK'[pl.

- P

1
By [30, Proposition 4.1 and Lemma 4.3], C’ € fil,, BrK’ and rswg,(C") =
[0,a™" Blx’ en, as desired.

Now suppose 0 < n < ¢’ and p | n. Then [30, Proposition 4.1 and Lemma 4.3]

show that

biu;
¢ = (1+ e, —1 p,n) €Brk’
Y (14 G = 1rm) Bk
has the desired Swan conductor and refined Swan conductor.

So far, we have proved the lemma for 0 < n < ¢’. Now suppose ¢’ + ( — 1)e <

n < e’ + te for some ¢t > 1. Recall that our task is to construct C’ € fil,, Br K’ with
ISWen (C/) =0, &_nﬂ]n/,sn‘

By Lemma 2.19, it suffices to construct C’ € Br K’ such that p’C’ € fily(,—se) Br K’
and

pt

~—n
a
(m")eet :In’,s(n—te)’

ISWe(n—te) (PIC/) = I:O:
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where we are abusing notation by writing p’/(7’)¢" for its image in F*.
If ptn—te,let

"
b4 .
¢ = 2(1 b P, 1y, ui)pm eBrK'[p't].
i

e(n —te)m"
Then
tC/_Z(l+ Ptl;iui HP ) BrK'[p]
pL = i s(n—te)rr”({p )P, u; pe r p

and [30, Proposition 4.1 and Lemma 4.3] show that p’C’ has the desired properties.
If pln—te,let

~
p'biu;
=) (1+ w’n’(;p—l)l’,n)[ﬂ+1 eBrK'[p].

1

and apply [30, Proposition 4.1 and Lemma 4.3] to p'C’. g
Finally, we prove the surjectivity results of Theorem 8.1(5).

Proof of Theorem 8.1(5) First suppose that Sp, # 0. We proceed by induction on ¢.
The case r = 0 follows from Theorem 8.1(2) and Theorem 8.1(4). Now suppose the
statement of Theorem 8.1(5) holds for some fy € Zs¢. Let A have order p’0+2 in
Br X and suppose that either n > ¢’ + fge or n = ¢’ + e and C(a) = C(8) = 0.
By Lemma 2.19, sw(p.A) =n — e and rsw,,_.(p.A) = [ia, uBly n—e, Where i is the
image of p/m¢ in F*. Consider the following exact sequence coming from multipli-
cation by p:

0 — plz)7 — p~tD7 7, Ly p=totD7/7, 5 0.

Let 7 denote the image of invo|A|: B(P,n — (tp + 1)e) — p~0t27,/7. By the
induction hypothesis, invo|pA| : B(P,n — (fog + 1)e) — p~tD7/7 is surjective.
Therefore, for each x € p_(’0+1)Z/ Z, 1 contains at least one preimage of x under
multiplication by p. Now Theorem 8.1(2) shows that in fact / contains all preim-
ages of elements of p~*+D7Z /7 under multiplication by p, i.e. I = p~ @0+t 7/7, as
required.

Now suppose that 8 =0, ap, #0,n > ¢ +2and n > te+ 3. Lemma 8.9 shows
that there exists y € Q%,ho0 such that for Q € B(P,1) and R € B(Q,n— 1),

inv AGR) =i A(0) = - Treyz, (en (PO, [ORL ) +7(0RI-)). 815
The proof of Lemma 8.9 shows that y is constructed as follows. Let

1swWe n—2(f*A) =[aE, BElx,n—2 and write apy = ) _a;jdx; A dx; for some a;; € F.
Then

BE — Zaijﬁd(ui/uj) = Zbidui
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for some b; € F and we set y = — ) b;dx;. The proof of Lemma 8.9 goes on to show
the existence of v, w € Tp,Y such that

Tre/p, (“Po(v, w) + V(w)> 7 0. (8.16)

Let Q4 € B(P, 1) be such that [P—Q)4]1 = v. Then | A| takes p distinct values on
B(Q.4,n — 1). We will show that involA|: B(Q4,n —te —1)— p~ D77 is
surjective. The case t = 0 follows immediately from (8.15) and (8.16). Now suppose
we have proved the result for 7o and we want to prove it for #y + 1. By Lemma 2.19,
sw(pA) =n — e and rsw,_.(pA) = [ie, uBlrn—e. Applying Lemma 2.19 to
f*A shows that sw(f*(pA)) =n — 2 — e and rswWg ,—2—.(f*(pA)) = [iag,
UBElx.n—2—c. The construction of y detailed above shows that for Q € B(P, 1) and
Re B(Q,n—e—1) we have

inv(pA)(R) = inv(pA)(Q)
1 _ — - I—
=< Trwyg, (7en (PO [QR o) + 7 (QRl-e-1)).
The induction hypothesis states that if v, w’ € Tp,Y are such that
Trew, (ﬁa PV W) + ity (u/)) £0 (8.17)

