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Giant galactic outflows and shocks in theCosmic Web

Abstract

The radio sky harbours both galactic and extragalactic sources of arcminute- to
degree-scale emission of various physical origins. To discover extragalactic dif-

fuse emission in theCosmicWebbeyond galaxy clusters, onemust image low–surface
brightness structures amidst a sea of brighter compact fore- and background sources.
Angularly separating the faint from the bright radio sky requires high-quality iono-
spheric calibration. This thesis introduces new advances in and investigations into
ionospheric calibration, the degree-scale Milky Way foreground, and two sources of
megaparsec-scale emission in cosmic filaments: giant galactic outflows and cosmolog-
ical structure formation shocks. Giant galactic outflows (or ‘giant radio galaxies’) are
generated by the jets of active supermassive black holes, and transport relativistic lep-
tons, entrained atomic nuclei, heat, and magnetic fields from the centres of galaxies
to their outskirts and beyond. These outflows embody the most energetic pathway
by which galaxies respond to the Cosmic Web around them. Structure formation
shocks around filaments are a generic, but still elusive, prediction of cosmological
simulations and trace the gravitational flow of matter from proto-voids to filaments.
Both phenomena inform on the strength, topology, and origin of magnetic fields in
the Cosmic Web.
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Do not try to keep up with the times, try to keep up with poetry! Keep up with
everything that transcends time.

SamDillemans, Belgian painter, in SamDillemans, deWaanzin van het
Detail (2007; translation from Flemish)

1
Introduction

On our home planet, of all widespread minerals of natural origin, magnetite is most
stronglymagnetic. Life on Earth long ago acknowledged this power in its struggle for
survival: the fossil record of Southern England shows that, when the dinosaurs of the
Cretaceous roamed our world, bacteria synthesised magnetite crystals (e.g. Siponen
et al., 2013) to align themselves with Earth’s magnetic field and navigate1 to zones
of optimal oxygen concentration.2 Birds — the last surviving clade of dinosaurs —
have developed at least two magnetoreception systems, including a magnetite-based
receptor system activewithin the beaks of several species (e.g.Wiltschko&Wiltschko,
2013). Thus, when China’s ancient Han dynasty discovered that lodestones—mag-
netite fragments turned permanent magnets3 — could be used for navigation, hu-
mans reinvented a technology already mastered by lifeforms of long-gone eras, if not
eons. In the ancient Mediterranean, lodestones (‘lead-stones’ or ‘way-stones’ in Old

1By committing to movement along a field line, a three-dimensional search problem simplifies to
a one-dimensional one.

2Synthesis by such magnetotactic bacteria is not the only way in which Earth’s magnetite has
formed. For instance, experiments demonstrate that magnetite could have precipitated directly from
seawater in the deep oceans of the early Archean (Li et al., 2017).

3Notably, magnetite can only become permanently magnetised when its microstructure contains
maghemite impurities (Warner, 2012). A leading theory posits that lightning, and the strong mag-
netic fields of lightning bolts in particular, are responsible for charging lodestones (Wasilewski &
Kletetschka, 1999).
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English, for their ability to guide mariners) were called Μαγνήτιδες λίθοι: Magnesian
stones, presumably named after the lodestones found near the Lydian city ofMagne-
sia ad Sipylum in Asia Minor.4 The philosopher Thales, from the flourishing com-
mercial city ofMiletus in Ionia that led tradewithBabylon andEgypt, suggested— in
line with the prevailing animistic world-view of his time— that lodestones had souls
that made them attract iron. Thales, now sometimes called the Father of Science, was
rightfully intrigued, as scientific inquiry in the following millennia would reveal that
the seemingly innocent stones of Magnesia held deep secrets.

1.1 Magnetism and the rise of modern physics

For example, in the early twentieth century— andwithin a few years of eachother—
the young physicists Niels Bohr and Hendrika van Leeuwen independently showed
that a consistent application of classical and statistical mechanics rules out macro-
scopicmagnetisation fornon-rotating, isolated systems in thermal equilibrium.5 Equi-
valently, this result, now known as the Bohr–van Leeuwen theorem, states that the
magnetic behaviour of solidsmust arise purely as a quantummechanical effect. Lode-
stones are thus quantum stones. Thales’s ‘souls’ were whispers of the subatomic
world, whose description has become one of the pillars of modern physics.

Magnetism also played a key role in establishing another pillar of modern physics.
In the summer of 1905, during his annus mirabilis, Einstein published his ground-
breaking Zur Elektrodynamik bewegter Körper, in Annalen der Physik. Herein, he
laid out the groundwork for his special theory of relativity, a daring reconsideration
of the laws of kinematics and electrodynamics in their full generality, albeit in a setting
without a gravitational field — that is, in Minkowski spacetime.6 To do so, Einstein

4Scholarly debate, both in antiquity and in modern times, has been unable to establish with cer-
tainty whether Magnesia ad Sipylum in Lydia, or the district of Magnesia in Thessaly where the
founders of the Lydian city originated from, lies at the root of the lodestone’s Greek name (Oxford
English Dictionary, 2000).

5Van Leeuwen wrote her doctoral thesis at Leiden University under supervision of the Nobel
Prize–winning theorist Hendrik Lorentz. In particular, van Leeuwen’s thesis proposed to resolve a
dispute between Langevin and Kroo on the status of paramagnetism within the then-novel theory of
electrons by resorting to predictions of classical and statistical mechanics only, the validity of which
would be considered beyond dispute. Van Leeuwen wrote (van Leeuwen, 1919): ‘Voor die methode
kunnenwe gebruiken die van hetH-theorema vanBoltzmann,maarmoeten ons dan beperken tot gassen,
waarin de moleculen alleen in wisselwerking zijn gedurende den korten duur van hun botsingen en tot
een temperatuurgebied, waarin de wetten van de klassieke mechanica kunnen worden toegepast, zoo hoog
dus, dat de quanta nog geen rol spelen.’

6It is sometimes wrongfully claimed that the special theory of relativity does not describe accel-
erating bodies. On the contrary, directly in Zur Elektrodynamik bewegter Körper, Einstein considers
theDynamik des langsam beschleunigten Elektrons—the dynamics of the slowly accelerated electron.
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required two postulates, the first of which he called the principle of relativity.7 The
opening sentences of Zur Elektrodynamik bewegter Körper indicate that Einstein’s
thinking on the principle had been influenced by the conceptually seemingly distinct,
but equally adequate explanations offered byMaxwell’s electrodynamics for the same
phenomenon—amagnet and a conductor in relativemotion—when view from the
two bodies’ respective rest frames:

It is known thatMaxwell’s electrodynamics— as usually understood at
the present time — when applied to moving bodies, leads to asymme-
tries which do not appear to be inherent in the phenomena. Take, for
example, the reciprocal electrodynamic action of a magnet and a con-
ductor. The observable phenomenon here depends only on the relative
motion of the conductor and the magnet, whereas the customary view
draws a sharp distinction between the two cases in which either the one
or the other of these bodies is in motion. For if the magnet is in motion
and the conductor at rest, there arises in the neighbourhood of themag-
net an electric fieldwith a certain definite energy, producing a current at
the places where parts of the conductor are situated. But if the magnet
is stationary and the conductor in motion, no electric field arises in the
neighbourhood of the magnet. In the conductor, however, we find an
electromotive force, to which in itself there is no corresponding energy,
but which gives rise — assuming equality of relative motion in the two
cases discussed — to electric currents of the same path and intensity as
those produced by the electric forces in the former case.

Examples of this sort, together with the unsuccessful attempts to dis-
cover any motion of the Earth relatively to the ‘light medium’, suggest
that the phenomena of electrodynamics as well as of mechanics pos-
sess no properties corresponding to the idea of absolute rest.

The second half of Zur Elektrodynamik bewegter Körper introduces the idea that
what manifests as an electric field to one observer, an observer in another reference
framewould identify as amagnetic field—andvice versa. Thus, just asMinkowski in-
troduced the idea of spacetime, a single, unified entitywhose separation into space and
time is reference frame–dependent, Einstein introduced the idea of electromagnetism.

The special case that ‘special’ refers to, is the case of negligible gravity.
7The unusual feature of German orthography that requires all nouns to be capitalised, prevents

us from knowing whether Einstein’s Prinzip der Relativität should be translated to English without
capitals, as I do here, or with to emphasise its deemed importance — as is done in some well-known
English translations, such as in the 1923 book The Principle of Relativity.
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Relativity revealed that electric andmagnetic phenomena are intimately linked, as the
two faces of Ianus Bifrons.

1.2 Magnetism throughout the Universe

1.2.1 The Earth— and the dynamo mechanism

The Earth’s magnetic field is not just helpful to lifeforms seeking to navigate the
planet’s oceans and skies, but more fundamentally supports— if not outright makes
possible in the first place — the existence of life as we know it. By deflecting the So-
lar wind, the geomagnetic field prevents the Earth’s atmosphere from eroding away.
Only where geomagnetic field lines leave or enter the Earth, Solar wind protons and
electrons ionise atmospheric nitrogen molecules and oxygen atoms, giving rise to the
mythical phenomena of aurora borealis and aurora australis. Figure 1.1 shows a view
of the former, as documented by the author of this thesis during a cold Icelandic night
in December 2019.

The geomagnetic field can be traced back to the core, where it is amplified through
the dynamo mechanism. This mechanism is driven by the flow of heat from the in-
ner core, whose temperature of 6000 K exceeds that of the surface8 of the Sun, to the
outer core–mantle boundary, where the temperature is 3800 K. This temperature
gradient, alongside material inhomogeneity, causes buoyancy and so ultimately con-
vection currents (of current density J) in the outer core’s iron alloy fluid. ByAmpère’s
circuital law, these convection currents generate a magnetic field B:9

∇× B = μ0J+
1
c2
∂E
∂t

. (1.1)

Faraday’s law, in turn, dictates that a changing magnetic field induces an electric field
E:

∇× E = −∂B
∂t

. (1.2)

Finally, these magnetic and electric fields exert Lorentz force on the charged particles
8We take the ‘surface’ of the Sun to mean its visual surface: i.e. its photosphere, from which light

escapes directly into space.
9The emergence of magnetic fields due to currents as presently discussed only requires Ampère’s

circuital law as Maxwell originally derived it — i.e. without his later correction. However, as the ter-
minology suggests, Maxwell’s equations are not complete without this additional term— which, for
instance, is crucial for predicting electromagnetic wave propagation. For this reason, we provide Am-
père’s circuital law withMaxwell’s correction here.
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Figure 1.1: Magnetic fields around planets do not only generate dazzling auroral displays, such as
those above Iceland (top), but also allow for the existence of rather sophisticated lifeforms, such as
astronomers (bottom left) and Labradors (bottom right).

that make up the currents. The currents are shaped by the Lorentz force, in accor-
dance with Ohm’s law:

J = σ (E+ u× B) , (1.3)

where σ is the electrical conductivity and u is the fluid velocity field. To see how the
interplay between currents, magnetic fields, and electric fields give rise to a magnetic
field that grows over time, we start with Faraday’s law, and substitute in Ohm’s law
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after solving the latter for E. This results in

∂B
∂t

= ∇×
(
u× B− σ−1J

)
. (1.4)

Now, by using Ampère’s circuital law with Maxwell’s correction to take out J, and
after introducing the magnetic diffusivity η = (μ0σ)

−1, we find

∂B
∂t

= ∇×
(
u× B− η∇× B+

η
c2
∂E
∂t

)
. (1.5)

From Eq. 1.5, it is clear that, if Maxwell’s correction (i.e. the second term on the
RHS of Eq. 1.1) could be neglected, we obtain a partial differential equation for the
evolution of B only. When is neglecting Maxwell’s correction warranted? Clearly,
this is warranted when the first two terms between parentheses are much larger than
the third, yielding the condition

||u× B− η∇× B||2 � || η
c2
∂E
∂t

||2, (1.6)

where ||x||2 is the usual Euclidean norm of vector x. By comparing Eq. 1.2 to Eq. 1.5,
we see that u×B−η∇×B = −E− η

c2
∂E
∂t . We now plug this into the inequality, and

use the fact that vector lengths do not change when vectors are reflected in the origin.
As a result,

||E+
η
c2
∂E
∂t

||2 � || η
c2
∂E
∂t

||2. (1.7)

This is an inequality of the form ||x+y||2 � ||y||2. Loosely speaking, x+y is at risk of
being shorter than y if x and y are about as long and roughly antiparallel, so that they
can cancel eachother. Inversely, when x is much longer than y, then there is no such
risk: y now takes on the role of a mere ‘perturbation’, and x + y will consequently
remain much longer than y, irrespective of the orientation of y with respect to x.
Therefore, the inequality of Eq. 1.7 is satisfied whenever

||E||2 � || η
c2
∂E
∂t

||2, (1.8)

or

||E||2
||∂E

∂t ||2
� η

c2
=: τF, (1.9)

20



where τF is the Faraday time. We remark that the Faraday time depends only on the
electrical conductivity σ and the fundamental constants of Nature μ0 and c. By cal-
culating σ for various physical systems, one can show (e.g. Brandenburg & Subrama-
nian, 2005) that the inequality is satisfied in a wide range of astrophysical contexts,
including that of Earth’s outer core. We thus arrive at the induction equation of mag-
netohydrodynamics:

∂B
∂t

≈ ∇× (u× B− η∇× B) . (1.10)

The two terms on theRHS of Eq. 1.10 are called themagnetic induction term and the
magnetic diffusion term, respectively. The magnetic Reynolds number Rm expresses
the relative importance of both terms, and is defined simply as the ratio of the typ-
ical magnitudes of the induction and diffusion terms. Because the diffusion term
η∇×B ∝ η, it follows thatRm ∝ η−1 ∝ σ: the higher the electrical conductivity, the
higher the magnetic Reynolds number. What are typical magnetic Reynolds num-
bers in astrophysical scenarios? In the accretion discs of cataclysmic variable stars,
stellar mass black holes, and neutron stars, Rm ∼ 104, while in the accretion discs of
supermassive black holes,Rm ∼ 1011. High values ofRm are also found in the convec-
tion zones of Sun-like stars, whereRm ∼ 106–109. Finally, in galaxies at large, and in
galaxy clusters, Rm is orders of magnitude higher still. These numbers suggests that
the perfectly conducting fluid approximation has widespread validity in astrophysics.
Such fluids, as their name implies, are characterised by σ → ∞, or η → 0. As a result,
the induction equation for perfectly conducting fluids is

∂B
∂t

≈ ∇× (u× B) . (1.11)

Both this simple induction equation as well as Eq. 1.10’s more general form demon-
strate that B(x, t) = 0 is a perfectly valid dynamo solution. Thus, when magnetic
fields are initially absent, the dynamomechanismdoesnot generate them. Thismakes
explicit the important fact that the dynamo mechanism can amplify magnetic fields,
but always requires a seed magnetic field to get started.

For the Earth, the seedmagnetic field possibly came from a time when the Sunwas
very young. In a putative T Tauri phase—which would have lasted for only ten mil-
lions years or so — the contracting Sun launched a stellar wind that was much more
strongly magnetised than the one observed today. It is hypothesised that this early,
magnetised Solar wind transferred both angular momentum and magnetic fields to
the protoplanetary disc from which the Solar System planets, including the Earth,
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eventually arose.

1.2.2 Other planets, in the Solar System and beyond

In the Solar System, Mars has suffered the fate of losing its atmosphere to the inter-
planetary medium, changing its sprawling deltas, fans, and channels of liquid water
into cold and dry deserts. This, of course, has led to a strong decrease in its potential
to host life as we know it. Although the early Martian magnetic field was never able
to shield the planet’s atmospheric hydrogen from the young Sun’s relentless winds,
the stripping of atmospheric carbon and oxygen only began in earnest when theMar-
tian magnetic field disappeared 4.1 billions years ago. With the death of the planet’s
dynamo, theMartian atmosphere became vulnerable to slow but steady atmospheric
erosion. Inadequate replenishment by processes such as cometary bombardment and
vulcanism eventually led to its feeble current-day atmosphere, whose surface pressure
is less than 1% of that on Earth.

The cautious tale of Mars10 has motivated astronomers in recent years to study
more closely the interplay between planetary atmospheres, planetary magnetic fields,
and stellar winds (e.g. Rodríguez-Mozos &Moya, 2019). It is now believed that the
habitability of exoplanets should not be judgedmerely on their ability to allow liquid
water on their surface, but also on their ability to sustain a magnetic field.11

1.2.3 Stars, and islands of stars

Magnetism appears to be of existential importance not only to habitable planets, but
also to stars. Magnetic fields in collapsing protostellar clouds are crucial to trans-
ferring away angular momentum. Without extraction of angular momentum, such
clouds cannot give birth to stars.

The influence of magnetism on the level of stellar populations is an area of active
research (for a review, see e.g. Krumholz & Federrath, 2019). The two key quantities
via which astronomers quantify the outcome of the star formation process, both in

10This sentiment might not be echoed by antinatalists — and especially not by those with views as
sweeping as David Benatar’s (e.g. Benatar, 2006).

11If the Solar System provides some indication, exomoons may outnumber exoplanets. Thus, if
the habitable fraction of exomoons is comparable to that of exoplanets, exomoons would form the
Universe’s most common rostrum for the emergence of life. Uniquely, tidal heating could drive the
habitability of exomoons. This mechanism cannot be important for exoplanets, as the tidal heating
power P scales with semi-major axis a as P ∝ a−6 or steeper (e.g. Makarov& Efroimsky, 2014)— and
planets are, of course, much further away from their stars than moons are from their planets. Recent
work has explored the possibility that tidal heating creates subsurface oceans on exomoons (Tjoa et al.,
2020), in which life could emerge even when magnetically protected atmospheres are absent.
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Figure 1.2: The Sun is the sizzling heart of the Solar System, and the only star that we can study up
close. Amagnetically active star, the Sun’s atmosphere features coronal loops: radiating magnetic flux
tubes that begin and end in the photosphere and that are up to a million kilometres long. These mag-
netic flux tubes can have complex shapes, and often appear thinner than they truly are (Malanushenko
et al., 2022). From: Solar Dynamics Observatory, NASA

individual molecular clouds and in entire galaxies, are the star formation rate (SFR)
and the initial mass function (IMF) of stars.12 Remarkably, following the pioneer-
ing work of Salpeter (1955), careful observations of nascent stars in different regions
of the Milky Way have suggested a nearly universal IMF. For more than half a cen-
tury after Salpeter (1955), no consensus appeared as to whether the IMFs in other
galaxies, both past and present, deviates from that of theMilkyWay, with a common
modelling assumption being that they do not. Historically, magnetic fields have been
proposed as regulators of the fragmentation of collapsing gas clouds, with the goal
of explaining the possible near-universality of the IMF. While work of the last two
decades has shown that magnetic fields in star-forming regions are too weak to ful-
fill this role directly, magnetismmay crucially impact star formation indirectly— for
example, by allowing the formation of stellar jets and other outflows. In addition,
magnetic fields may dramatically reduce the exchange of heat and particles between

12Regardless of its value, a star’s initial mass is the prime driver of its physical properties, such as its
bolometric luminosity, surface temperature, and radius, at any given instant of its ensuing life. More-
over, the initial mass determines the star’s eventual fate, the type of remnant left behind, and the el-
emental abundances and energy returned back to the interstellar medium (ISM). For this reason, the
IMF is essential to understanding stellar populations.
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Figure 1.3: Computer simulation of the Cosmic Web — the grand, all-encompassing, network-like
structure of theUniverse that has been fourteenbillion years in themaking. Withdynamics dominated
by gravity, individual galaxies, galaxy groups, and galaxy clusters (orange–white) form in the depths of
the Cosmic Web’s potential wells. Supersonic shocks crash onto the filaments of the Cosmic Web
(blue–white), highlighting their ongoing formation. From: TNG100 simulation, TNG Collaboration

hot gas from supernova-driven winds and the cold ISM. If so, this would drastically
change our understanding of the effectiveness of supernova feedback on the SFR.

1.2.4 The CosmicWeb

In the last decades, observations have shown that the Universe is magnetised even on
its largest scales. Itmight not be a priori clear that theUniverse even possesses a largest
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Figure 1.4: Computer simulation of the Cosmic Web at scales exceeding the End of Greatness,
demonstrating the Cosmological Principle: at sufficiently large scales, the Universe becomes statisti-
cally homogeneous and isotropic. From: Millennium XXL simulation, Angulo et al. (2012)

scale, though—which in this context would refer to a spatial scale beyond which the
Universe does not show additional organisation. Tomore clearly illustrate the mean-
ing of such a largest scale, let us consider aGedankenexperiment inwhichHinduism’s
Vishnu, its primary creator, orders Brahma to buildmore of the Universe. Brahma is
asked, however, to do so in a way that stays faithful to Vishnu’s existing design. As
to avoid repetitiveness, he need not create exact copies of the structures already out
there (which would lead to a crystalline universe), but is allowed to introduce some
stochasticity. One could now ask how large a volume Brahma should survey in order
to learn all he needs to extend the Universe in a statistically sound manner — that
is, without ignoring any patterns present in the current Universe, and without intro-
ducing any patterns that are not yet present. The answer is that this volume should
measure, along each spatial dimension, roughly 1.5 · 102 Mpc (e.g. Cole et al., 2005;
Eisenstein et al., 2005) — that is, hundreds of millions of lightyears. These are the
values where, in this context, the largest scale refers to. The Universe’s final forma-
tions on the spatial hierarchy are clusters, filaments, sheets, and voids, which together
form a majestic, perennially evolving network called the Cosmic Web — sometimes
fittingly dubbed the End of Greatness.

The Cosmic Web was first discovered by mapping out the locations of galaxies in
threedimensionsusing their right ascensions, declinations, redshifts, and theHubble–
Lemaître law. This revealed that galaxies are not scattered uniformly throughout
space, but that they organise along filament-like formations. Where filaments meet,
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hundreds—and sometimes thousands—of galaxies lie clustered together. AsFig. 1.3
illustrates, modern computer simulations reproduce this spatial distribution of galax-
ies. They show that the Web’s striking morphology is determined principally by the
Gaussian random field initial conditions of the matter density fields, the collision-
less gravitational dynamics of dark matter, and the expansion of the Universe, which
could loosely be regarded as a force counteracting gravity. The numerical value of the
End of Greatness is set by the finite age of the Universe, the finite speed of light, the
strength of gravity, and the speed of expansion — that is, by the constants c, G, and
H0. Computer simulations also reproduce the End ofGreatness, as shown in Fig. 1.4.
The detection of synchrotron radiation from halos and merger shocks in galaxy

clusters, the nodes of the Cosmic Web, have shown that the densest regions of the
Cosmic Web are magnetised at B ∼ 1 μG levels. At the moment of writing, the first
synchrotron detections of the IGMwithin filaments have been claimed, showing that
observations of large-scale structure beyond galaxy clusters are within the reach of
modern low-frequency radio telescopes. Most notably, Botteon et al. (2018), Gov-
oni et al. (2019), and Botteon et al. (2020b) report the discovery of two radio bridges:
highly compressed filaments between clusters bound to merge in the near cosmolog-
ical future. Very recently, Vernstrom et al. (2023) have presented statistical evidence
for polarised radiation from accretion shocks in filaments. Finally, observations of
distant, gamma ray–emitting blazars have revealed that even cosmic voids are magne-
tised (e.g. Neronov & Vovk, 2010; Acciari et al., 2023).

1.3 Origin of magnetism

The ubiquity of magnetism, both spatially and through time, is interpreted by many
as a hint thatmagnetism has a unified origin—and additionally, that this originmust
lie in the Early Universe. Scenarios in which cosmic magnetism already arose in the
Early Universe are called primordial magnetogenesis scenarios. These scenarios vary
wildly in their proposed creationmechanisms, amplificationmechanisms, and there-
fore in the epochs duringwhich they are supposed to operate. Some scenarios remain
within the confines of StandardModel physics, while some venture outside (e.g. Kan-
dus et al., 2011). I introduce primordial magnetogenesis further in Sect. 1.3.1.

Alternatively, the Universe’s magnetismmight stem from the post-recombination
epoch. In these cases, the Biermann battery is often proposed as responsible for gen-
erating a weak magnetic field (B ∼ 10−21 G) from an initially absent one (e.g. Attia
et al., 2021). In the laboratory,modernhigh-power laser systemshave verified the real-
ity of the Biermann battery mechanism (Gregori et al., 2012). In brief, the Biermann
battery is a process inwhichmicroscopic currents arise from the difference inmass be-

26



tween electrons and positively charged ions on the one hand, and plasmapressure gra-
dients on the other. Let us consider, for example, the simplest case of a pure hydrogen
plasma, which are ubiquitous in astrophysics. As electrons have a mass that is three
orders of magnitude lower than that of protons, any pressure gradient in the plasma
will make electrons accelerate more by the same three orders of magnitude. This cre-
ates charge separation, and thus an electric field. A magnetic field is only created ex
nihilo, however, when the electron density gradient and the plasma temperature gra-
dient are non-parallel (for more details, see e.g. Brandenburg & Subramanian, 2005).
The seed fields generated by the Biermann battery are in post-recombination mag-
netogenesis scenarios amplified by the dynamo mechanism, which I introduced in
Sect. 1.2.1. In astrophysical magnetogenesis scenarios, dynamo-amplifiedmagnetism
in stars and discs of supermassive black holes is spread back into intergalactic space
by exploding stars or jet streams. These ejectic fields can subsequently form the seeds
for magnetism in other stars and galaxies. I introduce astrophysical magnetogenesis
further in Sect. 1.3.2.

1.3.1 Primordial magnetogenesis

Turner&Widrow (1988)were the first to explore the possibility that primordialmag-
netic fields formed during cosmic inflation. This allows for amicrophysical origin for
magnetic fields that have amegaparsec-scale coherence length in themore recentUni-
verse. The characteristic feature of inflation is its ‘de Sitter phase’, named so because
the Universe’s expansion during this phase resembles that of a de Sitter universe. A
de Sitter universe is an idealised, matter-free universe first studied by LeidenObserva-
tory directorWillemde Sitter, whose expansion is determined by a positive cosmolog-
ical constant. During the de Sitter phase of inflation, as in the de Sitter phase of the
Universe expected to occur in the far future, the Universe’s scale factor increases ex-
ponentially with time. The total increase in scale factor caused by inflation is∼1030.
Classical electromagnetism in spatially flat Friedmann–Lemaître–Robinson–Walker
(FLRW) universes obeys magnetic flux conservation.13 Concerningly, magnetic flux
conservation dictates thatmagnetic field strengthsB decaywith the scale factor a over
time as B(t) ∝ a−2(t).14 Under magnetic flux conservation, initial magnetic fields
are thus reduced by a formidable factor ∼10−60, making these primordial magnetic
fields cosmologically irrelevant. As a result, any cosmologically relevant primordial

13Together, the conformal invariance of classical electromagnetism and the conformal flatness of
flat FLRWuniverses ensure that themagnetic flux conservation result ofMinkowski space carries over.
Non-flat FLRW universes need not obey magnetic flux conservation, as first pointed out in Tsagas
(2007) and worked out further in Barrow et al. (2012).

14For a brief derivation, we refer the reader to Appendix 3.A2 of Chapter 3.

27



magnetic fields that originate from before inflation either necessitate non-zero curva-
ture, or extensions to classical electromagnetism that break its conformal invariance.
Constraints on primordial magnetism could thus offer a window into the possibly
exotic physics of the inflation era.

Ideas fully in the realm of the Standard Model have been proposed that generate
seed magnetic fields of significant strengths in the post-inflation, pre-recombination
era. These ideas typically revolve around the generation of magnetic fields during
the electroweak or quantum chromodynamical phase transitions that happened in
the first fraction of a second of the Universe’s existence. A problem is, however, that
such post-inflation seed fields have coherence lengths that are too small to give rise to
magnetism observed at the present day. For example, magnetic fields generated dur-
ing the electroweak phase transition have astronomical unit–scale coherence lengths
(Kandus et al., 2011).

Intruigingly, primordial magnetism strong enough to produce the magnetic fields
of modern galaxy clusters without dynamo amplification causes baryon inhomoge-
neities in the Early Universe that resolve the hotly debated Hubble tension — with-
out the need to extend the concordance ΛCDM cosmological model (Jedamzik &
Pogosian, 2020).

1.3.2 Astrophysical magnetogenesis

Inmost post-recombinationmagnetogenesis scenarios, magnetic fields are created by
the Biermann battery and subsequently amplified by gravitational compression and
dynamos. Astrophysical magnetogenesis scenarios concern the subsequent seeding
of the Cosmic Web by violent forms of release of the astrophysically amplified mag-
netic fields. Two typical carriers of the released fields are supernova shocks and jets
launched from the accretion discs of supermassive black holes. The latter carrier will
be studied in detail in this thesis.

Supernovae

The first generation of stars to have formed throughout the Universe, the so-called
Population III stars, could have seeded the IGMwithmagnetic fields upon their cata-
clysmic demise as supernovae. The strength of the seed magnetic fields present when
stars form, determines the ability of their protostellar clouds to lose angular momen-
tum, and thus affects the stellar initialmass distribution (e.g.Xu et al., 2008). Wenote
that the seed fields of Population III stars could be the result of the Biermann battery
and gravitational compression only, whilst the seed fields of later generations of stars
could be much higher as a result of dynamos. For this reason, Population III stars
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Figure 1.5: The supergiant elliptical galaxy 3C 348, whose Hubble Space Telescope–collected stellar
light fills the image’s centre, hosts a supermassive black hole that launches a pair of collimated jets.
These jets carry plasma and magnetic fields into the intergalactic medium. The resulting plumes span
more than a million light-years, and bask in synchrotron radiation detected by the Very Large Array.
The radio-emitting structure is known as Hercules A. From: NASA, ESA, S. Baum and C. O’Dea
(RIT), the Hubble Heritage Team (STScI / AURA); R. Perley andW. Cotton (NRAO / AUI / NSF)

were more massive than later generations of stars.15 Currently, no reliable numeri-
cal predictions exist of the magnetogenesis potential of supernovae, as the processes
that generate and amplify supernova shock magnetic fields are uncertain and require
temporal and spatial resolutions far beyond those achievable in today’s cosmological
simulations (e.g. Garaldi et al., 2021).

Jets from supermassive black holes

Jet-driven galactic outflows — also known as radio galaxies (RGs) — are brought
forth by supermassive black holes (SMBHs), and embody another possible pathway

15However, themost important reason that Population III stars weremoremassive than stars form-
ing today is that the protostellar clouds from which they arose lacked elements heavier than lithium
— especially carbon, oxygen, and silicon—which otherwise contribute to cloud collapse via radiative
cooling.

29



for the post-recombination magnetisation of the intergalactic medium (IGM). Fig-
ure 1.5 shows a famous example, Hercules A, discovered in the early days of radio
astronomy (Bolton, 1948). A favourable cocktail of 101 Jy–scale radio flux densities,
a nearly two million light-year extent, and a comparatively low distance of some two
billion light-years allowed for the creation of highly resolved radio maps (Dreher &
Feigelson, 1984) when few others were available.16 As a result, Hercules A was influ-
ential in the development of ideas on the evolution of radio galaxies (e.g.Mason et al.,
1988)— and on the role played by the central engines that power them.

Our understanding of the importance and ubiquity of black holes has changed
markedly in the 107 years since Schwarzschild found the solution to the Einstein field
equations that now bears his name. Notwithstanding Einstein’s own scepticism to-
wards the astrophysical reality of Schwarzschild black holes (Einstein, 1939), Hawk-
ing and Penrose proved that black hole formation is a natural terminus of the lives of
massive stars. Soon after, Penrose, Blandford, Znajek, and Rees made plausible that
Kerr black holes are also the central agents in active galactic nuclei (e.g. Blandford &
Znajek, 1977; Rees, 1984). From observations of radio galaxies, quasars, stellar orbits
in the Galactic Centre, maser discs, reverberation mapping time delays, pre-merger
gravitational waves, and most recently, the M87* and Sgr A* event horizon shadows
in direct VLBI imagery (e.g. Event Horizon Telescope Collaboration et al., 2019a,
2022), it is now clear that black holes are fundamental building blocks of our Uni-
verse— on stellar, galactic, and cosmological scales alike. SMBHs occur in nearly ev-
ery galaxy, and their influence over their galactic and extragalactic environments can
be profound. Intriguingly, this influence reaches the gargantuan scale of the Cosmic
Web—with its sprawling clusters, filaments, sheets, and voids.

The largest RGs, giants (or GRGs), attainmegaparsec (Mpc) lengths (for a review,
see Dabhade et al., 2023). Giants embody the most extreme known mechanism by
which galaxies impact the Cosmic Web around them. Giants affect the thermody-
namics of the intergalactic medium, of which they are simultaneously a probe. In
this thesis, we show for the first time that giants can be used to estimate the IGM
temperature in filaments. Giants in filaments may also be responsible for augment-
ing weak primordial magnetic fields. The extent of this giant-induced magnetism is
of major interest to the study of magnetogenesis, as magnetic fields in filaments to-
day tightly trace Early Universe magnetism if the GRG contribution is small. In this
thesis, we pioneer the first steps of measuring giant-induced magnetism.

16For a presentation and analysis of the most recent radio imagery of Hercules A, see Timmerman
et al. (2022).
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1.4 Astronomical observations of magnetic phenomena

With the case made that cosmic magnetism represents a compelling astronomical
frontier, what methods would be best suited to study it? Of course, cosmic mag-
netism can be studied in the laboratory (e.g. Gregori et al., 2012) or in simulations
(e.g. Vazza et al., 2015, 2017). For observations, it appears reasonable to choose a
messenger that bears signatures ofmagnetism in themost directway possible. Within
the electromagnetic spectrum, radio waves are perhaps the most promising magnetic
messengers. They are generated by radiation mechanisms that operate only in the
presence of magnetic fields, such as the cyclotron, electron–cyclotron maser insta-
bility (for a review, see Treumann, 2006), and (gyro-)synchrotron radiation mecha-
nisms. In addition, by the Faraday effect, the polarisation direction of radio waves is
rotated by the presence ofmagnetic fields along their journey from source to observer.

In this thesis, wewill studymagnetism through the radiowindow, and inparticular
through synchrotron radiation. Synchrotron radiation emerges when charged parti-
cles with relativistic speeds spiral along magnetic field lines. As predicted by the rel-
ativistic Larmor formula, the bolometric power emitted by a synchrotron-radiating
particle P ∝ m−2, where m is the particle’s mass (for derivations, see e.g. Rybicki
& Lightman, 1986). For this reason, astronomical synchrotron radiation is domi-
nated by that of lightest charged leptons — electrons and positrons — rather than
that of, for example, muons and antimuons, or of charged baryons such as protons
and antiprotons. When, say, electrons emit synchrotron radiation, they pay for the re-
leased energywith their kinetic energy. As the electrons slowdown, their synchrotron
spectrum shifts to lower frequencies. This, in brief, motivates why low-frequency
(νobs ∼ 101–102 MHz) radio telescopes are best suited to observe electron popula-
tions in magnetic fields long after they have been accelerated to relativistic speeds by
supernovae or SMBH jets.

1.5 The LOFAR

The world’s premier low-frequency observatory in operation today is the Low-Fre-
quencyArray (LOFAR; vanHaarlem et al., 2013), initially envisioned in the summer
of 1997 by George Miley, then the director of Leiden Observatory (for a personal
history of the early years, see Miley, 2010). This telescope observes the Northern
Sky at metre and decametre wavelengths. Its heart lies near the village of Exloo (Old
Drents for ‘forest of the oak’, although the forest has since disappeared) in the rural
Dutch province of Drenthe. Here, in a quiet swathe of wetland, plants and animals
— such as orchids, marsh lousewort, the black-tailed godwit, and land andwater rails
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Figure 1.6: The LOFAR’s core lies in the moors of Drenthe, one of the Netherlands’ northern
provinces. The Superterp, shown here, is a circular, elevated island with a diameter of 320 metres
that contains 6 of the 24 core stations. Each core station comprises 96 low-band antennae and two
sets of 24 high-band antenna tiles. The data underlying this thesis were collected using the high-band
antennae only. In the bottom image, north is at the top. From: ASTRON drone footage, 2018 (top);
Kadaster aerial imagery, 2022 (bottom)

— thrive alongside science. The area hosts the so-called Superterp, shown in Fig. 1.6.
When the LOFAR was built, its design, consisting of ∼104 low-cost dipole anten-
nae linked by analog electronics (in a first processing step) and then digitally (in a
subsequent processing step) to form a single telescope, was considered radical. It is
organised in 24 core stations around Exloo, 14 remote stations spread throughout the
Netherlands, and 14 international stations spread throughout Europe. When com-
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Figure 1.7: Stations of the International LOFARTelescope, the world’s premier low-frequency radio
observatory, as of 2022. The pan-European network, soon to operate in ten countries, enables obser-
vations of the Universe at metre wavelengths and at resolutions comparable to those achieved by the
JamesWebb Space Telescope (i.e. θFWHM ∼ 10−1 arcsec). From: ASTRON

bining data from the Dutch stations as well as from the non-Dutch stations, the tele-
scope is often referred to as the International LOFARTelescope (ILT). In Fig. 1.7, we
show the stations that together form the ILT. At metre wavelengths, the ILT is able
to achieve sub-arcsecond resolution — a specification unsurpassed by any other ex-
isting or planned low-frequency observatory (Morabito et al., 2022).17 The telescope
achieves this feat through aperture synthesis interferometry, a technique for which
Martin Ryle of the University of Cambridge was awarded the 1974 Nobel Prize in
Physics. Aperture synthesis interferometry combines the insight that pairs of record-
ings of the electric field at distinct spatial locations encode the sky’s intensity function
— a profound result known as the vanCittert–Zernike theorem—with the fact that
the Earth rotation timescale is typically much shorter than the timescale over which
the radio sky changes. This enables the creation of an effective telescope whose di-
ameter is equal to the largest distance amongst pairs of stations — for a source at the

17The ILT is therefore not only a pathfinder for the Square Kilometre Array (SKA; Dewdney et al.,
2009), but will remain complementary to it.
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zenith, at least. As the van Cittert–Zernike theorem lies at the basis of this thesis’
ionospheric calibration efforts and radio imagery, I now present an original (though
somewhat simplified) derivation that is hopefully instructive to some.

1.6 Astronomical interferometryofelectromagneticwaves: thevan
Cittert–Zernike theorem

Treating the wavefronts emitted by astronomical sources as spheres amounts to a par-
ticularly effective idealisation. Very far from the source, these wavefronts appear flat
—at least locally. More quantitatively, the distance onemust travel fromone location
to another to perceive appreciablewavefront curvature is proportional to the distance
to the source. For this reason,we canmodel incoming electromagnetic radiation from
astronomical sourceswith plane waves.

A general description of the (real) electric field displacement Ereal induced by a
plane wave at location r⃗ ∈ R3 at time t ∈ R travelling in direction k̂ ∈ S2 is

Ereal (⃗r, t) = A cos(2π
(⃗r · k̂+ ct)

λ
+ φ). (1.12)

Figure 1.8 shows a corresponding sequence of planeswithmaximumelectric field dis-
placementA. We emphasize that, for full generality, Eq. 1.12 requires a phase φ in the
argument of the cosine. Without φ, Eq. 1.12 predicts that Ereal always has maximum
displacement (i.e. a displacement equal to the amplitude) in the spatiotemporal ori-
gin, where r⃗ = 0 and t = 0. This is clearly not themost general plane wave: a general
plane wave should be able to have an arbitrary displacement between (and including)
−A and A in the origin.
It is instructive to note that all points in a plane perpendicular to k̂ have the same

electric field displacement. To see why this is true, let r⃗ denote some point in an arbi-
trary plane perpendicular to k̂. Any point in this plane is given by r⃗+ r⃗⊥, where r⃗⊥ is
an arbitrary vector perpendicular to k̂. Because the dot product of k̂ with any vector
perpendicular to it, vanishes, the locations r⃗ and r⃗+ r⃗⊥ (at any t) give rise to the same
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Figure 1.8: Schematic of a linearly polarised monochromatic plane wave travelling through three-
dimensional space in the direction of the arrow, k̂. The parallel planes perpendicular to k̂ appear ‘trun-
cated’, but in fact extend to infinity in this physical idealisation. This sequence of planes comprises the
set of points r⃗where, at the depicted instant in time t,Ereal equals its amplitudeA—or, in otherwords,
the set of points that solve Ereal(⃗r, t) = A. Subsequent planes are a distance λ apart. The green curve
indicates the magnitude and orientation of the electric field displacement vectors along an arbitrary
line parallel to k̂. These vectors are oriented either ‘up’ or ’down’— i.e. towards the top or bottom of
this page. This ‘up’-direction is the wave’s polarisation direction p̂. From: Frédéric Perez

cosine argument:

2π
(⃗r+ r⃗⊥) · k̂+ ct

λ
+ φ = 2π

r⃗ · k̂+ r⃗⊥ · k̂+ ct
λ

+ φ

= 2π
r⃗ · k̂+ 0+ ct

λ
+ φ

= 2π
r⃗ · k̂+ ct

λ
+ φ. (1.13)

Hence, r⃗ and r⃗+ r⃗⊥ have the same electric field displacement. Because r⃗ and r⃗⊥ were
arbitrary, all points in the same plane perpendicular to k̂ have equal Ereal.
We shall denote the polarisation direction p̂, so that E⃗real = Ereal p̂. Because the

polarisation direction p̂ and the wave propagation direction k̂must be perpendicular,
we find that they obey p̂ · k̂ = 0. For a linearly polarised plane wave, p̂ is constant in
space and time. Under natural conditions, a superposition of two linearly polarised
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plane waves of equal wavelength that travel in the same direction (λ1 = λ2 and k̂1 =
k̂2) is almost never another linearly polarised plane wave.18 Instead, an elliptically
polarised plane wave arises. At any particular instant of time, all points that lie in the
same plane perpendicular to k̂ have the same polarisation direction. However, two
different planes perpendicular to k̂ generally have different polarisation directions. At
anyparticular point, the polarisationdirection rotates as time advances; the associated
angular velocity is generally not constant in time.19

1.6.1 Radiation from all directions

We can think of the night sky as a ‘celestial’ sphere,mathematically represented by the
unit 2-sphere S2 := {⃗r ∈ R3 : ||⃗r||2 = 1}, with ||⃗r||2 being the usual Euclidean
norm of r⃗. From each direction, at least some radiation from astronomical sources
will be travelling towards us. Therefore, to find the total electric field at some posi-
tion r⃗ on Earth, we should— thanks to the principle of superposition— sum up the
contributions from all directions; that, of course, actually means integration.

For each point on the sphere, we consider an infinitesimal patch of solid angle dΩ
around it, and the outwards-directed unit vector k̂ perpendicular to the sphere at that
point. We assume the sky to emit monochromatically at wavelength λ. The complex
electric field at position r⃗ and time t is

E (⃗r, t) =
ˆ
S2
A
(
k̂
)
ei(

2π
λ (k̂·⃗r+ct)+φ(k̂,t)) dΩ. (1.14)

Note that we have given φ not only a direction dependence, but a time dependence
as well. If φ(k̂, t) is fully constant with time, we call the light from direction k̂ to be
perfectly coherent. If φ(k̂, t) varies a lot with time, we call the light from direction k̂
incoherent. See Fig. 1.9.

Astronomers perceive Eq. 1.14’s complex electric field— towhich, quite astound-
ingly, sources at gigalightyear distances measurably contribute — through currents
that start running in antennae. Here we consider a cylindrical metal rod, oriented
along axis â, as an idealised antenna. If the polarisation direction p̂ of an incoming

18Here, ‘almost never’ is used as the opposite of ‘almost surely’. A linearly polarised plane wave
emerges only in edge cases, such as when the constituent waves are exactly in phase, or when their
polarisation directions are either equal or opposite (p̂1 = ±p̂2).

19This angular velocity is constant in time only for the special case of a circularly polarised plane
wave, which emerges as the superposition of two linearly polarised plane waves with orthogonal po-
larisation directions (p̂1 ⊥ p̂2), equal amplitudes (A1 = A2), and a phase difference of 90° (φ1 − φ2 =
± π

2 ). A unique feature of a circularly polarised plane wave is that the magnitude of its electric field
displacement is constant in space and time (Ereal(⃗r, t) = Ereal).
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source 1: located in direction k̂1, observed at wavelength λ
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source 2: located in direction k̂2, observed at wavelength λ

Figure 1.9: For each direction k̂ ∈ S2, φ(k̂, t) is an independent stochastic process with distinct statis-
tical properties. Here we show φ for two directions: k̂1 and k̂2. From both directions, we receive light
from a source— an AGN, say. Because the two AGN are far away from eachother, they cannot affect
eachother, and as a result the two time series φ(k̂1, t) and φ(k̂2, t) exhibit no cross-correlation. How-
ever, there is correlation within the time series of each direction. The time scale over which φ remains
roughly the same, is called the coherence time τ. The emission fromAGN1 has a short coherence time,
whilst the emission from AGN 2 has a long coherence time.

plane wave is perpendicular to the cylinder axis â, then the free electrons in the metal
cannot commence an oscillatorymotion. Suchmotion is only possible if the free elec-
trons feel an electric force along the direction â. Thus, themeasurable fraction of the
electric field amplitudeA(k̂) is reduced by a factor â · p̂(k̂, t), where we havemade the
directional and temporal dependencies of the polarisation direction explicit.
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1.6.2 Introducing visibility

Interferometers attempt to measure the time-averaged product of the complex elec-
tric field at some location with the complex conjugate of this field at another. Why is
exactly this the quantity of interest?

To find out, we first establish an expression for the complex conjugate of the com-
plex electric field. Using rules from complex analysis,20 we find that complex conju-
gation of Eq. 1.14 yields

E∗ (⃗r, t) =
ˆ
S2
A
(
k̂
)
e−i( 2π

λ (k̂·⃗r+ct)+φ(k̂,t)) dΩ. (1.16)

Next, consider two points of measurement r⃗1, r⃗2 ∈ R3. These points represent the
locations of two astronomical dishes or antennae (or, sometimes, ‘stations’) — on
Earth or elsewhere in space. Calling the difference vector r⃗2 − r⃗1 the baseline vector
b⃗, we can equivalently write these locations as r⃗1 and r⃗2 = r⃗1 + b⃗. Furthermore, let
〈f (t)〉 denote the time-average of some function f (t):

〈f (t)〉 := lim
Δt→∞

1
Δt

ˆ Δt
2

− Δt
2

f (t) dt. (1.17)

Now,

〈E (⃗r1, t)E∗ (⃗r2, t)〉 =〈E (⃗r1, t)E∗(⃗r1 + b⃗, t)〉

= lim
Δt→∞

1
Δt

ˆ Δt
2

− Δt
2

ˆ
S2

ˆ
S2
A
(
k̂
)
A
(
k̂′
)
ei(

2π
λ (k̂·r⃗1+ct)+φ(k̂,t))

· e−i( 2π
λ (k̂′·(⃗r1+b⃗)+ct)+φ(k̂′,t))dΩdΩ′dt, (1.18)

where we formed a double integral from the product of the two integrals over S2.
20Let (z1, z2, ..., zN) ∈ CN be a tuple ofN complex numbers. Because z∗ := Re (z)− i Im (z), N∑

j=1

zj

∗

=

 N∑
j=1

Re
(
zj
)
+ i

N∑
j=1

Im
(
zj
)∗

=
N∑
j=1

Re
(
zj
)
− i

N∑
j=1

Im
(
zj
)
=

N∑
j=1

z∗j . (1.15)

Thus, complex conjugationmay be taken ‘inside’ sums. Because the same property holds for integrals,
we obtain the required complex conjugation rule.
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Next, thanks to cancelling terms, we can simplify the phasor exponent. Finally, we
can take the integral over time inside, yielding

〈E (⃗r1, t)E∗ (⃗r2, t)〉 =
ˆ
S2

ˆ
S2
A
(
k̂
)
A
(
k̂′
)
ei

2π
λ (k̂−k̂′)·⃗r1e−i 2πλ k̂′ ·⃗b

· lim
Δt→∞

1
Δt

ˆ Δt
2

− Δt
2

ei(φ(k̂,t)−φ(k̂′,t)) dt dΩdΩ′. (1.19)

Theproofof the vanCittert–Zernike theoremrelies on the assumption that the ‘phase
jitter’ time series φ(k̂, t) and φ(k̂′, t) are independent stochastic processes when k̂ 6=
k̂′ (where k̂, k̂′ ∈ S2). For some fixed sky direction k̂, {φ(k̂, t) | t ∈ R} is an un-
countable set of dependent random variables (RVs). To many, this notion may seem
rather abstract and daunting. We now provide a concrete example of how the time
series φ(k̂, t) could be simulated numerically — which requires us to discretise the
time axis — and what the corresponding formula for the coherence timescale would
be.

Consider an (N + 1)-tuple of times (t0, t1, t2, ..., tN), with subsequent elements
separated by time interval Δtstep. We define

φ(k̂, tj) := φ(k̂, tj−1) + Δφj (1.20)

for all j ∈ J := {1, 2, ...,N}, with the {Δφj}j∈J being independent and identically
distributed (IID) RVs with E[Δφj] = 0 and V[Δφj] =: σ2. (Note that these as-
sumptions still leave the distribution of Δφj somewhat unconstrained: we have not
specified whether the distribution is e.g. normal, uniform, or something else.) Fig-
ure 1.10 shows two realisations of phase offset time series simulated in the described
way. Next, let Δφ (without subscript) be the total phase change over the course ofN
time steps:

Δφ :=
N∑
j=1

Δφj. (1.21)
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distribution for ∆φj: normal | σ = 0.1 rad | ∆tstep = 0.001 s
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distribution for ∆φj: uniform | σ = 0.1 rad | ∆tstep = 0.001 s

Figure 1.10: Two simulated φ(k̂, t) time series, using different distributions for the RVs {Δφj}j∈J.

What are the mean and variance of this RV?

E [Δφ] = E

 N∑
j=1

Δφj

 =
N∑
j=1

E
[
Δφj

]
= N · 0 = 0; (1.22)

V [Δφ] = V

 N∑
j=1

Δφj

 =
N∑
j=1

V
[
Δφj

]
= N · σ2. (1.23)

In the second line, to take the sum out of the variance operator, we use that the RVs
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are independent.
We defineN∗ as the numbers of steps necessary for the standard deviation of Δφ

to equal 1 rad. To find an expression forN∗ in terms of σ, we remark that the standard
deviation of Δφ equals

√
V [Δφ] =

√
V [Δφ] (N). Then, by the definition ofN∗,

we have √
V [Δφ] (N∗) = 1 rad. (1.24)

Thus, we find

√
N∗ · σ = 1, or N∗ =

1
σ2
. (1.25)

It would make sense to define the coherence timescale of this stochastic process as
the time passed duringN∗ steps:

τ := Δtstep ·N∗ =
Δtstep
σ2

. (1.26)

After all, this would correspond to the typical amount of time necessary for the phase
offset to deviate a significant amount — such as 1 rad. Both simulated time series of
Fig. 1.10have a coherence timescale τ = 0.001 s

(0.1 rad)2 = 0.1 s. For the vanCittert–Zernike
theorem to work, we much integrate for much longer than the coherence timescale:
Δt � τ. So, say that we are intending to perform interferometric observations, and
that the time series shown in Fig. 1.10 are typical realisations for the celestial sky at
the observing wavelength. If one had to choose between integration times of Δt =
0.001 s, Δt = 0.1 s, or Δt = 10 s, it would be best to choose Δt = 10 s. It is not wise
to integrate for longer, as this will cause artefacts (time smearing) due to the rotation
of the Earth, which continuously changes the (u, v)-coordinates of baselines.

Consider two different directions in the sky, k̂, k̂′ ∈ S2, and their corresponding
phase jitter time series, φ(k̂, t) and φ(k̂′, t). In Fig. 1.11, we visualise the complex
exponential of their difference,

w(t) = ei(φ(k̂,t)−φ(k̂′,t)), (1.27)

wherewe have suppressedw’s dependence on both k̂ and k̂′ for brevity. This quantity
evolves over time in a fickle motion along the Argand diagram’s unit circle. The van
Cittert–Zernike theoremworks because themean value of the complex numbers that
emerge from this random ‘dance’ around the origin of the Argand diagram is zero. If
the integration time Δt is well-chosen, we expect the mean of the complex numbers
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Figure 1.11: Three examples (rows) of Eq. 1.27’sw(t) (thick circular arcs), the complex exponential
of the difference between the phase jitter time series of two distinct sky directions k̂ and k̂′. Time
progresses from left to right, leading up to a full integration time Δt. We also show how w(t)’s time
average evolves (thin meandering curves). The tendency of this time average to approach the origin of
the complex plane forms the essence of the van Cittert–Zernike theorem.

to come closer to the origin as the time passed approaches Δt.
Nowweuse the critical assumption that the stochastic processesφ(k̂, t) andφ(k̂′, t)

are independent if k̂ 6= k̂′. Physically, one says that the sources corresponding to these
directions aremutually incoherent. Because φ(k̂, t)− φ(k̂′, t) thus is a random angle,
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w(t)will be a random point on the unit circle in the complex plane. Taking the time
average of many such random points on the unit circle will eventually (Δt → ∞)
make the result vanish:

〈eiφ(k̂,t)〉 = E
[
eiφ(k̂,t)

]
= 0. (1.28)

As a result,

lim
Δt→∞

1
Δt

ˆ Δt
2

− Δt
2

w(t) dt = E
[
eiφ(k̂,t)

(
eiφ(k̂

′,t)
)∗]

= E
[(

eiφ(k̂,t) − E
[
eiφ(k̂,t)

])(
eiφ(k̂

′,t) − E
[
eiφ(k̂

′,t)
])∗]

=: Cov
[
eiφ(k̂,t), eiφ(k̂

′,t)
]

= δ(k̂− k̂′), (1.29)

where δ(k̂− k̂′) is the Dirac delta distribution. Looking back at Eq. 1.19, we see that
we have now calculated its time integral, which we can replace by this Dirac delta
distribution:

〈E (⃗r1, t)E∗ (⃗r2, t)〉 =
ˆ
S2

ˆ
S2
A
(
k̂
)
A
(
k̂′
)

· ei
2π
λ (k̂−k̂′)·⃗r1 e−i 2πλ k̂′ ·⃗b δ(k̂− k̂′) dΩdΩ′. (1.30)

In practice, we cannot integrate for an infinite amount of time to obtain just one vis-
ibility: we would never get anywhere with interferometry in the Universe’s lifetime!
Instead,we choose afinite integration time. This integration timeΔt shouldbe longer
than the coherence time of celestial sources. In this way, we make sure that the time
integral still roughly vanishes for different directions k̂ and k̂′.21
Next, we evaluate one of the integrals over the 2-sphereS2. For example, one could

evaluate the integral with infinitesimal solid angle dΩ′ and direction vector k̂′. The
integral vanishes for all values of k̂′, except for when k̂′ = k̂. Note that precisely when
that happens, A(k̂′) = A(k̂), so that we obtain a factor A2(k̂). Thus,

〈E (⃗r1, t)E∗ (⃗r2, t)〉 =
ˆ
S2
A2
(
k̂
)
e−i 2πλ k̂·⃗b dΩ. (1.31)

21Usually, the coherence time of astronomical sources ismuch less than a second. With theLOFAR,
integration times of roughly a second therefore suffice.
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Note that the result depends on the baseline vector b⃗, but is independent of r⃗1: the
absolute locations of the antennae do not matter! Now treated as a function of b⃗, this
expression is called the visibility function at wavelength λ:

Vλ(⃗b) :=
ˆ
S2
A2
(
k̂
)
e−i 2πλ k̂·⃗b dΩ. (1.32)

The astute reader may see the contours of a Fourier transform appearing.

1.6.3 Visibility and specific intensity

Let us say we are interested in reconstructing the sky’s specific intensity function
at wavelength λ around some central direction k̂c ∈ S2. Without loss of gener-
ality, we now choose a Cartesian coordinate system in which k̂c is the positive z-
axis. Any direction vector k̂+ in the same hemisphere as k̂c can be written k̂+ =

[kx, ky,
√
1− k2x − k2y ]. Likewise, any direction vector k̂− in the opposing hemisphere

can be written k̂− = [kx, ky,−
√
1− k2x − k2y ]. We can therefore write — without

doing any approximations— that

Vλ(⃗b) =
ˆ
R2
I
(
k2x + k2y ≤ 1

)
(A2

(
k̂+
)
e−i 2πλ k̂+ ·⃗b+

A2
(
k̂−
)
e−i 2πλ k̂− ·⃗b) dkxdky. (1.33)

Here, I is the indicator function, which equals 1 if the condition in parentheses is true,
and 0 if this condition is false. Typically, A(k̂) falls off quickly away from k̂c because
telescopes have a limited field of view. Therefore, it is very safe to assume that all
directions in the hemisphere opposing k̂c have a vanishing contribution to the electric
field as measured by the stations: A(k̂−) = 0. We obtain

Vλ(⃗b) =
ˆ
R2
I
(
k2x + k2y ≤ 1

)
A2
(
k̂+
)
e−i 2πλ (bxkx+byky+bz

√
1−k2x−k2y) dkxdky. (1.34)

Let us interpret the product of the first two factors in the integral: this represents the
observed (rather than ground-truth) specific intensity at wavelength λ. (One reason is
thatA in direction k̂ at time t is decreased by a factor that depends on the orientation
of our dipole â, and the polarisation direction p̂(k̂, t).) In concreto, Iλ,obs : R2 → R≥0
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is

Iλ,obs
(
kx, ky

)
:=

{
A2
(
k̂+
)

if k2x + k2y ≤ 1;

0 otherwise.
(1.35)

Let us now consider an interesting limiting case: stations with a small field of view.
Quantitatively, this means that Iλ,obs

(
kx, ky

)
decays quickly as k2x + k2y increases, so

that the only relevant contributions to the integral are for k2x + k2y � 1. Clearly, if

k2x + k2y � 1, then
√

1− k2x − k2y ≈ 1. This means that we can take a phasor e−i 2πλ bz

out of the integral; after all, this factor does not depend on integration variables kx
and ky anymore. As a result,

Vλ(⃗b) ≈ e−i 2πλ bz
ˆ
R2
Iλ,obs

(
kx, ky

)
e−i 2πλ (bxkx+byky) dkxdky. (1.36)

For baseline vectors b⃗ in the plane bz = 0 (so that bx and by are the only two remaining
coordinates), the complex exponential in front of the integral reduces to 1. Let us de-
fine the dimensionless coordinates ux := bxλ−1, uy := byλ−1 and uz := bzλ−1 (= 0).
We also introduce new notation for the visibility function at wavelength λ restricted
to the plane bz = 0. In concreto, V0

λ : R2 → C is

V0
λ(ux, uy) := Vλ

(
[bx, by, 0]T

)
. (1.37)

Thus,

V0
λ(ux, uy) =

ˆ
R2
Iλ,obs

(
kx, ky

)
e−2πi(uxkx+uyky) dkxdky. (1.38)

To cast this result in the most common notation, we must relabel: ux → u, uy → v,
uz → w, kx → l, ky → m, [ux, uy]T → u⃗ and [kx, ky]T → l⃗. Then

V0
λ (⃗u) =

ˆ
R2
Iλ,obs(⃗l) e−2πi⃗u·⃗l d⃗l, (1.39)

which says that V0
λ(⃗u) is the Fourier transform of Iλ,obs(⃗l). This result is the famous

van Cittert–Zernike theorem, established by Dutch physicists Pieter Hendrik van
Cittert and Frits Zernike. Van Cittert was the first to derive the result (van Cittert,
1934), whilst Zernike found a simpler proof (Zernike, 1938). Equation 1.39 repre-
sents one of the most important equations in astronomy, elucidating why telescopes
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are Fourier transformmachines.22
If we measure Vλ for a set of baseline vectors {⃗b1, b⃗2, ..., b⃗N}, we can trivially find

V0
λ for these vectors:

V0
λ(⃗ui) = e2πiwiVλ(⃗bi). (1.40)

(Here, wi = uz,i = bz,iλ−1.) With some measured values V0
λ(⃗ui) in hand, we can

make an estimate of the full function V0
λ(⃗u) via an interpolation method of choice.

Next, we simply use the inverse Fourier transform to estimate Iλ,obs(⃗l), the sky’s spe-
cific intensity function at wavelength λ.23

1.7 The ionosphere

Finally, a major antagonist in our quest to measure signals from cosmic magnetism
through radio interferometry is the Earth’s own ionosphere. Here we briefly intro-
duce the theory that underpins the probabilistic calibration of ionospheric distor-
tions as presented in this thesis.

In the 1920s and 1930s, Hans Lassen, Edward Appleton, Sydney Goldstein, and
Douglas Hartree (in that order) each independently published versions of the the-
ory of EM wave propagation through a plasma of ions and electrons (e.g. Anduaga,
2021).24 These efforts led to what is now known as the Appleton–Lassen equation,

22The astute reader may remark that in this derivation, we have assumed that the amplitude A is
different for EM waves of different directions, but the same for all measurement locations r⃗ on Earth
and in its vicinity. In reality, the flux from a point source obeys the inverse square law, andA is inversely
proportional to distance. Fortunately, the assumption of a position-independent amplitude function
A(⃗r, k̂) ≈ A(k̂) is accurate as long as the sources are astronomically far away. To see why, assume
that, at r⃗1, some source is a distance R away. Then, at r⃗2 = r⃗1 + b⃗, the same source is at most a
distanceR+ b away, where b = ||⃗b||2. The relative amplitude at r⃗2 with respect to r⃗1 is R

R+b = 1
1+ b

R
.

The longest baseline ever used in astronomy is of the order of one Earth diameter; moreover, choose
a relatively nearby astronomical object at 1 lightyear. Then 1

1+ b
R
= 0.999999999. For astronomical

objects that are further, the approximation of an position-independent amplitude function is even
better. For VLBI observations of Solar System planet Mars, using the same longest baseline, we have

1
1+ b

R
= 0.99995.

23One popular approach to interpolating the visibility function and estimating the sky’s specific
intensity function, is CLEAN (e.g. Högbom, 1974).

24As the historical reconstruction of Gillmor (1982) details, Appleton, who won the 1947 Nobel
Prize in Physics for his ‘investigations of the physics of the upper atmosphere’, received substantial theoret-
ical help from the young AustrianWilhelmAltar in the years 1925–1926. Strikingly, during this time,
Altar wrote a draft manuscript ‘Wellenausbreitung in ionisierten Gasen unter dem Einfluss einesMag-
netfelds’, in which he derived the Appleton–Lassen equation years before Appleton would publish it
— without mentioning Altar.
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which can quantify radio wave phase changes due to refraction in atmospheric me-
dia. From here onwards, for historical accuracy, I shall call this equation the Altar–
Appleton–Lassen equation instead. The full Altar–Appleton–Lassen equation gives
the (possibly complex) indices of refraction n− and n+ at some point in spacetime
xμ = (ct, r⃗) as

n2±(xμ) = 1− X

1− iZ− Y2 sin2 θ
2(1−X−iZ) ±

√
Y4 sin4 θ

4(1−X−iZ)2 + Y2 cos2 θ
, (1.41)

where X = X(xμ) :=
( νp

ν

)2, Y = Y(xμ) := νg
ν , and Z = Z(xμ) := 1

2π
νc
ν (e.g. Altman

& Suchy, 2011). νp is the plasma frequency25, νg is the electron gyro frequency26, and
νc is the electron collision frequency, whilst θ is the angle between the local magnetic
field and the wave vector. Note that each term that depends on θ also depends on Y,
and therefore on B: Y ∝ νg and νg ∝ B. Therefore, all terms containing θ vanish
when B = 0. This should be the case, as θ becomes a meaningless quantity in the
absence of magnetic fields.

To obtain a rough estimate of the severity of phase distortions generated in the
ionosphere, we idealise the layer’s plasma as cold, and as unaffected by external mag-
netic fields B⃗.27 Thus, we set Y = 0 and Z = 0. The ordinary and extraordinary
modes now coalesce (so we use n instead of n±), and the Altar–Appleton–Lassen
equation reduces to the form

n±(xμ) ≈ n±(X) =
√
1− X =

√
1−

(νp
ν

)2
= n

(νp
ν

)
= n(xμ). (1.42)

In this cold-plasma limit, where electronic thermal motion is ignored, νp depends on
the ionosphere’s free electron density ne as

νp(ne) =
e

2π
√
ε0m∗

e
· √ne. (1.43)

25The plasma frequency is a cut-off frequency belowwhich electromagnetic wave propagation does
not occur. EMwaves with ν < νp are reflected by the plasma.

26The gyro frequency of a particle of charge q and mass m in a locally uniform magnetic field of
strength B is νg = |q|B

2π rad·m .
27If electronic thermal motion is negligible, the collision rate νc � ν. In such cases, the plasma is

said to be collisionless (at least on timescales∼ν−1). In practice, taking the plasma temperature to be
close to 0 might not always yield valid results. The approximation under consideration also neglects
the influence of Earth’s magnetic field on radio wave propagation. Numerical calculations may adopt
more sophisticated forms of the Altar–Appleton–Lassen equation that correspond to ionospheres in
which the electrons are not necessarily cold and a magnetic field is present.
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Here, e is the elementary charge, ε0 is the vacuum permittivity, and m∗
e is the effec-

tive electron mass. The free electron density is not homogeneous throughout the
plasma — rather, ne = ne(xμ). As a result, the plasma frequency and so also the re-
fractive index will vary along the optical path (OP). This explains why the total phase
change induced by refraction during a radio wave’s journey through the ionosphere
φi is found by summing up many small contributions along the OP:

φ⌢ = φ⌢(ν) = 2π rad ·
´
OP(1− n)dl

λ
= 2π rad · ν

c

ˆ
OP
(1− n)dl, (1.44)

where c is the speed of light in vacuum and φ⌢ is assumed to be measured in radians.
It is readily seen that in the vacuum limit (n → 1), the phase delay vanishes.
Together, Eqs. 1.42, 1.43, and 1.44 provide a recipe to calculate the ionospheric

phase disturbance for a radio wave of an arbitrary frequency along an arbitrary line of
sight, given a known electron density distribution ne(⃗r, t).28
As an illustration, let us consider the limit in which the frequency of the radio

wave is consistently much higher than the plasma frequency (id est ν � νp(⃗r, t),
or equivalently, νp (⃗r,t)

ν � 1, at all spacetime loci of the wave’s trajectory).29 In this
case, we can approximaten = n

( νp
ν

)
with a second-degreeTaylor polynomial around

νp
ν = 0. Substituting that result in Eq. 1.44 yields

φ⌢ ≈ π
c

ˆ
OP

ν2p dl ·
1
ν
=

e2

4πcε0m∗
e

ˆ
OP

ne dl ·
1
ν
=

ℶ
ν
. (1.46)

In this limit, it is apparent thatφ⌢ ∝ ν−1. We thus see that the frequency-dependency
of ionospheric phase distortions over the observed radio bandwidth should not be
ignored, given a large enoughproportionality factorℶ. Also, theφ⌢ ∝ ν−1 behaviour
makes clear that the disturbances are more severe at low frequencies than at higher
frequencies. In particular, observations at 30MHz are plagued by ionospheric phase
effects that are 10 timesmore severe than those at 300MHz, and even 100 timesmore

28More explicitly,

φ⌢(ν,OP, ne) = 2π rad · ν
c

ˆ
OP

(
1−

√
1− e2

4π2ε0m∗
e

ne
ν2

)
dl. (1.45)

29This assumption is reasonable in the description of Earth’s ionosphere for the purposes of low-
frequency radio observations (understood to be ν ∼ 102 MHz). Considering that the average free
electron density is∼ 1010 m−3, Eq. 1.43 yields νp ∼ 1 MHz, so that indeed νp

ν ∼ 10−2 � 1.
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severe than those at 3 GHz.30

1.8 Late-time radio probes of cosmological magnetism

In the preceding sections, we have reviewed the presence of magnetic fields at plane-
tary, stellar, and cosmological scales. We have highlighted their role in the shielding of
planetary atmospheres against stellar winds, throughwhich they plausibly contribute
to maintaining habitable conditions, and in the formation of stars. We have also seen
that the ultimate origin of magnetism is hitherto uncertain. In the last few sections,
we have argued that interferometric observations in the low-frequency radio window
appear particularly promising to study energetic magnetic phenomena in the Uni-
verse — provided that ionospheric distortions can be effectively calibrated out.

In this section, I introduce the radio probes of cosmological magnetism at late
times that we have studied in this thesis.

1.8.1 Structure formation shocks in the CosmicWeb

Large-scale structure formation is a process that started in the EarlyUniverse and con-
tinues to this day. In the prevailing cold dark matter cosmological model, small struc-
tures collapse first and superclusters collapse last.31 Atpresent,massive galaxy clusters
are arising, which grow in mass by merging with other clusters, by the episodic infall
of galaxy groups and individual galaxies from connectingCosmicWeb filaments, and
by continuous darkmatter and IGMaccretion streams—again fromfilaments. With
cluster growth being fuelled by filaments, the filament population must be evolving
at present, too. Although galaxy clusters are much easier to observe than filaments
throughout the electromagnetic spectrum, they may not be the most promising the-
atres to study cosmic magnetogenesis, as their eventful histories make it hard to tie a
detected magnetic field to a specific physical origin. By contrast, filaments have had
more quiet pasts, and their magnetic fields therefore possibly resemble cosmic fossils
of primordial magnetogenesis: i.e. witnesses of a bygone age that have been largely
unaffected by the passing of time.

30At multi-metre and decametre wavelengths, ionospheric effects with even stronger inverse fre-
quency dependencies (i.e. at least∝ ν−2; see e.g. de Gasperin et al., 2018) become important.

31In (disfavoured) scenarios in which hot dark matter dominates the composition of dark mat-
ter, this order is reversed: hot dark matter particles — such as massive neutrinos (e.g. Gershtein &
Zel’dovich, 1966) — move so fast that they can escape from small structures, dissolving them in the
process. The remaining large structures are only weakly overdense, and thus collapse slowly. Galaxies
eventually form by fragmentation of collapsed galaxy clusters.
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One promising way to detect magnetic fields in CosmicWeb filaments is to search
for synchrotron radiation generated in the downstream regions of structure forma-
tion shocks. The emergence of such shock waves is a generic prediction from theory
and simulations of cosmological structure formation. To appreciate the basic prop-
erties of structure formation shocks in theCosmicWeb, we consider a simple analytic
model.

Gauss’s law in integral form for Newtonian gravity is
‹

g⃗ · n̂ dS = 4πGMenc, (1.47)

where g⃗ denotes the gravitational field and n̂ is an outward-oriented unit vector nor-
mal to the surface enclosing a volume with total mass Menc. Let us now consider a
Cosmic Web filament, idealised as an infinitely long cylinder of proper radius R and
proper density ρ. The gravitational field for this configuration will depend only on
the proper distance r to the filament spine: g⃗ = g(r)r̂, where r̂ is the unit vector field
pointing away radially from the filament spine. To invoke Gauss’s law, we imagine
a cylinder of proper length L and proper radius r concentric with the filament. For
r ≥ R, Eq. 1.47 then becomes

g(r) · 2πrL = 4πG · πR2Lρ, (1.48)

so that

g⃗(⃗r) = −2G λm
r

r̂, (1.49)

where λm := πR2ρ is the filament’s proper linear mass density: its mass per unit
of proper length. Let us now consider, within an expanding universe, the free-fall
dynamics of a gas pocket that starts out in a void and that is gravitationally attracted
to the filament. After howmuch time, and at what speed relative to the filament, will
the gas pocket crash into it? We shall consider the proper speed v of the gas pocket—
at every instant measured relative to the local CMB rest frame.32 It is therefore apt to
interpret v as a peculiar speed. If the initial peculiar velocity vector of the pocket lies
in the plane containing both the filament spine and the pocket, the problem becomes

32In an expanding universe, only the notion of the speed of one object relative to another at the
same spacetime location carries meaning. Mathematically speaking, distinct points of non-Euclidean
manifolds have distinct tangent spaces, and the difference between vectors fromdistinct vector spaces is
undefined. (For Euclideanmanifolds, the tangent spaces of distinct points are also distinct in principle,
but they can all be identified with one another.)
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one-dimensional.33 In this case, we only need to track the pocket’s proper coordinate
x. Placing the spatial origin at the filament spine, we find from Eq. 1.49 for |x| ≥ R
that

g(x) = −2G λm
x

. (1.50)

In a simple cosmological picture with a comoving galaxy cluster number density that
remains the same over time, the comoving inter-cluster distances remain roughly con-
stant, while the proper inter-cluster distances are inversely proportional to 1 + z.
(Here, z denotes cosmological redshift.) A typical filament, spanned between two
neighbouring non-merging clusters, is thus stretched as this universe expands. If the
matter streams entering the filament balance out the matter streams leaving it, the
filament’s mass is conserved — or, equivalently, its comoving linear mass density is
constant: λm,c(z) = λm(0). As a first approximation, it is therefore reasonable to
assume that the proper linear mass density evolves as λm(z) = (1 + z)λm(0). Under
this assumption, g is not only a function of x but also of t, as z = z(t).

In a static (rather than expanding) universe, within an infinitesimal time dt, the
peculiar speed would change simply by dv = g dt. By contrast, in an expanding uni-
verse, peculiar speeds die out in the absence of gravity or forces.34 To see why, we
consider a family of observers along the pocket’s trajectory, each with vanishing pe-
culiar motion. Within dt, the pocket will travel between family members a proper
distance dx = v dt apart. However, by the expansion of the universe, these relatives
move away from eachother with proper speed H dx, where H is the Hubble param-
eter. Once it arrives, the second family member will measure the pocket’s peculiar
speed to be v − H dx, as described by a simple Galilean transformation. As a result,
the pocket’s peculiar speed evolves as

dv
dt

= g(x(t), t)−H(t)v(t). (1.51)

The proper position of the pocket (and any other object) evolves as a result of both
peculiar motion and Hubble expansion, leading to

dx
dt

= v(t) +H(t)x(t). (1.52)

33The astute reader will remark that the formulation of this sentence’s conditional implicitly as-
sumes a Euclidean geometry. This assumption is not material to its conclusion.

34This fact is the key to understanding why matter cools as universes expand.
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These coupled differential equations can be solved as a function of time t. Alterna-
tively, we can recast them using z, using the facts that the scale factor a = 1

1+z and
H := ȧ

a , where ȧ := da
dt . The chain rule implies that the differentials relate as

dz = −H(z)(1+ z) dt. (1.53)

Furthermore, it is convenient to use the pocket’s comoving position xc(z) = x(z)(1+
z) rather than its proper position. Starting off fromEqs. 1.51 and 1.52, these changes
of variable yield

dv
dz

=
2G(1+ z)λm(0)

H(z) xc(z)
+

v(z)
1+ z

; (1.54)

dxc
dz

= − v(z)
H(z)

. (1.55)

AdoptingH(z) from the concordance ΛCDM cosmology, we solve these differential
equations numerically for v(z) and xc(z). Of course, we need to assume a value for
λm(0) and choose the initial conditions v(zi) and xc(zi) at some initial redshift zi. By
definition of the overdensity δ, one can dissect ρ = ρc(0)ΩM(0)(1 + δ(0)), where
ρc(0) is the critical density at z = 0, ΩM(0) is the matter density parameter at z = 0,
and δ(0) is the overdensity at z = 0. We set R = 1 Mpc and vary δ(0): δ(0) ∈
{10, 15, 20, 25, 30}. As initial conditions, we choose zi = 6, v(zi) = 0, and xc(zi) =
5 Mpc. As such, the initial conditions define the pocket’s state when the Universe
was about a billion years old, and the Epoch of Reionisation came to an end. We
simulate the pocket’s dynamics until it crashes onto the filament — that is to say,
until its proper distance to the filament spine is less than R—or, alternatively, until
z = 0.

In Fig. 1.12, we show the corresponding numerical results. The gas pockets in-
falling onCosmicWeb filaments with current-day overdensities δ(0) ∈ {20, 25, 30}
collide before z = 0. These violent events do not occur simultaneously, but are
temporally scattered across billions of years of cosmic history, and make an end to
journeys that can last more than ten billion years. The more massive the filament,
the earlier the collision takes place. The top panel shows that, when this happens,
the peculiar speeds v ∼ 102 km s−1. As the sound speed in the warm–hot intergalac-
tic medium (warm–hot IGM, or WHIM) cs ∼ 101 km s−1 (e.g. Ryu et al., 2003), we
draw the key conclusion that these infalling gas pockets are supersonic, and thus gener-
ate shock waves.35 The shocks of Fig. 1.12 haveMach numbersM := v

cs ∼ 10. Full-

35Aparticularly easy way to remember the correct order of magnitude for the speed of sound in the
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Figure 1.12: Dynamics of void gas pockets falling towards Cosmic Web filaments through cosmic
time, simulated from t = 1 Ga onwards. Time proceeds from right to left. Over the course of billions
of years, such gas pockets can traverse megaparsec-scale distances, and crash onto filaments with pe-
culiar speeds v ∼ 102 km s−1. The accreting matter is supersonic, because sound speeds in filaments
are cs ∼ 101 km s−1. From dark to light, the colours indicate filaments with current-day overdensi-
ties δ(0) ∈ {10, 15, 20, 25, 30}. The stars mark pockets that have crashed onto filaments before the
present day.

fledged cosmological simulations yield probability distributions over Mach numbers
(e.g. Fig. 17 of Vazza et al., 2011), showingM ∼ 100–102 to be the typical range;

WHIM is as follows. A well-known fact from secondary school is that the speed of sound in Earth’s
atmosphere cs ∼ 10−1 km s−1. In an ideal gas, cs =

√
γ m−1 kBT, where γ is the adiabatic index,m

is the particle mass, and kB is Boltzmann’s constant. As
√

γ m−1 varies between Earth’s atmosphere
and the WHIM by a factor of order unity at most, sound speed variations are almost exclusively due
to temperature variations: cs ∝

√
T. Using this proportionality along with the facts that T ∼ 102 K

for Earth’s atmosphere and T ∼ 106 K for the WHIM, we find cs ∼ 101 km s−1 for the WHIM.
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however, shocks withM ∼ 104 do sometimes occur.
The seminal work of Ryu et al. (2008) predicts that these structure formation

shocks cause vortical motions in the IGM, which then cause the IGM to develop tur-
bulence. The so-called turbulence dynamo could then amplify weak seed magnetic
fields to B ∼ 1 μG in clusters and B ∼ 10 nG in filaments. However, structure
formation shocks do not only presumably amplify the magnetic fields of the Cosmic
Web, but also serve as radio beacons for their detection. This is because the down-
stream regions of structure formation shocks glow in synchrotron light, as the shocks
accelerate the IGM’s high-energy electrons to ultrarelativistic velocities. Shocks ac-
complish this task through diffusive shock acceleration (DSA; for a review, see e.g.
Malkov & Drury, 2001). DSA is a process in which charges gain energy by diffusing
back and forth across themagnetised shock front, as if theywere trappedbetween two
mirrors. It is an open question where the high-energy electrons that enter the DSA
process come from to begin with. A popular proposal (e.g. Hoeft & Brüggen, 2007)
is that they simply stem from the Maxwell–Boltzmann velocity distribution tail of
the IGM’s thermal electron pool. Recently, Brunetti & Vazza (2020) have proposed
that acceleration mechanisms other than DSA, such as second-order Fermi reaccel-
eration in super-Alfvénic turbulence, can also lead to synchrotron emitting particles
that illuminate the Cosmic Web’s magnetic fields.

All in all, detecting synchrotron radiation from the intergalactic medium in fil-
aments of the Cosmic Web constitutes an upcoming frontier to test models of as-
trophysical shocks and their radiation mechanisms, trace the missing baryons (e.g.
Driver, 2021), and constrain magnetogenesis. Simulations have predicted that the
LOFAR might just be sensitive enough to directly image the very brightest shocks
in filaments of the Cosmic Web. Such an achievement would usher in a new era of
opportunity to study extragalactic magnetism.

1.8.2 Active galactic nuclei and their jet-mediated outflows

Active galactic nuclei (AGN), together with the outflows their jets carry into the
IGM, form the second radio probe of magnetism in the Cosmic Web that we have
studied in this thesis.

A small-scale look at AGN

Figure 1.13 shows an artist’s impression of an AGN and one of its two jets, depicted
under such an angle that the accretion disc is directly visible to the observer. Pre-
cisely how SMBHs generate jets remains one of astrophysics’ major unsolved prob-
lems. However, recent VLBI observations of the SMBH accretion disc in Messier
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Figure 1.13: Active galactic nuclei launch jets perpendicular to their luminous accretion discs, which
can be obscured to observers because of the tori of dust that tend to surround them. A supermassive
black hole resides in themiddle of each disc. Artist’s impression. From: DESY, ScienceCommunication
Lab

87 (M87) — such as those of Event Horizon Telescope Collaboration et al. (2021a)
and Lu et al. (2023) — have led to significant progress in our understanding of jet
launching. Initially described as ‘a curious straight ray … apparently connected with
the nucleus’ by Lick Observatory’s Heber Curtis (Curtis, 1918), the Earth-facing jet
ofM87 was the first of its kind to be found. Themiddle-left panel of Fig. 1.14 shows
a modern optical view, by the Hubble Space Telescope. Nearly sixty years would pass
after Curtis’ finding before a convincing case was made that jets such as M87’s are
brought forth by SMBHs. This feat was eventually accomplished by Roger Bland-
ford andRoman Znajek, encouraged by Christodoulou (1970)’s demonstration that
the mass of a Kerr black hole consists of a reducible and an irreducible component—
with the reducible component being in principle extractable. As young researchers
at the University of Cambridge of the 1970s, they appreciated that the accretion of
baryonic matter onto a spinning black hole would generate viscous stress and viscous
heat, leading to the dissolution of atoms and molecules into a magnetised plasma. In
a groundbreaking publication, Blandford & Znajek (1977) showed that, as a result
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Figure 1.14: Multi-scale, multi-wavelength observations of the AGN and jet-driven outflows of
Messier 87, a giant elliptical galaxy in the Virgo Cluster. From top to bottom, and from left to right,
the widening views show: the polarised accretion disc at 1.3 mm, the connection between the accre-
tion disc and one of the nascent jets at 3.5 mm, this jet at kiloparsec scale in the optical, the jet and
its most recent plasma deposits at 2 cm, the jet’s earlier deposits within the Virgo Cluster at large at
90 cm, and the same scene in a blue–red X-ray–radio overlay. The images are not fully rotationally
aligned. From: Biretta et al. (1995), Owen et al. (2000), Werner et al. (2010), Event Horizon Telescope
Collaboration et al. (2021a), Lu et al. (2023), NASA, and The Hubble Heritage Team (STScI / AURA)
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of ergospheric frame dragging, magnetic field lines infalling on the black hole twist
into a helix aligned with the hole’s spin axis. These magnetic fields in motion gen-
erate an electric field that accelerates charges. The accelerated charges subsequently
inverse Compton scatter with background photons, such as those from the accretion
disc, creating gamma rays. In what is called the Breit–Wheeler process, collisions of
gamma rays with background photons produce electron–positron pairs (for a review,
see Ruffini et al., 2010). These fresh leptons are likewise accelerated by the electric
field, inverse Compton scatter with background photons, et caetera; in other words,
the mechanism just described starts anew. As a result, a cascade of electron–positron
pair production arises (e.g. Ford et al., 2018). Finally, the leptons flow away through
the helix in both directions — thus forming relativistic jets — and extract angular
momentum from the black hole in the process.

Jets do not remain purely leptonic (and may not even start out as such) with evi-
dence existing that powerful jets can emerge from the centres of galaxies energetically
dominated by protons (e.g. Blandford et al., 2019). While piercing through the ISM,
CGM, and IGM, the jets entrain additional protons and other atomic nuclei. The
exact composition of the jets, and the lobes in which they terminate, is a matter of ac-
tive research (e.g. Croston et al., 2018; Hardcastle & Croston, 2020). One approach
is, of course, to turn to simulations; those solving the equations of magnetohydrody-
namics have traditionally been most popular. Nowadays, state-of-the-art computer
simulations instead use plasma kinetics to capture, for the first time, the electron–
positron pair production process central to nascent Blandford–Znajek jets (e.g. Par-
frey et al., 2019).36 Additionally, the low densities in jets imply that jet particles have
large mean free paths before colliding with eachother, making the plasma essentially
collisionless. Whereas collisionless plasma can be described well with plasma kinet-
ics, magnetohydrodynamics — in which plasmata are modelled as fluids — is only
reliable for strongly collisional plasmata.

The first computer simulations that demonstrated the Blandford–Znajek mecha-
nism assumed weaklymagnetised accretion discs with randomly oriented field lines.
This was eventually called the SANE scenario — a questionable acronym standing
for standard and normal evolution. By contrast, the influential work ofNarayan et al.
(2003) argued that the accretion flow drags in a poloidal magnetic field that accumu-
lates near the centre, creating a magnetic ‘wall’ around the black hole that is oriented
perpendicular to the disc.37 Incidentally, blobs of plasma find their way through the
barrier, but are repeatedly frustrated: their inward speed is much less than the free-

36Strikingly, although these simulations start off without particles, they eventually approach an ap-
proximate steady state boasting continuously generated Blandford–Znajek jets.

37This barrier forms a sheath around the hole’s nascent jets.
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fall speed. As the barrier largely blocks the disc’s plasma from venturing closer to the
SMBH, the accretion disc is said to be locked in place. Meanwhile, the disc’s mag-
netic field is strong and coherent. Narayan et al. (2003) called this the magnetically
arrested disc (MAD) scenario.

The top-left panel of Fig. 1.14 shows the first polarised millimetre-wave observa-
tions of M87’s SMBH accretion disc (Event Horizon Telescope Collaboration et al.,
2021a). In particular, it visualises the vector field of linear polarisation position an-
gles, revealing a manifestly azimuthal pattern. Such an azimuthal pattern arises for
regions of the disc where the magnetic field lines locally exhibit a radial or polar ori-
entation (i.e. pointing towards or away from the hole, or along the hole’s rotation
axis). Consider, for example, a disc region with a radially oriented magnetic field, ob-
served along the hole’s polar axis. Leptons spiralling along these field lines generate
synchrotron radiation; the part that eventually arrives at our polar observer is linearly
polarised. Standard synchrotron radiation theory (e.g. Rybicki & Lightman, 1986)
predicts that the polarisation axis is perpendicular to the magnetic field — that is,
azimuthally oriented. A similar pattern arises for disc regions with a polar magnetic
field (EventHorizonTelescopeCollaboration et al., 2021b), although our slight incli-
nation relative to the hole’s polar axis (i ∼ 17°), light bending, and relativistic aber-
ration make it harder to immediately see why. Note that it is precisely a large-scale
poloidalmagnetic field that features disc regions where the field is locally radial or po-
lar. Indeed, a detailed comparison between these observations and a suite of general
relativistic magnetohydrodynamic simulations (in particular those of Event Horizon
Telescope Collaboration et al., 2019b) has singled out the MAD scenario as the only
one consistent with the data (Event Horizon Telescope Collaboration et al., 2021b).

The top-right panel of Fig. 1.14 shows a larger-scale view, revealing the connection
between the accretion disc and the nascent Earth-facing jet over tens of Schwarzschild
radii (Lu et al., 2023). Theoverall jet shape is parabolic, as predictedby theBlandford–
Znajek mechanism (Nakamura et al., 2018). However, close to the black hole —
within ten Schwarzschild radii or so — the imaged structure is wider than expected
for a parabolic jet. Lu et al. (2023) interpret this as evidence for the presence of an-
other luminous physical component, in addition to the accretion disc and the jet: a
non-relativistic, gravitationally unbound wind arising from the disc that plays a key
role in collimating the jet into its parabolic shape.

A large-scale look at AGN

AGN control the evolution of their host galaxies by launching winds and jets that
warm and rarefy the ISM (e.g. King & Pounds, 2015). Generally, this prevents the
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formation of new stars, especially in galactic centres (e.g. Di Matteo et al., 2005);
however, star formation might increase locally within expanding kiloparsec-radius
rings (e.g. Dugan et al., 2017). This feedback mechanism is always on in galaxies
with stellar masses M⋆ > 1011 M⊙ (Sabater et al., 2019). Given the central role of
AGN in galaxy evolution and cosmology, no cosmological simulation can be trusted
without a proper implementation of their physics. For example, cosmological simu-
lations without radio galaxy feedback erroneously predict an abundance of massive
starburst galaxies in the centres of galaxy clusters. In reality, heat from RG plasma
stops bremsstrahlung-mediated cooling flows that otherwise cause rapid baryonic col-
lapse (e.g. Croton et al., 2006). As an example, the bottom row of Fig. 1.14 shows the
plasma deposited by M87 into the Virgo Cluster. However, because SMBHs are as-
tronomical unit–sized, galaxies are kiloparsec-sized (ratio 108–109), and the Cosmic
Web is megaparsec-sized (ratio 1011–1012), it is not possible to build simulations in
which a realistic interplay between SMBHs, their host galaxies, and the enveloping
Cosmic Web naturally arises. Finding appropriate sub-grid formulations of SMBH
activity is therefore a topic of major current interest within the simulation commu-
nity (e.g. Ward et al., 2022).

Queerly, multi-wavelength observations have revealed a bewildering phenomeno-
logical breadth of active galactic nuclei. This breadth is remarkable in light of the no-
hair theorem: if the entire formation history of a Kerr black hole lies encoded in just
two simple properties— its massM• and angular momentum J⃗—how canAGN, of
which SMBHs are the essence, appear so wildly different? Only part of the solution
can be sought in differences in orientation with respect to the observer: although rel-
ativistic beaming can explain the exceptional properties of blazars, observations have
ruled out simple orientation-based unification schemes for the AGN population as a
whole.

The CosmicWeb could be the missing link for a standard model of AGN. Under-
standing the vast diversity of stars in terms of a standardmodel of stellar evolution has
been a triumph of 20th-century astronomy; similarly, understanding the diversity of
active black holes in terms of a ‘standard model’ could well be within astronomy’s
reach in the current century. For stars, the initial mass turned out to be the key pa-
rameter that determines evolutionary trajectories. However, the initial metallicity—
as set by the star’s large-scale environment — proved to be an important additional
parameter guiding stellar evolution. Likewise, evidence is mounting that the large-
scale environments of galaxies determine the incidence and strength of SMBH activ-
ity, and consequently the properties ofAGNandRGs. Striking evidence includes the
fact that the comoving quasar number density has decreased after peaking 10Gyr ago,
when both theUniverse’smeanmatter density and the proper galaxy number density
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Figure 1.15: Thanks to a Cosmic Web reconstruction breakthrough with Hamiltonian Monte
Carlo–guided forwardmodelling of a darkmatter fluid from the EarlyUniverse to the present day, it is
now possible to measure the density and gravitational stability of the Cosmic Web around individual
active SMBHs and their RGs (Chapter 7). As an example, the GRG shown in the inset, discovered
in Chapter 5 and hosted by SDSS J100451.83+543404.2, resides in the galaxy cluster indicated by the
white circle. The main panel shows a slice through the BORG SDSS posterior mean (Jasche et al.,
2015).

(Conselice et al., 2016) were an order of magnitude higher than they are today. The
fact that the population properties of AGNchangewith cosmic time, perhaps chiefly
because of changing densities, suggests that AGN properties also change with large-
scale environmental density at a fixed epoch. Elegantly, the distribution of galaxies
throughout the Cosmic Web, whose Mpc-scale IGM density varies by two orders of
magnitude, could therefore already partly explain the enigmatic diversity of AGN.

The influence of the Cosmic Web on supermassive black holes and their activity
is likely significant, but remains poorly explored — especially outside of galaxy clus-
ters. To measure this connection, observations of SMBH activity have to be com-
bined with reconstructions of the actual Cosmic Web around us. Previous research
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has been severely limited by incomplete and unreliable reconstructions that required
ad-hoc assumptions. Enticingly, over the last two decades, a breakthrough in large-
scale structure reconstruction from spectroscopic galaxy surveys has led to a family of
highly principled Bayesian inference techniques that unveil the content, gravitational
stability, and formation history of the nearby Cosmic Web (e.g. Kitaura & Enßlin,
2008; Jasche et al., 2010a; Jasche & Kitaura, 2010a; Jasche & Wandelt, 2013; Jasche
et al., 2015; Jasche & Lavaux, 2019; Kitaura et al., 2021). Such reconstructions allow
one to measure the density, including uncertainty, of the Mpc-scale environment of
any galaxy. This is a radical departure from the simple galaxy counting methods that
have been used to probe Cosmic Web density before.

Simultaneously, advanced radio interferometers such as theLOFARandMeerKAT
are now operational; the DSA-2000, ngVLA, and SKA will follow suit within this
decade. Clearly, bringing these developments together opens an exciting branch of
research. In particular, by combining state-of-the-art large-scale structure reconstruc-
tions with LOFAR observations of AGN and their RGs, this thesis strives to force
a leap in our understanding of the interplay between the Cosmic Web, active black
holes, and magnetogenesis. We carry out the first steps towards a measurement of
magnetogenesis by radio galaxies — filling a gap in knowledge of how the Universe’s
largest magnetic fields came to be.

1.9 This thesis

In this thesis, we set out on a quest to measure — through low-frequency radio in-
terferometry — the magnetic and thermodynamic state of filaments of the Cosmic
Web. In addition, we propose and investigate the possibility that giant radio galaxies
have played a major role in magnetising the Cosmic Web.

1. Calibrating out distortions caused by the ionosphere is the radio equivalent of
using adaptive optics in visible-light astronomy. Overcoming the ionospheric
challenge is a condicio sine qua non to achieve highly sensitive, sharp images of
themetre- and decametre-wavelength sky. To detect the faint,magnetisedCos-
micWeb, onewould like to use a ‘coronagraphic’masking approach analogous
to the one used in the direct imaging of exoplanets. This requires us to con-
fine, as much as possible, the radiation of foreground and background galaxies
to their actual sky coordinates, as to subtract and suppress their emission in a
subsequent processing step. Calibration methods in operation today do not
optimally exploit the correlations between ionospheric distortions of differ-
ent antennae, times, and sky directions, because they lack an underlying spa-
tiotemporal model of the ionosphere above the interferometer. In Chapter 2,
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wedevelop such a probabilistic spatiotemporalmodel. Wefind that aGaussian
randomfield description for the free electron density ne(⃗r, t) leads toGaussian
random field behaviour of the radio observable ΔTEC(⃗r, t, k̂), whose covari-
ance function— i.e. the infinite-dimensional generalisation of the covariance
matrix—we derive explicitly. To first approximation, the ionosphere’s ne will
be Gaussian; for this case, our work explicates the best unbiased ΔTEC infer-
encemethod possible. Our formalism forms the basis of advanced ionospheric
calibration techniques trialled for the LOFAR and the DSA-2000.

2. In Chapter 3, we derive the first probabilistic predictions of synchrotron and
thermal bremsstrahlung emission from the IGMwithin clusters and filaments
of the actual, nearby Cosmic Web. We show that the strongly variable emis-
sivity of cluster merger and accretion shocks, together with their currently un-
known sky coordinates, causes the 150MHz specific intensity in a fixed direc-
tion and at degree-scale resolution to vary over twoorders ofmagnitude among
random realisations. Our statistical framework is general and thus flexible: it
allows one to predict radio skies under other particle acceleration mechanisms
than DSA. This research has highlighted the previously underappreciated fact
that the quality of such predictions strongly affects the likelihood of success of
ongoing filament detection efforts; thus, creating sophisticated predictions is
necessary. Detecting radio, microwave, and X-ray emission from Cosmic Web
filaments would constrain the IGM’s density, chemical enrichment history,
and magnetic field strength, and therefore test models of astrophysical shocks
and their radiation mechanisms, probe the Universe’s missing baryons, and
constrain magnetogenesis. Our predictions accelerate the opening of a new,
non-thermal window to study the elusive CosmicWeb beyond galaxy clusters.

3. By reprocessing and reimaging the LOFAR Two-metre Sky Survey (LoTSS)
DR2 in search of the magnetised Cosmic Web, we have generated the most
sensitive arcminute-resolution sky survey yet at metre wavelengths. It reveals
a hitherto unknown patchwork of aligned synchrotron stripes of Milky Way
origin that, surprisingly, extends to high Galactic latitudes. Figure 1.16 shows
a particularly striking region. Serendipitously, as described in Chapter 4, we
discover Alcyoneus, the largest known AGN–Cosmic Web feedback system,
and the Universe’s largest known structure of galactic origin. This discovery
reveals that galaxies can have spheres of influence around themwith diameters
of 5 Mpc within which they enrich the IGM with relativistic electrons, heat,
and magnetism. Intriguingly, in comparison to other currently known giants,
Alcyoneus does not appear generated by a particularly massive black hole.
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Figure 1.16: By reprocessing the LOFAR Two-metre Sky Survey DR2 (as discussed briefly in Chapters 4 and 6), we have created the most sensitive low-
frequency radio survey variety hitherto made. This has led to the serendipitous discovery that our home galaxy fills the metre-wave sky with an intricate
patchwork of degree-scale stripes — even up to high Galactic latitudes b. Here we show a∼102 deg2 mosaic at b ∼ 45°. Some compact-source residuals
inadvertently remain.
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The host galaxy’s stellar mass is not too high either, and also the jet power is
typical for known giants. Alcyoneus’ discovery thus shows that exceptionally
massive black holes and stellar populations, or exceptionally powerful jets, are
not necessary for RGs to achievemulti-Mpc extents. In addition, we develop a
Bayesian method to infer RG lobe properties, and apply it to Alcyoneus. This
leads to lobe pressure andmagnetic field strengthmeasurements of P = 4.8±
0.3 · 10−16 Pa and B = 460± 10 nG, the lowest found yet.

4. Whereas Chapter 4 reports the discovery of the largest known giant generated
by an elliptical galaxy, Chapter 5 reports the discovery of the largest known
giant generated by a spiral galaxy. With only a handful found, luminous spi-
ral galaxy–generated giants appear to be exceedingly rare. The current giant is
generated by NGC 6185, a dynamically disturbed SAa galaxy that is the most
massive member of a low-redshift (z = 0.03) galaxy group. Just a few meth-
ods exist to probe the thermodynamics of the dilute IGM that pervades galaxy
groups and Cosmic Web filaments. In this case study, we propose and bring
into practice a new IGM temperature estimation technique based on Cosmic
Web density reconstructions and a radio image of the GRG’s lobes. We in-
fer the temperature at the boundary between the NGC 6185 group and the
enveloping warm–hot IGM to be TIGM = 11+12

−5 · 106 K. This work bypasses
expensiveX-ray observations andpaves theway tomapping IGMtemperatures
via GRG lobe dynamics in more places throughout the nearby Cosmic Web.

5. In Chapter 6, we present the discovery of 2060 hitherto unknown giants in
both preexisting and novel, low-resolution LoTSS images — more than have
been described in all literature studies combined. Besides the giants described
in Chapters 4 and 5, spectacular discoveries include a giant whose host has a
record-low stellarmassM⋆ = 5 ·1010M⊙, giants whose hosts have record-high
supermassive black hole massesM• ≳ 5 · 1010 M⊙, and 13 giants with an an-
gular length larger than that of the full Moon. Among the latter giants is the
angularly longest (ϕ = 2°) known radio galaxy in the Northern Sky, which is
also the angularly longest known giant overall. Using these data, we perform a
precisionmeasurement of the distribution of giant growth’s central dynamical
quantity: total length. To do so, we formulate a statistical geometric frame-
work for RGs that is both rigorous and practical. We carefully forward model
selection effects, and infer that giant radio galaxy lengths are well described by
a Pareto distributionwith tail index ξ = 3.5±0.5. This finding is a new obser-
vational constraint for models and simulations of RG growth. In addition, we
determine the comoving number density of giants, nGRG = 5±2 (100Mpc)3,
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and the volume-filling fraction of giant radio galaxy lobes in clusters and fila-
ments, VGRG−CW = 5+8

−2 · 10−6, both for the first time. We conclude that, at
anymoment in time, most clusters and filaments— the building blocks of the
modern Cosmic Web— do not harbour giants.

6. Chapter 7 demonstrates howmodern CosmicWeb reconstructions of the Lo-
cal Universe can be used to probe the large-scale environment of individual
radio galaxies. We pinpoint 260 giants (of which 80% are LoTSS DR2 dis-
coveries) and 1443 general RGs in the BORG SDSS (Jasche et al., 2015). We
present the first distributions of the large-scale density around both giant radio
galaxies and their smaller kin. To explain giant growth, it has been proposed
that giants live in especially low-density environments. However, our results
show that currently known giants live in denser environments than general
RGs. Currently known giants are also more radio luminous than general RG,
as required to overcome the surface brightness limits of today’s surveys. We
propose that their higher densities stem from a positive CosmicWeb density–
RG jet power relation that holds universally among RGs. To back up this hy-
pothesis, we present the first quantitative, observational relation betweenCos-
micWeb density andRG radio luminosity, a proxy for jet power. Our findings
are consistent with the view that giants are regular, rather thanmechanistically
special, members of the RG population.

7. Chapter 6 presented a manual, visual search for angularly large (ϕ ≳ 5′) giants
in the LoTSS. In Chapter 8, we present a comprehensive search for angularly
small (ϕ ≲ 5′) giants in the LoTSSDR2, harnessing the power of both citizen
science and machine learning. In particular, through the Radio Galaxy Zoo
project (Hardcastle et al., 2023) and region-based convolutional neural net-
works (Mostert et al., 2022), we arrive at a census of giants that now exceeds 104
specimen. We furthermore extend the geometrical (giant) radio galaxy popu-
lation model introduced in Chapter 6, and constrain its parameters using the
updated census and Bayesian inference. We obtain improved estimates of the
comoving number density of giants, nGRG = 13 ± 10 (100 Mpc)−3, and the
instantaneous volume-filling fraction of the lobes of giants in clusters and fila-
ments of theCosmicWeb,VGRG−CW = 1.1±0.9 ·10−5. Ourwork shows that,
within the intrinsic RG population, giants are common. Recognising giants
as a standard outcome of RG evolution, we reason that the estimated value of
VGRG−CW is sufficient for giants to have contributed significantly to magnetis-
ing the Cosmic Web. Once thought to represent a fringe phenomenon, giant
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galactic outflows are now emerging as prime suspects of astrophysical magne-
togenesis.

1.10 Future directions

There exists a plethora of exciting future opportunities to extend the work developed
in this thesis. One measurement that beckons to be done is a statistical search for
synchrotron emission from filaments of the Cosmic Web, using the physical, proba-
bilistic predictions of Chapter 3 — or enhanced varieties. With the newest Bayesian
large-scale structure reconstructions, it has become possible to extend these predic-
tions to the entire sky, to push to higher redshifts, to achieve higher spatial resolu-
tions, and to reproduce more accurately the density fields around galaxy clusters. In
deep, small–solid angle searches, such as one towards the Ursa Major Supercluster,
the ionospheric distortion suppression method of Chapter 2 could be of use.

Furthermore, this thesis has laid the groundwork for using giants in cosmology. In
particular, we have developed methodology for measuring the contribution of giant
radio galaxies to astrophysical magnetogenesis. The formulae and forwardmodelling
methods for extracting constraints on the giant radio galaxy population from strongly
selected data that Chapters 6 and 8 have presented, could yield more detailed and
more reliable estimates of giant-induced magnetogenesis if enriched by more data on
GRG lobe volumes and magnetic field strengths. To realise this, future work could
focus on extending the GRG lobe volume and magnetic field strength inference that
Chapters 4 and 5 have put forth. In addition, the machine learning–accelerated dis-
covery of giants of Chapter 8 yields strong promise, and in particular if the proce-
dure’s radio–optical association is improved.

Finally, by combining the newest Bayesian large-scale structure reconstructions
with large samples of giants and other radio galaxies, we could study the growth of
giants and their astrophysical magnetisation potential as a function of Cosmic Web
density, expanding upon the work of Chapter 7. Simultaneously, by accurately ana-
lysing individual giants and their lobes within the Cosmic Web that envelops them,
as an extension of the work of Chapter 5, we could aspire to build a temperaturemap
of the intergalactic medium.

When human ingenuity is linked to radio interferometers and digital computing in-
frastructure to study magnetic fields in filaments of the Cosmic Web, five great net-
works conspire: the neurological, the astronomical, the Information Age’s, the mag-
netic, and the cosmological. Together, as this thesis demonstrates, they yield new
ways to interrogate Nature, new answers, and new questions too.
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Every portrait that is painted with feeling is a portrait of the artist, not of the
sitter.

Oscar Wilde, Irish Aestheticist and poet, The Picture of Dorian Gray
(1891)

2
A probabilistic approach to

direction-dependent calibration
J. G. Albert,M. S. S. L. Oei, R. J. vanWeeren, H. T. Intema, H. J. A. Röttgering—Astronomy&As-
trophysics, 633, 77, 2020

Abstract
Calibrating for direction-dependent ionospheric distortions in visibility data is one of
themain technical challenges that must be overcome to advance low-frequency radio
astronomy. In this paper, we propose a novel probabilistic, tomographic approach
that utilises Gaussian processes to calibrate direction-dependent ionospheric phase
distortions in low-frequency interferometric data. We suggest that the ionospheric
free electron density can be modelled to good approximation by a Gaussian process
restricted to a thick single layer, and show that under this assumption the differen-
tial total electron contentmust also be a Gaussian process. We perform a comparison
with a number of other widely successful Gaussian processes on simulated differen-
tial total electron contents over a wide range of experimental conditions, and find
that, in all experimental conditions, our model is better able to represent observed
data and generalise to unseen data. The mean equivalent source shift imposed by
our predictive errors are half as large as those of the best competitor model. We find
that it is possible to partially constrain the hyperparameters of the ionosphere from
sparse-and-noisy observed data. Our model provides an alternative explanation for

67



observed phase structure functions deviating from Kolmogorov’s five-thirds turbu-
lence, turnover at high baselines, and diffractive scale anisotropy. We show that our
model performs tomography of the free electron density both implicitly and cheaply.
Moreover, we find that even a fast, low-resolution approximation of ourmodel yields
better results than the best alternative Gaussian process, implying that the geometric
coupling between directions and antennae is a powerful prior that should not be ig-
nored.

Key words: techniques: interferometric –methods: analytical –methods: statistical

2.1 Introduction

Since the dawn of low-frequency radio astronomy, the ionosphere has been a con-
founding factor in the interpretation of radio data. This is because the ionosphere has
a spatially and temporally varying refractive index,whichperturbs the radio-frequency
radiation that passes through it. This effect becomes more severe at lower frequen-
cies; see (e.g. deGasperin et al., 2018). The functional relationbetween the skybright-
ness distribution—the image—and interferometric observables— the visibilities—
is given by the radio interferometry measurement equation (RIME; Hamaker et al.,
1996), which models the propagation of radiation along geodesics from source to
observer as an ordered set of linear transformations (Jones, 1941).

A mild ionosphere will act as a weak-scattering layer resulting in a perturbed in-
ferred sky brightness distribution, analogous to the phenomenon of seeing in optical
astronomy (Wolf, 1969). Furthermore, the perturbation of a geodesic coming from a
bright source will deteriorate the image quality far more than geodesics coming from
faint sources. Therefore, the image-domain effects of the ionosphere can be depen-
dent on the distribution of bright sources on the celestial sphere, that is they can be
heteroscedastic. This severely impacts experiments which require sensitivity to faint
structures in radio images. Such studies include the search for the epoch of reionisa-
tion (e.g. Patil et al., 2017), probes of the morphology of extended galaxy clusters
(e.g. van Weeren et al., 2019), efforts to detect the synchrotron Cosmic Web (e.g.
Vernstrom et al., 2017), and analyses of weak gravitational lensing in the radio do-
main (e.g. Harrison et al., 2016). Importantly, these studies were among the moti-
vations for building the next generation of low-frequency radio telescopes like the
Low-Frequency Array (LOFAR), Murchison Widefield Array (MWA), and the fu-
ture Square Kilometre Array (SKA). Therefore, it is of great relevance to properly
calibrate the ionosphere.

Efforts to calibrate interferometric visibilities have evolvedover the years fromsingle-
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direction, narrow-band, narrow-field-of-view techniques (Cohen, 1973), tomore ad-
vanced multi-directional, wide-band, wide-field methods (e.g. Kazemi et al., 2011;
van Weeren et al., 2016; Tasse et al., 2018). The principle underlying these calibra-
tion schemes is that if you start with a rough initial model of the true sky bright-
ness distribution, then you can calibrate against this model and generate an improved
sky brightness model. One can then repeat this process for iterative improvement.
Among the direction-dependent calibration techniques themost relevant for this pa-
per is facet-based calibration, which applies the single-directionmethod to piece-wise
independent patches of sky called facets. This scheme is possible if there are enough
compact bright sources — calibrators — and if sufficient computational resources
are available. Ultimately, there are a finite number of calibrators in a field of view and
additional techniquesmust be considered to calibrate all the geodesics involved in the
RIME. We note that there are other schemes for ionosphere calibration that do not
apply the facet-based approach, such as image domain warping (Hurley-Walker et al.,
2017).

There are two different approaches for calibrating all geodesics involved in the
RIME. The first approach is to model the interferometric visibilities from first prin-
ciples and then solve the joint calibration-and-imaging inversion problem. This per-
spective is the most fundamental; however, applications (e.g. Bouman et al., 2016)
of this type are very rare and often restricted to small data volumes due to explod-
ing computational complexity. However, we argue that investing research capital —
in small teams to minimise risk — could be fruitful and disrupt the status quo (Wu
et al., 2019). The second approach is to treat the piece-wise independent calibration
solutions as data and predict calibration solutions for missing geodesics (e.g. Intema
et al., 2009a; vanWeeren et al., 2016; Tasse et al., 2018). In this paper, we consider an
inference problem of the second kind.

In order to perform inference for the calibration along missing geodesics, a prior
must be placed on the model. One often-used prior is that the Jones operators are
constant over some solution interval. For example, in facet-based calibration the im-
plicit prior is that two geodesics passing through the same facet and originating from
the same antenna have the same calibration — which can be thought of a nearest-
neighbour interpolation. One often-neglected prior is the 3D correlation structure
of the refractive index of the ionosphere. An intuitivemotivation for considering this
type of prior is as follows: The ionosphere has some intrinsic 3D correlation struc-
ture, and since cosmic radio emission propagates as spatially coherent waves. It fol-
lows that the correlation structure of the ionosphere should be present in ground-
based measurements of the electric field correlation — the visibilities. The scope of
this paper is therefore to build the mathematical prior corresponding to the above
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intuition.
We arrange this paper by first reviewing some properties of the ionosphere and

its relation to interferometric visibilities via differential total electron content in Sec-
tion 2.2. In Section 2.3, we then introduce a flexible model for the free electron den-
sity based on a Gaussian process restricted to a layer. We derive the general relation
between the probability measure for free electron density and differential total elec-
tron content, and use this to form a strong prior for differential total electron content
along missing geodesics. In Section 2.4 we describe a numerical experiment wherein
we test our model against other widely successful Gaussian-process models readily
available in the literature. In Section2.5we show that ourprior outperforms theother
widely successful priors in all noise regimes and levels of data sparsity. Furthermore,
we show that we are able to hierarchically learn the prior from data. In Section 2.6 we
provide a justification for the assumptions of the model, and show the equivalence
with tomographic inference.

2.2 Ionospheric effects on interferometric visibilities

The telluric ionosphere is formedby the geomagnetic field and a turbulent low-density
plasma of various ion species, with bulk flows driven by extreme ultraviolet solar ra-
diation (Kivelson & Russell, 1995). Spatial irregularities in the free electron density
(FED) ne and magnetic field B of the ionosphere give rise to a variable refractive in-
dex n, described by the Appleton–Hartree equation (Cargill, 2007) — here given in
a Taylor series expansion to orderO(ν−5):

n(x) ≈1−
ν2p(x)
2ν2

±
νH(x)ν2p(x)

2ν3
−

ν4p(x)− 4ν2H(x)ν2p(x)
8ν4

. (2.1)

Here νp(x) =
(

ne(x)q2
4π2ε0m

)1/2
is the plasma frequency, νH(x) =

B(x)q
2πm is the gyro fre-

quency, ν is the frequency of radiation, q is the elementary charge, ε0 is the vacuum
permittivity, andm is the effective electronmass. This formof theAppleton–Hartree
equation assumes that the ionospheric plasma is cold and collisionless, that the mag-
netic field is parallel to the radiation wavevector, and that ν � max{νp, νH}. The
plus symbol corresponds to the left-handed circularly polarisedmode of propagation,
and the minus symbol corresponds to the right-handed equivalent. Going forward,
we will only consider up to second-order effects, and therefore neglect all effects of
polarisation in forthcoming analyses.

In the regime where refractive index variation over one wavelength is small, we
can ignore diffraction and interference, or equivalently think about wave propaga-
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tion as ray propagation (e.g. Koopmans, 2010). This approximation is known as
the Jeffreys–Wentzel–Kramers–Brillouin approximation (Jeffreys, 1925), which is
equivalent to treating this as a scattering problem, and assuming that the scattered
wave amplitude ismuch smaller than the incidentwave amplitude—theweak scatter-
ing limit (e.g. Yeh, 1962;Wolf, 1969). Light passing through a varying refractive index
n will accumulate a wavefront phase proportional to the path length of the geodesic
traversed. LetRk̂

x be a functional of n, so that the geodesicRk̂
x[n] : [0,∞) → R3

maps from someparameter s to points along it. The geodesic connects an Earth-based
spatial location x to a direction on the celestial sphere, indicated by unit vector k̂. The
accumulated wavefront phase along the path is then given by

φk̂
x =

2πν
c

ˆ ∞

0
n
(
Rk̂

x[n](s)
)
− 1 ds, (2.2)

where c is the speed of light in vacuo. Hamilton’s principle of least-action states that
geodesics are defined by paths that extremise the total variation of Eq. 2.2.

By substitutingEq. 2.1 intoEq. 2.2, andby considering termsup to secondorder in
ν−1 only, we find that the phase deviation induced by the ionosphere is proportional
to the integral of the FED along the geodesic, φk̂

x ≈
−q2

4πε0mcντ
k̂
x , where,

τk̂x ≜
ˆ ∞

0
ne
(
Rk̂

x[n](s)
)
ds. (2.3)

Equation 2.3 defines the total electron content (TEC).
In radio interferometry, the RIME states that the visibilities, being a measure of

coherence, are insensitive to unitary transformations of the electric field associated
with an electromagnetic wave. Thus, the phase deviation associated with a geodesic
is a relative quantity, usually referenced to the phase deviation from another fixed
parallel geodesic— the origin ofwhich is called the reference antenna. Going forward
we use Latin subscripts to specify geodesics with origins at an antenna location; for
exampleRk̂

i [n] is used as shorthand forRk̂
xi [n]. Correspondingly, we introduce the

notion of differential total electron content (ΔTEC),

τk̂ij ≜ τk̂i − τk̂j , (2.4)

which is the TEC ofRk̂
i [n] relative toRk̂

j [n].
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2.3 ProbabilisticrelationbetweenFEDandΔTEC: Gaussianprocess
layer model

In this section we derive the probability distribution of ΔTEC given a specific prob-
ability distribution for FED. It helps to first introduce the concept of the ray integral
(RI) and the corresponding differenced ray integral (DRI). The RI is defined by the
linear operator Gk̂

i : V → Rmapping from the space of all scalar-valued functions
overR3 to a scalar value according to,

Gk̂
i f ≜

ˆ ∞

0
f
(
Rk̂

i [n](s)
)
ds, (2.5)

where f ∈ V =
{
g |
´
R3 g2(x)dx < ∞

}
. Thus, an RI simply integrates a scalar field

along a geodesic. TheDRIΔk̂
ij : V → R for a scalar field f is straightforwardly defined

by

Δk̂
ijf ≜

(
Gk̂

i − Gk̂
j

)
f. (2.6)

Both theRI andDRI are linear operators in the usual sense. Using Eqs. 2.3 up to 2.6,
we see that

τk̂ij = Δk̂
ijne. (2.7)

Let us now specify that the FED is a Gaussian process (GP) restricted to (and in-
dexedby) the set of spatial locationsX = {x ∈ R3 | (x−x0)·ẑ ∈ [a− b/2, a+ b/2]}.
This defines a layer of thickness b at height a above some reference point x0 (see
Fig. 2.1). Within this layer the FED is realised from,

ne ∼ N [μ,K], (2.8)

where μ : X → R>0 is the mean function, and K : X × X → R is the covariance
kernel function. In otherwords, the ionospheric FED is regarded to be a uncountable
infinite set of random variables (RVs) indexed by spatial locations inX , such that for
anyfinite subset of such locations the correspondingFEDshave amultivariate normal
distribution.

In order to extend the scalar field ne to all ofR3, so that wemay apply the operator
in Eq. 2.6 to FED, we impose that for all x ∈ R3 \X : ne(x) = 0. This simplymeans
that we take electron density to be zero outside the layer, and makesGk̂

i well-defined.
To further simplify the model, we assume that the mean FED in the layer is constant;
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Figure 2.1: Geometry of the toy model. The ionosphere is a layer of thickness b at height a above a
reference location x0. In general, ΔTEC is the TEC along one geodesic minus the TEC along another
parallel geodesic. Usually, these geodesics are originating at antennae i and j (locations xi and xj), and
pointing in directions k̂1 and k̂2, respectively. One common choice is to have a fixed reference antenna
for all ΔTECmeasurements. The corresponding zenith angles are φ1 and φ2.

that is, for all x ∈ X : μ(x) = n̄e.
One immediate question that arises pertains to the reasoning behind using a GP

to model the FED in the ionosphere. Currently, there is no adequate probabilistic
description of the ionosphere that is valid for all times and at the spatial scales that
we require. The state-of-the-art characterisation of the ionosphere at the latitude and
scales we are concerned with are measurements of the phase structure function, a
second-order statistic (Mevius et al., 2016). It is well known that second-order statis-
tics alone do not determine a distribution. In general, all moments are required to
characterise a distribution, with a determinancy criterion known as Carleman’s con-
dition. Furthermore, the ionosphere is highly dynamic and displays a multitude of
behaviours. Jordan et al. (2017) observed four distinct behaviours of the ionosphere
above the MWA. It is likely that there are innumerable states of the ionosphere.

Due to the above issue, it is not our intent to precisely model the ionosphere. We
rather seek to describe it with a flexible and powerful probabilistic framework. Gaus-
sian processes have several attractive properties, such as the fact that they are highly
expressive, easy to interpret, and (in some cases) allow closed-form analytic integra-
tion over hypotheses (Rasmussen &Williams, 2006).
However, a Gaussian distribution assigns a non-zero probability density to nega-

tive values, which is unphysical. One might instead consider the FED to be a log-GP,
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ne (x) = n̄e exp ρ (x), where the dimensionless quantity ρ (x) is a Gaussian process.
In the limit ρ (x) → 0, we recover that ne is itself a GP. This is equivalent to say-
ing that the σne/n̄e � 1. As explained in Section 2.4, we determine estimates of σne
and n̄e by fitting ourmodels to actual observed calibrator data, the International Ref-
erence Ionosphere (IRI), and observations taken from Kivelson & Russell (1995).
This places the ratio at σne/n̄e ≲ 0.06, suggesting that if the FED can be accurately
described with a log-GP, then to good approximation it can also be described with a
GP.

We now impose that the geodesics are straight rays, a simplification valid in the
weak-scattering limit considered here. The geodesics therefore becomeRk̂

x[n](s) =

x+sk̂. Inpractice, strong scatteringdue to small-scale refractive index variations in the
ionosphere is negligible at frequencies far above the plasma frequencywhen the iono-
sphere is well-behaved, which is about 90% of the time (Vedantham & Koopmans,
2015). For frequencies ≲ 50 MHz however, this simplification becomes problem-
atic. Under the straight-ray assumption, Equation 2.7 becomes

τk̂ij =
ˆ sk̂+i

sk̂−i
ne(xi + sk̂) ds−

ˆ sk̂+j

sk̂−j
ne(xj + s′k̂) ds′. (2.9)

Here, the integration limits come from the extension of the FED to spatial locations
outside the index-setX , and are given by

sk̂±i =

(
a± b

2
− (xi − x0) · ẑ

)
sec φ, (2.10)

where sec φ = (k̂ · ẑ)−1 denotes the secant of the zenith angle. It is convenient to
colocate the reference point x0 with one of the antenna locations, and then to also
specify this antenna as the reference antenna, i.e. the origin of all reference geodesics.
When this choice is made, ΔTEC becomes τk̂i0.
Equation 2.7 shows directly that if ne is a GP, then so is ΔTEC. This can be un-

derstood by viewing the RI as the limit of a Riemann sum. We reiterate that every
univariate marginal of a multivariate Gaussian is also Gaussian, and that every finite
linear combination of Gaussian RVs is again Gaussian. Taking the Riemann sum to
the infinitesimal limit preserves this property. Since the DRI is a linear combination
of two RIs, the result follows (e.g. Jidling et al., 2018).
The index-set for the ΔTEC GP is the product space of all possible antenna lo-

cations and vectors on the unit 2-sphere, S =
{
(x, k̂) | x ∈ R3, k̂ ∈ S2

}
. This is

analogous to saying that the coordinates of the ΔTEC GP are a tuple of antenna lo-
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cation and calibration direction. Thus, given any y = (x, k̂) ∈ S, the ΔTEC is
denoted by τk̂x0. Because ΔTEC is a GP, its distribution is completely specified by its
first two moments.

Since we assume a flat layer geometry, the intersections of two parallel rays with the
ionosphere layer have equal lengths of b sec φ. This results in the mean TEC of two
parallel rays being equal, and thus the first moment of ΔTEC is,

mΔTEC(y) =0, (2.11)

where y = (xi, k̂) ∈ S . It is important to note that this is not a trivial result. Indeed,
a more realistic but slightly more complicated ionosphere layer model would assume
the layer follows the curvature of the Earth. In this case, the intersections of two
parallel rays with the ionosphere layer have unequal lengths, and the first moment of
ΔTEC would depend on the layer geometry and n̄e.
Wenowderive the second centralmoment between twoΔTECalong twodifferent

geodesics, as visualised in Fig. 2.1.

KΔTEC(y, y′) =E
[
τk̂i0τk̂

′

j0

]
(2.12)

=E
[
(Gk̂

i ne − Gk̂
0ne)(Gk̂′

j ne − Gk̂′
0 ne)

]
(2.13)

=Ik̂k̂′ij + Ik̂k̂′00 − Ik̂k̂′i0 − Ik̂k̂′0j , (2.14)

where y = (xi, k̂) ∈ S and y′ = (xj, k̂
′
) ∈ S and,

Ik̂k̂′ij =

ˆ sk̂+i

sk̂−i

ˆ sk̂
′+

j

sk̂
′−

j

K
(
xi + sk̂, xj + s′k̂

′)
dsds′. (2.15)

We now see that the GP for ΔTEC is zero-mean with a kernel that depends on the
kernel of the FED and layer geometry. The layer geometry of the ionosphere enters
through the integration limits of Eq. 2.15. Most notably, the physical kernel is non-
stationary even if the FED kernel is. Non-stationarity means that the ΔTEC model
is not statistically homogeneous, a fact that is well known since antennae near the
reference antenna typically have small ionospheric phase corrections. We henceforth
refer to Eq. 2.14 as the physical kernel, or our kernel.

Relatedwork. Modelling the ionosphere with a layer has been used in the past.
Yeh (1962) performed analysis of transverse spatial covariances of wavefronts (e.g.
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Wilcox, 1962; Keller et al., 1964) passing through the ionosphere. Their layer model
was motivated by the observation of scintillation of radio waves from satellites (Yeh
& Swenson, 1959). One of their results is a simplified variance function, which can
be related to the phase structure functions in Section 2.6.4. In van der Tol (2009), a
theoretical treatment of ionospheric calibration using a layered ionosphere with Kol-
mogorov turbulence is done. More recently, Arora et al. (2016) attempted to model
a variable-height ionosphere layer above the MWA using GPS measurements for the
purpose of modelling a TEC gradient; however unfortunately they concluded that
the GPS station array of the MWA is not dense enough to constrain their model.

2.4 Method

In order to investigate the efficacy of the physical kernel for the purpose of modelling
ΔTEC we devise a simulation-based experiment. Firstly, we define several obser-
vational setups covering a range of calibration pierce-point sparsity and calibration
signal-to-noise ratios. A high signal-to-noise-ratio calibration corresponds to better
determination of ΔTEC from gains in a real calibration program. Secondly, we char-
acterise two ionosphere varieties as introduced in Section 2.3. Each ionosphere vari-
ety is defined by its layer height and thickness, and GP parameters. For each pair of
observational setup and ionosphere variety we realise FED along each geodesic and
numerically evaluate Eq. 2.7 thereby producing ΔTEC. We then add an amount of
white noise to ΔTEC which mimics the uncertainty in a real calibration program
with a given calibration signal-to-noise ratio. Finally, we compare the performance
of our kernel against several other common kernels used in machine learning on the
problem of Gaussian process regression, known as Kriging. In order to do this, we
generate ΔTEC for extra geodesics and place them in a held-out dataset. This held-
out dataset is used for validation of the predictive performance to new geodesics given
the observed ΔTEC. We refer to the other kernels, which we compare our kernel to,
as the competitor kernels, and themodels that they induce, as the competitormodels.

2.4.1 Data generation

For all simulations, we have chosen the core and remote station configuration of LO-
FAR (vanHaarlem et al., 2013), which is a state-of-the-art low-frequency radio array
centred in the Netherlands and spread across Europe. The core and remote stations
of LOFAR are located within the Netherlands with maximal baselines of 70 km, and
we term this array the Dutch LOFAR configuration. We thinned out the array such
that no antenna is within 150 m of another. We made this cutoff to reduce the data
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Table 2.1: Summary of the parameters of the simulated ionospheres.

Variety a (km) b (km) KFED σne (m−3) HPD (km)
dawn 250 100 M32 6 · 109 15
dusk 350 200 EQ 3 · 109 15

size because nearby antennae add little new information and inevitably raise compu-
tational cost. For example, antennae like CS001HBA0 andCS001HBA1 are so close
that their joint inclusion was considered redundant.
We consider several different experimental conditions, with a particular choice de-

noted by η, under whichwe compare ourmodel to competitors. We consider five lev-
els of pierce-point sparsity: {10, 20, 30, 40, 50}directionsperfieldof view (12.6deg2).
For a given choice of pierce-point sparsity we place twice as many directions along a
Fibonacci spiral — scaled to be contained within the field of view — and randomly
select half of the points to be in the observed dataset and the other half to be in the
held-out dataset. The Fibonacci spiral is slightly overdense in the centre of the field
of view, which mimics selecting bright calibrators from a primary-beam uncorrected
radio source model. We consider a range of calibration signal-to-noise ratios, which
correspond toGaussian uncertainties of ΔTEC thatwould be inferred fromantenna-
based gains in a real calibration program. We therefore consider 11 uncertainty lev-
els on a logarithmic scale from 0.1 to 10 mTECU. A typical state-of-the-art Dutch
LOFAR-HBA (high-band antennae) direction-dependent calibration is able to pro-
duce on the order of 30 calibration directions (Shimwell et al., 2019), based on the
number of bright sources in the field of view, and produce ΔTEC with an uncer-
tainty of approximately 1mTECU; these levels of sparsity and noise probe above and
below nominal LOFAR-HBA observing conditions.

We define an ionosphere variety as an ionosphere layer model with a particular
choice of height a, thickness b, mean electron density n̄e, and FED kernelKFED with
associated hyperparameters, namely length-scale and variance. As mentioned in Sec-
tion 2.3, due to the innumerable states of the ionosphere our intent is not to exactly
simulate the ionosphere, but rather to derive a flexible model. Therefore, to illus-
trate the flexibility of our model, we have chosen to experiment with two very differ-
ent ionosphere varieties which we designate the dawn and dusk ionosphere varieties.
These ionosphere varieties are summarised inTable 2.1. In Section 2.6.4we show that
these ionosphere varieties predict phase structure functions which are indistinguish-
able from real observations. In order to select the layer height and thickness param-
eters for the dawn and dusk varieties we took height profiles from the International
Reference Ionosphere (IRI; Bilitza & Reinisch, 2008) model.
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In order to choose the FED GP kernels and hyperparameters we note that it has
been suggested that scintillation is more pronounced during mornings, due to in-
creased FED variation (e.g. Spoelstra, 1983); therefore we chose a rough FED kernel
for our dawn simulation. Roughness corresponds to how much spectral power is
placed on the shorter length-scales, and also relates to how differentiable realisations
from the process are; e.g. see Fig. 2.3. For the dawn ionospherewe choose theMatérn-
3/2 (M32) kernel,

KM32(x, x′) = σ2ne

(
1+

√
3

lM32
|x− x′|

)
exp
[
−
√
3

lM32
|x− x′|

]
, (2.16)

which produces realisations that are only once differentiable and therefore rough. For
the dusk ionosphere we choose the exponentiated quadratic (EQ) kernel,

KEQ(x, x′) = σ2ne exp

[
−|x− x′|2

2l2EQ

]
, (2.17)

which produces realisations that are infinitely differentiable and smooth.
Both kernels have two hyperparameters, variance σ2ne and length-scale l. In order to

estimate the FEDvariation, σne , we used observations fromKivelson&Russell (1995)
that TEC measurements are typically on the order of 10 TECU, with variations of
about 0.1 TECU. Following the observation that the dawn typically exhibits more
scintillation we choose a twice higher σne for our dawn simulation. In addition to
the length-scale we consider the half-peak distance (HPD) h, which corresponds to
the distance at which the kernel reaches half of its maximum. This parameter has a
consistentmeaning across allmonotonically decreasing isotropic kernels, whereas the
meaning of l depends on the kernel. It is related to h by h ≈ 1.177 lEQ for the EQ and
h ≈ 0.969 lM32 for theM32 kernel. The length-scales were chosen by simulating a set
of ionosphereswith different length-scales and choosing the length-scale that resulted
in ΔTEC screens that are visually similar to typical Dutch LOFAR-HBA calibration
data. For a given ionosphere variety, we numerically integrate the FED realised from
the corresponding GP along the rays in order to compute TEC. FromTECwe com-
pute DTEC by taking the difference with the reference antenna TEC. We note that
this requires a much higher relative precision in the absolute TEC calculations, since
TEC is typically two orders of magnitude large than DTEC. Due to computational
limits, we only realise one simulation per experimental condition — that is, we do
not average over multiple realisations per experimental condition — however given
the large number of experimental conditions there is enough variation to robustly
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Figure 2.2: Example of antenna-based ΔTEC screens from the dusk ionosphere simulation. Each plot shows the simulated ground truth (noise-free)
ΔTEC for each geodesic originating from that station with axes given in direction components kx and ky. The inset label gives how far the antenna is from
the reference antenna. Antennae further from the reference antenna tend to have a larger magnitude ΔTEC as expected. Each plot box bounds a circular
12.6 deg2 field of view.



Figure 2.3: Example realisations from exponentiated quadratic, Matérn-5/2, Matérn-3/2, and
Matérn-1/2 kernels. The same HPD was used in all kernels, however the smoothness of the result-
ing process realisation is different for each.

perform a comparative analysis.

2.4.2 Competitor models

For the comparison with competitor models, we compare the physical kernel with:
exponentiated quadratic (EQ), Matérn-5/2 (M52), Matérn-3/2 (M32), andMatérn-
1/2 (M12) (Rasmussen & Williams, 2006). The EQ and M32 kernels have already
been introduced as FEDkernels. TheM52 andM12 are very similar except for having
different roughness properties. Each of these kernels results in a model that spatially
smooths — and therefore interpolates — the observed data, but involves a different
assumption on the underlying roughness of the function. In order to use these ker-
nels tomodel ΔTEC, we give each subspace ofS its own kernel and take the product.
For example, if KC is the competitor kernel type, and (x, k̂), (x′, k̂

′
) ∈ S , then we

form the kernel KC((x, k̂), (x′, k̂
′
)) = K1

C(x, x′)K2
C(k̂, k̂

′
) thereby giving each sub-

space of the index set, S , its own kernel with associated hyperparameters.
Figure 2.4 shows each kernel profile with the sameHPD and Fig. 2.3 shows exam-

ple realisations from the same kernels. It can be visually verified that the M32 kernel
has more small-scale variation than the EQ kernel, while maintaining similar large-
scale correlation features.

We note that evaluation of the physical kernel requires that a double integral be
performed, which can be done in several ways (e.g. Hendriks et al., 2018). In our
experiments we tried both explicit adaptive step-size Runge–Kutta quadrature, and
two-dimensional trapezoid quadrature. We found via experimentation that we could
simply use the trapezoid quadrature with each abscissa partitioned into four equal
intervals without loss of effectiveness. However, we chose to use seven partitions. We
discuss this choice in Section 2.6.5.
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Figure 2.4: Shape of several kernels as a function of separation in units of the HPD of the kernel.

2.4.3 Model comparison

For model comparison, we investigate two key aspects of each model: the ability to
accurately model observed ΔTEC, and the ability to accurately infer the held-out
ΔTEC. In the language of the machine learning community these are often referred
to as minimising the data loss and the generalisation error, respectively. We also in-
vestigate the ability to learn the hyperparameters of the physical kernel from sparse
data. Finding that the physical model accurately models both observed and held-out
ΔTEC, while also being able to learn the hyperparameters, would be a positive out-
come.

Tomeasurehowwell amodel represents theobserveddata, given aparticular choice
of kernel K and hyperparameters, we compute the log-probability of the observed
(LPO) ΔTEC data — Bayesian evidence — which gives a measure of how well a
GP fits the data with intrinsically penalised model complexity. If we have data mea-
sured at X ∈ S according to τobs = τ(X) + ε where ε ∼ N [0, σ2] and τ(X) ∼
N [0,K(X,X)], then the LPO is

logPK (τobs) = logN [0,B], (2.18)
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where B = K(X,X) + σ2I. Tomeasure howwell a model generalises to unseen data,
given a particular choice of kernel K, we compute the conditional log-probability of
held-out (LPH) data given the observed data. That is, if we have a held-out dataset
measured at X∗ ∈ S according to τ∗obs = τ(X∗) + ε∗ with ε∗ ∼ N [0, σ2], then the
LPH conditional on observed τobs is

logPK (τ∗obs | τobs) = logN [K(X∗,X)B−1τobs,
B∗ − K(X∗,X)B−1K(X,X∗)] (2.19)

where B∗ = K(X∗,X∗) + σ2I.
In order to make any claims of model superiority, we will define the following two

figures of merit (FOMs),

ΔLPOC(η) ≜
PΔTEC (τobs | η)
PC (τobs | η)

, (2.20)

ΔLPHC(η) ≜
PΔTEC (τ∗obs | τobs, η)
PC (τ∗obs | τobs, η)

, (2.21)

where PΔTEC is the probability distribution using the physical kernel and PC is the
distribution using a competitor kernel. The variable η represents a particular choice
of experimental conditions, for example pierce point sparsity and noise.

These FOMs specify howmuchmore or less probable the physical kernel model is
than a competitor for the given choice of experimental conditions, and are therefore
useful interpretable numbers capable of discriminating between twomodels. For ex-
ample, a ΔLPOC(η) value of 1 implies that for the given experimental conditions, η,
both models have an equal probability of representing the observed data, and a value
of 1.5 would imply that the physical kernel representation is 50%more probable than
the competitor kernel. We note that considering the ratio of marginal probabilities is
the canonical way of model selection (Rasmussen & Williams, 2006). For a rule-of-
thumb using these FOMs, we empirically visually find that models produce notice-
ably better predictions starting at around 1.10 (10%).

For each choice of experimental conditions, η, and kernel model, we first infer the
maximum a posteriori estimate of the hyperparameters of the kernel by maximising
themarginal log-likelihood of the correspondingGP (Rasmussen&Williams, 2006),
which is equivalent to maximising the LPO of that model on the available observed
dataset. We maximise the marginal log-likelihood using the variable metric BFGS
method, which uses a low-rank approximation to the Hessian to perform gradient-
based convex optimisation (Byrd et al., 1995). We use the GPFlow library (Matthews
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Table 2.2: Average and standard deviation, over all experimental conditions, of the difference between
the learned physical hyperparameters and the true hyperparameters.

Variety a b HPD b · σne
(km) (km) (km) (1011 km ·m−3)

dawn 10± 10 48± 18 4± 3 1.9± 1.2
dusk 16± 9 82± 20 1± 0.5 2.2± 0.3

et al., 2017), which simplifies the algorithmic process considerably. On top of this we
perform optimisation from multiple random initialisations to avoid potential local
minima. For the physical kernel this corresponds to learning the layer height a and
thickness b, and FED kernel length-scale l, and variance σ2ne , and for the competitor
kernels this corresponds to learning a variance and the length-scales for each subspace.

2.5 Results

In Table 2.2 we report the average and standard deviation, over all experimental con-
ditions, of the difference between the learned physical hyperparameters and the true
hyperparameters, which we term the discrepancy. The optimisation converged in all
cases. We observe that for both ionosphere varieties the discrepancy of a is on the
order of a∼ 10 km, or a few percent, implying that a can be learned from data. The
discrepancy of HPD, is on the order of 1 km, or around 10%, implying the spectral
shape information of the FED can be constrained from data. We observe that the
discrepancy of layer thickness, b, is large and on the order of 50%. One reason for
this is because Eq. 2.15 will scale to first order with b—which is degenerate with the
function of σne — and the only way to break the degeneracy is to have enough vari-
ation in the secant of the zenith angle. In a sparse and noisy observation of ΔTEC,
the secant variation is poor and it is expected that this degeneracy exists. Therefore
we also show the product b · σne , and we see that this compound value discrepancy is
smaller by approximately 35%.

In Table 2.3 we summarise the performance of the physical kernel against each
competitor kernel. We display the mean of ΔLPOC(η), and ΔLPHC(η) over all ex-
perimental conditions, as well as their values at the nominal experimental conditions
of 30 directions per 12.6 deg2, and ΔTEC noise of 1 mTECU, which is indicated
with ηnom. We use bold font in Table 2.3 to indicate the best competitor model.

We first consider the ability of each model to represent the observed data. For the
dawn ionosphere, the M52 competitor kernel has the best (lowest) 〈ΔLPOC〉η =

1.55 and ΔLPOηnom
C = 1.46, implying that theM52 kernel model is 55% and 46% less
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Table 2.3: Shows the probability ratio FOMs (see text) averaged over experimental conditions and
at nominal conditions. Larger values indicate that the physical model is more probable. Bold face
indicates the best performing competitor model (lower number).

〈ΔLPOC〉η ΔLPOηnom
C 〈ΔLPHC〉η ΔLPHηnom

C
dawn

M12 1.86 1.79 1.82 1.61
M32 1.56 1.49 1.50 1.33
M52 1.55 1.46 1.49 1.31
EQ 1.63 1.48 1.84 1.35

dusk
M12 2.72 2.19 2.24 1.73
M32 1.96 1.69 1.50 1.29
M52 1.82 1.60 1.33 1.20
EQ 1.73 1.54 1.16 1.12

probable than the physical kernel model on average over all experimental conditions,
and at nominal conditions, respectively. We note that theM32 kernel produced sim-
ilar results. For the dusk ionosphere, the EQ kernel model is likewise the best among
all competitors, being only 73% and 54% less probable than the physical kernel model
on average over all experimental conditions, and at nominal conditions, respectively.
In all experimental conditions, the physicalmodel provides a significantlymore prob-
able explanation of the observed data.

We now consider the ability of eachmodel to infer the held-out data. For the dawn
ionosphere, theM52 competitor kernel has the best (lowest) 〈ΔLPHC〉η = 1.49 and
ΔLPOηnom

C = 1.31, implying that theM52 kernel prediction is 49% and 31% less prob-
able than the physical kernel model on average over all experimental conditions, and
at nominal conditions, respectively. We note that the M32 kernel produced similar
results. For the dusk ionosphere, the EQ kernel model is likewise the best among all
competitors, with predictions only 16% and 12% less probable than the physical ker-
nel model on average over all experimental conditions, and at nominal conditions,
respectively. In the case of the rougher dawn ionosphere, the physical model pro-
vides a significantlymore probable prediction of the held-out data in all experimental
conditions. However, for the smoother dusk ionosphere at nominal conditions, the
physical model is only 12% more probable than the EQ kernel model, which is not
very significant.

Figure 2.7 shows a visual comparison of the predictive distributions of the physical
and best competitor kernel for the dawn ionosphere, for nominal and sparse-and-
noisy conditions, for a subset of antennae over the field of view. In the first row we
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Figure 2.5: Mean equivalent source shift as a function of angular distance from the nearest calibrator
causedby inference errors from the ground truth for a) remote stations (RS;> 3 km from the reference
antenna) at nominal conditions (30 calibrators for 12.6deg2 and 1mTECUnoise),b) core stations (CS;
< 2 km) at nominal conditions, c) RS with sparse-and-noisy conditions (10 calibrators for 12.6deg2
and 2.6 mTECU noise), and d) CS with sparse-and-noisy conditions. The dash line styles are the
best competitor models (see text), the solid line styles are the physical model. The red lines are dawn
ionospheres, and the blue lines are dusk ionospheres.

show the ground truth and observed data. In the second and third rows we plot the
meanof the predictive distributionwithuncertainty contours of the physical andbest
competitor models, respectively. At nominal conditions, the predictive means of the
best competitor and physical models both visually appear to follow the shape of the
ground truth. However, for the sparse-and-noisy condition, only the physical model
predictive mean visually follows the shape of the ground truth. The uncertainty con-
tours of the physical model vary in height slowly over the field of view, and are on the
order of 0.5–1 mTECU. The uncertainty contours for the physical model indicate
thatwe can trust the predictions near the edges of the field of view. In comparison, the
uncertainty contours of the best competitor model steeply grow in regions without
calibrators, and are on the order of 2–10 mTECU, indicating that only predictions
in densely sampled regions should be trusted.

The last two rows show the residuals between the posterior means and the ground
truth for the physical and best competitor models respectively. From this we can see
that even when the best-competitor predictive mean visually appears to follow the
ground truth the residuals are larger in magnitude than those of the physical models.

In order to quantify the effect of the residuals, a ΔTEC error, δτ, can be conve-
niently represented by the equivalent source shift for a source at zenith on a baseline
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of r,

δl ≈ q2

ε0meν2r
δτ (2.22)

≈ 1.16′′
( r
10 km

)−1 ( ν
150MHz

)−2
(

δτ
mTECU

)
. (2.23)

Figure 2.5 shows the mean linear regression of the absolute equivalent source shift
of the residuals for each point in the held-out data set, for nominal (left) and sparse-
and-noisy (right) conditions, at 150MHz on a baseline of 10 km, as a function of the
nearest calibrator. For visual claritywe have not plotted confidence intervals, however
we note that for nominal conditions the 1σ confidence width is about 2′′ and for the
sparse-and-noisy conditions it is about 4′′. Because there are few nearest-calibrator
distances exceeding 1 degree at nominal conditions, we only perform a linear regres-
sion out to 1 degree.

The upper row shows the source shift for the remote stations (RS) residuals, which
are generally much larger than the source shifts for core stations (CS) in the bottom
row, since the CS antennae are much closer to the reference antenna and have smaller
ΔTEC variance. We observe that the physical model (dashed line styles) generally
has a shallower slope than the best competitor model (solid line styles). Indeed, for
the CS antennae the physical model source shift is almost independent of distance
from a calibrator. The offset from zero at 0 degrees of separation comes from the fact
that the predictive variance cannot be less than the variance of the observations; see
the definition of B∗ in Eq. 2.19. At 1 degree of separation, the physical model mean
equivalent source shift is approximately half of that of the best competitormodel. At
0 degrees of separation, themean source shift is the same for bothmodels as expected.

2.6 Discussion

2.6.1 Model selection bias

Our derived model is a probabilistic model informed by the physics of the problem.
We use the same physical model to simulate the data. Therefore it should perform
better than any other general-purpose model. The fact that we simulate from the
same physical model as used to derive the probabilistic model does not detract from
the efficacy of the proposed model to represent the data. Indeed, it should be seen as
a reason for preferring physics-based approaches when the physics are rightly known.
TheGaussian randomfield layermodel for the ionosphere has been a useful prescrip-
tion for the ionosphere for a long time (e.g. Yeh & Swenson, 1959).
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One type of bias that should be addressed is the fact that we assume we know the
FED kernel type of the ionosphere. We do not show, for example, what happens
when we assume the wrong FED kernel. However, since we are able to converge on
optimal hyperparameters for a given choice of FED kernel, we can therefore imagine
performing model selection based on the values of the Bayesian evidence (LPO) for
different candidate FED kernels. Thus, we can assume that we could correctly select
the right FED kernel in all the experimental conditions that we chose in this work.

2.6.2 Implicit tomography

The results of Section 2.5 indicate that the physical model provides a better expla-
nation of ΔTEC data than any of the competitor models. One might ask how it
performs so well. The approach we present is closely linked to tomography, where
(possibly non-linear) projections of a physical field are inverted for a scalar field. In
a classical tomographic approach, the posterior distribution for the FED given ob-
served ΔTEC data would be inferred and then the predictive ΔTECwould be calcu-
lated from the FED, marginalising over all possible FEDs,

P (τ | τobs) =
ˆ
ne
P (τ | ne)P (ne | τobs) dne, (2.24)

where ne = {ne(x) | x ∈ X} is the set of FEDs over the entire index set X , τ =

{τk̂x | (x, k̂) ∈ S∗ ⊂ S} is the ΔTEC over some subset S∗ of the index set S ,
τobs = {τk̂x + ε | (x, k̂) ∈ Sobs ⊂ S} is the observed ΔTEC over a different subset
Sobs of S, and ε ∼ N [0, σ2I].

In our model, the associated equation for P (τ | τobs) is found by conditioning the
joint distribution on the observed ΔTEC and then marginalising out FED,

P (τ | τobs) =
ˆ
ne
P (ne, τ | τobs) dne (2.25)

=

ˆ
ne
P (ne | τobs)P (τ | ne, τobs) dne, (2.26)

where in the second line we used the product rule of probability distributions (Kol-
mogorov, 1956). Byworking throughEqs. 2.24 and2.26,wediscover that ifP (τ | ne) =
P (τ | ne, τobs) is true, then our method is equivalent to first inferring FED and then
using that distribution to calculate ΔTEC. In Appendix 2.A1 we prove that the ex-
pressions in Eqs. 2.24 and 2.26 are equal due to the linear relation between FED and
ΔTEC because the sum of two Gaussian RVs is again Gaussian. Most importantly,
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this result would not be true if ΔTEC was a non-linear projection of FED.
We refer to this as implicit tomography as opposed to explicit tomography, wherein

the FEDdistributionwould be computed first and the ΔTEC computed second (e.g.
Jidling et al., 2018). This explains why our kernel is able to accurately predict ΔTEC
in regions without nearby calibrators. The computational savings of our approach
is many-fold compared with performing explicit tomography, since the amount of
memory that would be required to evaluate the predictive distribution of FED every-
where would be prohibitive. Finally, the use of GPs to model ray integrals of a GP
scalar field is used in the seismic physics community for performing tomography of
the interior of the Earth.

2.6.3 Temporal differential TEC correlations

One clearly missing aspect is the temporal evolution of the ionosphere. In this work
we have considered instantaneous realisations of the FED from a spatial GP; however,
the inclusion of time in the FED GP is straightforward in principle. One way to in-
clude time is by appending a time dimension to the FED kernel, which wouldmimic
internal (e.g. turbulence-driven) evolution of the FED field. Another possibility is
the application of a frozen flow assumption, wherein the ionospheric time evolution
is dominated by a wind of constant velocity v, so that ne(x, t) = n0e (x − vt). Here,
n0e represents the FED at time t = 0, and ne is a translation over the array as time pro-
gresses. In modelling a real dataset with frozen flow the velocity could be assumed to
be piece-wise constant in time. We briefly experimented with frozen flow and found
hyperparameter optimisation to be sensitive to the initial starting point due to the
presence of many local optima far from the ground-truth hyperparameters. We sug-
gest that a different velocity parametrisation might facilitate implementation of the
frozen flow approach.

2.6.4 Structurefunctionturnoverandanisotropicdiffractivescale

The power spectrum is often used to characterise the second-order statistics of a sta-
tionary randommedium, since according to Bochner’s theorem the power spectrum
is uniquely related to the covariance function via a Fourier transform. In 1941, Kol-
mogorov (translated from Russian in Kolmogorov, 1991) famously postulated that
turbulence of incompressible fluids with very large Reynolds numbers displays self-
similarity. From this assumption, he used dimensional analysis to show that the nec-
essary power spectrum of self-similar turbulence is a power-law with an exponent of
-5/3. A convenient relatedmeasurable function for the ionosphere is the phase struc-
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Figure 2.6: Structure functions predicted by ourmodel comparedwith observations and theory. The
dotted and dashed lines show the phase structure function corresponding to the physical kernel, with
the dawn and dusk configurations, respectively (see Fig. 2.1). Along side is the predicted structure
function of Kolmogorov turbulence with a diffraction scale of 10 km, and the structure function con-
strained from observations in Mevius et al. (2016) with 1σ confidence region in yellow. We note that
Mevius et al. (2016) observe a turnover, but do not characterise it, and therefore we do not attempt to
plot it here.

ture function (van der Tol, 2009),

D(r) =〈(φν(R)− φν(r+ R))2〉R (2.27)

≜
(

r
rdiff

)β

, (2.28)

where the expectation is locally over locations far from the boundaries of the tur-
bulent medium, which is often characterised by an outer scale. The quantity rdiff
is referred to as the diffractive scale, and is defined as the length where the structure
function is 1 rad2. UnderKolmogorov’s theory of 1941, β = 5/3. Observations from
29 LOFAR pointings constrain β to be 1.89 ± 0.1, slightly higher than predicted by
Kolmogorov’s theory, and the diffractive scale to range from5 to 30 km (Mevius et al.,
2016).

In Fig. 2.6 the structure functions of the physical kernel are shown for the dawn
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and dusk varieties, alongside Kolmogorov’s β = 5/3 and theMevius et al. (2016) ob-
servations. Though not plotted, Mevius et al. (2016) also find that there is a hint of a
turnover in the structure functions they observed, which they suggest might be a re-
sult of an outer scale in the context of Kolmogorov turbulence. However, these latter
authors conclude that longer baselines are needed to properly confirm the turnover
and its nature. The dawn and dusk structure functions are nearly parallel with obser-
vations, and have turnovers that result because the FED covariance functions decay
to zero monotonically and rapidly beyond the HPD. Interestingly, despite the fact
that the FED kernels used for the dawn and dusk ionospheres have different spectral
shapes, the structure functions have similar slopes. The difference between the dawn
and dusk structure functions can be seen in the curvature of their turnovers.

Our model provides an explanation for the observed shape of structure functions,
whichKolmogorov’s theoryof 1941 fails toprovide, namely the existenceof a turnover,
and a slope deviating from five-thirds. Specifically, a turnover requires only FED cor-
relations that are stationary, isotropic, and monotonically decreasing (SIMD). Both
the dawn and dusk ionosphere varieties experimented with predict slopes compatible
with observations. Moreover, as shown inAppendix 2.A2, ourmodel in conjunction
with the SIMD FED kernel is falsifiable by observing a lack of plateau.

Mevius et al. (2016) also observe anisotropy in the measured rdiff as a function of
pointing direction, and suggest that it is due to FED structures aligned with mag-
netic field lines (Loi et al., 2015). In total, 12 out of 29 (40%) of their observations
show anisotropy unalignedwith themagnetic field lines of Earth. We propose a com-
plementary explanation for the anisotropy of diffractive scale, without appealing to
magnetic field lines. Ourmodel implies that diffractive scalemonotonically decreases
with zenith angle. This is a result of the non-stationarity of the physical kernel even
if the FED is stationary.

2.6.5 Low-accuracy numerical integration

The numerical integration required to compute Eq. 2.14 is performed using the 2D
trapezoid rule. This requires the selection of a number of partitions along the ray.
The computational complexity scales quadratically with the number of partitions
chosen, and thus a trade-off between accuracy and speed must be chosen. We found
the relative error (using the Frobenius norm) to be 80%with twopartitions, 20%with
three partitions, 10% with four partitions, and 6% with seven partitions. After ex-
perimentation it was surprisingly found that two partitions was sufficient to beat all
competitormodels, and thatmarginal improvement occurs after five partitions. This
suggests that even a low-accuracy approximation of our model encodes enough ge-
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ometric information to make it a powerful tool in describing the ionosphere. Ulti-
mately, we chose to use four partitions for our trials.

2.7 Conclusion

In this work, we put forth a probabilistic description of antenna-based ionospheric
phase distortions, which we call the physical model. We assumed a single weakly scat-
tering ionosphere layer with arbitrary height and thickness, and free electron density
(FED) described by a Gaussian process (GP). We argue that modelling the FEDwith
a GP locally about the mean is a strong assumption due to the small ratio of FED
variation to mean as evidenced from ionosphere models. We show that under these
assumptions the directly observable ΔTECmust also be aGP.Weprovide amean and
covariance function that are analytically related to the FEDGPmean and covariance
function, the ionosphere height and thickness, and the geometry of the interferomet-
ric array.

In order to validate the efficacy of our model, we simulated two varieties of iono-
sphere — a dawn (rough FED) and dusk (smooth FED) scenario — and computed
the corresponding ΔTEC for the Dutch LOFAR-HBA configuration over a wide
rangeof experimental conditions includingnominal and sparse-and-noisy conditions.
We compared this physical kernel to other widely successful competitor GP models
that might naively be applied to the same problem. Our results show that we are al-
ways able to learn the FED GP hyperparameters and layer height — including from
sparse-and-noisy ΔTEC data— and that the layer thickness could likely be learned if
a height prior was provided. In general, the physical model is better able to represent
observed data and generalises better to unseen data.

Visual validation of the predictive distributions of ΔTEC show that the physical
model can accurately infer ΔTEC in regions far from the nearest calibrator. Residuals
from the physical model (0.5–1 mTECU) are smaller and less correlated than those
of competitor models (2–10 mTECU). In terms of mean equivalent source shift re-
sulting from incorrect predictions, the physical model mean equivalent source shift
is approximately half of that of the best competitor model. We show that our model
performs implicit tomographic inference at low cost, which is because ΔTEC is a lin-
ear projection of FED and the FED is a GP. We suggest possible extensions to incor-
porate time, including frozen flow and appending the FED spectrumwith a temporal
power spectrum. Ourmodel provides an alternative explanation for theMevius et al.
(2016) observations: phase structure function slope deviating from Kolmogorov’s
five-thirds, the turnover on large baselines, and diffractive scale anisotropy.

In the near future, we will apply this model to LOFAR-HBA datasets and per-
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Figure 2.7: Example visual comparison of the predictive performance of our physical model with that
of the best competitor model for the dawn ionosphere. First row: ground truth ΔTEC overlaid with
noisy draws from the ground truth — the observations. Second and third rows: posterior mean with
uncertainty contours for the physical model and best competitor model respectively. Fourth and fifth
rows: residuals between posterior means and ground truth for the physical model and best competitor
model respectively. First two columns: results for a central antenna (near to reference antenna) and
a remote station (far from reference antenna), given 10 directions and 2.5 mTECU noise. Last two
columns: results for a central antenna and a remote station, given 30 directions and 1.6mTECUnoise.

form precise ionospheric calibration for all bright sources in the field of view. It is

92



envisioned that this will lead to clearer views of the sky at the longest wavelengths,
empowering a plethora of science goals.

Author contributions

Joshua came up with the idea of the ionospheric model, and set up a first quantita-
tive outline assuming lognormally distributed ionospheric FEDs. Joshua andMartijn
together found the correct Gaussian process equations. Martijn simulated the iono-
spheric FEDs andΔTECs, and Joshua compared theGaussian process regression per-
formance of different kernels. Joshua led the writing of the article, with important
contributions fromMartijn.

2.A1 Derivation of tomographic equivalence

We now explicitly prove the assertion that Eq. 2.24 is equal to Eq. 2.26, that is,
ˆ

P (τ | ne)P (ne | τobs) dne =
ˆ

P (ne, τ | τobs) dne. (2.29)

We note that we sometimes use the notation N [a | ma,Ca] which is equivalent to
a ∼ N [ma,Ca].

Wedefine thematrix representationof theDRIoperator inEq. 2.6, Δ∗ne = {Δk̂
xne |

(x, k̂) ∈ S∗}, and likewise let Δ be the matrix representation over the index set
Sobs. Similarly, the matrix representation of the FED kernel— the Grammatrix— is
K = {K(x, x′) | x, x′ ∈ X}. Using these matrix representation we have the follow-
ing joint distribution,

P (ne, τ, τobs) =N

n̄e0
0
,

K KΔT
∗ KΔT

Δ∗K Δ∗KΔT
∗ Δ∗KΔT

ΔK ΔKΔT
∗ ΔKΔT + σ2I

 . (2.30)

Let us first work out the left-hand side (LHS) of Eq. 2.29. Because τ = Δ∗ne, and
using standard Gaussian identities we have,

P (τ | ne) = N [Δ∗KK−1(ne − n̄e)︸ ︷︷ ︸
Δ∗(ne−n̄e)

,Δ∗KΔ∗ − Δ∗KK−1KΔ∗︸ ︷︷ ︸
0

]. (2.31)
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Similarly, the second distribution on the LHS is,

P (ne | τobs) = N [n̄e + KΔT(ΔKΔT + σ2I)−1τobs,
K− KΔT(ΔKΔT + σ2I)−1ΔK]. (2.32)

Wenowcanuse standardGaussian identities (e.g.Weiss&Freeman, 2001) to evaluate
the integral on the LHS:
ˆ

P (τ | ne)P (ne | τobs) dne =N [Δ∗KΔT(ΔKΔT + σ2I)−1τobs,Δ∗KΔT
∗

− Δ∗KΔT(ΔKΔT + σ2I)−1ΔKΔT
∗ ]. (2.33)

In order to work out the right-hand side (RHS), we simply condition Eq. 2.30 on
τobs and thenmarginalisene by selecting the corresponding sub-blockof theGaussian,

P (ne, τ | τobs) =N
[(

n̄e
0

)
+

(
KΔT

ΔT
∗KΔT

)(
ΔKΔT + σ2I

)−1 τobs,(
K̄ ΔKΔT

∗
Δ∗KΔT Δ∗KΔT

∗

)
−
(

KΔT

Δ∗KΔT

)(
ΔKΔT + σ2I

)−1 (ΔK ΔKΔT
∗
)]

(2.34)

Marginalising over ne is equivalent to neglecting the sub-block corresponding to ne.
Therefore, the RHS is

ˆ
P (ne, τ | τobs) dne =N

[
Δ∗KΔT (ΔKΔT + σ2I

)−1 τobs,Δ∗KΔT
∗

−Δ∗KΔT (ΔKΔT + σ2I
)−1 ΔKΔT

∗

]
. (2.35)

■

2.A2 Derivation of the ΔTEC variance function and its limits

We derive the ΔTEC variance function σ2ΔTEC(d) for zenith observations (k = k′ =
ẑ) by considering a baseline between an antenna-of-interest at xi = xj and a reference
antenna at x0 = 0. To use the Pythagorean theorem later, we assume that this base-
line lies in the plane of the local horizon, i.e. perpendicular to the zenith. Without loss
of generality, we can orient the coordinate axes such that this baseline lies along the x̂
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direction, so that xi−x0 = dx̂. Hered ≜ ||xi|| is the distance between the two anten-
nae. We then take the general covariance functionKΔTEC

([
xi, x0, k̂

]
,
[
xj, x0, k̂′

])
,

and find that in this particular case

σ2ΔTEC(d) ≜KΔTEC ([xi, x0, ẑ] , [xi, x0, ẑ]) (2.36)

=
1∑

p1=0

1∑
p2=0

(−1)p1+p2

ˆ b

0

ˆ b

0
Kne
(
||x(1−p1)i − x(1−p2)i + ẑ (s1 − s2) ||

)
ds1ds2, (2.37)

where Kne is an arbitrary stationary and isotropic kernel (such as the exponentiated
quadratic andMatérn 3

2 kernels considered earlier) for the FED.The two termswhere
p1 and p2 are equal give the same contribution, as do the two terms for which p1 and
p2 are unequal. By subsequently applying the Pythagorean theorem in this last case
(i.e. p1 = 0 and p2 = 1, and vice versa), we find

σ2ΔTEC(d) = 2
ˆ b

0

ˆ b

0
Kne (|s1 − s2|)− Kne

(√
d2 + (s1 − s2)2

)
ds1ds2. (2.38)

We manipulate this result to obtain a more insightful expression. First, we note the
(implicit) presence of three parameters with dimension length: ionospheric thickness
b, reference antenna distance d, and FED kernel half-peak distance h. We perform
transformations to dimensionless coordinates u1 = s1

h and u2 = s2
h to reveal that

the shape— though not the absolute scale — of the function σ2ΔTEC(d) is governed
only by the length-scale ratios b

h and d
h , and the particular functional form of Kne .

Furthermore, for stationary covariance functions, we haveKne = σ2neCne , whereCne is
the corresponding dimensionless correlation function.

These considerations enable us to express the ΔTEC structure function as a di-
mensionless, shape-determining double integral appended by dimensionful prefac-
tors; i.e.

σ2ΔTEC(d) = 2σ2neh
2
ˆ b

h

0

ˆ b
h

0
Cne (h |u1 − u2|)

− Cne

h

√(
d
h

)2

+ (u1 − u2)2
 du1du2. (2.39)

We first note that the variance of ΔTEC is simply proportional to the variance of ne.
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Secondly, we note that

h |u1 − u2| < h

√(
d
h

)2

+ (u1 − u2)2 (2.40)

for any non-zero d, so that

Cne (h |u1 − u2|) > Cne

h

√(
d
h

)2

+ (u1 − u2)2
 (2.41)

for all monotonically decreasing correlation functions Cne (or, equivalently, covari-
ance functions Kne). With the integrand always positive, we see that the integral
must be a strictly increasing function of b

h (which occurs in the integration limits).
Therefore, we conclude that for stationary, isotropic, and monotonically decreasing
(SIMD) FED kernels withHPD h, the ΔTEC variance increases monotonically with
the thickness of the ionosphere b. Simply put: thicker SIMD ionospheres cause larger
ΔTEC variations.

Let us now consider three limits of the ΔTEC zenith variance function, that all do
not require KFED to decrease monotonically. In the short-baseline limit, i.e. d

h → 0,
we have

Cne

h

√(
d
h

)2

+ (u1 − u2)2
→ Cne (h |u1 − u2|) . (2.42)

We therefore find that σ2ΔTEC → 0 irrespective of other parameters, recovering that
the variance of ΔTEC vanishes near the reference antenna. In the long-baseline limit,

i.e. d
h � b

h > 1, we see that
√(d

h

)2
+ (u1 − u2)2 ≈ d

h , since

(u1 − u2)2 <
(
b
h

)2

�
(
d
h

)2

. (2.43)

Assuming Cne(d) ≈ 0 when d
h � 1, the integrand reduces to Cne (h |u1 − u2|) −

Cne
(
h · d

h

)
≈ Cne (h |u1 − u2|). We find that in this case,

σ2ΔTEC ≈ 2σ2neh
2
ˆ b

h

0

ˆ b
h

0
Cne (h |u1 − u2|) du1du2. (2.44)
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This is the plateau value of the ΔTEC variance that our model predicts for the long-
baseline limit.
Another way to arrive at the plateau value expression of Equation 2.44 is by con-

sidering the statistical properties of TEC first. In a computation analogous to the
one for ΔTEC in Section 2.3, one can derive the general TEC covariance function
KTEC. The variance of τẑi (the TEC of antenna i while observing towards the zenith
ẑ) is straightforwardly shown to be

V
(
τẑi
)
= σ2neh

2
ˆ b

h

0

ˆ b
h

0
Cne (h |u1 − u2|) du1du2. (2.45)

We highlight the absence of a dependence on i at the RHS. As a ΔTEC is simply a
TECdifferencedwith a TEC for a reference antenna observing in the same direction,
we have

σ2ΔTEC = V
(
τẑi − τẑ0

)
= V

(
τẑi
)
+ V

(
τẑ0
)
, (2.46)

where the second equality only holdswhen theTECs are independent. This is exactly
the scenario considered in the long-baseline limit. Plugging in Equation 2.45 recovers
theplateau level. We canfind a general upper bound to the variance ofΔTEC in terms
of physical parameters. To this end, we note that the integrand in Equation 2.39 is
maximised when, over the full range of integration, the value of the first term is 1
whilst the second term is equal to the infimum of the correlation function. Calling
infR {Cne(r) : r ∈ R>0} ≜ I, we find the inequality,

σ2ΔTEC ≤ 2σ2neh
2
ˆ b

h

0

ˆ b
h

0
1− I du1du2 = 2 (1− I) σ2neb

2. (2.47)

For strictly positive FED kernels that decay to zero at large distances (such as the EQ
and Matérn kernels considered in this work), we find σ2ΔTEC ≤ 2σ2neb

2. Kernels re-
sulting in anticorrelated FEDs produce the constraint σ2ΔTEC ≤ 4σ2neb

2 or tighter. By
measuring σΔTEC(d), one can bound the product σneb from below. The strongest
bound is obtained for large d.

2.A3 Covariance functionwith frozen flow

Here we give the DTEC covariance function assuming the ionosphere drifts over the
array as time progresses, without evolving internally. We derived these results during
the development of the original publication, but they were not made part of it.

The covariance between the DTEC RV of a station at xi1 referenced to one at xj1
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whilst both observe k̂α1 at time tβ1 , and the DTECRV of a station at xi2 referenced to
one at xj2 whilst both observe k̂α2 at time tβ2 , is the sum of four double integrals:

KΔτ



xi1
xj1
k̂α1
tβ1

 ,


xi2
xj2
k̂α2
tβ2


 =

1∑
l1=0

1∑
l2=0

(−1)l1+l2
ˆ s+1

s−1

ˆ s+2

s−2

Kne (y1, y2) ds1ds2, (2.48)

where typically j1 = j2,Kne is the FED covariance function, and

s±p = sec φαp

(
a± b

2
−
(
x(1−lp)ip+lpjp − x0 − vtβp

)
· ẑ
)
, (2.49)

yp = x(1−lp)ip+lpjp − vtβp + k̂αp sp, (2.50)

sec φαp =
(
k̂αp · ẑ

)−1
. (2.51)

We model the ionosphere as a layer with thickness b, whose centre lies at a height a
above x0. The zenith is denoted ẑ. We linkDTECRVs of different times by assuming
that the ionosphere is a frozen flow with velocity v.

2.A4 Supporting figures

Figure 2.8 shows 24 Dutch core and remote LOFAR stations with a simulated iono-
sphere above them. Figure 2.9 shows simulated ionospheric phase distortions for the
same stations. For brevity, these figures did not feature in the original publication;
they appear for the first time in this thesis, and illustrate the methods of Sect. 2.4.
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presents the optimal calibration method. We show the field ne(x, t) along a few sightlines only. The visualisation makes clear that sightlines from the same
station pass through similar ionospheric columns, resulting in correlated ΔTECs and phase distortions. For the latter, see Fig. 2.9.
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What I cannot create, I do not understand.
Richard P. Feynman, American physicist, on his Caltech blackboard at the

time of his passing (1988)

3
Filamentary Baryons andWhere to
Find Them: A forecast of synchrotron

radiation from merger and accretion shocks
in the local Cosmic Web

M. S. S. L. Oei, R. J. van Weeren, F. Vazza, F. Leclercq, A. Gopinath, H. J. A. Röttgering — Astron-
omy & Astrophysics, 662, 87, 2022

Abstract
Context The detection of synchrotron radiation from the intergalactic medium
(IGM) that pervades the filaments of theCosmicWeb constitutes an upcoming fron-
tier to test physical models of astrophysical shocks and their radiation mechanisms,
trace the missing baryons, and constrain magnetogenesis — the origin and evolution
of extragalactic magnetic fields.

Aims The first synchrotron detections of the IGM within filaments have recently
been claimed. Now is the time to develop a rigorous statistical framework to predict
sky regions with the strongest signal and to move from mere detection to inference,
that is to say identifying themost plausible physicalmodels andparameter values from
observations.
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Methods Current theory posits that the filament IGM lights up through shocks
that originate from large-scale structure formation. With Bayesian inference, we gen-
erated a probability distribution on the set of specific intensity functions that repre-
sent our view of themerger- and accretion-shocked synchrotronCosmicWeb (MAS-
SCW). We combined the Bayesian Origin Reconstruction from Galaxies (BORG)
Sloan Digital Sky Survey (SDSS) total matter density posterior, which is based on
spectroscopic observations of galaxies within SDSS DR7, snapshots of Enzo magne-
tohydrodynamics (MHD)cosmological simulations, aGaussian randomfield (GRF),
and a ray tracing approach to arrive at the result.

Results Wepresent a physics-based prediction of theMASSCWsignal, including
principled uncertainty quantification, for a quarter of the sky and up to cosmological
redshift zmax = 0.2. The super-Mpc 3D resolution of the current implementation
limits the resolution of the predicted 2D imagery, so that individual merger and ac-
cretion shocks are not resolved. TheMASSCWprior can be used to identify themost
promising fields to target with low-frequency radio telescopes and to conduct actual
detection experiments. We furthermore calculated a probability distribution for the
flux density–weighted mean (i.e. sky-averaged) redshift ¯̄z of the MASSCW signal up
to zmax, and found a median of ¯̄z = 0.077. We constructed a low-parametric ana-
lytic model that produces a similar distribution for ¯̄z, with a median of ¯̄z = 0.072.
Extrapolating the model, we were able to calculate ¯̄z for all large-scale structure in
the Universe (including what lies beyond zmax) and show that, if one only considers
filaments, ¯̄z depends on virtually one parameter. As case studies, we finally explore
the predictions of our MASSCW specific intensity function prior in the vicinity of
three galaxy clusters, theHercules Cluster, theComaCluster, andAbell 2199, and in
three deep Low-frequency Array (LOFAR) High-band Antennae (HBA) fields, the
LockmanHole, Abell 2255, and the Ursa Major Supercluster.

Conclusions We describe and implement a novel, flexible, and principled frame-
work for predicting the low-frequency, low-resolution specific intensity function of
the Cosmic Web due to merger and accretion shocks that arise during large-scale
structure formation. The predictions guide Local Universe searches for filamentary
baryons through half of the Northern Sky. Once cosmological simulations of alter-
native emission mechanisms have matured, our approach can be extended to predict
additional physical pathways that contribute to the elusive synchrotron CosmicWeb
signal.

Key words: Cosmology: miscellaneous – dark matter – large-scale structure of Uni-
verse – Galaxies: clusters: intracluster medium – intergalactic medium – Magnetic
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fields –Magnetohydrodynamics (MHD) –Methods: numerical – statistical – Radi-
ation mechanisms: non-thermal – Radio continuum: general – Shock waves

3.1 Introduction

Just after inflation, theUniverse’s dark andbaryonicmatter density functions resem-
bled realisations of nearly constant, isotropic, and stationary Gaussian random fields
(GRFs) (Linde, 2008). Due to gravity alone, these fields evolved into the highly in-
homogeneous, network-like large-scale structure (LSS) present today (Springel et al.,
2005). The late-time Universe consists of two components: voids and the Cosmic
Web, which can be further partitioned into sheets, filaments, and (galaxy) clusters.1
The initial density conditions, through the morphology of the Cosmic Web, deter-
mine the spatial distribution of galaxies and some of their internal properties, such
as the magnetic field and spin. Hahn et al. (2007), inspired by the seminal work of
Zel’dovich (1970), provided a2 rigorous definition (known as the ‘T-web’) of the four
canonical structure types (voids, sheets, filaments, and clusters) based on the number
of positive eigenvalues (0, 1, 2, or 3, respectively) of the tidal field tensor. Their N-
body simulations reveal that the prevalence of the structure types (quantified by e.g.
volume-filling factors) is evolving, with filaments and sheets disappearing in favour of
clusters and voids at the present day.3

Of the four structure types, galaxy clusters are most easily studied: in the X-ray,
optical and radio bands, for example through thermal bremsstrahlung, gravitational
lensing and synchrotron radiation. As the most massive gravitationally bound struc-
tures in the Universe thus far, they weigh up to∼1015 M⊙, contain up to∼103 galax-
ies, and are pervaded by a dilute (∼103 m−3), hot (∼108 K) and magnetised (∼1 μG)
hydrogen- and helium-dominated plasma: the intra-cluster medium (ICM) (Cava-
liere & Rephaeli, 2011).

At the outskirts of clusters, the ICM transitions into the warm–hot intergalactic
medium (WHIM)—thedominant baryonic constituent of filaments. TheWHIMis

1Some authors use ‘Cosmic Web’ to refer to filaments exclusively, but in this work, the term is
used to refer to all of the late-timeUniverse excluding the voids. We furthermore differentiate between
‘cosmic web’ (for the concept in an arbitrary universe), and ‘Cosmic Web’ (for the concept in ours).

2Many other cosmic web classifiers exist, such as DIVA (Lavaux &Wandelt, 2010), V-web (Hoff-
man et al., 2012), and LICH (Leclercq et al., 2017).

3Forero-Romero et al. (2009) subsequently refined Hahn’s definition, by counting eigenvalues
above a tuneable threshold (rather than zero) related to the gravitational collapse timescale. The par-
titioning of the cosmic web into the four structure types depends sensitively on the choice of this
threshold, and it should therefore always be mentioned when quantitative structure-type properties
are stated, such as volume- and mass-filling fractions.
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a plasma of nearly primordial chemical composition, but is less dense (∼1− 10m−3),
cooler (∼105− 107 K) and less magnetised (∼10−3− 10−1 μG) than the ICM. Com-
pared to clusters, filaments are thereforeharder todetect in all threewavelengthbands.
Despite this, filaments are cosmologically relevant, as simulations predict that the
WHIM harbours up to ∼ 90% of the Universe’s baryons (Cen & Ostriker, 1999;
Eckert et al., 2015; de Graaff et al., 2019; Tanimura et al., 2019a).

The formation of filaments (and, indirectly, the galaxy clusters they fuel) has oc-
curred primarily through the influx of dark matter (DM) and cold gas from sheets
and voids. Once these free-falling pockets of gas reach a filament’s surface, they gen-
erate supersonic accretion shocks, with upstream Mach numbersMu ∼ 100 − 102
(Ryu et al., 2003). Following Ensslin et al. (1998); Miniati et al. (2001), Hoeft &
Brüggen (2007) have proposed that merger shocks in clusters boost electrons in the
high-energy tail of the ICM’s Maxwell–Boltzmann distribution to ultrarelativistic
velocities via diffusive shock acceleration (DSA). By extension, the Hoeft & Brüggen
(2007) model could also describe (again via DSA) how accretion shocks in filaments
boost electrons in the high-energy tail of the WHIM’s Maxwell–Boltzmann distri-
bution to ultrarelativistic velocities. The DSA mechanism details how charges dif-
fuse back and forth across the shock front, trapped in a magnetic mirror, and gain
speed accordingly (Krymskii, 1977; Axford et al., 1977; Bell, 1978a,b; Blandford &
Ostriker, 1978; Drury, 1983; Blandford & Eichler, 1987; Jones & Ellison, 1991; Bar-
ing, 1997; Malkov & Drury, 2001). Once released, these high-energy electrons sub-
sequently spiral along the magnetic field lines of the intergalactic medium (IGM),
glowing in synchrotron light. It is thought that this accretion-shock-based radiation
mechanism provides the dominant contribution to the filaments’ synchrotron Cos-
mic Web (SCW) signal.

Although theMachnumbers of accretion shocks in filaments are higher than those
of merger shocks in clusters (where they areMu ∼ 1− 5) (Ryu et al., 2003), shocks
in filaments remain fainter due to the aforementioned adverse density, temperature
and magnetic field strength conditions.4 This is why observing filaments through
synchrotron radiation constitutes an ambitious, futuristic frontier.

Modern radio telescopes, such as the upgraded GiantMetrewave Radio Telescope
(uGMRT), the Expanded Very Large Array (EVLA) and the Low-frequency Array
High-band Antennae (LOFAR HBA), have enabled detailed studies of particle ac-
celeration in the cluster IGM (e.g. Di Gennaro et al. (2018); Kale (2020); Locatelli
et al. (2020); Mandal et al. (2020)) by the detection of radio halos, phoenices and

4Precisely how much fainter shocks in filaments are compared to those in clusters, is unknown,
because the typical filament IGMmagnetic field strengthBIGM and the electron acceleration efficiency
ξe of shocks— and especially weak ones— is highly uncertain.

104



−3.5

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

in
te

gr
at

ed
sp

ec
tr

al
in

de
x
α

(1
)

ICM WHIM

γ
5
3

3
2

4
3

1

2

3

4

5

6

7

ba
ry

on
ic

m
at

te
r

de
ns

it
y

ra
ti

o
ρ

B
M
,d

ρ
B

M
,u

(1
)

ICM WHIM

γ
5
3

3
2

4
3

100 101 102

upstream Mach number Mu (1)

100

101

102

103

pl
as

m
a

te
m

p
er

at
ur

e
ra

ti
o
T

d

T
u

(1
)

ICM WHIM

γ
5
3

3
2

4
3

Figure 3.1: Dependence of three central (merger or accretion) shock quantities on upstream Mach
numberMu and adiabatic index γ, as derived from the Rankine–Hugoniot jump conditions in ideal
gases. Radiation fromMu < 10 shocks is predominantly generated by electrons that stem from the
ICM, whilst radiation fromMu > 10 shocks is predominantly generated by electrons that stem from
theWHIM.Top: the spectral index α of angularly unresolved shocks, assuming standardDSA.Middle:
the downstream-over-upstream plasma density ratio. Bottom: the downstream-over-upstream plasma
temperature ratio.
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relics. In contrast, no single shock in filaments has hitherto been observed. Doing
so would open up density, temperature, Mach number and magnetic field strength
regimes different by orders of magnitude via which astrophysical shockmodels could
be held to the test. For example, the top panel of Fig. 3.1 shows that DSA predicts an
(angularly unresolved) synchrotron spectral index α = −1 for virtually all filament
shocks (with a slight dependency on the adiabatic index γ). Significant deviations
from α = −1 would falsify standard DSA.5 A better understanding of astrophysical
shocks has ramifications beyond the study of large-scale structure, as possibly similar
shocks are found in, amongst other places, accreting X-ray binaries, stellar and pulsar
winds, and supernova remnants.

Routine detection of the filament IGM in synchrotronwould provide a novel way
to address the missing baryon problem — the possible discrepancy between today’s
mean baryon density as inferred from galaxy surveys versus that predicted by CMB-
constrained ΛCDMmodels.

Direct imaging of the filament IGM in the low-frequency radiowindow adds spec-
tral diversity to a growing list of methodologies that trace the WHIM, complement-
ing X-ray observations of ionised oxygen (O VII) absorption along the line of sight
to quasars (Nicastro et al., 2018), microwave measurements of the thermal Sunyaev–
Zel’dovich effect due to hot gas between adjacent galaxies (de Graaff et al., 2019),
millimetre searches for the hyperfine spin-flip transition of single-electron nitrogen
ions (NVII) (Bregman& Irwin, 2007) and dispersionmeasurements of localised fast
radio bursts (FRBs) (Macquart et al., 2020). Just as direct imaging of the WHIM in
theX-ray band (Eckert et al., 2015), detecting baryons through synchrotron emission
does not necessitate a special (line-of-sight) geometry. Telescopes such as the LOFAR
could thus corroborate the current baryon census, in which still ∼34% is not iden-
tified conclusively (de Graaff et al., 2019). Thirdly, the low galaxy number density
in filaments means that its IGM, if largely untouched by galactic feedback, can retain
information on its initial conditions for billions of years. In particular,MHD simula-
tions (Vazza et al., 2015, 2017) demonstrate that different assumptions for the dom-
inant physical process that drove the growth of magnetism in filaments, lead to dif-
ferent strengths and morphologies of the IGM’s magnetic fields today. The authors
evaluate three different scenarios for cosmic magnetogenesis: primordial, dynamo,
and galactic models, and calculate their evolution from a cosmological redshift of 38
to the present day. The models are calibrated by magnetic field strength measure-
ments of the ICM. In primordial models, seed field fluctuations grow as LSS forma-

5Caprioli & Haggerty (2019) describe recent advances in DSA theory, which suggest steeper elec-
tron energy and synchrotron spectra for the filaments’ strong shocks (i.e. α < −1 for γ = 5/3 and
Mu > 10).
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Figure 3.2: Two simulated specific intensity functions at νobs = 150 MHz, assuming synchrotron
radiation from merger and accretion shocks (as in Hoeft & Brüggen (2007)) in LSS at z = 0.045.
Top: primordial scenario for magnetogenesis, starting from BIGM = 1 nG in the Early Universe. (In
contrast, the simulationunderlying this article’s predictions starts atBIGM = 0.1 nG.) Bottom: galactic
scenario for magnetogenesis, in which seeding occurs through AGN outflows and supernova winds.
See Gheller & Vazza (2020) for details on these scenarios.
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tion compresses and rarefies themagnetic field lines. In dynamomodels, the seed field
is much weaker (10−22 T vs. 10−13 T), but grows in strength as energy in solenoidal,
turbulent gasmotion is converted intomagnetic energy through small-scale dynamos
(Ryu, 2008). In galactic (or ‘astrophysical’) models, finally, no seed field is assumed,
with star formation and outflows from the jets of supermassive black holes (SMBHs)
at galactic centres being the dominant contributors to the emergence of the magne-
tised cosmic web. Fig. 3.2 illustrates that different magnetisation scenarios give rise
to morphologically different low-frequency specific intensity functions. Thus, SCW
observations could rule out at least somemodels ofmagnetogenesis—apuzzlewidely
considered to be amongst the most significant open problems in cosmology.

Hitherto, several groups have constrained the magnetic field strength of the fila-
ment IGM by means of Stokes I low-frequency radio observations. Using Murchi-
son Widefield Array (MWA) Epoch of Reionisation Field 0 data and the equiparti-
tion energy condition, Vernstrom et al. (2017) derived a parameter-dependent upper
limit of BIGM < 0.03 − 1.98 μG, while Brown et al. (2017) used Parkes 64m Tele-
scope S-PASS data to find a density-weighted upper limit of BIGM < 0.13 μG at the
present epoch. Finally, using MWA GLEAM and ROSAT RASS data, Vernstrom
et al. (2021) suggest an average magnetic field strength of 30 nG < BIGM < 60 nG,
using both equipartition and inverse Compton arguments. In an upcoming publi-
cation (Oei et al., in prep.), we describe and present a LOFAR search, that includes
newmethodology.