—
and O, 4 € B(P, 1)issuchthat [P Q) 4]; = v’ thenthe mapinvo|pAl: B(Q,4,n—
(to+ e —1) — p~0+D7/7 is surjective. By (8.16), we can take w’ = w/ii, v' = v
and Q0,4 = Q4. Let I denote the image of invo|A|: B(Q 4,n — (to + e — 1) —
p~0+27,/7. The result for p.A shows that for each x € p~0+tV7Z/7Z, I contains
at least one preimage of x under multiplication by p. To show that / contains all
preimages of x under multiplication by p, we will show that for any S € B(Q 4,n —
(to + 1)e — 1), the map invol|A| gives a surjection from B(S,n — 1) to p‘lZ/Z.
Since n > (tg + 1)e + 3, we have [?S’]l = [P—Q)4]1 = v, whereby the result follows
from (8.15) and (8.16). O

9 Proof of Theorem A

We now prove Theorem A. The notation and assumptions of that theorem will be in
force throughout this section, so k denotes a finite extension of Q,, X/k is a smooth,
geometrically irreducible variety with smooth model X — Spec Oy, and the special
fibre Y of X is assumed to be geometrically irreducible.

For ease of notation we define a modified version of Kato’s filtration as follows.

fil_,Brk" ={AefilyBrK" | 0.4 =0};
filLBrkK" = {A efilyBrK" | 0.4 € H'(F, Q/Z)};

filyBr K" = fily BrK";
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fil, Br K" = {A € fil, 1 Br K" | 1swpi 1 (A) € [2%, 0]5nt1) forn > 1.

For the purposes of the definition, K" could be replaced by any Henselian dis-
crete valuation field of characteristic zero. Pulling back from Br K " to BrX gives a
filtration on Br X whose pieces we denote by fil,, Br X.

Lemma 9.1 Forn > —2, we have fﬁn BrX Cc Ev,BrX.

Proof This follows from Proposition 3.1 for n = —2, —1, 0 and from Theorem B(1)
and Lemma 2.16 for n > 1. O

The reverse inclusions will be given by the following lemmas.

Lemma9.2 Lern > 1, and let A be an element oflen BrX\ fﬁn_l Br X. Then there
exists a finite unramified extension k'/k and P € X (Oy) such that |A| takes p dis-
tinct values on B(P, n). In particular, A ¢ Ev,,_1BrX.

Proof Since A € fil, Br X, we have A € fil,+1 Br X and rsw,,41(A) = [, O]z 41 for
some « € Q7. By Theorem 8.1(1), « lies in Q2(Y). Suppose first that & # 0. Let Z C
Y be the zero locus of o, which by assumption is a strict closed subset of Y, and set
U =Y\ Z. By the Lang—Weil estimates [32], there is a finite extension F’/FF such that
U (F') is non-empty. Let &’/ k be the unramified extension of k having residue field
F’. Choose any Py € U (IF’) and lift it (by Hensel’s Lemma) to a point P € X (Oy).
By Lemma 2.16 we have resy/; A € fil, Br X and rsw;, 1 (resp /i A) = 15w, 41 (A).
Since o p, # 0, Theorem B(2) shows that there exists Q € B(P, 1) such that |.4] takes
p distinct values on B(Q, n). It follows that A ¢ Ev,,_; Br X.

Now suppose that @ = 0. Then A € fil, Br X. Let rsw, (A) = [o/, B'1z.n for some
(o', B) e Q2(Y)® Q' (Y). Note that g’ # 0 since A ¢ fil,,_; Br X. Then by the same
argument as above, there exists a finite extension F’'/F and a point Py € Y (F') satis-
fying B}, # 0. Let k'/ k be the unramified extension with residue field " and lift Py
to a point P € X (Oy). Now Theorem B(1) shows that |.4]| takes p distinct values on
B(P,n), whereby A ¢ Ev,_1 Br X. O

Lemma 9.3 Forn >0, we have

Ev,BrX
N
{A e BrX |Vk'/k finite unramified, ¥ P € X(Oy), |A| is constant on B(P,n + 1)}

N
ﬁlnBrX.

Proof The first containment is obvious. Now take A € Br X such that for all finite
unramified extensions k’/k and all P € X (Oy), |A| is constant on B(P,n + 1). Let
r be the smallest non-negative integer such that A € fﬂ, BrX.ByLemma9.2,r <n,
whence the result. O
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Corollary 9.4 For n > 0, we have

Ev,BrX

Il
{A €BrX |Vk'/k finite unramified,¥ P € X(Oy), |A| is constant on B(P,n + 1)}

I
fil, BrX.

Proof Immediate from Lemmas 9.1 and 9.3. O

Lemma9.5 Forevery r > 1, there are inclusions

Ev_»BrX C {A eBrX |V«k'/k finite unramified, | A| is zero on X(Op)}  (9.1)
cfil ,Brx

and

Ev_1BrX c {AeBrX |Vk'/k finite unramified, | A| is constant on X(Oy)} (9.2)
C ﬁ_1 BrX.