Alternatively, O’Sullivan et al. (2019, 2020); Stuardi et al. (2020) constrain the
properties of the IGM’s magnetic fields via rotation measure (RM) synthesis applied
to LOFARTwo-metre Sky Survey (LoTSS) observations of the lobes of (giant) radio
galaxies, finding BIGM < 4 nG in filaments. Vernstrom et al. (2019) have performed
a similar analysis with NVSS data, finding BIGM < 40 nG in filaments.

The goal of this article is, first and foremost, to explain a new method for SCW
prediction, that yields a probability distribution over the set Map (S2,R≥0) of spe-
cific intensity functions on the 2-sphere S2. The secondary goal is to demonstrate the
method’s potential, by showing results for the modern, nearby Universe (z < 0.2)
over half of the Northern Hemisphere— 25% of the full sky.

InSect. 3.2,wefirst provide a general outlineof our SCWsignal predictionmethod.
We then detail the methodology step-by-step, providing a background to the input
data as we proceed. In Sect. 3.3, we develop a simple geometric model of the cosmic
web that yields SCW redshift predictions. In Sect. 3.4, we analyse predictions of the
main method, and compare these with predictions of the geometric model. Finally,
in Sect. 3.5, we discuss caveats of the current work, and give recommendations for
future extensions, before we present conclusions in Sect. 3.6.
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Weadopt a6 concordance inflationary ΛCDMcosmologicalmodelM = (ΩΛ,0 =

0.728,ΩDM,0 = 0.227, ΩBM,0 = 0.045, h = 0.702, σ8 = 0.807, ns = 0.961),
so that ΩM,0 := ΩDM,0 + ΩBM,0 = 0.272 and the Hubble constant H0 := h ·
100 km s−1 Mpc−1 (Jasche et al., 2015).

3.2 Methods

3.2.1 Overview

For structural clarity, we begin with an overview of our synchrotron Cosmic Web
prediction approach.

1. Our starting point is a probability distribution over the total (i.e. baryonic and
dark) matter density fields of the modern, nearby Universe.

2. Then, using a cosmological MHD simulation, we established the connection
between the total matter density ρ and the merger and accretion shock syn-
chrotron monochromatic emission coefficient (MEC) jν, in the form of the
conditional probability distribution P (jν (r) | ρ (r)).

3. Next, to create aMEC field, one could independently realise the random vari-
ables (RVs) jν (r) | ρ (r) for all r in the volume of the inferred density fields.
However, such an approachwould disregard the fact that in reality, adjacent lo-
cations have similar physical conditions and thus similar MECs (i.e. the MEC
field exhibits spatial correlation). To account for spatial correlation, we gen-
erated realisations of an isotropic, stationary, three-dimensional Gaussian ran-
dom field (GRF) with zero mean and unit variance. By applying the cumula-
tive density function (CDF) of the standard normal RV in point-wise fashion,
the GRF transforms into a ‘percentile random field’—with values strictly be-
tween 0 and 1. This new field inherits the spatial correlation present in the
GRF. We then let the percentile random field determine the MEC field, by
plugging the percentile scores into the inverse CDF of jν (r) | ρ = ρ (r) for all
r in the volume.

4. After having obtained a merger and accretion shock synchrotron MEC field
with spatial correlation, we ray traced through this three-dimensional struc-
ture, taking into account effects due to the Universe’s expansion. This, finally,

6Rather fortunately, the BORG SDSS and Enzo data products combined in this work have been
made assuming almost identical cosmological parameters; the set reported is of the BORG SDSS. Au-
thors of future work who strive to achieve perfect self-consistency should use the same cosmological
model for the LSS reconstructions as for the MHD simulations.
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yields a merger and accretion shock synchrotron Cosmic Web (MASSCW)
specific intensity function on the sky.

5. By repeating the above steps over and over, picking different density field and
GRF realisations every time, we generated a probability distribution on
Map (S2,R≥0) for the MASSCW signal.

6. With a minor modification, this procedure naturally leads to another proba-
bility distribution onMap (S2,R≥0), which captures the direction-dependent
mean cosmological redshift of the MASSCW.

3.2.2 Modern-day total matter density field posterior

A brief history of Bayesian large-scale structure reconstruction

A decade of research in large-scale structure reconstruction from galaxy surveys has
culminated in a suite of highly principled, physics-based Bayesian inference techni-
ques that unveil the content, dynamics and history of the local Cosmic Web. These
techniques represent the state-of-the-art ofLSS reconstruction, and their applications
are manifold (see e.g. Jasche & Lavaux (2019)). The application relevant to our pur-
poses is the reconstruction of the modern-day (i.e. z = 0) total (i.e. baryonic and
dark) matter density field of the local Universe, in the form of a probability distribu-
tion over all possible density fields.

Several variations of the same general framework exist. Inspired by the map-level
CMB inferencemethods ofWandelt et al. (2004), some theoretical groundwork com-
mon to all these techniques has been developed by Kitaura & Enßlin (2008), Jasche
et al. (2010a) and Jasche&Kitaura (2010a), who alsodemonstrated thepractical feasi-
bility of Bayesian LSS reconstructionwith the ARGO,ARES andHADES codes, re-
spectively. In Jasche &Wandelt (2013), the authors described BORG (Bayesian Ori-
ginReconstruction fromGalaxies), the first algorithm to include physics of structure
formation, and provided a proof-of-concept on simulated Sloan Digital Sky Survey
Data Release 7 (SDSSDR7) data. In Jasche et al. (2015), the actual SDSSDR7main
galaxy sample was analysed with a refined version of BORG, yielding the publically-
available BORGSDSSdata release. These data form the basis for the SCWprediction
method presented in this paper.

The BORG SDSS has hitherto been used for CosmicWeb classification (Leclercq
et al., 2015), for the study of galaxy properties as a function of environment (Leclercq
et al., 2016) and to unveil the dynamics of DM streams (Leclercq et al., 2017), all in a
probabilistic and time-dependent fashion. Further refinements to BORG have been
presented alongside applications to new datasets, namely 2M++ (Lavaux & Jasche,
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2016; Jasche & Lavaux, 2019) and SDSS3-BOSS (Lavaux et al., 2019). Algorithms
related toBORGareELUCID (Wang et al., 2013, 2014), COSMICBIRTH(Kitaura
et al., 2021) and BARCODE (Bos et al., 2019).

Main principles

Only a brief descriptionof themain ideas underlying these approaches fallswithin the
scope of this paper. The methods all use the crucial insight that the statistical prop-
erties of the total density field in the Early Universe are well understood (i.e. Gaus-
sian, with a theoretically predicted and observationally verified covariance function),
and that the modern-day total density field relates to the initial field deterministically
by means of (approximately Newtonian) gravity.7 Thus, realisations from today’s
highly non-Gaussian total density field can be generated by forwardmodelling the ef-
fect of gravity on a collisionless8 fluid, which is initialised as a Gaussian random field
at the time of the CMB.9 After a CMB-epoch total density GRF has been generated,
and evolved into a modern total density field, a Poisson point process — with an in-
tensity function that attempts to capture the relation between galaxy locations and
the surrounding matter distribution — is used to calculate the likelihood of finding
galaxies at their measured locations assuming the true underlying total density field
is the one currently considered. As suggested before, spectroscopic galaxy surveys,
with hundreds of thousands of galaxies pinpointed in three-dimensional comoving
space, form the typical input data. Most notably, the likelihood for the modern to-
tal density field also fixes the likelihood for the initial total density field from which
the modern one was evolved. Because the prior on the initial total density fields is
Gaussian, the initial total density field can not only be assigned a likelihood, but also
a posterior probability. Hamiltonian Monte Carlo (HMC) Markov Chains provide
the means to explore the high-dimensional posterior distribution of initial total den-
sity fields consistent with the galaxy data. A posterior distribution over modern-day
total density fields, which is used in this article, is generated as a by-product of this
process.

7On super-Mpc scales, baryonic effects such as gas and radiation pressure play a subdominant role
in structure formation, and can therefore be safely ignored.

8The assumption of a collisionless fluid is apt for DM, but only approximate for BM.
9Because simulating gravity with anN-body simulation from the CMB to the present day is com-

putationally expensive, and the method requires this process to be repeated thousands of times, all
authors resort to methods that approximate Newtonian gravitational evolution. In order of increas-
ing accuracy (and numerical cost), they invoke either first-order Lagrangian perturbation theory (i.e.
the Zel’dovich approximation (ZA; Zel’dovich, 1970)), second-order Lagrangian perturbation theory
(2LPT) or particle mesh (PM) models, which approach theN-body solution.
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BORG SDSS

The BORGSDSSmodern-day total density field posterior used in this article is based
on optical galaxy data from the Sloan Digital Sky Survey (SDSS; York et al., 2000;
Strauss et al., 2002) Legacy Survey (Abazajian et al., 2009). This catalogue provides
right ascensionsφ, declinations θ, spectroscopic redshifts and Petrosian r-band appar-
ent magnitudesmr of about a million galaxies in the Northern Galactic Cap (NGC),
which covers a region of 7646 deg2 of Northern Sky, and three stripes of the South-
ern Galactic Cap (SGC), which together cover 386 deg2. In these regions, the SDSS
Legacy Survey is spectroscopically complete for galaxies withmr < 17.77.
TheBORGSDSS,which is basedon372,198NGCgalaxies (see Jasche et al. (2015)

for selection details), infers structures in the density field of∼3 Mpc h−1 and larger.
Each realisation of the posterior is a cube containing 2563 voxels, that represents a
regionR ⊂ R3 with comoving volume (750 Mpc h−1)3. Naturally,R is chosen to
correspond to the half of the Northern Sky that contains the NGC (up to a cosmo-
logical redshift z ∼ 0.2).

3.2.3 Relatingtotalmatterdensitytosynchrotronmonochromatic
emission coefficient

Next, to convert total matter density fields ρ to proper synchrotron monochromatic
emission coefficient (MEC) fields jν, we established the relation between ρ and jν (in-
cluding its variability). In radiative transfer theory, the MEC quantifies the amount
of radiative energy released per unit of time, volume, frequency and solid angle (Ry-
bicki & Lightman, 1986).

The accretion shock Ansatz

Cosmological simulations demonstrate that accretion shocks during large-scale struc-
ture formation are ubiquitous, and dominate the thermalisation of kinetic energy of
baryons falling onto filaments. Given the suite of known particle acceleration pro-
cesses, and the fact that such shocks are almost certain to exist, shock acceleration is ex-
pected tobe thebiggest contributor to the synchrotron emission fromfilaments. This
paper follows this hypothesis, by only considering the merger and accretion shock
contribution to the SCW.

Even under the Ansatz that merger and accretion shocks drive the SCW signal,
considerable uncertainty surrounding the correct physical description remains. For
example, it is an open question whether the electrons that eventually radiate in syn-
chrotron light originate fromthehigh-energy tail of the thermalMaxwell–Boltzmann
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distribution, or are rather accelerated to cosmic ray (CR) energies by SMBHs in the
centres of galaxies, and then flung out via jets into the IGM. Apart from uncertainty
in the source of energetic electrons, the complex nature of plasma physics also makes
it hard to establish how already-energetic electrons attain ultra-relativistic energies
in magnetised shock fronts, with the theory of diffusive shock acceleration (DSA)
being just one of multiple scenarios. In DSA, CRs are accelerated by repeated cross-
ings of the shock front, which acts as a magnetic mirror (Malkov &Drury, 2001; Xu
et al., 2020). Thus, we stress that the functional form of the SCWMEC, which we
require to establish a connection with the total matter density field, depends on ill-
constrained assumptions surrounding the exact radiationmechanism initiated by the
accretion shocks.

The Hoeft & Brüggen (2007) model

Hoeft & Brüggen (2007) have derived an analytic expression for the synchrotron
power density of cosmological shock waves, assuming that the radiating electrons ex-
clusively originate from the high-energy tail of the thermal Maxwell–Boltzmann dis-
tribution, and that the electron energy spectrum at the shock front is well-described
by DSA. As the DSA-based formulae of Hoeft & Brüggen (2007) have been partially
successful in explaining observations of shocks in the ICM (e.g. van Weeren et al.
(2019); Locatelli et al. (2020)), we postulate that the same formulae can describe syn-
chrotron emission due to accretion shocks onto filaments.10

We assume that the power density Pν of a single shock obeys Eq. 32 of Hoeft &
Brüggen (2007). Let the shock surface area be A, and let the effective width of the
downstream region be 〈y〉 (intuitively, this is the thickness of the shock in the direc-
tion perpendicular to the surface). The effective shock volume isV = A〈y〉. If shocks
radiate isotropically, the MEC jν is direction-independent. However, like ρ, jν is a
volume-averaged quantity, so that it depends on the scale on which the averaging oc-
curs. Index all shocks in the universe, so that Pν,i (z, ν) is the power density of shock i
at cosmological redshift z and emission frequency ν, andAi and 〈y〉i are its surface area
and effective width.11 Moreover, letRi (z) ⊂ R3 be the region of space occupied by
this shock at redshift z; the Lebesgue measure ofRi isVi =

´
Ri

dr = Ai〈y〉i. Under
the approximation that the shock emission is homogeneous within Ri, the average

10Araya-Melo et al. (2012) also took this approach and used the MareNostrum simulation to es-
tablish that, under these assumptions, filaments at a redshift of 0.15 should produce a flux density of
10−1 μJy at 150MHz.

11Because the (cosmology-dependent) function z (t) is strictly decreasing and thus invertible, we
can use z as a time coordinate.
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totalMECwithin an arbitrary region R̄ ⊂ R3 with Lebesgue measure V̄ =
´
R̄ dr is

jν (z, ν) =
1

4π sr
1
V̄
∑
i

Pν,i (z, ν)

´
Ri(z) ∩ R̄ dr

Vi
. (3.1)

The MEC of a single shock (thus dropping indices) located at r at redshift z, and
averaged over its own effective volume, is

jν (r, z, ν) =
1

4π sr
Pν

V

=
445 Jy

deg2 Mpc

(
〈y〉
Mpc

)−1 ne,d (r, z)
10 m−3

ξe
10−2

( ν
150MHz

)α(r,z)
(
Td (r, z)
108 K

) 3
2

(
Bd
μG

)1−α(r,z)
(r, z)(

Bd
μG

)2
(r, z) +

(
BCMB
μG

)2
(z)

(
150
1400

)α(r,z)

Ψ (r, z) . (3.2)

Here, ne,d is the downstream electron number density, Td is the downstream plasma
temperature, α is the integrated spectral index of the associated synchrotron emission,
Bd is the downstream plasma magnetic field strength, BCMB is the CMB magnetic
field strength, and Ψ is a dimensionless quantity with a strong dependence on the
upstreamMach numberMu and a weak dependence on Td (as can be seen in Fig. 4
ofHoeft&Brüggen (2007)). Ψ approaches unity for highMach numbers, and so for
theWHIM,where theupstreamMachnumbers are expected tobehigh, Ψ (r, z) ≈ 1.
Like Ψ, α does not depend on the spacetime coordinate (r, z) directly, but rather via
Mu and the adiabatic index γ. Concretely, forMu > 1,

α = α (Mu (r, z) , γ (r, z)) =
1
4 (1− 3γ)M2

u − 1
M2

u − 1
. (3.3)

Note that α → −∞ as Mu → 1+, and that α → 1/4 (1− 3γ) as Mu → ∞.
The top panel of Fig. 3.1 illustrates this behaviour. The electron acceleration effi-
ciency ξe quantifies the fraction of the shock’s thermal energy that is used to acceler-
ate suprathermal electrons. Unfortunately, ξe is unknown for WHIM shocks, but a
comparison to supernova remnant (SNR) shocks suggests ξe = 0.05 (Keshet et al.,
2004).
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Enzo simulations

To capture, in a statistical sense, the relationship between the total matter density
and the Hoeft & Brüggen (2007) monochromatic emission coefficient, we turned
to MHD simulations. In particular, we used snapshots (i.e. 3D spatial fields at con-
stant time) of the largest uniform-grid cosmological MHD simulation to date (Vazza
et al., 2019), which is based on the Enzo code (Bryan et al., 2014). These cubic snap-
shots cover a comoving volume of (100Mpc)3 with 24003 voxels, yielding a (co-
moving) resolution of 4123 kpc per voxel edge. The simulations recreate the evolu-
tion of the baryonic and dark matter density functions ρBM and ρDM — as well as
(thermo)dynamic quantities12 such as the gas temperatureT, magnetic field strength
B and gas velocity v — under Newtonian gravity. (However, the effects of the ex-
pansion of the Universe as predicted by general relativity are still incorporated.) No
galactic physics is included. Shocks in the snapshots can be identified by searching
for temperature and velocity jumps, as described in Vazza et al. (2009).13 For shocked
voxels, we simply took 〈y〉 to be the voxel edge length, and calculated α and Ψ af-
ter establishing Mu. With the exception of ξe, which we assumed to be a constant
throughout, the simulation thus enables us to compute all factors on the RHS of
Eq. 3.2.

Taking their product for the z = 0.025 snapshot, we obtained jν, and compared it
to ρ := ρBM + ρDM to study their relationship.14

12As long as one considers a single shock, space (at a fixed time) can be classified into an upstream
region and a downstream region, with associated temperatures (Tu andTd, respectively) andmagnetic
field strengths (Bu andBd, respectively). This distinction is lessmeaningful onceone considersmultiple
shocks at the same time: a given location could then be upstream for some shocks, and downstream for
others. Therefore, cosmological simulations do not evolve an upstream or downstream temperature
field, but just a general temperature field T. Analogously, cosmological simulations maintain only
general magnetic field component fields Bx, By and Bz (and thus a magnetic field strength field B :=√
B2
x + B2

y + B2
z ), without upstream and downstream distinction.

13From the middle panel of Fig. 3.1, it is clear that shocks also induce a jump in gas density. How-
ever, this jump ismodest, saturating at e.g. a factor 4 for γ = 5/3. By contrast, the jump in temperature,
seen in the bottom panel of the same figure, can be several orders of magnitude — in the WHIM, at
least.

14By repeating our analysis for snapshots of other redshifts, one could study the time evolution of
this relationship. However, as the Hoeft & Brüggen (2007) model is likely only a rough description
of the actual synchrotron emission mechanism in filaments, we currently consider such level of detail
superfluous.
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Figure 3.3: Conditional probability distributions P (jν | ρ) of synchrotron monochromatic emission
coefficient jν (at rest-frame (emission) frequency ν = 150 MHz) given total matter density ρ for the
Hoeft & Brüggen (2007) formalism, as derived from z = 0.025 snapshots of cosmological MHD
simulations by Vazza et al. (2019). The dashed lines indicate a jν ∝ ρ23/6 (single shock) scaling relation
for various proportionality constants. ρ is shown relative to the current-day mean total matter density
ρ̄0 = ΩM,0 ρc,0, while the weakly constrained electron acceleration efficiency ξe is divided out from jν.
Each conditional is numerically approximated by a probability mass function with 1000 bins, whose
edges vary by a constant factor and span 40 orders of magnitude in jν.

Conditional probability distribution

In order to convert the BORG SDSS total matter density fields into synchrotron
MEC fields, we needed to predict jν from ρ— ideally including uncertainty. Because
the BORG SDSS has a comoving resolution of 4.17Mpc per voxel edge compared to
Enzo’s 4.17·10−2Mpcper voxel edge, we blurred both jν and ρwith aGaussian kernel
whose standard deviation is half of the comoving resolution ratio. We then treated
each (jν, ρ) pair of the blurred fields as a draw from the joint distribution P (jν, ρ).
By binning the data, we performed a simplistic form of kernel density estimation
(KDE). Next, we calculated the conditional P (jν | ρ) from the joint by dividing it
by the marginal P (ρ) :=

´∞
0 P (jν, ρ) djν.

The result is the set of probability distributions shown in Fig. 3.3. We overplot
the single shock scaling relation expected for the WHIM regime: jν ∝ ρ23/6. See Ap-
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pendix 3.A2 for a derivation.
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Figure 3.4: Overview of the procedure for converting a probability distribution over total (i.e. bary-
onic and dark) matter density fields into a probability distribution over monochromatic emission co-
efficient (MEC) fields. We show a fixed slice through R, of 750 Mpc h−1 × 750 Mpc h−1 for the
density and MEC fields, and a subregion of 150 Mpc h−1 × 150 Mpc h−1 for the Gaussian and per-
centile random fields (to more clearly illustrate the bijective mapping between the two). Left: BORG
SDSS density ρ sample, in multiples of the current-day mean total matter density ρ̄0 = ΩM,0 ρc,0.
Middle left: Gaussian random field Z sample using a squared exponential (SE) kernel with length-
scale lSE = 2 Mpc. Middle right: the corresponding percentile random field P sample. Right: the
correspondingMEC jν sample at an emission frequencyof ν = 150MHz,with theweakly-constrained
electron acceleration efficiency ξe divided out.

3.2.4 Generating monochromatic emission coefficient fields

In principle, we could — for each BORG SDSS sample ρ (r) — convert to jν (r)
by drawing from P (jν | ρ = ρ (r)) independently for every r ∈ R. However, this
is clearly suboptimal, as accurate SCW MEC fields exhibit spatial correlation up to
megaparsec scales, both under the merger and accretion shock Ansatz as well as in a
turbulence scenario (Govoni et al., 2019; Brunetti & Vazza, 2020).
To generate spatially correlated draws from our conditional probability distribu-

tion, we used realisations of a Gaussian random fieldZ overR. In general, the statis-
tical properties of a GRF are determined by its mean, and its covariance function or
kernel. In our case, we set themean to 0, and chose an isotropic and stationary kernel,
as suggested by the Cosmological Principle. From the variety of remaining choices
commonly used inmachine learning (ML), we picked15 the squared-exponential (SE)

15The choice of kernel should ideally reflect themorphology ofmerger and accretion shocks. How-
ever, given the current spatial resolution of the BORG SDSS density fields and our requirement that
the kernel be isotropic (disregarding the relation between shock morphology and local LSS orienta-
tion), the approach is already so approximate that no particular kernel is clearly preferred over the
others.

117



kernelKSE : R×R → R≥0 (Rasmussen &Williams, 2006):

KSE (r, r′) = σ2SE exp
(
−||r− r′||22

2l2SE

)
, so that

Cov (Z (r) ,Z (r′)) = KSE (r, r′) with r, r′ ∈ R. (3.4)

The variance σ2SE allowsone to endow theGRFwithdimensionality and scale it atwill.
As our GRF only served to draw spatially correlatedMEC samples, we set σSE = 1.
The lengthscale lSE is the characteristic scale of spatial correlation, and forms an im-
portant model choice. Some of the longest coherent shocks observed thus far are the
ToothbrushRelic in galaxy cluster 1RXS J0603.3+4214 (vanWeeren et al., 2012) and
the Sausage Relic in galaxy cluster CIZA J2242.8+5301 (Di Gennaro et al., 2018),
both with a largest linear size (LLS) of∼2 Mpc. Although the majority of observed
shocks seem smaller (suggesting lSE < 2Mpc), the presence of noise in radio imagery
obfuscates the full extent of shock fronts, biasingmeasurements towards small LLSs.
As a compromise, we chose lSE = 2Mpc.

As is customary in cosmological simulations — where GRFs with isotropic and
stationary kernels are used to initialise the Early Universe matter density fields — we
generated our zeromean, unit covarianceGRF realisations on the BORGSDSS voxel
grid using Fourier analysis. This necessitated calculating the power spectrum of the
kernel, which in the case of the 3D SE kernel is

PSE (k) =
(
2πl2SE

) 3
2 exp

(
−2π||k||22l2SE

)
. (3.5)

Finally, Fourier-generated GRFs on a finite (numerical) grid require an appropriate
normalisation; we used Parseval’s theorem to find the correct factor.

This procedure generated a ‘standard normal’ GRFZ , in the sense that each loca-
tion’s RV is standard normal: Z (r) ∼ N (0, 1) for all r ∈ R. Next, we applied the
CDF Φ of the standard normal to the GRF in point-wise fashion (i.e. voxel-wise, in
practice), thereby creating a ‘percentile random field’P :

P (r) := Φ (Z (r)) , where Φ (x) :=
1√
2π

ˆ x

−∞
exp
(
−y2

2

)
dy. (3.6)

This field has values strictly between 0 and 1, and inherits the spatial correlations
present inZ .

Let Ξρ (x) : R≥0 → [0, 1] be the CDF of the RV jν | ρ, and let Ξ−1
ρ (y) : [0, 1] →
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R≥0 be its inverse. Then the final MEC field is given by

jν (r) := Ξ−1
ρ(r) (P (r)) , for all r ∈ R. (3.7)

Because ρ andP are random fields onR, so is jν. A graphical summary of the proce-
dure described in this subsection, and defined in Eq. 3.7, is shown in Fig. 3.4.

3.2.5 Generating specific intensity functions

To find the specific intensity of the SCW on the sky, Iν, we simulated the passage of
light rays through our 3DMECfields via ray tracing. Conveniently, projecting a ray’s
4D null geodesic in a pure Friedmann–Lemaître–Robertson–Walker (FLRW) met-
ric onto 3D comoving space results in a straight line. We provide a brief derivation
in Appendix 3.A3. By assuming an exact FLRW metric, we neglected all spacetime
deformations due to local (large-scale structure) energy density fluctuations. Our re-
sults thus do not feature gravitational lens effects around massive clusters.

We estimated Iν in a sky patch by sampling many directions r̂i within it, and sim-
ulating the passage of light through our reconstructed SCW in comoving space for
each such direction (or ‘ray’) r̂i.

From proper monochromatic emission coefficient to observer’s spe-
cific intensity

Next, we establish the relation between the observed specific intensity Iν of a ray that
has travelled through the SCW to Earth from direction r̂, and the MEC jν along its
path.

Be jν : R3 ×R≥0 ×R>0 → R≥0 the function that assigns to each 3-tuple (r, z, ν)
containing a comoving locus r, a cosmological redshift z (which represents time) and
an EM wave frequency ν, the proper (rather than comoving) MEC jν (r, z, ν) (with
SI units Wm−3 Hz−1 sr−1). Conceptually, we must differentiate between the spe-
cific intensity of large-scale structure at the time of emission (‘there and then’), and
at today’s observing epoch (‘here and now’). Today’s quantity Iν for direction r̂ and
observing frequency νobs is

Iν (r̂, νobs) =
c
H0

ˆ ∞

0

jν (r (z) r̂, z, νobs (1+ z))
(1+ z)4 E (z)

dz. (3.8)

We provide a brief derivation, alongside explicit expressions for r (z) and E (z), in
Appendix 3.A4.
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For each specific intensity function that wewished to generate, we nowdrewM =

106 ray directions uniformly from the π sr lune that covers the SDSS-constrained half
of the Northern Sky. For each ray, we calculated the corresponding specific intensity
by combining Eq. 3.2 and 3.8.

Note that this requires evaluating the MEC field at a range of emission frequen-
cies. Numerically, we realised this by building both the Enzo-derived conditional
probability distribution P (jν | ρ) and the MEC field sample (using the same den-
sity field sample and GRF sample) at two emission frequencies ν: ν = νobs and
ν = νobs (1+ zmax). Next, for each voxel, we calculated a spectral index from the two
MEC fields by assuming a power-law spectrum, and used it to find the MEC at the
emission frequency ν = νobs (1+ z) needed given the voxel’s cosmological redshift z.

We repeated this process many times by selecting 1000 density samples from the
BORGSDSS posterior (we discarded the first 2110 samples due to burn-in, and thin-
ned the Monte Carlo Markov chain by a factor 10) and generating one independent
and identically distributed (IID) GRF sample for each. (There is no compelling rea-
son to thin the chain and we could have usedmultiple GRF samples per density sam-
ple; the current approach ismerely to limit data storage, compute time and energy us-
age.) Thus, we numerically realised 1000 · 1 = 1000 specific intensity functions. To-
gether, they form a probability distribution over MASSCW specific intensity func-
tions over a quarter of the sky.

3.2.6 Generating redshift functions

Ourmethodology can also be used to characterise the redshift properties of theMAS-
SCW.

Specific intensity–weighted mean redshift

A ray’s total specific intensity is found by summing up the specific intensity contribu-
tions from all voxels along its path, each of which has a known redshift. Therefore,
a ray’s mean redshift is found by weighing each voxel’s redshift by the correspond-
ing specific intensity contribution, before dividing by the sum of such contributions.
Concretely, we define the specific intensity–weighted mean redshift z̄ at observing
frequency νobs of a ray r̂ passing throughMEC field jν to be

z̄ (r̂, νobs) := I−1
ν (r̂, νobs)

ˆ ∞

0
z
dIν
dz

(r̂, νobs, z) dz. (3.9)
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By iterating over total matter density and GRF samples, we generated a probability
distribution over the function z̄ (r̂, νobs), in exact analogy to the generation of the
distribution over specific intensity functions Iν (r̂, νobs).

Onemightwonderwhat the specific intensity–weightedmean redshift of theMAS-
SCW signal is for a randomly picked direction on the sky. The set {z̄ (r̂i, νobs) | i ∈
{1, 2, ...,M}}, with rays r̂i drawn from a uniform distribution over the sky, can be
viewed as a random sample from a specific intensity–weightedmean redshift random
variable Z̄. AnRV is fully characterised by its CDF. EachMASSCWprior realisation
generates another empirical CDF (ECDF) for Z̄.16

Flux density–weighted mean redshift

One might also wonder what the mean redshift of theMASSCW signal is — not for
a single direction, but overall. Due to strong attenuationwith redshift, theMASSCW
specific intensity is usually ‘high’ for directionswith a ‘low’ specific intensity–weighted
mean redshift, and vice versa. This means that, although the signal could originate
fromfar away formost of the sky (given sufficiently small cluster andfilament volume-
filling fractions), the sky-averaged redshift can still be low. Wedefine the flux density–
weighted mean redshift of the MASSCW signal at observing frequency νobs to be

¯̄z :=
(ˆ

S2
Iν (r̂, νobs) dΩ

)−1 ˆ
S2

ˆ ∞

0
z
dIν
dz

(r̂, νobs, z) dz dΩ, (3.10)

where ¯̄z is shorthand for ¯̄z (νobs).

3.3 Redshift predictions from geometric cosmic web model

3.3.1 Overcoming the redshift limitation

Althoughwecancalculate the specific intensity function Iν (r̂, νobs), the specific-inten-
sity–weighted mean redshift function z̄ (r̂, νobs), the single-direction redshift RV Z̄
ECDF and the flux density–weighted mean redshift ¯̄z (νobs) for each realisation of
the MASSCW prior, all four quantities suffer from the fact that the BORG SDSS
reconstructions stop at a redshift zmax = 0.2. It is of prime interest to know to what
extent such redshift limitations, which we anticipate will become less stringent in the

16The probability distribution over ECDFs of Z̄ thus obtained is less informative than the probabil-
ity distributionover functions z̄, because it disposes of thedirectional correlations in specific intensity–
weighted mean redshift z̄ (̂r, νobs).
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Figure 3.5: Geometry of the simple model, in which we treat the cosmic web as a collection of ran-
domly displaced cubic unit cells. We show one face (grey square) of a unit cell, with edges of comoving
length l. Filaments of typical comovingwidthwf and length lf := l−wf cover the light-blue–shaded re-
gion of the face, and extend to the faces of neighbouring unit cells (grey dashed lines). Where filaments
meet, galaxy clusters reside (orange-shaded regions), each of which is also connected to a filament ori-
ented away from the observer. The central part of the face represents a sheet (dark blue), behindwhich
a large void looms (not depicted). The figure is not to scale: filament widths are exaggerated compared
to realistic filament lengths.

future, affect our inferences. For example, if most of the real MASSCW signal origi-
nates from z > 0.2, the predictive power of our specific intensity function distribu-
tion would be limited.

Here we introduce a simple analytical model that allows us to calculate both the
distribution of Z̄, and ¯̄z, for an arbitrary value of zmax. The model reproduces the
results calculated from the MASSCW prior, if it is equally limited to zmax = 0.2.
This provides tentative evidence that themodel captures the essential elements of the
MASSCW signal, so that it might be used for extrapolation. We thus use the model
to predict the distribution of Z̄ and ¯̄z, for the case that describes the actual Universe:
zmax → ∞.

3.3.2 Model formulation

To retrieveMASSCWredshift properties, we propose a simple geometricmodel. The
key idea is that the dominant MASSCW redshift for an arbitrary sightline can be
calculated via a weighted sum of the redshifts of the clusters and filaments it passes
through, where the weights are set by the geometry and MECs of the LSS pierced.
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The redshifts of the structures a sightline pierces through depend on the particular
LSS realisation the observer is immersed in. However, the cosmological principle dic-
tates that LSS is statistically similar everywhere, and thus typical geometric cosmic
web parameters must exist (and can be retrieved from numerical simulations; see for
example Gheller et al. (2015)).
Herewe assume that sightlines pass through an arrangement of identical cubic unit

cells — ignoring morphological variation among clusters, filaments, sheets and voids
—with comoving edge length l. The edges are surrounded by square cuboids, which
represent filaments, of typical comoving width wf and length lf := l − wf (and thus
volume w2

f lf).17 Galaxy clusters reside where filaments meet, and— in this simplistic
model — are cubes with comoving edge length wf (and thus volume w3

f ). By far the
largest component of a unit cell is its central void, a cubical region of comoving edge
length lf (and thus volume l3f ). Finally, unit cells contain sheets, which fill the regions
bounded by filaments and voids. They are of typical comoving length lf and thickness
wf (and thus volume l2fwf). Fig. 3.5 depicts a face of a unit cell. If we were to assume
a perfect crystal structure for the cosmic web, some sightlines would never encounter
clusters or filaments whilst others would consistently do so at regular (comoving) in-
tervals. To avoid this unphysical scenario, we assume that our sightline-of-interest
enters every unit cell it encounters at a random position on the face of incidence. For
additional simplicity, we assume that the sightline always hits such faces perpendicu-
larly.

If one would choose a point-of-incidence on the face shown in Fig. 3.5 in uniform
fashion, the sightline would hit a sheet and then a void (dark-blue-shaded area) with
probability

ps−v

(wf

l

)
=

(l− wf)
2

l2
=
(
1− wf

l

)2
. (3.11)

Note that ps−v → 1when wf
l → 0, and ps−v → 0when wf

l → 1, as required. Likewise,
the probability that the sightline hits a filament only (light-blue-shaded area) is

pf
(wf

l

)
=

2wf (l− wf)

l2
= 2

wf

l

(
1− wf

l

)
. (3.12)

Finally, the probability that the sightline hits a cluster first, and then the filament
17Often, filaments are modelled as cylinders. In such cases, the length of the path of a sightline

through a filament depends on the exact point of incidence on the unit cell boundary. However, in
our simplistic geometric model, this effect does not arise.
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Figure 3.6: When a sightline enters a cubic unit cell of the cosmic web perpendicularly to a face (as in
Fig. 3.5) and at a random position on it, one of three different LSS piercing events occurs. We show
the probabilities for each event as a function of the ratio of the typical filament width and cubic unit
cell edge length (see Eqs. 3.11–3.13).

behind it (orange-shaded area) is

pc−f

(wf

l

)
=
(wf

l

)2
. (3.13)

Fig. 3.6 depicts these pierce probabilities as a function of the ratio between filament
width and unit cell edge length wf

l . For a comparison between the LSS volume-filling
factors (VFFs) of this simplemodel and those from cosmological simulations, seeAp-
pendix 3.A5.

Pick a sightline, and successively label each unit cell boundary this sightline crosses
with a natural number n ∈ N≥1. If the first boundary crossing occurs at a comoving
distance d1, then the n-th crossing happens at comoving distance dn = d1+(n− 1) l.
LetM be the cosmological model of preference, and let zM (d) denote the function
that converts comoving distance to cosmological redshift under this model. The unit
cell boundary crossings occur at redshifts zn := zM (dn) for all n ∈ N≥1.
Because we want to be able to calculate the dominant redshift of the MASSCW

signal producedbyfilaments and clusters up to a given cosmological redshift zmax only,
we introduce a parameter N. Intuitively, N ∈ N≥1 is the label of the last boundary
crossing within the LSS considered. More formally, N := max {n ∈ N≥1 | zn <
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zmax}.
Let Xn (νobs) be the RV denoting the contribution to the MASSCW specific in-

tensity at observing frequency νobs picked up by the sightline during the n-th full
unit cell crossing (that is whilst travelling through the n-th newly entered unit cell;
the unit cell the observer resides in does not contribute). To retain low complex-
ity, we assign the complete specific intensity contribution from the n-th crossing to
the redshift of incidence zn. It is useful to regard Xn as an instance of a more gen-
eral random variable: Xn (νobs) := X (νobs, zn). X (νobs, z) is the RV with support
(0,ΔIν,f (νobs, z) ,ΔIν,c−f (νobs, z)), and corresponding probabilities (ps−v, pf, pc−f).
Note that we assume that sheets and voids have a vanishing contribution to theMAS-
SCW signal. Here,

ΔIν,f (νobs, z) := wf jν,f (νobs (1+ z) , z) (1+ z)−4 (3.14)
ΔIν,c−f (νobs, z) := (wf jν,c (νobs (1+ z) , z)

+ lf jν,f (νobs (1+ z) , z)) (1+ z)−4 . (3.15)

The factor (1+ z)−4 follows from Eq. 3.51: the specific intensity as an integral over
comoving radial distance. As we assume LSS to occur at regularly-spaced radial co-
moving distances dn, this integral can be approximated by a Riemann sum, where
each term equals the integrand multiplied by Δr = l.
Although redshift-dependent, we assume theMEC to be constant (at a given emis-

sion frequency) within—but different between—clusters and filaments of the same
unit cell. Respectively, jν,f (ν, z) and jν,c (ν, z) represent the typical proper filament
and cluster SCWMECs at emission frequency ν and cosmological redshift z. We use
the dimensionless parameter C to denote the typical cluster-to-filament-SCWMEC
ratio at some reference emission frequency ν = νref and z = 0: jν,c (νref, 0) :=

Cjν,f (νref, 0). To retain minimal complexity, we propose to describe the spectral and
temporal dependencies of both jν,f (z) and jν,c (z) as power laws in ν

νref
and (1+ z):

jν,f (ν, z) = jν,f (νref, 0)
(

ν
νref

)αf
(1+ z)βf (3.16)

jν,c (ν, z) = jν,c (νref, 0)
(

ν
νref

)αc

(1+ z)βc , (3.17)

with αf, βf, αc and βc constants. Under this choice ofMEC function parametrisation,
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the expectation value of X (νobs, z) becomes

E (X (νobs, z)) = pfΔIν,f (νobs, z) + pc−fΔIν,c−f (νobs, z) (3.18)

= (1+ z)−4
(wf

l

)2
jν,f (νref, 0) ·(

3lf
(
νobs
νref

)αf
(1+ z)αf+βf + Cwf

(
νobs
νref

)αc

(1+ z)αc+βc

)
. (3.19)

3.3.3 Specific intensity–weighted mean redshift

Consider the random vector [X1,X2, ...,XN]
T. Whenever max{X1,X2, ...,XN} > 0,

we can define the MASSCW specific intensity–weighted mean redshift RV

Z̄ (νobs) :=
∑N

n=1 znXn (νobs)∑N
n=1 Xn (νobs)

. (3.20)

We stress that Z̄, being adeterministic functionof theRVs{X1,X2, ...,XN}, is itself an
RV. It quantifies the variety of specific intensity–weighted mean redshifts that could
occur in different LSS realisations (with the same model parameters) for a fixed di-
rection (sightline) of the sky. Conversely, it could be interpreted as representing the
redshift variety that occurs in afixedLSS realisation fordifferent directions of the sky,
provided that the sky contains many (almost) independent patches of LSS. This sec-
ond interpretation invites for a comparison between the specific intensity–weighted
mean redshift distribution of our MASSCW prior skies, and the distribution of Z̄.

Because Xn (νobs) features in both numerator and denominator of the fraction in
Eq. 3.20, redshift-independentmultiplicative factors cancel out. Therefore, jν,f (νref, 0)
need not be specified; also, Z̄ becomes νobs-independent if αf = αc. In general, the
distribution of Z̄ is determined by the cosmological model M and 9 additional pa-
rameters (wf, l, d1, zmax, αf, βf, αc, βc and C). Using d1, we can force the filaments and
clusters nearest to the observer to occur at a fixed comoving distance. Alternatively,
one could randomise the observer’s position with respect to the unit cells by choos-
ing d1 ∼ Uniform (0, l), making it an RV. In such case, 8 parameters remain that
determine the distribution of Z̄.

3.3.4 Flux density–weighted mean redshift

The geometric model also allows to calculate the flux density–weightedmean (that is
sky-averaged) MASSCW redshift ¯̄z (νobs). We did so by consideringM ∈ N≥1 sight-
lines (instead of one) and their associated specific intensity–weighted mean redshift
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RVs {Z̄1, Z̄2, ..., Z̄M} in the sense of Eq. 3.20. In total, these RVs depend on a set
ofN ·M discrete RVs Xnm, which can be partitioned intoN subsets ofM IID RVs:
Xnm ∼ Xn. We find ¯̄z by summing the elements of {Z̄1, Z̄2, ..., Z̄M}, each weighted
by the corresponding specific intensity, and dividing the result by the sum of these
weights; all whilst we letM → ∞:

¯̄z (νobs) := lim
M→∞

∑M
m=1
∑N

n=1 znXnm (νobs)∑M
m=1
∑N

n=1 Xnm (νobs)
(3.21)

= lim
M→∞

∑N
n=1

(
znM−1∑M

m=1 Xnm (νobs)
)

∑N
n=1

(
M−1

∑M
m=1 Xnm (νobs)

) (3.22)

=

∑N
n=1 znE (Xn (νobs))∑N
n=1 E (Xn (νobs))

. (3.23)

Here we use the fact that the limit of a ratio of two sequences equals the ratio of
the sequences’ limits (provided that the denominator sequence does not converge
to 0), and that the sample mean M−1∑M

m=1 Xnm → E (Xn) as M → ∞, for all
n ∈ {1, 2, ...,N}. Like before, as E (Xn (νobs)) features in both numerator and de-
nominator of the fraction in Eq. 3.23, redshift-independent multiplicative factors
cancel out. Thus, ¯̄z is νobs-independent when αf = αc.

Eq. 3.19makes clear that clusters dominate over filaments at cosmological redshift
zwhen

C � 3
lf
wf

(
νobs
νref

)αf−αc

(1+ z)αf−αc+βf−βc . (3.24)

At νobs = νref and z = 0, this inequality reduces to

C � 3
(

l
wf

− 1
)
, (3.25)

which is amply satisfied (see Sect. 3.3.5 for parameter estimates). Near νobs = νref and
for z of order unity, the inequality continues to hold as long as αf − αc + βf − βc
is a number of order unity at most. In addition, most redshifts high enough that
the inequality is violated, do not contribute meaningfully to ¯̄z. Therefore, ¯̄z around
νobs = νref is typically dominated by clusters, and ¯̄z (νobs) ≈ ¯̄z. As long as Eq. 3.24
holds, ¯̄z becomes insensitive to variations in C, wf, αf and βf; setting zmax = ∞, just 3
significant parameters remain: l, d1 and αc + βc.
Finally, it is of significant interest to calculate ¯̄z for the filaments’ SCW signal only,
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Figure 3.7: Monochromatic-emission-coefficient–weighted mean integrated spectral index ᾱ at an
emission frequency of ν = 150 MHz, including all shocks that occur at locations where the dark
matter (DM) density ρDM is below some threshold. Larger thresholds incorporate shocks from awider
range in ρDM, eventually including shocks from both filament and cluster environments. To provide
an idea of the uncertainty in ᾱ, we use jackknife realisations that each contain 80% of the shocked
voxels present in our Enzo snapshot at z = 0.025.

discarding the dominant SCWsignal frommerger and accretion shocks in galaxy clus-
ters. To find a filament-only ¯̄z with the geometric model, we just set C = 0. This
simplifies the expression for E (X (νobs, z)), and reduces the number of relevant pa-
rameters considerably. When C = 0, ¯̄z becomes not only independent of αc and βc,
but also of wf and νobs:

¯̄z (νobs) = ¯̄z =
∑N

n=1 zn (1+ zn)−4+αf+βf∑N
n=1 (1+ zn)−4+αf+βf

. (3.26)

As before, if we set zmax = ∞, ¯̄z is a function of just three parameters: l, d1 and αf+βf,
in this case.

3.3.5 Parameter estimates

This subsection provides concrete parameter estimates, which are necessary to evalu-
ate the model in practice.

Cosmological simulations indicatewf ∼ 100−101 Mpc, while l ∼ 101−102 Mpc.
The ratio of these parameters is constrained too: Table 3.1 shows that a VFF compar-
ison between the geometric model and cosmological simulations favours wf

l ∼ 10−1.
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FromFig. 3.3, we estimatedC ∼ 105−107 for νref = 150MHz, assumingfilament en-
vironments are characterised by ρ ∼ ρ̄0, and cluster environments are characterised
by ρ ∼ 102 ρ̄0 (at the ∼3 Mpc h−1 resolution, at least). Technically, Fig. 3.3 does
not show P (jν | ρ) for z = 0 (the redshift at which C is defined to be the cluster-
to-filament SCWMEC ratio), but for z = 0.025. However, for our purposes, the
evolution of this relationship is likely of negligible importance.

To find appropriate values for αf and αc, we calculated the MEC-weighted mean
integrated spectral index ᾱ from our Enzo simulation snapshot as a function of shock
environment. Fig. 3.7 shows the result when weighing by MECs at emission fre-
quency ν = 150 MHz; in general, ᾱ = ᾱ (ν). Nevertheless, it seems that αf = αc =
−3/2 are reasonable choices.

Next, to find βf and βc, we revisited the single-shock MEC expression of Eq. 3.2.
Inverse Compton (IC) scattering to the CMB contributes a factor (1+ z)−4 to the
single-shockMEC as jν ∝ B−2

CMB and BCMB ∝ (1+ z)2 (see Appendix 3.A2). Further
factors of (1+ z) follow by considering the typical redshift evolution of the proper
BM density ρBM, proper magnetic field strength B, proper shock velocity v relative
to the upstream IGM and comoving shock number density; all for both filament and
cluster environments. In the linear regimeof structure formationwithin anEinstein–
de Sitter universe, the density contrast is proportional to (1+ z)−1. As the proper
meanmatter density is proportional to (1+ z)3, the properBMdensity in filaments is
expected to be proportional to (1+ z)2. In clusters, the density contrast grows more
strongly; numerical simulations suggest that the density contrast is roughly propor-
tional to (1+ z)−2. Likewise, thiswould imply that the proper BMdensity in clusters
is proportional to (1+ z). Assuming that the magnetic field strength only evolves
due to field line compression, we have B ∝ ρ2/3

BM (see Appendix 3.A2).18 In filaments
then, Bf ∝ (1+ z)4/3, whilst in clusters Bc ∝ (1+ z)2/3. As the single-shock MEC is
proportional to B1−α, the proper magnetic field strength approximately contributes
a factor (1+ z)10/3 for filaments, and a factor (1+ z)5/3 for clusters. Lacking further
knowledge, we appliedOccam’s razor and assumed that the proper shock velocity and
comoving shock number density do not evolve with redshift.

Collecting factors of (1+ z), we found βf = 4/3 and βc = −4/3. We stress that
these values are highly uncertain and should be used as indications only.
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Figure 3.8: Realisation of the merger- and accretion-shocked synchrotron CosmicWeb (MASSCW)
priors at observing frequency νobs = 150 MHz. We show exactly 1⁄4 of the total sky. Top: specific
intensity Iν. Bottom: specific intensity–weighted mean (cosmological) redshift z̄.

3.4 Results

3.4.1 MASSCW specific intensity function distribution: general re-
sults

All the results given are for νobs = 150 MHz. At the BORG SDSS LSS reconstruc-
tion resolution, realisations from ourMASSCW specific intensity function distribu-

18Ignoring magnetogenesis by outflows from AGN and supernovae, this Ansatz likely underesti-
mates the actual magnetic field strength growth with time.
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tion exhibit a factor∼103 of specific intensity variation over the sky, stemming from
the highly variable power and localised nature of merger and accretion shocks in the
CosmicWeb. These variations clearly appear in Fig. 3.8a, wherewe show a single real-
isation of Iν (r̂, νobs) over the full lune. Some sharp-edged structures are visible: these
are due to the voxelised nature of the BORG SDSS density field samples. The effect
is most pronounced for high-MEC voxels close to the observer, which result in bright
patches that span hundreds of square degrees.

In Fig. 3.8b, we show the corresponding MASSCW specific intensity–weighted
mean redshift function realisation z̄ (r̂, νobs). All redshifts are within [0, 0.2], because
the BORG SDSS reconstructions are limited to zmax = 0.2. A comparison with
Fig. 3.8a reveals that generally, sky patches of high MASSCW specific intensity are
due to structures at low redshift, and vice versa.

In Fig. 3.9a and 3.9b, we show the mean specific intensity function μIν (r̂, νobs)
and mean specific intensity–weighted mean redshift function μz̄ (r̂, νobs) at νobs =

150 MHz for each of the 106 ray-traced directions, pooling all 103 realisations. Both
of these functions represent a summary statistic calculated from each ray’s marginal
Iν- and z̄-distribution (that is the distribution obtained bymarginalising out— from
the joint (prior) distribution— the RVs of all directions but one). We calculated the
mean specific intensity after removing, for each marginal distribution separately, the
lowest 1% and highest 1% of values.
Three bright spots stand out; these are (in increasing order of declination) theHer-

cules Cluster, the Coma Cluster, and Abell 2199. Note that we have not included
the specific intensity contribution of radio halos around galaxy clusters, which are
of different origin: turbulent reacceleration (Brunetti et al., 2001; Petrosian, 2001).
As observations suggest that the radio halo contribution usually dominates over the
merger and accretion shock contribution, our results cannot be directly compared to
actual galaxy cluster images.

The median specific intensity function mIν (r̂, νobs) (not shown) strongly resem-
bles the mean specific intensity function, but is smaller over the whole lune. This is
indicative of skewed (single-direction) marginal specific intensity distributions. The
5th to 95th percentile mean-to-median ratios span the interval (1.3, 2.1); the median
mean-to-median ratio is 1.5.

Probabilistic approaches also allow for quantification of predictionuncertainty. In
Fig. 3.14a and Fig. 3.14b, we present both an absolute and relativemeasure of spread,
again calculated from the MASSCW specific intensity prior marginals. Fig. 3.14a
shows the standard deviation σIν (r̂, νobs) after performing the same filtering as was
done for the mean. The resulting function is highly similar to the mean: directions
that are brighter on average also tend to have larger absolute prediction uncertainties.
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Figure 3.9: Per-direction mean of the MASSCW priors at observing frequency νobs = 150MHz, ex-
hibiting less variability than the single realisation of Fig. 3.8a and 3.8b (note the smaller colour ranges).
Three famous galaxy clusters stand out; these are (in increasing order of declination) the Hercules
Cluster, the Coma Cluster, and Abell 2199. Top: specific intensity mean. Bottom: specific intensity–
weighted mean (cosmological) redshift mean.

Of natural interest is also the relative prediction uncertainty σIνμ−1
Iν , which we show

in Fig. 3.14b. In this sense, the specific intensity function can be most accurately
predicted around galaxy clusters and superclusters, reaching σIν ∼ 60% μIν . As ex-
pected, the relative prediction uncertainty is highest outside the SDSS DR7 coverage
(i.e. near the φ = 90° and φ = 270° edges of the lune). It is also high in regions
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within the SDSS DR7 coverage that have low average brightness, inverting the trend
that characterises the absolute prediction uncertainty.

3.4.2 MASSCW specific intensity function distribution: outskirts
of massive galaxy clusters

Upon approaching the virial radius of a galaxy cluster from a connected filament, the
WHIMtransitions into the ICM, and the IGM’smagnetic field grows stronger. Espe-
cially inmodels such asHoeft & Brüggen (2007), in which the synchrotron-emitting
electrons originate from the thermal pool, these cluster outskirts constitute the most
promising targets to find synchrotron emission from the filament IGM. Therefore,
we also show zoom-ins of three realisations from our MASSCW specific intensity
function prior near three massive galaxy clusters: the Coma Cluster, the Hercules
Cluster, and Abell 2199. In Fig. 3.10, we show Iν over spherical domes with an angu-
lar radius of 12°, whilst Fig. 3.15 shows the specific intensity–weightedmean redshift
for the same realisations and sky regions. For the Coma Cluster, two filaments are
discernible: one in northeastern, and one running in western direction. For the Her-
cules cluster, the realisations suggest one northern and two southbound filaments.
Finally, for Abell 2199 a southbound filament is evident.

By inspecting the mean redshift functions, one can verify that the identified struc-
tures indeed lie at the cluster redshift, rather than being structures closer by or further
away that appear connected to the clusters in chance alignments.

3.4.3 MASSCWspecific intensity functiondistribution: deep LOFAR
HBA fields

With the LOFAR HBA, several deep (≥ 50-hr) observations have been conducted
that complement the wide-field, 8-hr approach of the LOFAR Two-metre Sky Sur-
vey (LoTSS; Shimwell et al., 2019). Under thermal-noise–limited conditions, deep
fields are of prime interest to search for a signature of the filament SCW. For this rea-
son, in Fig. 3.11, we show theMASSCW specific intensity prior single-direction (i.e.
marginal)medians for three suchdeepfields.19 Wegenerate imagery on arbitrary Flex-
ible ImageTransport System (FITS) grids byfirst calculating themarginalmedians for
each traced ray, and then applying a Voronoi tessellation to achieve a prediction for
every pixel.

The Lockman Hole (for which a 100-hr dataset is available (Tasse et al., 2021)) is
a field known for its relatively low Milky Way column densities of neutral hydrogen

19For these close-ups, we present themedian instead of themean to emphasise that our probabilistic
approach enables the calculation of a variety of useful summary statistics.
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Figure 3.10: Three realisations (rows) of the merger- and accretion-shocked synchrotron Cosmic
Web (MASSCW) specific intensity prior at observing frequency νobs = 150MHz, showing zoom-ins
around threemassiveNorthern Sky galaxy clusters (columns). The zoom-ins show caps of the celestial
sphere of 10° radius. The dashed circles are at 3°, 6° and 9° from the cluster centre. Note that the usual
radio halos that permeate galaxy clusters are not shown; these are caused by turbulent reacceleration,
and we only show the merger and accretion shock contribution. The∼3 Mpc h−1 resolution of the
3D total matter density and monochromatic emission coefficient (MEC) fields limits the resolution
of the 2D specific intensity fields, so that individual shocks and∼1 Mpc MEC - total matter density
(anti)correlations are not resolved.

and dust (Lockman et al., 1986), making it favourable for study in the extreme UV
and soft X-ray bands, amongst others. The potential for multi-wavelength synergy
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has made deep observations of the LockmanHole a LOFARHBApriority (Mahony
et al., 2016). Abell 2255 (for which a 75-hr dataset is available (Botteon et al., 2022))
is a merging galaxy cluster (Feretti et al., 1997; Botteon et al., 2020a) at z = 0.08
that is part of the North Ecliptic Pole (NEP) Supercluster (Mullis et al., 2001; Shim
et al., 2011). In this dynamic environment, merger and accretion shocks could light
up the filaments connected to Abell 2255 (Pizzo et al., 2008). Lastly, the Ursa Major
Supercluster (for which a 50-hr dataset is being assembled) at z = 0.06 stands out
as the most prominent structure in our MASSCW specific intensity prior after the
galaxy clusters shown in Fig. 3.10 and 3.15. For this reason, it has been selected for
deep LOFARHBA observations.

3.4.4 Specific intensity–weighted mean redshift

In the top panel of Fig. 3.12, we put our geometric model to the test by comparing a
predicted specific intensity–weighted mean redshift CDF FZ̄ (z̄) (green dotted line)
to 102 randomly drawn ECDFs from our 103 MASSCW prior realisations (translu-
cent black lines), at νobs = 150 MHz. Both prior realisations and the model reach
a cumulative probability (‘fraction of the sky’) of 1 at z̄ = 0.2: the BORG SDSS
samples do not feature LSS beyond zmax = 0.2 and the model is restricted accord-
ingly. Themodel CDF is constructed from 105 draws fromRV Z̄ (see Eq. 3.20).20 We
adopt parameters suggested by Sect. 3.3.5: wf = 5Mpc, l = 50Mpc, d1 = 25Mpc,
C = 106 at νref = 150 MHz, αf = αc = −3/2, βf = 4/3 and βc = −4/3. With-
out further parameter tuning, the model CDF reproduces the trend revealed by the
majority of prior ECDFs. This correspondence is evidence that the geometric model
in general (and not just for some highly specific choice of parameters) captures the
main features of the MASSCW, and motivates calculating the distribution of Z̄ for
the true sky, which features LSS beyond zmax = 0.2. For the observational study of
filaments, it is of greatest interest to calculate FZ̄ (z̄)when the cluster contribution to
the MASSCW is ignored, as it would otherwise dominate. In the bottom panel of
Fig. 3.12, we therefore show FZ̄ (z̄) according to the geometric model for zmax = ∞
and C = 0. When C = 0, αc and βc become irrelevant. Four parameters remain:
αf + βf, l, wf and d1. The first of these has by far the most effect on FZ̄ (z̄), as evi-
denced by the differently coloured curves (we keep αf = −3/2 constant and vary βf,
but varying αf and keeping βf constant would lead to identical results). We also vary
the purely geometric parameters l, wf and d1, but in such a way that wf = 1

10 l (as
suggested by comparing the model’s VFFs to those from cosmological simulations)

20In a strict sense, given the finite number of realisations in our numerical approximation, this func-
tion is also an ECDF. However, for all practical purposes, it can be regarded as a CDF.
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Figure 3.11: Merger- and accretion-shocked synchrotronCosmicWeb (MASSCW) specific intensity
prior marginal medians at observing frequency νobs = 150 MHz for three deep LOFARHBA fields.
Individual shocks should not be discernible in these statistical aggregates. The colour scales share the
same lower bound. Top: LockmanHole. Middle: Abell 2255. Bottom: Ursa Major Supercluster.
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and d1 = 1
2 l (i.e. the observer is always put at the centre of a cubic unit cell). When

l ∈ {50 Mpc, 75 Mpc, 100 Mpc} is increased, and wf and d1 accordingly, modest
changes in FZ̄ (z̄) occur (dash-dotted and dotted lines): the distribution of Z̄ attains
larger spread.

FZ̄ (z̄) provides detailed information. For example, the model with βf = 4/3 and
l = 50 Mpc predicts that for∼ 50% of the sky (∼21, 000 sq. deg.), the MASSCW
signal has a mean redshift of 0.35 or lower, whilst for ∼ 80% of the sky (∼33, 000
sq. deg.), the mean redshift is 0.42 or lower.

3.4.5 Flux density–weighted mean redshift

The flux density–weighted mean redshift ¯̄z constitutes the most concise measure of
the typical MASSCW signal epoch. In the top panel of Fig. 3.13, we show a dis-
tribution (shaded grey) over ¯̄z generated via KDE (Gaussian kernel, σKDE = 4 ·
10−4) from our 103 MASSCW prior samples. The median is ¯̄z = 0.077 (solid grey);
however, we stress that this is because only LSS up to zmax = 0.2 is included. We
present an example model (solid green) that reproduces the median ¯̄z, with main pa-
rameters zmax = 0.2, l = 75 Mpc, d1 = 60 Mpc, αc = −3/2 and βc = −4/3.
(Adopting C = 106 at νref = 150 MHz as suggested by Sect. 3.3.5, clusters dom-
inate over filaments, and the other parameters play a very minor role.) To explore
the sensitivity of ¯̄z on the parameters, we generate 5 · 105 parameter sets by draw-
ing from wide uniform distributions. We draw l ∼ Uniform (50Mpc, 100Mpc),
d1 ∼ Uniform (0, l), wf ∼ Uniform (5Mpc, 10Mpc), log10 (C) ∼ Uniform (5, 7),
αf, αc ∼ Uniform (−3/2 − 1/4,−3/2 + 1/4), βf ∼ Uniform (4/3 − 2, 4/3 + 2) and
βc ∼ Uniform (−4/3 − 2,−4/3 + 2). However, the resultant distribution for ¯̄z is
mostly restricted to the relatively small range of (0.06, 0.08). We stress that the two
distributions are conceptually distinct and are not meant to be compared directly.

In the bottom panel of Fig. 3.13, we show ¯̄z for filaments only (C = 0) and zmax =

∞. The prediction then becomes a function of three parameters: αf + βf, l and d1.
Thedependencies onboth l andd1 areweak, and ¯̄z is thus, to good approximation, de-
termined by just a single parameter. Unfortunately, this parameter is currently highly
uncertain, and should be constrained with upcoming cosmological simulations. The
various coloured curves suggest that the impact of d1 on ¯̄z increases when l is larger.
As the unit cells grow (so that their number density drops ∝ l−3), ¯̄z becomes more
sensitive to contributions of individual boundary crossings (filaments), including the
first. Filament specific intensity contributions decrease quickly (especially for low
values of αf + βf) and monotonically with distance, so that the distance of the first
filament to the observer (e.g. nearby, d1 = 10% l, or far away, d1 = 90% l) is of some
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Figure 3.12: MASSCWspecific intensity–weightedmean redshift RV Z̄ results. Top: distributions of
Z̄, showing 100 randomly selected ECDFs from our prior (grey curves), and a geometric model CDF
(green curve). Both data andmodel consider LSS up to redshift zmax = 0.2 only. The other geometric
model parameters are: wf = 5 Mpc, l = 50 Mpc, d1 = 25 Mpc, C = 106, αf = αc = −3/2, βf = 4/3
and βc = −4/3. Bottom: geometric model CDFs of Z̄ for filaments only (C = 0), though including all
of them (zmax = ∞). By far themost influential parameter is also themost uncertain one; we therefore
vary βf over a plausible range. We also vary l ∈ {50 Mpc, 75 Mpc, 100 Mpc}, and by extension also
wf and d1, by forcing wf =

1
10 l and d1 =

1
2 l. As l increases, the unit cell number density decreases; we

symbolise this with more sparsely drawn curves. We keep αf = −3/2 constant.

importance.
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3.5 Discussion

3.5.1 Inter-cluster radio bridges: evidence for turbulence rather
than shocks

In the last few years, LOFARHBAobservations around 140MHzhave revealedmas-
sive structures connecting clusters of galaxies at the onset of merging. These struc-
tures, or ‘bridges’, likely are compressed filaments of the Cosmic Web. The first ten-
tative discovery (which has since been confirmed) of an inter-cluster bridge was in
Abell 1758 (of length∼2Mpc) (Botteon et al., 2018, 2020b), whilst the first unam-
biguous detection was in Abell 399–401 (of length ∼3 Mpc) (Govoni et al., 2019).
The latter ridge features higher densities (∼3 · 102 m−3), temperatures (∼7 · 107 K),
and magnetic field strengths (∼1 μG) than are expected to exist in typical filaments.

These two inter-cluster bridges cannot be, and are not expected to be, faithfully re-
producedbyourMASSCWprior. Firstly, bothbridges donot lie in the reconstructed
volume: Abell 1758 lies at a redshift of z = 0.279, beyond the current redshift range
(z < 0.2) of BORG SDSS reconstructions; Abell 399–401 has a favourable redshift
of z = 0.07, but falls outside of the SDSS DR7 footprint. Another complication is
that bridges of 2−3Mpc extent are smaller than the current BORGSDSS resolution
of∼3Mpc h−1, and would therefore only barely be identifiable if they fell within the
reconstructed volume.

Notwithstanding practical difficulties, Govoni et al. (2019) show that the Hoeft
& Brüggen (2007) model alone cannot explain the LOFARHBA data. Significantly,
this discovery has cast doubt on the widespread hypothesis — also adopted in this
article— that accretion shocks generate the dominant contribution to the filaments’
SCWsignal. Othermechanisms, like turbulence (Brunetti&Vazza, 2020), couldplay
an important role. Cosmological simulations that model turbulence in the sense of
Brunetti & Vazza (2020) that would allow a recalculation of the SCW prior under
this alternative emission mechanism, do not yet exist. We stress that our methods, al-
though presently employed to generateMASSCWpredictions, are of general nature,
and can be used to explore alternative (combinations of) SCW emissionmechanisms
in the future.

3.5.2 Generalisation to other wavelength bands

We have presented our methodology in the context of predicting the Cosmic Web’s
contribution to the radio sky. However, themethodology does not rely on any special
property of radio emission. Apart from comparing different emission mechanisms
for the samewavelengthband (as discussed in theprevious subsection), themethodol-
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ogy could also be extended to predicting theCosmicWeb’s contribution to the sky in
other wavelength bands. With missions such as XRISM and Athena on the horizon,
an extension into theX-ray window is of prime interest. As a demonstration, we have
tentatively calculated the thermal bremsstrahlung component of the Cosmic Web’s
contribution to the X-ray sky. For plain simplicity, we do not invoke snapshots from
cosmological simulations, but rather assume the proportionalities ρBM (ρ) = ΩBM,0

ΩM,0
ρ

and T
(
ρBM
)
= Tref

ρBM
ρBM,ref

(with Tref = 106 K and ρBM,ref = mp m−3, wheremp is the
proton rest mass). Furthermore, we assume a hydrogen-helium plasma of primordial
chemical composition, and use the Gaunt factor regimes from Novikov & Thorne
(1973). We show results in Fig. 3.16, for exactly the same sky regions as in Fig. 3.11.
Note that although the existence of a thermal bremsstrahlung component from the
WHIM to the X-ray sky is uncontested and features relatively low uncertainties, it is
likely that the oxygen line emission component dominates. We have not considered
this component due to its relative complexity and distance to our work’s main focus,
but propose its calculation as a promising direction for future research.

3.5.3 Total matter density reconstructions: resolution, coverage
and depth

The voxelised nature of density reconstructions like the BORG SDSS causes large-
scale (∼10°) blocky shapes in specific intensity and specific intensity–weightedmean
redshift function realisations that do not represent plausible real-life morphologies.
The angular scales at which these discontinuities occur, depend on the distances be-
tween the responsible (high-MEC) voxels and the observer. Future density recon-
structions that are run at higher resolution will contain fewer of these problematic
patterns. Furthermore, as hinted at in the previous paragraph, a modest resolution
improvement (i.e. by a factor of order unity) would allowMASSCW predictions to
contain inter-cluster bridges.

An improved resolutionwould also give relevance to themethod of generating spa-
tially correlated MEC fields as described in Sect. 3.2.4. Currently, the BORG SDSS
voxel length is larger than the shock correlation length lSE = 2Mpc, so that theMEC
fields obtained by our method are only marginally different fromMEC fields where
each voxel’s MEC is drawn independently from the appropriate conditional proba-
bility distribution.

A promising idea that is not pursued in this work, is to interpolate the density
fields (by e.g. doubling or tripling the number of voxels along each dimension), so
that it becomes possible to generate merger and accretion shocks of the appropriate
size. Note that this approach would not add new small-scale structure to the density
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reconstructions, butmerely ensures that the size of shocks generated stochastically are
determinedby the length scale lSE, instead of by the density reconstruction resolution.

A straightforward next stepwould be to use density reconstructions of the remain-
ing 3/4 of the sky to complete the MASSCW prior: generating predictions for the
Southern Sky is relevant for SKA searches of the filament SCW. This could be done
with the already available BORG 2M++ (Jasche & Lavaux, 2019), although these
reconstructions remain shallower than those of the BORG SDSS, with zmax = 0.1
instead of zmax = 0.2.
Reconstructions that push beyond zmax = 0.2 would also improve our predic-

tions. The yield of such an extension depends on the filament-only specific intensity–
weightedmean redshift CDF FZ̄ (z̄) for zmax = ∞. However, the singlemost influen-
tial parameter governing FZ̄ (z̄), αf+βf, is currently ill-constrained.

21 We therefore do
not yet know to what extent deeper reconstructions would improve our MASSCW
priors.

3.5.4 Cosmological simulations

TheMASSCWpredictions presented in thiswork are based on the statistical relation-
ship between total matter density and the MASSCW MEC as inferred from Enzo
cosmological simulations. However, in absence of tight observational constraints,
these cosmological simulations must assume one of many magnetogenesis scenarios.
The snapshots used in this work assume a primordial magnetogenesis scenario, start-
ing from z = 45 with a seed magnetic field with a uniform comoving strength of
0.1 nG. More complex spectral energy distributions of primordial magnetic fields are
however not excluded by present constraints from theCMB (e.g. Vazza et al. (2021b)
and references therein). Future work should explore the effect of different choices in
the magnetogenesis scenario landscape on the MASSCW predictions, which could
see a systematic change in specific intensity by an order of magnitude for filament-
dominated directions.

Aminor additional uncertainty comes fromthe fact that the (100Mpc)3 cubeused
in thiswork is not yet large enough to fully capture the density–MASSCWMECrela-
tion in a statistically exhaustive manner. This modest problem could be alleviated by
appending the joint probability distribution fromwhich the conditional probability
distributions shown in Fig. 3.3 are derived with data frommore simulation runs.

Finally, in this work, RAM limitations have necessitated discarding shocks with
upstreamMach numbers below 2 in our shock identification procedure. This Mach
number cut means that the MECs assigned to voxels are lower bounds. Future in-

21Interestingly, its determination could be done with existing cosmological simulations.

142



clusion of the shocks now omitted could increase the MASSCW specific intensity
functions by a (direction-dependent) factor of order unity.

3.5.5 Observational considerations

Using our predictions, we can evaluate the observational prospects of detecting the
filament SCW — and the filament MASSCW in particular. As evinced by radio
bridge detections (Botteon et al., 2018; Govoni et al., 2019; Botteon et al., 2020b)
and a statistical all-sky (or close to all-sky) detection (Vernstrom et al., 2021), both
special-geometry and global observations of the filament SCW are already possible
with modern low-frequency radio telescopes. The more interesting question there-
fore is whether detections are possible on an intermediate level — that of individual
regions of large-scale structure— so that spatially resolvedmeasurements of the inter-
galactic magnetic field strength BIGM in filaments come within reach. In this section,
we therefore explore the observational prospects and challenges of detecting the fila-
ment SCW around individual massive galaxy clusters, such as the Hercules Cluster,
the Coma Cluster, Abell 2199 and Abell 2255, and around larger LSS complexes,
such as the cluster triple in the Lockman Hole and the Ursa Major Supercluster. We
assume that the MASSCW signal is the dominant contributor (in fact, the only con-
tributor) to the SCW signal of these LSS regions.22 For associatedMASSCWpredic-
tions, see Fig. 3.10 and 3.11.

Making firm observability forecasts is in the first place hampered by the fact that
there are three major unknowns inMASSCWpredictions: firstly, the strength of the
seed magnetic field in the Early Universe combined with the dominant process by
which this field has evolved into magnetic fields in filaments today (see Sect. 3.1);
secondly, the filling factor of shocks of appropriate strength and obliquity to trigger
DSA; and, thirdly, themagnitude of the electron acceleration efficiency ξe in filaments
(see Sect. 3.2.3). From Fig. 3.10, we see that the specific intensity function in the
direction of filaments aroundmassive low-redshift galaxy clusters, at νobs = 150MHz
and degree-scale resolution, reaches Iν ∼ 10−1 Jy deg−2 for ξe = 1. If ξe ∼ 10−2

in filaments, as in Keshet et al. (2004)’s SNR shocks, the actual specific intensity is
Iν ∼ 10−3 Jy deg−2. A conservative estimate of the uncertainty in ξe is an order of
magnitude, yielding a range of specific intensity estimates Iν ∼ 10−4–10−2 Jy deg−2.

In thiswork,wehave considered theMASSCWsignalwithout contaminants. How-
ever, in most directions, the Milky Way is the dominant contributor to the specific

22As discussed in Sect. 3.5.1, theMASSCW signal is unlikely to be the dominant contributor to the
SCW signal in radio bridges; in the case of the all-sky search of Vernstrom et al. (2021), the dominant
emission mechanism remains unknown.
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intensity function at νobs ∼102 MHz, and actual observational attempts to detect the
SCW should therefore avoid the Galactic Plane, the North Polar Spur (Salter, 1983),
and other bright synchrotron Milky Way features. The extent to which the Milky
Way hampers a SCW detection, depends on the typical angular scales of the syn-
chrotronMilkyWay, the SCW, and thosemeasurable by the interferometer. Oei et al.
(prepa) havemade compact-source–subtracted, low-resolution (60′′ and 90′′) images
with the LoTSS DR2 (Shimwell et al., 2022) that reveal the Milky Way’s specific in-
tensity function at νobs = 144 MHz up to degree scales. (By the lack of baselines
shorter than 68metres, larger scales are resolved out.) These images have most power
on the degree scale and show specific intensity variations of σIν ∼ 100–101 Jy deg−2 in
the off-Galactic plane region. Meanwhile, the scales at which a sky region’s SCW spe-
cific intensity function has most power depend on the distances to the region’s most
massive large-scale structures and vary per dominant emission mechanism assumed,
with power on larger scales for turbulence compared to merger and accretion shocks.
A discrepancy in dominant scales between the specific intensity functions of the syn-
chrotronMilkyWay and the SCWcan be leveraged to bolster the prospects of a SCW
detection. Doing so appears important, because already at the 8-hr depth of the
LoTSS DR2, the Milky Way’s specific intensity dominates over the thermal noise.
By using an inner (u, v)-cut that removesmost Milky Way emission (but that retains
most SCW emission), Milky Way–induced specific intensity variations can be re-
duced by one to two orders of magnitude,23 leaving a Milky Way contamination of

23This estimate follows from considering the spherical harmonics angular power spectrum Cℓ of
the interferometrically observed (and thus large-angular-scale–deprived) synchrotronMilky Way. We
model Cℓ as a power law (La Porta et al., 2008) from degree ℓ0 onwards:

Cℓ (ℓ) =

0 ℓ < ℓ0;

Cℓ (ℓ0)
(

ℓ
ℓ0

)β
ℓ ≥ ℓ0,

(3.27)

where β < −1. Generally, given an angular power spectrum, the total power P is

P =
∞∑
ℓ=0

Cℓ (ℓ) . (3.28)

Wemodel the imposition of an additional inner (u, v)-cut as the removal of power on all angular scales
up to (but excluding) ℓ′0, with ℓ′0 ≥ ℓ0. The (negative) relative change in total power caused by the
(u, v)-cut is

P′ − P
P

=

∑∞
ℓ′0

ℓβ∑∞
ℓ0

ℓβ
− 1 =

ζ (−β, ℓ′0)
ζ (−β, ℓ0)

− 1, (3.29)

where ζ is the Hurwitz zeta function. For β ∈ [−3,−2] (e.g. La Porta et al., 2008; Ghosh et al., 2012;
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σIν ∼ 10−2–100 Jy deg−2. (The optimal (u, v)-cut choice for a particular sky region
can be derived by comparing the angular power spectrum of the synchrotron Milky
Way with that of the region’s SCW predictions.) For depths such that the Milky
Way remains the dominant noise source, the signal-to-noise ratio for a solid angle of
a square degree centred around a massive filament thus is 10−4 in a very pessimistic
case, 10−1 in a fairly optimistic case, and 100 in a very optimistic one. The signal-to-
noise ratio grows with the square root of the number of such solid angles considered,
and thus linearly with the angular diameter of the observed region. Notably, in the
fairly optimistic case, we need to observe a region of 101 degree diameter to achieve a
signal-to-noise ratio of order unity (for example three). For example, the Ursa Major
Supercluster (see the bottom panel of Fig. 3.11) is a region of roughly the required
extent. In case theMASSCW specific intensity is an order of magnitude weaker, that
is of order Iν ∼ 10−3 Jy deg−2, the sky region required to detect the MASSCW is
roughly the entire sky.

Galaxies populate filaments and generate synchrotron radiation. If they are not
masked or removed from the observed imagery, their presence could mimic a SCW
detection signal in cross-correlation experiments with low-spatial-resolution MAS-
SCW predictions. (However, at high spatial resolution, Hodgson et al. (2021) show
that the SCW and synchrotron emission from galaxies can be separated, as these sig-
nals trace the LSS matter distribution in different ways.) This issue underlines the
importance of deep observations that feature low thermal noise levels, although— in
contrast to the usual situation— in order tominimise systematic rather than random
errors. As noted before, for LoTSS DR2 observations, Milky Way contamination
dominates over thermal noise, rendering thermal noise largely irrelevant — at least
prior to the suppression of degree scales. However, low thermal noise levels do allow
for a more thorough subtraction of the galaxy population in filaments and thus help
control an important systematic effect.

3.5.6 Independence of random fields

In this work, we have outlined how a specific intensity random field Iν (r̂, νobs) can
be generated from a percentile random field P (r) (or, equivalently, a Gaussian ran-
dom field Z (r)) and a total matter density random field ρ (r); r̂ ∈ S2, νobs ∈ R>0,
and r ∈ R. The function f that maps the two input random fields to the output
random field is deterministic, informed by conditional probability distributions ex-
tracted from cosmological simulations, and non-linear in both arguments. Symboli-
cally, Iν = f (P , ρ). Implicitly, our approach has been to sample ρ from the BORG

Sims et al., 2016), ℓ0 ∼ 102 and ℓ′0
ℓ0

∼ 100, we find relative total power changes of−90% to−99%.
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SDSS posterior, and P from another, independent distribution (which is fixed by
the distribution of Z , and thus specified by the covariance function KSE). There
is a physical scenario in which this is justified. The joint distribution for the input
random fields P (P , ρ) can be written as the product of a conditional and marginal:
P (P , ρ) = P (P | ρ)P (ρ). Thus, the central assumption that underlies our sampling
approach is that P (P | ρ) ≈ P (P), so that P (P , ρ) ≈ P (P)P (ρ). Our approxima-
tion is thus that the density field does not inform where, given a set of locations with
the same density, high (or, equivalently, low) shock emission is more likely to occur.

The real world will violate this assumption to some extent. For example, a point in
the outskirts of a galaxy cluster could be as dense as a point along the central axis of a
prominent filament; however, the cluster point still likely has a different MASSCW
MECprobability distribution than the filament point. One reason could be the pres-
ence of passingmerger shocks in cluster outskirts; another could be the higher typical
speed by which accretion shocks crash onto clusters, compared to the typical speed
by which they hit filaments.

3.5.7 Spectral indices in 3D and 2D

In Sect. 3.2.5, we calculate Iν by generating jν at different emission frequencies with
the same percentile random field. This approach implicitly assumes that if shocks
were to be ordered by their MEC, the ordering remains invariant over emission fre-
quency range [νobs, νobs (1+ zmax)]. Does this assumption correspond to a plausible
physical scenario? Let theMECs of two shocks at some reference emission frequency
ν = νref be j1 and j2, and let j1 > j2 without loss of generality. Assume the existence
of some function α = α (jν), that assigns integrated spectral indices to shocks based
on their MEC at ν = νref. At emission frequency ν, theMEC ranks of the shocks are
the same as at νref if and only if

j1
(

ν
νref

)α(j1)

> j2
(

ν
νref

)α(j2)

for all j1, j2 ∈ R≥0, j1 > j2. (3.30)

The rewritten inequality

j1
j2

>

(
ν
νref

)α(j2)−α(j1)

for all j1, j2 ∈ R≥0, j1 > j2 (3.31)

suggests α (j2) − α (j1) ≤ 0, or α (j1) ≥ α (j2) for ν > νref: α (jν) must be a mono-
tonically increasing function. Analogously, for ν < νref, we find that α (jν)must be
a monotonically decreasing function. These scenarios are visualised in Fig. 3.17. Us-
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ing the Enzo simulation data used in this work, we explore the spectral index - MEC
relation at νref = 180 MHz, and find a general downward trend for spectral index as
a function of MEC at this frequency. However, the relation is scattery and therefore
not fully described by a monotonically decreasing function α (jν); this implies that
shock MEC ranks do change when varying the emission frequency. Although our
approach to determining spectral indices remains approximate, compared to other
uncertainties in our methodology, the error thus introduced is likely of minor im-
portance.24

Our formalismallows for the generationof the function Iν (r̂, νobs) at two (ormore)
different observing frequencies. In turn, this enables the calculation of spectral in-
dices for specific intensity rather than MEC (i.e. ‘in 2D’ instead of ‘in 3D’), emulat-
ing the type of spectral analysis routinely performed by observational astronomers.
We caution that the procedure for MEC spectral index assignment used in this work
does not respect the full diversity of spectral behaviour present in the Enzo simula-
tion, and instead forcesMEC spectral indices to approach theMEC-weighted mean.
In turn, this also causes specific intensity spectral index variations to be biased low.
Future work should adapt this procedure so that a plausible specific intensity spectral
index prior can be added to the potent suite of predictions that follow simultaneously
from our methodology.

3.6 Conclusions

In this work, we describe and implement the first methodology to produce a (prior)
probability distributionover specific intensity functions representing the synchrotron
cosmic web (SCW) of the Local Universe. We assume merger and accretion shocks
to be the main generators of the SCW, and assume a primordial magnetogenesis sce-
nario for the evolution of magnetic fields in the IGM. However, the methodology
is general enough to explore alternative physical hypotheses in the future. Our prior
can be used to guide and verify observational attempts to detect the SCW with low-
frequency radio telescopes such as the LOFAR and the SKA.

1. Using BORG SDSS total matter density reconstructions and Enzo cosmolog-
ical simulations, we have built a prior distribution that is informative over half
of the Northern Sky, and that has a∼0.6° resolution for LSS at z = 0.1. Al-
though not a fundamental limitation of the methodology, the current reso-

24A conceptually correct way to address this problemwould be to realise both a spectral index and a
MEC at some fixed emission frequency (ν = νobs, say), using P (α, jν | ρ) = P (α | jν, ρ)P (jν | ρ). The
conditional probability distribution P (α | jν, ρ) could be learnt from the Enzo simulation data used
in this work, too.
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lution is not high enough to resolve individual merger and accretion shocks.
Typically, filaments near massive structures give Iν ξ−1

e ∼ 10−1 Jy deg−2 at
νobs = 150 MHz; ξe is the highly uncertain electron acceleration efficiency.
Even at the∼3Mpc h−1 reconstruction resolution, ourMASSCWprior indi-
cates that the specific intensity for a given direction is highly uncertain (with
a typical standard deviation being∼100% of the mean) due to uncertainty re-
garding the presence and highly variable nature of shock emission along the
line-of-sight. We present (marginal median) MASSCW specific intensity pre-
dictions for three deep LOFAR HBA fields: the Lockman Hole, Abell 2255,
and the Ursa Major Supercluster.

2. With a simple geometric model of cubic unit cells, we have calculated both the
distribution of the specific intensity–weighted mean redshift RV Z̄, as well as
the flux density–weighted mean redshift ¯̄z of the MASSCW signal for LSS re-
constructions up to zmax = 0.2. We obtain results that closely resemble those
foundnumerically fromour data-drivenMASSCWprior, whose construction
is muchmore involved. Encouraged by this, we present filament-only geomet-
ric model predictions for ¯̄z that include all LSS (i.e. zmax = ∞). These predic-
tions are highly insensitive to plausible variations inmodel parameters l and d1,
demonstrating that ¯̄z is effectively determinedby a single parameter: the sumof
the typicalMEC-weighted filament spectral index αf and theMEC - cosmolog-
ical redshift power law exponent βf. Its future determination will characterise
the completeness of the MASSCW predictions put forth in this work.

In an optimistic case, our prior already reveals a great deal about filamentary baryons
— and where to find them.

M.S.S.L.Oei andR.J. vanWeeren acknowledge support from theVIDI research programmewith project number 639.042.729,
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3.A1 Additional figures

In this appendix, we list four figures referenced in the main text, but relegated for
structural clarity.
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Figure 3.14: MASSCW priors allow for a quantification of prediction uncertainty. Here we show
both an absolute and a relativemeasure of spread for the single-direction specific intensity distributions
(i.e. marginals) at νobs = 150MHz. For each direction, we discard data outside the 1−99% percentile
range. Top: marginal standard deviation (absolute uncertainty), which closely resembles the marginal
mean of Fig. 3.9a. Bottom: marginal standard deviation overmean (relative uncertainty), which reveals
an inverted trend.

3.A2 Single-shock synchrotronMEC–totalmatter density scaling
relation

In this appendix, we derive a synchrotron power density–total matter density scaling
relation for individual shocks with high upstreamMach numbers in cluster outskirts
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Figure 3.15: Same as Fig. 3.10, but now for specific intensity–weighted mean redshift instead of spe-
cific intensity.

and filaments, assuming the Hoeft & Brüggen (2007) model and γ = 5/3. Because
the power density andMEC of a single shock are proportional, this immediately also
yields the desired single-shock synchrotron MEC–total matter density scaling rela-
tion.
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Figure 3.16: Thermal bremsstrahlung specific intensity prior marginal medians at Eobs = 1 keV for
three deep LOFARHBA fields. For merger and accretion shock synchrotron predictions of the same
regions, see Fig. 3.11. Top: Lockman Hole. Middle: Abell 2255. Bottom: Ursa Major Supercluster.
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νobs νobs (1 + zmax)
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ν →
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ν →
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Figure 3.17: Three scenarios for simple power-law synchrotron spectra of shocks that are consistent
with our methodology. Due to cosmological redshifting, the calculation of the specific intensity Iν at
observing frequency νobs necessitates knowing the monochromatic emission coefficient (MEC) jν at
a range of emission frequencies ν (see Eq. 3.8). In this work, we generate jν at emission frequencies
ν = νobs and ν = νobs (1+ zmax), where zmax is the maximum cosmological redshift of the large-scale
structure reconstructions. We do so using the same Gaussian random field realisation Z (and thus
percentile random field realisation P), implicitly assuming that shocks retain their MEC percentile
rank over the frequency range [νobs, νobs (1+ zmax)]. This assumption holds in the three scenarios
sketched above. Each solid line represents a shockwith constant percentile rank (over the range shown,
at least); the graphs are drawnwith logarithmic scaling. Regarding the sign of the spectral index, we use
the convention jν ∝ να. Left: the integrated spectral index α is a monotonically increasing function
of jν at ν = νobs (‘brighter shocks have flatter spectra’). Middle: the integrated spectral index α is a
monotonically decreasing function of jν at ν = νobs (1+ zmax) (‘brighter shocks have steeper spectra’).
Right: the integrated spectral index α is a jν-independent constant (at all frequencies); this is a limiting
case of the previous two.

3.A2.1 Temperature and the speed of sound

Note thatMu :=
vu
cs,u , where vu is the shock velocity relative to the upstream plasma,

and cs,u is the speed of sound in the upstreamplasma. TheNewton–Laplace equation
for an ideal gas predicts cs,u ∝

√
Tu, where Tu is the upstream plasma temperature.25

The upstreamMach number of a shock incident on the WHIM would therefore be
higher than that of a shock incident on the ICM if the shocks arrive at the same ve-
locity vu relative to these media.

3.A2.2 The filament regime: lowmagnetic field strengths

One of the prime reasons for pursuing SCW detections is to gauge the unknown
strength of the Universe’s largest magnetic fields. Numerical simulations by Vazza
et al. (2015, 2017) that reproduce the observedmagnetic field strengths in galaxy clus-
ters, predict magnetic field strengths in filaments that depend strongly on themagne-
togenesis scenario considered, ranging between 10−1 − 102 nG. For the purposes of

25For example, the speed of sound is 10 times higher in the 108 K ICM than in the 106 KWHIM,
and 100 times higher in the 109 K ICM than in the 105 KWHIM.
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finding a power density–matter density scaling relation, the relevant quantity to com-
pare the filament IGMmagnetic field strength BIGM with at cosmological redshift z,
is the CMBmagnetic field strength BCMB (z).

As the CMB is well modelled by a blackbody26, the CMBmagnetic field strength
BCMB (z) is derived by equating the electromagnetic energy density uEM of a black-
body of temperature T to the electromagnetic energy density of a magnetic field of
magnitude B:

4σ
c
T4 = uEM =

1
2μ0

B2, (3.32)

where σ is the Stefan–Boltzmann constant and μ0 is the vacuum permeability. Upon
rearranging, and for T = TCMB and B = BCMB, we find

BCMB (z) =
√

8μ0σ
c

T2
CMB (z) . (3.33)

Let a be the scale factor and let a0 be its present-day value. AsT4
CMB ∝ uEM ∝ a−4 =

a−4
0 (1+ z)4 due to the expansion of the Universe, it follows that TCMB ∝ 1+ z, and
thus

BCMB (z) =
√

8μ0σ
c

T2
CMB (0) (1+ z)2

= BCMB (0) (1+ z)2 . (3.34)

Using TCMB (0) = 2.725 K yields BCMB (0) = 3.238 μG.

Thus, under all plausible scenarios of magnetogenesis, BIGM (z) � BCMB (0) ≤
BCMB (z).

3.A2.3 Magnetic field strength and baryon density

A scaling relation between B and ρBM follows from considering the conservation of
magnetic flux as the Universe expands. The magnetic flux through a surface is the
product of the surface area and the magnetic field strength (and the cosine of the
angle between the surface normal and themagnetic field). Over time, the surface area
increases∝ a2, so that the magnetic field strengthmust follow∝ a−2 if conservation
of magnetic flux is to hold. Finally, as ρBM ∝ a−3, one obtains B ∝ ρ2/3

BM. Fig. 4

26In fact, it is the most accurate blackbody ever observed!
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of Vazza et al. (2017) compares this scaling relation with simulated magnetic field
strengths and baryon densities under various scenarios of magnetogenesis.

3.A2.4 The power density expression simplifies

TheHoeft&Brüggen (2007) power density folded intoEq. 3.2 simplifies appreciably
if highMachnumbers and lowmagnetic field strengths are assumed. In such a regime,
α ≈ −1 and Ψ ≈ 1, while B2

d � B2
CMB. Thus,

Pν ∝ ρBM,d · T
3
2
d · B2

d

=
ρBM,d

ρBM,u
ρBM,u ·

(
Td

Tu
Tu

) 3
2

·
(
Bd

Bu
Bu

)2

. (3.35)

From the Rankine–Hugoniot jump conditions, one can derive that the compression
factor (Fig. 3.1, central panel), as a function ofMu and γ, is

ρBM,d

ρBM,u
(Mu, γ) =

(γ + 1)M2
u

(γ − 1)M2
u + 2

=

(
Bd

Bu
(Mu, γ)

) 3
2

. (3.36)

The same equations dictate that the temperature increase (Fig. 3.1, bottom panel), as
a function ofMu and γ, is

Td

Tu
(Mu, γ) =

2γ (γ − 1)M2
u + 4γ − (γ − 1)2 − 2 (γ − 1)M−2

u

(γ + 1)2
. (3.37)

Thus, forMu � 1, ρBM,d
ρBM,u

∝ 1 and Td
Tu

∝ M2
u. Returning to the power density scaling

relation, we find

Pν ∝ ρBM,u ·
(
M2

u Tu
) 3

2 · B2
u

= ρBM,u · v
3
u · B2

u. (3.38)

To arrive at the second line, we use the definition of the upstreamMach number and
the upstream sound speed–upstream plasma temperature scaling relation.

3.A2.5 Upstream velocity and total density

We investigate the upstream velocity–total (i.e. dark and baryonic matter) density
relation for three simple geometries. We invoke Gauss’ law for gravity to find ex-
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pressions for the gravitational field, derive the gravitational potential using the fact
that the gravitational force is conservative, and equate, for a test particle, the loss
in gravitational potential energy to the gain in kinetic energy. We assume that the
structures considered have hard edges and are equidense (with total matter density
ρ := ρBM,u + ρDM) within.

Upon impact, the velocity of a test particle starting from rest at a distance d, and
falling onto an isolated spherical galaxy cluster with radiusR, is

vu =

√
8πG
3

ρ
(
1− R

d

)
R. (3.39)

Upon impact, the velocity of a test particle starting from rest at a distance d, and
falling onto an isolated cylindrical filament with radiusR, is

vu =
√
4πGρ ln

d
R
R. (3.40)

Upon impact, the velocity of a test particle starting from rest at a distance d, and
falling onto an isolated, thick planar sheet of half-thicknessR, is

vu =
√
8πGρR (d− R). (3.41)

In all three cases, R determines the size of the structure types. Assuming no relation
between total density ρ andR, we find vu ∝

√ρ, irrespective of the geometry.

3.A2.6 Baryon density and dark matter density

Structure formation theory predicts that after decoupling, and if gas pressure is ig-
nored, ρBM,u ∝ ρDM. Including gas pressure, this proportionality is expected to re-
main valid on large scales only. For filaments in particular, Fig. 6 of Gheller et al.
(2016) shows that the baryon fraction in filaments remains close to fcosmic := ΩBM,0

(ΩBM,0 +ΩDM,0)
−1 (= 0.167) over four orders ofmagnitude of total baryonicmass,

and for redshifts from 1 to 0; this is consistent with ρBM,u ∝ ρDM.

Using Bu ∝ ρ2/3
BM,u, vu ∝

√ρ and ρBM,u ∝ ρDM, the final scaling relation becomes

jν ∝ Pν ∝ ρ
23
6 . (3.42)
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Note that, to obtain a scaling relation for the total (rather than single-shock) MEC,
one should also consider how the shock number density relates to the total matter
density. The total MEC–matter density and the single-shock MEC–matter density
scaling relation exponents are only the same when no such relationship exists.

3.A3 Ray tracing in the cosmological setting

Projecting a ray’s 4D null geodesic in a pure Friedmann–Lemaître–Robertson–Wal-
ker (FLRW) metric onto 3D comoving space results in a straight line. This follows
readily from the FLRWmetric in hyperspherical coordinates

ds2 = −c2dt2 +
(
a(t)
a0

)2 (
dr2 + S2k (r) dΩ2) , (3.43)

where ds2 is the spacetime line element, c is the speed of light in vacuo, t is physical time
since the Big Bang, and a (t) is the scale factor (with a0 := a (t0) being its present-day
(t = t0) value). Also, r is the radial comoving distance, k is the Universe’s Gaussian
curvature (with SI units m−2), Sk (r) := r sinc(r

√
k) is the transverse comoving dis-

tance and dΩ2 := dθ2 + cos2 θdφ2. (The sinc function follows the mathematical
(unnormalised) convention.) Finally, let the location of present-day Earth be the spa-
tial origin. An initially radial (dΩ2 = 0) null (ds2 = 0) geodesic thus satisfies

cdt = ± dr
1+ z

, (3.44)

regardless of k. As timeprogresses, such raysmaintain their direction andonly change
in r; this justifies considering the path L of a light ray with direction r̂ in comoving
space as the set of pointsL (r̂) := {r r̂ ∈ R3 | r ∈ R≥0}.

3.A4 Observer’s specific intensity

Our aim is to derive an expression for the specific intensity in direction r̂ at observing
frequency νobs. We follow Chapter 12 of Peacock (1999), but generalise to arbitrary
ΛCDM models (by allowing Λ 6= 0), and recast the results in terms of the MEC
instead of the emissivity.

As in Appendix 3.A3, consider a FLRWmetric with arbitrary Gaussian curvature
k. A comoving volume element dVc and the corresponding proper volume element
dVp at comoving radial distance r and cosmological redshift z = z (r) that cover a
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solid angle dΩ on the sky are given by

dVc = Sk (r)2 dΩdr, (3.45)
dVp = Sk (r)2 dΩdr (1+ z)−3 . (3.46)

Recall that we have defined jν as the properMEC, and assume that the filament IGM
radiates isotropically. The luminosity density dLν of the volume, seen in direction r̂
and at emission frequency ν = (1+ z) νobs, then equals

dLν (r̂, ν) = 4πjν (r r̂, z, ν) dVp. (3.47)

The corresponding observer’s flux density dFν of the volume in direction r̂ at observ-
ing frequency νobs is

dFν (r̂, νobs) =
dLν (r̂, ν)

4πSk (r)2 (1+ z)
, (3.48)

and so the observer’s specific intensity dIν in direction r̂ at observing frequency νobs is

dIν (r̂, νobs) :=
dFν (r̂, νobs)

dΩ
(3.49)

=
4πjν (r r̂, z, ν) Sk (r)2 dΩdr
4πSk (r)2 (1+ z) dΩ (1+ z)3

=
jν (r r̂, z, ν) dr

(1+ z)4
. (3.50)

We neglect absorption so that the specific intensity of the ray only accumulates as
the ray travels through LSS to the observer: the Universe is mostly optically thin for
ν < 1 GHz; we assume this holds perfectly. So, by collecting all contributions along
the ray’s path, we obtain the equivalent of Eq. 12.12 of Peacock (1999):

Iν (r̂, νobs) =
ˆ ∞

0

jν (r r̂, z (r) , νobs (1+ z (r)))
(1+ z (r))4

dr. (3.51)

Alternatively, one can express Iν (r̂, νobs) as an integral over z. Because

r (z) =
c
H0

ˆ z

0

dz′

E (z′)
, (3.52)

with the dimensionless Hubble parameter E (z) := H(z)
H0

being E (z) =√
ΩR,0 (1+ z)4 +ΩM,0 (1+ z)3 +ΩK,0 (1+ z)2 +ΩΛ,0 and today’s curvatureden-
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sity parameter being ΩK,0 = 1−ΩR,0 −ΩM,0 −ΩΛ,0, we have

dr =
c
H0

dz
E (z)

. (3.53)

Combining Eq. 3.51, 3.52 and 3.53,

Iν (r̂, νobs) =
c
H0

ˆ ∞

0

jν (r (z) r̂, z, νobs (1+ z))
(1+ z)4 E (z)

dz. (3.54)

(Barring notational differences, the ΩΛ,0 = 0 (and ΩR,0 = 0) limit of this formula
is Eq. 12.10 of Peacock (1999).) Finally, we can read off that

dIν
dz

(r̂, νobs, z) =
c
H0

jν (r (z) r̂, z, νobs (1+ z))
(1+ z)4 E (z)

. (3.55)

3.A5 Volume-filling fractions

cosmic web cubic unit cells Forero-Romero et al. (2009) VFF Forero-Romero et al. (2009) VFF
structure type wf

l = 10−1 λth = 1,Reff = 0.88 h−1 Mpc ratio λth = 1,Reff = 2.05 h−1 Mpc ratio

voids 72.9% 76% 1.04 82% 1.12
sheets 24.3% 18% 0.74 14% 0.58
filaments 2.7% 5% 1.85 4% 1.48
clusters 0.1% 0.5% 5.00 0.28% 2.80

Table 3.1: Comparison between cosmic web structure type volume-filling fractions (VFFs) predicted
by the cubic unit cell model and those obtained by Forero-Romero et al. (2009) from cosmological
simulations for eigenvalue threshold λth = 1 and two effective smoothing scales Reff. The VFF ratio
columns give the simulation VFFs of the preceding column divided by the cubic unit cell VFFs of the
first column.

In this appendix, we compute the volume-filling fractions (VFFs) of the four canon-
ical structure types (clusters, filaments, sheets, and voids) as predicted by the cubic
unit cell geometric model developed in Sect. 3.3. A single cubic unit cell features two
typical lengthscales: a large scale (lf), and a small scale (wf), which can be interpreted
as the typical filament length and width, respectively. The cube obtained by raising
the large scale to the third power represents a void. Similarly, the three rectangular
cuboids obtained by taking the product of the square of the large scale, and the small
scale, resemble three sheets. The three rectangular cuboids obtained by taking the
product of the large scale, and the square of the small scale, resemble three filaments.
Finally, the cube obtained by raising the small scale to the third power resembles a
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Figure 3.18: Cosmicweb structure type volume-filling fractions (VFFs) as predicted by the cubic unit
cell model of Sect. 3.3. These VFFs depend on just one parameter: the ratio between the (comoving)
filament width and the (comoving) cubic unit cell edge length wf

l .

cluster. The natural volume-filling fractions (VFFs) suggested by this geometry are
thus

VFFc
(wf

l

)
=
(wf

l

)3
, (3.56)

VFFf
(wf

l

)
= 3

(wf

l

)2 (
1− wf

l

)
, (3.57)

VFFs
(wf

l

)
= 3

wf

l

(
1− wf

l

)2
, (3.58)

VFFv
(wf

l

)
=
(
1− wf

l

)3
. (3.59)

See Fig. 3.18. To see that theVFFs sum to 1, we rewrite 1 using the binomial theorem:

1 =
(wf

l
+ 1− wf

l

)3
=

3∑
n=0

(
3
n

)(wf

l

)n (
1− wf

l

)3−n
, (3.60)

and recognise the VFFs as the four terms in this expansion.
The VFFs obtained from this one-parameter model for wf

l = 10−1, are similar to
those retrieved by Forero-Romero et al. (2009) from cosmological simulations for
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eigenvalue threshold λth = 1 and effective smoothing scales Reff ∼ 100 Mpc (see
Table 3.1).

3.A6 Notation

This paper adopts the SI systemofunits (for formulae concerning electromagnetism),
and the following symbols. We list dimensionalities in SI base units with the radian
‘rad’ appended. Current-day quantities are subscripted with a zero: for example a0
is today’s scale factor, while a is the scale factor for arbitrary times. Upstream and
downstream quantities are subscripted with a ‘u’ or ‘d’, respectively: for example Tu

is the upstream plasma temperature, whilst T is the general plasma temperature.

symb. SI base units description
α 1 integrated synchrotron spectral index
αc 1 typical cluster α
αf 1 typical filament α
ᾱ 1 MEC-weighted mean α
βc 1 typical cluster MEC (1+ z) power law exponent
βf 1 typical filament MEC (1+ z) power law exponent
γ 1 adiabatic index
θ rad declination (J2000)
μ0 kg m s−2 A−2 vacuum permeability
ν s−1 emission frequency
νobs s−1 observing frequency
νref s−1 reference frequency (see C)
ξe 1 electron acceleration efficiency
Ξρ 1 CDF of RV jν | ρ
ρ kg m−3 total matter density
ρBM kg m−3 baryonic matter density
ρc kg m−3 critical density
ρDM kg m−3 dark matter density
σ kg s−3 K−4 Stefan–Boltzmann constant
φ rad right ascension (J2000)
Φ 1 CDF of standard normal RV
Ψ 1 as in Hoeft & Brüggen (2007)
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ΩΛ 1 dark energy density parameter
ΩBM 1 baryonic matter density parameter
ΩDM 1 dark matter density parameter
ΩK 1 curvature density parameter
ΩM 1 matter density parameter
ΩR 1 relativistic particle (i.e. photon and neutrino) density

parameter

a 1 scale factor
A m2 shock surface area
B kg s−2 A−1 proper magnetic field strength
BCMB kg s−2 A−1 CMBmagnetic field strength
c m s−1 speed of light in vacuo
cs m s−1 speed of sound
C 1 typical cluster-to-filament synchrotron MEC ratio at

ν = νref and z = 0
d m initial distance between test particle and equidense

cluster centre, filament axis or sheet midplane
dn m comoving distance to the n-th unit cell boundary

crossing
dΩ2 rad2 solid angle element
ds2 m2 spacetime line element
E 1 dimensionless Hubble parameter
FZ̄ 1 CDF of Z̄
G kg−1 m3 s−2 Newton’s gravitational constant
h 1 Hubble constant divided by 100 km s−1 Mpc−1

H s−1 Hubble parameter
Iν kg s−2 rad−2 specific intensity (observed)
jν kg m−1 s−2 rad−2 proper (not comoving) MEC
k m−1 Fourier dual of r
k m−2 FLRW (Gaussian) curvature of the Universe
l m comoving cubic unit cell edge length
lf m comoving filament length
lSE m SE kernel lengthscale
L - light ray path
mr 1 Petrosian r-band apparent magnitude
M 1 number of sightlines
M - cosmological model parameter tuple
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Mu 1 upstream shockMach number
ne m−3 electron number density
N 1 number of unit cell boundary crossings considered
pc−f 1 probability to pierce through a cluster, then a filament
pf 1 probability to pierce through a filament only
ps−v 1 probability to pierce through a sheet, then a void
Pν kg m2 s−2 proper power density
P 1 percentile random field
r m comoving position vector
r m radial comoving distance
r̂ 1 sky direction unit vector
r̂i 1 sky direction unit vector of ray i
R m equidense cluster radius, filament radius or sheet half-width
R - comoving reconstruction region; subset ofR3

Sk m transverse comoving distance
t s physical time since the Big Bang
T K proper plasma temperature
TCMB K CMB temperature
uEM kg m−1 s−2 electromagnetic energy density
v m s−1 shock or test particle velocity
V m3 shock effective volume
wf m typical comoving filament width
Xn 1 relative specific intensity contribution of the n-th newly-

entered unit cell
Xnm 1 relative specific intensity contribution of the n-th newly-

entered unit cell for them-th ray
〈y〉 m shock effective width
z, zM 1 cosmological redshift (under parametersM)
zmax 1 cosmological redshift up to which LSS is considered
zn 1 cosmological redshift of n-th unit cell boundary crossing
z̄ 1 specific intensity–weighted mean redshift
¯̄z 1 flux density–weighted mean redshift
Z 1 cosmological redshift RV
Z̄ 1 specific intensity–weighted mean redshift RV
Z 1 standard normal GRF

Table 3.2: Symbols, SI base units, and descriptions of all quantities used in this work. Quantities are
ordered alphabetically by their symbols, with Greek symbols preceding Roman ones.
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[O]nce powerful Telamon destroyed Troy and the Meropes and the great and
terrible warrior Alcyoneus, but not before that giant had laid low, by hurling
a rock, twelve chariots and twice twelve horse-taming heroes who were riding in
them.

Pindar, Greek poet,Nemean 4.25–29 (5th century B.C.)

4
The discovery of a radio galaxy of at

least 5 Mpc
M. S. S. L.Oei, R. J. vanWeeren,M. J.Hardcastle, A.Botteon,T.W. Shimwell, P.Dabhade,A. R.D. J.
G. I. B. Gast, H. J. A. Röttgering, M. Brüggen, C. Tasse, W. L. Williams, A. Shulevski — Astronomy
& Astrophysics, 660, 2, 2022

Abstract
Context Giant radio galaxies (GRGs, or colloquially ‘giants’) are the Universe’s
largest structures generated by individual galaxies. They comprise synchrotron-radia-
ting active galactic nucleus ejecta and attain cosmological (megaparsec-scale) lengths.
However, the main mechanisms that drive their exceptional growth remain poorly
understood.

Aims To deduce the main mechanisms that drive a phenomenon, it is usually in-
structive to study extreme examples. If there exist host galaxy characteristics that are
an important cause for GRG growth, then the hosts of the largest GRGs are likely
to possess them. Similarly, if there exist particular large-scale environments that are
highly conducive to GRG growth, then the largest GRGs are likely to reside in them.
For these reasons, we aim to perform a case study of the largest GRG available.

Methods We reprocessed the LOFAR Two-Metre Sky Survey (LoTSS) DR2 by
subtracting compact sources and performing multi-scale CLEAN de-convolutions
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at 60′′ and 90′′ resolution. The resulting images constitute the most sensitive survey
yet for radio galaxy lobes, whose diffuse nature and steep synchrotron spectra have
allowed them to evade previous detection attempts at higher resolution and shorter
wavelengths. We visually searched these images for GRGs.

Results We have discovered Alcyoneus, a low-excitation radio galaxy with a pro-
jected proper length lp = 4.99 ± 0.04 Mpc. Both its jets and lobes are detected at
very high significance, and the SDSS-based identification of the host, at spectroscopic
redshift zspec = 0.24674 ± 6 ·10−5, is unambiguous. The total luminosity density at
ν = 144MHz is Lν = 8± 1 · 1025 WHz−1, which is below average, though near me-
dian (percentile 45±3%) forGRGs. The host is an elliptical galaxywith a stellarmass
M⋆ = 2.4±0.4·1011M⊙ and a super-massive black holemassM• = 4±2·108M⊙,
both ofwhich tend towards the lower end of their respectiveGRGdistributions (per-
centiles 25± 9% and 23± 11%). The host resides in a filament of the Cosmic Web.
Through a new Bayesian model for radio galaxy lobes in three dimensions, we esti-
mate the pressures in the megaparsec-cubed-scale northern and southern lobes to be
Pmin,1 = 4.8±0.3 · 10−16 Pa and Pmin,2 = 4.9±0.6 · 10−16 Pa, respectively. The cor-
responding magnetic field strengths are Bmin,1 = 46± 1 pT and Bmin,2 = 46± 3 pT.

Conclusions We have discovered what is in projection the largest known struc-
ture made by a single galaxy — a GRG with a projected proper length lp = 4.99 ±
0.04 Mpc. The true proper length is at least lmin = 5.04 ± 0.05 Mpc. Beyond ge-
ometry, Alcyoneus and its host are suspiciously ordinary: the total low-frequency
luminosity density, stellar mass, and super-massive black hole mass are all lower than,
though similar to, those of the medial GRG. Thus, very massive galaxies or central
black holes are not necessary to grow large giants, and, if the observed state is repre-
sentative of the source over its lifetime, neither is high radio power. A low-density
environment remains a possible explanation. The source resides in a filament of the
Cosmic Web, with which it might have significant thermodynamic interaction. The
pressures in the lobes are the lowest hitherto found, and Alcyoneus therefore rep-
resents the most promising radio galaxy yet to probe the warm–hot inter-galactic
medium.

Key words: galaxies: active – galaxies: individual: Alcyoneus – galaxies: jets – in-
tergalactic medium – radio continuum: galaxies
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Figure 4.1: Joint radio-infrared view of Alcyoneus, a radio galaxy with a projected proper length of
5.0 Mpc. We show a 2048′′ × 2048′′ solid angle centred around right ascension 123.590372° and
declination 52.402795°. We superimpose LoTSS DR2 images at 144 MHz of two different resolu-
tions (6′′ for the core and jets, and 60′′ for the lobes) (orange), with theWISE image at 3.4 μm (blue).
To highlight the radio emission, the infrared emission has been blurred to 0.5′ resolution.

4.1 Introduction

Most galactic bulges hold a super-massive (M• > 106 M⊙) Kerr black hole (e.g.
Soltan, 1982) that grows by accreting gas, dust, and stars from its surroundings (Kor-
mendy&Ho, 2013). The black hole ejects a fraction of its accretion disk plasma from
the host galaxy along two collimated,magnetised jets that are alignedwith its rotation
axis (e.g. Blandford&Rees, 1974). The relativistic electrons contained herein experi-
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ence Lorentz force and generate, through spiralmotion, synchrotron radiation that is
observed by radio telescopes. The two jets either fade gradually or end in hotspots at
the end of diffuse lobes and ultimately enrich the inter-galactic mediumwith cosmic
rays and magnetic fields. The full luminous structure is referred to as a ‘radio galaxy’
(RG). Members of a rare RG sub-population attain megaparsec-scale proper (and
thus also co-moving) lengths (e.g.Willis et al., 1974; Andernach et al., 1992; Ishwara-
Chandra & Saikia, 1999; Jamrozy et al., 2008;Machalski, 2011; Kuźmicz et al., 2018;
Dabhade et al., 2020a). The definition of giant radio galaxies (GRGs, or colloquially
‘giants’) accommodates our limited ability to infer an RG’s true proper length from
observations: an RG is called a GRG if and only if its proper length projected onto
the plane of the sky exceeds some threshold, lp,GRG, usually chosen to be 0.7 or 1Mpc.
Because the conversion between angular length and projected proper length depends
on cosmological parameters, which remain uncertain, it is not always clear whether a
given observed RG satisfies the GRG definition.

Currently, there are about a thousand GRGs known, the majority of which have
been found in the northern sky. About one hundred exceed 2Mpc, and ten exceed 3
Mpc; at 4.9Mpc, the literature’s projectively longest GRG is J1420-0545 (Machalski
et al., 2008). As such, GRGs— and the rest of the megaparsec-scale RGs — are the
largest single-galaxy–induced phenomena in the Universe. Which physical mecha-
nisms lead someRGs to extend for∼102 times their host galaxy diameter is a key open
question. To determine whether there exist particular host galaxy characteristics or
large-scale environments that are essential for GRG growth, it is instructive to anal-
yse the largest GRGs, since in these systems it is most likely that all major favourable
growth factors are present. We thus aim to perform a case study of the largest GRG
available.

As demonstrated by Dabhade et al. (2020b)’s record sample of 225 discoveries,
the Low-Frequency Array (LOFAR; van Haarlem et al., 2013) is among the most at-
tractive contemporary instruments for finding newGRGs. This pan-European radio
interferometer features a unique combination of short baselines to provide sensitiv-
ity to large-scale emission and long baselines to mitigate source confusion.1 These
qualities are indispensable for observational studies of GRGs, which require both
extended lobes and compact cores and jets to be identified. Additionally, the metre
wavelengths at which the LOFARoperates allow it to detect steep-spectrum lobes far
away from host galaxies. Such lobes reveal the full extent of GRGs but are missed by

1Source confusion is an instrumental limitation that arises when the resolution of an image is low
compared to the sky density of statistically significant sources. It causes angularly adjacent but physi-
cally unrelated sources to blend together, making it hard or even impossible to distinguish them (e.g.
Condon et al., 2012).
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Figure 4.2: LoTSS DR2 images of Alcyoneus, centred around host galaxy J081421.68+522410.0, at
central frequency νc = 144 MHz and standard resolutions θFWHM = 6′′ (top) and θFWHM = 20′′
(bottom). At these resolutions, Alcyoneus’s lobes are easily overlooked. For scale, we show the stellar
Milky Way disk (diameter: 50 kpc) and a ten-times-inflated version; the spiral galaxy shape follows
Ringermacher &Mead (2009).

decimetre observatories. Thus, in Sect. 4.2 we describe a reprocessing of the LOFAR
Two-Metre Sky Survey (LoTSS) Data Release 2 (DR2) aimed at revealing hitherto
unknown RG lobes — among other goals. An overview of the reprocessed images,
which cover thousands of square degrees, and statistics of the lengths and environ-
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ments of the GRGs they have revealed are subjects of future publications. In the
present article we introduce Alcyoneus2, a 5 Mpc GRG that these images allowed us
to discover.We determine and discuss its properties in Sect. 4.3. Figure 4.1 provides a
multi-wavelength, multi-resolution view of this giant. Section 4.4 contains our con-
cluding remarks.

Throughout thiswork,we assume a concordance cosmological constant–colddark
matter cosmology with parametersM from Planck Collaboration et al. (2020):
M = (h = 0.6766,ΩBM,0 = 0.0490,ΩM,0 = 0.3111,ΩΛ,0 = 0.6889), whereH0
:= h · 100 km s−1 Mpc−1. We define the spectral index α such that it relates to flux
density Fν at frequency ν as Fν ∝ να. Regarding terminology, we strictly distinguish
between an RG (a radio-bright structure of relativistic particles and magnetic fields,
consisting of a core, jets, hotspots, and lobes) and the host galaxy that generates it.

4.2 Data and methods

The LoTSS, conducted by the LOFAR High-Band Antennae (HBA), is a 120–168
MHz interferometric survey (Shimwell et al., 2017, 2019, 2022) with the ultimate
aim to image the full northern sky at resolutions of 6′′, 20′′, 60′′, and 90′′. Its central
frequency νc = 144 MHz. The latest data release — the LoTSS DR2 (Shimwell
et al., 2022) — covers 27% of the northern sky, split over two regions of 4178 deg2

and 1457 deg2; the largest of these contains the SloanDigital Sky Survey (SDSS)DR7
(Abazajian et al., 2009) area. By default, the LoTSS DR2 provides imagery at the 6′′
and 20′′ resolutions. We show these standard products in Fig. 4.2 for the same sky
region as in Fig. 4.1. In terms of total source counts, the LoTSS DR2 is the largest
radio survey carried out thus far: its catalogue contains 4.4 · 106 sources, most of
which are considered ‘compact’.

By contrast, the 60′′ and 90′′ imagery, which we discuss in more detail in Oei et al.
(prepa), is intended to reveal extended structures in the low-frequency radio sky, such
as GRGs, supernova remnants in the Milky Way, radio halos and shocks in galaxy
clusters, and — potentially — accretion shocks or volume-filling emission from fila-
ments of the Cosmic Web. To avoid the source confusion limit at these resolutions,
following vanWeeren et al. (2021), weusedDDFacet (Tasse et al., 2018) to predict vis-
ibilities corresponding to the 20′′ LoTSS DR2 sky model and subtracted these from

2Alcyoneus was the son of Ouranos, the Greek primordial god of the sky. According to Ps.-
Apollodorus, he was also one of the greatest of the Gigantes (Giants) and a challenger to Heracles
during the Gigantomachy — the battle between the Giants and the Olympian gods for supremacy
over the cosmos. The poet Pindar described him as ‘huge as a mountain’, fighting by hurling rocks at
his foes.
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the data, before imaging at 60′′ and 90′′ with WSClean IDG (Offringa et al., 2014;
van der Tol et al., 2018). We used -0.5 Briggs weighting andmulti-scale CLEAN (Of-
fringa & Smirnov, 2017), with -multiscale-scales 0,4,8,16,32,64. Importantly,
we did not impose an inner (u, v)-cut. We imaged eachpointing separately, then com-
bined the partially overlapping images into amosaic by calculating, for each direction,
a beam-weighted average.

Finally, we visually searched the LoTSS DR2 for GRGs, primarily at 6′′ and 60′′,
using the Hierarchical Progressive Survey (HiPS) system in Aladin Desktop 11.0
(Bonnarel et al., 2000).

4.3 Results and discussion

4.3.1 Radio morphology and interpretation

During our LoTSS DR2 search, we identified a three-component radio structure of
total angular length φ = 20.8′, visible at all (6′′, 20′′, 60′′ and 90′′) resolutions. Fig-
ure 4.2 provides a sense of our data quality; it shows that the outer components are
barely discernible in the LoTSS DR2 at its standard 6′′ and 20′′ resolutions. Mean-
while, Fig. 4.1 shows the outer components at 60′′, and the toppanel of Fig. 4.9 shows
them at 90′′; at these resolutions, they lie firmly above the noise. Compared with the
outer structures, the central structure is bright and elongated, with a 155′′ major axis
and a 20′′minor axis. The outer structures lie along themajor axis at similar distances
from the central structure, are diffuse and amorphous, and feature specific intensity
maxima along this axis.

In the arcminute-scale vicinity of the outer structures, the DESI Legacy Imaging
Surveys (Dey et al., 2019)DR9doesnot reveal galaxyoverdensities or low-redshift spi-
ral galaxies, theROSATAll-Sky Survey (RASS) (Voges et al., 1999) does not showX-
ray brightness above the noise, and there is no Planck Sunyaev–Zeldovich Catalogue
2 (PSZ2) (Planck Collaboration et al., 2016) source nearby. The outer structures
therefore cannot be supernova remnants in low-redshift spiral galaxies or radio relics
and radio halos in galaxy clusters. Instead, the outer structures presumably represent
RG emission. The radio-optical overlays in the top and bottom panels of Fig. 4.3
show that it is improbable that each outer structure is an RG of its own, given the
lack of significant 6′′ radio emission (solid light green contours) around host galaxy
candidates suggested by themorphology of the 60′′ radio emission (translucentwhite
contours). For these reasons, we interpret the central (jet-like) structure and the outer
(lobe-like) structures as components of the same RG.

Subsequent analysis—presented below—demonstrates that thisRG is the largest
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Figure 4.3: Joint radio-optical views showing that the outer structures shown in Fig. 4.1 are best
interpreted as a pair of RG lobes fed by central jets. On top of DESI Legacy Imaging Surveys DR9
(g, r, z) imagery, we show the LoTSS DR2 at various resolutions through contours at multiples of σ,
where σ is the image noise at the relevant resolution. The top and bottom panels show translucent
white 60′′ contours at 3, 5, 7, 9, 11σ and solid light green 6′′ contours at 4, 7, 10, 20, 40σ. The central
panel shows translucent white 6′′ contours at 5, 10, 20, 40, 80σ.
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hitherto discovered, with a projected proper length of 5.0 Mpc. We dub this GRG
‘Alcyoneus’.

4.3.2 Host galaxy identification

Based on the middle panel of Fig. 4.3 and an SDSS DR12 (Alam et al., 2015) spec-
trum, we identify a source at a J2000 right ascension of 123.590372°, a declination of
52.402795° and a spectroscopic redshift of zspec = 0.24674± 6·10−5 asAlcyoneus’s
host. LikemostGRGhosts, this source,withSDSSDR12name J081421.68+522410.0,
is an elliptical galaxy3 without a quasar. From optical contours, we find that the
galaxy’s minor axis makes a∼20° angle with Alcyoneus’s jet axis.
In Fig. 4.4 we further explore the connection between J081421.68+522410.0 and

Alcyoneus’s radio core and jets. From top to bottom, we show the LoTSS DR2
at 6′′, the Very Large Array Sky Survey (VLASS) (Lacy et al., 2020) at 2.2′′, and
the Panoramic Survey Telescope and Rapid Response System (Pan-STARRS) DR1
(Chambers et al., 2016) iband. Two facts confirmthat thehost identification is highly
certain. First, for both the LoTSS DR2 at 6′′ and the VLASS at 2.2′′, the angular
separation between J081421.68+522410.0 and the arc connecting Alcyoneus’s two
innermost jet features is at the sub-arcsecond scale. Moreover, the alleged host galaxy
is the brightest Pan-STARRSDR1 i-band sourcewithin a radius of 45′′ of the central
VLASS image component.

4.3.3 Radiative- or jet-mode active galactic nucleus

Current understanding (e.g. Heckman&Best, 2014) suggests that the population of
active galactic nuclei (AGN) exhibits a dichotomy: AGN seem to be either radiative-
mode AGN, which generate high-excitation radio galaxies (HERGs), or jet-mode
AGN, which generate low-excitation radio galaxies (LERGs). We wished to deter-
mine if Alcyoneus is a HERG or a LERG. The SDSS spectrum of the host features
very weak emission lines; indeed, the star formation rate is just 1.6 · 10−2 M⊙ yr−1

(Chang et al., 2015). Following the classification rule ofBest&Heckman (2012), Best
et al. (2014), Pracy et al. (2016), andWilliams et al. (2018) based on the strength and
equivalent width of the OIII 5007 line, we determined that Alcyoneus is a LERG.
Moreover, the Wide-Field Infrared Survey Explorer (WISE) photometry (Cutri & et
al., 2012) at 11.6 μm and 22.1 μm is below the instrumental detection limit. Follow-
ing the classification rule of Gürkan et al. (2014) based on the 22.1 μm luminosity

3Based on the SDSS morphology, Kuminski & Shamir (2016) calculate a probability of 89% that
the galaxy is an elliptical.

171



123.56123.58123.6123.62

right ascension (°)

52.39

52.4

52.41

52.42

d
ec

lin
at

io
n

(°
)

0

1 · 103

2 · 103

3 · 103

4 · 103

5 · 103

6 · 103

7 · 103

sp
ec

ifi
c

in
te

n
si

ty
I ν
( J

y
d

eg
−

2
)

123.56123.58123.6123.62

right ascension (°)

52.39

52.4

52.41

52.42

d
ec

lin
at

io
n

(°
)

0

1 · 103

2 · 103

3 · 103

4 · 103

5 · 103

6 · 103

7 · 103

sp
ec

ifi
c

in
te

n
si

ty
I ν
( J

y
d

eg
−

2
)

123.56123.58123.6123.62

right ascension (°)

52.39

52.4

52.41

52.42

d
ec

lin
at

io
n

(°
)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

re
la

ti
ve

sp
ec

ifi
c

in
te

n
si

ty
I ν

(1
)

Figure 4.4: Radio and optical specific intensity function details around the SDSS DR12 source
J081421.68+522410.0, Alcyoneus’s host galaxy. The panels cover a 2.5′ × 2.5′ region around the
host, an elliptical galaxy with spectroscopic redshift zspec = 0.24674 ± 6 · 10−5. From top to bot-
tom, we show the LoTSSDR2 6′′, the VLASS 2.2′′, and the Pan-STARRSDR1 i band relative to the
host’s specific intensity with LoTSS contours (white) as in Fig. 4.3 and a VLASS contour (gold) at 5σ.
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density, we affirmed that Alcyoneus is a LERG. Through automated classification,
Best &Heckman (2012) came to the same conclusion.
Being a jet-mode AGN, the super-massive black hole (SMBH) in the centre of Al-

cyoneus’s host galaxy presumably accretes at an efficiency below 1% of the Eddington
limit and is fuelled mainly by slowly cooling hot gas.

4.3.4 Projected proper length

We calculated Alcyoneus’s projected proper length lp through its angular length φ
and spectroscopic redshift zspec. We formally determined φ = 20.8′±0.15′ from the
compact-source–subtracted 90′′ image (top panel of Fig. 4.9) by selecting the largest
great-circle distance between all possible pairs of pixels with a specific intensity higher
than three sigma-clipped standard deviations above the sigma-clipped median. We
find lp = 4.99±0.04Mpc; thismakesAlcyoneus the projectively largestRGknown.
Methodology details and a probabilistic comparison between the projected proper

lengths of Alcyoneus and J1420-0545 are given in Appendix 4.A1.

4.3.5 Radio luminosity densities and kinetic jet powers

From the LoTSS DR2 6′′ image (top panel of Fig. 4.4), we measured that two north-
ern jet local maxima occur at angular distances of 9.2 ± 0.2′′ and 23.7 ± 0.2′′ from
the host, or at projected proper distances of 36.8± 0.8 kpc and 94.8± 0.8 kpc. Two
southern jet local maxima occur at angular distances of 8.8 ± 0.2′′ and 62.5 ± 0.2′′
from the host, or at projected proper distances of 35.2±0.8 kpc and 249.9±0.8 kpc.
At the central observing frequency of νc = 144 MHz, the northern jet has a flux

density Fν = 193 ± 20 mJy, the southern jet has Fν = 110 ± 12 mJy, whilst the
northern lobe has Fν = 63 ± 7 mJy and the southern lobe has Fν = 44 ± 5 mJy.
To minimise contamination from fore- and background galaxies, we determined the
lobe flux densities from the compact-source–subtracted 90′′ image. The flux density
uncertainties are dominated by the 10% flux scale uncertainty inherent to the LoTSS
DR2 (Shimwell et al., 2022). The host galaxy flux density is relatively weak, and the
corresponding emission has, at νc = 144 MHz and 6′′ resolution, no clear angular
separation from the inner jets’ emission; we have therefore not determined it.

Due to cosmological redshifting, the conversionbetweenfluxdensity and luminos-
ity density depends on the spectral indices α of Alcyoneus’s luminous components.
We estimated the spectral indices of the core and jets from the LoTSS DR2 6′′ and
VLASS 2.2′′ images. After convolving the VLASS imagewith aGaussian to the com-
mon resolution of 6′′, we calculated themean spectral index between the LoTSS cen-
tral frequency νc = 144 MHz and the VLASS central frequency νc = 2.99 GHz.
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Figure 4.5: LoTSS–VLASS spectral indexmap, revealing Alcyoneus’s flat-spectrum core and steeper-
spectrum jets. We show all directions where both the LoTSS andVLASS images have at least 5σ signif-
icance. In black, we overlay the same LoTSS contours as in Figs. 4.3 and 4.4. The core spectral index
is α = −0.25± 0.1, and the combined inner jet spectral index is α = −0.65± 0.1.

Using only directions for which both images have a significance of at least 5σ, we de-
duced a core spectral index α = −0.25± 0.1 and a combined inner jet spectral index
α = −0.65±0.1. The spectral index uncertainties are dominated by the LoTSSDR2
and VLASS flux scale uncertainties. We show the full spectral index map in Fig. 4.5.
We have not determined the spectral index of the lobes, as they are only detected in
the LoTSS imagery.

The luminosity densities of the northern and southern jet at rest-frame frequency
ν = 144MHzareLν = (3.6± 0.4)·1025WHz−1 andLν = (2.0± 0.2)·1025WHz−1,
respectively. Following Dabhade et al. (2020a), we estimated the kinetic power of the
jets from their luminosity densities and the results of the simulation-based analytical
model of Hardcastle (2018). We find Qjet,1 = 1.2 ± 0.1 · 1036 W and Qjet,2 = 6.6 ±
0.7·1035W, so the total kinetic jet power isQjets := Qjet,1+Qjet,2 = 1.9±0.2·1036W.
Interestingly, this total kinetic jet power is lower than the averageQjets = 3.7 · 1036 W,
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and close to the medianQjets = 2.2 · 1036 W, for low-excitation GRGs in the redshift
range 0.18 < z < 0.43 (Dabhade et al., 2020a).
Because the lobe spectral indices are unknown, we present luminosity densities for

several possible values of α in Table 4.1.4 (Because of electron ageing, α will decrease
further away from the core.)

Table 4.1: Luminosity densities Lν (in 1024 WHz−1) of Alcyoneus’s lobes for three potential spectral
indices α at rest-frame frequency ν = 144MHz.

α = −0.8 α = −1.2 α = −1.6
Northern lobe 12± 1 13± 1 14± 1
Southern lobe 8.3± 0.8 9.0± 0.9 9.9± 1

Assuming α = −1.2, Alcyoneus’s total luminosity density at ν = 144 MHz is Lν =

7.8 ± 0.8 · 1025 WHz−1. In Fig. 4.6 we compare this estimate to other GRGs’ total
luminosity density at the same frequency, as foundbyDabhade et al. (2020b) through
the LoTSS DR1 (Shimwell et al., 2019). Interestingly, Alcyoneus is not particularly
luminous: it has a low-frequency luminosity density typical for the currently known
GRG population (percentile 45± 3%).

4.3.6 True proper length from relativistic beaming

Following Hardcastle et al. (1998a), we simultaneously constrained Alcyoneus’s jet
speed u and inclination angle θ from the jets’ flux density asymmetry: the northern-
to-southern jet flux density ratio J = 1.78 ± 0.3.5 We had assumed that the jets
propagate with identical speeds in exactly opposite directions (making line-of-sight
angles θ and θ+ 180°) and have statistically identical relativistic electron populations;
as such, they have a common synchrotron spectral index α. Using α = −0.65± 0.1
as before and

β :=
u
c
; β cos θ =

J
1

2−α − 1
J

1
2−α + 1

, (4.1)

we found β cos θ = 0.106 ± 0.03. Because cos θ ≤ 1, β is bounded from below by
βmin = 0.106± 0.03.
From detailed modelling of ten Fanaroff–Riley I RGs (which have jet luminosities

4The inferred luminosity densities have a cosmology dependence; our results are∼6% higher than
for modern high-H0 cosmologies.

5Because J is obtained through the division of two independent normal random variables (RVs)
with non-zero mean, J is an RV with an uncorrelated non-central normal ratio distribution.
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Figure 4.6: Relation between the GRG projected proper length lp and total luminosity density Lν
at rest-frame frequency ν = 144 MHz. Total luminosity densities include contributions from all
available RG components (i.e. the core, jets, hotspots, and lobes). LiteratureGRGs are fromDabhade
et al. (2020b) and are marked with grey disks, and Alcyoneus is marked with a green star. Translucent
ellipses indicate -1 to +1 standard deviation uncertainties. Alcyoneus has a typical luminosity density
(percentile 45± 3%).

comparable to that of Alcyoneus), Laing & Bridle (2014) deduced that initial jet
speeds are roughly β = 0.8, which decrease until roughly 0.6 r0, with r0 being the
recollimation distance. Most of the ten recollimation distances from Laing & Bri-
dle (2014) are between 5 and 15 kpc, with the largest being that of NGC 315: r0 =

35 kpc. Because the local specific intensity maxima in Alcyoneus’s jets closest to the
host occur at projected proper distances of 36.8±0.8 kpc and 35.2±0.8 kpc, the true
proper distancesmust be even larger. We conclude that the observed jet emission pre-
sumably comes from a region farther from the host than r0, so the initial stage of jet
deceleration — in which the jet speed is typically reduced by several tens of percents
of c—must already be completed. Thus, βmax = 0.8 is a safe upper bound.

Taking βmax = 0.8, θ is bounded from above by θmax = 82.4 ± 2° (θ ∈ [0, 90°]),
or bounded from below by 180° − θmax = 97.6± 2° (θ ∈ [90°, 180°]).6 If we model

6Taking βmax = 1 instead, θ is bounded from above by θmax = 83.9±2° (θ ∈ [0, 90°]), or bounded
from below by 180° − θmax = 96.1± 2° (θ ∈ [90°, 180°]).
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Alcyoneus’s geometry as a line segment, and assume no jet reorientation, Alcyoneus’s
true proper length l and projected proper length lp relate as

l =
lp

sin θ
; l ≥ lmin =

lp
sin θmax

. (4.2)

We bounded l frombelow: lmin = 5.04±0.05Mpc. A triangular prior on β between
βmin and βmax with the mode at βmax induces a skewed prior on l; the 90% credible
interval is l ∈ [5.0 Mpc, 5.5 Mpc], with the mean and median being 5.2 Mpc and
5.1 Mpc, respectively. A flat prior on β between βmin and βmax also induces a skewed
prior on l; the 90% credible interval is l ∈ [5.0 Mpc, 7.1 Mpc], with the mean and
median being 5.6Mpc and 5.1Mpc, respectively. The median of l seems particularly
well determined, as it is insensitive to variations in the prior on β.

In Appendix 4.A2, we explore the inclination angle conditions under which Alcy-
oneus has the largest true proper length of all known (> 4Mpc) GRGs.

4.3.7 Stellar mass and super-massive black hole mass

The question then arises as to whether a galaxy or its central black hole needs to
be massive in order to generate a GRG. Alcyoneus’s host has a stellar mass M⋆ =

2.4 ± 0.4 · 1011 M⊙ (Chang et al., 2015). We tested whether or not this is a typi-
cal stellar mass among the total known GRG population. We assembled a literature
catalogue of 1013 GRGs by merging the compendium of Dabhade et al. (2020a),
which is complete up toApril 2020,with theGRGsdiscovered inGalvin et al. (2020),
Ishwara-Chandra et al. (2020), Tang et al. (2020), Bassani et al. (2021), Brüggen et al.
(2021), Delhaize et al. (2021), Masini et al. (2021), Kuźmicz & Jamrozy (2021), An-
dernach et al. (2021) and Mahato et al. (2022). We collected stellar masses with un-
certainties from Chang et al. (2015), which are based on SDSS and WISE photom-
etry, and from Salim et al. (2018), which are based on Galaxy Evolution Explorer
(GALEX), SDSS, and WISE photometry. We gave precedence to the stellar masses
by Salim et al. (2018) when both were available. We obtained stellar masses for 151
previously known GRGs. The typical stellar mass range is 1011 – 1012 M⊙, the me-
dianM⋆ = 3.5 · 1011 M⊙, and the meanM⋆ = 3.8 · 1011 M⊙. Strikingly, the top
panel of Fig. 4.7 illustrates that Alcyoneus’s host has a fairly low (percentile 25±9%)
stellar mass compared with the currently known population of GRG hosts.

For the GRGs in our literature catalogue, we also estimated SMBHmasses via the
M-sigma relation. We collected SDSS DR12 stellar velocity dispersions with uncer-
tainties (Alam et al., 2015), and applied the M-sigma relation of Eq. 7 in Kormendy
& Ho (2013). Alcyoneus’s host has a SMBH mass M• = 3.9 ± 1.7 · 108 M⊙.
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Figure 4.7: Relations between the GRG projected proper length lp and the host galaxy stellar mass
M⋆ (top panel) and between the GRG lp and the host galaxy SMBHmassM• (bottom panel). Our
methods allow these properties to be determined for a small proportion of all literature GRGs only.
Literature GRGs are marked with grey disks, and Alcyoneus is marked with a green star. Translucent
ellipses indicate -1 to +1 standard deviation uncertainties. Alcyoneus’s host has a below-average stellar
mass (percentile 25± 9%) and SMBHmass (percentile 23± 11%).
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We obtained SMBH masses for 189 previously known GRGs. The typical SMBH
mass range is 108 – 1010 M⊙, the medianM• = 7.9 · 108 M⊙ and the meanM• =

1.5 · 109 M⊙. Strikingly, the bottom panel of Fig. 4.7 illustrates that Alcyoneus’s
host has a fairly low (percentile 23± 11%) SMBHmass compared with the currently
known population of GRG hosts.

We note that Alcyoneus is the only GRG with lp > 3 Mpc whose host’s stellar
mass is known through Chang et al. (2015) or Salim et al. (2018), and whose host’s
SMBH mass can be estimated through its SDSS DR12 velocity dispersion. These
data allow us to state confidently that exceptionally high stellar or SMBHmasses are
not necessary to generate 5-megaparsec-scale GRGs.

4.3.8 Surrounding large-scale structure

Several approaches to large-scale structure (LSS) classification, such as theT-web scheme
(Hahn et al., 2007), partition the modern Universe into galaxy clusters, filaments,
sheets, and voids. In this section, we determine Alcyoneus’s most likely environment
type using the SDSS DR7 spectroscopic galaxy sample (Abazajian et al., 2009).

In particular, we determined if Alcyoneus’s host has fewer, about equal, or more
galactic neighbours in SDSSDR7 than a randomly drawn galaxy of similar r-band lu-
minosity density and redshift. Let r (z) be the co-moving radial distance correspond-
ing to cosmological redshift z. We considered a spherical shell with the observer at the
centre, inner radiusmax {r(z = zspec)− r0, 0} and outer radius r(z = zspec)+r0. We
approximated Alcyoneus’s cosmological redshift with zspec and chose r0 = 25 Mpc.
As all galaxies in the spherical shell have a similar distance to the observer (i.e. dis-
tances are at most 2r0 different), the SDSSDR7 galaxy number density completeness
must also be similar throughout the spherical shell.7 For each enclosed galaxy with an
r-band luminosity density between 1− δ and 1+ δ times that of Alcyoneus’s host, we
counted the number of SDSSDR7galaxiesN<R (R)within a sphere of co-moving ra-
diusR around it— regardless of luminosity density, and excluding itself. Alcyoneus’s
host has an SDSS r-band apparent magnitudemr = 18.20; the corresponding lumi-
nosity density isLν (λc = 623.1 nm) = 3.75 · 1022 WHz−1. We chose δ = 0.25; this
yielded 9,358 such enclosed galaxies.
In Fig. 4.8, we show the distribution ofN<R (R) for R = 5 Mpc and R = 10 Mpc.
We verify that the distributions are insensitive to reasonable changes in r0 and δ. We
note that there is no SDSS DR7 galaxy within a co-moving distance of 5 Mpc from
Alcyoneus’s host. The nearest such galaxy, J081323.49+524856.1, occurs at a co-

7For r0 = 25 Mpc, this is a good approximation, because the shell is cosmologically thin: 2r0 =
50Mpc roughly amounts to the length of a single Cosmic Web filament.
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Figure 4.8: Probability mass functions tracing the environmental density distribution of luminous
galaxies at Alcyoneus’s redshift. Like most galaxies of similar r-band luminosity density and redshift,
Alcyoneus’s host has no galactic neighbours in SDSS DR7 within 5 Mpc. However, within 10 Mpc,
Alcyoneus’s host has more neighbours than most similar galaxies. For all 9,358 SDSS DR7 galaxies
with an r-band luminosity density between 75% and 125% that of Alcyoneus’s host and a co-moving
radial distance that differs by at most r0 = 25 Mpc from that of Alcyoneus, we count the number
of SDSS DR7 galaxies, N<R (R), within a sphere of co-moving radius R = 5 Mpc (top panel) and
R = 10Mpc (bottompanel). The top panel indicates thatAlcyoneus does not inhabit a galaxy cluster;
the bottom panel indicates that Alcyoneus does not inhabit a void.

moving distance of 7.9 Mpc: the nearest∼2, 000 Mpc3 of co-moving space are free
of galactic neighbours with Lν (λc) > 5.57 · 1022 WHz−1.8 In the same way as in

8This is the luminosity density that corresponds to the SDSS r-band apparent magnitude com-
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Sect. 4.3.1, we verified that the DESI Legacy Imaging Surveys DR9, RASS and PSZ2
do not contain evidence for a galaxy cluster in the direction of Alcyoneus’s host. The
nearest galaxy cluster, according to the SDSS-III cluster catalogueofWenet al. (2012),
instead lies 24′ away at right ascension 123.19926°, declination 52.72468° and pho-
tometric redshift zph = 0.2488. It has an R200 = 1.1 Mpc and, according to the
DESI cluster catalogue of Zou et al. (2021), a total massM = 2.2 · 1014 M⊙. The
co-moving distance between the cluster and Alcyoneus’s host is 11 Mpc. All in all,
we conclude that Alcyoneus does not reside in a galaxy cluster. Meanwhile, there are
five SDSS DR7 galaxies within a co-moving distance of 10 Mpc from Alcyoneus’s
host: this makes it implausible that Alcyoneus lies in a void. Finally, one could in-
terpret N<R (R) as a proxy for the LSS total matter density around a galaxy. For
R = 10 Mpc, just 17% of galaxies in the shell with a similar luminosity density as
Alcyoneus’s host have a higher LSS total matter density. Being on the high end of the
density distribution, but lying outside a cluster, Alcyoneus most probably inhabits a
filament of the Cosmic Web.

4.3.9 Proper lobe volumes

We determined the proper volumes of Alcyoneus’s lobes with a new Bayesian model.
The model describes the lobes through a pair of doubly truncated, optically thin
cones, each of which has a spatially constant and isotropic monochromatic emission
coefficient (MEC; Rybicki & Lightman, 1986). We allowed the 3D orientations and
opening angles of the cones to differ, as the lobes can traverse their way through dif-
ferently pressured parts of the warm–hot inter-galactic medium (WHIM): for exam-
ple, the medium near the filament axis and the medium near the surrounding voids.
By adopting a spatially constant MEC, we neglected electron density and magnetic
field inhomogeneities as well as spectral-ageing gradients; by adopting an isotropic
MEC, we assumed non-relativistic velocities within the lobe so that beaming effects
are negligible. Numerically, we first generated the GRG’s 3D MEC field over a cu-
bical voxel grid, and then calculated the corresponding model image through projec-
tion, including expansion-related cosmological effects. Before comparison with the
observed image, we convolved the model image with a Gaussian kernel to the appro-
priate resolution. We exploited the approximately Gaussian LoTSSDR2 image noise
to formulate the likelihood, and assumed a flat prior distribution over the parameters.
Using Metropolis–Hastings (MH) Markov chain Monte Carlo (MCMC), we sam-

pleteness limitmr = 17.77 (Strauss et al., 2002).
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pled from the posterior distribution.9
In the top panel of Fig. 4.9, we show the LoTSS DR2 compact-source-subtracted

90′′ image of Alcyoneus. The central region has been excluded from source subtrac-
tion, and hence Alcyoneus’s core and jets remain. (However, when we run our MH
MCMCon this image, we domask this central region.) In themiddle panel, we show
the highest-likelihood (and thus maximum a posteriori (MAP)) model image before
convolution. In the bottom panel, we show the same model image convolved to 90′′
resolution, with 2σ and 3σ contours of the observed image overlaid. We provide the
full parameter set that corresponds with this model in Table 4.2.

The posterior mean, calculated through the MHMCMC samples after burn-in,
suggests the following geometry. The northern lobe has an opening angle γ1 = 10±
1°, and the cone truncates at an inner distance di,1 = 2.6± 0.2Mpc and at an outer
distance do,1 = 4.0 ± 0.2 Mpc from the host galaxy. The southern lobe has a larger
opening angle γ2 = 26 ± 2°, but its cone truncates at smaller distances of di,2 =

1.5 ± 0.1 Mpc and do,2 = 2.0 ± 0.1 Mpc from the host galaxy. These parameters
fix the proper volumes of Alcyoneus’s northern and southern lobes. We find V1 =

1.5± 0.2Mpc3 andV2 = 1.0± 0.2Mpc3, respectively (see Eq. 4.20).10
Regarding the orientation of the lobes, Fig. 4.1 provides a visual hint that the lobes

are subtly non-coaxial. The posterior indicates that the position angles of the north-
ern and southern lobes are ϕ1 = 307 ± 1° and ϕ2 = 139 ± 2°, respectively. The
position angle difference is thus Δϕ = 168 ± 2°: although close to Δϕ = 180°, we
can reject the null hypothesis of coaxiality with high significance. Interestingly, the
posterior also constrains the angles that the lobe axes make with the plane of the sky:
|θ1 − 90°| = 51 ± 2° and |θ2 − 90°| = 18 ± 7°. Again, the uncertainties imply
that the lobes are probably not coaxial. We stress that these inclination angle results
are tentative only. Future model extensions should explore how sensitive they are to
the assumed lobe geometry (by testing other shapes than just truncated cones, such
as ellipsoids).

One way to validate the model is to compare the observed lobe flux densities of
Sect. 4.3.5 to the predicted lobe flux densities. According to the posterior, theMECs

9A detailed description of the model parameters, the MHMCMC, and the formulae for the de-
rived quantities are given in Appendix 4.A3.

10As a sanity check, we compared our results to those from a less rigorous, though simpler, ellipsoid-
based method of estimating volumes. By fitting ellipses to the image in the top panel of Fig. 4.9, one
obtains a semi-minor and semi-major axis; the half-diameter along the ellipsoid’s third dimension is
assumed to be their mean. This method suggests a northern lobe volumeV1 = 1.4± 0.3Mpc3 and a
southern lobe volumeV2 = 1.1±0.3Mpc3. These results agree well with our Bayesianmodel results.
(If the half-diameter along the third dimension is instead treated as anRVwith a uniform distribution
between the semi-minor axis and the semi-major axis, the estimates remain the same.)
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of the northern and southern lobes are jν,1 = 17 ± 2 Jy deg−2 Mpc−1 and jν,2 =

18 ± 3 Jy deg−2 Mpc−1. Combining MECs and volumes, we predict northern and
southern lobe flux densities Fν,1(νc) = 63 ± 4 mJy and Fν,2(νc) = 45 ± 5 mJy
(see Eq. 4.21). We find excellent agreement: the relative differences with the observed
results are 0% and 2%, respectively.

4.3.10 Lobe pressures and the localWHIM

From Alcyoneus’s lobe flux densities and volumes, we can infer lobe pressures and
magnetic field strengths. We calculated these through pysynch11 (Hardcastle et al.,
1998b), which uses the formulae first proposed by Myers & Spangler (1985) and
reexamined by Beck & Krause (2005). Following the notation of Hardcastle et al.
(1998b), we assumed that the electron energy distribution is a power law in Lorentz
factor γ with γmin = 10, γmax = 104 and exponent p = −2; we also assumed that
the kinetic energy density of protons is vanishingly small compared with that of elec-
trons (κ = 0) and that the plasma filling factor is unity (φ = 1). Assuming the
minimum-energy condition (Burbidge, 1956), we find minimum-energy pressures
Pmin,1 = 4.8 ± 0.3 · 10−16 Pa and Pmin,2 = 4.9 ± 0.6 · 10−16 Pa for the north-
ern and southern lobes, respectively. The corresponding minimum-energy magnetic
field strengths are Bmin,1 = 46 ± 1 pT and Bmin,2 = 46 ± 3 pT. Assuming the
equipartition condition (Pacholczyk, 1970), we find equipartition pressures Peq,1 =

4.9 ± 0.3 · 10−16 Pa and Peq,2 = 4.9 ± 0.6 · 10−16 Pa for the northern and south-
ern lobes, respectively. The corresponding equipartition magnetic field strengths are
Beq,1 = 43± 2 pT and Beq,2 = 43± 2 pT. The minimum-energy and equipartition
results do not differ significantly.

From pressures and volumes, we estimated the internal energy of the lobes E =

3PV. We find Emin,1 = 6.2 ± 0.5 · 1052 J, Emin,2 = 4.3 ± 0.6 · 1052 J, Eeq,1 =

6.3 ± 0.5 · 1052 J and Eeq,2 = 4.4 ± 0.6 · 1052 J. Next, we could bound the ages of
the lobes frombelowby neglecting synchrotron losses and assuming that the jets have
been injecting energy in the lobes continuously at the currently observed kinetic jet
powers. Using Δt = EQ−1

jet , we findΔtmin,1 = 1.7±0.2Gyr, Δtmin,2 = 2.1±0.4Gyr,
and identical results when assuming the equipartition condition. Finally, we could
obtain a rough estimate of the average expansion speed of the RG during its lifetime
u = lp(Δt)−1. We find u = 2.6± 0.3 · 103 km s−1, or about 1% of the speed of light.
Several other authors (Andernach et al., 1992; Lacy et al., 1993; Subrahmanyan

et al., 1996; Parma et al., 1996; Mack et al., 1998; Schoenmakers et al., 1998, 2000;
Ishwara-Chandra&Saikia, 1999;Lara et al., 2000;Machalski& Jamrozy, 2000;Machal-

11The pysynch code is publicly available online: https://github.com/mhardcastle/pysynch.
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Figure 4.9: Bayesian model overview, showing how Alcyoneus’s lobe volumes can be estimated by
comparing an observed radio image to modelled radio images. Top: LoTSS DR2 compact-source-
subtracted 90′′ image of Alcyoneus. Middle: Highest-likelihoodmodel image. Bottom: Samemodel
image convolved to 90′′ resolution, with 2σ and 3σ contours of the observed image overlaid.
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ski et al., 2001; Saripalli et al., 2002; Jamrozy et al., 2005; Subrahmanyan et al., 2006,
2008; Saikia et al., 2006; Machalski et al., 2006, 2007, 2008; Safouris et al., 2009;
Malarecki et al., 2013;Tamhane et al., 2015; Sebastian et al., 2018;Heesen et al., 2018;
Cantwell et al., 2020) have estimated the minimum-energy or equipartition pressure
of the lobes of GRGs embedded in non-cluster environments (i.e. in voids, sheets or
filaments of the Cosmic Web). We compare Alcyoneus to the other 151 GRGs with
known lobe pressures in the top panel of Fig. 4.10.12 Alcyoneus reaffirms the negative
correlation between length and lobe pressure (Jamrozy &Machalski, 2002; Machal-
ski& Jamrozy, 2006), and it has the lowest lobe pressures found thus far. Alcyoneus’s
lobe pressures are in fact so low that they are comparable to the pressure in dense and
hot parts of the WHIM: for a baryonic matter (BM) density ρWHIM = 10 ρc,0ΩBM,0

and TWHIM = 107 K, PWHIM = 4 · 10−16 Pa. Here, ρc,0 is today’s critical density,
so ρc,0ΩBM,0 is today’s mean baryon density. A more extensive comparison between
Pmin (green line) and PWHIM (red lines) is shown in the bottom panel of Fig. 4.10. For
comparison, we also show the lobe pressures of the four other thus-analysed GRGs
with lp > 3 Mpc (grey lines). These are J1420-0545 of lp = 4.9 Mpc (Machalski
et al., 2008), 3C 236 of lp = 4.7 Mpc (Schoenmakers et al., 2000), J0331-7710 of
lp = 3.4 Mpc (Malarecki et al., 2013) and B2147+816 of lp = 3.1 Mpc (Schoen-
makers et al., 2000).

Although proposed as probes ofWHIM thermodynamics for decades, the bottom
panel of Fig. 4.10 demonstrates that even the largest non-cluster literature GRGs are
unlikely to be in pressure equilibrium with their environment. Relying on results
fromtheOverwhelminglyLarge Simulations (OWLS) (Schaye et al., 2010),Malarecki
et al. (2013) point out that baryon densities ρBM > 50 ρc,0 ΩBM,0, which are necessary
for pressure equilibrium in these GRGs (see the intersection of grey and red lines in
the bottom panel of Fig. 4.10), occur in only 1% of the WHIM’s volume. By con-
trast, Alcyoneus can be in pressure equilibrium with the WHIM at baryon densities
ρBM ∼ 20 ρc,0 ΩBM,0 and, thus, represents the most promising inter-galactic barom-
eter of its kind yet.13

A final question is why most, if not all, observed non-cluster GRGs have over-
pressured lobes. The top panel of Fig. 4.10 suggests that GRGs must grow to several
megaparsecs to approach WHIM pressures in their lobes, and such GRGs are rare.

12We have included all publications that provide pressures, energy densities or magnetic field
strengths. We note that some authors assumed γmin = 1, we assumed γmin = 10 and Malarecki
et al. (2013) assumed γmin = 103. If possible, angular lengths were updated using the LoTSS DR2
at 6′′ and redshift estimates were updated using the SDSS DR12. All projected proper lengths have
been recalculated using our Planck Collaboration et al. (2020) cosmology. When authors provided
pressures for both lobes, we have taken the average.

13At Alcyoneus’s redshift, this density amounts to a baryon overdensity of∼10.
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Figure 4.10: Panels showing that, of all GRGs with known lobe pressures, Alcyoneus is the most
plausible candidate for pressure equilibriumwith theWHIM. In the top panel, we explore the relation
between length and lobe pressure for Alcyoneus and 151 literature GRGs. In the bottom panel, we
compare the lobe pressure of Alcyoneus (green line) with WHIM pressures (red lines). For reference,
we also show the lobe pressures of the four largest similarly analysed GRGs (grey lines).

However, theprimary reason is the limited surface brightness sensitivity of all past and
current surveys. Alcyoneus’s lobes are visible in the LoTSS, but not in the NRAO
VLA Sky Survey (NVSS) (Condon et al., 1998) or in the Westerbork Northern Sky
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Survey (WENSS) (Rengelink et al., 1997). Their pressures approach that of the bulk
of theWHIMwithin an order ofmagnitude. Lobeswith even lower pressuremust be
less luminous or more voluminous, and thus will have even lower surface brightness.
It is therefore probable that most GRG lobes that are in true pressure equilibrium
with theWHIM still lie hidden in the radio sky.

4.4 Conclusion

In this work, we have presented the discovery of a radio galaxy of at least 5 Mpc. We
have measured its key physical characteristics, and explored possible reasons for its
exceptional growth.

1. We reprocessed the LoTSS DR2, the latest version of the LOFAR’s northern
sky survey at 144MHz, by subtracting angularly compact sources and imaging
at 60′′ and 90′′ resolution. The resulting images (Oei et al., prepa) allow us to
explore a new sensitivity regime for RG lobes and thus represent promising
data to search for unknown GRGs of large angular length. We will present a
sample in forthcoming work.

2. We have discovered the first 5MpcGRG,whichwe dub ‘Alcyoneus’. The pro-
jected proper length is lp = 4.99±0.04Mpc, while the true proper length is at
least lmin = 5.04±0.05Mpc. We confidently associate the 20.8′±0.15′ radio
structure with an elliptical galaxy with a jet-mode AGN detected in the DESI
Legacy Imaging Surveys DR9: the SDSSDR12 source J081421.68+522410.0
at J2000 right ascension 123.590372°, declination 52.402795°, and spectro-
scopic redshift 0.24674± 6 · 10−5.

3. Alcyoneus has a total luminosity density at ν = 144 MHz of Lν = 8 ± 1 ·
1025 WHz−1, which is typical for GRGs (percentile 45 ± 3%). Alcyoneus’s
host has a fairly low stellar mass and SMBHmass compared with other GRG
hosts (percentiles 25 ± 9% and 23 ± 11%). This implies that — within the
GRG population — no strong positive correlation between RG length and
(instantaneous) low-frequency radio power, stellar mass, or SMBH mass can
exist.

4. A poly-chromatic examination of the surrounding sky — using the RASS,
the DESI Legacy Imaging Surveys DR9, the PSZ2, and the LoTSS DR2 —
suggests that Alcyoneus does not inhabit a galaxy cluster. According to an
SDSS-III cluster catalogue, the nearest cluster occurs at a co-moving distance
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of 11 Mpc. A local galaxy number density count suggests that Alcyoneus in-
stead inhabits a filamentof theCosmicWeb. A low-density environment there-
fore remains a possible explanation for Alcyoneus’s formidable size.

5. We have developed a new Bayesian model that parametrises in three dimen-
sions a pair of arbitrarily oriented, optically thin, doubly truncated conical
RG lobes with a constant MEC. We then generated the corresponding spe-
cific intensity function, taking cosmic expansion into account, and compared
it to data, assuming Gaussian image noise. We used MHMCMC to optimise
the parameters and thus determined northern and southern lobe volumes of
1.5 ± 0.2 Mpc3 and 1.0 ± 0.2 Mpc3, respectively. In total, the lobes have an
internal energy of∼1053 J, expelled from the host galaxy over a gigayear-scale
period. The lobe pressures are 4.8 ± 0.3 · 10−16 Pa and 4.9 ± 0.6 · 10−16 Pa,
respectively; these are the lowest measured in radio galaxies yet. Nevertheless,
the lobe pressures still exceed a large range of plausibleWHIMpressures. Most
likely, the lobes are still expanding — and Alcyoneus’s struggle for supremacy
of the cosmos continues.
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4.A1 J1420-0545 comparison

We verified that Alcyoneus is the longest known RG in projection by comparing it
with J1420-0545 (Machalski et al., 2008), the literature’s record holder.
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The angular lengths of Alcyoneus and J1420-0545 are φ = 20.8′ ± 0.15′ and
φ = 17.4′ ± 0.05′, respectively. For J1420-0545, we adopted the angular length
reported by Machalski et al. (2008) because it lies outside the LoTSS DR2 coverage.
The spectroscopic redshifts of Alcyoneus and J1420-0545 are zspec = 0.24674± 6 ·
10−5 and zspec = 0.3067 ± 5 · 10−4, respectively. For both giants, we assumed the
peculiar velocity along the line of sight up to be aGaussian randomvariable (RV)with
mean 0 and standard deviation 100 km s−1, similar to conditions in low-mass galaxy
clusters. (Both giants actually reside in filaments.)

Equations 7.23 describe how to calculate the cosmological redshift RV z via the
peculiar velocity redshift RV zp:

βp :=
up
c
; zp =

√√√√1+ βp
1− βp

− 1; z =
1+ zspec
1+ zp

− 1. (4.3)

Here, c is the speed of light in vacuo. Finally, we calculated the projected proper length
RV lp = rφ (z,M) · φ. Here, rφ is the angular diameter distance RV, which de-
pends on cosmological model parametersM. Propagating the uncertainties in angu-
lar length φ, spectroscopic redshift zspec and peculiar velocity along the line of sight
up throughMonte Carlo simulation, the projected proper lengths of Alcyoneus and
J1420-0545 are lp = 4.99± 0.04Mpc and lp = 4.87± 0.02Mpc, respectively.

We show the two projected proper length probability density functions (PDFs) in
Fig. 4.11. The probability that Alcyoneus has the largest projected proper length is
99.9%.14

4.A2 Inclination angle comparison

In this appendix, we determine under what conditions Alcyoneus is not only the
longest GRG in the plane of the sky but also in three dimensions. To this end, we
comparedAlcyoneus to thefivepreviously knownGRGswithprojectedproper lengths
above 4 Mpc, which we dub ‘challengers’. A challenger surpasses Alcyoneus in true
proper length when

lc > l, or
lp,c
sin θc

>
lp

sin θ
, or sin θc <

lp,c
lp

sin θ, (4.4)

14This result is insensitive to plausible changes in cosmological parameters; for
example, the high-H0 (i.e. H0 > 70 km s−1 Mpc−1) cosmology with M =
(h = 0.7020,ΩBM,0 = 0.0455,ΩM,0 = 0.2720,ΩΛ,0 = 0.7280) yields a probability of 99.8%.
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Figure 4.11: PDFs showing that Alcyoneus’s projected proper length just exceeds that of J1420-0545.
The probability that Alcyoneus (green) has a larger projected proper length than J1420-0545 (grey)
(Machalski et al., 2008) is 99.9%. For both GRGs, we take into account uncertainty in angular length
and spectroscopic redshift, as well as the possibility of peculiar motion along the line of sight.

where lc, lp,c and θc are the challenger’s true proper length, projected proper length
and inclination angle, respectively. Because the arcsine is a monotonically increasing
function, a challenger surpasses Alcyoneus if its inclination angle obeys

θc < θmax,c (θ) , where θmax,c (θ) := arcsin
(
lp,c
lp

sin θ
)
. (4.5)

In Fig. 4.12 we show θmax,c (θ) for the five challengers with lp,c ∈ {4.11 Mpc,
4.35 Mpc, 4.60 Mpc, 4.72 Mpc, 4.87 Mpc} (coloured curves). Alcyoneus is least
likely to be the longest GRG in 3D when its true proper length equals its projected
proper length (i.e. when θ = 90°). The challengers then surpass Alcyoneus in true
proper length when their inclination angles are less than 55°, 61°, 67°, 71°, and 77°,
respectively. For θ < 90°, the conditions are more stringent.
The third and fourth longest challengers, whose respective SDSSDR12hostnames

are J100601.73+345410.5 and J093139.03+320400.1, harbour quasars in their host
galaxies. If small inclination angles distinguish quasars from non-quasar AGN, as
proposed by the unificationmodel (e.g.Hardcastle&Croston, 2020), these two chal-
lengers may well be the longest radio galaxies in three dimensions.
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Figure 4.12: Schematic of conditions under which Alcyoneus is not only the longest GRG in the
plane of the sky but also in three dimensions. Alcyoneus’s inclination angle, θ, is not well determined,
and therefore the full range of possibilities is shown on the horizontal axis. To surpass Alcyoneus in
true proper length, challengersmust have smaller inclination angles thanAlcyoneus (i.e. appear below
the dotted grey equality line). More specifically, as a function of θ, we show the inclination angle θmax,c
below which challengers with a projected proper length lp,c > 4 Mpc trump Alcyoneus (coloured
curves). The shaded areas of parameter space represent regimes with a particularly straightforward
interpretation. One can imagine populating the graphwith five points (located along the same vertical
line), representing the ground-truth inclination angles of Alcyoneus and its five challengers. If any of
these points fall in the red-shaded area, Alcyoneus is not the longest GRG in 3D. If all points fall in
the green-shaded area, Alcyoneus is the longest GRG in 3D.
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4.A3 Lobe volumes with truncated double cone model

4.A3.1 Synopsis

Webuilt anMHMCMCmodel, similar in spirit to themodel of Boxelaar et al. (2021)
for galaxy cluster halos, in order to formalise the determination of RG lobe volumes
from a radio image. To this end, we introduced a parametrisation of a pair of 3D
RG lobes, and explored the corresponding parameter space via the Metropolis algo-
rithm.15 For eachparameter tuple encountered during exploration,wefirst calculated
the MEC function of the lobes on a uniform 3D grid representing a proper (rather
than co-moving) cubical volume. The RG is assumed to be far enough from the ob-
server that the conversion to a 2D image through ray tracing simplifies to summing
up the cube’s voxels along one dimension, and applying a cosmological attenuation
factor. This factor depends on the galaxy’s cosmological redshift, which is a hyper-
parameter. We blurred the model image to the resolution of the observed image,
which is also a hyper-parameter. Next, we calculated the likelihood that the observed
image is a noisy version of the proposed model image. We assumed thermal noise to
be the dominant type of noise. If one divides the imaged sky region into patches with
a solid angle equal to that of the point spread function (PSF), then the noise per patch
is approximately an independent Gaussian RV. These RVs have zero mean and share
the same variance, which is another hyper-parameter — typically obtained from the
observed image. We chose a uniform prior over the full physically realisable part of
parameter space. The resulting posterior, which contains both geometric and radia-
tive parameters, allows one to calculate probability distributions formany interesting
quantities, such as the RG’s lobe volumes and inclination angle. The inferences de-
pend weakly on cosmological parametersM. Furthermore, their reliability depends
significantly on the validity of the model assumptions.

4.A3.2 Model

Geometry

Wemodelled each lobe in 3Dwith a truncated right circular cone with apexO ∈ R3,
central axis unit vector â ∈ S2, and opening angle γ ∈ [0, π

2 ], as in Fig. 4.9. The
lobes share the sameO, which is the RG host location. Each central axis unit vector
can be parametrised through a position angle ϕ ∈ [0, 2π) and an inclination angle
θ ∈ [0, π]. Each cone is truncated twice, through planes that intersect the cone per-

15The more general MH variant need not be considered, as we work with a symmetric proposal
distribution.
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pendicularly to its central axis. Thus, each truncation is parametrised by the distance
from the apex to the point where the plane intersects the central axis. The two inner
(di,1, di,2 ∈ R≥0) and two outer (do,1, do,2 ∈ R≥0) truncation distances are parame-
ters that we allowed to vary independently, with the only constraint that each inner
truncation distance could not exceed the corresponding outer truncation distance.

Radiative processes

The radiative formulation of our model is among the simplest possible. The radio
emission from the lobes is synchrotron radiation. We approximated the lobes to be
perfectly optically thin and so neglected synchrotron self-absorption. The proper
MEC is assumed spatially constant throughout a lobe, though possibly different a-
mong lobes; this leads to parameters jν,1, jν,2 ∈ R≥0. The relationship between the
specific intensity Iν (in direction r̂ at central frequency νc) and the MEC jν (in direc-
tion r̂ at cosmological redshift z and rest-frame frequency ν = νc (1+ z)) is

Iν (r̂, νc) =
ˆ ∞

0

jν (r̂, z (l) , νc (1+ z (l)))
(1+ z (l))3

dl ≈ jν (ν)Δl (r̂)
(1+ z)3

, (4.6)

where l represents proper length. The approximation is valid for a lobewith a spatially
constant MEC that is small enough to assume a constant redshift for it. Δl(r̂) is the
proper length of the line of sight through the lobe in direction r̂. The inferredMECs
jν,1 (ν) and jν,2 (ν) thus correspond to the rest-frame frequency.

4.A3.3 Proposal distribution

In order to explore the posterior distribution on the parameter space, we followed
the Metropolis algorithm. The Metropolis algorithm assumes a symmetric proposal
distribution.

Radio galaxy axis direction

To propose a new RG axis direction given the current one whilst satisfying the sym-
metry assumption, we performed a trick. We populated the unit sphere with N ∈
N≥1 points (interpreted as directions) drawn from a uniform distribution. Of these
N directions, the proposed axis direction was taken to be the one closest to the cur-
rent axis direction (in the great-circle distance sense). We note that this approach
evidently satisfies the criterion that proposing the new direction given the old one is
equally likely as proposing the old direction given the new one. We also note that the
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distribution of the angular distance between current and proposed axis directions is
determined solely byN.
In the following paragraphs, we first review how to perform uniform sampling of

the unit two-sphere. More explicitly than in Scott & Tout (1989), we then derive
the distribution of the angular distance between a reference point and the nearest of
N uniformly drawn other points. The result is a continuous univariate distribution
with a single parameter N and finite support (0, π). Finally, we present the mode,
median andmaximum likelihood estimator ofN. As far as we know, these properties
are new to the literature.

Uniform sampling of S2 Let us place a number of points uniformly on the
celestial sphere S2. The spherical coordinates of such points are given by the RVs
(Φ,Θ), where Φ denotes position angle and Θ denotes inclination angle. As all po-
sition angles are equally likely, the distribution of Φ is uniform: Φ ∼ U[0, 2π). In
order to affect a uniform number density, the probability that a point lies within a
rectangle of width dϕ and height dθ in the (ϕ, θ) plane equals the ratio of the solid
angle of the corresponding sky patch and the sphere’s total solid angle:

P(ϕ ≤ Φ < ϕ+ dϕ, θ ≤ Θ < θ+ dθ) =
sin θ dϕ dθ

4π
. (4.7)

The probability that the inclination angle is found somewhere in the interval [θ, θ+
dθ), regardless of the position angle, is therefore

P(θ ≤ Θ < θ+ dθ) = dFΘ(θ) = fΘ(θ)dθ

=

ˆ 2π

0

sin θ dθ
4π

dϕ =
1
2
sin θ dθ, (4.8)

where FΘ is the cumulative distribution function (CDF) of Θ, and fΘ the associated
PDF. So,

fΘ(θ) =
1
2
sin θ; FΘ(θ) :=

ˆ θ

0
fΘ(θ′) dθ′ =

1− cos θ
2

. (4.9)

Nearest-neighbour angular distance distribution Let us pick a ref-
erence point and stochastically introduceN other points in above fashion, which we
dub its ‘neighbours’. We now derive the PDF of the angular distance to the nearest
neighbour (NNAD). Let (ϕref, θref) be the coordinates of the reference point and let
(ϕ, θ) be the coordinates of one of the neighbours. Without loss of generality, due
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to spherical symmetry, we can choose to place the reference point in the direction
towards the observer: θref = 0. (We note that ϕref is meaningless in this case.) The
angular distance between two points on S2 is given by the great-circle distance ξ. For
our choice of reference point, we immediately see that ξ(ϕref, θref, ϕ, θ) = θ. Because
θ is a realisation of Θ, ξ too can be regarded as a realisation of an RV, which we call Ξ.
Evidently, the PDF fΞ(ξ) = fΘ(ξ) and the CDF FΞ(ξ) = FΘ(ξ).
Now we consider the generation of N points, whose angular distances to the ref-

erence point are the RVs {Ξi} := {Ξ1, ...,ΞN}. The NNADRVM is the minimum
of this set: M := min{Ξi}. We next determine the CDF FM and PDF fM ofM by
noting that

FM(μ) := P(M ≤ μ) = P(minimum of {Ξi} ≤ μ)
= P(at least one of the set {Ξi} ≤ μ)
= 1− P(none of the set {Ξi} ≤ μ)
= 1− P(all of the set {Ξi} > μ). (4.10)

Because the {Ξi} are independent and identically distributed,

FM(μ) = 1−
N∏
i=1

P (Ξi > μ)

= 1− PN(Ξ > μ) = 1− (1− FΞ(μ))N. (4.11)

By substitution, the application of a trigonometric identity and differentiation to μ,
we obtain the CDF and PDF ofM:

FM (μ) = 1− cos2N
(μ
2

)
; fM(μ) = N sin

(μ
2

)
cos2N−1

(μ
2

)
. (4.12)

In Fig. 4.13, we show this PDF for various values ofN.
ThemodeofM (i.e. themost probableNNAD),μmode, is the solution to

dfM
dμ (μmode) =

0. The median ofM, μmedian, is the solution to FM(μmedian) =
1
2 . Hence,

μmode = arccos
(
1− 1

N

)
; μmedian = arccos

(
21−

1
N − 1

)
. (4.13)

As common sense dictates, both equal π
2 for N = 1 and tend to 0 as N → ∞. We
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Figure 4.13: PDFs of the NNAD RVM between some fixed point and N other points distributed
randomly over the celestial sphere. As the sphere gets more densely packed, the probability of finding
a smallM increases. For eachN, we provide the equivalent mean point number density, n.

find the mean ofM through integration by parts:

E [M] :=

ˆ π

0
μfM(μ) dμ =

ˆ π

0
μ dFM(μ)

=

[
μFM(μ)

]π
0
−
ˆ π

0
FM(μ) dμ

=

ˆ π

0
cos2N

(μ
2

)
dμ = 2

ˆ π
2

0
cos2N (μ) dμ. (4.14)

Again via integration by parts,

E [M] = π
N∏
k=1

2k− 1
2k

=
π
22N

(
2N
N

)
. (4.15)

Maximum likelihood estimation A typical application is the estimation of
N in the PDF fM(μ | N) (see Eq. 4.12) using data. We assume we have measured k
NNADs, denoted by {μ1, ..., μk}. Let the joint PDF or likelihood be

L(N) :=
k∏

i=1

fM
(
μi |N

)
=

(
N
2N

)k k∏
i=1

sin μi (cos μi + 1)N−1. (4.16)
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To find NMLE, we look for the value of N that maximises L(N). To simplify the al-
gebra, we could however equally well maximise a k-th of the natural logarithm of the
likelihood, or the average log-likelihood l̂ := k−1 lnL(N), because the logarithm is a
monotonically increasing function:

l̂(N) :=
1
k
lnL(N) = lnN−N ln 2

+
1
k

k∑
i=1

ln sin μi + (N− 1) ln(cos μi + 1). (4.17)

We findNMLE by solving d̂l
dN(NMLE) = 0. This leads to

NMLE =

(
ln 2− 1

k

k∑
i=1

ln(cos μi + 1)

)−1

. (4.18)

An easy limit to evaluate is the case when μ1, ..., μk → 0. In such a case, cos μi → 1,
and so 1

k
∑k

i=1 ln(cos μi+1) → ln 2. Then,NMLE → (0+)−1 → ∞. This is expected
behaviour: when allmeasuredNNADs approach 0, the number of points distributed
on the sphere must be approaching infinity.

Other parameters

The other proposal parameters were each drawn from independent normal distribu-
tions centred around the current parameter values. These proposal distributions are
evidently symmetric but have support over the full real line, so forbidden parameter
values could in principle be proposed. As a remedy, we set the prior probability den-
sity of the proposed parameter set to 0when the proposed opening anglewas negative
or exceeded π

2 rad, at least one of the proposed MECs was negative, or when at least
one of the proposed inner truncation distances was negative or exceeded the corre-
spondingproposed outer truncationdistance. In such cases, the posterior probability
density was 0 too, as it is proportional to the prior probability density. Consequently,
the Metropolis acceptance probability vanished and the proposal was rejected. We
did not enter forbidden regions of parameter space. The condition of detailed bal-
ance was still respected: probability densities for transitioning towards the forbidden
region were 0, just as probability densities for being in the forbidden region.
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4.A3.4 Likelihood

Assuming thermal noise to be the dominant noise type, we took the likelihood to be
Gaussian. To avoid dimensionality errors, we multiplied the likelihood by a constant
before we applied the logarithm:

ln
(
L ·
(
σ
√
2π
)Nr
)

= − Nr

2σ2Np

Np∑
i=1

(Iν,o [i]− Iν,m [i])2 . (4.19)

Here, σ is the image noise,Nr ∈ R≥0 is the number of resolution elements (i.e. PSF
solid angles) in the image, Np ∈ N is the number of pixels in the image, and Iν,o [i]
and Iν,m [i] are the i-th pixel values of the observed and modelled image, respectively.
For simplicity, onemaymultiply the likelihood by a constant factor (or, equivalently,
add a constant term to the log-likelihood): the acceptance ratio will remain the same,
and the MHMCMC runs correctly.

Table 4.2: Maximum a posteriori probability (MAP) estimates and posterior mean and standard
deviation (SD) of the parameters from the Bayesian, doubly truncated, conical RG lobe model of
Sect. 4.3.9.

parameter MAP estimate posterior mean and SD
ϕ1 307° 307± 1°
ϕ2 140° 139± 2°

|θ1 − 90°| 54° 51± 2°
|θ2 − 90°| 25° 18± 7°

γ1 9° 10± 1°
γ2 24° 26± 2°
di,1 2.7Mpc 2.6± 0.2Mpc
do,1 4.3Mpc 4.0± 0.2Mpc
di,2 1.6Mpc 1.5± 0.1 Mpc
do,2 2.0Mpc 2.0± 0.1 Mpc
jν,1 (ν) 17 Jy deg−2 Mpc−1 17± 2 Jy deg−2 Mpc−1

jν,2 (ν) 22 Jy deg−2 Mpc−1 18± 3 Jy deg−2 Mpc−1

4.A3.5 Results for Alcyoneus

We applied the Bayesian model to the 90′′ LoTSS DR2 image of Alcyoneus, shown
in the top panel of Fig. 4.9. Thus, the hyper-parameters were z = 0.24674, νc =

144 MHz (so that ν = 180 MHz), θFWHM = 90′′, N = 750 and σ =
√
2 ·

1.16 Jy deg−2. We set the image noise to
√
2 times the true image noise to account
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for model incompleteness. This factor follows by assuming that the inability of the
model to produce the true lobe morphology yields (Gaussian) errors comparable to
the image noise. To speed up inference, we down-sampled the image of 2,048 by
2,048 pixels by a factor of 16 along each dimension. We ran our MH MCMC for
10,000 steps and discarded the first 1,500 steps due to burn-in. Table 4.2 lists the ob-
tained maximum a posteriori probability estimates and posterior mean and standard
deviation of the parameters.

Table 4.3: Maximum a posteriori probability (MAP) estimates and posterior mean and standard
deviation (SD) of derived quantities from the Bayesian, doubly truncated, conical RG lobe model of
Sect. 4.3.9.

derived quantity MAP estimate posterior mean and SD
Δϕ 167° 168± 2°
V1 1.5Mpc3 1.5± 0.2Mpc3
V2 0.8Mpc3 1.0± 0.2Mpc3

Fν,1 (νc) 63 mJy 63± 4 mJy
Fν,2 (νc) 44 mJy 45± 5 mJy
Pmin,1 4.7 · 10−16 Pa 4.8± 0.3 · 10−16 Pa
Pmin,2 5.4 · 10−16 Pa 5.0± 0.6 · 10−16 Pa
Peq,1 4.8 · 10−16 Pa 4.9± 0.3 · 10−16 Pa
Peq,2 5.4 · 10−16 Pa 5.0± 0.6 · 10−16 Pa
Bmin,1 45 pT 45± 1 pT
Bmin,2 48 pT 46± 3 pT
Beq,1 42 pT 43± 1 pT
Beq,2 45 pT 43± 3 pT
Emin,1 6.3 · 1052 J 6.2± 0.4 · 1052 J
Emin,2 3.7 · 1052 J 4.4± 0.6 · 1052 J
Eeq,1 6.4 · 1052 J 6.3± 0.4 · 1052 J
Eeq,2 3.8 · 1052 J 4.4± 0.6 · 1052 J

The proper volumesV1 andV2 are derived quantities:

V =
π
3
tan2 γ

(
d3o − d3i

)
, (4.20)

just like the flux densities Fν,1 (νc) and Fν,2 (νc) at central frequency νc:

Fν (νc) =
jν (ν)V

(1+ z)3 r2φ (z)
. (4.21)
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Figure 4.14: Strongly correlated estimates of jν (ν) and V from our Bayesian model, demonstrating
consistency with the observed lobe flux densities. We showMECs jν (ν) at ν = 180 MHz and proper
volumes V of MH MCMC samples for the northern lobe (purple dots) and southern lobe (orange
dots). The curves represent all combinations (jν (ν) ,V) that correspond to a particular flux density
at the LoTSS central wavelength νc = 144 MHz. We show the observed northern lobe flux density
(purple curve) and the observed southern lobe flux density (orange curve).

Together,V and Fν(νc) imply a lobe pressureP and amagnetic field strengthB, which
are additional derivedquantities thatwe calculate through pysynch. Table 5.5 lists the
obtained MAP estimates and posterior mean and standard deviation of the derived
quantities.

The uncertainties of the parameters and derived quantities reported in Tables 4.2
and 5.5 are not necessarily independent. To demonstrate this, we present MECs and
volumes from theMHMCMC samples in Fig. 4.14. MECs and volumes do not vary
independently, because their product is proportional to flux density (see Eq. 4.21);
only realistic flux densities correspond to high-likelihood model images.

Finally, we explored a simpler variation of the model, in which we forced the lobes
to be coaxial. In such a case, the true proper length l and projected proper length lp
are additional derived quantities:

l =
do,1 + do,2

cos γ
; lp = l sin θ. (4.22)

For Alcyoneus, this simpler model does not provide a good fit to the data.

201



202



Cosmology brings us face to face with the deepest mysteries, questions that were
once treated only in religion and myth.

Carl E. Sagan, American astronomer, Cosmos: A Personal Voyage (1980)

5
An intergalactic medium temperature

from a giant radio galaxy

M. S. S. L. Oei, R. J. vanWeeren,M. J. Hardcastle, F. Vazza, T.W. Shimwell, F. Leclercq,M. Brüggen,
H. J. A. Röttgering—Monthly Notices of the Royal Astronomical Society, 518, 240–256, 2023

Abstract
Thewarm–hot intergalacticmedium (warm–hot IGM, orWHIM) pervades the fila-
ments of theCosmicWeb and harbours half of theUniverse’s baryons. TheWHIM’s
thermodynamicproperties arenotoriously hard tomeasure. Herewe estimate a galaxy
group–WHIM boundary temperature using a new method. In particular, we use a
radio image of the giant radio galaxy (giant RG, or GRG) created by NGC 6185, a
massive nearby spiral. We analyse this extraordinary object with a Bayesian 3D lobe
model and deduce an equipartition pressure Peq = 6 · 10−16 Pa— among the lowest
found in RGs yet. Using an X-ray-based statistical conversion for Fanaroff–Riley II
RGs,wefind a true lobepressureP = 1.5+1.7

−0.4·10−15 Pa. CosmicWeb reconstructions,
groupcatalogues, andMHDsimulations furthermore imply anMpc–scale IGMden-
sity 1 + δIGM = 40+30

−10. The buoyantly rising lobes are crushed by the IGM at their
inner side, where an approximate balance between IGM and lobe pressure occurs:
PIGM ≈ P. The ideal gas law then suggests an IGMtemperatureTIGM = 11+12

−5 ·106K,
or kBTIGM = 0.9+1.0

−0.4 keV, at the virial radius — consistent with X-ray-derived tem-
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peratures of similarly massive groups. Interestingly, the method is not performing at
its limit: in principle, estimates TIGM ∼ 4 · 106 K are already possible — rivalling
the lowest X-raymeasurements available. The technique’s future scope extends from
galaxy group outskirts to the WHIM. In conclusion, we demonstrate that observa-
tions of GRGs in Cosmic Web filaments are finally sensitive enough to probe the
thermodynamics of galaxy groups and beyond.

Key words: methods: statistical – galaxies: active – intergalactic medium – large-
scale structure of Universe – radio continuum: galaxies

5.1 Introduction

Although the warm–hot intergalactic medium (WHIM) in the filaments of the Cos-
micWeb is themain baryon reservoir of themodernUniverse, it has proven challeng-
ing to determine its physical properties from observations. A handful of techniques
have already been successful, ranging from direct X-ray imaging (Eckert et al., 2015),
X-ray spectroscopy of blazars in search of O VII absorption by intervening filaments
(Nicastro et al., 2018), X-ray image stacking (Tanimura et al., 2020; Vernstrom et al.,
2021; Tanimura et al., 2022), microwave image stacking of galaxy pairs targeting the
thermal Sunyaev–Zel’dovich effect (Tanimura et al., 2019b; de Graaff et al., 2019),
to dispersion measurements of localised fast radio bursts (Macquart et al., 2020). It
has long been speculated that giant radio galaxies (GRGs, or colloquially giants), of
which thousands are now known (Oei et al., 2023a), could serve as yet another probe
of theWHIM. (GRGs are radio galaxieswhose proper length component in the plane
of the sky lp exceeds 0.7 or 1 Mpc, depending on convention.) Both observations
and modelling indicate that the pressure in GRG lobes tends to decrease strongly
as giants grow (e.g. Oei et al., 2022a) and should, especially when jet feeding halts,
approach that of the encompassing intergalactic medium (IGM). Close to pressure
equilibrium, the IGM provides a significant resisting force that shapes the dynamics
andmorphology of the lobes. Therefore, by observingGRGs in filaments of theCos-
mic Web, one could indirectly study WHIM thermodynamics (e.g. Subrahmanyan
et al., 2008; Malarecki et al., 2013).