Proof The first inclusions in (9.1) and (9.2) are clear. By Lemma 9.3,
{A e BrX |Vk'/k finite unramified, |.A| is constant on X (Oy)} C filg Br X

and so the statement only concerns elements of filyBr X = fily Br X. Suppose that
A € filp Br X satisfies 9(4) # 0. We will prove the existence of a finite unramified
extension k’/k such that |.A| is non-zero on X (O ) and, furthermore, if 3(A) does
not lie in H'(F, Q/Z) then we will show that |.A| is non-constant on X (Oy). The
argument we use is the same as that used in [7, §5] for elements of order prime to p.

Write Y for the base change of Y to an algebraic closure of F. Since Y is ge-
ometrically connected, the Hochschild—Serre spectral sequence gives a short exact
sequence

0— H!(F,Q/Z) - H'\(Y,Q/Z) - H'(Y,Q/Z).

If 3(A) lies in H'(F, Q/Z) and X (Oy) is non-empty, then Proposition 3.1 shows
that the corresponding evaluation map &' (Or) — Brk is constant and non-zero, as
desired. If 3(A) lies in H'(F, Q/Z) and X (Oy) is empty, we can use Lang—Weil to
pass to an unramified extension k’/ k of degree prime to the order of A where X (Oy/)
is non-empty, and we obtain the same result.

On the other hand, suppose that d(.4) does not lie in HY(F,Q/Z). To prove that
|A| is non-constant, we may change A by a constant algebra. Write 8(A) for the
image of 3(A) in H'(Y,Q/Z). Let m be the order of d(A); then md(A) lies in
H!(F, Q/Z), which is isomorphic to Q/Z. Therefore there exists a € H' (F, Q/Z)
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satisfying ma = md(A). The map 8: Brk — H'(F, Q/Z) is an isomorphism; let
A’ € Brk satisfy 9(A’) = «. Replacing A by A — A’, we reduce to the case where
3(A) and 3(A) have the same order m.

The class 9(A) lies in the subgroup H! (Y, Z/m) Cc H' (Y, Q/Z). Let T — Y be
a Z/m-torsor representing this class; since its image in H' (Y, Z/m) also has or-
der m, [7, Lemma 5.15] shows that the variety T is geometrically connected. As
it is smooth, it is also geometrically irreducible. The image of 7T (F) — Y (F) con-
sists of those points Py € Y (IF) such that 9(A) maps to 0 under the induced map
P} H'(Y,Z/m) — H'(F, Z/m). Similarly, for any a € H'(F, Z/m), let T, — Y be
a torsor representing the class d(A) — a; then the image of T, (IF) — Y (IF) consists of
those Py satisfying P’ (d(.A)) = a. For any fixed a, it follows from Lang—Weil that 7,
has points over any sufficiently large extension of . Therefore, for some extension
[/, there exist Py, Qo € Y () satisfying Py (3(A)) # Q5(d(A)) in HY(F', Z/m).
Let k’/ k be the unramified extension with residue field F/, and let P, Q be lifts of Py,
Qo to X (Oy). By Proposition 3.1, we have A(P) # A(Q) in Brk’, and our proof is
complete. U

Remark 9.6 Lemma 9.5 was already known for elements of order prime to p: for
instance, the statement Ev_; Br X C fil_; Br X for the prime-to-p parts is the main
result of [9], and we believe that the proof there also gives the slightly stronger result
of Lemma 9.5 for the prime-to-p parts.

Corollary 9.7 We have

Ev_»BrX = {A eBr X |V k'/k finite unramified, | A| is zero on X (Oy)}
= ﬁ_z BrX

and
Ev_1BrX = {A e Br X |V k'/k finite unramified, | A| is constant on X (Oy')}
= fﬁ_1 BrX.

Proof Immediate from Lemmas 9.1 and 9.5. O

This completes the proof of Theorem A. The following corollary of Theorem A
describes how the evaluation filtration behaves under base field extension.

Corollary 9.8 Let A € Br X and let k' / k be a finite extension with ramification index
e.