In this work, we present record-low pressure measurements of the lobes of NGC
6185, a GRG in the nearby Cosmic Web. The GRG is near enough that Cosmic
Web reconstructions, which enable IGMdensity estimates, are available. This in turn
allows us to infer the IGM temperature at the virial radius of NGC 6185’s group and
thus, for the first time, provide strong constraints on thermodynamics in filaments
from radio galaxy observations.
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In Section 5.2, we introduce the data used in this work. In Section 5.3, we present
methods and results, leading up to our IGM temperature estimate. In Section 5.4, we
discuss caveats and potential future extensions of our work, right before Section 5.5’s
concluding remarks.

We assume a concordance inflationary ΛCDMmodel with parameters as in Jasche
et al. (2015): h = 0.702, ΩM,0 = 0.272 and ΩΛ,0 = 0.728; H0 =: h · 100 km s−1

Mpc−1. We define spectral indices α such that power-law spectra are of the formLν ∝
να. In our terminology, a radio galaxy is distinct from the galaxy that has produced it,
and only consists of relativistic plasma, magnetic fields, and radiation.

5.2 Data

5.2.1 NGC 6185 and its giant radio galaxy

In this work, we characterise the Cosmic Web environment of NGC 6185 and its
GRG. NGC 6185 is a spiral galaxy at a spectroscopic redshift z = 0.0343± 0.0002
(Falco et al., 1999). At a comoving distance of 146Mpc and a luminosity distance of
151 Mpc, the galaxy lies in the nearby Cosmic Web. It is of Hubble–de Vaucouleurs
class SAa (Jansen et al., 2000). Its stellar mass,M⋆ = 3.0+1.2

−0.9 · 1011 M⊙ (Kannappan
et al., 2013), is high for a spiral galaxy, though common for galaxies hosting GRGs
(Oei et al., 2022a).1 Using the stellar velocity dispersion σv = 236 km s−1 from Kan-
nappan et al. (2013), for which we assume a 10% error, and the M–sigma relation of
Eq. 7 inKormendy&Ho (2013), we obtain a super-massive black hole (SMBH)mass
ofM• = 6+4

−2 · 108 M⊙. Again, although high for spiral galaxies,2 such an SMBH
mass is common for galaxies hosting GRGs (e.g. Dabhade et al., 2020a; Oei et al.,
2022a). In particular, it is similar to the SMBHmass of J2345–0449, the projectively
largest known spiral galaxy–hosted GRG (lp = 1.6Mpc) before the discovery of the
GRG of NGC 6185: M• = 108–109 M⊙ (Bagchi et al., 2014). We show a close-up
of the galaxy in Fig. 5.1. Amajor fraction of the gas in the galaxy appears dynamically
disrupted and separated from the disk at distances of∼101 kpc.

The GRG of NGC 6185 has been discovered by Oei et al. (2023a) using the Low-
Frequency Array (LOFAR; van Haarlem et al., 2013). More specifically, the GRG
appeared in Data Release 2 (DR2) of the LOFAR Two-metre Sky Survey (LoTSS;
Shimwell et al., 2017, 2022), its Northern Sky imaging survey at central observing

1As commented by Kannappan et al. (2013), this stellar mass estimate appears robust against vari-
ations in model assumptions. Indeed, using a different prescription, Kannappan et al. (2009) provide
an almost identical estimate.

2For comparison, the mass of the SMBH in the centre of theMilkyWay isM• = 4 · 106 M⊙; the
SMBH in the centre of NGC 6185 is thus roughly 150 times more massive.
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Figure 5.1: Optical close-up of NGC 6185, a spiral galaxy which has generated the GRG shown in
Fig. 5.2. On top of the 4′ × 4′ DESI Legacy Imaging Surveys (Dey et al., 2019) DR9 (g, r, z) image,
we show LoTSS DR2 6′′ contours (yellow) and VLASS 2.2′′ contours (orange) at 50, 100, and 200σ,
where σLoTSS = 5 · 101 Jy deg−2 and σVLASS = 2 · 102 Jy deg−2.

frequency νobs = 144MHz and resolutions of 6′′, 20′′, and 60′′. TheGRG, shown in
Fig. 5.2, consists of a core and two extended lobes of smoothmorphology. TheGRG
is a Fanaroff–Riley II (FRII) radio galaxy. In total, it has a 1.0° angular length and a
projected proper length lp = 2.45 ± 0.01 Mpc. At least in an angular sense, NGC
6185 is located symmetrically between the lobes. A chance alignment is improbable,
given that galaxies with redshifts as low as NGC 6185’s are distributed sparsely over
the sky. In fact, the GRG must belong to NGC 6185, as it is the only low-redshift
galaxy in the sky patch between the two lobes. If instead it were to belong to a galaxy
at even a moderate redshift of z = 0.1 or z = 0.2, we would find lp = 6.6 Mpc
or lp = 11.9 Mpc. However, these projected proper lengths are several megaparsecs
larger than that of Alcyoneus, with lp = 5.0 Mpc the projectively longest known
GRG (Oei et al., 2022a). GRGs of this extent are rare. Assuming that the GRG
projected proper length distribution extends beyond lp = 5 Mpc as a power law
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Figure 5.2: Radio view of NGC 6185, the lobes of its GRG, and the surrounding sky, at νobs =
144 MHz. We show a LoTSS DR2 20′′ image spanning 1.5° × 1.5°. The degree-long GRG has a
2.5 Mpc projected proper length and is the largest known specimen with a spiral galaxy host. The
white box in the centre marks the region shown in Fig. 5.1.

with exponent ξ = −3.5 (Oei et al., 2023a), GRGs with lp = 6.6 Mpc and lp =

11.9 Mpc would be three and twenty times rarer still. As a final argument, at νobs =
144 MHz, the centre of NGC 6185 appears radio-bright; the contours of Fig. 5.1
illustrate that the specific intensity rises to hundreds of times the local LoTSS DR2
root mean square noise σLoTSS = 5 · 101 Jy deg−2. A higher 2.2′′ resolution Very
Large Array Sky Survey (VLASS; Lacy et al., 2020) image at νobs = 3 GHz reveals
that the majority of this emission is from a region with a diameter of at most 1.5 kpc
(which corresponds to the VLASS FWHMat the redshift of NGC6185) around the
galactic centre. This indicates the presence of an active galactic nucleus (AGN)—or,
alternatively, a starburst nucleus.3

Togain abetter understandingof theAGNcandidate inNGC6185,we investigate
3A radio image from very-long baseline interferometry (VLBI), which can now bemade fromLO-

FAR observations at νobs = 144MHz, would resolve this matter.
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its radio spectrum. We retrieve flux densities from the LoTSS DR2 (Shimwell et al.,
2022), the WENSS (Rengelink et al., 1997), the NVSS (Condon et al., 1998), the
Arecibo 2380MHzSurvey of BrightGalaxies (Dressel&Condon, 1978), theVLASS
(Gordon et al., 2021), and a VLA follow-up of extragalactic IRAS sources (Condon
et al., 1995). We list these literature data in Table 5.1.

Table 5.1: Literature radio flux densities of the AGN candidate in NGC 6185.
frequency flux density telescope and
νobs (MHz) Fν (mJy) literature reference

144 117± 12 LOFAR; Shimwell et al. (2022)
325 101 WSRT; Rengelink et al. (1997)
1400 61.4± 1.9 VLA; Condon et al. (1998)
2380 41± 3 Arecibo; Dressel & Condon (1978)
3000 34.0± 0.2 VLA; Gordon et al. (2021)
4860 26 VLA; Condon et al. (1995)

We performMetropolis–HastingsMarkov chainMonte Carlo (MCMC) in order to
infer the underlying radio spectrum from the data. We convert flux densities at ob-
serving frequencies νobs to luminosity densities at rest-frame frequencies ν = νobs (1+ z),
and assume that the AGN’s luminosity density in the radio obeys

Lν (ν) = Lν (νref) ·
(

ν
νref

)α(ν)

; α (ν) = α (νref) + β ln
ν
νref

. (5.1)

This model describes a parabola in log–log space. The model’s three parameters are
Lν (νref), α (νref), and β; νref is a constant that determines their meaning. We assume
a flat prior over the model parameters, a Gaussian likelihood, and 10% flux density
errors when the literature does not provide them. We choose νref := 150 MHz, run
the MCMC, and obtain the parameter estimates shown in Table 5.2.

Table 5.2: Maximumaposteriori probability (MAP) andposteriormean and standarddeviation (SD)
estimates of the parameters from the Bayesian radio spectrummodel. We choose νref := 150MHz.

parameter MAP posterior mean and SD
Lν (νref) 3.0 · 1023 WHz−1 3.0± 0.3 · 1023 WHz−1

α (νref) 0.06 0.07± 0.09
β −0.15 −0.15± 0.02

We visualise the data alongside the posterior in Fig. 5.3. Massaro et al. (2014) have
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Figure 5.3: Rest-frame radio spectrum of the AGN in NGC 6185. We show measured luminosity
densities with 3σ uncertainties (orange) alongside randompost–burn-in posterior samples (light blue)
and the MAP sample (dark blue). At ∼102 MHz frequencies, the spectrum is flat. We denote the
surveys used with their observing frequencies.

noted theAGN’s relatively flat spectrumbefore— through theWENSS–NVSS spec-
tral index (i.e. between 325 MHz and 1400 MHz), which is 〈α〉 = −0.34 ± 0.04.
Our analysis shows that the spectrum becomes even flatter at lower frequencies, with
α (νref = 150MHz) = 0.07 ± 0.09, implying a physically compact emitting struc-
ture inwhich synchrotron self-absorption takes place. This, in turn, strongly suggests
that there is a currently active jet. The galactic centre is an ultraluminousX-ray source
(ULX): the ChandraX-ray Observatory has measured a maximum 0.3–8 keV lumi-
nosity LX = 9.7 · 1040 erg s−1, at 4σ significance (Wang et al., 2016; Evans et al.,
2020).

5.2.2 CosmicWeb late-time total matter density field

Oei et al. (in preparation) have used the BayesianOriginReconstruction fromGalax-
ies (BORG; Jasche &Wandelt, 2013) SDSS tomeasure the large-scale density (Jasche
et al., 2015) and dynamical state (Leclercq et al., 2015) of the Cosmic Web around
hundreds of GRGs. The BORG SDSS offers a probability distribution, represented
by anMCMC, over the possible density fields of the low-redshift (z < 0.17)Universe
populated by galaxies from the SDSS DR7 Main Galaxy Sample (Abazajian et al.,
2009). Each MCMC sample covers the same comoving volume of (750 Mpc h−1)3

with a2563-voxel box. Thus, the side lengthof aBORGSDSSvoxel is 1
256 ·750Mpch−1

≈ 4.2 Mpc. At this resolution, one can consider the baryonic and dark matter den-
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Figure 5.4: Localisation of NGC 6185 within the large-scale structure of the Universe. We show a
slice of constant Cartesian comoving z through the late-time BORG SDSS posterior mean total mat-
ter density field. The slice covers a square with comoving area 750 Mpc h−1 · 750 Mpc h−1 and is
3 Mpc h−1 thick. Outside of the SDSS DR7–constrained volume, the posterior mean tends to the
Universe’s late-time mean total matter density ρ̄0. The location of the GRG is marked by a white
circle.

sity fields as approximately identical; the BORG SDSS does not distinguish between
them. EachMCMC sample provides a different total matter density at a given voxel,
and so it is the set of all MCMC samples that provides a marginal distribution for
the total matter density at the voxel. In Fig. 5.4, we show the mean of these marginal
distributions for all voxels in a slice that contains NGC 6185. The slice reveals the lo-
cation of the galaxy within the Cosmic Web. The total matter density averaged over
a (4.2Mpc)3 volume is 1+ δ = 2.3± 0.7. Furthermore, if the CosmicWeb is classi-
fied on the basis of its gravitational dynamics in the T-web sense (Hahn et al., 2007),
one finds a 99% probability that NGC 6185 resides in a filament. (Galaxy group re-
gions are a part of filaments under the T-web classification at the 4 Mpc–scale.) We
show NGC 6185 within a 3D BORG SDSS visualisation in Fig. 5.5. The centre of
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Figure 5.5: Three-dimensional view of NGC 6185 in its Cosmic Web environment. We show a box
with 63Mpc sides (15 BORG SDSS voxels along each side). The lobes of NGC 6185 are to scale. We
show an isodensity surface at relative density 1 + δ = 4. Top: observer’s view, with north pointing
up and east to the left. At a distance of 15–20Mpc, the massive galaxy cluster Abell 2199 looms near.
Bottom: rotated close-up.
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the galaxy cluster Abell 2199 occurs at a distance of 15–20Mpc.
Whereas the lobes of NGC 6185’s GRG lie mostly in theWHIM, the host galaxy

itself resides in a galaxy group. In particular, the 2MASS galaxy group catalogue
(Tully, 2015) suggests that NGC 6185 resides in a group with a virial mass M =

2.6 ± 0.5 · 1013 M⊙.4 Saulder et al. (2016) also report the presence of a group,
but place the total mass at M = 9+11

−5 · 1012 M⊙. Finally, Tempel et al. (2017)
estimate a Navarro–Frenk–White (NFW; Navarro et al., 1996) profile–based mass
M200 = 7 · 1012 M⊙, where R200 = 0.4 Mpc. Assuming that the entire group falls
within the same 4 Mpc–scale voxel, one can calculate a lower bound to the voxel’s
1 + δ, effected by the group mass alone. These lower bounds are 1 + δ ≳ 10.4,
1 + δ ≳ 3.6 and 1 + δ ≳ 2.8, respectively. All lower bounds exceed the BORG
SDSS measurement 1 + δ = 2.3 ± 0.7. The mass that has in reality collapsed into
the group will not, or barely, have done so in the BORG SDSS, which lacks redshift-
space distortion modelling and whose gravity solver and galaxy bias model accuracy
are limited.

Given the large discrepancies between these group mass estimates, we perform ad-
ditional analysis ourselves. For all SDSS DR7–detected galaxies with spectroscopic
redshifts, we calculate the proper distance d to NGC 6185 assuming no peculiar mo-
tion. In Table 5.3, we list all for which d < 5 Mpc; we consider these galaxies to be
possible members of a group dominated by NGC 6185.5 For each galaxy, we collect
a stellar mass from Kannappan et al. (2013), Chang et al. (2015), or Mamon et al.
(2020). The sum of stellar masses of galaxies within d < 1 Mpc, d < 3 Mpc, and
d < 5Mpc (includingNGC6185 itself) areM⋆ = 3.1·1011M⊙,M⋆ = 6.6·1011M⊙,
andM⋆ = 8.4 ·1011M⊙, respectively. (At this redshift, SDSSDR7 incompleteness is
unimportant.) Various studies have quantified the relationship between stellar mass
and total mass (Lovisari et al., 2021). Using the IllustrisTNG (e.g. Marinacci et al.,
2018; Naiman et al., 2018; Nelson et al., 2018; Springel et al., 2018) relationship of
Pillepich et al. (2018) for the stellar masses given above, we findM500 = 1 · 1013 M⊙,
M500 = 2 · 1013 M⊙, andM500 = 3 · 1013M⊙, respectively.

4The value given in the catalogue is different, as it is based on a spurious luminosity distance esti-
mate. We report aKs luminosity–based virial group mass recalculated through Eq. 7 of Tully (2015),
using the correct luminosity distance. We adopt the suggested 20% uncertainty.

5Because peculiar motion induces an Mpc-scale error on d, we list all selected galaxies with d <
5Mpc— even though actual groups have radii less than 1 Mpc.
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Table 5.3: Properties of SDSSDR7–detected galaxies with spectroscopic redshifts z nearNGC6185. Besides labels and coordinates, we provide the proper
distance d to NGC 6185 (assuming no peculiar motion), the probability that the galaxy is a spiral ps, r-band luminosities Lr, and the stellar massM⋆. We
order galaxies on the basis of d, which we compute from coordinates. We take STARLIGHT-basedM⋆ from Mamon et al. (2020) whenever available, and
from Chang et al. (2015) otherwise — except in the case of NGC 6185, for which we follow Kannappan et al. (2013). The other data are from the galaxy
group catalogue by Tempel et al. (2017).

rank name galaxy right ascension declination spectroscopic z d ps Lr M⋆

d ↓ SDSS DR16 group ID J2000 (°) J2000 (°) heliocentric (1) (Mpc) (%) (109 L⊙) (109 M⊙)

0 NGC 6185 2919 248.32436 35.34235 0.03436± 0.00011 0 100 131.5 295.1
1 SDSS J163317.73+352001.5 2919 248.32389 35.33376 0.03454± 0.00002 0.7 33 1.9 7.9
2 SDSS J163214.44+351448.7 - 248.06020 35.24688 0.03417± 0.00001 1.0 99 3.4 6.2
3 SDSS J163305.64+350600.9 - 248.27352 35.10028 0.03467± 0.00001 1.4 98 4.3 2.1
4 SDSS J163528.10+355013.1 - 248.86709 35.83699 0.03414± 0.00001 1.9 99 26.3 83.2
5 SDSS J163242.46+352515.2 2919 248.17695 35.42091 0.03481± 0.00001 1.9 45 2.0 4.4
6 SDSS J162916.51+352456.5 - 247.31881 35.41570 0.03402± 0.00001 2.4 99 7.1 100.0
7 SDSS J163309.59+345534.7 67621 248.28996 34.92631 0.03491± 0.00001 2.5 41 24.0 154.9
8 SDSS J163727.41+355604.9 5413 249.36425 35.93472 0.03445± 0.00001 2.6 100 1.4 1.1
9 SDSS J163513.80+361318.5 87499 248.80750 36.22182 0.03404± 0.00001 2.7 98 2.0 0.9
10 SDSS J163607.24+360900.1 87499 249.03020 36.15004 0.03385± 0.00001 3.2 99 3.1 3.8
11 SDSS J163320.66+344825.8 67621 248.33609 34.80717 0.03511± 0.00001 3.3 95 5.7 2.7
12 SDSS J162636.40+350242.1 - 246.65167 35.04504 0.03416± 0.00002 3.5 96 15.0 57.5
13 SDSS J163322.14+352223.2 2919 248.34227 35.37313 0.03340± 0.00002 3.9 99 3.8 12.3
14 SDSS J164041.11+355947.1 - 250.17132 35.99643 0.03419± 0.00001 4.1 29 9.4 29.5
15 SDSS J162510.65+351106.7 - 246.29439 35.18521 0.03414± 0.00001 4.2 99 2.8 0.8
16 SDSS J163451.06+364506.2 - 248.71278 36.75173 0.03375± 0.00001 4.3 98 1.6 0.4
17 SDSS J162441.30+345001.6 - 246.17212 34.83380 0.03400± 0.00001 4.7 99 8.7 33.1
18 SDSS J163222.58+343905.0 - 248.09411 34.65141 0.03543± 0.00002 4.7 99 1.9 1.3
19 SDSS J163359.47+342308.2 82190 248.49780 34.38562 0.03538± 0.00003 4.8 99 6.2 15.5
20 SDSS J163308.49+343759.0 - 248.28539 34.63306 0.03546± 0.00001 4.8 99 7.3 22.9
21 SDSS J163307.82+344752.4 67621 248.28259 34.79789 0.03552± 0.00001 4.9 99 5.4 1.5
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NGC 6185’s group environment can also be characterised by counting galaxies.
At the redshift of NGC 6185, the cosmic mean proper number density of SDSS
DR7–detected galaxieswith spectroscopic redshifts is 1.6·10−2Mpc−3. Thus, within
spheres of proper radii 2, 3, 4, and 5 Mpc, one expects to find 0.5, 1.8, 4.2, and 8.2
such galaxies, respectively. However, we find 5, 9, 13, and 21 such galaxies (other
thanNGC6185) within spheres of said radii centred aroundNGC6185. The galaxy
number density around NGC 6185 is thus a factor of order unity higher than the
cosmic mean at its redshift: 1+ δgal = 3–10, depending on the averaging scale.

For our final estimate for 1 + δ, which we will use throughout the remainder of
this work, we treat the BORG SDSS measurement as a background density upon
which a group of massM = 1 · 1013 M⊙ has formed. We adopt a 30% group mass
uncertainty; under this assumption, the Saulder et al. (2016) andTempel et al. (2017)
estimates occur within 1 standard deviation. This yields 1+ δ = 6± 2.

5.2.3 Cosmological simulation

In order to obtain a statistical conversion relation between total matter density at the
4 Mpc–scale and IGM density at the 1 Mpc–scale, we turn to cosmological simula-
tions. In particular, we use a snapshot of one of the largest uniform-grid magneto-
hydrodynamics (MHD) simulations to date (Vazza et al., 2019), conducted with the
Enzo code (Bryan et al., 2014). The simulation covers a comoving volumeof (100Mpc)3
with a 24003-voxel box. We use the baryonic and dark matter density fields ρBM and
ρDM at the snapshot for z = 0.025, close to the GRG’s redshift of z = 0.034. Thus,
the side length of an Enzo simulation voxel is 1

2400 · 100 Mpc ≈ 42 kpc. Along each
dimension, Enzo simulation voxels are 100 times smaller than BORG SDSS voxels.
Still, the simulations do not feature galactic physics: chemistry, star formation, ra-
diative cooling, and AGN feedback are all absent. This fact may limit the accuracy
of our IGM density determinations on Mpc3-scale around the simulation’s galactic
halos; see Section 5.4.4 for a discussion.

5.3 Methods and results

5.3.1 Lobe pressures

We infer the pressure in the lobes of NGC 6185’s GRG by fitting a simple Bayesian
lobemodel to LoTSSDR2 imagery. As Fig. 5.2 shows, theGRG is a degree long, and
consequently its lobes directionally coincide with several physically unrelated back-
ground sources of substantial radio flux density. To remove contamination from
these sources, we predict 6′′ LoTSS DR2 sky model visibilities and subtract them
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from calibrated data (van Weeren et al., 2021), as we have done with the 20′′ LoTSS
DR2 skymodel inOei et al. (2022a). In order to avoid subtracting the signal of inter-
est, we verify that the 6′′ LoTSS DR2 sky model (in contrast to its 20′′ counterpart)
does not contain any lobe emission. As before, we then performmultiscale CLEAN
deconvolution (Offringa & Smirnov, 2017) with Briggs−0.5 weighting. Using WS-
Clean IDG (Offringa et al., 2014; van der Tol et al., 2018) version 2.10.1, we arrive
at an image of 90′′ resolution. The source subtraction is not perfect, and as a result
some artefacts from unrelated compact sources remain. We remove these by assign-
ing all pixels whose value deviates more than three image noise standard deviations
from the local median this latter value. We finally apply to the image a LoTSS DR2
flux density scale correction factor (Hardcastle et al., 2021; Shimwell et al., 2022) of
0.985, based on the SixthCambridge Survey ofRadio Sources (6C;Hales et al., 1988,
1990) and the NVSS. The final image appears in the top panel of Fig. 5.6.

Nextwe extend theBayesian radio galaxy lobemodel developed inOei et al. (2022a)
to infer lobe volumes from this image. This model parametrises a pair of lobes in
three dimensions with some geometric shape. We choose an appropriate shape sim-
ply by inspecting the radio image; for Alcyoneus, we chose truncated cones, whilst
for the GRG of NGC 6185, spheroids appear appropriate.6 (In this particular case,
the lobes appear to be well modelled by prolate spheroids. However, the model al-
lows for oblate spheroids too.) In an initial model formulation attempt, we forced
each lobe’s axis of revolution to pierce through the host galaxy. This constraint en-
capsulates the idea that the lobes originate from the host. However, we found that
the resulting model cannot provide an accurate fit to the data — especially to that
of the eastern lobe. We therefore slightly modify the constraint, by still forcing the
axes of revolution to pierce through a common point, but by allowing this point to
be offset from the currently observed host galaxy position. From a physical perspec-
tive, this generalised constraint still captures the fact that the lobes share a common
origin, but also allows for the possibility of relative motion of the host galaxy with re-
spect to the lobes during their formation. Such relative motion can cause measurable
displacements: a relative speed of ∼102 km s−1 maintained over a ∼100 Gyr period
shifts the host galaxy’s position by ∼10−1 Mpc. At NGC 6185’s distance, this cor-
responds to an angular shift of∼100 arcmin. Due to the two-dimensional nature of
our data, we can only recover the offset in the plane of the sky. We thus describe the
offset bymeans of a two-dimensional vector pointing towards the currently observed
host galaxy position, parametrised through a position angle ϕ0 and a projected proper

6Future versions of the model should automatically select an appropriate shape. This can be done
by first performing inference for each shape, and then performing model selection — for example
through Bayes factors.
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Figure 5.6: Overview of our Bayesian radio galaxy lobe model, which allows inference of physical
properties by matching an observed image to modelled images, applied to the lobes of NGC 6185’s
giant. Top: LoTSSDR2 compact source–subtracted 90′′ image. Middle:MAPmodel image. Bottom:
residual image.
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lengthd0. We parametrise each spheroid not only by the direction of its axis of revolu-
tion, which we capture with another position angle ϕ and an inclination angle θ, but
also by the distance d of the spheroid’s centre from the common origin, the semi-axis
a along the axis of revolution, and the semi-axis b perpendicular to this axis.7 Within
each lobe, we assume a constantmonochromatic emission coefficient (MEC;Rybicki
&Lightman, 1986) jν. Given (ϕ0, d0), and (ϕ, θ, d, a, b, jν) for each lobe, we generate
a MEC field on a voxel grid centered around the host galaxy. The total MEC field
is thus fully described by a 14-dimensional parameter vector p. From this 3D MEC
field we generate the 2Dmodel radio image by integrating along the line of sight and
applying a (1+ z)−3 cosmological attenuation factor.
To find the posterior, we must calculate the likelihood that the observed image

is the modelled image distorted by thermal noise, which we assume to be Gaussian.
Importantly, we also make use of a non-flat prior. With a flat prior, there exists a
degeneracy between low-MEC lobes with a large extent along the third (i.e. line-of-
sight) dimension, andhigh-MEClobeswith a small extent along this thirddimension:
such scenarios produce similar images. To break this degeneracy, we make use of the
fact that observations indicate that the intrinsic lengths of GRGs are approximately
Pareto distributed with tail index ξ = −3.5± 0.5 (Oei et al., 2023a). By enforcing a
prior on intrinsic length, we elegantly favour smaller 3D configurations that produce
a match to the data over larger 3D configurations that accomplish the same. For our
modelled radio galaxies, we define the intrinsic length l as the 3Ddistance between the
eastern (E) and western (W) lobe tips. We let r̂(ϕ, θ) denote the unit vector pointing
in the direction given by position angle–inclination angle pair (ϕ, θ). Then the prior
P(p) (up to an immaterial constant) becomes

P(p) ∝ l(p)ξ, (5.2)

where l is

l(p) := ||(dE + aE)r̂(ϕE, θE)− (dW + aW)r̂(ϕW, θW)||2. (5.3)

We repeat model image generation and likelihood and prior calculation many times
for differentparameter values. Moreprecisely,weperformMetropolis–HastingsMC-
MC to explore the posterior distribution; we refer the reader to Oei et al. (2022a) for
more details on the algorithm.8 Numerically, we run 10 independent Markov chains

7Both d as well as the semi-axes a and b are proper, not comoving, lengths.
8Asensiblemodel extension is to incorporate the additional constraint thatd0maynot be too large.

The two velocity components of the host galaxy in the plane of the sky may be approximated through
independentGaussian (e.g. Yahil &Vidal, 1977; Ribeiro et al., 2013) random variables with zeromean
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of 105 iterations each, where we tune the proposal parameters such that the accep-
tance rate is 23%, close to the predicted best rate (23.4%) from optimal scaling the-
ory (e.g. Bédard, 2008). From each chain, we discard the first 104 samples to avoid
burn-in effects, and aggregate the samples of the remaining 9 · 105 iterations.

We illustrate the Bayesian lobe model in Fig. 5.6. From top to bottom, we show
the compact source–subtracted 90′′ LoTSS DR2 image of NGC 6185’s giant, the
maximum a posteriori probability (MAP) model image, and the residual image after
subtracting the observed image from the modelled one. For the western lobe, the
residuals reveal no evidence for model inadequacy; for the eastern lobe, the residuals
suggest that our constant-MEC spheroid model is a rough approximation only. We
caution that the inferences for the two lobes are therefore not equally reliable. The
eastern lobe may not be perfectly spheroidal, or the MEC may be locally enhanced
— for example due to an inhomogeneous magnetic field. Detailed observations of
nearby radio galaxies such as FornaxA (Maccagni et al., 2020) indeed showthatMECs
need not be constant within lobes. InTable 5.4, we presentMAP and posteriormean
and standard deviation (SD) estimates of the model parameters.

Table 5.4: MAP and posteriormean and SD of the parameters from the Bayesian spheroidal RG lobe
model. Estimates for the western (W) lobe are more reliable than those for the eastern (E) lobe.

parameter MAP posterior mean and SD
d0 0.40Mpc 0.37± 0.06Mpc
ϕ0 257° 250± 11°
ϕE 122° 121± 2°
ϕW 266° 264± 3°

|θE − 90°| 22° 22± 14°
|θW − 90°| 25° 15± 10°

dE 0.4Mpc 0.5± 0.1 Mpc
dW 1.3Mpc 1.2± 0.1 Mpc
aE 0.55Mpc 0.57± 0.06Mpc
aW 0.53Mpc 0.53± 0.03Mpc
bE 0.27Mpc 0.26± 0.01Mpc
bW 0.30Mpc 0.30± 0.01Mpc

jν,E (ν) 25 Jy deg−2 Mpc−1 26± 3 Jy deg−2 Mpc−1

jν,W (ν) 18 Jy deg−2 Mpc−1 18± 1 Jy deg−2 Mpc−1

and identical variance σ2v . Under this assumption, the total speed in the plane of the sky is Rayleigh
distributed. Thus, a time Δt after lobe formation, the proper displacement of the host galaxy in the
plane of the skyd0 ∼ Rayleigh(σd), where σd := σv ·Δt. The prior then becomesP(p) ∝ l(p)ξfd0(p),
where fd0 is the PDF of d0. The drawback of this approach is that one must somewhat arbitrarily
choose the hyperparameter σd, which is typically unknown; values σd ∼ 10−1 Mpc appear justified.
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The inferences d0 = 0.37 ± 0.06 Mpc and ϕ0 = 250 ± 11° indicate that NGC
6185 may have been moving in southwestern direction with a speed ∼102 km s−1

maintained over a∼100 Gyr period; however, we stress that this claim is tentative at
best. The inferred inclination angles suggest the data are consistent with a moderate
deviation from a sky plane geometry — |θE − 90°| = 22 ± 14° and |θW − 90°| =
15± 10°—although the latter is not ruled out given the uncertainties.
We use the post–burn-in samples to calculate derived quantities of interest. One

of them is the position angle difference Δϕ := ϕW − ϕE, expected to be close to 180°
in the most dilute CosmicWeb environments. Others are the proper distances in the
plane of the sky between the host galaxy and the inner and outer tips of the (eastern)
lobe; these are

di,E = || − d0r̂(ϕ0, 0) + P⊥(dE − aE)r̂(ϕE, θE)||2; (5.4)
do,E = || − d0r̂(ϕ0, 0) + P⊥(dE + aE)r̂(ϕE, θE)||2, (5.5)

with analogous expressions for the western lobe. Here, P⊥ is a 3 × 3 matrix that
projects vectors onto the plane of the sky.9 Yet another is the intrinsic (3D) proper
length l, measured from outer lobe tip to outer lobe tip, as given by Eq. 5.3. As
the lobes are spheroidal, their proper volumes V = 4

3πab
2. The flux densities Fν

at νobs = 144MHz relate to the parameters and the angular diameter distance to the
galaxy as described by Eq. C.16 of Oei et al. (2022a); we also provide the correspond-
ing luminosity densities Lν at rest-frame frequency ν = νobs(1 + z) = 149 MHz.
The minimum energy (Burbidge, 1956) and equipartition (Pacholczyk, 1970) pres-
sure P, magnetic field strength B, and internal energy U of each lobe follow from
the galaxy’s redshift, the proper lobe volume, and the lobe flux density. As in Ine-
son et al. (2017), we assume that the electron energy distribution is a power law in
Lorentz factor γ between γmin = 10 and γmax = 105 with exponent p = −2.4. We
also assume a proton kinetic energy density vanishingly small compared to that of
electrons (κ = 0), as suggested acceptable for FRII radio galaxies by the results of
Ineson et al. (2017), and a maximal plasma filling factor (φ = 1), in line with the
constant-MEC assumption of ourmodel. We perform the calculations with pysynch

(Hardcastle et al., 1998b), which implements themagnetic field estimation approach
9In case of a choice of basis in which the third basis vector is parallel to the line of sight,

P⊥ =

1 0 0
0 1 0
0 0 0

 . (5.6)
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ofMyers& Spangler (1985).10 InTable 5.5, we presentMAP and posteriormean and
SD estimates of the derived quantities.

Table 5.5: MAP and posterior mean and SD of derived quantities from the Bayesian spheroidal RG
lobe model. Estimates for the western (W) lobe are more reliable than those for the eastern (E) lobe.

derived quantity MAP posterior mean and SD
Δϕ 144° 143± 3°
di,E 0.31 Mpc 0.31± 0.02Mpc
di,W 0.33Mpc 0.32± 0.02Mpc
do,E 1.19Mpc 1.19± 0.02Mpc
do,W 1.29Mpc 1.30± 0.02Mpc
l 2.7Mpc 2.6± 0.1 Mpc
VE 0.17Mpc3 0.16± 0.02Mpc3
VW 0.20Mpc3 0.19± 0.02Mpc3

Fν,E (νobs) 640 mJy 630± 63 mJy
Fν,W (νobs) 520 mJy 530± 53 mJy
Lν,E (ν) 1.7 · 1024 WHz−1 1.6± 0.2 · 1024 WHz−1

Lν,W (ν) 1.4 · 1024 WHz−1 1.4± 0.1 · 1024 WHz−1

Pmin,E 7.2 · 10−16 Pa 7.2± 0.6 · 10−16 Pa
Pmin,W 6.0 · 10−16 Pa 6.1± 0.4 · 10−16 Pa
Peq,E 7.2 · 10−16 Pa 7.2± 0.6 · 10−16 Pa
Peq,W 6.0 · 10−16 Pa 6.1± 0.4 · 10−16 Pa
Bmin,E 50 pT 50± 2 pT
Bmin,W 46 pT 46± 2 pT
Beq,E 52 pT 52± 2 pT
Beq,W 47 pT 48± 2 pT
Umin,E 1.1 · 1052 J 1.0± 0.1 · 1052 J
Umin,W 1.0 · 1052 J 1.0± 0.1 · 1052 J
Ueq,E 1.1 · 1052 J 1.0± 0.1 · 1052 J
Ueq,W 1.0 · 1052 J 1.0± 0.1 · 1052 J

The GRG’s total luminosity density at 150MHz, combining core and lobes, is Lν =

3.3 ± 0.3 · 1024 WHz−1. The lobe pressures, magnetic field strengths, and internal
energies inferred from theminimumenergy condition are statistically consistentwith
those inferred from the equipartition condition. Judging fromFig. 5.6, it is likely that
our model somewhat underestimates the volume of the eastern lobe. For lobe pres-
sures, we therefore adopt the western lobe estimate in the rest of this work. These

10The pysynch code is publicly available at https://github.com/mhardcastle/pysynch.
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Figure 5.7: Relationship between total size and lobe equipartition pressure for observed giants, with
colour denoting redshift. The equipartition pressures in the lobes ofNGC6185’s giant are among the
lowest measured yet.

pressures, Peq ∼ 6 · 10−16 Pa, are among the lowest hitherto found in radio galaxy
lobes.11 In Fig. 5.7, we show the relation between projected proper length and lobe
equipartition pressure as found by Oei et al. (2022a) for all known GRGs in non-
cluster environments, appended with the new datum for NGC 6185’s GRG. The
fact that low-redshift GRGs in this diagram generally have lower pressures is likely a
surface brightness selection effect; due to its∝ (1 + z)−3 scaling, the surface bright-
ness of a lobe at z = 0.3 is already less than half (46%) of the surface brightness of
the same lobe at z = 0. The record-low equipartition pressures presented here are
measurable as a result of a combination of the depth of the LoTSS DR2, the GRG’s
large projected proper length, and its low redshift.

X-ray observations of inverse Compton scattering between relativistic lobe elec-
trons and cosmic microwave background photons allow for a measurement of the
true lobe pressure P. Following this approach, Ineson et al. (2017) have investigated
the relation between true and equipartition lobe pressures for a representative sam-
ple of FRII radio galaxies. As shown in Fig. 5.8, for almost all studied cases the true
pressure is higher than the equipartition pressure by a factor of order unity. Im-
portantly, by plotting the ratio between P and Peq as a function of lobe volume V,
we find no clear trend over three orders of magnitude in lobe volume up to VE ≈
VW ≈ 0.2 Mpc3. It thus appears reasonable to assume that the distribution of

11Upon recalculating Peq for Alcyoneus (Oei et al., 2022a) under this work’s cosmology and this
section’s assumptions, one finds Peq ∼ 6 · 10−16 Pa, too.
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Figure 5.8: The ratio between the true lobe pressure P and the equipartition lobe pressure Peq, as a
function of lobe volume V. These data, from Ineson et al. (2017), suggest that true pressures are a
factor of order unity higher than equipartition pressures, with no clear trend in this factor over several
orders of magnitude in V. Triangles symbolise upper bounds. The dashed line marks the median
pressure ratio, P

Peq = 2.4.

P
Peq is the same for GRGs and non-giant RGs. Furthermore, as expected, Peq and
V anticorrelate, but both do not appear to strongly constrain P

Peq . To obtain the true
lobe pressure for NGC 6185’s GRG, we thus resort to a statistical conversion based
on the entire shown Ineson et al. (2017) sample. The conversion factor becomes
P
Peq = 2.4+2.8

−0.6. Applying it to NGC 6185’s giant, we arrive at a true lobe pressure
P = 1.5+1.7

−0.4 · 10−15 Pa.

5.3.2 IGMdensity

To find the temperature of the IGM surrounding NGC 6185, we must first obtain
the density of the local IGM. In Section 5.2.2, we established a 4 Mpc–scale relative
total matter density 1 + δ = 6 ± 2 from the BORG SDSS and galaxy group cata-
logues. However, 1+ δ cannot be considered a direct IGM density estimate for three
reasons. Firstly, it combines baryonic and dark matter; secondly, it encompasses —
for a significant part — matter that would have collapsed into galaxies and galactic
halos in hypothetical higher-resolution reconstructions; and thirdly, it measures den-
sity on an inappropriately large scale. By contrast, we are interested in baryons only,
and in particular in those occupying the rarefied space outside galaxies and their ha-
los. Moreover, the BORG SDSS provides the density on a 4Mpc–scale, much larger
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than the typical diameter of a filament or cluster. If we could peer into the galaxy’s
voxel, we would see that a large part of it is void-like. As a result, on this large scale,
the relative total matter density of clusters is 1 + δ ∼ 10 instead of 1 + δ ∼ 102–
103; meanwhile, in filaments 1 + δ ∼ 1 instead of 1 + δ ∼ 10. The large averaging
scale of the BORGSDSS density field thus biases high-density environments low and
low-density environments high. Clearly, to obtain a reasonable estimate of the IGM
density as experienced by the lobes of theGRG,wemust use a smaller averaging scale.
To obtain a feeling of the dependence of IGM density on the averaging scale, we
present a simple analytic analysis in which we compare the density of a fixed piece
of large-scale structure on a small averaging scale to the same quantity on a large aver-
aging scale. We consider aCosmicWebfilament, geometricallymodelled as a cylinder,
whose IGM density around the central axis follows an isothermal β-model.12 Origi-
nally, this model was proposed to describe intra-cluster medium density profiles (e.g.
Cavaliere & Fusco-Femiano, 1976, 1978; Arnaud, 2009), but is nowadays also com-
mon as a WHIM density profile descriptor (e.g. Gheller & Vazza, 2019; Tuominen
et al., 2021). The model is parametrised by a central density, a core radius rc, and
a slope parameter β. We obtain insightful analytic expressions if we consider the
volumes over which we average the density to be cylindrical, with central axes that
coalesce with the filament’s. Let L be the BORG SDSS voxel side length, so that
a BORG SDSS voxel has volume L3. We assign the cylinder representing the large
averaging volume a length L and radius R. We choose R such that the area of the
cylindrical section perpendicular to the axis equals L2, the area of a voxel face. Thus,
R := 1√

πL ≈ 2.4 Mpc. Similarly, we assign the cylinder representing the small av-
eraging volume a length l and radius r; analogously, we set r := 1√

π l. For example, a
voxel of side length l = 1 Mpc implies r ≈ 0.6Mpc. One can show that the ratio of
average densities is

〈ρ〉(r)
〈ρ〉(R)

=

(
R
r

)2

·

(
1+

(
r
rc

)2)1− 3
2 β

− 1(
1+

(
R
rc

)2)1− 3
2 β

− 1

, (5.7)

12Although NGC 6185’s small-scale environment might be a galaxy group, its large-scale environ-
ment still is a filament.
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Figure 5.9: Ratio between small-scale density, averaged until radius r, and large-scale density, averaged
until radiusR, for a cylindrical filament whoseWHIMdensity profile follows the isothermal β-model.
We adopt values for the core radius rc and slope parameter β suggested by Tuominen et al. (2021).
The BORG SDSS fixesR = 2.4Mpc. If an isothermal β-model describes the WHIM density profile
around the filament spine, then the average WHIM density within radius r can be much larger than
within radiusR (if r < R).

except when β = 2
3 ; in that case,

〈ρ〉(r)
〈ρ〉(R)

=

(
R
r

)2

·
ln
(
1+

(
r
rc

)2)
ln
(
1+

(
R
rc

)2) . (5.8)

SeeAppendix 5.A1 for a derivation and interesting limits. Aswe consider a ratio of av-
erage densities, the central density of the isothermal β-model drops out; as a result, for
r variable andR fixed just two parameters remain. We visualise the ratio between the
average WHIM density within radius r and that within radius R in Fig. 5.9. We use
parameter values from the WHIM analysis by Tuominen et al. (2021) of the Evolu-
tion and Assembly of Galaxies and their Environments (EAGLE; Schaye et al., 2015;
Crain et al., 2015) simulations. For r = 0.6 Mpc, which corresponds to a 1 Mpc3

averaging volume around the filament spine, theWHIMdensity is 5–10 times higher
than for r = R.
We invoke cosmological simulation snapshots to find a statistical conversion relation
between the total matter density in a (4.2 Mpc)3 cubical volume around massive
galaxies and the IGM density in a 1 Mpc3 spherical volume around them. Follow-
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ing Gheller et al. (2016), we localise galaxies in the simulation in a two-step process.
First, we identify all voxels for which ρDM > 1000 ρc(z), with ρc(z) being the critical
density at redshift z. We then group all adjacent voxels together. This leads to 7397
voxel groups in the (100Mpc)3 volume, which we interpret as galaxies.

For each galaxy, we obtain a tentative baryonic halo mass by summing up all bary-
onic mass within a sphere with a diameter of 1 Mpc centred around it. In order to
identify simulated galaxies similar toNGC6185, we seek to convert these halomasses
into stellar masses.13 Studies of the stellar mass–halo mass relation (e.g. Behroozi
et al., 2013) show that stellar mass is a strictly increasing function of halo mass.14
This implies that the same ordering that ranks galaxies by halo mass also ranks them
by stellar mass; said differently, a galaxy’s halo mass percentile score is the same as its
stellar mass percentile score. We use this fact to map halo to stellar masses. To obtain
a realistic stellar mass distribution to map to, we select SDSSDR7 galaxies with spec-
troscopic redshifts in the Local Universe and sort them by stellar mass. We discard
the least massive ones until the galaxy number density is similar to that in our Enzo
simulation snapshot. For each simulated galaxy, we calculate the halomass percentile
score, assume that its stellarmass percentile score is the same, anddetermine the corre-
sponding stellarmass from the SDSSDR7 stellarmass distribution thus constructed.

In Fig. 5.10, we show three slices through the baryon density field around galax-
ies with a relative total matter density similar to that of NGC 6185. These are three
different scenarios that could represent the actual baryon density field within NGC
6185’s BORG SDSS voxel. We estimate the IGM density near each simulated galaxy
not by taking the average, but by taking the median baryon density within the sur-
rounding 1Mpc3 volume. In this way, we avoid contamination from the galaxy itself.
Even if a galaxywere tomeasure 0.5Mpc along each of three dimensions, its total vol-
ume would be 0.125 Mpc3, and so its voxels are likely to occupy the upper 12.5% of
baryon density percentile scores only. Themedian thus comfortably avoids these vox-
els. Wedenote the estimated small-scale relative IGMdensity 1+δIGM in Fig. 5.10with
white text and isopycnals. In Fig. 5.12, we demonstrate that the same IGM density
estimation rule also works well in lower-density, non-group filament environments,
which we envision will be the target of central interest in future applications of our
technique.

For each simulated galaxy, we calculate both the large-scale relative total matter
density 1 + δ and the small-scale relative IGM density 1 + δIGM. We aggregate the

13The Enzo simulations used do not contain sufficiently rich baryonic physics for stellar masses to
be available directly.

14Gheller et al. (2016) have shown that applying such a relation to simulated galaxies (see their Eq.
3) leads to a reasonable match with the GAMA survey (Driver et al., 2009) stellar mass distribution.
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Figure 5.10: Three example possibilities for the baryonic density field within NGC 6185’s BORG
SDSS voxel, whose 4.2Mpc–scale group-corrected relative total matter density 1+ δ = 6± 2. NGC
6185’s stellarmassM⋆ = 3·1011M⊙. We showEnzo simulation slices of roughly 42kpc thick, centred
around simulated galaxies of comparable stellarmass. Each contour shows 1+δIGM, the relative baryon
density of the IGM estimated within a 1 Mpc3 volume centred around the galaxy.
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Figure 5.11: Relative total density 1 + δ (including both baryonic and dark matter) versus relative
IGM density 1+ δIGM (including baryonic matter only) around galaxies in a low-redshift snapshot of
the Vazza et al. (2019) Enzo simulations. The former density is an average over a (4.2 Mpc)3 cubical
volume, whilst the latter density is the median within a 1 Mpc3 spherical volume; in both cases, the
galaxy lies at the centre. By colouring galaxies by their stellar massM⋆, we reveal that a much more
precise determination of 1 + δIGM can be achieved by conditioning on both 1 + δ andM⋆. In solid
dark grey, we show a best-fit power-law relation between 1+ δ and 1+ δIGM for all simulated galaxies;
in dotted dark grey, we show the analogous relation for those in the stellar mass range 1.5–6 · 1011 M⊙
only. For these galaxies, the discrepancy with the stellar mass of NGC 6185 is at most a factor 2.

results in Fig. 5.11. At any given 1+δ in the 1–10 range, there is an order ofmagnitude
variation in the corresponding 1 + δIGM. We fit a power-law relation to the data by
squared error minimisation in log–log space and obtain 1+ δIGM = 5.5 · (1+ δ)0.77.
If we restrict the fit to galaxies with a stellarmass atmost a factor 2 different from that
of NGC 6185 (i.e. M⋆ = 1.5–6 · 1011 M⊙), we obtain 1+ δIGM = 12.0 · (1+ δ)0.74.
However, to convert 1+δ into 1+δIGM forNGC6185, wemust also take into account
the variability in the relation. Furthermore, we must propagate the uncertainty in
1 + δ, which is most accurately done by sampling from the marginal distribution
for NGC 6185’s voxel using the full BORG SDSSMCMC. However at present, for
simplicity, we just assume that 1 + δ is lognormally distributed (Jasche & Wandelt,
2013). For NGC 6185, our statistical conversion relation then implies 1 + δIGM =

40+30
−10.

5.3.3 IGM temperature

We have estimated the pressure in the lobes of NGC 6185’s giant, alongside the IGM
density in the megaparsec-cubed–scale vicinity of the galaxy. Together, these quanti-
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ties allow us to estimate the IGM temperature at the inner side of the lobes.
Because the lobes have a high internal sound speed compared to their environment

as long as they are significantly underdense, the lobes do not maintain an internal
pressure gradient. By contrast, their environment does feature a pressure gradient,
so that the net force acting on the boundary of the lobe differs from point to point.
As a result, the lobes cannot stay put, but rise buoyantly in the direction opposite to
that of the local gravitational field. While the lobe is expanding at its outer tip, where
it is overpressured with respect to its environment, the lobe is crushed at its inner
tip, where an approximate pressure balance with the environment occurs: P ≈ PIGM.
This condition is key to infer the temperature of the IGMat the inner lobe tips. From
Section 5.3.1, we havemeasured that the projected proper distances fromNGC6185
to the inner lobe tips are di,E = 0.31 ± 0.02 Mpc and di,W = 0.32 ± 0.02 Mpc.
Taking into account the possibility of an extension along the line-of-sight dimension,
the inner lobe tips occur at a distance≳ 0.3Mpc from the host galaxy. BecauseNGC
6185 is the most luminous and most massive galaxy of its group, we assume that it
lies close to the group centre. We recall that — according to Tempel et al. (2017) —
R200 = 0.4 Mpc, which these authors also identify with the group’s virial radius.
Thus, we consider PIGM from the pressure balance condition to roughly correspond
to the group’s virial radius. We employ the ideal gas law to infer an IGM temperature
from the IGM pressure and the IGM density. We find a temperature at the group’s
virial radius of TIGM = 11+12

−5 · 106 K, or kBTIGM = 0.9+1.0
−0.4 keV.

5.4 Discussion

5.4.1 Comparison to X-ray measurements of group temperatures

As mentioned in Section 5.2.2, the literature mass estimates for NGC 6185’s group
range between 0.7–2.6 · 1013 M⊙; our own estimate isM = 1 · 1013 M⊙. How does
our inferred IGM temperature compare to X-ray observations of similar groups? A
Chandra study of the IGM in the similarly spiral-rich group HCG 16 (O’Sullivan
et al., 2014) has revealed low temperatures TIGM = 3–4 · 106 K; however, the esti-
mated group mass, M500 = 4 · 1012 M⊙, is also lower. The three lowest-mass ob-
jects in the Chandra sample of nearby groups by Sun et al. (2009) have total masses
M500 = 1.5 · 1013 M⊙,M500 = 2.0 · 1013 M⊙, andM500 = 3.2 · 1013 M⊙. Their
temperatures are T500 = 9 · 106 K, T500 = 11 · 106 K, and T500 = 12 · 106 K, or
kBT500 = 0.8 keV, kBT500 = 1.0 keV, and kBT500 = 1.1 keV, respectively. Moreover,
using the scaling relation of Lovisari et al. (2015), a group massM500 = 1 · 1013 M⊙
corresponds to TIGM = 7 · 106 K, or kBTIGM = 0.6 keV. These examples show
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that our IGM temperature estimate is broadly consistent with X-ray–derived tem-
peratures of similarly massive groups. We recommend follow-up X-ray observations
of theNGC6185 group in order to directlymeasureTIGM at the virial radius. A com-
parison between theX-ray- andGRG-inferred IGM temperature would not only put
this particular result to the test, but would also provide a feeling of the general poten-
tial of our methodology.

5.4.2 IGM pressure balance and lobe smoothness

A key building block of our methodology is the condition of pressure balance at the
inner lobe tips, as presented in Section 5.3.3. Herewe argue that the observed smooth
lobe shapes provide evidence that this condition indeed occurs.

As can be seen from Figs. 5.2 and 5.6, the lobes of the GRG of NGC 6185 appear
to be of smooth morphology. Thanks to our proximity to the galaxy and the reso-
lutions of the LoTSS, the lobes are highly resolved. Thus, the apparent smoothness
cannot be due to a large physical scale per angular resolution element, but must in-
stead be a feature intrinsic to the lobes. In comparison to other GRGs, the degree of
smoothness is atypical: the double spheroid model of Section 5.3.1 would not pro-
vide a good fit to the MEC field of most other known GRG lobes. We hypothesise
that the smoothness of the lobes ofNGC6185might be the result of a surface tension
effect. Wherever observations indicate a sharp boundary between a lobe and the sur-
rounding IGM, themagnetic field of the lobe at the boundarymust run parallel to it;
if it would not, the plasma in the lobe would not remain confined and would instead
start streaming into the IGM along the magnetic field lines. In turn, this would lead
to a blurring of the boundary between lobe and IGM. Amixing shell with a 100 kpc
thickness could formwithin a period of a few hundred kiloyears, which is short com-
pared to an RG lifetime.15 In the case of NGC 6185, a mixing shell with such thick-
ness would be observable as a surface brightness gradient spanning a few arcminutes;
however, a comparison between the top andmiddle panel of Fig. 5.6 suggests that the
observed image is consistent with our sharp-boundary spheroidmodel. It is therefore
reasonable to assume that the magnetic fields of the lobes of NGC 6185’s GRG run
approximately parallel to their surface. Weak shocks at lobe boundaries during the ex-
pansion phase also compress the magnetic fields of the IGM, boosting the magnetic
field component parallel to the boundary by a factor of order unity (Guidetti et al.,
2011). However, in typical cases, the magnetic field of the IGM is much weaker than
that of the lobes, so that the former is not expected to play a major role in confining

15For any particular RG, it is therefore unlikely to observe it in a state withoutmixing shell if it were
able to form one.
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the lobe plasma.
In the last stage of lobe evolution, uncompensated adiabatic losses rapidly reduce

the lobe’s pressure. The pressure contribution from relativistic electrons, whichmay
ormaynot dominate the lobe pressure at this evolutionary stage (e.g.O’Sullivan et al.,
2013;Croston et al., 2018), will fall evenmore rapidly because of radiative losses. The
IGM will start to compress the lobe. It does so at the inner side of the lobe only; at
the outer side, the lobe rises buoyantly towards lower densities and pressures, and so
remains locally overpressured. If the inner lobe would contract in a roughly shape-
preserving way while its volume and surface area are reduced, its magnetic field lines
would have to change direction in spacemore rapidly— said differently, themagnetic
field curvature κ would increase. However, magnetic field lines resist being curved:
bent field lines can be thought of as elastic bands under tension (Yang et al., 2019b)
that exert an additional pressure∝ κB2 on the local plasma. A lower-energy config-
uration is achieved when the lines straighten out and the potential energy associated
with the bent field lines is released. Therefore, inner lobe compression leads to a sup-
pression of local lobe features, and over time, the inner lobe shape tends towards a fea-
tureless semi-ellipsoid. Thus, the smooth shapes of the lobes of NGC 6185’s GRG
are consistentwith the inner lobe pressure balance scenario bound to occur at the end
of the giant’s life.

5.4.3 Evidence for late-stage radio galaxy evolution

Implausibly high age if RG assumed active

The total luminosity density of theGRG—Lν (ν = 150MHz) = 3.3·1024WHz−1

— implies an implausibly high age if the RG were still active. The right panel of
Fig. 12 of Hardcastle (2018), which describes results from a simulation-based an-
alytical model, suggests that the two-sided jet power Q and the luminosity density
Lν (ν = 150MHz) of active radio galaxies in environments ofmassM500 ∼ 1013M⊙
and at redshifts z < 0.5 approximately obey the proportionality

Q = Lν (ν = 150MHz) · 1011 Hz. (5.9)

For the GRGofNGC6185, we thus findQ = 3.3 · 1035 W.16 At the epoch of obser-
vation, the combined internal energy of the lobes isU = 2.0·1052 J; seeTable 5.5. The
total energy carried by the jets over time, which can be divided by the jet power to esti-

16However, we note that a significant fraction ofHardcastle (2018)’s simulated active radio galaxies
are outliers to this relation, especially as M500 approaches 1013 M⊙. This is not due to the crude
assumption of a simple proportionality, as its predictions are quantitatively similar to those from the
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mate the giant’s age, also includes workW done on the external medium and energy
lost through radiation. The simulations ofHardcastle &Krause (2013) show that, at
least in clusters, the work done on the external medium is comparable to the internal
energy of the lobes. The sumU+W ≈ 2Ubounds the total energy carried by the jets
frombelow and thus yields a lower bound to the giant’s age: Δt ≳ 4Gyr. Section 3.7
of Hardcastle (2018) predicts that the lobes’ combined radiative losses consistently
amount to ∼10% of Q, leading to a final estimate Δt = 4.3 Gyr. This age is exces-
sively high, and in possible tension with the age of the NGC 6185 group itself. The
abundance of spiral galaxies in the vicinity of NGC 6185 provides a qualitative argu-
ment for the youth of the group. For all groupmember candidates fromTable 5.3, we
collect fromMamon et al. (2020) STARLIGHT-based ages Δt⋆ within which half of the
stellar mass has been formed. The arithmetic average age 〈Δt⋆〉 = 6 Gyr. Interest-
ingly, 7 galaxies out of the 19 for which this data is available have a Δt⋆ < 4Gyr. This
suggests that major group formation activity has taken place in the last few gigayears;
the dynamical disruption of NGC 6185 shown in Fig. 5.1 provides further evidence
of this. Unfortunately, no Δt⋆ estimate is available for NGC 6185 itself.

If instead the GRG were not active, but a remnant, Eq. 5.9 could underestimate
the true jet power by one or two orders of magnitude (Hardcastle, 2018). A signifi-
cantly higher jet power would lower the GRG’s estimated age into a plausible range
(Δt ∈ 102–103 Myr) and relieve any potential tension with the group age. Besides,
a jet power Q ∈ 1036–1038 W would be much more common for currently known
GRGs than one in the range 1035–1036 W (Dabhade et al., 2020a); however, the for-
mer range is biased high because of selection effects. High jet powers are possible for
spiral galaxy–hosted giants: J2345–0449 has aQ ≳ 1.7 · 1037 W(Bagchi et al., 2014).

Absence of extragalactic jets and hotspots

The LoTSS DR2 and VLASS images of NGC 6185 do not provide evidence for
jet-mediated energy injection into the lobes at the epoch of observation. This im-
plies that either jet feeding must have ceased entirely, or that it is still ongoing, but
then through extragalactic jets faint enough to evade detection. As discussed in Sec-
tion 5.2.1, the VLASS 2.2′′ image strongly suggests the presence of current nuclear
jets, but these are too weak to have generated the observed lobes. Under the lobe

power-law relation of Ineson et al. (2017), who found from combining radio and X-ray observations

Q =

(
Lν (ν = 150MHz)

1025 WHz−1

)0.9

· 1.1 · 1036 W. (5.10)
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model of Section 5.3.1, the projected proper distances between the host galaxy and
the outer lobe tips — where potential hotspots should reside — are do ∼ 1.3 Mpc.
Clearly, if no pockets of jet energy occur along the entire path from galaxy to outer
lobe tip, such a hotspot will be devoid of jet-mediated energy injection for at least
some time coming. Assuming u = 0.1c for the average jet speed on the 100 Mpc–
scale, no LoTSS DR2 or VLASS–detectable jet-mediated energy injection into po-
tential hotspots will occur for at least ∼40 Myr. Of course, this period of future
energy injection deprivation bounds the total period of energy injection deprivation
from below. From observations of double–double radio galaxies (DDRGs; e.g. Ma-
hatma et al., 2019), it appears that actively growing RGs regularly show jet activity
hiatus of∼1 Myr duration; however, hiatus of∼10 Myr are much less common. A
period of energy injection deprivation of the length calculated above therefore ap-
pears to be more consistent with a dying, rather than with a sputtering, RG scenario.
Spiral galaxies usually do not have lobes, and we speculate that their formation in the
current case has been the result of a rare merger event, now largely foregone, which
triggered SMBH activity. The galaxy’s disturbed appearance, shown in Fig. 5.1, sup-
ports this scenario.

5.4.4 Future prospects

Robustness and tightness of IGMdensity inference

One of themain sources of uncertainty in the IGM temperature inferred in this work
comes from the statistical determination of IGM density 1+ δIGM from total density
1 + δ and stellar massM⋆; see Fig. 5.11. Future work should test the robustness of
this relation by rederiving it from another cosmological simulation, such as fromEA-
GLE or IllustrisTNG. Besides, it appears worthwhile to explore how sensitively the
inferred IGM density depends on its exact definition. In this work, we have under-
stood the IGM density around a galaxy to be the median baryonic matter density
within a 1 Mpc3 spherical volume; however, reasonable alternatives certainly appear
possible.

If indeed proven robust, it makes sense to investigate whether the determination
of 1+ δIGM can be further tightened by conditioning on additional information avail-
able for both simulated galaxies and the observed galaxy of interest. This, however,
requires cosmological simulations with sufficiently rich galactic physics; again, EA-
GLE and IllustrisTNG appear to be attractive contemporary simulation suites. Ad-
ditional information to condition on could be the galaxy’s morphological type (for
NGC 6185: SAa spiral), or the number density of other — sufficiently massive —
galaxies in someMpc-scale vicinity (for NGC 6185: see Table 5.3).
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Simulationswith rich galactic physics alsonaturally generate galaxies’ stellarmasses.
Using these stellar masses would eliminate the uncertainty that now arises from the
mapping of baryonic halo masses to stellar masses as described in Section 5.3.2. Cur-
rently, to determine 1+δIGM, wemake use of simulated galaxies within a rather broad
range of stellar mass around NGC 6185’s M⋆ = 3.0+1.2

−0.9 · 1011 M⊙: M⋆ ∈ 1.5–
6 · 1011 M⊙. Once we are more confident that the stellar masses from the simulation
are reliable, we could reduce this range to just the range required by the uncertainty
in the observed galaxy’s stellar mass. This, in turn, would reduce the uncertainties of
both the IGM density and temperature estimates.

More accurate large-scale structure reconstructions

Our methodology depends on a determination of the large-scale total density 1 + δ,
which we correct for group presence in the case of NGC 6185. What if the BORG
SDSS measurement 1 + δ = 2.3± 0.7 is inaccurate? An improved BORG run, the
BORG 2M++ (Jasche & Lavaux, 2019), is already available (though not publicly).
This BORG data set has all-sky coverage, a higher spatial resolution, and more accu-
rate selection functions, bias modelling, and gravitational dynamics — albeit at the
cost of probing a more limited redshift range. Fortunately, at z = 0.03, NGC 6185
falls within the BORG 2M++ volume. Future work should establish whether the to-
tal density derived from the BORG 2M++ (or similar data sets) leads to an inferred
IGM density consistent with the estimate derived here. In this way, one could build
further confidence that our methodology is robust.

Comparison to simulated IGM temperatures

Finally, simulations with rich galactic physics also include supernova and AGN feed-
back on the IGM. Gheller & Vazza (2019) have shown that past AGN activity can
significantly boost the temperature of the IGM surrounding the host galaxy. As a
result, only such simulations can give a realistic idea of the IGM temperature vari-
ation around galaxies with recent AGN activity.17 By constructing a simulation re-
lation analogous to that of Fig. 5.11, but now between TIGM on the one hand and
1+ δ andM⋆ on the other, it will be possible to evaluate whether or not our estimate
TIGM = 11+12

−5 · 106 K tightens the distribution already suggested by 1 + δ andM⋆.
This, in turn, would quantify the information gain achieved by our technique. One
can also turn this around: discrepancies between inferred and simulated IGM tem-

17Because we do not use a simulation with AGN feedback in the present work, we have for now
omitted a comparison with simulated IGM temperatures. The results would be unreliable.
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peratures could offer a way to calibrate and test (sub-grid) AGN feedback models,
which are still largely uncertain.

Potential with present-day data

The technique put forward in the current work does not exploit features unique
to NGC 6185’s giant, and thus may be applied to other targets in the future. No-
tably, we have not yet reached the limits of the technique as set by today’s data qual-
ity. From the top panel of Fig. 5.6, it is apparent that we could have visually recog-
nised, re-imaged and analysed the GRG of NGC 6185 correctly if its lobes had been
significantly fainter. In Appendix 5.A3, we quantify this detection limit, by simu-
lating Gaussian noise, adding it to the original image, and rescaling the result. We
demonstrate that the lobes could not have been 4 times fainter— see Fig. 5.13—but
that analysis with little loss of fidelity is possible if they had been 3 times fainter; see
Fig. 5.14. This latter analogonwouldhave an equipartitionpressurePeq = 3·10−16 Pa
and— if it would occur in the same environment as NGC 6185— an IGM temper-
ature TIGM = 4+3

−2 · 106 K, or kBTIGM = 0.3+0.3
−0.1 keV. Such estimates would be on

par with the lowest X-ray group temperature measurements available today (Lovisari
et al., 2021).

The next step is to apply the method not to a single case, but to a sample. Some
promising targets, for which preliminary LoTSS DR2 analysis suggests that P ∈
10−16–10−15 Pa, include the southern lobe of the LEDA 2048533 GRG (z = 0.06)
and the southern remnant lobe of the LEDA 2103724 GRG (z = 0.16) (Oei et al.,
2023a). It would be of particular interest to study targets in groups whose tempera-
tures or temperature profiles are known from X-ray observations.

5.5 Conclusion

In this work, we have demonstrated a new IGM temperature estimation technique,
whichprobes the edges of galaxy groups andholdspromise to extend into theWHIM.
We combine a radio galaxy image, stellar mass and redshift information, large-scale
structure reconstructions, and cosmological simulations.

1. We demonstrate ourmethodology usingNGC6185, a spiral galaxy in a nearby
(z = 0.0343± 0.0002) filament of the Cosmic Web. It is the most luminous
and massive (M⋆ = 3 · 1011 M⊙) member of a galaxy group (M ∼ 1013 M⊙),
and has generated the projectively longest (lp = 2.45 ± 0.01 Mpc) known
GRG of all spiral galaxies. Spiral galaxy–hosted GRGs are exceedingly rare.
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At ν = 150 MHz, this aged FRII radio galaxy has a luminosity density Lν =

3.3± 0.3 · 1024 WHz−1.

2. We apply a Bayesian parametric 3D lobe model to a LoTSS radio image. We
assume spheroidal lobe shapes with axes of revolution that pierce through a
common point near the host galaxy, optically thin volume-filling lobe plas-
mata of constant monochromatic emission coefficient, and Gaussian image
noise. We infer lobe volumes V ∼ 0.2Mpc3 and equipartition lobe pressures
Peq ∼ 6 ·10−16 Pa—amongst the lowest hitherto found. Using anX-ray based
statistical conversion, we find a true lobe pressure P = 1.5+1.7

−0.4 · 10−15 Pa.

3. From the BORG SDSS, an SDSS-derived Monte Carlo Markov chain of pos-
sible Local Universe density fields, we measure that the total density averaged
over a (4.2 Mpc)3 volume around NGC 6185 is 1 + δ = 2.3 ± 0.7. For
the particular case of NGC 6185, we perform a group correction, yielding
1 + δ = 6± 2. Next, from Enzo cosmological simulations, we determine the
relationship between 1 + δ and the typical IGM density 1 + δIGM in a 1 Mpc3

volume around galaxies with a stellar mass similar to NGC 6185’s. Applying
this relationship to NGC 6185, we find 1+ δIGM = 40+30

−10.

4. Radio galaxy lobes, being significantly underdense with respect to their en-
vironment, rise buoyantly in the direction opposite to the local gravitational
field. Especially for aged lobes, the IGM crushes the lobes around the inner
lobe tips, causing an approximate local balance between IGM and lobe pres-
sure: PIGM ≈ P. From this physical effect and the ideal gas law, we deduce
that TIGM = 11+12

−5 · 106 K, or kBTIGM = 0.9+1.0
−0.4 keV. This temperature cor-

responds to a distance ≳ 0.3 Mpc from NGC 6185; as such, we probe the
thermodynamics at the virial radius of the group.

5. Interestingly, our case study does not yet fully demonstrate the potential of our
technique. Given the noise levels of currently available LoTSS survey data, it
is possible to perform the above analysis on a three times fainter analogon to
NGC 6185’s GRG. This would allow one to probe temperatures on par with
the lowest X-ray group temperatures available today.

6. Although we have currently applied our method to a radio galaxy whose host
lies in a group, no step requires this to be the case. Quite to the contrary, it
is likely that BORG-like large-scale structure reconstructions are more accu-
rate for non-group filament environments. Our method thus holds promise
to extend beyond the outskirts of galaxy groups — and into the WHIM. We
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envision our estimate to be the first of many temperature constraints in Cos-
mic Web filaments from radio galaxy observations. At the moment of writ-
ing, there are hundreds of other LOFAR-imaged giants that reside within the
volume probed by the BORG SDSS, and future radio surveys and large-scale
structure reconstructionswill expand in sky coverage and depth. Ourmethod-
ology, which bypasses expensive X-ray observations, might thus be employed
on a large scale in the future. This, in turn, could lead to a three-dimensional
map of WHIM temperatures and temperature bounds at concrete locations
within the nearby Cosmic Web.
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5.A1 Average density ratio forWHIMwith isothermal β-profile

Here we derive the average density ratio formulae of Eqs. 5.7 and 5.8, alongside the
average density ratio asymptote for fixed parameters.
We consider a filament whose WHIM density profile obeys the isothermal β-model:

ρ(r) := ρ(0)

(
1+

(
r
rc

)2
)− 3

2 β

, (5.11)

with ρ(0), rc, and β free parameters. A cylinder of radius r and length lhas an enclosed
massm(r) and average density 〈ρ〉(r) given by

m(r) =
ˆ r

0
ρ(r′) · l · 2πr′ dr′; 〈ρ〉(r) = m(r)

πr2l
, (5.12)

so that

〈ρ〉(r) = 2ρ(0)
r2

ˆ r

0

(
1+

(
r′

rc

)2
)− 3

2 β

r′ dr′. (5.13)
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The integration result depends on β. For β 6= 2
3 , we find

〈ρ〉(r) = ρ(0)
1− 3

2β
r2c
r2

(1+ ( r
rc

)2
)1− 3

2 β

− 1

 , (5.14)

whilst for β = 2
3 , we find

〈ρ〉(r) = ρ(0)
r2c
r2

ln

(
1+

(
r
rc

)2
)
. (5.15)

Upon dividing 〈ρ〉(r) by 〈ρ〉(R), the shared factors ρ(0) r2c and (1− 3
2β)

−1 cancel, and
we arrive at Eqs. 5.7 and 5.8 for the average density ratio.
FromEq. 5.11, we see that for r � rc the density is approximately constant— at level
ρ(0). For this reason, one expects that

lim
r
rc
→0

〈ρ〉(r) = ρ(0), (5.16)

a fact that can be formally verified from Eqs. 5.14 and 5.15 using L’Hôpital’s rule.
Because β > 0, ρ(r) attains its maximum at r = 0. For β 6= 2

3 , the average density
ratio asymptote therefore is

lim
r
rc
→0

〈ρ〉(r)
〈ρ〉(R)

=
R2

r2c

1− 3
2β(

1+
(

R
rc

)2)1− 3
2 β

− 1

, (5.17)

whilst for β = 2
3 , we find

lim
r
rc
→0

〈ρ〉(r)
〈ρ〉(R)

=
R2

r2c
ln−1

(
1+

(
R
rc

)2
)
. (5.18)

5.A2 Large-to-small-scale density conversion: the low-density re-
gime

In this section, we provide a visual impression of the practical effect of the 1 Mpc–
scale IGM density definition introduced in Section 5.3.2. This definition is key in
the conversion from large-scale density 1+ δ to small-scale density 1+ δIGM.
As an example, we consider an NGC 6185 analogon with a 4.2 Mpc–scale relative
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Figure 5.12: As in Fig. 5.10, but for an NGC 6185 analogon that does not occur in a galaxy group,
but in a lower-density CosmicWeb filament environment. Such a galaxy might have a 4.2Mpc–scale
relative total matter density 1+ δ = 2.3± 0.7. As is clear from visual comparison to Fig. 5.10, Enzo
simulation cutouts consistent with this scenario feature both less dense 1 Mpc–scale environments as
well as less massive galaxies. Note the more restricted colour bar scale here.
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Figure 5.13: A simulated 90′′ image at νobs = 144MHz of a 4 times fainter analogon ofNGC6185’s
GRG.Given the LoTSSDR290′′ noise level σ ∼ 2 Jy deg−2, such aGRG is unlikely to be recognised,
correctly deconvolved, and analysed.

total matter density 1+ δ = 2.3± 0.7. In Fig. 5.12, we show three Enzo simulation
cutouts consistent with this scenario. As can be seen from the top and, to a lesser
degree, the bottom panel of Fig. 5.12, the thus-defined IGMdensity surrounding the
galaxymay represent the IGMdensity of a broader part of the filament. By comparing
Fig. 5.12 to Fig. 5.10, it appears that the 1 Mpc–scale IGM density definition intro-
duced in Section 5.3.2 not only produces reasonable density estimates in group-like
environments, but also in lower-density filament environments. This is important,
because future work may attempt to constrain IGM thermodynamics outside galaxy
groups with the methodology presented in this work.
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5.A3 Lower WHIM temperature constraints from current-day ra-
dio data

In this section,wedemonstrate that ourmethodology, combinedwith current-day ra-
dio survey data, such as the publicly availableLoTSSDR2, in principle allow formore
stringent WHIM temperature constraints than those derived in the current work—
that is, given the availability of a suitable target.
In Fig. 5.13, we show that given typical LoTSS DR2 noise levels, analoga of NGC

6185’s GRG but with surface brightnesses that are 4 times lower, are unsuitable tar-
gets. However, in Fig. 5.14, we show that analoga that are 2 or 3 times fainter can be
accurately analysed. For each analogon, we repeat theMetropolis–HastingsMCMC
procedure described in Section 5.3.1. A comparison between the middle panels of
Figs. 5.6 and 5.14 reveals that lobe geometry inference remains stable far into the low
signal-to-noise regime. We find that the 3 times fainter analogon yields an IGM tem-
perature estimate of TIGM = 4+3

−2 · 106 K, or kBTIGM = 0.3+0.3
−0.1 keV.
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Figure 5.14: Bayesian radio galaxy lobe model fits in the sense of Section 5.3.1 applied to simulated
analoga ofNGC6185’sGRG,butwith lobes that are 2 (left column) and3 (right column) times fainter.
This is a visual demonstration of the fact that (minimum energy and equipartition) lobe pressures can
be robustly extracted from analoga of NGC 6185’s GRG whose surface brightnesses are a factor of
order unity lower. The figure is similar to Fig. 5.6, but has a different colour bar scaling. Alongside
90′′ images at νobs = 144MHz of the 2 and 3 times fainter analoga ofNGC6185’s GRG (top row), we
show 90′′ MAP estimates from the Bayesian radio galaxy lobemodel (middle row) and residual images
(bottom row) obtained by subtracting the middle row images from the top row images.
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Mathematics, rightly viewed, possesses not only truth, but supreme beauty —
a beauty cold and austere, like that of sculpture, without appeal to any part
of our weaker nature, without the gorgeous trappings of painting or music, yet
sublimely pure, and capable of a stern perfection such as only the greatest art
can show.
Bertrand A. W. Russell, British mathematician and philosopher, The Study

ofMathematics (1907)

6
Measuring the giant radio galaxy

length distribution with the LoTSS
M. S. S. L. Oei, R. J. van Weeren, A. R.D. J. G. I. B. Gast, A. Botteon, M. J. Hardcastle, P. Dabhade,
T.W. Shimwell, H. J. A. Röttgering, A. Drabent— Astronomy & Astrophysics, 672, 163, 2023

Abstract
Context Manymassive galaxies launch jets from the accretiondisk of their central
black hole, but only∼103 instances are known inwhich the associated outflows form
giant radio galaxies (GRGs, or giants): luminous structures ofmegaparsec extent that
consist of atomic nuclei, relativistic electrons, and magnetic fields. Large samples are
imperative to understanding the enigmatic growth of giants, and recent systematic
searches in homogeneous surveys constitute a promising development. For the first
time, it is possible to performmeaningful precision statistics with GRG lengths, but
a framework to do so is missing.

Aims We measured the intrinsic GRG length distribution by combining a novel
statistical frameworkwith aLOFARTwo-metre SkySurvey (LoTSS) sampleof freshly
discovered giants. In turn, this allowed us to answer an array of questions on giants.
For example, we can now assess how rare a 5 Mpc giant is compared with one of 1
Mpc, and how much larger — given a projected length — the corresponding intrin-
sic length is expected to be. Notably, we can now also infer the GRGnumber density
in the Local Universe.
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Methods We assumed the intrinsic GRG length distribution to be Paretian (i.e.
of power-law form)with tail index ξ, and predicted the observed distribution bymod-
elling projection and selection effects. To infer ξ, we also systematically searched the
LoTSS for hitherto unknown giants and compiled the largest catalogue of giants to
date.

Results We show that if intrinsic GRG lengths are Pareto distributed with index
ξ, then projected GRG lengths are also Pareto distributed with index ξ. Selection ef-
fects induce curvature in the observed projected GRG length distribution: angular
length selection flattens it towards the lower end, while surface brightness selection
steepens it towards the higher end. We explicitly derived a GRG’s posterior over in-
trinsic lengths given its projected length, laying bare the ξ dependence. We also dis-
covered 2060 giants within LoTSS DR2 pipeline products; our sample more than
doubles the known population. Spectacular discoveries include the largest, second-
largest, and fourth-largest GRG known (lp = 5.1 Mpc, lp = 5.0 Mpc, and lp =

4.8 Mpc), the largest GRG known hosted by a spiral galaxy (lp = 2.5 Mpc), and
the largest secure GRG known beyond redshift 1 (lp = 3.9 Mpc). We increase the
number of known giants whose angular length exceeds that of the Moon from 10 to
23; among the discoveries is the angularly largest known radio galaxy in theNorthern
Sky, which is also the angularly largest known GRG (φ = 2°). Combining theory
and data, we determined that intrinsic GRG lengths are well described by a Pareto
distribution, and measured the index ξ = −3.5 ± 0.5. This implies that, given its
projected length, a GRG’s intrinsic length is expected to be just 15% larger. Finally,
we determined the comoving number density of giants in the Local Universe to be
nGRG = 5± 2 (100Mpc)−3.

Conclusions We developed a practical mathematical framework that elucidates
the statistics of giant radio galaxy lengths. Through a LoTSS search, we also discov-
ered 2060 new giants. By combining both advances, we determined that intrinsic
GRG lengths are well described by a Pareto distribution with index ξ = −3.5± 0.5,
and that giants are truly rare in a cosmological sense: most clusters and filaments of
the Cosmic Web are not currently home to a giant. Thus, our work yields new ob-
servational constraints for analytical models and simulations featuring radio galaxy
growth.

Key words: Galaxies: active – jets – kinematics and dynamics – Radio continuum:
galaxies
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6.1 Introduction

When gas, dust, and stars accrete onto a supermassive black hole (SMBH) in the cen-
tre of a galaxy, collimated jets arise along the Kerr rotation axis that blast some of
the infalling material into the intergalactic medium (IGM) (e.g. Blandford & Rees,
1974). In this process, the ejecta dissolve into a relativistic plasma that drags along
a magnetic field and glows in synchrotron light. The resulting luminous structure is
called a radio galaxy (RG); the central black hole that has generated it an active galactic
nucleus (AGN).

It is increasingly clear that RGs and their AGN play an important role in galaxy
evolution and cosmology. By heating the interstellarmedium (ISM) or even expelling
it from their host galaxies through galactic superwinds, AGN quench star formation
(e.g. Di Matteo et al., 2005). Beckmann et al. (2017) have shown that AGN-induced
star formation quenching is most pronounced inmassive galaxies. There is also com-
pelling evidence that the accompanying RGs provide the energy necessary to stop
(e.g. McNamara &Nulsen, 2012; Yang et al., 2019a) bremsstrahlung-mediated cool-
ing flows (Fabian et al., 1984) in clusters of galaxies. In the absence of cooling flows,
the intra-clustermedium (ICM) remains dilute and hot, and galaxies in the centres of
clusters are denied infalling gas that could otherwise reignite star formation. Cosmo-
logical simulations that include this RG feedback indeed resolve (e.g. Croton et al.,
2006) the overprediction of baryonicmasses and luminosities of central cluster galax-
ies that early simulations found. Finally, RGsmay be responsible for magnetising the
IGM that pervades the filaments of the Cosmic Web (e.g. Vazza et al., 2017).
Despite the emergingpicture thatRGs tracequenched star formation, inhibit cool-

ing flows, and magnetise filaments, our knowledge of them is far from complete.
Concerning geometry, a major unknown is the exact connection between the mor-
phology of RGs and the pressure field of the ambient IGM, especially in filaments
and cluster outskirts. Another question is whether small and large RGs come from
the same initial population, orwhether their growth is driven by distinct physical pro-
cesses. Finally, we do not know how large canRGs become, and, more generally, how
many RGs there are of each length.

To test RG growth models that answer these and other questions, it is imperative
to study the subpopulation of most spatially extreme RGs: the giant radio galaxies
(GRGs). The defining feature of giants is that their proper lengths—when projected
onto the celestial sphere— exceed some threshold lp,GRG, which is canonically chosen
as 0.7 Mpc or 1 Mpc. If lp,GRG = 0.7 Mpc, then the preceding literature describes a
total of 1281 giants.

In recent years, several studies have successfully searched for giants in systematic,
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wide-area surveys such as the NRAOVLA Sky Survey (NVSS; Condon et al., 1998)
and the LOFARTwo-metre Sky Survey (LoTSS; Shimwell et al., 2017). A combina-
tion ofmanual (i.e. visual) and automated searches (Solovyov&Verkhodanov, 2011;
Solovyov &Verkhodanov, 2014; Amirkhanyan, 2016; Proctor, 2016; Dabhade et al.,
2017, 2020a) in the NVSS yielded 313 new giants (24% of the aforementioned lit-
erature population). Meanwhile, Dabhade et al. (2020b) discovered 225 new giants
(17% of this same population) in the LoTSSDR1 (Shimwell et al., 2019), whose sur-
vey footprint is 80 times smaller than NVSS’s. Such searches have the advantage of
introducing almost homogeneous selection effects throughout the survey footprint,
which can potentially be modelled and thus corrected for during any subsequent sta-
tistical inference.

In this work this idea comes to fruition, by conducting a precision analysis of the
intrinsic giant radio galaxy length distribution. To do so, we require two ingredients.
First, in Sect. 6.2, we develop a statistical framework that allows one to answer prob-
abilistic questions regarding both large samples of giants and individual specimina.
Then, in Sect. 6.3, we describe our LoTSS DR2 (Shimwell et al., 2022) GRG search
campaign and the trove of previously unknown giants it has yielded; moreover, we
describe the assemblage of the most complete GRG catalogue to date. In Sect. 6.4,
combining theory and data, we infer the tail index parameter that describes the intrin-
sic GRG length distribution, which constrains future models and simulations aimed
at understanding RG growth. In Sect. 6.5, we discuss caveats of the current work
and give recommendations for future extensions, before we present conclusions in
Sect. 6.6.

We assume a concordance inflationary Λ cold dark matter cosmology with pa-
rameters M from Planck Collaboration et al. (2020); that is to say M = (h =

0.6766,ΩBM,0 = 0.0490,ΩM,0 = 0.3111,ΩΛ,0 = 0.6889), where H0 := h ·
100 km s−1 Mpc−1. We define the spectral index α such that it relates to flux density
Fν at frequency ν as Fν ∝ να, and define giants using threshold lp,GRG := 0.7 Mpc.
Regarding the terminology, we use ‘angular length’ where others use ‘largest angular
size’ (LAS), and ‘projected proper length’ where others use ‘largest linear size’ (LLS).1

1An object’s size can refer to either its one-, two-, or three-dimensional extent. We therefore con-
sider ‘angular size’ to be ambiguous terminology; we propose that ‘angular length’ better captures
one-dimensionality. Naturally, an object’s ‘length’ is understood to be its total one-dimensional ex-
tent, so that the qualifier ‘largest’ seems superfluous. We further remark that ‘length’ is synonymous
with, but more succinct than, ‘linear size’. In cosmology, one must distinguish between proper and
comoving lengths, especially when objects are not gravitationally bound — like GRG lobes. In this
work, we consider two types of proper lengths: intrinsic proper lengths and projected proper lengths.
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6.2 Theory

To measure the intrinsic GRG length distribution, we must first establish a suitable
statistical framework. In this section, we provide a summary of the theory developed
in Appendix 6.A1. Following Occam’s razor, we construct a model with minimal
assumptions that provides new insight into theGRGphenomenon and the detection
biases inherent to systematic search campaigns.

6.2.1 Intrinsic proper length

Firstly, we assume that giants and non-giant RGs share a common length distribu-
tion.2 In particular, because power laws are abundant in Nature, we assume that the
intrinsic proper length random variable (RV) L has a Pareto distribution with tail in-
dex ξ < −1 and support from lmin > 0 onwards. If an RV is Pareto distributed,
then the relative occurrence of two possible outcomes equals their ratio raised to a
power: the tail index ξ. In astrophysics, Pareto distributions describe the kinetic en-
ergies of freshly accelerated electrons in large-scale structure and supernova shocks
(e.g. Kirk & Schneider, 1987), the initial masses of main-sequence stars (e.g. Kroupa,
2001), and the luminosities of gamma-ray bursts (e.g. Bloom et al., 2001), to name a
few examples. Previous works (e.g. Andernach et al., 2021) have already hinted at the
approximate validity of a Pareto distribution description for GRG lengths. By com-
paring our final model to observations, as discussed in Section 6.4 and visualised in
Fig. 6.14, we demonstrate that this assumption is indeed a powerful approximation
in the current case.

The probability density function (PDF) fL : R → R≥0 thus becomes

fL (l) =

0 l < lmin,

−(ξ+1)
lmin

(
l

lmin

)ξ
l ≥ lmin.

(6.1)

We refer the reader toAppendix 6.A1.1 for aderivationof this expression andademon-
stration of its connection to the literature’s most common parametrisation.

6.2.2 Projected proper length

From the distribution of intrinsic lengths and the assumption of random radio galaxy
orientations, we now derive the distribution of projected lengths. This distribution

2Luckily, this assumption turns out to be irrelevant in the forthcoming GRG-only expressions,
which are this work’s focus.
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Figure 6.1: PDFs of radio galaxy intrinsic proper lengths L and projected proper lengths Lp. If the
intrinsic lengths L are Pareto distributed above some cut-off lmin, then their projections on the sky Lp
are also Pareto distributed above this cut-off. The tail indices are the same. We show the PDFs fL (top)
and fLp (bottom) for lmin = 0.5 Mpc, lmax = ∞ (see Appendix 6.A1) and various tail indices ξ. The
support of fL starts at lmin, which is marked by the vertical grey line in the bottom panel.

is more easily compared to observations, which usually lack inclination angle infor-
mation.

Distribution for RGs

Tomodel length and orientation, we consider a vectorL ∈ R3 (of lengthL := ||L||2)
for eachRG. In accordance with the IAU Solar System convention for positive poles,
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the unit vector L̂ ∈ S2 marks the direction from which the central Kerr black hole
is seen rotating in anticlockwise direction.3 We define the inclination angle Θ as the
angle between L and a vector parallel to the line of sight pointing towards the ob-
server.4 Observations that allow one tomeasure the orientation of the RG axis in 3D
are time-intensive, and so usually only the RG length projected onto the plane of the
sky is known.

Geometrically, we model RGs as line segments— as if they were ‘thin sticks’, with
vanishing volumes — so that the projected proper length RV Lp relates to L and Θ
through

Lp = L sin Θ. (6.2)

We assume that L̂ is drawn from a uniform distribution on S2, so that the PDF fΘ :

[0, π] → R≥0 becomes fΘ (θ) = 1
2 sin θ. Since L and Θ are independent, we find in

Appendix 6.A1.2 that the PDF of Lp, fLp : R → R≥0, is

fLp
(
lp
)
=


0 if lp ≤ 0,
−(ξ+1)
lmin

lp
lmin

I
(
ξ− 1, lp

lmin

)
if 0 < lp < lmin,

(ξ+1)2

lmin

√
π
4

(
lp
lmin

)ξ Γ(− ξ
2−

1
2)

Γ(− ξ
2+1)

if lp ≥ lmin,

(6.3)

where

I (a, b) :=
ˆ ∞

1

ηa dη√
η2 − b2

for a < 0, |b| < 1. (6.4)

We note that for lp ≥ lmin, the projected proper length has a Pareto distribution with
the same tail index as the intrinsic proper length distribution. We compare fL and fLp
in Fig. 6.1.

Distribution for giants

For giants specifically (i.e. RGs such that Lp > lp,GRG, where lp,GRG is some constant
threshold; in this work, lp,GRG := 0.7Mpc), the projected proper length distribution

3S2 is the unit two-sphere.
4When Θ = 0, the positive pole’s jet points towards us, and the black hole is seen rotating in

anticlockwise direction; when Θ = 90°, the jets lie in the plane of the sky; when Θ = 180°, the
positive pole’s jet points away from us, and the black hole rotates in clockwise direction.
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becomes a Pareto distribution with tail index ξ again:

fLp | Lp>lp,GRG
(
lp
)
=

0 if lp < lp,GRG
−(ξ+1)
lp,GRG

(
lp

lp,GRG

)ξ
if lp ≥ lp,GRG.

(6.5)

In other words, for giants, projection retains the Paretianity of lengths. A measure-
ment of the tail index of the projected length distribution is immediately also a mea-
surement of the tail index of the intrinsic length distribution.

The survival function, which gives the probability that a GRG has a projected
proper length exceeding lp, takes on a particularly simple form:

P
(
Lp > lp | Lp > lp,GRG

)
=

(
lp

lp,GRG

)ξ+1

. (6.6)

The mean projected proper length of giants is the expectation value of Lp | Lp >

lp,GRG:

E[Lp | Lp > lp,GRG] = lp,GRG
ξ+ 1
ξ+ 2

, (6.7)

which is only defined when ξ < −2. For example, when ξ = −4, E[Lp | Lp >

lp,GRG] = 3
2 lp,GRG, which becomes 1.05Mpc for lp,GRG := 0.7Mpc and 1.5Mpc for

lp,GRG := 1 Mpc.
Appendix 6.A1.2 provides a derivation for all three expressions.

6.2.3 Deprojection factor

The deprojection factor, D := L
Lp = sin−1 Θ, quantifies how much larger intrinsic

lengths are compared with projected lengths. The PDF ofD, fD : R → R≥0, is

fD (d) =

{
0 if d ≤ 1;

1
d2
√
d2−1 if d > 1.

(6.8)

The mean deprojection factorE[D] = π
2 . Deprojection factors can become arbitrar-

ily large under the current model, because projected lengths can become arbitrarily
small. As discussed in Sect. 6.5.2, this is not a very realistic set-up. In reality, an RG’s
projected length is bounded from below by its lobes, which have a non-vanishing
volume and thus extend along all three spatial dimensions. Upon projection, the
projected length therefore cannot shrink beyond some lower limit that depends on
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the lobe geometry. In Appendix 6.A1.3, we show that by enriching the conven-
tional stick-like geometry with spherical lobes, deprojection factors indeed become
bounded.