1. For =2 <n <0 we have

A€Ev,BrX = resy/x(A) € Ev, Br Xp.
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2. Now let n > 1, suppose A € Ev,BrX \ Ev,_1 BrX and write rsw,+1(A) =
[, Ol g1 If @ = 0, write rswy, (A) = [&/, B'15.n. We have

Eve(yn—1 Br Xp \ Eveuy1y 2 BrXy  ifa#0;

Eve, Br Xy \ Eve,_1 Br Xy ifa=0and pte;
resy /i (A) € X ,

Even—1Br Xjr \ Evep—2 Br Xy ifa=0,0'#0and p|e;

Eve,—1 Br Xy ifa=a" =0andp|e.
Proof 1. The statements for n = —1, —2 are clear from the definitions. For n = 0,

use Theorem A(3) and Proposition 2.6(1).
2. If @ #0 then A € fil, | BrX \ fil, Br X. Lemma 2.16 shows that resy /i (A) €
file(y+1) Br X3 and

—(n+1)

1SWe(n41) (Ttesy /x (A)) = [a o, 0l e(n+1)s

where 7’ is a uniformiser of k" and @ = 7 ()¢ This shows that resy/x(A) €
Eve(nt1)—1 BrXp. Since a € F*, a~ "Dy is non-zero, whereby resy/x (A) ¢
file(n41)—1 BrXyr. Since Eve(,11)—2 Br Xy C fily(n41)—1 Br Xy, it follows that
resy /i (A) & Even1)—2 Br Xy

Henceforth, suppose that & = 0 and therefore A € fil,, Br X. Lemma 2.16 shows
that resy//x (A) € fil, Br X and

ISWen (resk’/k(A)) = [‘_Z_na/v &_neﬂ/]n’,em 9.3)

Since fil,_1BrX C Ev,_1BrX and A ¢ Ev,_; BrX, we have rsw,(A) # 0,
whereby at least one of o', B’ is non-zero. If p t e, it follows that
rswep (resy /¢ (A)) # 0 and hence resyr/ (A) € Eve, Br Xp \ Eve,—1 BrXp.

If p|e then (9.3) becomes rswe,(resy/x(A) = [a™"a’, 0] ¢n, Whereby
resy /i (A) € Evep— 1 BrXp. If o # 0 then a "o’ # 0 and resp (A ¢
file,—1 Br Xy, implying that res;s/ (A) ¢ Eve,—2 Br X, d

Remark 9.9 Recall from Lemma 2.17 that if p{n + 1 then & = 0 in Corollary 9.8(2).

10 Comparison with other filtrations

Throughout this section, let K denote a Henselian discrete valuation field of charac-
teristic zero with residue field F'.

There are several other constructions in the literature which give rise to filtrations
on Br K, and the question naturally arises as to whether our filtration {ﬁvl,, BrK}, as
defined at the beginning of Sect. 9, coincides with any of these. In this section we
look at the relationships between several existing filtrations and ours. We consider
two sources of filtrations: existing filtrations on H' (K), which give rise to filtrations
on Br K via the cup product; and ramification filtrations on the absolute Galois group
of K, which give rise to filtrations on Br K by considering those elements in the
kernel of restriction to the subgroups in the filtration.
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In what follows, we only consider filtrations on Br K[ p].~We often exclude the less
interesting case in which the filtrations {fil,, Br K[p]} and {fil, Br K[p]} coincide; this
happens if ¢’ < p or if Q% = 0, for example.

10.1 Filtrations on H!

The most obvious filtration to consider on H! (K) = H (K, Q/7Z) is Kato’s filtration.
In the case of equal characteristic, Kato shows [30, Theorem 3.2(2)] that his filtrations
on H?(K) for all g > 1 are induced by the cup product from that on H' (K'). When K
has characteristic zero, as in our case, this is at least true for the p-torsion, assuming
that K contains a primitive pth root of unity [30, Proposition 4.1(6)].

There is also a modified or “non-logarithmic” version of Kato’s filtration on
H!(K), introduced by Matsuda [34] in the case of equal characteristic; as shown
in [34, Proposition 3.2.7], it can be obtained by modifying Kato’s filtration on H! (K)
in exactly the same way that we modify the filtration on H>(K).

The Proposition 10.2 below shows our modified version of Kato’s filtration on
H%(K) = BrK[p] is not induced in general by any filtration on H'(K), even if we

omit ﬁ~Ll and fﬁ,z. We begin with a lemma.

Lemma 10.1 Suppose that K contains a primitive pth root of unity, and that the
residue field F of K is not perfect. Let x € H},(K) satisfy sw(x) = n. Then there

exists y € Og such that sw({x,y}) =n and, if n > 0, we can choose y so that
v} ¢ i, 1BrK[p]

Proof We use Bloch—Kato’s explicit description of the graded pieces of the filtration,
as described in [30, Theorem 4.1(6)]. Fixing a primitive pth root of unity in K gives
an isomorphism H},(K) = K*/(K*)P, under which Kato’s filtration on H},(K) cor-
responds to the reverse of the natural filtration on K *. There are now several cases
to consider.

o If n =0, then x € fily H},(K) and it follows that sw({x, y}) =0 forall y € K*.

e If 0 <n < ¢, then x corresponds to an element (1 + xw¢ ") € K> /(K*)P with
x € Og. Let X € F* be the reduction of x. First suppose that p fn. Let y € Og
be an element satisfying dy # 0; such an element exists since F is not perfect.
Then xd" € Q}p is non-zero, and by the first isomorphism of [30, (4.2.2)] the ele-

ment {1 + xm® ", y} has Swan conductor n. Moreover [30, Proposmon 4.1 and
Lemma 4.3] show that rswn({l + x7¢ ", yh = [cd(x—) nex 4y ]ﬂ n, Where ¢ =

b /({ — 1)P. Since nch # 0, it follows that {1 + xmw€ ", v} g_f fil,— BrK[p].
Now suppose that p | n. Then the second isomorphism of [30, (4.2.2)] shows
firstly (using ¢ = 1) that dx # 0, and then (using g = 2) that {1 + xdn, T}
has Swan conductor n. Furthermore, [30, Proposition 4.1 and Lemma 4.3] show
that rsw, ({1 + x7¢ ™", 7}) = [0, edX ]z s0 {1 +x7¢ " 7} ¢ fil,_; Br K [p].

e If n = ¢/, then isomorphism [30, (4.2.1)] with g = 1 shows that x corresponds
to x! € K*/(K*)P, with x € Oy and either p {i or dx # 0. First suppose that
dx # 0. Then [30, (4.2.1)] with g = 2 shows sw({x7’, 7}) = sw({x, w}) = ¢’ (the
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term {7!, 7} lies in fily H?>(K) and so does not contribute). More precisely, [30,
Proposition 4.1 and Lemma 4.3] show that rswy ({xm!, 7)) = rswp ({x, 7)) =
[0, dei]mer. Now suppose that dX =0 and p {i. Let y € O be an element satis-
fying dy # 0; we claim that {x7!, y} has the desired properties. Write {x7!, y} =
{x,y} — i{y,m}. Then [30, (4.2.1)] with ¢ = 2 shows that sw({x, y}) <€ —1
and sw({y, w}) = ¢'. Furthermore, [30, Proposition 4.1 and Lemma 4.3] show that
rswe ((x!, y)) = =i tswer ({y, 7)) = [0, —id % ] o0 O

Proposition 10.2 Suppose that K contains a primitive pth root of unity and that the
filtrations {ﬁin Br K[pl} and {fil, Br K[p]} do not coincide for n > 0. Then there is
no increasing filtration {Fil, H' (K, Z/p)} on H (K, Z/ p) such that, for all n > 0,
fil, Br K[ p] is generated by {Fil, H (K, Z/p), K *}.

Proof Suppose for contradiction that such a filtration {Fil,, HY(K,Z /P)} exists.
First, we claim that Fil,, H},(K ,Z/p) C fil, H},(K) for all n > 0. Here, fil,, H},(K)
denotes Kato’s filtration. To prove the claim, let @ € Fil, H},(K , Z/ p). Suppose for
contradiction that « ¢ fil, H}U(K );Then sw(a) > n and, by Lemma 10.1, there exists
b e K*/K*P such that {, b} ¢ fil, Br K[p], which gives the desired contradiction.
Now we complete the proof of the proposition. Let A € fil,, Br K[p] for n > 0.
Then A is in the subgroup generated by the image of the map Fil, H}, (K,Z/p) x
K*/K*P — BrK|[p]. Since Fil, H},(K, Z/p) C fil, H},(K), we deduce that A €
fil, Br K [p]. This implies that fil, Br K[p] = fil, Br K [p]. O

10.2 Ramification filtrations

Let K be a separable closure of K, and let G = Gal(K /K) be the absolute Ga-
lois group. Given a descending filtration (G');>o on G, we can obtain an ascend-
ing filtration on Hj (K) by taking the kernels of the restriction maps Hy(K) =
HY(G, (Z/n)(q — 1) — HY(G', (Z/n)(q — 1)).

In the case of perfect residue field, the ramification groups with the upper num-
bering give a well-studied filtration on G: see [38, Ch. IV]. In the general set-
ting, Abbes and Saito [1] made two definitions of ramification groups, (G%)se-,
and (Gi’og)ag@zo, called “non-logarithmic” and “logarithmic”. In the case of perfect
residue field, these coincide (up to a shift in numbering) but in general they are dif-
ferent.

Each of these ramification filtrations gives a filtration on H!(K) = Hom(G, Q/7),
and one might naturally ask whether those filtrations are related to those described
in Sect. 10.1. This is indeed the case: Kato and Saito [31] have proved that Kato’s
filtration on H!(K) coincides with that induced by the logarithmic ramification fil-
tration; and Saito [36] has proved in the case of positive characteristic that Matsuda’s
non-logarithmic variant of Kato’s filtration on H!(K) coincides with that induced by
the non-logarithmic ramification filtration. We will show that our modified Kato fil-
tration on Br K[p] = H%(K ) is not induced by either of the Abbes—Saito filtrations
(where the numbering of the non-logarithmic filtration is shifted by 1).

@ Springer



Evaluating the wild Brauer group 885

Given x € H}(K), define
fx(x) =infla € Qo | x € ker(H)(K) — HI(G, (Z/p)(q — D)},
S0 =infla € Quo | x € ker(H)(K) — HY(Gy. (Z/p)(g — D).