6.2.4 Intrinsic proper length posterior and its moments

Because an RG’s intrinsic length is more physically informative than its projected
length, we ideally obtain the former. In this subsection, we quantify what a mea-
surement Lp = lp already reveals about L.

Wefirst note that the projected lengthbounds the intrinsic length frombelow. The
intrinsic length can be much larger, however, but this is improbable for two reasons:
large lengths are rarer than small lengths, although how drastic this effect is depends
on ξ; in addition, viewing directions with large inclination angles are uncommon.
The best we can do is to construct a posterior distribution for L given Lp = lp. This
posterior has a concise analytic form. If lp > lmin, which is the relevant case for giants,
the distribution of L | Lp = lp is

fL|Lp=lp (l) =


0 if l ≤ lp
−ξ

21+ξπ
Γ2(− ξ

2)
Γ(−ξ)

1
lp

1√(
l
lp

)2
−1

(
l
lp

)ξ−1
if l > lp. (6.9)

For l � lp, fL|Lp=lp (l) ∝
(

l
lp

)ξ−2
: the posterior PDF tends to a power law in l with

index ξ− 2. In Fig. 6.2, we visualise the posterior PDF for several values of ξ. Clearly,
to evaluate Eq. 6.9, one must choose lp — however, the shape of the distribution is
the same for all choices. We illustrate this by comparing the PDF for a comparatively
small GRG (lp = 1.0 Mpc; top panel) to the PDF for Alcyoneus5 (lp = 5.0 Mpc;
bottom panel).

The posterior mean is

E
[
L | Lp = lp

]
= lp ·

−ξ
22ξ+3π

Γ4
(
− ξ

2

)
Γ2 (−ξ)

; (6.10)

5Alcyoneus is the projectively longest giant known to date (Oei et al., 2022a).
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Figure 6.2: Posterior PDFs of intrinsic lengths for a given projected length L | Lp = lp. If tail index
ξ is known, then an RG’s lp fixes the probability distribution over its possible l. This distribution
is strongly skewed, and the same for all lp — save for horizontal translation and vertical scaling. We
illustrate this point by showing posterior PDFs for giants with two different lp. Top: lp = 1 Mpc.
Bottom: lp = 5 Mpc. For ξ = −4, the posterior mean E[L | Lp = lp] = 1.13 lp and the posterior
standard deviation

√
V[L | Lp = lp] = 0.23 lp (see Table 6.1).
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the posterior variance is

V
[
L | Lp = lp

]
= l2p

 ξ
ξ+ 1

− ξ2

24ξ+6π2

Γ8
(
− ξ

2

)
Γ4 (−ξ)

 . (6.11)

Both mean and standard deviation scale linearly in lp: the projection effect is a mul-
tiplicative noise source. In Table 6.1, we provide explicit values for various ξ.

Table 6.1: Intrinsic proper length posterior mean and standard deviation in multiples of projected
proper length lp, given for various tail indices ξ.

E
[
L | Lp = lp

]
(ξ)

(
lp
) √

V
[
L | Lp = lp

]
(ξ)

(
lp
)

ξ = −2 4
π ≈ 1.27

√
2− 16

π2 ≈ 0.62

ξ = −3 3π
8 ≈ 1.18

√
3
2 −

9π2
64 ≈ 0.33

ξ = −4 32
9π ≈ 1.13

√
4
3 −

1024
81π2 ≈ 0.23

ξ = −5 45π
128 ≈ 1.10

√
5
4 −

2025π2
16384 ≈ 0.17

Higher moments exist up to order d−ξe; because the PDF fL | Lp=lp (l) is strongly
skewed, such moments do further specify the distribution.

It is important to note that it is formally incorrect to statistically deproject RGs by
drawing samples from deprojection factorD and multiplying them with some mea-
surement Lp = lp, or even more crudely, by multiplying the latter with E[D]. The
reason that renders such approaches invalid is that Lp = L sin Θ and D = sin−1 Θ
are not independent RVs. We refer to Appendix 6.A1.4 for an explicit proof of this
fact, and for derivations of this subsection’s expressions.

6.2.5 GRG inclination angle

Radio galaxies with jets that make a small angle with the plane of the sky are more
likely to have a projected length exceeding lp,GRG than those with jets that make a
large angle with the plane of the sky. For this reason, the inclination angle distri-
bution of giants is different from that of RGs: it is more peaked around θ = 90°.
More precisely, the PDF fΘ | Lp>lp,GRG : [0, π] → R≥0 of the GRG inclination angle
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Figure 6.3: PDFs of GRG inclination angles Θ | Lp > lp,GRG (colours) and RG inclination angles
Θ (grey). Giants more often have orientations close to the sky plane. The strength of this tendency is
governed by ξ, with larger ξmeaning more dispersion.

Θ | Lp > lp,GRG has the general form

fΘ | Lp>lp,GRG(θ) =

(
1− FL

(
lp,GRG
sin θ

))
fΘ (θ)

1− FLp(lp,GRG)
. (6.12)

Under our Pareto distribution assumption for L, this concretises to

fΘ | Lp>lp,GRG(θ) =
2

−(ξ+ 1)
√
π

Γ
(
− ξ

2 + 1
)

Γ
(
− ξ

2 −
1
2

) sin−ξ θ. (6.13)

We note that fΘ | Lp>lp,GRG(θ) ∝ sin−ξ θ; the factor in front serves only as a normalisa-
tion constant. The distribution is independent of the choice of lp,GRG and depends
on a single parameter: ξ. We visualise fΘ | Lp>lp,GRG(θ) in Fig. 6.3. Appendix 6.A1.5
contains a brief derivation.

6.2.6 GRG angular length

The model predicts the distribution of GRG angular lengths in the Local Universe
up to comoving distance rmax. The GRG angular length RV Φ | Lp > lp,GRG relates
to the GRG projected proper length RV Lp | Lp > lp,GRG and the comoving distance
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RVR as

Φ | Lp > lp,GRG = Lp | Lp > lp,GRG · 1+ z (R)
R

. (6.14)

(We note that this relation is valid only in a flat Friedmann–Lemaître–Robertson–
Walker (FLRW) universe.) We also assume that the GRGnumber density is constant
in the Local Universe. The PDF of Φ | Lp > lp,GRG has useful analytic forms under
two different idealisations.

In a Euclidean universe, z(R) = 0, and theminimal GRG angular length φGRG =
lp,GRG
rmax

. Then

fΦ | Lp>lp,GRG(φ) =

0 if φ ≤ φGRG

−3 ξ+1
ξ+4 ·

1
φGRG

((
φ

φGRG

)ξ
−
(

φ
φGRG

)−4
)

if φ > φGRG,

(6.15)

which is valid as long as ξ 6= −4.
In an expanding universe at low redshifts, the Hubble–Lemaître law z(R) ≈ R

dH
holds; the Hubble distance dH := c

H0
. In this case,

fΦ | Lp>lp,GRG(φ) =
0 if φ ≤ φGRG +

lp,GRG
dH

−3(ξ+1)φξ

r3maxl
ξ+1
p,GRG

´ φ
lp,GRG
1

rmax
+ 1

dH

dk
kξ+1

(
k− 1

dH

)4 if φ > φGRG +
lp,GRG
dH

.
(6.16)

Figure 6.4 shows GRG angular length PDFs under both idealisations. The PDFs
undergo a minor shift upon changing universe type but are otherwise similar. For
most current-day applications, it will therefore be unnecessary to calculate an even
more refined version of fΦ | Lp>lp,GRG(φ). Appendix 6.A1.6 contains derivations and
details.

6.2.7 Maximum likelihood estimation of the tail index

The GRG projected proper length distribution features just one parameter of phys-
ical interest: the tail index ξ. If observational selection effects are negligible, one can
directly use maximum likelihood estimation (MLE) on GRG data to infer ξ. In par-
ticular, we consider a set of projected lengths {Lp,1, ...,Lp,N} ∼ Lp | Lp > lp,GRG
fromN giants. Appendix 6.A1.7 shows that the maximum likelihood estimate of ξ is
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Figure 6.4: PDFs of GRG angular lengths Φ | Lp > lp,GRG. We fix rmax = 1 Gpc (and lp,GRG =
0.7Mpc), and vary ξ. Top: Euclidean universe. Bottom: expanding universe at low redshifts.

the RV ξMLE, given by

ξMLE = − N∑N
i=1 ln

Lp,i
lp,GRG

− 1. (6.17)
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6.2.8 Observed projected proper length

General considerations

In the preceding theory, we have ignored observational selection effects that favour
some projected proper lengths over others. In practice, several such effects occur;
the importance of each varies per survey and (G)RG search campaign within it. One
of them is the bias against physically long RGs that the interferometer’s largest de-
tectable angular scale can induce.6 As a result, the projected proper length of an ob-
served RG might not be adequately modelled through RV Lp. Instead, we must in-
troduce a new RV Lp,obs.
We define the completenessC : R>0×R>0 → [0, 1] at (lp, zmax) to be the fraction

of all RGs with projected proper length lp in the cosmological volume up to zmax that
is detected in a particular RG search campaign. Then, assuming that the distribution
of Lp does not evolve with redshift between z = zmax and z = 0 (i.e. ξ remains
constant),

C
(
lp, zmax

)
=

´ zmax
0 pobs

(
lp, z
)
r2 (z)E−1 (z) dz´ zmax

0 r2 (z)E−1 (z) dz
, (6.18)

where pobs(lp, z) is the probability that anRGof projected proper length lp at cosmo-
logical redshift z is detected through the campaign, and r (z) is the comoving radial
distance at cosmological redshift z. In aflat FLRWuniverse, the dimensionless Hub-
ble parameter E is

E (z) :=
H (z)
H0

=

√
ΩR,0 (1+ z)4 +ΩM,0 (1+ z)3 +ΩΛ,0. (6.19)

The PDF of the observed projected proper length RV Lp,obs becomes

fLp,obs
(
lp
)
=

C
(
lp
)
fLp
(
lp
)

´∞
0 C

(
l′p
)
fLp
(
l′p
)
dl′p

, (6.20)

where we suppress the zmax-dependence for succinctness. We note that multiplying
6For example, the Faint Images of the Radio Sky at Twenty Centimeters (FIRST) survey used the

Very Large Array (VLA) in B-configuration, leading it to detect angular scales of at most two arcmin-
utes. By contrast, the largest angular scale of the LoTSS— the survey relevant to this work— is about
a degree. (For the 6′′ and 20′′ resolutions, the shortest baseline is 100 metres; for the 60′′ and 90′′
resolutions, the shortest baseline is 68 metres.) As virtually all giants are of subdegree angular length,
we need not consider this bias in our case.
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pobs(lp, z) with an lp- and z-independent factor affects the completeness C(lp, zmax),
but cancels in Eq. 6.20; fLp,obs will be independent of it. Finally, the PDF of the GRG
observed projected proper length RV Lp,obs | Lp,obs > lp,GRG is

fLp,obs | Lp,obs>lp,GRG
(
lp
)
=

0 if lp ≤ lp,GRG
C(lp)fLp(lp)´∞

lp,GRG
C(l′p)fLp(l′p) dl′p

if lp > lp,GRG.
(6.21)

We derive these expressions in Appendix 6.A1.8.

Fuzzy angular length threshold

Weprovide a concrete example of an important observational selection effect in visual
searches for GRG candidates in survey images. To cope with the sheer number of
detectable RGs in modern surveys like the LoTSS, a natural criterion is to only add
sources to a candidate list if they appear— by eye— to have an angular length larger
than some threshold. However, it is hard to precisely assess the angular length of a
candidate before actually measuring it; sometimes, a candidate with a smaller angular
length than the threshold will feature in the list, while some candidates with a larger
angular length than the thresholdwill not. This leads to the notion of a ‘fuzzy angular
length threshold’, where the probability that anRGwith angular lengthφ is observed
through the visual search increases (e.g. linearly) from 0 to 1 between φmin and φmax:

pobs,AL
(
lp, z
)
= min

{
max

{
φ
(
lp, z
)
− φmin

φmax − φmin
, 0

}
, 1

}
, (6.22)

φ
(
lp, z
)
=

lp (1+ z)
r (z)

. (6.23)

See the top row of Fig. 6.5 for several examples of associated completeness curves
C(lp) and observed projected proper length PDFs. See Appendix 6.A1.8 for addi-
tional information.

Surface brightness limitations

Another important observational selection effect is due to a survey’s finite noise level.
The noise determines the surface brightness threshold bν,th (typically comparable to
the noise level itself) below which radio galaxy features remain visually undetected.
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Fanaroff–Riley class II We model the lobe surface brightness RV Bν at the
central observing frequency νobs as

Bν =
bν,ref · S

(1+ Z)3−α

(
L
lref

)ζ

, (6.24)

where bν,ref is the median surface brightness of RGs of intrinsic proper length lref at
cosmological redshift z = 0 and frequency νobs, and S is a lognormally distributed
RV with median 1 and dispersion parameter σref that captures the variability in sur-
face brightness among this population of RGs. The denominator models the fact
that surface brightness is not conserved with distance in an FLRW universe; Z is the
cosmological redshift RV up to z = zmax and α is the typical lobe spectral index. The
exponent ζ < 0 characterises the scaling between intrinsic proper length and surface
brightness. (If RGs are self-similar, so that morphology does not predict length, one
finds ζ = −2.) For this selection effect, the observing probability is

pobs,SB
(
lp, z
)
=

ˆ ∞

smin

√
1−

( smin

s

)− 2
ζ fS (s) ds, (6.25)

smin =
bν,th
bν,ref

(
lp
lref

)−ζ

(1+ z)3−α , (6.26)

fS (s) =
1√

2πσrefs
exp
(
− ln2 s
2σ2ref

)
. (6.27)

Wenote that pobs,SB does not depend on bν,th or bν,ref separately, but on their ratio only.
See the bottom row of Fig. 6.5 for several examples of associated completeness curves
C(lp) and observed projected proper length PDFs.
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Figure 6.5: Completeness functions (left column) and PDFs of observed projected proper lengths Lp,obs (right column). Selection effects leave imprints
on the distribution of radio galaxies’ Lp,obs. In the top row, we show how imposing an angular length threshold in a GRG search campaign leads to
incompleteness (left), which causes the PDF fLp,obs (right) to differ from fLp . We assume RGs with angular length φ < φmin have probability 0 to be
included in a sample, whilst RGs with angular length φ > φmax have probability 1. The inclusion probability is assumed to increase linearly between φmin
and φmax. In the left panel, we fix φmin = 3′ and vary φmax; in the right panel, we also fix φmax = 7′. In the bottom row, we show how a survey’s surface
brightness limitations lead to incompleteness (left), which causes the PDF fLp,obs (right) to differ from fLp . We assume that lobe surface brightnesses are
lognormally distributed; we parametrise the distribution for RGs of intrinsic length lref = 0.7 Mpc at z = 0 observed at νobs = 144 MHz with a median
bν,ref and dispersion parameter σref. In the left panel, we fix σref = 1.5 and vary bν,ref; in the right panel, we also fix bν,ref = 1000 Jy deg−2. We assume a
lobe spectral index α = −1, a surface brightness detection threshold bν,th = 25 Jy deg−2, and self-similar growth: ζ = −2. For both selection effects, we
consider RGs up to cosmological redshift zmax = 0.5 only.
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Fanaroff–Riley class I For FRI RGs, the assumption of a constant surface
brightness beyond the core is inaccurate. The simplest correction in which FRI RGs
retain a well-defined notion of length assumes a linearly decreasing surface bright-
ness profile, which peaks at the core and goes to zero at the RG’s two endpoints. (A
power-lawprofile does notwork: in such case, the surface brightness only goes asymp-
totically to zero — but never actually reaches it.) In this case, we define RV Bν to be
the mean surface brightness along an RG’s jets, which can be regarded as a typical
value for that RG. As Bν again obeys Eq. 6.24, we find that the formulaic structure
of pobs,SB(lp, z) is identical for FRI and FRII giants, except that FRI giants require a
change

bν,th →
bν,th

2
(
1− lp,GRG

lp

) , (6.28)

which affects pobs,SB(lp, z) through smin. There is no change for lp = 2lp,GRG. Al-
though the formulaic structure might be the same, the best-fit parameters can differ.
For example, it is possible that σref,FRI 6= σref,FRII or ζFRI 6= ζFRII. See Appendix 6.A1.8
for derivations and numerical implementation considerations.

To include both aforementioned selection effects at the same time, a natural ap-
proximation is to assume that the observing probability simply factorises:

pobs
(
lp, z
)
≈ pobs,AL

(
lp, z
)
· pobs,SB

(
lp, z
)
. (6.29)

6.2.9 GRG number density

A central question in the field of radio galaxies is: how intrinsically rare are giants?
By counting giants in a search campaign with well-understood selection effects, we
can give an answer. More precisely, one can estimate the comoving number den-
sity of giants in the Local Universe, nGRG, through the number of observed giants
up to cosmological redshift zmax in a uniformly searched region of sky of solid angle
Ω, NGRG,obs (zmax,Ω). Then, under the standard assumption lp,GRG > lmin, Ap-
pendix 6.A1.9 shows that

nGRG =
lξ+1
p,GRG

−(ξ+ 1)
· H0

c
·

4π
ΩNGRG,obs (zmax,Ω)´∞

lp,GRG
lξp
´ zmax
0 pobs

(
lp, z
)
4πr2 (z)E−1 (z) dz dlp

. (6.30)
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Although the appropriate pobs(lp, z) varies per search campaign, it is always possible
to bound pobs(lp, z) from above — for example by 1. In such case, Eq. 6.30 bounds
nGRG from below.

6.2.10 GRG lobe volume-filling fraction

Because giants attain cosmological lengths, theymight contribute to the energisation
andmagnetisation ofCosmicWebfilaments in regions that smaller radio galaxies can-
not reach. A key statistic that measures the enrichment of the CosmicWeb by giants
is the volume-filling fraction (VFF) of their lobes. Assuming that lobes do not grow
along with the expansion of the Universe, the proper VFF changes over cosmic time:
VFFGRG(z) = VFFGRG(z = 0) · (1+ z)3, where

VFFGRG(z = 0) := nGRG · E[V | Lp > lp,GRG]
= nGRG · E[Υ · L3 | Lp > lp,GRG], (6.31)

whereV is the combined volume of the lobes and Υ := V
L3 is a dimensionless RV that

captures the diversity in radio galaxy lobe shapes. We find under self-similar growth

VFFGRG(z = 0) = nGRG · E[Υ] · E[L3 | Lp > lp,GRG]. (6.32)

E[Υ] can be estimated from observations, but one must be wary of selection effects.
Unfortunately, E[L3 | Lp > lp,GRG] does not exist for ξ ≥ −4, which is the regime
supported by observations. A useful lower bound then is

VFFGRG(z = 0) > nGRG · E[Υ] · E3[L | Lp > lp,GRG], (6.33)

where

E[L | Lp > lp,GRG] = lp,GRG
Γ
(
− ξ

2 − 1
)
Γ
(
− ξ

2 + 1
)

Γ
(
− ξ

2 −
1
2

)
Γ
(
− ξ

2 +
1
2

) . (6.34)

This is the mean intrinsic proper length of giants, which is only defined when ξ <

−2.7
An alternative is to deviate slightly from our Pareto ansatz and truncate the GRG
7For example, when ξ = −3, E[L | Lp > lp,GRG] = 3π

4 lp,GRG, which becomes 1.65 Mpc for
lp,GRG := 0.7 Mpc and 2.36 Mpc for lp,GRG := 1 Mpc. When ξ = −4, E[L | Lp > lp,GRG] =
16
3π lp,GRG, which becomes 1.19Mpc for lp,GRG := 0.7Mpc and 1.70Mpc for lp,GRG := 1 Mpc.

262



projected proper length distribution at some lp,max; then

VFFGRG(z = 0) = nGRG · E[Υp] ·
ξ+ 1
ξ+ 4

·
lξ+4
p,max − lξ+4

p,GRG

lξ+1
p,max − lξ+1

p,GRG

, (6.35)

where Υp :=
V
L3p
. See Appendix 6.A1.10 for a derivation and further details.

6.2.11 Unification model constraints from quasar and non-quasar
giants

The unification model and its extensions (e.g. Hardcastle & Croston, 2020) form an
elegant family of hypotheses that aim to explain the observational diversity of active
galaxies. It posits that active galaxies with quasars differ from those without quasars
primarily because of differences in orientation of the dusty tori surrounding SMBHs.
In particular, the central idea is that a quasar appears brighter to the observer than a
non-quasar AGN because the axis of its dusty torus happens to be virtually parallel
to the line of sight. As such, only quasars would offer an unobscured view of the
luminous accretion disk surrounding the SMBH, whilst also beaming relativistic jet
emission towards the observer. Using our statistical framework, we predict the gen-
eral ramifications of the basic unification model on a GRG sample.

The basic unification model suggests to divide the radio galaxy population in two,
distinguishingbetweenRGsgeneratedbyAGNwithquasar appearance (quasarRGs)
and RGs generated by AGN without quasar appearance (non-quasar RGs). We as-
sume that quasar RGs have inclination angles θ ≤ θmax or θ ≥ 180° − θmax whilst
non-quasarRGshave θmax < θ < 180°−θmax.8 If quasarRGs aremore closely aligned
with the line of sight than non-quasar RGs but are otherwise similar, fewer of them
will satisfy lp ≥ lp,GRG and thus be classified as giants. Therefore, the quasar GRG
fraction fQ — the fraction of quasar giants in an actual GRG sample — constrains
θmax. We model fQ as an RV:

fQ :=
NQ

N
; NQ ∼ Binom

(
N, pQ

)
, (6.36)

where the RV NQ is the number of quasar giants in the sample, the constant N is
the total number of giants in the sample and the parameter pQ is the quasar GRG

8Geometrically, θmax represents the opening angle of the two coaxial conical gaps in the dusty torus
of the AGN.
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Figure 6.6: Probability pQ that an observed giant is a quasar giant under the unificationmodel. Under
this model, giants generated by AGN with quasar appearance (quasar giants) have inclination angles
θ ≤ θmax or θ ≥ 180° − θmax and giants generated by AGN without quasar appearance (non-quasar
giants) have intermediate θ. As long as quasar giants and non-quasar giants are subject to the same
selection effects, these selection effects do not affect pQ. Instead, in such case, pQ only depends on the
maximum quasar inclination angle θmax and the tail index ξ.

probability. Our framework predicts

pQ :=
P
(
Lp,obs ≥ lp,GRG, sin Θ ≤ sin θmax

)
P
(
Lp,obs ≥ lp,GRG

)
=

4Γ
(
− ξ

2 + 1
)

− (ξ+ 1)
√
π Γ
(
− ξ

2 −
1
2

) ˆ sin θmax

0

x−ξ dx√
1− x2

. (6.37)

See Appendix 6.A1.11 for a derivation. Interestingly, as long as quasar giants and
non-quasar giants are subject to the same selection effects, these selection effects do
not affect pQ. Figure 6.6 shows that, for all relevant ξ, pQ is a steeply and monoton-
ically increasing function of θmax. Thus, knowing ξ, one can use an empirical fQ to
determine pQ and in turn θmax.

Does one expect quasar giants to have a different distribution for Lp,obs | Lp,obs ≥
lp,GRG than non-quasar giants? Interestingly, our framework allows us to prove that
the inclination angle differences between the two classes affect their relative rarity, but
not their observed projected proper length distribution. Under the basic unification
model, quasar giants and non-quasar giants obey the same Lp,obs | Lp,obs ≥ lp,GRG if
they are subject to the same selection effects.
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Figure 6.7: Predictions of the existence and expected number of giants that exceed projected length lp
in a sample of cardinalityN, as functions of lp. Both tail index ξ and selection effect parameters affect
these predictions. We consider a sample of N = 1000 giants with redshifts below zmax = 0.5, use
φmin = 3′, φmax = 7′, bν,ref = 1000 Jy deg−2, and σref = 1.5, and keep other parameters as in Fig. 6.5.
Top: the probability that at least one observed giant has a projected length of at least lp. Bottom: the
expected number of observed giants with a projected length of at least lp.

6.2.12 Extreme giants in a sample

Themodel canpredict the occurrence of giantswith extremeprojectedproper lengths
in a sample of cardinalityN. The probability that an observed GRG has a projected

265



proper length exceeding lp is

p>lp := P
(
Lp,obs > lp | Lp,obs > lp,GRG

)
=

1− FLp,obs
(
lp
)

1− FLp,obs
(
lp,GRG

) , (6.38)

so that the number of observed giants with a projected proper length exceeding lp is
N>lp ∼ Binom(N, p>lp). Its expectation is E[N>lp ] = N · p>lp . Furthermore, the
probability that the sample contains at least one giant with projected proper length
lp or higher is

P
(
N>lp ≥ 1

)
= 1−

(
1− p>lp

)N
. (6.39)

See Appendix 6.A1.12 for details. Figure 6.7 shows E[N>lp ] and P(N>lp ≥ 1) for
various ξ. As an example, the case ξ = −3.0predicts that a sample ofN = 1000giants
with redshifts below zmax = 0.5 should contain almost ten giants of lp > 5 Mpc,
and still several of lp > 6 Mpc. Such predictions are useful as they can be directly
compared to elementary sample statistics.
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Figure 6.8: LoTSS DR2 cutouts of three newly discovered giants at 6′′ (left column) and 60′′ (right
column). By subtracting compact sources from calibrated 144 MHz visibility data and imaging at
low resolution (60′′ and 90′′), we reveal otherwise speculative giant radio galaxies at the unexplored
∼1 Jy deg−2 surface brightness level. The claimed host galaxy is in the image centre. Top: a GRG of
projected proper length lp = 1.4 ± 0.3 Mpc, whose angular length φ = 32.3 ± 0.2′ is larger than
that of the full Moon. Middle: a GRG of lp = 1.6± 0.6Mpc and φ = 16.4± 0.2′. Bottom: a GRG
of lp = 3.6 ± 0.1 Mpc and φ = 8.5 ± 0.2′. For scale, we show the stellar Milky Way disk (with a
diameter of 50 kpc) generated using the Ringermacher & Mead (2009) formula, alongside a 3, 5, or
10 times inflated version.
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Figure 6.9: Relations between cosmological redshift z and angular length φ for six giants of different
projected lengths lp. Due to the expansion of theUniverse, there is aminimum angular length for each
lp. If one defines giants as RGs with lp ≥ lp,GRG = 0.7Mpc, all giants have an angular length of 1.3′
or above. If one instead defines giants as RGs with lp ≥ lp,GRG = 1 Mpc, all giants have an angular
length of 1.9′ or above.

6.3 Sample compilation and properties

To measure the intrinsic GRG length distribution, we also require a large sample of
giants collected from a single survey through a systematic approach. This ensures
approximately homogeneous selection effects, whichwe can correct for in subsequent
analysis using the statistical framework of Sect. 6.2.

6.3.1 LoTSS DR2

The Low-Frequency Array (LOFAR; van Haarlem et al., 2013) is a powerful, Pan-
European radio interferometer that features both (sub)arcsecond-scale resolution and
sensitivity to degree-scale structures. Dabhade et al. (2020b) have already demon-
strated that this combination is ideal for detecting giants: these authors founda record
225 new specimina in the LoTSS DR1, the first data release of the LOFAR’s North-
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Figure 6.10: 12′ × 12′ DESI Legacy Imaging Surveys DR9 (g, r, z)-details with LoTSS DR2 6′′ con-
tours (3σ, 5σ, 10σ) overlaid. At 6′′ resolution, LoTSS images allow for more accurate host galaxy iden-
tification in SDSS, Pan-STARRS, and Legacy Survey images than was possible before. Top: the jet of
the giant at rank 33 of Table 6.2 and shown in the middle-left panel of Fig. 6.24. Middle: the giant at
rank 37 of Table 6.2. Bottom: the giant at rank 43 of Table 6.2.
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ern Sky survey at central frequency νobs = 144 MHz.9 Excitingly, the recent LoTSS
DR2 (Shimwell et al., 2022) improves the data calibration and increases the survey
footprint from 424 deg2 to 5635 deg2 — that is by more than a factor 13. By de-
fault, the LoTSS features imagery at 6′′ and 20′′ resolutions. To further facilitate the
discovery of giants (among other goals), we reprocessed the LoTSS by subtracting
compact sources and imaging at 60′′ and 90′′ resolution; more details are given inOei
et al. (2022a) and Oei et al. (prepa). This 60′′ and 90′′ imagery has turned out to be
effective in highlighting jets and lobes of RGs of large angular and physical extent,
whose surface brightnesses are low and which therefore have remained undetected in
shallower surveys, and even in theLoTSSDR2 at higher resolutions. Wedemonstrate
this fact in Fig. 6.8 by comparing theLoTSSDR2 at 6′′ and 60′′ for three giantswhose
discovery has relied on the lower-resolution images. After the serendipitous discov-
ery of several such hitherto unknown giants in the 60′′ and 90′′ images, we decided to
initiate a systematic, multi-resolution, visual GRG search through the area covered
by LoTSS DR2 pipeline products as of September 2022.10 This search comprised
of a hundreds-of-hours-long inspection of the LoTSS maps at 6′′ and 60′′, alongside
Pan-STARRSDR1 (Chambers et al., 2016) and SDSSDR9 (Ahn et al., 2012) maps,
in Aladin Desktop 11.0 (Bonnarel et al., 2000).

Reliable automated search strategies do not yet exist for several reasons. Giants
showcase a rich morphological variety (see Sect. 6.3.6) and are easily confused with
other types of astrophysical sources (see Sects. 6.3.3 and 6.3.4). Moreover, the known
population is too small to effectively apply supervised learning techniques. How-
ever, it appears possible to find giants in morphological outlier lists of unsupervised
learning techniques such as self-organising maps (SOMs; Mostert et al., 2021). The
efficacy of such techniques in GRG searches has not yet been quantified.

6.3.2 Angular length threshold

To limit the amount of manual work, we decided to search only for GRG candidates
whose angular length exceeds some threshold. In Fig. 6.9, we show how the angular
length φ of giants with six different projected proper lengths lp varies as a function
of cosmological redshift z. Because of the expansion of the Universe, giants have an
arcminute-scale minimum angular length: if lp,GRG = 0.7 Mpc, all giants obey φ >

1.3′.11 For the purpose of finding a GRG, it is therefore never useful to inspect a
9As in the current work, the authors defined giants using the projected proper length threshold

lp,GRG = 0.7Mpc.
10In this process, we have skipped the enclosed LoTSS DR1 area, which has already been analysed

by Dabhade et al. (2020b).
11If lp,GRG = 1 Mpc, all giants obey φ > 1.9′.

270



source with an angular length less than 1.3′. Our highest priority has been to find
giants with z < 0.2, which lie in a volume for which the total matter density field is
known or will be known in the coming years through the combined power of deep
spectroscopic surveys andBayesian inference frameworks, such as theBayesianOrigin
Reconstruction from Galaxies (BORG; Jasche &Wandelt, 2013; Jasche et al., 2015;
Jasche & Lavaux, 2019). In an upcoming publication, we combine a sample of low-
redshift giants with the BORG to analyse the large-scale environments of giants (Oei
et al., prepb). Figure 6.9 shows that all giants with lp > 1 Mpc at z < 0.2 have
an angular length φ > 5′. For this reason, we have chosen 5′ as the angular length
threshold of our search campaign. This choice has kept the visual inspection duration
to order∼102 h, while still enabling us to target allMpc-exceeding giants in the Local
Universe (z < 0.2). In practice, this threshold is ‘fuzzy’: it is hard to accurately
estimate angular lengths by eye before performing an actual measurement, so that
our list of GRG candidates does contain some with a smaller angular length than the
specified threshold. Inversely, it will presumably lack some GRG candidates with an
angular length exceeding the threshold.
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rank host name host coordinates redshift redshift angular projected proper host stellar host SMBH host
SDSS DR12 J2000 (°) (1) type length (′) length (Mpc) mass (1011M⊙) mass (109M⊙) quasar

1 J081956.41+323537.6 124.9851, 32.5938 0.749± 0.073 p 11.2 5.07± 0.20 . . . . . . . . .
2 J081421.68+522410.0 123.5904, 52.4028 0.2467± 6 · 10−5 s 20.8 4.99± 0.04 2.4± 0.4 0.4± 0.2 n
3 J142910.70+311245.0 217.2946, 31.2125 0.5921± 0.0001 s 11.7 4.80± 0.06 . . . 2.3± 2.0 n
4 J131823.42+262622.8 199.5976, 26.4397 0.6230± 5 · 10−5 s 11.0 4.62± 0.06 . . . . . . y
5 J152634.77+262003.2 231.6449, 26.3342 0.1507± 2 · 10−5 s 28.0 4.56± 0.03 3.7± 0.6 1.4± 0.3 n
6 J121815.66+382407.5 184.5653, 38.4021 0.634± 0.064 p 10.6 4.49± 0.21 . . . . . . . . .
7 J175735.88+405154.2 269.3995, 40.8651 0.585± 0.036 p 10.5 4.29± 0.14 . . . . . . . . .
8 J161622.52+111135.7 244.0939, 11.1933 0.3574± 7 · 10−5 s 13.4 4.15± 0.05 9.5± 1.8 5.7± 3.1 n
9 J154709.22+353846.1 236.7884, 35.6462 0.0794± 1 · 10−5 s 43.8 4.08± 0.01 4.6± 0.1 3.9± 0.9 n
10 J013406.32+301537.2 23.5264, 30.2604 0.884± 0.138 p 8.5 4.06± 0.22 . . . . . . . . .
11 J082747.88+662813.6 126.9495, 66.4705 0.968± 0.160 p 8.2 4.02± 0.20 . . . . . . . . .
12 J012440.54+194003.9 21.1689, 19.6678 0.578± 0.162 p 9.6 3.90± 0.58 . . . . . . . . .
13 . . . 238.4466, 28.4763 1.094± 0.122 p 7.7 3.88± 0.12 . . . . . . . . .
14 . . . 275.3624, 26.6599 0.0850± 0.0001 s 39.0 3.86± 0.02 . . . . . . . . .
15 J162656.58+543421.3 246.7358, 54.5726 0.4887± 0.0001 s 10.3 3.84± 0.06 . . . 1.0± 1.6 n
16 J220605.67+275100.3 331.5237, 27.8501 0.317± 0.116 p 13.2 3.78± 0.99 . . . . . . . . .
17 J023544.96+310447.5 38.9373, 31.0799 0.541± 0.063 p 9.6 3.77± 0.23 . . . . . . . . .
18 . . . 136.9661, 67.1071 0.754± 0.081 p 8.3 3.77± 0.17 . . . . . . . . .
19 J180117.72+510722.4 270.3239, 51.1229 0.448± 0.086 p 10.3 3.66± 0.42 . . . . . . . . .
20 J123900.69+360924.5 189.7529, 36.1568 0.5935± 6 · 10−5 s 8.8 3.62± 0.06 . . . . . . y
21 J102430.93+381842.8 156.1289, 38.3119 0.411± 0.028 p 10.7 3.62± 0.16 . . . . . . . . .
22 J172051.08+294256.8 260.2129, 29.7158 ≥ 0.620± 0.044 p 8.5 ≥ 3.56± 0.13 . . . . . . . . .
23 J090534.54+563052.0 136.3939, 56.5145 0.898± 0.056 p 7.4 3.55± 0.10 . . . . . . . . .
24 J133105.80+293435.7 202.7742, 29.5766 0.734± 0.034 p 7.9 3.55± 0.09 . . . . . . . . .
25 J223649.76+251242.5 339.2074, 25.2118 0.749± 0.075 p 7.8 3.53± 0.15 . . . . . . . . .
26 J230125.38+240148.2 345.3558, 24.0301 0.450± 0.089 p 9.9 3.53± 0.41 . . . . . . . . .
27 J004848.01+021003.1 12.2001, 2.1675 ≥ 0.3604± 9 · 10−5 s 11.2 ≥ 3.49± 0.05 . . . 3.0± 1.5 n
28 J220239.13+070656.7 330.6631, 7.1158 0.4649± 7 · 10−5 s 9.6 3.48± 0.05 . . . 0.9± 0.6 n
29 J165113.78+320943.4 252.8074, 32.1621 0.744± 0.045 p 7.7 3.48± 0.10 . . . . . . . . .
30 . . . 102.0173, 70.8276 0.714± 0.049 p 7.8 3.47± 0.12 . . . . . . . . .
31 . . . 11.2869, 28.7951 0.668± 0.042 p 8.0 3.46± 0.11 . . . . . . . . .
32 . . . 127.9215, 67.1934 0.451± 0.027 p 9.5 3.39± 0.12 . . . . . . . . .
33 J112912.14+273313.9 172.3006, 27.5539 0.0732± 1 · 10−5 s 38.6 3.34± 0.01 3.7± 0.1 3.6± 0.8 n
34 J163659.07+541725.4 249.2461, 54.2904 0.5027± 5 · 10−5 s 8.8 3.33± 0.06 . . . 53.4± 59.1 n
35 J092826.93+230448.0 142.1122, 23.0800 0.491± 0.045 p 8.9 3.33± 0.17 . . . . . . . . .
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rank host name host coordinates redshift redshift angular projected proper host stellar host SMBH host
SDSS DR12 J2000 (°) (1) type length (′) length (Mpc) mass (1011M⊙) mass (109M⊙) quasar

36 J001152.65+310024.3 2.9694, 31.0068 0.757± 0.083 p 7.3 3.32± 0.15 . . . . . . . . .
37 J125804.46+273046.0 194.5186, 27.5128 0.741± 0.083 p 7.3 3.29± 0.16 . . . . . . . . .
38 . . . 182.5080, 44.0903 1.031± 0.163 p 6.6 3.28± 0.15 . . . . . . . . .
39 J084127.02+554627.1 130.3626, 55.7742 0.7912± 3 · 10−5 s 7.1 3.28± 0.07 . . . 25.2± 27.0 n
40 J143011.92+410404.2 217.5497, 41.0678 0.5868± 0.0001 s 8.0 3.27± 0.06 . . . 2.1± 1.4 n
41 J135119.31+340844.1 207.8305, 34.1456 0.923± 0.121 p 6.7 3.24± 0.14 . . . . . . . . .
42 J134436.33+291239.6 206.1514, 29.2110 0.766± 0.134 p 7.1 3.24± 0.23 . . . . . . . . .
43 J112638.34+302541.9 171.6598, 30.4283 0.3049± 4 · 10−5 s 11.6 3.23± 0.04 . . . 1.5± 0.6 n
44 J012342.20+293633.1 20.9259, 29.6092 2.525± 0.300 p 6.5 3.22± 0.11 . . . . . . . . .
45 J223224.15+285753.3 338.1007, 28.9648 0.566± 0.038 p 8.0 3.21± 0.12 . . . . . . . . .
46 J103731.47+312948.9 159.3811, 31.4969 0.5228± 0.0001 s 8.3 3.21± 0.06 . . . 2.2± 1.4 n
47 J154742.69+384119.4 236.9279, 38.6887 0.280± 0.024 p 12.2 3.21± 0.20 . . . . . . . . .
48 J114333.93+425800.5 175.8914, 42.9668 0.802± 0.075 p 6.9 3.20± 0.12 . . . . . . . . .
49 J122329.86+313116.0 185.8744, 31.5211 0.666± 0.042 p 7.4 3.20± 0.11 . . . . . . . . .
50 . . . 212.1410, 67.8036 1.103± 0.181 p 6.3 3.17± 0.14 . . . . . . . . .

Table 6.2: Properties of the 50 projectively longest giants out of a total of 2060 discovered during our LoTSSDR2 search campaign. The giants are ranked
by projected proper length. The column ‘rank’ thus denotes each giant’s projected proper length rank within this new sample, not within the total known
population. Lying outside of the coverage, some GRG host galaxies have no SDSS DR12 name. The column ‘host coordinates’ contains the central right
ascension and declination of the host galaxy. The columns ‘redshift’ and ‘redshift type’ provide cosmological redshift estimates, derived from spectroscopy
s or photometry p. The column ‘angular length’ denotes the largest great-circle distance between two LoTSS DR2–detectable GRG (end)points. These
angular lengthsmay increase in future deeper surveys. We have notmeasured angular length errors on a case by case basis, but estimate them to be 0.15′. The
column ‘projected proper length’ propagates both redshift and angular length uncertainty and assumes the Planck Collaboration et al. (2020) cosmology.
The columns ‘host stellar mass’ and ‘host SMBH mass’, further discussed in Section 6.3.6 and Appendix 6.A3, provide SDSS-derived estimates of host
stellar and supermassive black hole masses. Finally, the column ‘host quasar’ indicates whether the host’s AGN has a quasar appearance: y (yes) or n (no).
In cases where only a set of candidates containing the host galaxy could be established beyond reasonable doubt, we list the properties of the lowest-redshift
candidate. In this way, the provided projected proper length bounds the actual projected proper length from below. In such cases, to signify uncertainty,
we mark the host name, host coordinates, and physical host properties in grey. We note that this lowest-redshift candidate is often, but not always, also the
most probable host. For access to these data for all 2060 newly discovered giants, see Appendix 6.A6.
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6.3.3 GRG candidates in the radio

We first identified GRG candidates in the LoTSS at 6′′ and 60′′. These maps serve
complementary roles. The 6′′ images reveal the precise morphology of radio galaxy
cores and jets, which are necessary to pinpoint the host galaxy. Figure 6.10 provides
a representative sense of the host galaxy identification accuracy these data allow for
when combined with modern optical surveys such as the DESI Legacy Imaging Sur-
veys (Dey et al., 2019) DR9. In contrast, the 60′′ images have such compact sources
removed or highly suppressed, but better highlight diffuse structures, such as RG
lobes. Being similar in morphology, we made sure not to interpret diffuse emission
from low-redshift spiral galaxies and their circumgalactic media, or radio halos and
relics in galaxy clusters, as RG lobe emission. We required that all new RGs feature a
detection of at least two12 lobes, or of at least one lobe and one jet oriented towards
the lobe(s), at at least one of the resolutions used in this work (6′′, 20′′, 60′′, and 90′′).

6.3.4 GRG candidates in the optical

To confirm that a radio structure really is a radio galaxy, we compared the radio images
with optical images of the same sky region. If a patch of radio emission is indeed due
to RG jets or lobes, the patch itself must have no codirectional galactic counterpart
in the optical. If the radio emission is due to a low-redshift spiral galaxy or a galaxy
cluster instead, a corresponding easily recognisable counterpart will exist. We also
took care not to erroneously associate the lobes of two distinct RGs. For this reason,
we were more cautious to associate a pair of lobes to a suspected host galaxy when, in
the optical, one could discern other galaxies in the angular vicinity of the lobes that
could have generated them instead.

The Pan-STARRS and SDSS images used for these purposes complement each
other, as they differ in quality throughout the sky— and in particular around sources
of high optical flux density. Neither consistently outperforms the other. Only Pan-
STARRS covers the full Northern Sky and could thus always be relied upon.

6.3.5 Host galaxy identification

We also used the Pan-STARRS and SDSSmaps for the identification of host galaxies.
We collected host redshifts from the SDSS DR12 (Alam et al., 2015) andGaia (Gaia
Collaboration et al., 2016)DR3 (GaiaCollaboration et al., 2021) through automated
VizieR queries, from the Galaxy List for the Advanced Detector Era (GLADE) 2.4
(Dálya et al., 2018), and from the DESI DR9 photometric redshift catalogue (Zou

12A small fraction of observed RGs are double-double radio galaxies, which show four lobes.
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et al., 2022). If redshifts frommultiple sources were available, we favoured SDSS over
GLADE data, GLADE overGaia data, andGaia over DESI data. Similarly, we only
adopted photometric redshifts if spectroscopic ones were not available.

For a small subset of RGs, a definite host galaxy could not be established beyond
reasonable doubt, but a set of candidates containing the host galaxy could. In these
cases, the lowest-redshift candidate provides a lower bound to the RG’s projected
proper length.13 If this lower bound exceeds lp,GRG = 0.7Mpc, then the actual pro-
jected proper length certainly does so too, and the RG can be classified as a GRG—
despite persisting uncertainty concerning the identity of the host galaxy.

6.3.6 LoTSS DR2 GRG sample

Our search campaign has led to the identification of 2060 hitherto unknown giants.
To establish novelty, we assembled a literature catalogue with all known giants as of
September 2022, combining the catalogue ofDabhade et al. (2020a)14with the giants
discovered in Galvin et al. (2020), Ishwara-Chandra et al. (2020), Tang et al. (2020),
Bassani et al. (2021), Brüggen et al. (2021), Delhaize et al. (2021),Masini et al. (2021),
Kuźmicz & Jamrozy (2021), Andernach et al. (2021), Mahato et al. (2022), Gürkan
et al. (2022), and Simonte et al. (2022). Fusing our sample with this literature cata-
logue, we obtain a final catalogue withN = 3341 giants.

Figure 6.11 shows the locations of all known giants in the sky. We list basic prop-
erties of the 50 projectively largest new discoveries in Table 6.2, and refer to Ap-
pendix 6.A6 for access to these data for our entire sample. In Fig. 6.12 and Figs. 6.24–
6.26, we present images for discoveries with projected proper lengths lp in the ranges
5.1–4Mpc, 4–3Mpc, 3–2Mpc, and 2–0.7Mpc, respectively. For each giant, we use
the LoTSS resolution θFWHM ∈ {6′′, 20′′, 60′′, 90′′} that most clearly conveys the
morphology through a single image. The selection reflects our sample’s diversity in
shapes and sizes and provides a sense of the data quality.

13This is true as long as all candidates have a redshift below that of the angular diameter distance
maximum: z = 1.59 for the cosmology adopted.

14This catalogue, complete up to and including April 2020, contains the giants found in 40 prior
publications (for a list, see Dabhade et al. (2020a)’s Sect. 1: Introduction), alongside their own discov-
eries.
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Figure 6.11: Mollweide view of the sky showing locations of all known giants, of which 62% are discoveries presented in this work. In the background,
we show the specific intensity function of theMilkyWay at νobs = 150MHz (Zheng et al., 2017). The LoTSS DR2 has avoided the Galactic Plane, where
extended emission complicates calibration and deconvolution. Our search footprint encloses a grey spherical rectangle, which represents the LoTSS DR1
search by Dabhade et al. (2020b), and a grey spherical cap, which represents the Boötes LOFARDeep Field search by Simonte et al. (2022).
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Angular lengths

The angular length distribution of the newly found giants is as follows: the smallest
φ = 1.5′, the median φ = 5.2′, the largest φ = 2.2°, and 80% of angular lengths
fall within [3.4′, 9.8′]. Thirteen of our discoveries — listed in Table 6.3 — are larger
than theMoon in the sky (whose angular diameter varies over time, but here taken to
be φ = 30′). Our search more than doubles the known number of such spectacular
giants — from 10 to 23.

The GRG associated with NGC 2300 (see the middle-left panel of Fig. 6.13) is
the giant with the largest angular length ever found, and the radio galaxy with the
largest angular length in the Northern Sky.15 It remains possible that the GRG has
been generated by spiral galaxyNGC2276 instead, withwhich elliptical galaxyNGC
2300 is interacting. However, this scenario seems unlikely, as only a fraction∼10−3

of known giants are hosted by spirals. Its discovery emphasises that low-frequency
interferometers like the LOFAR and the MWA, which are sensitive to degree-scale
angular scales, are important to complete a low-redshift census of giant radio galaxies.
Sky-wide, a simple extrapolation of our findings suggests that several (∼101) degree-
scale angular length giants similar to the GRG of NGC 2300 still await discovery at
the LoTSS DR2 depth.

Table 6.3: (Extended)Table 6.2 ranks, host names, angular lengths, andLoTSSDR2 image references
for all 13 newly discovered giants that appear larger in the sky than the Moon (φ > 30′).

rank host name angular LoTSS DR2
Table 6.2 NGC or LEDA length (′) image reference
1441 NGC 2300 2.2° Fig. 6.13, middle left
141 NGC 6185 1.0° Fig. 6.13, top left
9 LEDA 56028 43.8′ Fig. 6.12, bottom left
144 LEDA 54794 40.0′ -
14 LEDA 5060619 39.0′ Fig. 6.24, top left
33 LEDA 1811497 38.6′ Fig. 6.24, middle left
1692 NGC 2789 34.5′ Fig. 6.13, bottom right
1643 LEDA 38523 33.8′ Fig. 6.13, middle right
1770 NGC 1044 32.7′ Fig. 6.13, bottom left
178 LEDA 2048533 32.3′ Fig. 6.8, top row
1486 NGC 7385 32.0′ -
326 LEDA 3090801 31.0′ Fig. 6.25, bottom left
465 LEDA 37801 30.1′ Fig. 6.13, top right

15At φ = 8°, the Southern Sky’s Centaurus A (Cooper et al., 1965) is the radio galaxy with the
largest angular length overall (e.g. McKinley et al., 2022); despite this, at lp = 0.48 Mpc, it is not a
giant.
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Redshifts

The redshift distribution of the newly found giants is as follows: the lowest z =

0.00635 ± 6 · 10−5, the median z = 0.29, the highest z = 2.6394 ± 6 · 10−4,
and 80% of redshifts fall within [0.12, 0.68]. Because of our focus on giants of large
angular length (see Sect. 6.3.2), we have found only 36 giants beyond z > 1. One
of these, the GRG at rank 13 of Table 6.2, is the largest secure giant found beyond
redshift 1. It lies at z = 1.1± 0.1 and spans lp = 3.9± 0.1 Mpc. Its host galaxy does
not appear to contain a quasar.

Projected proper lengths

With lp = 5.1 ± 0.2 Mpc and lp = 4.99 ± 0.04 Mpc, our LoTSS DR2 sample
contains the first two 5 Mpc–scale giants. We have presented a dedicated analysis
of the latter GRG in Oei et al. (2022a). 11 discoveries have lp ≥ 4 Mpc, 53 have
3 ≤ lp < 4 Mpc, 291 have 2 ≤ lp < 3 Mpc, 1215 have 1 ≤ lp < 2 Mpc, and 490
have 0.7 ≤ lp < 1 Mpc. The median lp = 1.35 Mpc, and 80% of projected proper
lengths fall within [0.82Mpc, 2.29Mpc].

Stellar and supermassive black hole masses

Following Oei et al. (2022a), we collected host stellar masses M⋆ from Chang et al.
(2015) and Salim et al. (2018), and estimated host SMBHmassesM• via SDSSDR12
stellar velocity dispersions (Alam et al., 2015) and theM-sigma relation of Kormendy
& Ho (2013)’s Eq. (7). From all 3341 giants in our final catalogue, only 732 (22%)
could be assigned a stellar mass in this way, and only 1115 (33%) an SMBH mass;
for both quantities, our LoTSS DR2 sample accounts for four-fifths of the resulting
subpopulation. Fig. 6.27 shows both M⋆ and M• in relation to projected proper
length lp.

The median M⋆ = 3.4 · 1011 M⊙, and 80% of stellar masses fall within [1.8 ·
1011 M⊙, 5.3 · 1011 M⊙]. We discover two giants whose hosts, J150329.07+374850.3
and J073505.24+415827.5, are the least massive known: both have a stellar mass
M⋆ = 4.8 · 1010 M⊙. These are small giants, with lp = 0.8Mpc and lp = 0.7Mpc,
respectively. The top panel of Fig. 6.27 hints at a weak positive correlation between
M⋆ and lp, which future work should confirm or reject.

The median M• = 1.0 · 109 M⊙, and 80% of SMBH masses fall within [0.4 ·
109 M⊙, 2.2 ·109 M⊙]. The SMBHmasses of J123703.24+275819.5, J163659.07+-
541725.4, and J103129.54+502959.1 are the highest estimated yet, withM• = 2 ·
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Figure 6.12: Details of the LoTSSDR2–estimated specific intensity function Iν (̂r) at central observ-
ing frequency νobs = 144 MHz and resolutions θFWHM ∈ {6′′, 90′′}, centred around the hosts of
newly discovered giants. Row-wise from left to right, from top to bottom, the projected proper length
lp is 5.1 Mpc, 5.0 Mpc (Oei et al., 2022a), 4.6 Mpc, 4.6 Mpc, 4.1 Mpc, and 4.1 Mpc; in the same or-
der, θFWHM is 6′′, 90′′, 6′′, 90′′, 6′′, and 6′′. The GRG in the bottom-left panel appears larger in the
sky than the Moon. In the middle-right panel, contours signify 2.5 and 3.5 sigma-clipped standard
deviations (SDs) above the sigma-clipped median; in the bottom-right panel, they signify 3, 5, and 10
such SDs. For scale, we show the stellar Milky Way disk (with a diameter of 50 kpc) generated using
the Ringermacher &Mead (2009) formula, alongside a 10 times inflated version.
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Figure 6.13: Details of the LoTSSDR2–estimated specific intensity function Iν (̂r) at central observ-
ing frequency νobs = 144 MHz and resolutions θFWHM ∈ {6′′, 20′′, 90′′}, centred around the hosts
of newly discovered giants. Row-wise from left to right, from top to bottom, the projected proper
length lp is 2.5 Mpc, 1.9 Mpc, 1.1 Mpc, 1.0 Mpc, 0.9 Mpc, and 0.9 Mpc; in the same order, θFWHM
is 90′′, 20′′, 90′′, 20′′, 6′′, and 20′′. All appear larger in the sky than the Moon. The top-left panel
shows the giant of NGC 6185, a spiral galaxy. This is the first spiral galaxy–hosted giant known with
lp > 2 Mpc. The middle-left panel shows a structure we interpret as a radio galaxy belonging to the
elliptical galaxy NGC 2300. At φ = 2.2°, this giant has the largest angular length of all uncovered
thus far.
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1011 M⊙, M• = 5 · 1010 M⊙, and M• = 5 · 1010 M⊙, respectively. The latter
masses equal the theoretical maximum mass of accreting black holes of typical spin
(King, 2016). Curiously, although J103129.54+502959.1’sM• is among the highest
estimated SMBH mass of any GRG host, the GRG itself is relatively small: lp =

0.81 ± 0.06 Mpc. Conversely, the bottom panel of Fig. 6.27 shows that multi-Mpc
giants can have hosts with SMBHmasses that are two orders ofmagnitude lower than
J103129.54+502959.1’s.

Spiral or lenticular host galaxies

Remarkably, although NGC 6185 is a spiral galaxy of Hubble–de Vaucouleurs class
SAa (Jansen et al., 2000), it appears to have generated the giant shown in the top-left
panel of Fig. 6.13. Such systems are exceedingly rare: not only are few RGs giants,
but also virtually all giants have an elliptical galaxy as their host. With lp = 2.54 ±
0.01 Mpc, this is the largest known spiral galaxy–hosted radio galaxy. Hitherto, the
largest spiral galaxy–hosted giant in the literature has been J2345-0449 (Bagchi et al.,
2014), with lp = 1.6 Mpc. Given the favourably low redshift of z = 0.03430 ±
7 · 10−5, NGC 6185 and its enigmatic giant solicit a dedicated analysis (Oei et al.,
2023b). Besides NGC 6185, spiral or lenticular galaxies J080403.40+404809.3 and
J091459.66+294348.8 (knownalternatively asNGC2789; see thebottom-rightpanel
of Fig. 6.13) have also generated giants; these have projected proper lengths lp =

1.1 Mpc and lp = 0.9 Mpc, respectively. Morphological host classification through
SDSS, Pan-STARRS, and DESI imagery is reliable only up to z ∼ 0.1–0.2, depend-
ing on viewing angle and various other factors. OurLoTSSDR2 sample contains 342
giants with definite hosts at z = 0.15 or below, among which are all 3 giants with spi-
ral or lenticular hosts discussed here. It thus appears that the fraction of GRG hosts
that is of such non-elliptical nature is ∼1%. A more detailed morphological char-
acterisation of the sample appears possible, for example using data from Hart et al.
(2016), but this is beyond the scope of the current work.

6.4 Results

After first building a statistical framework and then collecting a large sample of gi-
ants from a single survey through a systematic approach, we were ready to infer the
intrinsic GRG length distribution. In particular, we aimed to establish whether the
RG intrinsic proper length RV L is well described by a Pareto distribution, and if
so, what its tail index ξ is. Subsequently, we inferred derived quantities, such as the
comoving GRG number density in the Local Universe.
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Figure 6.14: Empirical survival function of the observed giant radio galaxy projected proper length
RV (ESF; dark grey) and the corresponding survival function 1− FLp,obs | Lp,obs>lp,GRG (SF; green curve)
using the maximum a posteriori probability parameters (MAP; see Table 6.4). Observed GRG pro-
jected lengths are well described by a Pareto distributionmodified to include selection effects. Keeping
the selection effect parameters fixed, we show howmodels vary with tail index ξ (green range). We also
show the selection effect–free SF 1 − FLp | Lp>lp,GRG using the MAP ξ (green dots). We included all
LoTSS DR2 search campaign giants up to zmax = 0.5. Left: logarithmic horizontal axis and linear
vertical axis. Right: logarithmic horizontal axis and logarithmic vertical axis.
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6.4.1 Giant radio galaxy length distribution

Empirical survival function

From our LoTSS DR2 GRG sample, we computed the empirical cumulative distri-
bution function (ECDF) of the GRG observed projected proper length RV Lp,obs |
Lp,obs > lp,GRG (see Eq. 8.11). We only included giants for which lp itself — rather
than a lower bound — is known, and set either zmax = 0.5 or zmax = 0.25; this re-
tained 1473 or 811 giants for analysis, respectively.16 The empirical survival function
(ESF), which equals one minus the ECDF, is shown in dark grey in both panels of
Fig. 6.14. Just as the ECDF approximates the CDF, the ESF approximates the sur-
vival function (SF). In this case, for any lp, the ESF provides the probability that a
randomly drawn LoTSSDR2GRGwill have a projected proper length exceeding lp.
If Lp,obs | Lp,obs > lp,GRG were Paretian, its ESF (hereafter: ‘the’ ESF) would resem-
ble a straight line in Fig. 6.14’s bottom panel — both axes have logarithmic scaling.
However, the ESF clearly displays curvature.

Selection effects

Under the ansatz that L is Paretian, as proposed in Sect. 6.2.1, the aforementioned
ESF’s curvature implies a significant role for observational selection effects. The rea-
son is the following. The ansatz implies that the GRG projected proper length RV
Lp | Lp > lp,GRG is also Paretian (see Eq. 6.5), as is Lp,obs | Lp,obs > lp,GRG when
selection effects are negligible (see Sect. 6.2.8 and set C(lp) = 1). But in our case
Lp,obs | Lp,obs > lp,GRG is not Paretian: its ESF is curved. To avoid contradiction, we
must relax at least one assumption. If the Pareto ansatz is held, then selection effects
must be at play.

When selection effects are non-negligible, we must devise a procedure to disentan-
gle them from the data if our ξ estimate is to be uncontaminated. To this end, we
performed joint Bayesian inference with amodel that includes both ξ and parameters
that describe the selection effects.

In particular, we considered the roles of the fuzzy angular length threshold and sur-
face brightness selection effects, introduced in Sects. 6.2.8 and 6.2.8, respectively. In
Sect. 6.3.2, we explain that we have attempted to maintain a 5′ angular length thresh-
old during our LoTSS DR2 GRG search. If we want to use Sect. 6.2.8 to correct for
the bias against faraway and physically small giants that this threshold has imprinted
onto our sample, we must estimate parameters φmin and φmax. A natural choice is to

16We explored two choices for zmax as our model assumes that ξ remains constant between z ∈
[0, zmax]. We further discuss this assumption in Section 6.5.5.
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assume that they lie symmetrically around the intended angular length threshold of 5′
—but atwhat distance from it? Wepropose to consider this distance, 12(φmax−φmin),
as a yet unknown model parameter that we fitted to the data. Similarly, if we want
to use Sect. 6.2.8 to correct for the bias against physically large giants that the limited
depth of the LoTSS DR2 imprints onto our sample, we must estimate parameters
bν,ref and σref. Our approach was to, again, fit these parameters — possibly making
use of any available prior knowledge.
The meaning of bν,ref depends on the choice of lref and νobs; we defined lref :=

0.7 Mpc and used νobs = 144 MHz. We furthermore assumed bν,th = 1 · σIν , with
σIν = 25 Jy deg−2 being the typical LoTSS DR2 6′′ RMS noise (Shimwell et al.,
2022).

Prior

We exploited two sources of prior knowledge. Firstly, we attempted to directly esti-
mate bν,ref and σref by selecting from all LoTSS DR2 giants with lp ≤ 1 Mpc a ran-
dom subset of size 50 (10%). For these giants, we estimated the mean surface bright-
nesses of both lobes from the LoTSS DR2 6′′ imagery, differentiating between the
brighter and the fainter lobe. Because our goal was to estimate bν,ref, we attempted
to undo cosmological and growth-induced surface brightness dimming assuming a
universal lobe spectral index α = −1 and self-similar growth: ζ = −2. The result-
ing surface brightnesses correspond to z = 0, and to the epoch in each giant’s life
when l = lref. The median of the corrected bright lobe mean surface brightnesses is
bν,ref = 1.3 · 103 Jy deg−2, whilst the median of the corrected faint lobe mean sur-
face brightnesses is bν,ref = 0.7 · 103 Jy deg−2. All lobes taken together, the median
becomes bν,ref = 1.0·103 Jy deg−2. Weperformedmaximum likelihood estimation as-
suming the surface brightness distribution is lognormal and found σref = 1.3, again
using all lobes. Note, however, that we have only used observed giants here, whilst
bν,ref and σref should correspond to the entire population of giants. As fainter giants
will have preferentially fallen out, we might have overestimated bν,ref and underesti-
mated σref.

Toprobewhetherwehadoverestimated bν,ref andunderestimated σref, weuseddata
from Dabhade et al. (2020b) and a Monte Carlo approach. First, for their sample of
239 LoTSS DR1 giants, we computed total luminosity densities Lν at rest-frame fre-
quency ν = 144MHz. (Given that LoTSSDR1 andDR2noise levels are similar, this
population is also representative of the LoTSS DR2.) In the top panel of Fig. 6.15,
we show Lν versus lp for all 139 for which z < 0.6. To increase the range of lengths
covered, we additionally show data on Alcyoneus (Oei et al., 2022a). Next, under the
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Figure 6.15: Comparison between luminosity density–projected proper length relations for observed
and simulated giants. Each dash-dotted curve denotes a family of giants at a given redshift, assuming
fLν = 0.3 and fl = 0.3, whose mean lobe surface brightnesses equal the LoTSS DR2 noise level and
who are thus borderline-detectable. The grey band denotes the median-centred luminosity density
range that contains 68% of giants. Top: 139 LoTSS DR1 giants (Dabhade et al., 2020b), alongside
Alcyoneus, with redshift zAlc. = 0.25 (Oei et al., 2022a). The solid green curve is similar to the dash-
dotted green curve, but represents maximum instead of mean lobe surface brightness. Middle: 1000
simulated giants, assuming bν,ref = 1750 Jy deg−2 and σref = 1.3. Bottom: 1000 simulated giants,
assuming bν,ref = 250 Jy deg−2 and σref = 1.3.
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same assumptions of a constant spectral index and self-similar growth, we derived a
simple luminosity density–surface brightness relationship that allows for back-and-
forth conversion between the two — at least, given projected lengths and redshifts.
Themean lobe surface brightness 〈bν〉 is proportional to the total luminosity density
Lν, and assuming a pair of spherical lobes

〈bν〉 =
2fLν · Lν

π2 · E[D](η(fl)) · f2l · l2p · (1+ z)3−α . (6.40)

Here fLν is the fraction of the total luminosity density that belongs to the lobes, fl
is the fraction of the RG’s axis length that lies inside the lobes, and E[D](η(fl)) is
the mean deprojection factor as given by Eq. 6.71. The peak surface brightness bν,max

relates to 〈bν〉 as bν,max = 3
2〈bν〉. Section 6.A4 contains derivations for both these

results. For Alcyoneus, at zAlc. = 0.25, fLν = 0.3 and fl = 0.3 (Oei et al., 2022a).
Assuming these parameter values, again in the top panel of Fig. 6.15, we show lumi-
nosity density–projected length pairs of RGs at z = zAlc. whose peak (solid green
curve) or mean (dash-dotted green curve) surface brightness equals the LoTSS DR2
noise level. Thus, each curve represents a family of borderline-detectable giants at
Alcyoneus’s redshift. The other dash-dotted curves indicate similar barely detectable
families, but for other redshifts. Without optimising any free parameters, the curves
correctly predict that Alcyoneus’s lobes have surface brightnesses comparable to the
6′′ LoTSSDR2 noise level and explain the absence of observations in the top-left cor-
ner of the figure. We conclude that Eq. 6.40 appears reasonable, but note that RGs
may significantly differ in their values of fLν and fl.17

Bolstered, we made use of Eq. 6.40 to Monte Carlo simulate — for particular val-
ues of bν,ref and σref — luminosity density–projected length relationships as they ap-
pear to observers. The simulated giants have projected lengths adopted from the ob-
served giants, randomly sampled redshifts up to z = 0.6 assuming a spatially con-
stant GRG number density, and randomly sampled reference surface brightnesses
(i.e. those for RGs at z = 0 that have intrinsic length l = lref) whose distribution is
determined by bν,ref and σref. We then used Eq. 6.24 to compute surface brightnesses
as they would be observed, and retained only those giants whose surface brightness
exceeds the LoTSS DR2 noise level. For these simulated detectable giants, we finally
generated luminosity densities using Eq. 6.40, assuming wide uniform distributions
fLν ∼ fl ∼ Uniform(0.1, 0.9). The middle and bottom panels of Fig. 6.15 show
results for bν,ref = 1750 Jy deg−2 and bν,ref = 250 Jy deg−2, respectively; we adopted

17This is also the reason that some giants in Fig. 6.15 cross their redshift’s dash-dotted curve, which
represents fLν = 0.3 and fl = 0.3 only.
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σref = 1.3 from our LoTSS DR2 GRG surface brightness measurements. The me-
dian luminosity density of the z < 0.6 LoTSSDR1 giants is Lν = 1.1 · 1026 WHz−1,
that of the bν,ref = 1750 Jy deg−2 simulated giants isLν = 0.6·1026WHz−1, and that
of the bν,ref = 250 Jy deg−2 simulated giants is Lν = 0.2 · 1026 WHz−1.18 Interest-
ingly, the higher reference surface brightness median provides a better fit to the data.
Even in case our Monte Carlo approach would predict luminosity densities that are
biased low by a factor two, the higher median remains favoured.

In conclusion, it seems reasonable to suppose that our measurement bν,ref = 1.0 ·
103 Jy deg−2 is not, or only mildly, biased high by selection effects. Still, we take
a conservative approach and in setting priors we assume a 75% error on our mea-
surement of bν,ref and a 50% error on our measurement of σref. Thus, the priors
for bν,ref and σref — which we choose to be Gaussian — have 68% credible inter-
vals [250 Jy deg−2, 1750 Jy deg−2] and [0.65, 1.95]. We retain flat priors for ξ and
1
2(φmax − φmin).

Inference

To compute the posterior distribution for ξ, 1
2(φmax − φmin), bν,ref and σref, we first

brute-force evaluated the likelihood function over a regular grid that covers a total
of 3.3 million parameter combinations.19 For each proposed parameter quartet, we
computed the PDF of Lp,obs | Lp,obs > lp,GRG, and obtained the likelihood assum-
ing that the LoTSS DR2 GRG projected proper lengths are IID draws from it. To
obtain the PDF, we successively evaluated Eqs. 6.22, 8.15, 6.29, 8.12, 6.3, and 8.11,
alongside their direct dependencies. This required the numerical evaluation of five
integrals. Compared with using Riemann sums, we achieved substantial accuracy
improvements at virtually no added numerical cost by approximating these integrals
with the trapezoid rule and the composite Simpson’s rule.

18For another interesting case, bν,ref = 500 Jy deg−2 (not shown), the median Lν = 0.3 ·
1026 WHz−1.

19The computation took a few thousand CPU hours to complete, but can be trivially distributed
among nodes, and within a node among CPUs. Model extensions that introduce additional parame-
ters shall necessitate more efficient inference techniques, such as Markov chainMonte Carlo.
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Figure 6.16: Joint posterior distribution over ξ— the parameter of interest — and 1
2 (φmax − φmin),

bν,ref and σref —the selection effect parameters, based on 1473 projected lengths of LoTSSDR2 giants
up to zmax = 0.5. We show all two-parameter marginals of the posterior, with contours enclosing
30% and 70% of total probability. We mark the maximum a posteriori probability parameters (white
circle) and the posterior mean parameters (white cross). The single-parameter marginals again show
the estimated posterior mean, now marked by a vertical line, alongside shaded median-centred 80%
credible intervals. To compare the posterior to the likelihood function, which is also the posterior for
a uniform prior, see Fig. 6.28.

We summarise the likelihood function in Table 6.5 and Fig. 6.28. To obtain the
posterior, we simply multiplied the likelihood function by the prior and normalised
the result.
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Table 6.4: Maximum a posteriori probability (MAP) and posterior mean and standard deviation
(SD) estimates of the free parameters in intrinsic GRG length distribution inference.20

zmax = 0.5:
parameter MAP posterior mean and SD

ξ −3.55 −3.5± 0.5
1
2(φmax − φmin) 1.9′ 1.9± 0.2′

bν,ref 600 Jy deg−2 720± 380 Jy deg−2

σref 1.2 1.2± 0.2
zmax = 0.25:

parameter MAP posterior mean and SD
ξ −3.5 −3.5± 0.4

1
2(φmax − φmin) 1.85′ 1.7± 0.3′

bν,ref 900 Jy deg−2 1020± 490 Jy deg−2

σref 1.15 1.3± 0.4

InTable 6.4, for each parameter, we list themaximumaposteriori probability (MAP)
estimate, alongside estimates for theposteriormean and standarddeviation. InFig. 6.16,
we visualise all one- and two-dimensional posterior marginals, in which we mark the
MAP (white circle) and theposteriormean (white cross). The jointmarginal for ξ and
bν,ref shows that these parameters have a strong negative correlation, indicating that
with current data, the steep slope of the ESF at high lp can equally be described with
a steep intrinsic slope andmild surface brightness selection (i.e. ξ low and bν,ref high),
or by a shallow intrinsic slope and strong surface brightness selection (i.e. ξ high and
bν,ref low). We leave it up to future studies to break this degeneracy, either by using
larger samples, bymeasuring bν,ref directly, or by improving survey sensitivities so that
surface brightness selection effect modelling becomes superfluous altogether.

Goodness of fit

In both panels of Fig. 6.14, we compare the ESF and SF of Lp,obs | Lp,obs > lp,GRG
for zmax = 0.5, using the MAP parameters for the latter. The model appears able
to produce a tight fit to the data. The mean and standard deviation of the ESF–SF
residuals are 0.01% and 0.3%, whilst themean and standard deviation of the absolute
ESF–SF residuals are both 0.2%. Using a Kolmogorov–Smirnov test, we formally
verified that our best parameters are indeed good parameters — in the sense that they
represent a plausible model underlying the data. The Kolmogorov–Smirnov statistic

20Themodel assumes ξ is constant for z ∈ [0, zmax]. We determined the posterior twice: for zmax =
0.5, using 1473 giants, and for zmax = 0.25, using 811 giants.
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is themaximumdeviation between the ESF and SF, and equals 1% in our case. The p-
value— the probability that an ESF–SF discrepancy of at least this magnitude would
occur if the SF represents the true underlying distribution — is p = 99%. For any
reasonable significance level, we do not reject the null hypothesis. The model, given
our best parameters, indeed represents a possible descriptionof the data. We conclude
that the distribution of GRG intrinsic proper lengths, after correcting for selection
effects, is consistent with a single Pareto distribution with tail index ξ = −3.5. We
show the SF of this distribution in both panels of Fig. 6.14 (fading green dots). For
low lp, the observed slope is shallower (due to angular length selection), whilst for
high lp, the observed slope is steeper (due to surface brightness selection).

A quasi-Pareto distribution can arise naturally as the tail of a lognormal distribu-
tion (e.g.Malevergne et al., 2011), and there are reasons to believe that the entire radio
galaxy length distribution is indeed approximately lognormal (Oei et al., prepb). This
provides an explanation of the approximately Paretian nature of the giant radio galaxy
length distribution found in this section. The specific value of the tail index ξ is set
by both the physics of radio galaxy growth and the distribution of radio galaxies over
large-scale environments, the latter of which we measure in Oei et al. (prepb). Our
result ξ = −3.5 ± 0.5 is a new constraint for dynamical models such as those of
Turner & Shabala (2015) and Hardcastle (2018).

6.4.2 Giant radio galaxy number density

If in addition to our discoveries, we know howmany giants our search campaign has
missed, then we can infer the true comoving GRG number density in the Local Uni-
verse. The posterior distribution over selection effect parameters 1

2(φmax − φmin),
bν,ref and σref induces a probability distribution over the search completeness func-
tion C(lp). C(lp) denotes the probability that a giant of projected proper length lp
in comoving space up to z = zmax is detected through the search. We first generated
parameter samples from our posterior using rejection sampling, and then used each
to calculate a C(lp) sample. We show the distribution over C(lp) for zmax = 0.5 in
Fig. 6.17. For small lp, C is low as many giants drop out due to angular length selec-
tion; for large lp,C is low as many giants drop out due to surface brightness selection.
The completeness peaks around lp ∼ 2 Mpc; however, even there the majority of
giants remains undetected.

We inferred a probability distribution over the true comoving GRG number den-
sitynGRG by combining Eqs. 8.12 and 6.30with the LoTSSDR2GRGcatalogue and
samples from Sect. 6.4.1’s posterior. The resulting skewed distribution, with mean
andSDnGRG = 4.6±2.4 (100Mpc)−3 and80%credible interval 3.1–6.7 (100Mpc)−3,
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Figure 6.17: Completeness C of a sample of giant radio galaxies up to cosmological redshift zmax as a
function of projected proper length lp. From samples of the posterior distribution, we infer theLoTSS
DR2 GRG search campaign completeness up to zmax = 0.5. We show completeness curves for five
randomly selected samples (grey) and for the posterior mean (dark green). We also show an interval
around the completenessmeanwith the completeness standard deviation (SD) as the half-width (light
green). The completeness peaks around lp = 2Mpc.

is shown in Fig. 6.18. We note that, although the uncertainty in bν,ref induces a large
uncertainty in C from lp ∼ 1.5 Mpc onwards, the completeness uncertainty at large
projected lengths does not substantially contribute to the uncertainty in nGRG. This
is because the GRG population is dominated by smaller giants, for which the com-
pleteness appears better constrained.

What picture arises regarding the abundance of giant radio galaxies in the Local
Universe’s large-scale structure? If we model the Cosmic Web through comoving
cubic unit cells (Oei et al., 2022b) with 50 Mpc sides, and each cubic unit cell con-
tributes one cluster and three filaments, then a cube with 100 Mpc sides features a
total of eight clusters and 24 filaments. For comparison, in a (100Mpc)3 volume up
to zmax = 0.5, the SDSS-III cluster catalogue ofWen et al. (2012) contains on average
11.2 clusters of any mass, and 4.5 clusters of massM200 > 1014 M⊙. Since clusters
contain∼20% of giants (Oei et al., prepb), we find the average number of giants per
cluster to be ∼10−1. If one assumes that filaments contain the remaining ∼80% of
giants, and uses the fact that the average number of filaments per cluster is of order
unity, it follows that the average number of giants per filament is also ∼10−1. In all
likelihood, most clusters and filaments do not currently contain a giant.

291



2 3 4 5 6 7 8 9

comoving GRG number density nGRG ((100 Mpc)−3)

0.0

0.1

0.2

0.3

0.4

0.5

0.6
pr

ob
ab

ili
ty

de
ns

it
y

((
10

0
M

p
c)

3
)

4.6± 2.4

(3.1, 6.7)

Figure 6.18: PDFof the comovingGRGnumber density nGRG. Wemark themean (vertical line) and
the median-centred 80% credible interval (darker range). In the Local Universe, the average number
of giants per comoving cube with 100 Mpc sides is 4.6 ± 2.4. We define giants through lp,GRG =
0.7Mpc, and define the Local Universe to be up to cosmological redshift zmax = 0.5.

6.4.3 Giant radio galaxy lobe volume-filling fraction

Because giant radio galaxies enrich the IGM with hot plasma and magnetic fields far
beyond the circumgalactic media of their hosts, they may provide a meaningful con-
tribution to the heating and magnetisation of — in particular — the most rarefied
parts of the filament IGM. By combining theGRGnumber density and theGRG jet
power distribution (e.g. Dabhade et al., 2020a), one could estimate the instantaneous
heating and magnetisation contributions directly. We recommend such analysis for
future research.

We evaluated Eq. 6.35 to obtain an estimate of the fraction of the Local Universe’s
proper volume that GRG lobes occupy. We used Alcyoneus as a reference giant, for
which V = 2.5 ± 0.3 Mpc3 and lp = 4.99 ± 0.04 Mpc (Oei et al., 2022a); this
suggests E[Υp] ≈ 2%. Future work should determine whether Alcyoneus’s case is
typical, as observations, such as those shown in Figs. 6.12–6.13, suggest that giants
exhibit a large variety of shapes — and thus total lobe volume–cubed length ratios.
Interestingly, simulations by Krause et al. (2012) have found that these shapes also
depend on environmental parameters such as ambient pressure and density. Trun-
cating the GRG projected length distribution at lp,max = 7 Mpc, so that its support
is exactly an order of magnitude, Eq. 6.35 predicts VFFGRG(z = 0) = 3+4

−1 · 10−7.21

21We found the weaker constraints VFFGRG(z = 0) > 13+21
−4 · 10−8, VFFGRG(z = 0) > 11+16

−3 ·
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Figure 6.19: Binary classification into quasar and non-quasar giants based on SDSSDR12 host spec-
tra, for 5 redshift intervals. We selected all giantswith definite hosts within the SDSS-covered sky patch
bounded by right ascensions 120° and 250°, and declinations 27° and 62°. As redshift increases, the
fraction of hosts with a known spectral class decreases (grey bars, with the absolute number of such
hosts in black), whilst the fraction of quasar identifications increases (blue bars andwhite percentages).

Whether this result is sensitive to changes in lp,max depends on ξ, with ξ = −3
being a special value under self-similar growth. In that case, small and large giants
contribute equally to VFFGRG: although large giants are rarer (fLp ∝ l−3

p ), their larger
lobe volumes (V ∝ l3p) exactly compensate. For ξ < −3, small giants provide the
dominant contribution to VFFGRG and the choice of lp,max can be irrelevant; for ξ >
−3, large giants dominate and the choice of lp,max always matters.

If we assume that giants occur in clusters and filaments only and use the fact that
clusters and filaments comprise about 5% of the Local Universe’s volume (Forero-
Romero et al., 2009), then the GRG lobe VFF within clusters and filaments specifi-
cally is VFFGRG(z = 0) = 5+8

−2·10−6. We conclude that, at each givenmoment, GRG
lobes occupy just a small fraction of the WHIM and ICM. If the enrichment of the
IGM by giants is to affect the WHIM and ICM on a large scale, mixing processes in
the IGM are necessary and many galaxies must be able to form giants at some point
in their evolution.
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Figure 6.20: Observed projected proper length PDFs for SDSS-classified quasar and non-quasar gi-
ants, obtained through kernel density estimation. We used a Gaussian kernel with σKDE = 75 kpc.
For both panels, two-sample Kolmogorov–Smirnov tests yield p < 1‰. However, given the severe
impact of selection effects, we could not reject the null hypothesis that quasar giants and non-quasar
giants have the same underlying projected proper length distribution. Top: newly discovered (LoTSS
DR2) giants with SDSS spectral class labels. Bottom: all known giants with SDSS spectral class labels.

6.4.4 Unification model constraints from quasar and non-quasar
giants

In Section 6.2.11, we have predicted general ramifications of the basic unification
model on a GRG sample. We constrained and tested this model with our LoTSS

10−8, and VFFGRG(z = 0) > 6+4
−1 · 10−8 using Eqs. 6.33, 6.142, and 6.143, respectively.
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DR2GRG sample.
First, for all 3198 giants with definitively identified hosts, we queried the SDSS

DR12 spectral class spCl: a Boolean label indicatingwhether or not the host contains
a quasar. As many hosts have no SDSS DR12 spectrum, or even fall outside of SDSS
DR12 coverage, we retrieved host classifications for just 1442 of these giants (45%).
Of these classified giants, 318 are quasar giants (22%) (of which 45 (14%) are discov-
eries presented in this work) and 1124 are non-quasar giants (78%) (of which 876
(78%) are discoveries presented in this work). Therefore, the apparent LoTSS DR2
quasar GRG fraction fQ = 45

45+876 = 5%. However, spectral class labels are preferen-
tially available for GRG hosts with higher optical flux densities, such as those at low
redshifts or those containing quasars, because they are more probable spectroscopic
targets. Through Fig. 6.19, we demonstrate that the fraction of observed GRG hosts
with spectral class labels indeed decreases with redshift, whilst the fraction of quasar
identifications increases. For each redshift interval, in white, we denote the fraction
of quasar giants within the classified population. If spectral class labels would have
been available for the non-classified observed populations as well, the quasar GRG
fractions would probably have been lower. Assuming that all observed giants whose
hosts have an unknown spectral class are non-quasar giants, we find quasar GRG
fractions fQ = 5%, 4%, 8%, 16%, and 28%, for redshift intervals 0–0.2, 0.2–0.4,
0.4–0.6, 0.6–0.8, and 0.8–1, respectively. The true quasar GRG fraction for a given
redshift intervalmight still differ from the aforementioned observedquasarGRGfrac-
tion: namely, if selection effects make a given quasar GRG easier (or harder) to detect
than a given non-quasar GRG.At higher redshifts, quasar giants certainly appear eas-
ier to detect than non-quasar giants, as hosts without quasars often become too faint
to optically identify. For the lowest redshift intervals, this problem does not exist,
and we therefore consider the observed quasar GRG fraction fQ = 5% to be closest
to the true one. A thorough analysis of the impact of selection effects on fQ is a topic
for future research.

Using Eq. 6.37, and assuming a quasar GRG probability pQ = 5%, we found a
maximum inclination angle θmax = 39+2

−3°. For pQ ∼ Uniform(4%, 6%), the re-
sult remained the same. In conclusion, if the basic unification model considered in
Sect. 6.2.11 is correct, then observations of giants predict that quasars are AGN seen
along lines-of-sight that make an angle of at most θmax = 39+2

−3° with the black hole
rotation axis.

Finally, we tested whether the RV Lp,obs | Lp,obs ≥ lp,GRG has the same distribution
for quasar and non-quasar giants, as predicted by the unification model. In the top
panel of Fig. 6.20, we show PDFs approximated through kernel density estimation
(KDE) for newly discovered (LoTSS DR2) SDSS-classified quasar giants and non-
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quasar giants up to zmax = ∞. Despite the small number of quasar giants,NQ = 45,
the two-sampleKolmogorov–Smirnov (KS) test yielded a lowp-value p < 1‰: we re-
jected the null hypothesis that these distributions stem from a single underlying one.
However, this does not mean that the unification model hypothesis should immedi-
ately be rejected as well, because the selective availability of SDSSDR12 spectral class
labels induces a severe selection effect.22 This effect can be tempered by choosing a
lower zmax, but for choices such as zmax = 0.5 and 0.25, justNQ = 16 and 10 quasar
giants remain — too few to extract meaningful information. The bottom panel of
Fig. 6.20 again shows observed projected proper length KDE PDFs, but now for all
SDSS-classified quasar giants and non-quasar giants up to zmax = ∞; in this case,
NQ = 318. Again, the two-sample KS test yields p < 1‰, but this time quasar gi-
ants appear smaller than non-quasar giants. Because we aggregated samples here that
have different selection effects imprinted, it becomes hard to draw clear conclusions.
Limiting zmax reduces the severity ofmost selection effects, but of course comes at the
cost of reducing the sample size. Interestingly, the corresponding quasar GRG and
non-quasar GRG projected length distributions do become more alike; for instance
for zmax = 0.5 and 0.25, the two-sample KS test yields p = 1% and 4%, respec-
tively. In conclusion, because quasar giants are intrinsically rare and the availability
of spectral class labels is biased towards low redshifts and hosts containing quasars, it
is challenging to robustly test the unificationmodel with current GRGobservations.
We refrain from drawing final conclusions, and recommend a careful future analysis.

6.5 Discussion

6.5.1 Radio galaxy length definitions

How large are radio galaxies? Despite the simplicity of this question and more than
half a century of research on radio galaxies, their intrinsic length distribution has not
yet been rigorously characterised. In this work, we have carried out the first precision
analysis of the tail of the radio galaxy intrinsic length distribution. Precision analyses
tend to raise questions; firstly, whether the studied observable is well defined, and

22In fact, the top panel of Fig. 6.20 shows expected behaviour for a GRG search campaign with a
(fuzzy) angular length threshold selection effect if the unification model is correct. At high redshifts,
a GRGmust have a larger projected length to pass the angular length threshold than at low redshifts.
Thus, sampled high-redshift giants are physically larger than sampled low-redshift giants. Because the
fraction of high-redshift quasar giants that is detectable and spectrally classifiable is higher than the
fraction of high-redshift non-quasar giants that is detectable and spectrally classifiable, sampled quasar
giantswill be physically larger than samplednon-quasar giants. Todraw this latter conclusion, wemust
also invoke the fact that, under the unificationmodel, the projected length distributions of quasar and
non-quasar giants are the same.
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secondly whether one could conceive of more informative observables — that is to
say those that make it easier to reveal underlying physical mechanisms. This work’s
main observable is the radio galaxy projected proper length; we argue that it is neither
well defined nor maximally informative.

The current length definition: survey-dependence

Contemporary research uses a survey-dependent definition for radio galaxy angular
lengths, which then makes projected proper lengths survey-dependent too.

The angular length is canonically defined as the largest possible angular separation
between two directions for which the RG’s specific intensity function Iν,RG exceeds
bν,th: some specified factor of order unity times the image noise σIν . A complication is
that not only Iν,RG, but also σIν varies with observing frequency; the latter because of
observational factors such as (u, v)-coverage, bandpass, radio-frequency interference
(RFI), ionospheric weather, the sky density of bright calibrators and the performance
of calibration algorithms. Iν,RG additionally depends on resolution, at least for point
sources; σIν additionally depends on resolution and integration time. As a result, both
Iν,RG and the concrete value of bν,th used in the angular length definition change from
image to image. Each study thus far has therefore implicitly used a different definition
for angular length, instead of a shared, absolute one. As the projected proper length
follows from combining the angular length with the host redshift, it suffers from the
same problem.

Whether the survey-dependence of the current length definition is problematic,
depends on the radio galaxy. For archetypal FRII RGs, the angular length is roughly
equal to the angular distance between the hotspots. These are an FRIIRG’s brightest
morphological components, and are thus the first to be picked up by a survey. In con-
trast, archetypal FRIRGs, which gradually fadewith distance from the host, can have
significantly larger angular lengths in surveys of higher sensitivity. The giants in the
middle-right and bottom-left panel of Fig. 6.13 are good examples: these radio galax-
ies were known before the LoTSS DR2, but were not known to be giants; similarly,
more sensitive surveys are poised to assign them even larger extents. If we are tomove
towards precision science, it thereforemakes sense— at least for FRIRGs— tomore
explicitly recognise that the angular and projected proper lengths are functions of the
observing frequency νobs and a surface brightness threshold bν,th. If catalogues would
explicitly state for what combination (νobs, bν,th) they provide φ = φ (νobs, bν,th) and
lp = lp (νobs, bν,th), it is possible to homogenise a collection of data sets by using uni-
versal angular and projected proper length definitions for all RGs.23 If two angular

23Our LoTSS DR2 GRG φ and lp correspond to bν,th := 1 · σIν ; on average, σIν(νobs =
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lengths have been measured for the same RG, for instance φ1 at (νobs,1, bν,th,1) and φ2
at (νobs,2, bν,th,2), thenwe can estimateφ for any desired (νobs, bν,th) through interpola-
tion. For example, the interpolation formula for a symmetric radio galaxy with jets or
lobes of constant spectral index α, andwith a specific intensity function contribution
which fades to zero linearly with angular distance from the host, is

φ = max

φ1 +
bν,th − bν,th,1

(
νobs
νobs,1

)α
bν,th,2

(
νobs
νobs,2

)α
− bν,th,1

(
νobs
νobs,1

)α (φ2 − φ1

)
, 0

 . (6.41)

The ideal length definition: physical relevance

Alcyoneus, shown in Fig. 6.12’s top-right panel, is a 5 Mpc giant whose ageing lobes
are revealed for the first time by the LoTSSDR2 (Oei et al., 2022a). Future image sen-
sitivity improvements shall reveal more hitherto unseen, fading lobes around known
RGs that formed in the aftermath of earlier AGN activity episodes. Could a large
fraction of sufficiently old RGs turn out to be giants, once such sensitivity improve-
ments start providing evidence of earlier and earlier AGN activity episodes?

Up to now, it has been informative to include all visible plasma in the angular
length measurement. In future images, some of the visible plasma might be of such
low pressure that it has become physically insignificant, in the sense that it does not
affect the thermodynamics of the surrounding IGM anymore; we propose to ex-
clude such plasma from a radio galaxy length. Practically, one option is to intro-
duce an absolute threshold: for example to include plasma of pressure P ≥ 10−17 Pa
only — this is the pressure of the warm–hot intergalactic medium (WHIM) in the
ρBM ∼ 10 ΩBM,0 ρc,0 and T ∼ 5 · 105 K regime. Another option is to introduce an
environment-dependent pressure threshold; this would mean that a cluster RG sees
its length measured against a higher pressure threshold than a filament RG, because
its plasma becomes thermodynamically irrelevant sooner. A problem with (equipar-
tition or minimum energy) pressure–based length definitions is that pressure is a de-
rived quantity: the specific intensity only determines the product of pressure and
line-of-sight length through the lobe.

6.5.2 Moving beyond line segment projection

In thiswork,wehave adopted a classical approach to treatingprojection, bymodelling
radio galaxies as line segments. When a radio galaxy’s inclination angle θ is close to

144MHz, θFWHM = 6′′) = 25 Jy deg−2.
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Figure 6.21: Suspected line-of-sight RGs in the radio and optical. We show 5′ × 5′ LoTSS
DR2 6′′ cutouts (left column) and corresponding DESI Legacy Imaging Surveys (g, r, z)-cutouts
(right column). Due to its lobes, an RG whose axis aligns closely to the line of sight has a non-
zero projected length. From top to bottom row, the SDSS host names are J125027.47+642034.3,
J092220.72+560234.9, and J023100.61+032922.1.
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0° or 180°, this approach predicts that the angular length φ and thus the projected
proper length lp vanishes. In reality however, because radio galaxy lobes have non-
zero volumes, the RV Lp will never tend to zero. Figure 6.21 illustrates this point
through three sources interpreted to be radio galaxies aligned closely with the line of
sight. In each case, φ remains of arcminute scale.