For g = 1, this is what Abbes and Saito call the (logarithmic) conductor of the field
extension corresponding to x: see [1, Proposition 6.4 and Proposition 9.5]. We have

floH(K) = (x € HH(K) | fx () < 1) ={x € H)(K) | f*(x) <O}.

We first prove a positive result for the case ¢ = 1. In the case of positive charac-
teristic, this follows from [36, Corollary 3.3].

Proposition 10.3 Suppose that K contains a primitive pth root of unity. Let x €
H1(K). Then, for all n > 0,

FrGO) <n+1e= (x € filys 1 HY(K) and tswis1 (X) = [@, Ol o1 witha € Q;).

Proof Since K contains a primitive pth root of unity, Kato’s filtration on H}) (K) co-
incides with that of Bloch—Kato (see [30, Proposition 4.1(6)]). This gives explicit
generators for the graded pieces of the right-hand filtration, so it is just a case of cal-
culating the conductors of the corresponding cyclic extensions. This is accomplished
in the following series of lemmas by finding the minimal polynomial of a generator
for the ring of integers in each extension and applying [1, Lemma 6.6]. g

The calculations in the following lemmas are standard and probably well known.

Lemma 10.4 Suppose that K contains a primitive pth root of unity. Let x €
H! (K, Z/p) correspond to the extension K ({/m)/K . Then fx(x) =€ + 1.

Proof Let L = K (/7). Then O = Og[¥/7]. Now apply [1, Lemma 6.6]. O

Lemma 10.5 Suppose that K contains a primitive pth root of unity. Let x € Oy be
such that X € F is not a pth power. Let x € H\(K, 7/ p) correspond to the extension

K(Yx)/K. Then fx(x) =¢'.

Proof Let L = K (&/x). Then L/K is ferociously ramified (i.e. the residue field of L
is a purely inseparable degree p extension of F) and O = Og[¥/x]. Now apply [1,
Lemma 6.6]. O

Lemma 10.6 Suppose that K contains a primitive pth root of unity. Let x €
H!(K,7Z/p) correspond to the extension K({/1+xa™)/K, where x € Ok, 0 <
m<é andptm.Then fx(x)=¢ +1—m.

Proof Let L = K({/1+4+xn™) and let w = {1 4+ xn™ — 1. Write 1 =rm + sp for
r, s € Z. Considering the terms of smallest valuation in the minimal polynomial of &=
shows that o’ ¥ is a uniformiser for L and hence Oy = Og[w” 7*]. Now apply [1,
Lemma 6.6]. Il
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Lemma 10.7 Suppose that K contains a primitive pth root of unity. Let x € Oy be
such that X € F is not a pth power. Let x € H\(K,Z/ p) correspond to the extension
K1+ xn™P)/K, where 0 <np < ¢'. Then fx(x) =€ —np.

Proof Let L = K(&/1+ xn"*P) and let u = ({/1 +x7x"’ — 1)/7". Then L/K is fe-
rociously ramified and O = Ok [u]. Now apply [1, Lemma 6.6]. O

We now move to g = 2 and show that the filtration {ﬁ~1n Br K[p]} is not in general
induced by either of the Abbes—Saito ramification filtrations, beginning with the non-
logarithmic filtration.

Proposition 10.8 Suppose that K contains a primitive pth root of unity and that the
residue field F of K is not perfect. Then it is not true that, for all n > 0,

fil, BrK[p] = {x € BrK[p]| fx(x) <n+1}.

Proof We will show that the equality does not hold for n = ¢’. Let x be an element
of F\ FP, let ¥ € Ok be a lift of x and let ¥ € H'(K,Z/p) correspond to the
extension K(«”/?)/K. By [30, Proposition 4.1 and Lemma 4.3], the element {y, 7}
lies in ﬁie’ Br K[p] but not in lee/_l Br K[ p]. On the other hand, by Lemma 10.5, we
have fx(¥)=¢,andso fx({V,7}) <e'. d

Now we treat the logarithmic filtration, by showing that its behaviour under field
extension differs from that of our filtration. For each finite extension L of K contained

in K, let {G‘i’log} be the logarithmic filtration on G = Gal(K/L).

Proposition 10.9 Suppose Q% # 0. It is not true that, for all finite extensions L/ K,
we have

il H2 (L) = (x € H3(L) | £, (0 <n).

Proof Suppose for contradiction that the statement is true. We may assume that K
contains a primitive pth root of unity. Let x, y € F be such that w = ’i—x A d}—,y # 0, and
let X, y € O be lifts of x, y respectively. Define A = (X, y), € Br K. By [30, Propo-
sition 4.1 and Lemma 4.3], we have A € fil, Br K[p], and rsw,/(A) = [cw, O] ¢
where ¢ € F is non-zero. Therefore A lies in fil,_; BrK [p], and by assumption
A < — 1.

Let L/K be any wildly ramified extension of degree p. The inclusion G

L,log C

G{log foralla >0 (~see [1]) implies fiog(resL/K A) < p(¢’ — 1), and so the image of
A in BrL lies in fil,, /1) Br L[ p]. However, the same calculation as before shows
that W, (resp/x A) =[cLw, O]nL,e’L’ where 777, is a uniformiser of L, ¢; = pe’ and
¢, is some non-zero element of F. So the image of A lies in ﬁV]pL,/_I Br L[p] but not

ﬁ~1pe/,2 Br L[ p], giving a contradiction. U
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11 Applications to the Brauer-Manin obstruction

Let V be a smooth, proper, geometrically irreducible variety over a number field L
such that V (Ay) # (. The surjectivity results described in Theorem B have implica-
tions for the existence of Brauer—Manin obstructions to the Hasse principle and weak
approximation on V, as follows. Suppose that 3 has order n in BrV, and that p is a
finite place of L such that the evaluation map |B| : V(L) — BrLy[n] is surjective.
Write V (A7)B for the subset of adelic points of V that are orthogonal to 53 under the
Brauer—Manin pairing; this contains V (A7 )B". Our freedom to adjust the value taken
by B at the place p shows that

BV CV(AL.

In other words, I3 does not obstruct the Hasse principle on V, but it does obstruct
weak approximation on V. Note that in order to show that B obstructs weak approx-
imation on V/, it suffices that |B| : V(Ly) — Br Ly be non-constant. The existence
of Brauer group elements with non-constant evaluations at primes of good ordinary
reduction is the subject of Theorem C, which we now prove.

Proof of Theorem C Let V), be the base change of V to Ly, and choose a smooth mod_el
V of V}, over the ring of integers of Ly, such that the special fibre Y is ordinary. Let V},
denote the base change of V}, to an algebraic closure of Ly,. The spectral sequences [3,
0.2]

Ey' =W (Y.i"R'J.Z/p") = B (V. Z/p)

define decreasing filtrations on H‘f(l_/p, Z/p") for all r, and also on H‘f(Vp, Zp) and
H? (\_/,J Qp). For any of these filtrations, let gr’ denote the graded pieces.

Since Y is ordinary, gr HZ(V}j Qp) # 0 by [3, Theorem 0.7(iii)]. Therefore
gi® H?(Vy, Z,) is also non-zero, and so gr” H?(V;,, Z/ p") is non-zero for some r > 1.

Let L be the algebraic closure of L inside our chosen algebraic closure of Ly,
and let V be the base change of V to L. By proper base change [35, Corol-
lary VI1.2.6], the natural map H>(V, Z/p") - H2(Vp, 7./ p") is an isomorphism. Let
o € H2(V,Z/p") have non-zero image in gr H> (Vp,Z/p"). Replacing L by a finite
extension, we may assume that « is defined over L and that L contains the p”th roots
of unity. We fix an isomorphism Z/p” = (Z/p")(1) on V, and view « as an element
of HX(V, (Z/p")(1)).

We will show that the image of « in Br V), does not lie in filp Br V. Let K " be the
Henselisation of the function field K = L, (V) at the discrete valuation correspond-
ing to Y, and let K fl’r be its maximal unramified extension. Comparing the spectral
sequences of vanishing cycles for V}, and K h gives a commutative diagram

H2(Vy, (Z/p") (1)) — s B, R/ (1)

l |

H (K") —  HUK".H, (K}})

@ Springer



888 M. Bright, R. Newton

in which res is the usual restriction map of Galois cohomology, gr’ Hz(Vp,
(Z/p")(1)) is the coimage of f (the quotient of H2(Vp, (Z/p")(1)) by the kernel
of f), and fily H?,r(K ") is the kernel of res. By construction, f(c) is non-zero. By
Lemma 3.4, g is injective, showing that g(f(¢)) is non-zero. So the image of « in
H2(K") does not lie in filg H2(K").

Let A be the image of « in Br V. By Theorem A, after possibly replacing L by
a further finite extension, the evaluation map |A|: V(L) — BrL; is non-constant,
showing that A obstructs weak approximation on V. 0

Our final task is to prove Theorem D. We begin by gathering some criteria which
can be used to show that various graded pieces of the filtration on Br X vanish.
Lemma 11.1 is not actually used in the proof of Theorem D but is included as a
first example of how one can deduce information about Br X from properties of the
special fibre.

Lemma 11.1 Suppose that H(Y, Q}) = HO(Y, Q%) = 0. Then filyBr X = BrX.

Proof If A is an element of fil, Br X for n > 1, then Theorem 8.1(1) shows that
rswy (A) = [o, Bz, with (o, B) € HO(Y, @3) @ HO(Y, Q}) = 0. This shows that
fil, Br X =fil,_; Br X forall » > 1, and so fily Br X = Br X. O

Lemma 11.2 Suppose HO(Y, Q}) =0 and e < p — 1. Then filyBr X = Br X.