A more realistic approach, outlined in Appendix 6.A1.3, moves beyond the sim-
plistic line segment geometry by adding two lobes of radiusR to the endpoints of the
line segment, whose length is given by RV L. The ratio L

Lp , which was unbounded
under the classical approach, is now at most 1+ 1

η , where η :=
2R
L . (The classical ap-

proach simply is the limit η = 0.) We suggest a recalculation of this work’s theoretical
and applied results under this more realistic RG geometry as a direction for future re-
search. To obtain the applied results, one must either fix η as a hyperparameter, or
include it as an additional model parameter. We note that even using conservatively
low values of η, such as η = 1

10 , will represent an improvement in realism over η = 0.

6.5.3 Unmodelled selection effects

In this work, we have modelled both an angular length and a surface brightness se-
lection effect. Several other plausible selection effects have not been included in the
forward model, as we have judged each to be of minor importance. However, in uni-
son, they could have a non-negligible influence on the distribution of the observed
projected proper GRG length RV Lp,obs | Lp,obs > lp,GRG. Some of their influence
might have been absorbed by the parameters of the included selection effects — that
is by 1

2(φmax − φmin), bν,ref, and σref —or, worse still, by ξ.
One of these unmodelled selection effects is that RGs whose axes are oriented al-

most parallel to the line of sight aremore likely to be rejected from a sample thanRGs
whose axes are closer to the plane of the sky, as the former do not always have a char-
acteristic double-lobe appearance. For instance, perhaps not all readers would regard
our identification of the sources in the left column of Fig. 6.21 as RGs convincing.
Nevertheless, as remarked in Sect. 6.2.11, conditioning Lp,obs | Lp,obs > lp,GRG on in-
clination angle does not affect its distribution. As a result, this selection effect does
not necessitate forward model modifications.
Furthermore, as shown in Sect. 6.4.4, there is a selection effect at play that favours
the selection of quasar giants over non-quasar giants at high redshift, as host galaxies
with quasars are more luminous in the optical and therefore have a better chance to
be picked up in optical imagery. This selection effect will get less severe once deeper
photometric surveys become available.

We encountered threemore selection effects during our LoTSSDR2GRG search.
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The larger an RG — and especially an FRII RG — becomes, the harder it is for an
observer to identify its host galaxy, as an increasing number of plausible host candi-
dates can lie interspersed in the strip of sky between the lobes. The severity of this
effect, which diminishes the prevalence of the largest giants in a sample, depends on
the balance chosen between avoiding false discoveries and avoiding rejections of true
discoveries. Another selection effect runs against RGs in galaxy clusters. Such envi-
ronments can contain multiple adjacent RGs, making it at times unclear which lobe
belongs to which RG.When no confident double-lobe associations can bemade, the
RGs involved fail to make it into the sample. If galaxy clusters contain primarily
smaller giants, this selection effect induces a bias against smaller giants. A final un-
modelled bias runs against RGs at the end of their life cycle. Once the AGN stops
launching jets for a prolonged period, it becomes hard to identify the host galaxy,
which will no longer present as a bright, compact radio source. This effect preferen-
tially deselects larger giants, which are even more likely to approach the end of their
life than smaller giants.

6.5.4 Does the choice of prior matter?

We have taken a conservative approach to constraining the posterior distribution
through the prior: we have left tail index ξ and angular length selection half-width
1
2(φmax − φmin) fully unconstrained, and have adopted wide Gaussian priors for ref-
erence surface brightness parameters bν,ref and σref, despite measuring them explic-
itly under assumptions. We provide summary statistics of the posterior in Table 6.4
and visualise its one- and two-parameter marginals in Fig. 6.16. Does our choice of
prior significantly affect the inferences? To explore this question, we chose a differ-
ent reasonable prior and compared results. One such prior is the fully uniform prior,
which equivalises the posterior and the likelihood function. We provide analogous
summary statistics of the likelihood function in Table 6.5 and visualise analogous
marginals in Fig. 6.28. Reassuringly, no statistically significant parameter changes
occur. In particular, for zmax = 0.5, ξ = −3.5± 0.5 becomes ξ = −3.4± 0.5 upon
changing to the uniform prior; for zmax = 0.25, ξ = −3.5 ± 0.4 even remains the
same. However, given the strong likelihood degeneracy between ξ and bν,ref apparent
in Fig. 6.28, more stringent priors on bν,ref are able to meaningfully shift ξ’s poste-
rior mean. Such priors shall be appropriate only after studying the surface brightness
properties of large radio galaxies — and the associated selection effect — in more de-
tail.
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6.5.5 Cosmological evolution of the GRG length distribution

In this work we have assumed that the parameter ξ, which fully characterises the in-
trinsic GRG length distribution under the ansatz of Paretianity, remains constant
throughout the chosen redshift range [0, zmax]. To test this assumption, we have
analysed our LoTSS DR2 GRG sample in Sect. 6.4 up to both zmax = 0.5 and
zmax = 0.25. For zmax = 0.5, we included giants that existed in the last 5 Gyr of
the Universe’s history, and found ξ = −3.5 ± 0.5. Meanwhile, for zmax = 0.25, we
included giants that existed in the last 3Gyr of theUniverse’s history only, and found
the very similar ξ = −3.5 ± 0.4. Thus, our analysis did not produce evidence that
ξ evolves over cosmic time. However, given the large error bars, a modest time evolu-
tion cannot be excluded. Furthermore, the data sets that underlie these inferences are
not disjoint: the 811 giants that inform the lower-maximum-redshift analysis make
up 55% of the 1473 giants that inform the higher-maximum-redshift analysis.

Whether a time evolution of ξ is expected is presumably tied to whether giant ra-
dio galaxy growth varies with environmental density at a given epoch, because the
combined effects of the Universe’s expansion and ongoing large-scale structure for-
mation can similarly change environmental density. Combining our LoTSS DR2
GRG sample with Cosmic Web reconstructions to explore giant growth as a func-
tion of environmental density is the topic of a forthcoming work (Oei et al., prepb).
Interestingly, the recent exploration by Lan & Prochaska (2021) that compared the
environments of giants and non-giants did not find significant differences.

The most straightforward model extension is to again assume that RG lengths are
Pareto distributed with tail index ξ, but now ξ = ξ(z). This function’s first-degree
Maclaurin polynomial, which provides the linearisation at the present day, is

ξ(z) ≈ ξ(z = 0) +
dξ
dz

(z = 0) · z. (6.42)

One would adopt ξ(z = 0) and dξ
dz(z = 0) as the parameters of interest, replacing

what used to be a constant ξ; the number of model parameters would thus increase
by one. However, an attempt to infer the cosmic evolution of ξ appears promising
only once the major selection effects are better constrained.

6.6 Conclusions

In this work, we have performed Bayesian inference on a LoTSS-derived sample of
2060 giant radio galaxy projected proper lengths, using a one-parameter model that
assumes a spatially homogeneous, non-evolving population of radio galaxies with
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stick-like geometry, Pareto-distributed lengths, and isotropic inclination angles. Be-
fore fitting to data, we extended the forward model with two selection effects typi-
cal of contemporary manual GRG search campaigns. The best-fit survival function
tightly reproduces the empirical one, leaving permille-scale absolute residuals. Hav-
ing quantified the most important selection effects, we estimated the true comoving
giant radio galaxy number density in the Local Universe.

1. We developed an analytical model through which statistical questions about
radio galaxy (RG) lengths can be rigorously answered. In the current work, we
applied this model to giant radio galaxies. We adopted the ansatz that the RG
intrinsic proper length L, as measured in three spatial dimensions, is a random
variable (RV) with a Pareto Type I distribution (i.e. a simple power-law distri-
bution) characterised by tail index ξ. Next, by assuming thatRGs have no pref-
erential orientationwith respect to the observer, we derived the distribution of
the RG projected proper length Lp. By conditioning, one obtains the version
relevant for giants, Lp | Lp > lp,GRG (where we chose lp,GRG := 0.7 Mpc).
This RV is again Paretian, with the same tail index ξ. In summary, for giant ra-
dio galaxies, projection retains Paretianity. Finally, observers face selection ef-
fects; we modelled the observed projected proper length Lp,obs by considering
an angular length threshold selection effect and a surface brightness selection
effect. The angular length threshold selection effect assumes a linearly increas-
ing angular-length-dependent probability of sample inclusion around a partic-
ular pre-defined threshold, meant to emulate manual visual searches that only
target RGs of some angular length and above. The surface brightness selection
effect assumes that giants are self-similar, and that their lobes have lognormally
distributed surface brightnesses which must be above-noise to secure sample
inclusion. The GRG observed projected proper length Lp,obs | Lp,obs > lp,GRG
again follows through conditioning. We assumed our data to be realisations of
this RV.

2. The model also yielded explicit expressions for the (posterior) distribution of
L | Lp = lp. This allows one to deproject RGs in a statistical sense, provid-
ing the intrinsic proper length given the projected proper length in the limit of
negligible selection effects. We also present practical expressions for the mean
and variance of L | Lp = lp. To unravel the driving factors that allow some
RGs to become giants, most authors search for correlations between host or
environmental physical parameters and the GRG projected length. However,
if there is a causal chain that connects host or environmental parameters to
GRG length, the connection will be to the intrinsic length; the observer’s van-
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tage point does not play a role in the physics. Therefore, the projection effect
merely serves as a multiplicative noise source. We suggest that future analyses
should recognise the projection effect as such, and correlate host or environ-
mental parameters with the intrinsic, rather than projected, proper length —
using statistical deprojection.

3. Through a manual visual search of the LoTSS DR2 pipeline products, the
latest version of the LOFAR’s Northern Sky survey at 144 MHz, we discov-
ered a population of 2060 previously unknown giants. This is the largest sin-
gle contribution to the literature yet, and increases the community-wide cen-
sus by a factor 2.6. We present 11 discoveries with lp ≥ 4 Mpc, 53 with
3 ≤ lp < 4 Mpc, 291 with 2 ≤ lp < 3 Mpc, 1215 with 1 ≤ lp < 2 Mpc,
and 490with 0.7 ≤ lp < 1Mpc. Our study extends the known breadth of the
giant radio galaxy phenomenon. Among the findings are both the giant hosted
by J081956.41+323537.6 and Alcyoneus (Oei et al., 2022a), at lp = 5.1 Mpc
and lp = 5.0 Mpc the projectively largest giants ever found. We discover that
multi-Mpc radio galaxies can be generated before redshift 1, despite the Uni-
verse’s mean density being an order of magnitude higher, and by spiral galax-
ies, whose stellar masses are typically an order of magnitude lower than those
of ellipticals. We discover giants whose hosts have a record-low stellar mass
M⋆ = 4.8 · 1010 M⊙. We also discover giants whose hosts have a record-
high supermassive black hole mass M• ≳ 5 · 1010 M⊙; interestingly, with
lp = 0.8Mpc, one of these giants is relatively small. Wemore than double the
number of known giantswith angular lengths exceeding that of theMoon; one
discovery, at 2.2°, is the angularly largest radio galaxy in the Northern Sky and
the angularly largest giant overall. Excitingly, our LoTSSDR2 search has been
far from exhaustive: many thousands of readily identifiable giants still await
discovery in this public data set.

4. Using our LoTSS DR2 GRG sample up to zmax = 0.5, we generated a poste-
rior distribution over ξ and three selection effect parameters. Our model pro-
vides an excellent fit to the data, with absolute residuals being on average 2‰.
We inferred that the intrinsic proper length distribution of the largest radio
galaxies resembles a Pareto distribution with tail index ξ = −3.5 ± 0.5. Our
analysis did not yield evidence for an evolving ξ in the last 5Gyr of cosmic time.

5. The selection effect parameters estimated through the posterior are far from
nuisance parameters, as they allowed us to statistically undo the selection ef-
fects imprinted on our LoTSS DR2 GRG data. As a result, we could for the

304



first time estimate the true comoving giant radio galaxy number density nGRG
in the Local Universe up to zmax. We relied on the crucial assumption that the
surface brightness distribution of RGs with intrinsic length lref = 0.7 Mpc
at z = 0 and frequency νobs = 144 MHz is unimodal — and lognormal
in particular. We furthermore assumed a lobe spectral index α = −1 and
self-similar growth. We found nGRG(lp,GRG = 0.7 Mpc, zmax = 0.5) =

5 ± 2 (100 Mpc)−3. The implication is that giant radio galaxies are truly rare
— not only from a current observational perspective, but also from a cosmo-
logical one. Current GRG lobes occupy just a few millionths of the IGM vol-
ume. At any givenmoment in time,most clusters andfilaments—thebuilding
blocks of modern large-scale structure— do not harbour giants.

Giants embody the most extreme knownmechanism by which galaxies can affect the
CosmicWeb around them. Whereas this work has explored the geometric properties
of giants, a thorough exploration of their Cosmic Web energisation and magnetisa-
tion potential is a future frontier. Excitingly, the interactions between giants and the
ethereal intergalactic medium may also allow for new constraints on the thermody-
namics in filaments.
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6.A1 Framework derivations and details

6.A1.1 Intrinsic proper length

Let fL : R → R≥0 be the PDF of the distribution of intrinsic (i.e. 3D) proper (i.e.
not comoving) radio galaxy lengthsL. We assume that fL follows a power lawbetween
lmin and lmax:

fL (l) =

fL (lref)
(

l
lref

)ξ
l ∈ [lmin, lmax),

0 otherwise.
(6.43)

Then, when ξ 6= −1,

1 =
ˆ
R
fL (l) dl =

ˆ lmax

lmin

fL (lref)
(

l
lref

)ξ

dl

=
fL (lref) lref
ξ+ 1

((
lmax

lref

)ξ+1

−
(
lmin

lref

)ξ+1
)
. (6.44)

This equation provides the normalisation factor fL (lref) given lmin, lmax, ξ and an ar-
bitrary choice for lref 6= 0.
When lmax = ∞, L has a Pareto Type I distribution and we must have ξ < −1

for the integrals of Eq. 6.44 to converge. Throughout the remaining analysis, for the
sake of simplicity, we assume lmax = ∞ and ξ < −1 and choose lref = lmin. Then
fL (lref) = fL (lmin) = − ξ+1

lmin
. The corresponding CDF is

FL(l) =

0 if l ≤ lmin

1−
(

l
lmin

)ξ+1
if l > lmin.

(6.45)

In reality, radio galaxies cannot become arbitrarily long (Hardcastle, 2018): at some
distance from the host, all energy carried by the jets will have been radiated away,
used to perform work on the IGM, transferred to CMB photons through inverse
Compton scattering, or converted into heat. However, at the moment of writing,
the implied maximum length lmax remains ill-constrained. As we see throughout Ap-
pendix 6.A1, amajor advantage of simplemodel assumptions is that explicit and thus
insightful analytic expressions can be derived. Such easy-to-evaluate expressions com-
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plement the results of expensive numerical simulations, which aim to maximise real-
ism; our aim to maximise insight is best served by setting lmax = ∞. From Eq. 6.45,
we see that for lmin = 0.7 Mpc and ξ = −3.5, the tail of the intrinsic proper length
distribution (l > 5Mpc) contains less than 1% of probability. Thus, for most frame-
work applications, our choice lmax = ∞ is unproblematic — except when higher
powers ofL are involved. For example, the volume-filling fraction calculations of Ap-
pendix 6.A1.10 necessitate considering L3; for realistic ξ, results exist only for finite
lmax.

Upon relabelling ξ → −α − 1, lmin → k, L → X, and l → x, one obtains the
literature’s most common form of the Pareto Type I PDF:

fX (x) =

{
αkα
xα+1 x ≥ k,
0 x < k.

(6.46)

6.A1.2 Projected proper length

Distribution for RGs

Let fLp : R → R≥0 be the PDF of the distribution of projected proper radio galaxy
lengths. The PDF fLp follows from the associated CDF FLp : R → [0, 1] through
differentiation; FLp and fL relate through

FLp
(
lp
)
:= P

(
Lp ≤ lp

)
=

ˆ
R
P
(
L sin Θ ≤ lp | L = l

)
fL (l) dl

=

ˆ
R
P
(
sin Θ ≤

lp
l

)
fL (l) dl. (6.47)

We note that FLp
(
lp
)
vanishes for lp ≤ 0: fL (l) vanishes when l is negative, whilst

P
(
sin Θ ≤ lp

l

)
vanishes when l is positive. Clearly, the interesting case is lp > 0.

We can differentiate between two cases: lp < lmin, and lp ≥ lmin. In the first case,
considering that fL has support from lmin onwards only, we have

lp
l < 1, and
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FLp
(
lp
)
=

ˆ ∞

lmin

(
P
(
Θ ≤ arcsin

lp
l

)
+ P

(
Θ ≥ π − arcsin

lp
l

))
− (ξ+ 1)

lmin

(
l

lmin

)ξ

dl

= −ξ+ 1
lmin

ˆ ∞

lmin

2P
(
Θ ≤ arcsin

lp
l

)(
l

lmin

)ξ

dl

= −ξ+ 1
lmin

ˆ ∞

lmin

1−

√
1−

(
lp
l

)2
( l

lmin

)ξ

dl

= 1+ (ξ+ 1)
ˆ ∞

lmin

√(
l

lmin

)2

−
(

lp
lmin

)2( l
lmin

)ξ−1 dl
lmin

= 1+ (ξ+ 1)
ˆ ∞

1

√
η2 −

(
lp
lmin

)2

ηξ−1 dη. (6.48)

In the second case, we split up the integral in two:

FLp
(
lp
)
=

ˆ lp

lmin

P
(
sin Θ ≤

lp
l

)
fL (l) dl

+

ˆ ∞

lp
P
(
sin Θ ≤

lp
l

)
fL (l) dl

=

ˆ lp

lmin

fL (l) dl+
ˆ ∞

lp

1−

√
1−

(
lp
l

)2
 fL (l) dl

= 1−
(

lp
lmin

)ξ+1

+

(
lp
lmin

)ξ+1

+ (ξ+ 1)
ˆ ∞

lp

√(
l

lmin

)2

−
(

lp
lmin

)2( l
lmin

)ξ−1 dl
lmin

= 1+ (ξ+ 1)
ˆ ∞

lp
lmin

√
η2 −

(
lp
lmin

)2

ηξ−1 dη

= 1+ (ξ+ 1)
√
π
4

(
lp
lmin

)ξ+1 Γ
(
− ξ

2 −
1
2

)
Γ
(
− ξ

2 + 1
) . (6.49)
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In summary,

FLp
(
lp
)
=


0 if lp ≤ 0

1+ (ξ+ 1)
´∞
1

√
η2 −

(
lp
lmin

)2
ηξ−1 dη if 0 < lp < lmin

1+ (ξ+ 1)
√
π
4

(
lp
lmin

)ξ+1 Γ(− ξ
2−

1
2)

Γ(− ξ
2+1)

if lp ≥ lmin.

(6.50)

Through differentiation,

fLp
(
lp
)
=


0 if lp ≤ 0
− ξ+1

lmin

lp
lmin

I
(
ξ− 1, lp

lmin

)
if 0 < lp < lmin

(ξ+1)2

lmin

√
π
4

(
lp
lmin

)ξ Γ(− ξ
2−

1
2)

Γ(− ξ
2+1)

if lp ≥ lmin.

(6.51)

where

I (a, b) :=
ˆ ∞

1

ηa dη√
η2 − b2

for a < 0, |b| < 1. (6.52)

Significantly, for lp ≥ lmin, the projected length distribution follows a power law
in lp with the same exponent as the power law for the intrinsic length distribution:
fLp ∝ lξp (just as fL ∝ lξ).24 We compare fL and fLp in Fig. 6.1.

Distribution for giants

To derive the projected length distribution for giants, we consider the distribution of
the conditioned RV Lp | Lp > lp,GRG:

FLp | Lp>lp,GRG
(
lp
)
:=P

(
Lp ≤ lp | Lp > lp,GRG

)
=1− P

(
Lp > lp | Lp > lp,GRG

)
=1−

P
(
Lp > lp,Lp > lp,GRG

)
P
(
Lp > lp,GRG

) . (6.53)

For lp > lp,GRG, this reduces to

FLp | Lp>lp,GRG
(
lp
)
=1−

1− FLp
(
lp
)

1− FLp
(
lp,GRG

) . (6.54)

24For lmax < ∞, this statement does not hold exactly.
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Furthermore assuming lp,GRG > lmin, we twice use the bottom expression of Eq. 6.50
toobtain thefinalCDFexpression. Asbefore, the correspondingPDFfollows through
differentation. We find

FLp | Lp>lp,GRG
(
lp
)
=

0 if lp ≤ lp,GRG

1−
(

lp
lp,GRG

)ξ+1
if lp > lp,GRG.

(6.55)

fLp | Lp>lp,GRG
(
lp
)
=

0 if lp ≤ lp,GRG

− ξ+1
lp,GRG

(
lp

lp,GRG

)ξ
if lp > lp,GRG.

(6.56)

Thus, the associated survival function is

P
(
Lp > lp | Lp > lp,GRG

)
=

(
lp

lp,GRG

)ξ+1

. (6.57)

The mean projected proper length of giants follows from the PDF by direct compu-
tation:

E[Lp | Lp > lp,GRG] :=
ˆ ∞

−∞
fLp | Lp>lp,GRG

(
lp
)
· lp dlp

=lp,GRG
ξ+ 1
ξ+ 2

. (6.58)

6.A1.3 Deprojection factor

Consider a radio galaxy (RG) with a projected proper length lp. Let the inclination
angle θ denote the angle between the RG’s central axis and the line of sight. The
RG’s inclination angle, projected proper length, and intrinsic proper length l relate
via lp = l sin θ. Switching to random variable (RV) notation by using capital letters,
the intrinsic proper length (which is the most physically relevant quantity) follows
from the projected proper length (which can be measured) and the inclination angle
(which is typically unknown), according to

L =
1

sin Θ
Lp. (6.59)

Without lobes

Calling the deprojection factorD := (sin Θ)−1, we now calculate the distribution of
D for fΘ (θ) = 1

2 sin θ; θ ∈ [0, π]. The result is a continuous univariate distribution
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without parameters supported on the semi-infinite interval (1,∞). Let FD : R →
[0, 1] be the cumulative density function (CDF) ofD. Then, for d > 1,

FD (d) := P (D ≤ d) = P
(
sin Θ ≥ 1

d

)
= P

(
arcsin

1
d
≤ Θ ≤ π − arcsin

1
d

)
= FΘ

(
π − arcsin

1
d

)
− FΘ

(
arcsin

1
d

)
= cos arcsin

1
d
=

√
1− 1

d2
. (6.60)

Meanwhile, FD (d) = 0 for d ≤ 1. The quantile function F−1
D : [0, 1] → [1,∞)

follows from solving FD (d) = p for d:

F−1
D (p) =

1√
1− p2

. (6.61)

Thus, the minimum factor is F−1
D (p = 0) = 1, the median F−1

D
(
p = 1

2

)
= 2√

3 ,
F−1
D
(
p = 1

2

√
2
)
=

√
2, F−1

D
(
p = 1

2

√
3
)
= 2, and factors can grow arbitrarily large:

F−1
D (p) → ∞ as p → 1. We conclude that half of all RGs have an intrinsic proper

length more than 2√
3 their projected proper length.

By differentiating FD to dwe obtain fD : R → R≥0, the probability density func-
tion (PDF) ofD:

fD (d) =

{
1

d2
√
d2−1 if d > 1;

0 if d ≤ 1.
(6.62)

The mean of D is E (D) = π
2 ; the variance of D is undefined, as the correspond-

ing integral diverges. Because fD (d) has no maximum, the mode is undefined too.
The PDF and CDF of D are shown in the upper left and right panels of Fig. 6.22,
respectively.
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Figure 6.22: PDFs (left column) and CDFs (right column) of the deprojection factor RV D. These functions quantify how much longer RGs are than
their projected lengths suggest. Top row: model without lobes. Of the three canonical measures of central tendency, only the median and mean exist (and
equal 2√

3 and
π
2 , respectively). Bottom row: model with spherical lobes. The distribution ofD now depends on a parameter: the ratio η between the lobe

diameter 2R and the distance between the lobe centres L. The model without lobes is recovered in the limit η → 0.
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With lobes

The simplest model that includes a pair of lobes approximates them as spheres of
radiusR, whose centres are connected by a line segment of lengthL. Regardless of the
viewing angle, the spheres retain their size, in contrast to the line segment connecting
them. Calling η := 2R

L ∈ R≥0, we have

D :=
L+ 2R

L sin Θ + 2R
=

1+ η
sin Θ + η

. (6.63)

Again assuming fΘ (θ) = 1
2 sin θ; θ ∈ [0, π], we repeat the derivation and find

FD (d) =


0 if d ≤ 1;√

1−
(

1+η
d − η

)2
if 1 < d < 1

η + 1;

1 if d ≥ 1
η + 1.

(6.64)

fD (d) =


0 if d ≤ 1;

(1+η)(1+η−ηd)
d2
√

d2−(1+η−ηd)2
if 1 < d < 1

η + 1;

0 if d ≥ 1
η + 1.

(6.65)

The quantile function becomes

F−1
D (p) =

1+ η√
1− p2 + η

. (6.66)

The minimum factor remains F−1
D (p = 0) = 1, but a maximum factor now exists:

F−1
D (p = 1) = 1

η + 1. The median ofD is

F−1
D

(
p =

1
2

)
=

1+ η
1
2

√
3+ η

, (6.67)

which tends to 2√
3 for η → 0 (as before), and to 1 for η → ∞: projection ceases to be

an appreciable effectwhen the lobes aremuch larger than the line segment connecting
their centres. If η 6= 0,D has finite support, and thus the mean, variance, and higher
moments exist. The n-th non-central moment is

E [Dn] = (1+ η)2 In−2 (η)− η (1+ η) In−1 (η) , (6.68)
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where

In (η) :=
ˆ 1

η+1

1

dn dd√
d2 − (1+ η− ηd)2

. (6.69)

In particular,

I−1 (η) =
π

2 (1+ η)
, I0 (η) =

ln
(√

1− η2 + 1
)
− ln η√

1− η2
,

I1 (η) =
1

(1− η) η

1−
2η2arcsinh

√
1−η
2η√

1− η2

 . (6.70)

The expectation value ofD is

E [D] = (1+ η)2 I−1 (η)− η (1+ η) I0 (η)

= (1+ η)

(
π
2
− η√

1− η2
ln

(√
1− η2

η
+

1
η

))
. (6.71)

The variance ofD follows from combining

E
[
D2] = (1+ η)2 I0 (η)− η (1+ η) I1 (η) (6.72)

and the identityV [D] = E [D2]−E2 [D]. Themode remains undefined. For typical
values of η, we show the PDF and CDF of D in the bottom left and right panels of
Fig. 6.22, respectively. Figure 6.23 shows the median, mean, and standard deviation
ofD as a function of η.

6.A1.4 Intrinsic proper length posterior and its moments

Our next objective is to find the posterior PDF fL|Lp=lp (l) through Bayes’ theorem:

fL|Lp=lp (l) =
fLp|L=l

(
lp
)
fL (l)

fLp
(
lp
) . (6.73)

Our line of attack will be to first calculate the likelihood CDF FLp|L=l(lp), and then
through differentiation the likelihood PDF fLp|L=l(lp). Of course, we always consider
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Figure 6.23: Summary statistics for the deprojection factor RV D under the spherical lobe model.
Top: the η-dependency of twomeasures of central tendency ofD. For η = 0, themeanE [D] = π

2 and
the median F−1

D
( 1
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)
= 2√

3 . Bottom: the η-dependency of the standard deviation ofD. As η → 0+,√
V [D] → ∞.

l > 0, and

FLp|L=l
(
lp
)
:= P

(
Lp ≤ lp | L = l

)
= P

(
l sin Θ ≤ lp

)
=


0 if lp ≤ 0
2 P
(
Θ ≤ arcsin lp

l

)
if 0 < lp ≤ l

1 if lp > l,

(6.74)
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where we have invoked Eq. 6.59 and the fact that fΘ (θ) is symmetric in θ = π
2 for the

case 0 < lp < l. Concretising this case further yields

FLp|L=l
(
lp
)
= 2 FΘ

(
arcsin

lp
l

)
= 1− cos arcsin

lp
l

= 1−

√
1−

(
lp
l

)2

. (6.75)

Through differentiation,

fLp|L=l
(
lp
)
=


0 if lp ≤ 0
lp
l2

1√
1−

( lp
l

)2 if 0 < lp < l

0 if lp ≥ l.

(6.76)

Having found the likelihood, the posterior PDF follows directly through Bayes’ the-
orem and the PDFs computed hitherto. In concreto, when 0 < lp ≤ lmin,

fL|Lp=lp (l) =


0 if l ≤ lmin

1
I
(
ξ−1,

lp
lmin

) 1
lp

1√(
l
lp

)2
−1

(
l

lmin

)ξ−1
if l > lmin.

(6.77)

whereas for lp > lmin,

fL|Lp=lp (l) =


0 if l ≤ lp

− ξ
21+ξπ

Γ2(− ξ
2)

Γ(−ξ)
1
lp

1√(
l
lp

)2
−1

(
l
lp

)ξ−1
if l > lp. (6.78)

We note that in both cases, for l � lp, fL|Lp=lp (l) ∝
(

l
lp

)ξ−2
: the posterior proba-

bility density follows a power law in lwith exponent ξ− 2.

For lp ≤ lmin, the posterior mean is

E
[
L | Lp = lp

]
= lmin

I
(
ξ, lp

lmin

)
I
(
ξ− 1, lp

lmin

) . (6.79)
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The posterior variance V
[
L | Lp = lp

]
follows from considering the second non-

central moment:

E
[
L2 | Lp = lp

]
= l2min

I
(
ξ+ 1, lp

lmin

)
I
(
ξ− 1, lp

lmin

) , (6.80)

so that

V
[
L | Lp = lp

]
= E

[
L2 | Lp = lp

]
− E2 [L | Lp = lp

]
= l2min

I
(
ξ+ 1, lp

lmin

)
I
(
ξ− 1, lp

lmin

) −
I2
(
ξ, lp

lmin

)
I2
(
ξ− 1, lp

lmin

)
 . (6.81)

For lp > lmin,

E
[
L | Lp = lp

]
= lp ·

−ξ
2ξ+1π

Γ2
(
− ξ

2

)
Γ (−ξ)

ˆ ∞

1

ηξ dη√
η2 − 1

= lp ·
−ξ

22ξ+3π

Γ4
(
− ξ

2

)
Γ2 (−ξ)

. (6.82)

Proceeding analogously,

E
[
L2 | Lp = lp

]
= l2p

ξ
ξ+ 1

, (6.83)

so that

V
[
L | Lp = lp

]
= l2p

 ξ
ξ+ 1

− ξ2

24ξ+6π2

Γ8
(
− ξ

2

)
Γ4 (−ξ)

 . (6.84)

In this case, both the mean and standard deviation of L | Lp = lp are proportional to
lp. In the table below, we list the mean and standard deviation in multiples of lp for
several values of ξ. Since we assume ξ < −1, the mean and variance are guaranteed to
exist. The existence of higher-ordermoments is ξ-dependent; in concreto, the highest
defined order is d−ξe.

Weprove thatLp andD arenot independentby contradiction. Ifwe assume thatLp

and D are independent, then E[LpD] = E[Lp]E[D], or E[L] = E[L]E[sin Θ]E[D]
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by the independence of L and sinΘ. In other words, if Lp and D are independent,
then 1 = E[sin Θ]E[D]. However,E[sin Θ] = π

4 andE[D] = π
2 ; because 1 6=

π2
8 , the

initial assertion must be wrong.

6.A1.5 GRG inclination angle

We derive the inclination angle distribution for giants. The probability that a GRG
has inclination angle θ is

fΘ | Lp>lp,GRG(θ) dθ =
P
(
Θ = θ,L sin Θ > lp,GRG

)
P
(
Lp > lp,GRG

)
=

fΘ(θ) dθ · P
(
L >

lp,GRG
sin θ

)
P
(
Lp > lp,GRG

) , (6.85)

wherewemakeuse of the fact that thenumerator’s joint probability factorises because
L and Θ are independent RVs. We thus find

fΘ | Lp>lp,GRG(θ) =

(
1− FL

(
lp,GRG
sin θ

))
fΘ (θ)

1− FLp(lp,GRG)
. (6.86)

Under the Paretian assumption for L, we have

fΘ | Lp>lp,GRG(θ) =
2

−(ξ+ 1)
√
π

Γ
(
− ξ

2 + 1
)

Γ
(
− ξ

2 −
1
2

) sin−ξ θ. (6.87)

6.A1.6 GRG angular length

The GRG angular length RV Φ | Lp > lp,GRG relates to the GRG projected proper
length RV Lp | Lp > lp,GRG and the comoving distance RVR as

Φ | Lp > lp,GRG = Lp | Lp > lp,GRG · 1+ z (R)
R

. (6.88)

The model predicts the distribution of GRG angular lengths in the Local Universe
up to comoving distance rmax. If the GRG number density is constant in the Local
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Universe,

FR (r) =


0 if r ≤ 0(

r
rmax

)3
if 0 < r < rmax

1 if r ≥ rmax

(6.89)

fR (r) =


0 if r ≤ 0
3

rmax

(
r

rmax

)2
if 0 < r < rmax

0 if r ≥ rmax.

(6.90)

Because GRG life cycles are shorter than the age of the Universe, Lp | Lp > lp,GRG
and R are independent RVs. In a non-expanding universe, z(R) = 0, and the distri-
bution of Φ | Lp > lp,GRG can be calculated analytically. From a well-known ratio
distribution identity,

fΦ | Lp>lp,GRG(φ) =
ˆ ∞

−∞
|r| · fLp | Lp>lp,GRG(φr) · fR(r) dr

=

ˆ rmax

0
fLp | Lp>lp,GRG(φr) · 3

(
r

rmax

)3

dr. (6.91)

The integrand is non-zero only when φr ≥ lp,GRG, suggesting a lower integration
limit of lp,GRG

φ . The integral vanishes altogether when lp,GRG
φ ≥ rmax. Calling φGRG :=

lp,GRG
rmax

, we have fΦ | Lp>lp,GRG(φ) = 0 for φ ≤ φGRG. For φ > φGRG,

fΦ | Lp>lp,GRG(φ) =
ˆ rmax

lp,GRG
φ

− ξ+ 1
lp,GRG

(
φr

lp,GRG

)ξ

· 3
(

r
rmax

)3

dr

= −3
ξ+ 1
ξ+ 4

· 1
φGRG

((
φ

φGRG

)ξ

−
(

φ
φGRG

)−4
)
, (6.92)

where we assume ξ 6= −4. This PDF depends on ξ, lp,GRG, and rmax only. The CDF
follows from direct integration:

FΦ | Lp>lp,GRG(φ) =0 if φ ≤ φGRG

1+ 1
ξ+4

(
−3
(

φ
φGRG

)ξ+1
− (ξ+ 1)

(
φ

φGRG

)−3
)

if φ > φGRG,
(6.93)
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just as the mean:

E
[
Φ | Lp > lp,GRG

]
= 3

ξ+ 1
ξ+ 4

(
1

ξ+ 2
+

1
2

)
· φGRG, (6.94)

which exists only for ξ < −2. By solving

dfΦ | Lp > lp,GRG
dφ

(
φmode

)
= 0 (6.95)

for the GRG angular length mode φmode, we find

φmode =

(
−4
ξ

) 1
ξ+4

· φGRG. (6.96)

There is no explicit expression for the associated median.
For a general non-Euclidean universe, no simple analytic form for the GRG an-

gular length PDF appears to exist. We find an approximation valid at low redshifts
by considering the Maclaurin polynomial of degree 1 for z(r), the relation between
comoving distance and cosmological redshift. One finds z(r) ≈ H0

c r. As a result, for
the Local Universe, Eq. 6.88 becomes

Φ | Lp > lp,GRG ≈ Lp | Lp > lp,GRG ·
1+ H0

c R
R

= Lp | Lp > lp,GRG ·
(
1
R

+
1
dH

)
, (6.97)

where we use that the Hubble distance dH := c
H0
. From a well-known inverse distri-

bution identity,

f 1
R
(k) =

{
0 if k ≤ 1

rmax
3

r3maxk4
if k > 1

rmax
,

(6.98)

so that

f 1
R+

1
dH
(k) =

0 if k ≤ 1
rmax

+ 1
dH

3
r3max

(
k− 1

dH

)4 if k > 1
rmax

+ 1
dH
. (6.99)

Combining a well-known product distribution identity with the fact that Lp | Lp >
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lp,GRG and 1
R + 1

dH
are independent RVs, we find

fΦ | Lp>lp,GRG(φ) =
−3 (ξ+ 1) φξ

r3maxl
ξ+1
p,GRG

ˆ φ
lp,GRG

1
rmax

+ 1
dH

dk

kξ+1
(
k− 1

dH

)4 (6.100)

when φ > φGRG+
lp,GRG
dH

. When φ ≤ φGRG+
lp,GRG
dH

, fΦ | Lp>lp,GRG(φ) = 0. It is easy to
verify that in the Euclidean limit, 1

dH
→ 0, this expression reduces to that of Eq. 6.92.

6.A1.7 Maximum likelihood estimation of the tail index

How can we estimate ξ from a sample of N giants? Let ξMLE be the maximum like-
lihood estimate (MLE) of ξ. This RV is a function ofN IID RVs {Lp,1, ...,Lp,N} ∼
Lp | Lp > lp,GRG. Define the following likelihood and log-likelihood functions:

L (ξ) :=
N∏
i=1

fLp | Lp>lp,GRG
(
Lp,i
)

(6.101)

L̃ (ξ) := ln
(
L (ξ) lNp,GRG

)
= N ln (− (ξ+ 1)) + ξ

N∑
i=1

ln
Lp,i

lp,GRG
. (6.102)

We note the necessity to include a factor lNp,GRG in the definition of the log-likelihood
to avoid a dimensionality error. The second derivative of L̃ to ξ is

d2L̃
dξ2

= − N
(ξ+ 1)2

< 0. (6.103)

Thus, if there exists a solution to the equation dL̃
dξ = 0, it must correspond to a global

maximum of the likelihood and log-likelihood functions:

dL̃
dξ

(ξ = ξMLE) = 0, or ξMLE = − N∑N
i=1 ln

Lp,i
lp,GRG

− 1. (6.104)
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6.A1.8 Observed projected proper length

General considerations

The model can be extended to incorporate observational selection effects. The rele-
vant effects to consider vary from RG search campaign to RG search campaign, al-
though some formulae apply in all cases. We derive these here.

To keep our extensions simple, we assume that the survey sensitivity is sufficient
to detect RGs up to some redshift zmax only. In addition we assume that the pro-
jected proper length distribution does not evolve between z = zmax and z = 0. We
let pobs(lp, z) denote the probability that an RG of projected proper length lp at cos-
mological redshift z is detected during the campaign. Also, r is the radial comoving
distance and n is the total RGnumber density, counting the intrinsic number ofRGs
(irrespective of length) per unit of comoving volume. The observed number of RGs
with projected proper length between lp and lp + dlp throughout a survey covering a
solid angle Ω is dNLp,obs

(
lp,Ω

)
, where

dNLp,obs
(
lp,Ω

)
=

Ω
4π

ˆ zmax

0
n · fLp

(
lp
)
dlp · pobs

(
lp, z
)
4πr2 (z)

dr
dz

dz. (6.105)

The total number of RGs with projected proper length between lp and lp + dlp
throughout a survey with solid angle Ω is dNLp

(
lp,Ω

)
, where

dNLp
(
lp,Ω

)
=

Ω
4π

ˆ zmax

0
n · fLp

(
lp
)
dlp · 4πr2 (z)

dr
dz

dz. (6.106)

We define the completeness C(lp, zmax) to be

C(lp, zmax) :=
dNLp,obs

(
lp,Ω

)
dNLp

(
lp,Ω

)
=

´ zmax
0 pobs

(
lp, z
)
r2 (z)E−1 (z) dz´ zmax

0 r2 (z)E−1 (z) dz
. (6.107)

The completeness only depends on the function pobs(lp, z) and our choice of zmax.
Let the RV O denote whether an RG picked at random within z < zmax is de-

tected during the search campaign. We have O ∼ Bernoulli
(
C(Lp, zmax)

)
; the pa-

rameter that determines the distribution ofO is itself an RV. It immediately follows
that P

(
O = 1 | Lp = lp

)
= C(lp, zmax).
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If Lp would be discrete,

P
(
Lp = lp | O = 1

)
=

P
(
O = 1 ,Lp = lp

)
P (O = 1)

=
P
(
O = 1 | Lp = lp

)
P
(
Lp = lp

)∑
lp P
(
O = 1 | Lp = lp

)
P
(
Lp = lp

) . (6.108)

Let Lp,obs be the observed projected proper length RV; that is Lp,obs := Lp | O = 1.
Its PDF is given by the continuous analogon of the preceding equation:

fLp,obs
(
lp
)
=

C
(
lp, zmax

)
fLp
(
lp
)

´∞
0 C

(
lp, zmax

)
fLp
(
lp
)
dlp

. (6.109)

Obviously, FLp,obs
(
lp
)
=
´ lp
0 fLp,obs

(
l′p
)
dl′p. The CDF FLp,obs|Lp,obs>lp,GRG

(
lp
)
follows

from an analogon of Eq. 6.54.
We note that multiplying pobs(lp, z) with an lp- and z-independent factor changes

C(lp, zmax) by the same factor, but leaves fLp,obs unaltered.

Fuzzy angular length threshold

Here we illustrate a simple extension. When performing visual searches for GRG
candidates, a natural criterion is to only inspect sources with an angular length that is
larger than some threshold. Researchers determine the thresholdbasedon the amount
of time available to them: lower thresholds will lead to more complete samples, but
will take more time to collect. For humans, it is hard to estimate a source’s angu-
lar length precisely by eye; as a result, some of the GRG candidates included in the
project’s GRG candidate catalogue will be sources with an angular length below the
threshold, whilst others will be sources with an angular length above the threshold.
We idealise this situation by asserting that sources with angular length φmin or below
are included in the catalogue with probability 0 (i.e. never), and that sources with an
angular length φmax or above are included in the catalogue with probability 1 (i.e. al-
ways). We assume a linear increase in probability as a function of φ for intermediate
angular lengths: a source with angular length φmin < φ < φmax is included in the
catalogue with probability

pobs
(
lp, z
)
= min

{
max

{
φ
(
lp, z
)
− φmin

φmax − φmin
, 0

}
, 1

}
. (6.110)
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In aflat Friedmann–Lemaître–Robertson–Walker (FLRW)universe, the angular length
of an RGwith projected proper length lp at cosmological redshift z is

φ
(
lp, z
)
=

lp (1+ z)
r (z)

. (6.111)

Surface brightness limitations

Fanaroff–Rileyclass II If the surface brightnessBν of the lobes is proportional
to some negative power ζ of the GRG’s proper length L, that is

Bν = bν,ref
(

L
lref

)ζ

, (6.112)

then Bν is Pareto distributed— just like L:

FBν (b) =


0 if b ≤ 0(

b
bν,ref

) ξ+1
ζ if 0 < b < bν,ref

1 if b ≥ bν,ref,

(6.113)

fBν (b) =


0 if b ≤ 0
ξ+1
ζ

1
bν,ref

(
b

bν,ref

) ξ+1
ζ −1

if 0 < b < bν,ref
0 if b ≥ bν,ref.

(6.114)

If RGs are self-similar in shape, then their lobe volumes are proportional to L3. RGs
appear to retain constant lobe luminosity density over most of their lifetime, so that
their lobemonochromatic emission coefficients (Rybicki&Lightman, 1986) are pro-
portional to L−3. As line-of-sight lengths through the lobes are proportional to L,
surface brightness is proportional to L−2. These arguments thus suggest ζ = −2.
It is a poor approximation to assume that all giants of proper length lref have the

same surface brightness bν,ref: observations suggest a variability of several orders of
magnitude. A better description is

Bν = bν,ref
(

L
lref

)ζ

S, (6.115)

where S is a lognormal RV whose median is 1. The PDF of S is then determined by
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parameter σref:

fS (s) =
1√

2πσrefs
exp
(
− ln2 s
2σ2ref

)
. (6.116)

The surface brightness CDF and PDF now become

FBν (b) =

0 if b ≤ 0

FS
(

b
bν,ref

)
+
(

b
bν,ref

) ξ+1
ζ ´∞

b
bν,ref

s−
ξ+1
ζ fS (s) ds if b > 0,

(6.117)

fBν (b) =

0 if b ≤ 0
ξ+1
ζ

1
bν,ref

(
b

bν,ref

) ξ+1
ζ −1 ´∞

b
bν,ref

s−
ξ+1
ζ fS (s) ds if b > 0.

We note that Bν is not exactly Pareto distributed anymore.
In a relativistic rather than Euclidean universe, surface brightness is not constant

withdistance. TodescribeRGsbeyond z = 0,we introduce afinalmodel refinement:

Bν =
bν,ref · S

(1+ Z)3−α

(
L
lref

)ζ

, (6.118)

where the RVZ denotes cosmological redshift and α is the spectral index of the lobes.
We interpret bν,ref · S as the (lognormally distributed) lobe surface brightness for RGs
of intrinsic proper length lref at z = 0. In this case, the CDF and PDF of Bν are most
easily determined through sampling. To sample Z, we can first sample the comov-
ing distance RV R instead, and subsequently use Z = zM (R). We stress that this
conversion depends on cosmological parametersM.

To forward model a survey’s surface brightness selection effect, we must compute

pobs
(
lp, z
)
= P

(
Bν > bν,th | Lp = lp, Z = z

)
= 1− FBν | Lp=lp, Z=z (bν,th) , (6.119)

where bν,th > 0 is the surface brightness threshold. Typically, bν,th is comparable to
the survey’s RMS noise. What is FBν | Lp=lp, Z=z (b)? In the simplest case, devoid of S-
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and Z-dependence,

FBν | Lp=lp, Z=z (b) = P

(
bν,ref

(
Lp

sin Θ · lref

)ζ

≤ b | Lp = lp

)

= P

(
sin−ζ Θ ≤ b

bν,ref

(
lp
lref

)−ζ
)

= P
(
sin Θ ≤ s̃−

1
ζ

)

=


0 if b ≤ 0

2FΘ
(
arcsin

(̃
s−

1
ζ

))
if 0 < b < bν,ref

(
lp
lref

)ζ
1 if b ≥ bν,ref

(
lp
lref

)ζ
= 1−

√
1−min

{̃
s−

2
ζ (max {b, 0}) , 1

}
, (6.120)

where

s̃ = s̃ (b) :=
b

bν,ref

(
lp
lref

)−ζ

. (6.121)

Therefore,

pobs
(
lp, z
)
=

√
1−min

{̃
s−

2
ζ (bν,th) , 1

}
. (6.122)
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In the most refined case, for b > 0,

FBν | Lp=lp, Z=z (b)

= P

(
bν,ref · S

(1+ Z)3−α

(
Lp

sin Θ · lref

)ζ

≤ b | Lp = lp, Z = z

)

= P

(
sin−ζ Θ · S ≤ b

bν,ref

(
lp
lref

)−ζ

(1+ z)3−α

)

=

ˆ ∞

0
P

(
sin−ζ Θ ≤ b

bν,ref
1
s

(
lp
lref

)−ζ

(1+ z)3−α

)
fS (s) ds

=

ˆ ∞

0
P

(
sin Θ ≤

(
s̃
s

)− 1
ζ
)
fS (s) ds

=

ˆ s̃

0
fS (s) ds+

ˆ ∞

s̃
2FΘ

(
arcsin

((
s̃
s

)− 1
ζ
))

fS (s) ds

=

ˆ s̃

0
fS (s) ds+

ˆ ∞

s̃
fS (s) ds

−
ˆ ∞

s̃
cos arcsin

((
s̃
s

)− 1
ζ
)
fS (s) ds

= 1−
ˆ ∞

s̃

√
1−

(
s̃
s

)− 2
ζ

fS (s) ds, (6.123)

where

s̃ = s̃ (b) :=
b

bν,ref

(
lp
lref

)−ζ

(1+ z)3−α . (6.124)

The minimum value of S for which an RG of projected length lp at redshift z is de-
tectable, is smin(lp, z) := s̃(bν,th). For brevity, we simply write smin instead. We find

pobs
(
lp, z
)
=

ˆ ∞

smin

√
1−

( smin

s

)− 2
ζ fS (s) ds. (6.125)

The following approximation might facilitate the numerical evaluation of this inte-
gral. We note that for s � smin, the square root factor in the integral approaches 1.
Now split up the original integral in two parts, where η governs the approximation’s
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accuracy:

pobs ≈ p̂obs (6.126)

=

ˆ ηsmin

smin

√
1−

( smin

s

)− 2
ζ fS (s) ds+

ˆ ∞

ηsmin

fS (s) ds

=

ˆ ηsmin

smin

√
1−

( smin

s

)− 2
ζ fS (s) ds+ 1− FS (ηsmin) ,

where we substitute numerically integrating to infinity for an evaluation of the CDF
of the lognormally distributed RV S. The approximation error is bounded from
above:

p̂obs − pobs =
ˆ ∞

ηsmin

(
1−

√
1−

( smin

s

)− 2
ζ

)
fS (s) ds

<

1−

√
1−

(
smin

ηsmin

)− 2
ζ

ˆ ∞

ηsmin

fS (s) ds

=

(
1−

√
1− η

2
ζ

)
(1− FS (ηsmin))

< 1−
√

1− η
2
ζ . (6.127)

Let us assume ζ = −2. For η = 100, the approximation error is at most 0.005, and
for η = 1000, the approximation error is at most 0.0005.

Fanaroff–Riley class I The simplest correction in which FRI RGs retain a
well-defined notion of length assumes a linearly decreasing surface brightness, from
some value bν(0) at the core to zero at the RG’s two endpoints. For a symmetric FRI
RG, the surface brightness profile along one of the jets is bν : R≥0 → R≥0, and
depends on the projected proper distance from the core rp as

bν(rp) =

{
bν(0)

(
1− 2rp

lp

)
if 0 ≤ rp <

lp
2

0 if rp ≥
lp
2 .

(6.128)

Now we consider an FRI GRG, whose projected proper length lp > lp,GRG would
only be observed in full in the absence of noise. In actual observations, this GRG is
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detected as a GRG if and only if

bν
(
lp,GRG
2

)
> bν,th, or bν(0)

(
1−

lp,GRG
lp

)
> bν,th. (6.129)

Under our assumption of a linear surface brightness profile, the mean surface bright-
ness along the jet axis 〈bν〉 = bν

(
1
2 ·

lp
2

)
. As thismust behalf of the surface brightness

at the core,

〈bν〉 = bν
(
lp
4

)
=

bν(0)
2

. (6.130)

Combining Eqs. 6.129 and 6.130, we find that the GRG is detected as such if

〈bν〉 >
bν,th

2
(
1− lp,GRG

lp

) . (6.131)

Nowregarding 〈bν〉 as anRVand recognising that itmightbehave exactly as inEq. 6.118,
we find that the surface brightness selection effect for FRI giants may be modelled as

pobs(lp, z) = P

Bν >
bν,th

2
(
1− lp,GRG

lp

) | Lp = lp,Z = z

 . (6.132)

We see that the full formulaic structure of pobs(lp, z) is the same for FRI and FRII
giants, except that for FRI giants a change

bν,th →
bν,th

2
(
1− lp,GRG

lp

) (6.133)

is necessary. There is no change for lp = 2lp,GRG.

6.A1.9 GRG number density

A statistic of major interest is the number density of giants in the contemporary Uni-
verse. Let nGRG be the comoving GRG number density, so that

nGRG = n P
(
Lp > lp,GRG

)
= n

(
1− FLp

(
lp,GRG

))
. (6.134)
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NGRG,obs (Ω, zmax) :=

ˆ ∞

lp,GRG
dNLp,obs

(
lp,Ω

)
. (6.135)

After invoking Eq. 6.105 and isolating n, we obtain

n =
4π
ΩNGRG,obs (Ω, zmax)´∞

lp,GRG

´ zmax
0 fLp

(
lp
)
pobs
(
lp, z
)
4πr2 (z) dr

dz dz dlp
. (6.136)

Combining Eqs. 6.50, 6.51, 6.134, and 6.136 for lp,GRG > lmin, we arrive at

nGRG

= −
lξ+1
p,GRG

ξ+ 1
·

4π
ΩNGRG,obs (Ω, zmax)´∞

lp,GRG
lξp
´ zmax
0 pobs

(
lp, z
)
4πr2 (z) dr

dz dz dlp
. (6.137)

From observations, we knowΩ and can— for a given zmax —simply countNGRG,obs

(Ω, zmax). Moreover, we can fit ξ and the parameters that occur in pobs(lp, z) (e.g.
1
2(φmax − φmin), bν,ref, and σref) to the ECDF of Lp,obs | Lp,obs > lp,GRG. We note that
nGRG does not dependon lmin, which drops out through the division. However,nGRG
does depend on cosmological parameters through the relation between cosmological
redshift z and radial comoving distance r.

6.A1.10 GRG lobe volume-filling fraction

Assuming self-similar growth, the combined proper volume V of an RG’s lobes and
its intrinsic proper length l obey V ∝ l3. The constant of proportionality varies per
RG and depends on the shape of the lobes; we treat it as an RV Υ := V

L3 . Then the
proper VFF of GRG lobes VFFGRG(z) = VFFGRG(z = 0) · (1+ z)3, where

VFFGRG(z = 0) := nGRG · E[V | Lp > lp,GRG]

= nGRG · E[ V
L3 · L

3 | Lp > lp,GRG]

= nGRG · E[Υ · L3 | Lp > lp,GRG]. (6.138)

Assuming that RGs grow self-similarly, so that shape does not reveal length, Υ and
L3 are conditionally independent given Lp > lp,GRG: Υ ⊥⊥ L3 | Lp > lp,GRG. As a
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result,

VFFGRG(z = 0) = nGRG · E[Υ | Lp > lp,GRG] · E[L3 | Lp > lp,GRG]
= nGRG · E[Υ] · E[L3 | Lp > lp,GRG]. (6.139)

To obtain this last line, we once more exploit self-similarity: Υ | (Lp > lp,GRG) = Υ.
We can approximateE[Υ] by taking themean of some V

l3 deduced from observations.
A technical complication arises from the fact that E[L3 | Lp > lp,GRG] does not exist
for ξ ≥ −4 under our model. This is an artefact of the Pareto distribution assump-
tion for L, which unrealistically features support over an infinitely long part of the
real line: {l ∈ R | l > lmin}. This causes the expectation value integral to diverge
for ξ ≥ −4. An approximation to VFFGRG(z = 0) that works for all ξ is the lower
bound

VFFGRG(z = 0) > nGRG · E[Υ] · E3[L | Lp > lp,GRG], (6.140)

which follows from Jensen’s inequality. Here

E[L | Lp > lp,GRG] = lp,GRG
Γ
(
− ξ

2 − 1
)
Γ
(
− ξ

2 + 1
)

Γ
(
− ξ

2 −
1
2

)
Γ
(
− ξ

2 +
1
2

) . (6.141)

Alternative approximation formulae, which use Υp :=
V
L3p
, are

VFFGRG(z = 0) > nGRG · E[Υp] · E3[Lp | Lp > lp,GRG] (6.142)

and

VFFGRG(z = 0) > nGRG · E[Υp] ·mL3p | Lp>lp,GRG , (6.143)

where

mL3p | Lp>lp,GRG = l3p,GRG · 2
3

−(ξ+1) (6.144)

is the median of the cubed projected proper length for giants. An advantage of these
latter expressions is that there aremore data available to estimateE[Υp] than there are
to estimate E[Υ].
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6.A1.11 Unificationmodelconstraintsfromquasarandnon-quasar
giants

The quasar GRG probability pQ is

pQ :=
P
(
Lp,obs ≥ lp,GRG, sin Θ ≤ sin θmax

)
P
(
Lp,obs ≥ lp,GRG

)
=P
(
sin Θ ≤ sin θmax | Lp,obs ≥ lp,GRG

)
=

ˆ sin θmax

0

P
(
Lp,obs ≥ lp,GRG | sin Θ = x

)
fsin Θ(x) dx

P
(
Lp,obs ≥ lp,GRG

)
=

ˆ sin θmax

0

P
(
Lp ≥ lp,GRG | sin Θ = x

)
fsin Θ(x) dx

P
(
Lp ≥ lp,GRG

)
=

ˆ sin θmax

0

(
1− FL

(
lp,GRG

x

))
fsin Θ(x) dx

1− FLp(lp,GRG)
. (6.145)

Now using Eqs. 6.45 and 6.50 and fsin Θ(x) = x√
1−x2 over the domain of integration,

pQ =
4Γ
(
− ξ

2 + 1
)

− (ξ+ 1)
√
π Γ
(
− ξ

2 −
1
2

) ˆ sin θmax

0

x−ξ dx√
1− x2

. (6.146)

6.A1.12 Extreme giants in a sample

An interesting feature of the model is its ability to predict the occurrence of giants
with extreme projected proper lengths in aGRG sample of, say, sizeN. Now consider
some lp > lp,GRG —what is the probability p>lp that an observed GRG will have a
projected proper length exceeding lp? Proceeding as in the derivation of Eq. 6.54, we
find

p>lp
(
lp
)
:=P

(
Lp,obs > lp | Lp,obs > lp,GRG

)
=

1− FLp,obs
(
lp
)

1− FLp,obs
(
lp,GRG

) . (6.147)

In the absence of selection effects, p>lp
(
lp
)
is given byEq. 6.57. The number of giants

with extreme projected proper lengthsN>lp ∼ Binom(N, p>lp(lp)).
Interesting questions can be answered readily. For example, the probability that
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the sample contains at least one GRGwith projected proper length lp or larger, is

P
(
N>lp ≥ 1

)
= 1− P

(
N>lp = 0

)
= 1−

(
1− p>lp

(
lp
))N

. (6.148)

6.A2 Additional images

In this appendix, as in Fig. 6.12, we show newly discovered giants. These cover the
projected length range lp ∈ [0.7Mpc, 4Mpc).

6.A3 Stellar and supermassive black hole masses

In Fig. 6.27, we present the SDSS-derived relations between host stellarmass and pro-
jected proper length, and between host supermassive black hole mass and projected
proper length, for all giants in our final catalogue. We obtained the data as in Sec-
tion 3.7 of Oei et al. (2022a).

6.A4 Surface brightness prior

Consider a radio galaxy at cosmological redshift zof intrinsic proper length lbounded
by spherical lobes of radiusR and spectral index α. If a fraction fl of the radio galaxy’s
central axis lies within the lobes, then

R =
1
4
fl · l. (6.149)

If a fraction fLν of the radio galaxy’s total luminosity densityLν comes from the lobes,
then the monochromatic emission coefficient

jν =
Lν

4π
fLν

2
1
V
, (6.150)

where the lobe volume V = 4
3πR

3. A formula of practical value features projected
proper length lp insteadof l. Given the approximatenature of our approach,we there-
fore simply assume l ≈ E[D](η(fl))·lp, with thedeprojection factor expectationE[D]

given in Eq. 6.71; η(fl) = fl
2−fl

. The maximum surface brightness of the lobes as seen
by an observer is

bν,max =
3fLν · Lν

π2 · E[D](η(fl)) · f2l · l2p · (1+ z)3−α , (6.151)
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Figure 6.24: Details of the LoTSSDR2–estimated specific intensity function Iν (̂r) at central observ-
ing frequency νobs = 144 MHz and resolutions θFWHM ∈ {6′′, 20′′ 90′′}, centred around the hosts
of newly discovered giants. Row-wise from left to right, from top to bottom, the projected proper
length lp is 3.9Mpc, 3.5Mpc, 3.3Mpc, 3.3Mpc, 3.3Mpc, and 3.2Mpc; in the same order, θFWHM is
90′′, 20′′, 20′′, 6′′, 6′′, and 20′′. The giants in the top-left and middle-left panels appear larger in the
sky than theMoon. Contours signify 3, 5, and 10 sigma-clipped standard deviations above the sigma-
clipped median. For scale, we show the stellar Milky Way disk (with a diameter of 50 kpc) generated
using the Ringermacher &Mead (2009) formula, alongside a 5 or 10 times inflated version.
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Figure 6.25: Details of the LoTSS DR2–estimated specific intensity function Iν (̂r) at central ob-
serving frequency νobs = 144 MHz and resolutions θFWHM ∈ {6′′, 20′′}, centred around the hosts
of newly discovered giants. Row-wise from left to right, from top to bottom, the projected proper
length lp is 2.8 Mpc, 2.6 Mpc, 2.6 Mpc, 2.2 Mpc, 2.1 Mpc, and 2.1 Mpc; in the same order, θFWHM
is 6′′, 20′′, 6′′, 20′′, 20′′, and 6′′. The GRG in the bottom-left panel appears larger in the sky than
the Moon. Contours signify 3, 5, and 10 sigma-clipped standard deviations above the sigma-clipped
median. For scale, we show the stellar MilkyWay disk (with a diameter of 50 kpc) generated using the
Ringermacher &Mead (2009) formula, alongside a 5 or 10 times inflated version.
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Figure 6.26: Details of the LoTSS DR2–estimated specific intensity function Iν (̂r) at central ob-
serving frequency νobs = 144 MHz and resolutions θFWHM ∈ {6′′, 20′′}, centred around the hosts
of newly discovered giants. Row-wise from left to right, from top to bottom, the projected proper
length lp is 1.6Mpc, 1.5 Mpc, 1.3 Mpc, 1.2Mpc, 1.1 Mpc, and 0.7Mpc; in the same order, θFWHM is
6′′, 6′′, 20′′, 6′′, 6′′, and 6′′. Contours signify 3, 5, and 10 sigma-clipped standard deviations above
the sigma-clipped median. For scale, we show the stellar Milky Way disk (with a diameter of 50 kpc)
generated using the Ringermacher &Mead (2009) formula, alongside a 3 or 5 times inflated version.
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Figure 6.27: Observed relations between host stellar mass M⋆ and GRG projected length lp (top)
and between host SMBHmassM• and GRG projected length lp (bottom). Our LoTSS DR2 sample
confirms that luminous giants typically have M⋆ ∈ 1011–1012 M⊙ and M• ∈ 108–1010 M⊙. The
sample effects an almost fivefold increase in the number of giantswith SDSS-derived host stellarmasses
and SMBHmasses. We do not show or count giants for which only a nearest host candidate could be
determined.
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valid for the line of sight that pierces through a lobe along a diameter. The average
line of sight length dwithin a lobe is smaller than dmax = 2R, though, and given by

〈d〉 :=
´ R
0 2

√
R2 − x22πx dx
πR2 =

4
3
R. (6.152)

Therefore, the mean surface brightness of the lobes as seen by an observer is

〈bν〉 =
〈d〉
dmax

bν,max =
2
3
bν,max. (6.153)

6.A5 Likelihood function

In Table 6.5, we present maximum likelihood and likelihood mean and standard de-
viation estimates for the inference described in Section 6.4.1; one may compare the
results to those in Table 6.4. In Fig. 6.28, we visually summarise the likelihood func-
tion; one may compare to Fig. 6.16.
The strong degeneracy between ξ and bν,ref, directly apparent from the central two-

parameter marginal in the leftmost column of Fig. 6.28, translates to a ridge of essen-
tially constant likelihood that extends from ξ ≈ −4 to ξ ≈ −2. Compared to a
non-degenerate case, this makes the maximum likelihood parameters both intrinsi-
cally less meaningful and more prone to numerical approximation errors.

Table 6.5: Maximum likelihood estimate (MLE) and likelihood mean and standard deviation (SD)
estimates of the free parameters in intrinsic GRG length distribution inference.25

zmax = 0.5:
parameter MLE likelihood mean and SD

ξ −2.15 −3.4± 0.5
1
2(φmax − φmin) 1.7′ 1.9± 0.3′

bν,ref 90 Jy deg−2 660± 400 Jy deg−2

σref 1.35 1.2± 0.2
zmax = 0.25:

parameter MLE likelihood mean and SD
ξ −2.2 −3.5± 0.4

1
2(φmax − φmin) 2.25′ 1.7± 0.3′

bν,ref 150 Jy deg−2 1050± 560 Jy deg−2

σref 1.25 1.4± 0.4
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Figure 6.28: Joint likelihood function over ξ—the parameter of interest—and 1
2 (φmax−φmin), bν,ref

and σref—the selection effect parameters, based on 1473 projected lengths of LoTSSDR2 giants up to
zmax = 0.5. We show all two-parametermarginals of the likelihood function, with contours enclosing
30% and70%of total probability. Wemark themaximum likelihoodparameters (white circle) and the
likelihood mean parameters (white cross). The single-parameter marginals again show the estimated
mean, now marked by a vertical line, alongside shaded median-centred 80% credible intervals. The
likelihood function is the posterior for a uniform prior. To compare the likelihood function to the
posterior actually chosen, see Fig. 6.16.

25The model assumes ξ is constant for z ∈ [0, zmax]. We determined the likelihood function twice:
for zmax = 0.5, using 1473 giants, and for zmax = 0.25, using 811 giants. We caution that, in this case,
the MLE parameters are a poor measure of central tendency.
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6.A6 Properties of newly discovered giants

Table 6.2 provides properties of the 50 projectively longest giants discovered during
thiswork’s LoTSSDR2 search campaign. We share these data, alongside those for the
other 2010 (98%) giants in our sample, in Flexible Image Transport System (FITS)
format through the Centre de Données astronomiques de Strasbourg (CDS). One
can either use anonymous File Transfer Protocol (FTP) to

ftp://cdsarc.cds.unistra.fr (130.79.128.5)

or visit

https://cdsarc.cds.unistra.fr/cgi-bin/qcat?J/A+A/.

For our final catalogue, which also includes literature giants, please contact the
authors.
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They are ill discoverers that think there is no land, when they can see nothing
but sea.
Francis Bacon, English philosopher, The Advancement of Learning (1605)

7
Do luminous giants populate special

large-scale environments? Or: the
radio luminosity–Cosmic Web

density relation for radio galaxies
M. S. S. L.Oei, R. J. vanWeeren,M. J.Hardcastle,A. R.D. J. G. I. B.Gast, F.Leclercq,H. J. A.Röttger-
ing, P. Dabhade, T.W. Shimwell, A. Botteon— Astronomy & Astrophysics, accepted

Abstract
Context Giant radio galaxies (GRGs, giant RGs, or giants) are megaparsec-scale,
jet-driven outflows from accretion disks of supermassive black holes, and represent
the most extreme pathway by which galaxies can impact the Cosmic Web around
them. A long-standing but unresolved question is why giants are somuch larger than
other radio galaxies.

Aims It has been proposed that, in addition to having higher jet powers than most
RGs, giants might live in especially low-density Cosmic Web environments. In this
work, we aim to test this hypothesis by pinpointing Local Universe giants and other
RGs in physically principled, Bayesian large-scale structure reconstructions.
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Methods More specifically, we localise a LOFARTwo-metre Sky Survey (LoTSS)
DR2–dominated sample of luminous (lν(ν = 150 MHz) ≥ 1024 WHz−1) giants
and a control sample of LoTSS DR1 RGs, both with spectroscopic redshifts up to
zmax = 0.16, in the BORGSDSSCosmicWeb reconstructions. Wemeasure theCos-
micWeb density on a smoothing scale of∼2.9Mpc h−1 for each RG; for the control
sample, we then quantify the relation betweenRG radio luminosity andCosmicWeb
density. With the BORG SDSS tidal tensor, we also measure for each RG whether
the gravitational dynamics of itsCosmicWeb environment resemble those of clusters,
filaments, sheets, or voids.

Results For both luminous giants and general RGs, the CosmicWeb density dis-
tribution is gamma distribution–like. Luminous giants populate large-scale environ-
ments that tend to be denser than those of generalRGs. This result is corroborated by
gravitational dynamics classification and a cluster catalogue cross-matching analysis.
We find that theCosmicWeb density aroundRGswith 150MHz radio luminosity lν
is distributed as 1+ΔRG |Lν = lν ∼ Γ(k, θ), wherek = 4.8+0.2·l, θ = 1.4+0.02·l,
and l := log10(lν (10

23 WHz−1)−1).

Conclusions This work presents more than a thousand inferredMpc-scale den-
sities around radio galaxies, which may be correct up to a factor of order unity —
except in clusters of galaxies, where the densities can be more than an order of mag-
nitude too low. We pave the way to a future in which Mpc-scale densities around
RGs are common inferred quantities, which help to better understand their dynam-
ics, morphology, and interactionwith the envelopingCosmicWeb. Our data demon-
strate that luminous giants inhabit denser environments than general RGs. This un-
derlines that— at least at high jet powers— low-density environments are no prereq-
uisite for giant growth. Using generalRGs, wequantify the relationbetween radio lu-
minosity at 150MHzandCosmicWebdensity on a smoothing scale of∼2.9Mpch−1.
This positive relation, combined with the discrepancy in radio luminosity between
known giants and general RGs, reproduces the discrepancy in Cosmic Web density
between known giants and general RGs. Our findings are consistent with the view
that giants are regular, rather thanmechanistically special,members of the radio galaxy
population.

Keywords: radio continuum: galaxies– galaxies: active– jets – inter-galacticmedium
– large-scale structure of Universe
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7.1 Introduction

Supermassive Kerr black holes are key building blocks of the Universe, on galactic
and cosmological scales alike. During episodes of baryon accretion, they turn into
active galactic nuclei (AGN), launching winds and jets that warm and rarefy the in-
terstellarmedium (e.g. Fabian, 2012; King&Pounds, 2015). These energy flows gen-
erally suppress the formation of new stars, although local star formation enhance-
ment can occur within expanding kiloparsec-radius rings (e.g. Dugan et al., 2017).
Meanwhile, jet-mediated AGN outflows — also known as radio galaxies (RGs) —
can have a vast, megaparsec-scale reach, protruding from both the galaxy and its cir-
cumgalactic medium. The synchrotron radiation from RGs illuminates their jets,
lobes, cocoons, and threads (e.g. Ramatsoku et al., 2020), and dominates the extra-
galactic radio sky. Because the behaviour of RGs links to the physics of black hole
accretion and galactic winds, the pressure field and magnetisation history (e.g. Vazza
et al., 2017) of the warm–hot intergalactic medium (warm–hot IGM, or WHIM),
and shocks (e.g. Nolting et al., 2019a), vorticity (e.g. Nolting et al., 2019b), and cool-
ing flows (Fabian et al., 1984) in the intracluster medium, a precise understanding of
the RG phenomenon is indispensable to modern astrophysics.

A key goal of the study of RGs is to identify the main factors that determine their
dynamics and to formulate models (e.g. Scheuer, 1974; Turner & Shabala, 2015;
Hardcastle, 2018) that describe themquantitatively. Oneway to investigate the growth
of RGs is to search for particularly large examples and to analyse what internal or ex-
ternal traits set them apart from the rest. Following this logic, Oei et al. (2022a) pre-
sented and studiedAlcyoneus, a giant radio galaxy (GRG, giant RG, or simply giant)
whose proper length component in the plane of the sky lp = 4.99 ± 0.04 Mpc. In
general, giants are members of the RG population for which lp ≥ lp,GRG —where
the latter is some fixed megaparsec-scale threshold— and that therefore rank among
the largest RGs in existence. However, despite being one of the largest RGs known,
Alcyoneus is not particularly luminous, and its host galaxy does not feature a partic-
ularly massive central black hole or stellar population — at least, when compared to
other giants and their hosts (Oei et al., 2022a). The question naturally arises whether
external properties, rather than those internal to the host galaxy, are the most impor-
tant drivers of RG growth.

It is well established that the IGM resists the growth of RGs by forcing jets to con-
vert a part of their kinetic energy intowork spent to form lobe cavities (e.g.Hardcastle
& Croston, 2020). The work needed to free up a cavity is the product of its volume
and the local pressure.1 Following this line of reasoning, an RG with fixed intrin-

1As the pressure field in modern large-scale structure is not constant, as predicted by approximate
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sic properties should reach a larger end-of-life extent in more tenuous (and colder)
Cosmic Web (CW) environments. It has therefore been proposed that the astonish-
ing growth of giants might be explained by their presumptive tendency to reside in
tenuous parts of the Cosmic Web.

Several previous works have investigated the role of the enveloping Cosmic Web
density field on GRG growth. Notably, in all cases, the authors traced Cosmic Web
environments through three-dimensional galaxy positions estimatedwith photomet-
ric or spectroscopic redshifts. The pioneering work of Subrahmanyan et al. (2008)
presented a case study of GRG MSH 05-22 and its Cosmic Web environment as
traced by 6dF data (Jones et al., 2004). Using a sample of 12 giants and environments
traced by 2dF/AAOmega data (Sharp et al., 2006), Malarecki et al. (2015) concluded
that the lobes of giants grow in directions that avoid denser regions of the Cosmic
Web. In the most comprehensive study yet, Lan & Prochaska (2021) used a sample
of 110 giants and environments traced by DESI Legacy Imaging Surveys DR9 data
(Dey et al., 2019), and did not find evidence that giants occur in more dilute envi-
ronments than non-giant RGs. A major limitation of this latest study is the use of
photometric redshifts as a probe of the Cosmic Web density field.
In order to determine decisively how GRG growth and the Cosmic Web relate,

analyses with bothmore giants andmore accurate CosmicWeb reconstructions seem
necessary. In this work, we intend to present major developments in both regards.
Firstly, the Low-FrequencyArray (LOFAR; vanHaarlem et al., 2013)Two-metre Sky
Survey (LoTSS; Shimwell et al., 2017) has made possible the discovery of thousands
of previously unknown giants in its Northern Sky imagery at observing frequency
νobs = 144 MHz and at resolutions θFWHM ∈ {6′′, 20′′, 60′′, 90′′}. In particular,
the joint search efforts of Dabhade et al. (2020b) in the LoTSS DR1 (Shimwell et al.,
2019), those of Simonte et al. (2022) in the LoTSS Boötes Deep Field, and those of
Oei et al. (2023a) in the LoTSS DR2 (Shimwell et al., 2022) have tripled the total
number of known giants, which now stands at ∼3 · 103. In particular, the number
of known giants in the part of the Local Universe covered by the Sloan Digital Sky
Survey (SDSS; York et al., 2000) DR7 (Abazajian et al., 2009) has quintupled — a
fact whose relevance will become clear in Sect. 7.2.3. Secondly, the last two decades
have seen the development of principled, physics-basedBayesian inference techniques
through which the three-dimensional total (i.e. baryonic plus dark) matter density
field of the Cosmic Web can be reconstructed (e.g. Wandelt et al., 2004; Kitaura &
Enßlin, 2008; Jasche et al., 2010b; Jasche &Kitaura, 2010b; Jasche &Wandelt, 2013;
Jasche & Lavaux, 2019). These techniques make use of the fact that the statistical

hydrostatic equilibrium, this expression only holds for sufficiently small volumes.
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behaviour of the Early Universe’s total matter density field is known, as is the domi-
nant process by which this field has evolved over cosmic time: gravity. By simulating
gravity acting on Early Universe density fields and comparing the evolved fields to the
observed spatial distribution of galaxies, the late-time density field can be inferred.
These late-time density fields subsequently enable megaparsec-scale density measure-
ments, including uncertainties, around individual (giant) radio galaxies. We shall use
these measurements as an improved probe of the Cosmic Web density field.
Section 7.2 presents the data we use: radio galaxy observables and late-time den-

sity field reconstructions via which we probe the influence of the CosmicWeb on the
growth of giants. In Sect. 7.3, we combine these data to determine megaparsec-scale
densities and large-scale structure type probability distributions for giants and gen-
eral RGs. Section 7.4 presents these results, alongside a quantification of the relation
between RG radio luminosity and CosmicWeb density. We finally evaluate evidence
for the claim that the Cosmic Web affects RG growth. In Sect. 7.5, we test the reli-
abilty of RG Cosmic Web density measurements and dynamical classifications and
discuss caveats of and promising future extensions to the current work, before we
present conclusions in Sect. 7.6.

For consistency with Oei et al. (2022a), Oei et al. (2023a), and Mostert & Oei
(2023), we assume a flat, inflationary ΛCDM model with parameters from Planck
Collaboration et al. (2020): h = 0.6766, ΩBM,0 = 0.0490, ΩM,0 = 0.3111, and
ΩΛ,0 = 0.6889, where ΩDM,0 := ΩM,0 − ΩBM,0 = 0.2621 and H0 := h ·
100 km s−1 Mpc−1. With ‘Local Universe’, we refer to the spherical region of space
observed to have redshift z < zmax := 0.16. All reported redshifts are heliocentric.
Terminology-wise, we strictly distinguish an RG (a radio-bright structure of plasma
and magnetic fields, consisting of a core, jets, hotspots, lobes, a cocoon, and colli-
mated synchrotron threads) from the host galaxy that has generated it. As in our pre-
viouswork, we define giants to beRGswith projected proper2 lengths lp ≥ lp,GRG :=

0.7Mpc. Wedefine the spectral index α so that it relates to fluxdensityFν at frequency
ν as Fν ∝ να; under this convention, radio spectral indices are typically negative.

2InCosmicWeb filament environments, where giants appearmost common (Sect. 7.4), lobesmay
expand along the Hubble flow, rendering their proper and comoving extents different. To avoid am-
biguity, we stress that our projected lengths are proper instead of comoving. A less precise synonym
for ‘projected proper length’ often found in the literature is ‘largest linear size’ (LLS).
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Figure 7.1: Mollweide view of the sky showing the locations of all giants and LoTSS DR1 RGs in the Local Universe for which we infer Cosmic Web
densities and dynamical states. The background shows the Milky Way at 150 MHz (Zheng et al., 2017), on which we overlay the LoTSS DR1 footprint
(hatched dark rectangle). RGs are drawn as lemniscates of Bernoulli; we do not attempt to portray realistic morphologies or position angles. The colours
represent redshifts z ∈ (0, zmax := 0.16), whilst the diameters are proportional to projected proper lengths lp ∈ (∼1 kpc, 4.6Mpc). Giants are translucent.
Upon zooming in, the reader can appreciate the wide variety of sizes that radio galaxies can attain.
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7.2 Data

To compare the Cosmic Web environments of Local Universe giants to those of sur-
rounding smaller radio galaxies, we combined a GRG catalogue, a general RG cata-
logue, and a CosmicWeb density field reconstruction. All three data sets are publicly
available.

7.2.1 Giant radio galaxies

As our source of giants we used the catalogue aggregated by Oei et al. (2023a), which
contains 3341 giants with lp ≥ lp,GRG := 0.7 Mpc.3 This catalogue is intended to
be complete up to (and including) September 2022. Thanks to the steradian-scale
Northern Sky coverage of the LoTSS, combined with its arcsecond-scale resolution
and sensitivity up to degree scales, LoTSS-discovered giants (Dabhade et al., 2020b;
Simonte et al., 2022; Oei et al., 2023a) dominate the catalogue.

In their LoTSSDR2manual visual search for giants, Oei et al. (2023a) used an an-
gular length threshold of 1

2

(
φmax − φmin

)
= 5′ to limit the duration of their search

to amanageable few hundred hours. At the same time, this 5′-threshold ensured that
the searchwould yieldmost giants with sufficient surface brightness in the LocalUni-
verse.4 This has beenbydesign: Oei et al. (2023a) aimed tobuild a surface brightness–
limited, but otherwise complete census of Local Universe giants in the LoTSS DR2
footprint with the intent of localising them within the Cosmic Web density field re-
constructions presented in Sect. 7.2.3.

As elaborated upon in Sect. 7.3.1, we retained 281 giants in the part of the Local
Universe where Cosmic Web analysis is possible. Of these, 260 have spectroscopic
redshifts; only these giants could be reliably localised. We show their sky locations in
Fig. 7.1. LoTSSDR2discoveriesmake up 208 of the final 260 giants (80%). Through
six example LoTSS DR2 giants, Fig. 7.2 provides the reader a sense of the quality
of the radio imagery underpinning this work, from which angular lengths φ have
been inferred, a sense of the reliability of our host galaxy identification, from which
spectroscopic redshifts zs have inferred, and a sense of the morphological and surface
brightness diversity of the objects under consideration in this study. This publication
is the first to contain images of the objects shown.

3Oei et al. (2023a) provide references to all discovery articles.
4Oei et al. (2023a) illustrate this point in their Fig. 9.
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Figure 7.2: LoTSS DR2 cutouts at central observing frequency νobs = 144 MHz and resolution
θFWHM = 6′′, centred around giant-generating BCGs of Local Universe clusters. All giants shown
are discoveries of Oei et al. (2023a) for which no previous images have been published. Each cutout
covers a solid angle of 15′×15′. Contours signify 3, 5, and 10 sigma-clipped standard deviations above
the sigma-clipped median. For scale, we show the stellar Milky Way disk (with a diameter of 50 kpc)
generated using the Ringermacher &Mead (2009) formula, alongside a 3 times inflated version. Each
DESI Legacy Imaging Surveys DR9 (g, r, z) inset shows the central 3′ × 3′ region.
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7.2.2 General radio galaxies

In order to determine whether the Cosmic Web environments of giants are excep-
tional in any way, we must create a sample of reference Cosmic Web environments.
For this reason, we also localised within the Cosmic Web a sample of general RGs,
selected without regard for their length.

In particular, our starting point for this sample is the radio-bright active galac-
tic nucleus (RLAGN) sub-sample described by Hardcastle et al. (2019), which con-
tains 23,344 of the 318,520 sources (7%) in the LoTSSDR1 value-added catalogue of
Williams et al. (2019). To construct their sub-sample, Hardcastle et al. (2019) com-
bined multiple criteria that separate RLAGN from star-forming galaxies (SFGs). At
the low redshifts considered in this work (z < zmax := 0.16), most RLAGN are
identified through SDSS spectroscopy, and we therefore expect high RLAGN com-
pleteness and minimal contamination from SFGs.

As elaborated upon in Sect. 7.3.1, we retained 1870 LoTSS DR1 RGs in the part
of the Local Universe where Cosmic Web analysis is possible. Of these, 1443 have
spectroscopic redshifts; only these RGs could be reliably localised. We show their sky
locations in Fig. 7.1. The LoTSS DR1 image quality is very similar to the LoTSS
DR2 image quality, which Fig. 7.2 illustrates.

7.2.3 CosmicWeb late-time density field

To localise RGs within the Cosmic Web, we used data products from the Bayesian
Origin Reconstruction from Galaxies (BORG; Jasche & Wandelt, 2013) SDSS run
(Jasche et al., 2015). The BORG SDSS uses second-order Lagrangian perturbation
theory (2LPT; Bouchet et al., 1995) to forward model structure formation and eval-
uates the plausibility of a proposed structure formation history by comparing its late-
time density field to the three-dimensional positions of galaxies in the SDSS DR7
Main Galaxy Sample (MGS; Abazajian et al., 2009). As a result, the BORG SDSS
provides a late-time total5 matter density field posterior for the part of the Local Uni-
verse covered by the SDSS DR7 footprint. The posterior is represented by a Hamil-
tonianMonte Carlo (HMC; Duane et al., 1987)Markov chain of approximately ten
thousand samples after the burn-in phase. Each sample covers the same volume of
(750 Mpc h−1)3 extent with a cubical grid of 2563 voxels. Thus, the side length of a
BORG SDSS voxel L = 1

256 · 750Mpc h−1 ≈ 2.9Mpc h−1. The late-time posterior
can be compactly summarised by taking themean and standard deviation (SD) of the
samples on a per-voxel basis. In this work, wewill use both the individual samples and

5The BORG algorithm does not differentiate between baryonic and dark matter, assuming iden-
tical behaviour on the multi-megaparsec scale.
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the summary cubes, the latter of which we shall call the BORG SDSS mean and SD.
However, by using these summary cubes, information contained in higher moments
of single-voxel posteriors and inter-voxel correlations remains unused.
Leclercq et al. (2015) have extended the BORGSDSS by calculating, for each sam-

ple, the CosmicWeb classification as stipulated by the T-web definition (Hahn et al.,
2007). The result is a probabilistic classificationwith amarginal distribution for each
voxel. As one aspect of a broader information theoretic analysis, Leclercq et al. (2016)
demonstrated how these classifications can be used to predict galaxy properties, such
as their g− r colours. We now use these classifications to characterise the dynamical
environments of luminous giants and general RGs.
Both the BORG SDSS posterior and a posterior from another BORG run, the

BORG 2M++ (Jasche & Lavaux, 2019), have been used before to relate properties
of active galaxies to the density of the enveloping Cosmic Web (Frank et al., 2016;
Porqueres et al., 2018). Our work is the first to relate properties of radio galaxies to
BORG (or BORG-like) Cosmic Web reconstructions.

7.3 Methods

As pointed out in Sect. 7.1, the number of known giants has increased substantially
in recent years. For example, within the Local Universe covered by the SDSS DR7,
the manual visual search of Oei et al. (2023a) alone has quintupled the number of
knowngiantswith spectroscopic redshifts— from52 to 260. Meanwhile, theBORG
SDSS now offers the first physically principled, probabilistic reconstruction of the
total matter density field over this entire volume. In this section, we combine both
advances by describing the localisation of giants and general RGs within the BORG
SDSS.

7.3.1 BORG SDSS localisation procedure

For each RG in our two samples (be it a giant or a general RG), we first transformed
right ascension, declination, and redshift into a vector with comoving coordinates
ri := [xi, yi, zi]⊤ following the coordinate system convention of Jasche et al. (2015).
We note that this transformation is cosmology-dependent. The BORG SDSS adopts
the cosmological parameters of Jasche et al. (2015) to convert SDSS DR7MGS red-
shifts into radial comoving distances and subsequently infer the structure formation
history of the Local Universe. In order to obtain valid localisations, it is imperative
that we use the same conversion between redshift and radial comoving distance for
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our RGs. We therefore adopted the Jasche et al. (2015) cosmology for this particular
procedure. Afterwards, we simply associated each RG to the voxel nearest to ri.

After localising an RG to a voxel, we verified whether the late-time density field
at this location is sufficiently constrained by the BORG SDSS. More precisely, we
evaluated whether — at the RG’s voxel — the survey response operator of Jasche
et al. (2015)’s lowest r-band absolutemagnitude bin (−21.00 < Mr < −20.33),R0,
equals or exceeds some thresholdR0

min. If indeedR0(ri) ≥ R0
min, we retained the RG

for Cosmic Web analysis; if not, we discarded it. In this work, we chose R0
min = 0.1.

Higher choices for R0
min rid the sample of comparatively uninformative (i.e. more

prior-dominated) density and dynamical state measurements, but come at the cost of
a reduced sample size.

Next, in order to obtain density distributions for each retained RG, we explored
two methods.

Fixed voxel method

In the ‘fixed voxel method’, we considered for each RG only themarginal posterior
density distribution at its voxel — i.e. the distribution for that voxel in isolation —
despite the fact that the BORG SDSS provides reconstructions with complex inter-
voxel density correlations. Moreover, we summarised the voxel’s marginal distribu-
tion through themean and SD only. This method is the simplest of the twomethods
we have used.

In Fig. 7.3, we show six example localisations of giants in the Local Universe. The
giants in the upper two panels are pinpointed to galaxy clusters, the giants in themid-
dle two panels are pinpointed to filaments, and the giants in the bottom two panels
are pinpointed to sheets.

Flexible voxel method

There are at least two issues associated with the fixed voxel method, though. One
issue is the fact that the BORG SDSS has inferred the CosmicWeb with a limited set
of bright SDSS DR7 galaxies, which (amongst other factors) causes reconstruction
uncertainty. In practice, this means that a given cluster or filament may morph and
wiggle around in different BORG SDSS samples. If one does not wiggle around the
voxel to sample from accordingly (but sticks with the same voxel all the time), one
regularly samples outside of the cluster or filament inwhich theRGof interest resides.
This, of course, biases the inferred densities low.

On top of Cosmic Web reconstruction uncertainty, host galaxy peculiar motion
uncertainty leads to additional difficulty in the determination of an RG’s Cosmic
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Figure 7.3: Example localisations of giant radio galaxies within the large-scale structure of the Local
Universe. The top row shows two cluster giants, the middle row shows two filament giants, and the
bottom row shows two sheet giants. For each giant, we show a slice of constant Cartesian comoving
z through the late-time BORG SDSS posterior mean total matter density field and a LoTSS DR2 6′′
image at νobs = 144MHz (inset). Outside of the SDSSDR7–constrained volume, the posteriormean
tends to the Universe’s late-time mean total matter density ρ̄0. The locations of the giants are marked
by white circles.
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Web density. In Appendix 7.A1, we show that redshift uncertainties generally lead
to sub-voxel localisation uncertainty when spectroscopic redshifts are used, even af-
ter taking low-mass galaxy cluster–like peculiar motion into account. For high-mass
galaxy clusters however, peculiarmotion can cause localisation errors of several voxels.
Even more alarmingly, we show that photometric redshift uncertainties cause local-
isation uncertainties of 101–102 Mpc, or up to tens of voxels, that are unworkably
large. Cosmic Web localisation therefore only seems possible for RGs with spectro-
scopically detected hosts.

To counteract the fixed voxel method’s tendency to sample densities outside of
the clusters and filaments in which our RGs truly reside, we propose a flexible voxel
method. In this method, the voxel considered hitherto serves as a reference voxel,
around which we search for the most likely correct voxel to sample from. More pre-
cisely, we iterate over 1000 BORG SDSS samples equally spaced within theMCMC,
and consider for each sample all voxels in a sphere of radius 5Mpc h−1. We then sim-
ply adopt the voxel with the highest density as the most likely correct voxel for that
sample. This procedure encapsulates our prior knowledge that the massive ellipticals
which give rise to radio galaxies are more likely to form in a high-density region than
in a low-density region of the same extent.

The search radius of 5 Mpc h−1 chosen here is arbitrary to some degree. Clearly,
for the flexible voxel method to be any different from the fixed voxel method, this ra-
dius must exceed the side length of a single voxel, 2.9 Mpc h−1. For larger radii, we
are able to correct for larger peculiar motion errors, and thus provide more accurate
densities for RGs located inmassive galaxy clusters. At the same time, for larger radii,
we are at risk of straying too far from the reference voxel; for example, this could lead
to sampling cluster-like densities for RGs that actually reside in an adjacent filament.
Because the majority of RGs appears to reside in filaments, and because the gravity
solver of the BORG SDSS significantly limits the usefulness of cluster densities any-
ways (see Sect. 7.5), we chose a relatively ‘small’ search radius of 5 Mpc h−1 — less
than two voxels in each direction.

In Fig. 7.4, we compare the mean Cosmic Web densities inferred for all RGs con-
sidered in this work, with fixed voxel method densities on the horizontal axis, and
flexible voxel method densities on the vertical axis. Flexible voxel–based relative den-
sities are typically a factor two higher. The methods agree most often at the lowest
redshifts, where the BORG SDSS Cosmic Web reconstructions are least uncertain.
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Figure 7.4: Comparison between CosmicWeb densities of giants and LoTSS DR1 RGs in the Local
Universe, inferred via two variations of our BORG SDSS–based method. The horizontal axis rep-
resents densities as measured through the fixed voxel approach of Sect. 7.3.1, while the vertical axis
represents densities as measured through the flexible voxel approach of Sect. 7.3.1.