Proof 1t suffices to show rsw,(A) = 0 for all A € fil, Br X with n > 1. Suppose
rswy (A) = [a, Blr.n. If ptn, then Lemma 2.17 shows na = dB. Since B lies in
HO(Y, Q}) =0, it follows that @ = B = 0, completing the proof in this case.

We have ¢’ =ep/(p — 1) < p, and so p 1 n holds for all n < ¢'. The remaining
case is when A € BrX has sw(A) =n > ¢ with p | n. Then Lemma 2.19 shows
sw(pA) = n — e, which is not divisible by p; as above, we deduce rsw,_.(p.A) =
0 and therefore, by Lemma 2.19 again, rsw;, (A) = 0, contradicting the assumption
sw(A) =n.

Thus we have fil,, Br X =fil,,_; Br X for all n > 1, and so fily Br X = Br X. O

Lemma 11.3 Suppose H' (Y, Z/p) = 0. Then fil_; Br X{p} = filp Br X{p}.

Proof Firstly, the group H! EY ,Z/ p") is trivial for all r: it is an Abelian p-group and
its p-torsion subgroup H! (Y,Z/ p) is trivial. Now, for every r, the Hochschild—Serre
spectral sequence gives a short exact sequence

0—H\(F,z/p")—>H' (Y, Z/p") —>H'\(Y,Z/p"),

showing that the natural map H'(F, Z/p") — H' (Y, Z/p") is an isomorphism. The
result then follows from Proposition 3.1. g

Lemma 11.4 Let X — Oy be a smooth proper morphism such that the generic fibre

X is geometrically integral. Let n be a positive integer and suppose HY(X,Z/n) =0.
Then the special fibre Y satisfies H'(Y, Z/n) = 0.
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Proof Let k' be a finite extension of k, with ring of integers Oy and residue field F’.
Let X’ = X xo, Op be the base change and denote its special and generic fibres
by Y’ and X' respectively. X is proper over Oy, so the proper base change theorem
gives an isomorphism H! (Y, Z/n) = H' (X', Z/n). On the other hand, by [20, Corol-
lary 1.10.2], an étale cover of a connected normal scheme is uniquely determined by
its fibre at the generic point, so the natural map H' (X”, Z/n) — HY(X’, Z/n) is in-
jective. We deduce that H' (Y', Z/n) injects into HY(X', Z/n). Taking the 11m1t over
all finite extensions k’/ k shows that H' (Y, Z/n) injects into H' (X, Z/n) = O

Proof of Theorem D Since V is smooth and proper over L, there exists a smooth
proper model V — Spec Og for some finite set S of places of L containing all the
infinite places. The assumption that Pic V be torsion-free implies H!(V, Oy) = 0
and hence, by Hodge theory, HO(V, Q! v) = 0. For a finite place p ¢ S, denote by
V(p) the fibre V X(')S k(). Semi- contmulty shows that, after possibly enlarging S,
we have HO(V(p), Q! Vi) =0 forall p & 5.

Let n be any positive integer. Since Pic V is torsion-free, the Kummer sequence
gives H'(V,Z/n) =H'(V, u,,) = 0. Suppose that p is a place of L not contained
in S. By [35, VI.2.6], we have H! (V Xj Ly, Z/n) =0, and Lemma 11.4 applied to
V x0; Or, shows H'(V(p), Z/n) =

We enlarge S to include all finite places p whose absolute ramification index ey
satisfies ey, > p — 1, where p is the residue characteristic of p. (It is enough to include
all primes ramified in L and all primes above 2.) Let p be a place not in S, of residue
characteristic p. Lemma 11.2 and Lemma 11.3 show that, for any A € Br V{p}, the
evaluation map |A|: V(Ly) — BrL, is constant. [11, Proposition 2.4] proves the
same for A € Br V of order prime to p, completing the proof. g

Remark 11.5 If, for example, V is a K3 surface, then there is no need to enlarge S
to ensure that HO(V(p), Q{;(p)) =0 for all p ¢ S. In other words, there are no places
included in the subset (4) of Theorem D. Indeed, in this case, for any place p admit-
ting a smooth proper model V — Spec O, the reduction V(p) is also a K3 surface,
as follows. Because Pic) — PicV is an isomorphism and wy/y is trivial, it fol-
lows that wy, o, 1s also trivial, and therefore so is wy (p),F, . Serre duality then gives
2V (P), Opp)) = 'V (), oyp) = h°(V(p), Oy(p)). Since V(p) is geometrically
connected, one has hO(V(p), Oy (p)) = 1, and the fact that the Euler characteristic is
constant in flat families gives h'(V(p), Oy(p)) = 0, showing that V(p) is a K3 sur-
face. It follows by [23, Theorem 9.5.1] that H(V(p), Q{;(p)) is trivial.
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