7.3.2 BORG SDSS localisation in practice

As described in Sect. 7.3.1, for each giant and LoTSS DR1 RG in our samples, we
measured the mean and SD of its marginal posterior density RV. Of 281 giants that
lie within the part of the BORG SDSS volume where R0(r) ≥ R0

min, there are 260
with a spectroscopic redshift (93%), which were therefore suitable for Cosmic Web
analysis. Of these, 208 (80%) areLoTSSDR2discoveries (Oei et al., 2023a). In exactly
the same way, of the 1870 LoTSS DR1 RGs that lie within the constrained BORG
SDSS volume, we retained 1443 speciminawith spectroscopic redshifts (77%), which
we selected for Cosmic Web analysis.

At the BORG SDSS resolution of 2.9Mpc h−1 per voxel side, the baryonic matter
density field approximately equals the dark matter density field scaled down by a fac-
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tor ΩBM,0
ΩDM,0

. TheBORGSDSSdoes not distinguish between these twofields. Instead, it
provides the sum of the baryonic and dark matter density field: the total matter den-
sity field. In this article, we shall exclusively mention relative total matter densities—
total matter densities divided by today’s cosmic mean total matter density ΩM,0ρc,0,
where ρc,0 is today’s critical density. To be less verbose, we shall just refer to ‘relative
densities’, and write 1+ δ, where δ denotes overdensity in the usual sense.

7.4 Results

In this section, we present the first empirical distributions of the Cosmic Web total
matter density and dynamical state around giants and general RGs. We also deter-
mine the radio luminosity–CosmicWeb density relation, and explore whether it can
cause the density distribution discrepancy between observed giants and general RGs.

7.4.1 CosmicWeb density distributions

Themarginal relative density distributions of individualRGs resemble lognormal dis-
tributions, irrespective of whether the fixed or flexible voxel method is used to deter-
mine them. We demonstrate this in Fig. 7.5 through example marginals for a typical
giant and a typical LoTSS DR1 RG.

Indeed modelling 1+ ΔGRG,obs | 1+ ΔGRG = 1+ δi ∼ Lognormal(μ, σ2), we can
succinctly summarise each giant’s measured density distribution with two parame-
ters. We provide these, for 50 out of 260 giants, in Table 7.1. (For access to such data
for all giants, and for similar data on LoTSS DR1 giants, see its footnote.)

By aggregating just the means of these marginal relative density distributions, we
can analyse thedistributions for ourobservedpopulations as awhole. In green, Fig. 7.6
shows kernel density estimated (KDE) relative density distributions for both giants
(top panels) and the broader population of RGs (bottom panels) in the Local Uni-
verse. The panels in the left column represent the fixed voxel method, whilst the pan-
els in the right column represent the flexible voxelmethod. More precisely, theseKDE
distributions approximate the distributions of the observedGRG relative density RV
1+ ΔGRG,obs and the observed RG relative density RV 1+ ΔRG,obs.

We sought to summarise these distributions parametrically. After testing various
two-parameter distributions for continuous, non-negative RVs (such as the gamma
distribution and the lognormal distribution), the KDE distributions of 1 + ΔRG,obs

in the bottom panels — which are based on all 1443 selected LoTSS DR1 RGs —
appeared best approximated by a gamma distribution.6 Maximum likelihood estima-

6In Appendix 7.A2, we provide an astrophysical–statistical argument that could explain the
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Figure 7.5: Distributions for themeasured relative totalmatter densityRVs 1+ΔGRG,obs | 1+ΔGRG =
1+ δi and 1+ΔRG,obs | 1+ΔRG = 1+ δi for an individual giant (top row; solid), and for an individual
LoTSS DR1 RG (bottom row; hatched). Fixed voxel method densities (left column; green) are lower
than flexible voxel method densities (right column; orange). The MLE-fitted lognormal PDFs (solid
curves) demonstrate that the distributions are approximately lognormal.

tion (MLE) suggested 1+ ΔRG,obs ∼ Γ(k = 2.1, θ = 1.8) for the fixed voxel method
and 1 + ΔRG,obs ∼ Γ(k = 3.6, θ = 1.8) for the flexible voxel method. Similarly, fit-
ting a gamma distribution to 1+ΔGRG,obs throughMLE gave 1+ΔGRG,obs ∼ Γ(k =
2.5, θ = 1.9) for the fixed voxel method and 1 + ΔGRG,obs ∼ Γ(k = 4.7, θ = 1.6)
for the flexible voxel method, although the latter does not provide a tight fit. These
gamma distributions constitute practical, two-parameter representations of the un-
derlying data and are drawn as solid lines in Fig. 7.6.

Themean of a gamma-distributedRV 1+Δ ∼ Γ(k, θ) isE[1+Δ] = kθ. Thus, for
the fixed voxelmethod,E[1+ΔGRG,obs] = 4.8 andE[1+ΔRG,obs] = 3.8. Similarly, for
the flexible voxelmethod,E[1+ΔGRG,obs] = 7.5 andE[1+ΔRG,obs] = 6.5. Naively, it
appears that we can conclude that, in a statistical sense, giants occupy denser regions
of the CosmicWeb than radio galaxies in general. Using a two-sample Kolmogorov–
Smirnov (KS) test, we formally tested the null hypothesis that the observed giant and
general RG relative density distributions of Fig. 7.6 share a common underlying dis-

gamma distribution’s emergence here.
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Figure 7.6: Probability density functions (PDFs) of the relative total matter density RV of 260 Local
Universe giants (top row), and of 1443 Local Universe RGs (bottom row), determined through the
fixed voxel method (left column) and flexible voxel method (right column). These RVs correspond
to the density field smoothed to a scale of 2.9 Mpc h−1. We also show PDFs (solid lines) of gamma-
distributedRVswith parameters obtained viamaximum likelihood estimation (MLE), alongside PDFs
(dash-dotted lines) of gamma-distributedRVswith parameters obtained viaMLEwith a heteroskedas-
ticity correction. Wewarn that these distributions are affected by surface brightness selection, and thus
represent observed populations only.

tribution. For both the fixed and flexible voxel methods, the p-value p ≲ ∼10−6. The
null hypothesis is thus rejected (for typical significance levels).

However, these distributions come with two major caveats.

Heteroskedasticity

Firstly, BORG SDSS relative density measurements are heteroskedastic: measure-
ments of higher densities have higher errors than measurements of lower densities
(see e.g. Fig. 6 of Jasche et al., 2015). Heteroskedasticity causes the observed distri-
butions to differ from the intrinsic distributions; not only by widening them, as also
occurs in the more familiar homoskedastic setting, but also by systematically shifting
the distributions towards lower densities. Therefore, in Appendix 7.A3, we propose
a simple method to infer distributions corrected for this effect. As a result, we distin-

7We share a table with all 260 entries, alongside the analogous table for our 1443 selected LoTSS
DR1 RGs, in Flexible Image Transport System (FITS) format through the Centre de Données as-
tronomiques de Strasbourg (CDS). One can either use anonymous File Transfer Protocol (FTP) to
ftp://cdsarc.cds.unistra.fr (130.79.128.5) or visit https://cdsarc.cds.unistra.fr/cgi-bin/
qcat?J/A+A/.
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Table 7.1: Cosmic Web properties for 50 of 260 BORG SDSS–constrained giants, sorted by right
ascension. We provide MLE parameters of lognormal fits to total matter (i.e. both baryonic and dark
matter) density distributions. We report parameters for both the fixed and flexible voxel methods.
Densities span the BORG SDSS comoving voxel volume of (2.9 Mpc h−1)3 and are relative to the
Universe’smean late-time totalmatter density. Themean and variance of a relative density distribution
areE[1+ΔGRG,obs | 1+ΔGRG = 1+δi] = exp (μ+ 1

2σ
2) andV[1+ΔGRG,obs | 1+ΔGRG = 1+δi] =

(exp (σ2) − 1) exp (2μ+ σ2). The components of the T-web probability vector p = (p1, p2, p3, p4)
correspond to clusters, filaments, sheets, and voids, respectively; due to rounding, their sumcan appear
to deviate from 1. Cluster masses are given only for giants generated by BCGs, and stem from cross-
matching withWen &Han (2015).7

rank host coordinates spectroscopic Cosmic Web density Cosmic Web density Cosmic Web T-web cluster mass
↓ equatorial J2000 (°) redshift z (1) fixed voxel μ, σ2 (1) flexible voxel μ, σ2 (1) probabilities p (1) (1014 M⊙)
1 111.5768, 38.6332 0.1539± 3 · 10−5 −0.49, 0.60 +0.60, 0.45 (0.0, 0.2, 0.7, 0.1) -
2 113.7719, 41.9743 0.0873± 2 · 10−5 +1.94, 0.06 +2.43, 0.03 (0.1, 0.9, 0.0, 0.0) -
3 114.9887, 43.9833 0.1489± 2 · 10−5 −0.73, 0.52 +0.42, 0.42 (0.0, 0.2, 0.6, 0.2) -
4 115.9636, 28.3578 0.1063± 2 · 10−5 +0.88, 0.53 +1.87, 0.20 (0.1, 0.8, 0.2, 0.0) -
5 116.0338, 43.9917 0.1348± 2 · 10−5 +0.95, 0.23 +2.41, 0.05 (0.0, 0.9, 0.1, 0.0) -
6 117.5396, 26.7355 0.1304± 2 · 10−5 +1.59, 0.17 +2.16, 0.06 (0.2, 0.8, 0.0, 0.0) -
7 118.1447, 35.8398 0.1365± 3 · 10−5 +0.95, 0.25 +2.09, 0.10 (0.0, 0.8, 0.2, 0.0) -
8 119.1594, 32.4631 0.1462± 2 · 10−5 +0.47, 0.50 +1.28, 0.23 (0.1, 0.5, 0.4, 0.0) -
9 119.2623, 36.6224 0.1395± 3 · 10−5 −0.02, 0.42 +0.94, 0.22 (0.0, 0.2, 0.8, 0.0) -
10 119.2794, 35.9797 0.1330± 2 · 10−5 +1.15, 0.28 +2.08, 0.07 (0.1, 0.8, 0.1, 0.0) 1.3
11 119.4716, 36.6728 0.1284± 2 · 10−5 +1.26, 0.15 +1.66, 0.08 (0.1, 0.8, 0.1, 0.0) 0.8
12 120.2556, 13.8312 0.1087± 2 · 10−5 +2.46, 0.03 +2.58, 0.02 (0.7, 0.3, 0.0, 0.0) 3.2
13 120.3054, 34.6752 0.0827± 2 · 10−5 +1.56, 0.08 +1.93, 0.04 (0.1, 0.8, 0.0, 0.0) -
14 120.3832, 47.6045 0.1568± 3 · 10−5 −0.30, 0.56 +1.14, 0.32 (0.0, 0.4, 0.6, 0.0) -
15 120.8052, 51.9326 0.0695± 2 · 10−5 +2.00, 0.04 +2.21, 0.03 (0.3, 0.7, 0.0, 0.0) -
16 121.0142, 40.8026 0.1262± 1 · 10−5 +0.85, 0.20 +1.59, 0.11 (0.1, 0.8, 0.1, 0.0) 2.5
17 121.3279, 28.6242 0.1426± 2 · 10−5 +1.18, 0.39 +1.78, 0.17 (0.1, 0.6, 0.3, 0.0) -
18 121.3804, 25.8032 0.1370± 2 · 10−5 +1.02, 0.31 +1.89, 0.09 (0.1, 0.8, 0.2, 0.0) -
19 121.4295, 16.2322 0.1000± 2 · 10−5 +2.46, 0.03 +2.67, 0.02 (0.6, 0.4, 0.0, 0.0) 0.9
20 122.1485, 38.9145 0.0408± 1 · 10−5 +1.79, 0.04 +2.26, 0.02 (0.1, 0.9, 0.0, 0.0) -
21 122.2863, 29.6790 0.1257± 2 · 10−5 +1.18, 0.18 +2.03, 0.06 (0.1, 0.8, 0.1, 0.0) -
22 122.3128, 41.2890 0.1334± 3 · 10−5 +0.86, 0.38 +1.48, 0.14 (0.2, 0.6, 0.2, 0.0) -
23 123.4121, 41.3650 0.0998± 2 · 10−5 +1.05, 0.15 +2.27, 0.04 (0.0, 0.7, 0.2, 0.0) 0.8
24 123.9160, 50.5406 0.1380± 3 · 10−5 +1.16, 0.29 +1.85, 0.08 (0.1, 0.6, 0.2, 0.0) -
25 124.4446, 54.7009 0.1187± 2 · 10−5 +2.22, 0.07 +2.63, 0.03 (0.2, 0.8, 0.0, 0.0) -
26 125.7805, 10.5983 0.0660± 0.0001 +0.95, 0.14 +1.53, 0.05 (0.2, 0.6, 0.2, 0.0) -
27 126.4742, 41.6025 0.1536± 2 · 10−5 +1.38, 0.38 +2.03, 0.15 (0.2, 0.7, 0.1, 0.0) -
28 127.8646, 32.3241 0.0512± 1 · 10−5 +0.69, 0.12 +1.78, 0.04 (0.0, 1.0, 0.0, 0.0) -
29 127.9987, 30.6585 0.1070± 2 · 10−5 +1.80, 0.08 +2.07, 0.04 (0.5, 0.6, 0.0, 0.0) -
30 128.1421, 4.4100 0.1060± 1 · 10−5 +0.47, 0.24 +1.34, 0.10 (0.0, 0.2, 0.7, 0.0) -
31 129.0326, 26.8121 0.0878± 2 · 10−5 +1.22, 0.12 +1.91, 0.04 (0.1, 0.7, 0.2, 0.0) -
32 130.1852, 58.6971 0.1439± 3 · 10−5 +0.15, 0.40 +1.21, 0.19 (0.0, 0.4, 0.6, 0.0) 1.2
33 130.5014, 38.9375 0.1198± 2 · 10−5 +1.82, 0.09 +2.23, 0.04 (0.2, 0.8, 0.0, 0.0) -
34 130.5398, 41.9404 0.1257± 2 · 10−5 +0.67, 0.31 +1.93, 0.08 (0.0, 0.8, 0.2, 0.0) -
35 131.2433, 42.0774 0.1493± 2 · 10−5 +1.57, 0.30 +2.40, 0.08 (0.1, 0.8, 0.1, 0.0) -
36 131.3629, 44.9240 0.1506± 3 · 10−5 +1.70, 0.27 +2.19, 0.10 (0.3, 0.6, 0.1, 0.0) -
37 132.7367, 42.8046 0.0924± 1 · 10−5 +1.05, 0.17 +1.68, 0.05 (0.2, 0.7, 0.0, 0.0) 1.3
38 133.4574, 14.8739 0.0693± 2 · 10−5 +2.00, 0.04 +2.24, 0.02 (0.8, 0.2, 0.0, 0.0) 0.7
39 133.8097, 49.1933 0.1177± 1 · 10−5 +0.99, 0.36 +2.14, 0.09 (0.1, 0.8, 0.2, 0.0) -
40 134.2352, 47.9559 0.1493± 2 · 10−5 +1.20, 0.44 +2.00, 0.17 (0.1, 0.7, 0.2, 0.0) -
41 134.5815, 46.3709 0.1171± 1 · 10−5 +1.19, 0.24 +1.54, 0.11 (0.2, 0.6, 0.2, 0.0) -
42 135.3674, 55.0446 0.0460 +2.15, 0.03 +2.35, 0.01 (0.4, 0.6, 0.0, 0.0) -
43 135.4596, 55.9243 0.1409± 2 · 10−5 +1.60, 0.21 +2.06, 0.09 (0.4, 0.6, 0.0, 0.0) -
44 136.0915, 19.7245 0.0995± 2 · 10−5 +1.30, 0.10 +1.72, 0.06 (0.1, 0.8, 0.0, 0.0) -
45 137.1353, 18.2803 0.1155± 3 · 10−5 +1.17, 0.17 +1.96, 0.06 (0.1, 0.8, 0.1, 0.0) -
46 137.2374, 58.3841 0.1436± 3 · 10−5 +0.17, 0.52 +1.33, 0.20 (0.0, 0.6, 0.4, 0.0) -
47 137.8783, 48.5475 0.1086± 2 · 10−5 +0.32, 0.30 +1.45, 0.09 (0.0, 0.6, 0.4, 0.0) -
48 139.7475, 31.8613 0.0619± 1 · 10−5 +1.65, 0.08 +1.78, 0.04 (0.6, 0.4, 0.0, 0.0) -
49 139.9519, 57.8489 0.1369± 3 · 10−5 +1.21, 0.17 +1.67, 0.09 (0.1, 0.8, 0.1, 0.0) -
50 140.3421, 54.8650 0.0447± 1 · 10−5 +1.90, 0.02 +2.31, 0.02 (0.0, 0.6, 0.4, 0.0) -
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guish between 1+ΔGRG,obs and 1+ΔGRG, and between 1+ΔRG,obs and 1+ΔRG —
in both cases, the latter RV has been corrected for heteroskedasticity.

As the effect appears to induceminor shifts only,we assumed that theheteroskedas-
ticity-free distributions are also well approximated by gamma distributions. We then
applied the method of Appendix 7.A3 to both our GRG and RG data. Having no
closed-form MLE parameter expressions at our disposal, we obtained the MLE pa-
rameters of the heteroskedasticity-free gamma distributions by evaluating the likeli-
hood function over an exhaustive grid of parameter values (k, θ). For the fixed voxel
method, this yielded 1+ΔGRG ∼ Γ(k = 3.7, θ = 1.3) and 1+ΔRG ∼ Γ(k = 3.0, θ =
1.3); E[1+ ΔGRG] = 4.8 and E[1+ ΔRG] = 3.9. For the flexible voxel method, this
yielded 1 + ΔGRG ∼ Γ(k = 6.7, θ = 1.1) and 1 + ΔRG ∼ Γ(k = 4.8, θ = 1.4);
E[1 + ΔGRG] = 7.4 and E[1 + ΔRG] = 6.7. We draw the corresponding PDFs as
dash-dotted lines in Fig. 7.6.

Surface brightness selection

The second— and plausibly most important — caveat is the imprint of selection ef-
fects, and in particular the surface brightness selection effect induced by the LoTSS
noise level σIν = 25 Jy deg−2 at θFWHM = 6′′. This effect causes RGs whose lobe
surface brightnesses are below the noise level to evade sample inclusion. Lobe sur-
face brightness depends on the RG’s projected proper length lp, morphological pa-
rametersfl andflν , radio luminosity lν, redshift z, and lobe spectral index α. Equa-
tion 40 of Oei et al. (2023a) presents an approximate formula for the mean lobe sur-
face brightness Bν:

Bν =
2 · flν · lν

π2 · E[D](η(fl)) · f2
l · l2p · (1+ z)3−α

, (7.1)

whereflν is the fraction of the total radio luminosity that belongs to the lobes,fl is
the fraction of theRG’s axis that lies inside the lobes, η = fl

2−fl
, andE[D] is themean

deprojection factor as given by Eq. A.29 of Oei et al. (2023a):

E[D] = (1+ η)

(
π
2
− η√

1− η2
ln

(√
1− η2

η
+

1
η

))
. (7.2)

To explicitly demonstrate that surface brightness selection biases our Local Universe
GRG andRG samples towards short lengths and high radio luminosities, we approx-
imated Bν for all LoTSS DR1 RGs with z < 0.2, assuming fl = flν = 0.3 (Oei
et al., 2022a) and α = −0.7.
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Figure 7.7: Mean lobe surface brightness estimatesBν at νref = 150MHz for LoTSSDR1RGs at z <
0.2, shown as a function of projected proper length lp. During the majority (∼90%) of their lifetime,
RGs grow while maintaining a roughly constant radio luminosity. If — additionally — growth is
shape-preserving, surface brightness decreases quadratically with lp. The seven golden lines therefore
denote approximate evolutionary tracks of RGs at z = 0 with end-of-life radio luminosities lν ∈
{1021 WHz−1, ..., 1027 WHz−1}. The region of parameter space where RGs can become detectable
giants, lν ≥ lν,min := 1024 WHz−1, is shaded gold. The region of parameter space occupied by giants,
lp ≥ lp,GRG := 0.7 Mpc, is shaded green. The region of parameter space inaccessible to the LoTSS,
Bν < σIν = 25 Jy deg−2, is shaded red. The grey lines indicate levels of constant minimum-energy
lobe pressure Pmin.

Figure 7.7 shows the results. As mature RGs grow, they trace out a curve ap-
proximately parallel to the golden lines (which represent constant radio luminosi-
ties), directed towards the bottom-right of the plot. If their lives last long enough,
they therefore reach a length—which depends on their radio luminosity— beyond
which they disappear into the noise of the LoTSS. In particular, our calculations
suggest that the only giants that can be detected through the LoTSS are those with
lν ≥ 1024 WHz−1.8 Indeed, the lowest–radio luminosity giant in the LoTSS DR1
GRG sample of Dabhade et al. (2020b) — which consists of 239 giants — has lν ∼

8In Fig. 7.7, the approximate evolutionary track for lν = 1024 WHz−1 shows that whenRGswith
this radio luminosity turn into giants (i.e. when the fourth golden line intersects the green line), they
disappear in the LoTSS noise (this golden line intersects the red line).
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Figure 7.8: PDFsof theobservedRGrelative totalmatter densityRVgiven a radio luminosity at νref =
150 MHz, using MLE parameter values for the model described in Sect. 7.4.2. The black contours
denote CDF values. We overplot all 1443 selected LoTSS DR1 RGs (dots), with those above the
empirical median density coloured red, and those below coloured blue. We use flexible voxel method
densities here. For fixed voxel method densities, see Fig. 7.19.

1 · 1024 WHz−1. Clearly, if RGs with lν ∼ 1023 WHz−1 can also form giants, then
this subpopulation will be missing in LoTSS GRG samples. Equivalently, the gi-
ants that are included in our LoTSS GRG sample necessarily have radio luminosities
lν ≥ 1024 WHz−1. It is overwhelmingly likely that the sample’s radio luminosities
are biased high.

Concerningly, Croston et al. (2019) have shown that, for RGs at z < 0.4, ra-
dio luminosity and environmental richness correlate positively. This gives rise to the
possibility that the trend shown in Fig. 7.6, where giants appear to reside in denser
Cosmic Web environments than RGs in general, is a result of surface brightness se-
lection: a GRG sample biased high in radio luminosity will be biased high in Cosmic
Web density.

7.4.2 Radio luminosity–CosmicWeb density relation

Interestingly, our data allow us to revisit the radio luminosity–environmental rich-
ness correlation that Croston et al. (2019) have found. In Fig. 7.8, we plot all 1443
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Figure 7.9: Posterior distribution over k(0), θ(0), k′(0), and θ′(0), based on selected Local Universe
LoTSSDR1RGs. We show all two-parametermarginals of the likelihood function, with contours en-
closing 50% and 90% of total probability. We mark the maximum likelihood estimate (MLE) values
(grey dot) and the maximum a posteriori (MAP) values (grey cross). The one-parameter marginals
again show the MLE (dash-dotted line), a mean-centred interval of standard deviation–sized half-
width (hashed region), and a median-centred 90% credible interval (shaded region). We use flexible
voxel method densities here. For fixed voxel method densities, see Fig. 7.20.

selectedLoTSSDR1RGs inCosmicWebdensity–radio luminosity parameter space.
By eye, it appears that for higher radio luminosities, the Cosmic Web density distri-
bution shifts upwards. To quantify the apparent tendency that more luminous radio
galaxies occupy denser regions of theCosmicWeb, we extend the gammadistribution
fitting discussed in Sect. 7.4.1. In particular, we assume that the RG relative density
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RV at some fixed radio luminosity, 1+ ΔRG | Lν = lν, is gamma distributed:

1+ ΔRG | Lν = lν ∼ Γ(k(l), θ(l)). (7.3)

Instead of assuming constant parameters k and θ, we now assume that k and θ depend
on radio luminosity:

l = l(lν) := log10

(
lν
lν,ref

)
. (7.4)

Thenaturalminimal extension to assuming that k and θ remain constant asl changes,
is to consider Taylor polynomial approximations of degree one (around l = 0— i.e.
Maclaurin polynomials):

k(l) ≈ k(0) + k′ (0) · l, θ(l) ≈ θ(0) + θ′ (0) · l. (7.5)

However, we note that the current model does not allow for a direct comparison to
our data, which are samples from 1+ΔRG,obs | Lν = lν rather than of 1+ΔRG | Lν =

lν. Therefore, we must extend the model by applying heteroskedastic measurement
errors. In line with Appendix 7.A3, we assume

1+ ΔRG,obs | 1+ ΔRG = 1+ δ ∼ Lognormal(μ, σ2), (7.6)

where the parameters μ = μ(a, b) and σ2 = σ2(a, b) are given by

μ = ln (1+ δ)− 1
2
ln
(
1+ a (1+ δ)b−2

)
; (7.7)

σ2 = ln
(
1+ a (1+ δ)b−2

)
. (7.8)

Here, a and b are parameters that characterise the heteroskedasticity. By considering
themeans and SDs of the relative densities of all selected LoTSSDR1RGs, we found
a = 0.4 and b = 1.1 for the fixed voxel method and a = 0.4 and b = 0.9 for the
flexible voxel method.

Inorder toobtain afit that is valid overmanyorders ofmagnitude in radio luminos-
ity, rather than only over the order ofmagnitude inwhichmost data are concentrated,
we calculated the likelihood in such a way that all decades in radio luminosity that
contain at least 20 RGs receive equal weight. We simply determined the likelihood
function, and thus the posterior distribution for a flat prior, through a grid search
over the four parameters k(0), θ(0), k′(0), and θ′(0). We define lν,ref := 1023WHz−1.
We visualise this flat-prior posterior in Fig. 7.9. In addition, we showpercentile scores
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of 10%, 50%, 90%, and 95% corresponding to the MAP model in Fig. 7.8. Fig-
ures 7.19 and 7.20 demonstrate that, although the densities are lower, the results re-
main qualitatively the same upon switching to the fixed voxelmethod. We summarise
the posterior for both methods in Table 7.2.

Table 7.2: Maximumaposteriori probability (MAP) and posteriormean and standard deviation (SD)
estimates of the free parameters inRGCosmicWebdensity–radio luminosity inference. Aswe assume
a flat prior, the MAP parameters are also the MLE parameters.

fixed voxel method:
parameter MAP posterior mean and SD

k(0) 2.9 2.9± 0.1
θ(0) 1.4 1.4± 0.1
k′(0) 0.04 0.04± 0.08
θ′(0) 0.08 0.08± 0.04

flexible voxel method:
parameter MAP posterior mean and SD

k(0) 4.8 4.7± 0.2
θ(0) 1.4 1.4± 0.1
k′(0) 0.2 0.2± 0.1
θ′(0) 0.02 0.02± 0.04

As values of k′(0) and especially θ′(0) tend to be positive, we find evidence for a
positive radio luminosity–environmental richness relation, in line with the results of
Croston et al. (2019). More quantitatively, we call the relation positive (at lν = lν,ref)
when

dE[1+ ΔRG | Lν = lν]
dl

∣∣∣∣
l=0

= k(0)θ′(0) + k′(0)θ(0) > 0. (7.9)

We combined the posterior with Eq. 7.9 to obtain the posterior probability that the
radio luminosity–Cosmic Web density relation is positive — that is to say that more
luminous RGs tend to live in denser regions of the Cosmic Web. For both the fixed
and flexible voxel methods, this probability exceeds 99%.

Surface brightness selection

However, we must again be mindful of a possible surface brightness selection effect.
RGs of a given radio luminosity may be able to grow larger in more tenuous Cosmic
Web environments, as radio luminosity traces jet power (in close-to-linear fashion;
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e.g. Willott et al., 1999; Shabala & Godfrey, 2013; Hardcastle, 2018). If this is in-
deed the case, then the lobe surface brightnesses of RGs in tenuous environments
are likely lower than those of RGs with the same radio luminosity in dense environ-
ments. As a result, of all RGs with the same radio luminosity, those in tenuous en-
vironments are more likely to be missing from observational samples. This selection
effect, that favours higher relative densities, holds for all radio luminosities, and could
only explain the trend of Fig. 7.8 if the effect becomes more severe for higher radio
luminosities. On the one hand, RGswith higher radio luminosities at a given relative
density are expected to grow longer. On the other hand, as is clear from Fig. 7.7, the
projected proper length range over which RGs retain detectable lobe surface bright-
nesses increases with radio luminosity. In other words, at higher radio luminosities,
larger RGs remain detectable.

Whether the net result of these counteracting effects is less or more bias towards
higher relative densities as radio luminosity increases, depends on the scaling between
radio luminosity andgrowth. Self-similar growthpredicts (Kaiser&Alexander, 1997)
that an RG’s projected proper length scales with jet powerQjet, CosmicWeb density
at the host galaxy 1+ δg, and time since birth t as

lp ∝ Q
1

5−β
jet · (1+ δg)

−1
5−β · t

3
5−β , (7.10)

where−β is the exponent of the local Cosmic Web density profile:

(1+ δ)(r) ∝ (1+ δg) · r−β. (7.11)

Under the additional assumption of equipartition between the relativistic electron–
positron kinetic energy density and the magnetic field energy density, and upon ne-
glecting electron–positron energy losses (such as adiabatic, synchrotron, and inverse
Compton losses), the RG’s radio luminosity obeys (Shabala & Godfrey, 2013)

lν ∝ Q
5+p
6

jet l3−
(4+β)(5+p)

12
p . (7.12)

Here,−p is the exponent of the initial post-acceleration electron–positron kinetic en-
ergy distribution n(γ) ∝ γ−p, valid for Lorentz factors between some minimum and
maximum values γmin and γmax. Solving for Qjet, substituting the result in Eq. 7.10,
and solving for lp, yields — at fixed 1+ δg and t—

lp ∝ l
12

36+(5+p)(6−3β)
ν . (7.13)
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In a constant-density environment, β = 0, and for the strong-shock spectral index
p = 2, we find lp ∝ l2/13ν . In an environment where density falls off quadratically with
distance, β = 2, and therefore lp ∝ l1/3ν .

Meanwhile, Eq. 7.1 predicts that themaximumdetectable projected proper length
for RGs with a given morphology, at a given redshift, and with given lobe spectral
index, scales as lp,max ∝

√
lν.

These arguments suggest that lp,max increases more rapidly with lν than lp does.
Thus, amongst a family of RGs with varying radio luminosity but seen at the same
age (i.e. time after birth) and with the same morphology and Cosmic Web density,
the most luminous is most easily detectable. This provides some reassurance that the
trend seen in Fig. 7.8 is real: surface brightness selection at a fixed relative density
seems to become less severe as radio luminosity increases.

However, there are at least two caveats here. Firstly, more luminous RGs may live
longer than less luminous RGs, as jointly suggested by the radio luminosity–stellar
mass relation and the stellar mass–radio AGN occurrence relation of Sabater et al.
(2019). As a result, in a snapshot of the RGpopulation at a given instant, more lumi-
nous RGs may typically be older than less luminous RGs. We illustrate this point in
Fig. 7.10.9 If more luminous RGs indeed tend to be older than less luminous RGs,
then the relation between projected length and radio luminosity at a fixed Cosmic
Web density for a snapshot populationwill be steeper than the one of Eq. 7.13, which

9We define

fa :=
E[ta]

E[ta + tq]
=

E[ta]
E[ta] + E[tq]

=
λ−1
a

λ−1
a + λ−1

q
=

(
1+

λa
λq

)−1

. (7.14)

We note that the more natural definition

fa := E
[

ta
ta + tq

]
= E

[(
1+

tq
ta

)−1
]

(7.15)

gives, for r := λa
λq ,

fa =

{
1
2 if r = 1;
r ln r−r+1
(r−1)2 if r > 0, r 6= 1.

(7.16)

To arrive at Eq. 7.16, we use standard identities for the PDFs of the ratio distribution and the inverse
distribution, and apply l’Hôpital’s rule twice. When r = 1, that is to say when λa = λq, both def-
initions predict the same fa = 1

2 . For r < 1, our definition predicts higher fa than the natural
definition; for r > 1, our definition predicts lower fa. To find λa given λq and fa under the natu-
ral definition, one must solve Eq. 7.16 numerically. As this procedure is less transparent, we generate
Fig. 7.10 using the simpler definition forfa.
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Figure 7.10: Monte Carlo simulation of a population of nine galaxies (thick horizontal bars) with
successive active and quiescent phases. We mark the active phases (thin horizontal bars). Each galaxy
spends a different fraction of the timefa in the active phase. We model the time spent in both phases
as draws from exponential distributions: ta ∼ Exp(λa) and tq ∼ Exp(λq). We assume that all galaxies
share the same quiescent phase rate parameter λq = 10 Gyr−1, although this may not be entirely
correct (Turner & Shabala, 2015). This assumption then fixes the active phase rate parameter: λa =
(f−1

a −1)λq. Onhuman time scales, we can access only a snapshot viewof this population. During the
snapshot shown here (vertical dash-dotted line), seven galaxies generate RGs, and could be included in
anRG sample (thick light-green horizontal bars). RG ages at the snapshot, represented by the hatched
parts of the thin green horizontal bars, generally increase withfa.

assumes equal ages. Secondly, wewarn for the possibility—which remains subject of
debate (Mingo et al., 2019)— that the distribution ofmorphologies at a fixedCosmic
Web density may change with radio luminosity.

Predicting the density distribution of observed giants by treating
them as luminous general RGs

By applying standard PDF identities to the current context, we found

f1+ΔRG | Lν≥lν,min(1+ δ) =´∞
lν,min

f1+ΔRG | Lν=lν(1+ δ) · fLν(lν) dlν´∞
lν,min

fLν(lν) dlν´∞
lν,min

f1+ΔRG | Lν=lν(1+ δ) · fLν | Lν≥lν,min(lν) dlν´∞
lν,min

fLν | Lν≥lν,min(lν) dlν
, (7.17)
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which one can use to calculate the RG relative total matter density RV for radio
luminosities of lν,min and higher. This allowed us to test whether Fig. 7.6’s higher
densities for observed giants than for general RGs can be fully explained by the ra-
dio luminosity–Cosmic Web density relation. Clearly, to proceed, we had to find
fLν(lν) for lν ≥ lν,min — up to a constant, at least. We modelled Lν | Lν ≥ lν,min ∼
Pareto(lν,min, λ), where λ is the tail index or rate parameter of the associated expo-
nential distribution.10 For both lν,min = 1023 WHz−1 and lν,min = 1024 WHz−1,
we found λMLE = 0.6 (based on 1 · 103 and 3 · 102 RGs, respectively). For higher
lν,min, λMLE increases somewhat, but becomes less reliable because of decreasing sam-
ple sizes. We therefore stuck with λMLE = 0.6. We then evaluated Eq. 7.17 for
lν,min = 1025 WHz−1 and added heteroskedastistic noise in order to compare our
prediction to observations. We propagated the correlated uncertainties on the param-
eters k(0), θ(0), k′(0), and θ′(0), which together determine f1+ΔRG | Lν=lν , by rejection
sampling from the joint posterior distribution. We show the resulting mean predic-
tion with standard deviation half-width (pink) in Fig. 7.11. Although the prediction
is based solely on observations of general RGs — and so is built without knowledge
of the observedGRGdistribution (solid greenKDE)— it appears to fit it better than
a direct MLE gamma fit to the GRG data (solid green curve) does. However, a better
fit is not necessarily also a good fit. Is our sample of Cosmic Web densities for ob-
served giants consistent with the prediction? A Kolmogorov–Smirnov tests suggests
an answer in the affirmative, as it yielded a p-value of 0.7.

Section 7.4.1 presented a paradox: known giant radio galaxies reside in denserCos-
micWebenvironments than their smaller kin, in apparent violationof the long-standing
hypothesis that giants should emerge predominantly in the dilute CosmicWeb. The
modelling in this section suggests that the higher densities found for known giants
than for general RGs can be explained by a combination of these giants’ higher radio
luminosities and the general relation betweenRG radio luminosity andCosmicWeb
density. Fainter giants—whichmight inhabit themore dilute CosmicWeb—might
exist, but are currently not observationally accessible.

10Equivalently, one could model

ln
(
Lν | Lν ≥ lν,min

lν,min

)
∼ Exp(λ), (7.18)

or

log10

(
Lν | Lν ≥ lν,min

lν,min

)
∼ Exp (λ · ln 10) . (7.19)
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Figure 7.11: Density distribution predicted for observed giants combining Sect. 7.4.2’s RG radio
luminosity–CosmicWeb density relation and a radio luminosity cut-off lν,min = 1025WHz−1 (pink);
in addition, we show theKDEdensity distributions for giants with gamma distributionMLEfit (solid
green) and for general RGs (hatched green)— all as in the left column of Fig. 7.6.

7.4.3 Radio galaxy number densities

After accreting baryons, supermassive black holes (SMBHs) can launch jets that give
rise to radio galaxies. Although it is clear that SMBH jets and radio galaxies play an
important role in galaxy evolution and cosmology, the physics of jet launching is not
yet fully understood. Moreover, because SMBHs are astronomical unit–sized, galax-
ies are kiloparsec-sized (ratio 108–109), and theCosmicWeb ismegaparsec-sized (ratio
1011–1012), it is not yet possible to build cosmological simulations in which a realistic
interplay between SMBHs, their host galaxies, and the enveloping Cosmic Web nat-
urally arises. Thus, for now, major advances in our understanding of radio galaxies
on the cosmological scale must come from observations instead of from simulations.
It is therefore of considerable interest to observationally constrain the occurrence of
radio galaxies as a function of Cosmic Web density.
Enticingly, our relative total matter densitymeasurements— in combinationwith

the BORG SDSSHMCMarkov chain samples in their entirety— allow us to deter-
mine theRGnumber density as a functionofCosmicWebdensity: nRG(1+δ). To see
why, we first emphasise that the PDF f1+ΔRG , which we have approximated through
observations and visualised in the bottom row of Fig. 7.6, provides a key ingredient
for nRG(1+ δ). It shows that if a volume of cosmological extent is surveyed, one will
obtainmoreRGswithmoderate (filament-like) densities thanwith low (void-like) or
high (cluster-like) densities. We remark that in such a survey sample the number of
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Figure 7.12: Number densities of RGs with a given radio luminosity lν, as a function of Cosmic
Web density at the 2.9 Mpc h−1 scale. The number density functions reflect conditions in the Local
Universe, and are given relative to the cosmic mean number density at lν. The solid curves reflect the
posteriormean,whilst the shaded areas around themeandenote−1 to+1 posterior standard deviation
ranges. We use flexible voxel method densities here.

RGswhose densities fall within a given interval depends not only on the RGnumber
density at the interval’s densities, but also on the prevalence of environments with
such densities. As a result, if a sample contains more filament-inhabiting RGs than,
say, cluster-inhabiting RGs, one need not necessarily conclude that the RG number
density in filaments is higher than in clusters; in fact, the RG number density in the
latter environment could well be higher, provided that clusters are sufficiently rare.

Conveniently, the density fields of the BORG SDSS HMC Markov chain sam-
ples enable us to quantify the rarity of each Cosmic Web environment with a PDF
f1+ΔCW , which corresponds to the Cosmic Web relative density RV 1 + ΔCW. This
RV represents the relative total matter density at a randomly chosen point in the Lo-
cal Universe (and at the BORG SDSS resolution of 2.9 Mpc h−1). We determine
the distribution of 1 + ΔCW simply by binning the density fields of a few hundred
Markov chain samples. As a result, f1+ΔCW is best determined at low densities, which
correspond to the most common environments, and least so at high densities, which
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are rare.11 As we expect f1+ΔCW to be smooth, we apply a Savitzky–Golay filter (of
polynomial order 1) to the binned data; however, this step is not essential.

Appendix 7.A5 shows that nRG(1 + δ), the RG number density as would arise in
an environment of constant density 1+ δ, obeys

nRG(1+ δ)
n̄RG

=
f1+ΔRG(1+ δ)
f1+ΔCW(1+ δ)

. (7.20)

Here, n̄RG is the cosmicmeanRGnumber density. Thus, a simple point-wise division
of the PDFs of 1+ΔRG and 1+ΔCW yields theRGnumber density at a givenCosmic
Web density relative to the cosmic mean value.

Unfortunately, as discussed in Sect. 7.4.1, our measurements of f1+ΔRG suffer from
surface brightness selection. To avoid selection effects, we must formulate a more
specific version of Eq. 7.20. In particular, we consider the number density of RGs
per unit of radio luminosity as a function of radio luminosity and relative density:
nRG(lν, 1 + δ)— again, relative to a cosmic mean value: n̄RG(lν). Appendix 7.A5
shows that this ratio equals

nRG(lν, 1+ δ)
n̄RG(lν)

=
f1+ΔRG|Lν=lν(1+ δ)
f1+ΔCW(1+ δ)

. (7.21)

This radio luminosity–dependent relative number density is, as before, equal to a
point-wise division of PDFs. With respect to the RHS of Eq. 7.20, only the PDF in
the numerator has changed. We have modelled this PDF, f1+ΔRG|Lν=lν , in Sect. 7.4.2.
It depends on the four parameters k(0), k′(0), θ(0), and θ′(0), for which the data
shown in Fig. 7.8 induce the posterior distribution shown in Fig. 7.9. We evaluate
theRHSof Eq. 7.21 by rejection sampling from the posterior, calculating f1+ΔRG|Lν=lν
for each sampled quartet (k(0), k′(0), θ(0), θ′(0)), and dividing the resulting PDFs
point-wise by f1+ΔCW . In Fig. 7.12, for four observationally accessible radio luminosi-
ties, we visualise the posterior mean alongside a range that is two standard deviations
wide.

11We note that, at first sight, it might be tempting to approximate f1+ΔCW by binning the BORG
SDSS mean rather than individual samples. This, however, leads to incorrect results. The BORG
SDSS mean tends to the cosmic mean wherever the structure of the Cosmic Web is not well con-
strained by the SDSS DR7 MGS. This tendency to revert to the cosmic mean in the absence of data
constraints causes low-density environments to be overrepresented and high-density environments to
be underrepresented. As a result, approximating f1+ΔCW by binning the BORG SDSS mean would
e.g. underestimate its high-density tail. More quantitatively, when using the BORG SDSS mean, the
probability densities f1+ΔCW(1+δ) for 1+δ ≳ 10 are up to an order ofmagnitude lower than predicted
by BORG SDSS samples.
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As expected, RG number densities generally increase with Cosmic Web density.
Themore luminousRGs become, themore pronounced is the contrast between their
number density in clusters and their cosmic mean number density. Our results indi-
cate that high-luminosity RGs, with lν = 1025WHz−1 and lν = 1027WHz−1, attain
number densities in clusters that are a hundred times higher than average. Interest-
ingly, for radio luminosities lν = 1021 WHz−1 and lν = 1023 WHz−1, we obtain
statistically significant, preliminary evidence that the RG number density peaks at a
cluster-like density that depends positively on lν.12 Beyond this density, these low-
luminosity RGs become less prevalent per unit of volume, possibly because the un-
derlying galaxy population starts generating more luminous RGs instead.

We stress that these results are tentative only, as both f1+ΔRG|Lν=lν and f1+ΔCW suffer
from systematic errors at higher densities. These systematic errors are not reflected in
the uncertainties of Fig. 7.12. In the case of f1+ΔRG|Lν=lν , the gamma distribution ap-
proximation loses validity in the tail: beyond somepoint, itwill consistently under- or
overestimate the probability density. Our LoTSS DR1 sample contains only a mod-
est number (∼102) ofRGs at relative densities 1+δ ≳ 10—especially when selecting
those around a given value of lν only (in which case just∼101 RGs remain). As a re-
sult, in its tail the gamma PDF takes on the character of an extrapolation function
rather than of a fitting function, and should consequently be treated with caution.
In the future, larger RG samples can resolve this situation. In the case of f1+ΔCW , the
2LPT model of structure formation used by the BORG SDSS loses validity at clus-
ter densities. As a result, this work’s estimate of f1+ΔCW underpredicts the prevalence
of cluster-like densities. Newer BORG runs, such as the BORG 2M++, employ an
enhanced gravity solver (Jasche & Lavaux, 2019), relieving this limitation.

Although preliminary in nature, the inferences shown in Fig. 7.12 could in princi-
ple be used to calibrate cosmological simulations that feature RG feedback. The fact
that our number densities are given with respect to a cosmic mean value is not prob-
lematic, because such a cosmic mean number density is straightforward to calculate
from simulation snapshots. However, apart from making sure that the RG number
densities in simulated environments of various densities are correctly proportioned,
it is also important to calibrate the absolute level of RG feedback in simulations. In-
terestingly, there are variations on Eq. 7.20 for which an absolute number density
can be explicitly calculated with current-day data. Consider, for example, non-giant
radio galaxies (i.e. lp < lp,GRG := 0.7 Mpc) in the Local Universe with radio lumi-
nosities lν ≥ 1024 WHz−1. Figure 7.7 suggests that this RG subpopulation is already
fully accessible by the LoTSS. Calling these RGs luminous non-giant radio galaxies

12For radio luminosities lν = 1025 WHz−1 and lν = 1027 WHz−1, the uncertainty margins are
too large to claim evidence for a peak.
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Figure 7.13: Number density of luminous non-giant radio galaxies in the Local Universe, as a
function of Cosmic Web density. We define these as RGs with 150 MHz radio luminosities lν ≥
1024 WHz−1, projected proper lengths lp < lp,GRG := 0.7 Mpc, and redshifts z < zmax := 0.16.
The Cosmic Web densities encompass baryonic and dark matter, are defined on a 2.9 Mpc h−1 scale,
and are given relative to the cosmic mean. We use flexible voxel method densities here. We show the
posteriormeanwith a shaded -1 to +1 posterior standard deviation range. We also showfive individual
realisations (grey).

(LNGRGs), we have

nLNGRG(1+ δ) = n̄LNGRG · f1+ΔLNGRG(1+ δ)
f1+ΔCW(1+ δ)

. (7.22)

We calculate n̄LNGRG by counting all LNGRGs in the LoTSS DR1 footprint up to
zmax, and findNLNGRG = 172. Because of calibration problems and higher noise lev-
els towards the edges of the footprint, a fraction of the footprint is — artificially —
devoid of LNGRGs. We thus apply a correction factor to NLNGRG of 1.2, yielding
NLNGRG = 200. Assuming thatNLNGRG ∼ Poisson(λLNGRG), maximum likelihood
estimation simply suggests λ̂LNGRG,MLE = 200. We combine this MLE Poisson dis-
tribution for NLNGRG with the comoving volume V = 16 · 106 Mpc3 to obtain a
probability distribution for n̄LNGRG. We find n̄LNGRG = 12± 1 (100Mpc)−3. Next,
we approximate f1+ΔLNGRG ≈ f1+ΔRG | Lν≥1024 W Hz−1 , and calculate the latter through
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Eq. 7.17 and Sect. 7.4.2’s subsequent procedure. Using the same f1+ΔCW as before,
we finally obtain a probability distribution over LNGRGnumber density functions,
which we visualise in Fig. 7.13.

As it should, the LNGRG number density function follows the same trend as the
functions of Fig. 7.12; the novelty here is the prediction of absolute number densities.
We reiterate that systematic errors at cluster-like densities render only the left side
of the plot reliable. It predicts that, in filaments, nLNGRG ∼ 10−1 (10 Mpc)−3, or
nLNGRG ∼ 10−4 Mpc−3. As major filaments have volumes V ∼ 102 Mpc3, only one
in ten major filaments harbours an LNGRG.

7.4.4 CosmicWeb dynamical state distributions

For each GRG and RG in the two samples, we obtain a probability distribution
over T-web environment classes from the BORG SDSS extensions of Leclercq et al.
(2015). TheT-web scheme classifies the CosmicWeb at each point on the basis of its
local gravitational dynamics. On an intuitive level, the scheme counts the number of
dimensions along which the orbit of a test particle released at rest with respect to the
environment is stable. More formally, at any location theHessian of the gravitational
potential, or tidal tensorT, has either three, two, one, or zero positive eigenvalues; the
environment is interpreted correspondingly as a cluster, filament, sheet, or void.

Leclercq et al. (2015) have determined the T-web environment for each voxel of
each BORGSDSS sample. By iterating over samples and counting the frequencies of
the four environment classes on a per-voxel basis, one obtains amarginal environment
class distribution p = (p1, p2, p3, p4) for each voxel. In Fig. 7.14, we show how each
of p’s components is distributed for Local Universe giants. We note the following.

• For 99% of giants, the most likely environment class is more than 50% prob-
able. For 20% of giants, it is more likely than not that they inhabit a cluster
(i.e. p1 > 50%); for 68% of giants, it is more likely than not that they inhabit a
filament (i.e. p2 > 50%); and for 11% of giants, it is more likely than not that
they inhabit a sheet (i.e. p3 > 50%). Finally, for 0% of giants, it is more likely
than not that they inhabit a void (i.e. p4 > 50%).

• Some giants inhabit sheets (e.g. those in the bottom row of Fig. 7.3), but con-
cluding this in individual cases rarely has a high degree of certainty: for just
0.5% of giants, it is very likely that they inhabit a sheet (i.e. p3 > 80%).

• A cluster environment is very unlikely (i.e. p1 < 20%) for a clear majority of
63% of giants, whilst a filament environment is very unlikely (i.e. p2 < 20%)
for only 9% of giants; the filament environment hypothesis can thus seldom
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Figure 7.14: BayesianCosmicWeb reconstructions allow one to determine a probability distribution
over the four T-web environment classes — clusters, filaments, sheets, and voids — for each GRG.
Here we show a statistical summary of these probability distributions. From top to bottom, we show
distributions for the components of vector p = (p1, p2, p3, p4), which are probability parameters.
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Figure 7.15: Dynamical environment classification of giant radio galaxies (left), radio galaxies in gen-
eral (centre), and the Local Universe in its entirety (right; from Table 3 of Leclercq et al., 2015). We
define clusters, filaments, sheets, and voids in theT-web sense. These distributions depend on the scale
to which the Cosmic Web density field is smoothed; in this case, the smoothing scale is 2.9Mpc h−1.
If giants andRGswere scattered uniformly throughout the CosmicWeb, their distributions would be
similar to that of the volume-filling fractions (VFFs). Instead, observed RGs— and observed giants in
particular — favour cluster and filament environments.

be excluded. A sheet environment is very unlikely (i.e. p3 < 20%) for 71%
of giants; finally, a void environment is nearly always very unlikely (i.e. p4 <

20%) — this holds for 99% of giants.

The corresponding distributions for LoTSS DR1 RGs (not shown) are largely sim-
ilar. This is also clear from Fig. 7.15, in which we compare the environment class
distributions of giants, LoTSS DR1 RGs, and the Local Universe in its entirety. Ev-
idently, giants and general RGs are not scattered uniformly throughout the Cosmic
Web, but trace cluster and filament environments. Remarkably, nearly a quarter of
all giants occurs in clusters, which have a volume-filling fraction (VFF) of just 1–2%.
It is easy to derive that the ratio between a GRG environment class probability (left
pie) and the corresponding VFF (right pie) yields the GRG number density of that
class relative to the cosmic mean GRG number density. Of course, the analogous
statement for RGs also holds. In Table 7.3, we present Local Universe relative num-
ber densities for giants and general RGs. Clusters are strongly (giant) radio galaxy
overdense; voids are strongly (giant) radio galaxy underdense.
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Table 7.3: Number densities of observed Local Universe giants and general RGs relative to their cos-
mic means. These numbers depend on environment class definitions and the scale to which the Cos-
micWebdensity field is smoothed; in this case, weuse theT-web classification scheme and a smoothing
scale of 2.9 Mpc h−1. Clusters and filaments are (giant) radio galaxy overdense; sheets and voids are
underdense.

cluster filament sheet void
environment environment environment environment

GRGs 15± 2 2.4± 0.1 0.29± 0.04 0.06± 0.04
RGs 10.6± 0.6 2.41± 0.05 0.39± 0.02 0.08± 0.02

The left and central pie charts of Fig. 7.15 can be regarded as prior distributions
over CosmicWeb dynamical states for luminous giants and RGs in or near the Local
Universe. This fact can be useful whenever direct BORG SDSS environment char-
acterisation is not possible. For a randomly picked luminous giant, Fig. 7.15’s left
pie chart specifies the prior probability distribution over dynamical states to be p =

(23%, 59%, 17%, 1%). Interestingly, there is often additional information available
to constrain the dynamical state. For example, multiwavelength imagery demon-
strates that Alcyoneus (Oei et al., 2022a), one of the longest known radio galaxies,
does not inhabit a galaxy cluster; in addition, the number of luminous galaxies in its
vicinity excludes the possibility of a void environment.13 Combining this informa-
tion with the prior, we obtain — after rounding — the posterior probability distri-
bution p = (0%, 80%, 20%, 0%). We thus estimate the probability that Alcyoneus
inhabits a filament to be 80%. Of course, this line of reasoning generalises to any
luminous giant outside of galaxy clusters that has massive galactic neighbours in its
Mpc-scale vicinity.

7.5 Discussion

7.5.1 CosmicWeb density accuracy

In this work, we have determinedMpc-scale totalmatter densities around radio galax-
ies in the Local Universe, and used these to compare the environments of luminous
giants to those of other RGs. A natural question to ask is how accurate these densi-
ties are, and to which degree they can be used in other analyses, such as in the fitting
of dynamical models to individual radio galaxies (e.g. Hardcastle, 2018). To quan-

13Characterising Alcyoneus’s CosmicWeb environment is of scientific interest, as it could help un-
derstand how the largest radio galaxies form. However, at z = 0.25, it is too far away to probe directly
with the BORG SDSS.
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tify accuracy, one would ideally know the ground-truth densities that the inferred
densities are meant to approach. Problematically, however, no ground-truth densi-
ties are known — especially for filaments, the environment type which most radio
galaxies seem to inhabit. For Local Universe clusters though, approximate masses are
known. We exploit this fact to test the accuracy of our cluster densities. We immedi-
ately remark that the accuracy of our densities are likely to vary with density, so that
the accuracy of cluster densities might not be informative of the accuracy of filament
densities. This is because the 2LPT gravity solver of the BORGSDSS has particularly
limited validity in the strongly non-linear cluster regime.

To test the cluster density accuracy, we cross-match our 260 selected giants with
the SDSSDR12–based galaxy cluster catalogue ofWen&Han (2015). First, we select
all clusters in the Local Universe (z < zmax) and discard the rest. To specify each clus-
ter’s location, this catalogue provides the right ascension, declination, and redshift
of the brightest cluster galaxy (BCG). Next, we cross-match in an angular sense, and
consider a radio galaxymatchedwith a BCG if their angular separation is less than 3′′.
We thus retain 60 BCG giants and 113 BCG LoTSS DR1 RGs. Figure 7.2 shows six
members (10%) of this BCG giants sample. The perturbed jet and lobe shapes seen in
the radio, and the massive ellipticals and crowded environments seen in the optical,
together visually demonstrate the adequacy of our BCG giant identification. We can
identify LoTSS DR1 BCGRGs with equal confidence.

As a quality check of the cluster masses, we test whether they are accurate enough
to contain fingerprints of known physical effects. In particular, we test whether clus-
ters with RG-generating BCGs are more massive than other Local Universe clusters.
The AGN feedback paradigm suggests that this should be the case: in low-mass clus-
ters, AGN feedback converts cool cores to non-cool cores within a gigayear, shutting
down furtherAGNfeedback formany gigayears to come; by contrast, high-mass clus-
ters maintain stable AGN feedback cycles with gigayear-scale periods (Nobels et al.,
2022), and thus their BCGs have a higher probability of being observed while gen-
erating RGs. The median mass of clusters with RG-generating BCGs is M500 =

1.1 · 1014 M⊙, while for other clusters it isM500 = 1.0 · 1014 M⊙. A Kolmogorov–
Smirnov test yields a p-value p = 7%, suggesting to reject the null hypothesis of
equality in distribution only for high significance levels (e.g. α = 10%). We also test
whether clusters with giant-generating BCGs are more massive than other clusters.
The median mass of clusters with giant-generating BCGs isM500 = 1.2 · 1014 M⊙,
while for other clusters it is M500 = 1.0 · 1014 M⊙. A Kolmogorov–Smirnov test
yields p = 5%, suggesting to reject equality in distribution only for rather high sig-
nificance levels (e.g. α = 5% or α = 10%).
As a first quality check of our densities, we test whether BCG giants have been
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Figure 7.16: Comparison between environmental estimates for giants (large dots) and LoTSS DR1
RGs (small dots) generated by BCGs in the Local Universe. We compare cluster massesM500 from
Wen & Han (2015) with relative densities 1 + δ from the BORG SDSS, and colour the dots based
on their cluster probability p1 (relative to the average cluster probability p̄1 for giants and LoTSS DR1
RGs). For three randomly chosen giants and three randomly chosen LoTSS DR1 RGs, we visualise
uncertainties. Generally, as expected, radio galaxy–generating BCGs claimed to be in more massive
clusters by Wen & Han (2015) have higher BORG SDSS densities and T-web cluster probabilities.
The contours indicate fractions of the density expected through M500, and show that our relative
densities fall short significantly in the cluster regime — by a factor that ranges from less than two to
more than an order of magnitude. Densities of low-mass clusters are less biased than densities of high-
mass clusters. We use flexible voxel method densities here.

assigned higher densities than non-BCG giants. The median relative densities for
BCG giants and non-BCG giants are 1 + δ = 8.5 and 1 + δ = 7.2, respectively.
A Kolmogorov–Smirnov test yields p = 0.2%, indeed suggesting to reject the null
hypothesis of equality in distribution. Similarly, we test whether our LoTSS DR1
BCGRGs have been assigned higher densities than our LoTSSDR1 non-BCGRGs.
The median relative densities for BCG RGs and non-BCG RGs are 1 + δ = 8.4
and 1 + δ = 5.9, respectively. A Kolmogorov–Smirnov test yields p � 0.1%, again
suggesting to reject equality in distribution.

Next,we showthe relationbetween clustermass and totalmatter density inFig. 7.16.
Although it is qualitatively clear that BCGRGs in more massive clusters have higher
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inferred densities, the densities are all lower than one would expect from spreading
out the cluster mass over a BORG SDSS voxel. (For reference, a cluster of mass
M ∼ 1014 M⊙ should have a 2.9 Mpc h−1–scale relative density 1 + δ ∼ 40.) This
systematic discrepancy cannot be attributed to errors in the cluster masses, as Wen&
Han (2015) have made sure that their estimates are unbiased. The alternative is to
conclude that our densities are biased low in the cluster regime. This is unsurprising,
as the assumptions of the BORG SDSS’s 2LPT gravity solver are violated in clusters.
Our densities are least accurate for high-mass clusters, where they can be off by an
order of magnitude, and most accurate for low-mass clusters, where they can be less
than a factor two too low.
It is unclear whether, and if so how, these accuracy characterisations can be ex-

trapolated to the filament density regime. The increased applicability of 2LPT to the
filament density regime suggests that the accuracy will increase. We therefore expect
our filament densities to be correct up to a small factor of order unity.

Until Bayesian Cosmic Web reconstructions are further developed, we urge cau-
tion in using our inferred densities as precision estimates: in filament environments,
they should be trusted up to a factor of order unity only; in cluster environments, for
the moment, other sources (such as cluster catalogues) appear to provide more accu-
rate density estimates. If one would insist in using the cluster densities, then Fig. 7.16
suggests that one should correct them by multiplying by a factor of∼5.

7.5.2 CosmicWeb dynamical state accuracy

Similar questions of accuracy can be raised about the Cosmic Web dynamical state
distributions for luminous giants andRGs presented in the left and central pie charts
of Fig. 7.15. To test the cluster GRG and cluster RG percentages, we can again use
the cluster catalogue of Wen &Han (2015).

Cluster giants can be subdivided into BCG giants and non-BCG cluster giants.
In Sect. 7.5.1, we determined that 60 out of 260 giants (23%) are BCG giants.14 We
define non-BCG cluster giants as giants generated by non-BCG galaxies for which
the comoving distance to the BCG is less than someMpc-scale threshold. We obtain
approximate comoving coordinates from right ascensions, declinations, and spectro-
scopic redshifts, assuming vanishing peculiar motion. In order to allow for a fair
comparison to the BORG SDSS, we set the Mpc-scale threshold to a BORG SDSS
voxel side length: 2.9 Mpc h−1. Although much larger than a galaxy cluster virial

14In comparison, Dabhade et al. (2020b) found that only 20 out of 128 LoTSS DR1 giants with
z ≤ 0.55 (16%) were BCG giants. We hypothesise that we find a higher occurrence of BCG giants
because our study is restricted to the Local Universe (z < zmax := 0.16), where cluster catalogues are
generally more complete.
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radius, this threshold does ensure that cluster galaxies with significant peculiar mo-
tion — a standard deviation σvp = 102–103 km s−1 is typical — have a reasonable
chance to be linked to their cluster. For this choice of threshold, we find 21 non-
BCG cluster giants. We thus find a total of 81 cluster giants (31%), which is more
than expected based on the BORGSDSSmeasurement (23+3

−3%) shown in Fig. 7.15’s
GRG pie chart. This suggests that the BORG SDSS underpredicts the occurrence
of cluster giants. Indeed, the strongly underpredicted densities of galaxy clusters dis-
cussed in Sect. 7.5.1 also leave their mark on the accuracy of our dynamical states.
For example, the giant shown in the top-left panel of Fig. 7.2 and tabulated on the
tenth row of Table 7.1, clearly occupies a cluster-like environment with an estimated
M500 = 1.3 · 1014 M⊙, but is erroneously assigned an 80% chance to inhabit a fila-
ment.

Similarly, cluster RGs can be subdivided into BCG RGs and non-BCG cluster
RGs. In Sect. 7.5.1, we determined that 113 out of 1443 selected LoTSS DR1 RGs
(8%) are BCG RGs. By defining non-BCG cluster RGs in a way analogous to non-
BCG cluster giants, we find 109 non-BCG cluster RGs.15 We thus find a total of 222
cluster RGs (15%), which is consistent with the BORG SDSSmeasurement (16+1

−1%)
shown in Fig. 7.15’s RG pie chart.

To assess the accuracy of the filament GRG and RG fractions shown in Fig. 7.15,
we cross-match our giants and selected LoTSS DR1 RGs with the galaxy group and
cluster catalogue of Tempel et al. (2017), which provides estimates of M200. Wen
& Han (2015) define clusters through M500 ≥ 0.6 · 1014 M⊙, which translates to
M200 ≥ 0.9 · 1014 M⊙: a typical conversion isM500 = 0.7M200 (e.g. Pierpaoli et al.,
2003). To separate groups from clusters, we therefore define groups throughM200 <

0.9 · 1014 M⊙. As with our cluster tests, we associate RGs to groups on the basis of
estimated comoving coordinates, assuming vanishing peculiar motion. In the case of
groups, this assumption is more reasonable. We again use a 2.9 Mpc h−1 association
threshold. We associate 155 out of 260 giants (60%) and 903 out of 1443 RGs (63%)
with galaxy groups. These percentages provide lower bounds to the occurrence of
filament giants and RGs, as there are also filament giants and RGs that do not reside
in galaxy groups. It is therefore likely that the filament GRG and RG fractions of
Fig. 7.15 (59+3

−3% and 60+1
−1%, respectively) are underestimates.

Finally, as a probe of sheet and void giants and RGs, we explore the occurrence of
giants and RGs for which the closest galaxy group or cluster is more than 10 Mpc
away. Thus, we identify 18 out of 260 giants (7%) and 115 out of 1443 RGs (8%)

15Whereas three-quarters of all cluster giants are BCG giants, only half of all cluster RGs are BCG
RGs. Thus, whenever a giant is found in a cluster, it is most likely generated by the BCG; by contrast,
whenever a general RG is found in a cluster, a BCG origin is just as likely as a non-BCG origin.
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as occupying sheets and voids. This suggests that the combined sheet and void GRG
and RG fractions of Fig. 7.15 (18+2

−2% and 24+1
−1%, respectively) are significant over-

estimates.
Rounded to an accuracy of 10%, our ancillary environment analysis suggests an en-

vironment class probability distribution for luminous giants ofp = (30%, 60%, 10%),
representing clusters, filaments, and a combination of sheets and voids, respectively.
For RGs, it suggests p = (20%, 70%, 10%), again representing clusters, filaments,
and a combination of sheets and voids. Both distributions are in fair agreement with
the BORG SDSS measurement p = (20%, 60%, 20%). The ancillary analysis rein-
forces the idea that, in the Local Universe, luminous giants occupy denser environ-
ments than general RGs detectable at LoTSS-like image qualities.

7.5.3 CosmicWeb density resolution

All Cosmic Web density and dynamical state measurements presented in this work
correspond to a density field with a resolution, or smoothing scale, of 2.9Mpc h−1. In
fact, given the granular nature of matter, one must always adopt a smoothing scale in
order to define an informative notion of density.16 Ideally, this scale is chosen such
that the resulting density field varies smoothly over the physical scales of interest —
avoiding both unwanted stochastic variations over space and time (as would occur
when the smoothing scale is too small), and excessive blurring of thephysical phenom-
ena under study (as would occurwhen the smoothing scale is too large). In the case of
this work, the smoothing scale of the Cosmic Web density field could be considered
too large. It is set by the limitations of the BORG SDSS 2LPT gravity solver, the am-
bition to cover the entire LocalUniverse in the direction of the SDSSMGS footprint,
and—most practically— the relation between the number of voxels and the numeri-
cal cost of generating theHMCMarkov chain. As galaxy clusters have typical radii of
∼1 Mpc h−1, they are not resolved by the BORG SDSS; the same therefore certainly
holds for galaxy groups. Thus, even if the gravitational dynamics of the reconstruc-
tions were exact, the utility of the BORG SDSS in improving dynamical model fits
to individual RGs is limited: the smoothing scale of the density field is larger than
the scale required to resolve (beta model–like) density profiles within filaments and
clusters (0.1–1 Mpc h−1). At best, our densities reflect the correct multi-Mpc-scale
averages, but these are still much lower than the, say, central 1 Mpc–scale densities.
This is because the massive galaxies that usually host RGs tend to occupy the bottom
of their local gravitational potential wells, where the large-scale density is typically

16As there are many situations in which there exists a natural smoothing scale, the smoothing scale
is often left unmentioned.
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higher than everywhere in the vicinity. Relying on simulations, Oei et al. (2023a)
have estimated the relation between the 2.9Mpc h−1–scale relative total matter den-
sity 1 + δ (as used throughout this work), and the 1 Mpc–scale relative IGM density
1 + δIGM. For galaxies with a stellar mass M⋆ = 1011 M⊙, their Fig. 11 suggests
1 + δIGM = 10 · (1 + δ)0.75. For luminous giants, the mode of the 2.9 Mpc h−1–
scale relative total matter density RV is 1 + δ = 3.5 for the fixed voxel method and
1+δ = 6.3 for the flexible voxelmethod (see Fig. 7.6); the correspondinghost-centred
1 Mpc–scale relative IGM density is 1 + δIGM = 23 for the fixed voxel method and
1 + δIGM = 40 for the flexible voxel method. This relation in principle allows one
to perform Bayesian inference of the distributions of the 1 Mpc–scale Cosmic Web
density aroundRGhosts—possibly even conditioned onRG radio luminosity, as in
Sect. 7.4.2 — by converting parametrised high-resolution distributions to the lower
BORG SDSS resolution, applying heteroskedastic measurement errors, and finally
comparing the resulting distribution to data. We leave this to future work.
Concerning resolution, we finally warn that care must be taken when calculat-

ing (AGN feedback–related) quantities that relate quadratically to density, such as
the local bremsstrahlung emissivity: these tend to be underestimated if computed
from low-resolution densities. To see why, we consider ρ, the density at some natu-
ral smoothing scale, alongside 〈ρ〉, the density averaged over some larger-than-natural
smoothing scale. We assume that only the latter is known. Next, we pick a quantity
y = aρ2, which we aim to compute at the larger smoothing scale: 〈y〉 = 〈aρ2〉 =

a〈ρ2〉. Naively, one would be tempted to proceed in calculating 〈y〉 by assuming
〈ρ2〉 ≈ 〈ρ〉2, as to use 〈y〉 ≈ a〈ρ〉2. However, by doing so, one risks underestimat-
ing 〈y〉, because 〈ρ2〉 ≥ 〈ρ〉2 by Jensen’s inequality. In Appendix 7.A6, we explicitly
calculate the ratio between 〈ρ2〉 and 〈ρ〉2 for sheets and voids, filaments, and clusters.
For sheets and voids, this ratio is at most 4

3 ; for filaments, it is at most a number of
order unity; for clusters, it can exceed a thousand.

7.5.4 Spectroscopic redshift selection

To localise RGs in the Cosmic Web and subsequently measure their relative total
matter densities, we require them to have a spectroscopic redshift. By selecting on
spectroscopic redshift availability, we implicitly select on both Cosmic Web density
and radio luminosity. The key reason is that spectroscopic redshifts are preferentially
available for galaxies with high optical flux densities — so galaxies that are nearby,17

17There is an exception to this rule: physically large galaxies at low redshifts, such as ellipticals in
nearby galaxy clusters, can be angularly too extended for SDSS fibers and are therefore sometimes
excluded from SDSS’s spectroscopic survey. Excluding the RGs associated to these galaxies from our
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Figure 7.17: Observations underpinning the RG radio luminosity–Cosmic Web density relation of
Fig. 7.8, but with Pan-STARRS r-band Kron flux densities Fν of the host galaxies indicated. We show
uncertainty ellipses whose semi-major and semi-minor axes represent one standard deviation along
each dimension. In the top panel, we show KDE Cosmic Web density distributions for Fν < 1 nJy,
and for Fν ≥ 1 nJy. These suggest that spectroscopic redshift selection biases the observed Cosmic
Web density distributions high.

and galaxies that have high optical luminosities. Galaxies with high optical luminosi-
ties tend to inhabit dense environments and, when active, tend to generate RGs with
high radio luminosities.
To demonstrate that spectroscopic redshift selection indeed affects our RG radio

luminosity–Cosmic Web density relation, Fig. 7.17 revisits the same Local Universe
LoTSS DR1 RG data as shown in Fig. 7.8, but now with the Pan-STARRS r-band
Kron flux densities Fν of the host galaxies indicated. The top panel of Fig. 7.17 shows

samples introduces a bias against high density environments. This artificially vacates the right sides
of Figs. 7.5 and 7.8, and leads towards an underestimation of the occurrence of cluster RGs in our
environment analysis.
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Figure 7.18: Overview of radio luminosity selection resulting from spectroscopic redshift selection,
radio surface brightness limitations, and the correlation between radio and optical luminosity. The
top panel compares radio luminosity distributions at νref = 150MHz of LoTSSDR1RGs in the con-
strained part of the BORG SDSS, distinguishing between those with spectroscopic redshifts (green)
and those without (grey). (We perform KDE on samples of log10(Lν(νref) · (WHz−1)−1) rather than
of Lν(νref), and thus the probability densities on the vertical axis are dimensionless.) Radio galaxies
with spectroscopic redshifts dominate (77%) the population. The bottom panel shows the two sub-
populations in radio luminosity–redshift parameter space, with RGs without spectroscopic redshifts
marked (grey circles). We show uncertainty ellipses whose semi-major and semi-minor axes represent
half a standard deviation along each dimension. One retrieves the top panel by collapsing the data on
the horizontal axis.

KDEs of 1+ ΔRG,obs for hosts with Fν < 1 nJy, and for hosts with Fν ≥ 1 nJy. Hosts
with lowoptical flux densities tend to inhabitmore tenuous environments than hosts
with high optical flux densities. By requiring spectroscopic redshifts, we have dis-
carded RGs with only photometric redshifts, whose hosts almost exclusively have
Fν < 1 nJy. As a result, our estimates of 1+ΔRG,obs, 1+ΔRG, and 1+ΔRG |Lν = lν are
biased high. The severity of the bias depends on the percentage ofRGs that have been
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selected out. As discussed in Sect. 7.3.2, 23% of all LoTSS DR1RGs within the con-
strained BORGSDSS volume lack a spectroscopic redshift. Our sample of luminous
giants ismuch less affected: only 7% of the populationwithin the constrained BORG
SDSS volume lack spectroscopy. Thus, correcting for spectroscopic redshift selection
would shift theCosmicWeb density distribution for general RGs to somewhat lower
densities, while it would not appreciably shift the corresponding distribution for lu-
minous giants. The result would be an even bigger discrepancy between the Cosmic
Web density distributions of luminous giants and general RGs than established in
this work, strengthening our results.

Spectroscopic redshift selection also leaves an imprint on the sample’s radio lumi-
nosities. The top panel of Fig. 7.18 shows that the radio luminosities of the 1870
LoTSSDR1RGs in the constrained BORGSDSS volume are distributed differently
between the subpopulations with and without spectroscopic redshifts. In particular,
the subpopulation with spectroscopic redshifts is more spread out over radio lumi-
nosity compared to the subpopulation without: both very low and very high values
are more probable.18 To understand why, we turn to the bottom panel of Fig. 7.18.
The LoTSS 6′′ noise level, the inverse square law, and cosmological surface bright-
ness dimming together determine an RG radio luminosity detection threshold that
increases with redshift. This threshold induces the hatched region, which is inacces-
sible to LoTSS-like radio observations. As a straightforward consequence, RGs with
low radio luminosities can be detected only at low redshifts. It is not immediately
clear whether the host galaxies of low–radio luminosity RGs at low redshifts have
low or high optical flux densities. On the one hand, low radio luminosities suggest
low optical luminosities: both forms of spectral luminosity correlate positively with
stellarmass (as evinced by e.g. Figs. 2 ofMahajan et al., 2018; Sabater et al., 2019) and
therefore19 positively with eachother. However, one must again be cautious of selec-
tion effects, which can inject strong but spurious luminosity–luminosity correlations
in observations (Singal et al., 2019). On the other hand, observing low-redshift galax-
ies is easier, again because of the inverse square law and cosmological surface bright-
ness dimming. The bottom panel of Fig. 7.18, and in particular its lower left corner,
shows that the correlation between radio and optical luminosity is not strong enough
to deny the observational advantages of low redshifts: low–radio luminosity RGs at
low redshifts have high optical flux densities. As a result, spectroscopic redshifts are
more common for such RGs. Similarly, the correlation between radio and optical
luminosity explains that spectroscopic redshifts aremore common for high–radio lu-

18The distribution is not only more dispersed, but is also shifted rightwards: the median andmean
radio luminosities of the spectroscopic subpopulation are 1.3 and 3.2 times larger, respectively.

19There exist cases in which this argument does not hold: correlation is not necessarily transitive.
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minosity RGs.
This indirect radio luminosity selection effect is not expected to change the ra-

dio luminosity–CosmicWeb density relation inferred in this work and shown in e.g.
Figs. 7.8 and 7.9. This is because the inferred relation concerns the CosmicWeb den-
sity distribution at given radio luminosity. Changes in the number of RGs available
in each decade of radio luminosity — and in particular an increase in the number of
RGs with 1022 WHz−1 < Lν(ν = 150 MHz) < 1023 WHz−1 — do not materi-
ally affect our analysis, as we already perform data rebalancing that downweights our
sample’s most populated decades.20

7.5.5 Future outlook

Excitingly, there appear to be many opportuntities to improve our understanding of
the large-scale environments of radio galaxies through Cosmic Web reconstructions,
both with current and near-future data.

In this work, we have used LoTSS DR1 Local Universe RLAGN with spectro-
scopic redshifts from Hardcastle et al. (2019). With the release of the LoTSS DR2
radio data (Shimwell et al., 2022) and the associated optical cross-matching results
(Hardcastle et al., 2023), it will become possible to redo our analysis on a footprint
that is more than 13 times larger. Doing so would increase the size of the general
RG sample by an order of magnitude, from ∼103 to ∼104. In turn, this would al-
low us to revisit Sect. 7.4.2’s RG radio luminosity–Cosmic Web density relation,
but with all of Fig. 7.8’s six radio luminosity decades fully evenly weighted. If the
positive correlation between radio luminosity and CosmicWeb density is genuine, it
will emerge more clearly upon weighting evenly. Such a LoTSS DR2 sample might
even be large enough to meaningfully investigate possible differences in the radio
luminosity–Cosmic Web density relation for different types of RGs, such as those
generated by quasars, and those generated by other AGN. In the near future, the
WEAVE–LOFAR Survey (Smith et al., 2016) will generate∼106 spectra of LOFAR-
selected galaxies, which will help alleviate the effects of spectroscopic redshift selec-
tion described in Sect. 7.5.4. Finally, the availability of optical spectra for all AGN in
the current analysis and for those in similar follow-ups means that a comprehensive
classification into HERGs and LERGs, and into HEGRGs and LEGRGs, appears
possible. In turn, this classification would allow for studies into the relationships

20The hatched region of Fig. 7.18 shows that radio surface brightness selection causes our Local
Universe RG sample to be strongly incomplete in the radio luminosity decades 1021–1022 and 1022–
1023 WHz−1. Extending our sample in the lowest of these decades upweights this decade’s impor-
tance, likely revealing that the positive scaling between RG radio luminosity and CosmicWeb density
is stronger than we suggest in Sect. 7.4.2.
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between AGN accretion mode, RG growth, and the surrounding Cosmic Web. As
theseAGNreside in theLocalUniverse,many couldbe further characterised by cross-
matching with X-ray catalogues.
Another promising extension of our work would be to use Cosmic Web recon-

structions that are complementary to or improve upon the BORG SDSS. Notably,
the BORG 2M++ (Jasche & Lavaux, 2019) offers one such possibility: it provides
density reconstructions for the entire sky and at a higher spatial resolution, and fea-
tures more accurate selection functions, bias modelling, and gravitational dynam-
ics than the BORG SDSS. However, its reconstructions are limited to zmax = 0.1,
whereas those of the BORG SDSS extend to zmax = 0.16. Using the BORG SDSS
and the BORG 2M++ in conjunction would allow for an extension of the num-
ber of giants for which a density can be determined: the catalogue of giants by Oei
et al. (2023a), introduced in Sect. 7.2, contains 83 giants with spectroscopic redshifts
zs < 0.1 that lie outside of the constrainedBORGSDSS volume. Adding these to the
260 giants for which we have already determined densities would increase the num-
ber of BORGgiants by 32%. Perhapsmore importantly, there are 89 giants for which
both BORG SDSS and BORG 2M++ density estimates are possible. Comparing
these densities allows for a quality assessment of the BORG SDSS density measure-
ments at large. In particular, given its better gravity solver, we expect BORG 2M++
cluster densities to performmuch better in Sect. 7.5.1’s CosmicWeb density–cluster
mass test. In addition to the BORG 2M++, additional BORG runs are on their
way. Besides, there exist comparableCosmicWeb reconstruction frameworks, such as
COSMIC BIRTH (e.g. Kitaura et al., 2021). In any case, thanks to the combination
of new spectroscopic galaxy surveys and advances in computing power, high-fidelity
Bayesian CosmicWeb reconstructions will become available for an increasingly large
fraction of the Local Universe and beyond. We expect that CosmicWeb density 1+ δ
will therefore become a standard RG observable, alongside properties such as pro-
jected proper length lp and radio luminosity lν.

By building on the work of Leclercq et al. (2015), we have presented probabilistic
Cosmic Web environment classifications, based on the T-web definition, for 260 gi-
ants and 1443 LoTSSDR1RGs. However, Leclercq et al. (2015) provides additional
environmental classifications for the BORG SDSS volume that allow us to measure
and understand the Cosmic Web environments of giants and other radio galaxies in
complementary ways. Future work could explore and compare RG environments in
the T-web, DIVA, ORIGAMI, and LICH sense (Leclercq et al., 2016, 2017).
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7.6 Conclusion

Using Bayesian Cosmic Web reconstructions of the Local Universe, we compare the
large-scale environments of giant radio galaxies with those of the radio galaxy popu-
lation in general. In particular, we measure multi-Mpc-scale Cosmic Web densities
around the hosts of∼102 luminous giants and∼103 general RGs. This reveals that
the currently observable population of giants inhabits denser regions of the Cosmic
Web than general RGs — contradicting the popular hypothesis that giants should
primarily form in the dilute CosmicWeb. Our interpretation is that high jet powers,
as implied by the high radio luminosities of the known population of giants, enable
these RGs to overcome the IGM’s resistance to their Mpc-scale growth.

Next, we quantify the relation between radio luminosity, a proxy for jet power,
and Cosmic Web density; to our knowledge, this is the first time this has been done.
Our radio luminosity–conditioned Cosmic Web density distributions reinforce the
idea that AGN that generate weak jets primarily reside in the dilute Cosmic Web,
whileAGN that generate powerful jets primarily reside in the denseCosmicWeb. We
subsequently show that the radio luminosity–Cosmic Web density relation, which
we have inferred using our sample of general RGs only, can accurately explain the
density distribution observed for luminous giants.

Additional evidence corroborates that luminous giants form more often in the
dense Cosmic Web than radio galaxies in general. Classifying Cosmic Web environ-
ments as clusters, filaments, sheets, or voids on the basis of the local gravitational field,
we find that luminous giants occur more often in clusters than radio galaxies in gen-
eral. We also find evidence that clusters with giant-generating BCGs aremoremassive
than other clusters, while the evidence for the analogous claim for clusters with RG-
generating BCGs is weaker.

We now summarise our main findings in more detail.

1. Using the BORG SDSS, we have performed the most physically principled
measurements yet of theCosmicWeb environments of giant radio galaxies and
radio galaxies in general. Our characterisations require spectroscopic redshifts,
and are currently confined to the Local Universe (z < zmax := 0.16). In par-
ticular, we have determined 2.9Mpc h−1–scale total matter densities and grav-
itational environment classifications for 260 giants, of which 208 (80%) have
recently been discovered through the LoTSS DR2, and for 1443 LoTSS DR1
RGs.

2. While themarginal probability distributionsof theCosmicWebdensity around
individual RGs are approximately lognormal, the probability distribution of
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the Cosmic Web density for the RG population as a whole is approximately
gamma. We provide a physical argument that motivates why the gamma dis-
tribution could have arisen. The probability distribution of the Cosmic Web
density for luminous giants also appears roughly gamma, but favours higher
densities. We show that heteroskedastic measurement errors, which are a gen-
eral feature of our density determinationmethod, spuriously shift the observed
density distributions towards lower densities. We demonstrate a forwardmod-
elling method to correct for heteroskedasticity.

3. We quantify the radio luminosity–Cosmic Web density relation for general
radio galaxies. We find that the 2.9Mpc h−1–scale CosmicWeb density distri-
bution at a given 150MHz radio luminosity is well described by 1+ΔRG |Lν =

lν ∼ Γ(k, θ), where k = 4.8 + 0.2 · l, θ = 1.4 + 0.02 · l, and l :=

log10(lν · (10
23 WHz−1)−1). This result shows that more luminous RGs tend

to live in denser regions of the Cosmic Web. Treating giants as ordinary radio
galaxies with lν ≥ lν,min := 1025 WHz−1, we use this relation to predict the
Cosmic Web density distribution for luminous giants. The prediction is con-
sistent with the observed distribution for giants: a Kolmogorov–Smirnov test
yields a p-value of 0.7. Whether less luminous giants — assuming they exist
— also form more often in the dense Cosmic Web, remains to be seen when
surveys with increased surface brightness sensitivity commence. If such giants
obey the same radio luminosity–Cosmic Web density relation as other RGs,
this will not be the case.

4. We show that our methodology enables the inference of radio galaxy number
densities as a function of Cosmic Web density. Whether or not the RG num-
ber density is a strong function of Cosmic Web density, depends on the radio
luminosity considered. In clusters, the number densities of high-luminosity
RGs (e.g. 1025 or 1027 WHz−1) are ∼102 times higher than on average; in
the same environment type, the number densities of low-luminosity RGs (e.g.
1021 or 1023WHz−1) are just∼101 times higher than on average. Furthermore,
we obtain tentative evidence that the number densities of low-luminosity RGs
peak in low-mass clusters, beforedecreasing again. Apossible explanation could
be that, as cluster mass increases, the underlying population of active galaxies
starts favouring the generation of high-luminosity RGs over low-luminosity
RGs.

5. We use the BORG SDSS T-web classification to generate probability distribu-
tions over four Cosmic Web structure types — clusters, filaments, sheets, and
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voids — for both luminous giants and general RGs. Luminous giants inhabit
clusters more often (23+3

−3% versus 16+1
−1%). Independently, by cross-matching

our radio galaxies with a cluster catalogue, we find that the former percentage
presumably is an underestimate, while confirming the latter percentage. The
same cross-matching procedure reveals tentative evidence (p = 5%) that clus-
ters with giant-generating BCGs are more massive than other clusters. At the
same time, evidence that clusters with RG-generating BCGs are more massive
than other clusters is weaker (p = 7%), even though the sample involved is
almost twice as big.

AlthoughRG environment characterisationswith BayesianCosmicWeb reconstruc-
tions are still far from perfect, we have demonstrated that the current generation of
reconstructions already allows for addressing open questions in radio galaxy research.
Given the pitfalls of the BORG SDSS, we advise to treat every measured RG density
with skepsis, and in particular warn that the densities of cluster RGs are strongly un-
derestimated. Nevertheless, given the ever-increasing number of galaxies with spec-
troscopic redshifts, a growing list of technical improvements, and the widespread
availability of computing power, exciting contemporary and near-future opportu-
nities exist to expand and improve upon the results of this work. It is well possible
that CosmicWeb density will soon become a staple quantity that helps to unravel the
physics of radio galaxies.
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Data availability

Oei et al. (2023a)’s LoTSSDR2GRGdata are available at the Centre de Données as-
tronomiques de Strasbourg (CDS) via https://cdsarc.cds.unistra.fr/cgi-bin/
qcat?J/A+A/. The LoTSS DR1RG data with optical identifications from the value-
added catalogue of Williams et al. (2019) are available at https://lofar-surveys.
org/dr1_release.html; those interested in Hardcastle et al. (2019)’s RLAGN sub-
sample should contactMartin J.Hardcastle. TheBORGSDSSdata release is publicly
available athttps://github.com/florent-leclercq/borg_sdss_data_release. In-
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dividual BORG SDSS HMC Markov chain samples are not available in the public
domain; those interested should contact Florent Leclercq. The cluster catalogue of
Wen &Han (2015) is available at the CDS.

7.A1 CosmicWeblocalisationaccuracywithspectroscopicandpho-
tometric redshifts

In this appendix, we show that RGs with spectroscopic redshifts can be reliably lo-
calised within Cosmic Web reconstructions, while RGs with only photometric red-
shifts generally cannot.
To determine the accuracy of our radio galaxy localisations in the CosmicWeb, we

Monte Carlo simulate a radial comoving distance distribution for each RG and com-
pare its dispersion to the BORG SDSS voxel length. Each RG will have a peculiar
velocity vp with respect to us. We treat vp as a zero-mean Gaussian random variable
(RV): vp ∼ N (0, σvp), and choose a standard deviation σvp representative of condi-
tions in low-mass galaxy clusters: σvp = 100 km s−1. Similarly, we treat the measured
redshift zm as an RV, and again assume Gaussianity: zm ∼ N

(
μzm , σzm

)
. Our cata-

logue provides the parameters μzm and σzm for each RG. Using Eqs. 7.23 from left to
right, we calculate the relative peculiar velocity RV βp, the peculiar velocity redshift
RV zp, and the cosmological redshift RV zc:

βp :=
vp
c
; zp =

√√√√1+ βp
1− βp

− 1; zc =
1+ zm
1+ zp

− 1. (7.23)

Finally, we calculate the radial comoving distance RV r = r (zc) = ||r||2. The dis-
tributions of r are approximately Gaussian: for each of the 248 giants in the BORG
SDSS volume with a spectroscopic redshift and an associated error, we perform the
Shapiro–Wilk test on 1000MonteCarlo samples and reject the null hypothesis that r
is Gaussian for one at significance level α = 0.01.21 For these giants, 95% of the stan-
dard deviations σr are between 1.00 Mpc h−1 and 1.12 Mpc h−1; the sample median
is 1.06 Mpc h−1. By contrast, the 21 giants in the BORG SDSS volume with only a
photometric redshift and an associated error have a σr that ranges from 20 Mpc h−1

to 110 Mpc h−1; for details, see Table 7.4. To localise a giant in the BORG SDSS,
precision up to the scale of a voxel, which are approximately 2.9 Mpc h−1 long, is

21If one uses sufficiently many Monte Carlo samples and a fixed significance level, any deviation
from Gaussianity will become significant. Indirectly, the sample size and significance level together
specify a degree of non-Gaussianity identifiable with such Shapiro–Wilk tests.
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necessary — but sub-voxel localisation is redundant. We conclude that giants with a
spectroscopic redshift can be tied to an individual voxel, even when taking peculiar
velocity into account; on the other hand, giants with only a photometric redshift can
be mislocalised more than a typical filament length, and are therefore not subjectable
to a precise environment analysis. Of course, these conclusions extend to any radio
galaxy with an associated host, or indeed to any galaxy.22

As only few (i.e. ∼102) giants are currently known in the volume reconstructed by
the BORGSDSS, it is worthwhile to performhost galaxy spectroscopic follow-up for
those with photometric redshifts only. We provide a list with targets in Table 7.4.

7.A2 CosmicWeb density distribution: the gamma Ansatz

In this work, we have modelled several RG Cosmic Web density RVs, such as 1 +
ΔRG,obs, 1 + ΔRG, and 1 + ΔRG | Lν = lν, as gamma variates. This choice is largely
driven by data (and a preference for simplicity) rather than by theory, although the re-
quirements of continuity and a strictly positive support have a physical basis. Gamma
distributions adequately fit 1+ΔRG,obs (see the bottom row of Fig. 7.6), and their use
inmodelling 1+ΔRG |Lν = lν is justified by theRGprediction of 1+ΔGRG,obs, which
matches observations (see Fig. 7.11). Here, we post hoc theorise why the gamma dis-
tribution arises in the current context.

The late-time density in a voxel is, of course, equal to the late-time mass in the
voxel divided by its (fixed) volume of (2.9Mpc h−1)3. Therefore, up to a dimension-
ful constant, the late-time density and the late-time mass have the same probability
distribution. The late-timemassM in the voxel equals the sumof themass aggregated
over cosmic time. If we are to consider a simplistic treatment of mass aggregation, or
structure formation, which environment is most relevant? The central pie chart of
Fig. 7.15 suggests that most observed RGs have filament environments. In addition,
Pasini et al. (2021) suggest that within filaments, most RGs inhabit galaxy groups,
which grow by merging with other groups. Therefore, we consider a proto-filament
— i.e. a massive structure that extends essentially along a single dimension — on
which we consider a Poisson point process with constant spatial rate. The Poisson
points represent peaks in the density field where galaxy groups arise. As with any ho-
mogeneous Poisson process, the distances between the points are exponentially dis-
tributed. It is now helpful to partition the filament in cells, each associated to a single

22By jointly inferring the large-scale density field and the radial distances to the galaxies used to
constrain the former, it is possible to reduce individual photometric redshift uncertainties (Jasche &
Wandelt, 2012; Tsaprazi et al., 2023), but these reductions are not extensive enough to alter our con-
clusions.
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Table 7.4: Overview of all giants in the constrainedBORGSDSS volumewithout a spectroscopic red-
shift. Roughly speaking, this volumecorresponds to the SDSSDR7MGSfootprintup to zmax = 0.16.
The total matter density of the ambient Cosmic Web can only be reliably determined after spec-
troscopic follow-up. The giants are sorted (in descending order) by their radial comoving distance
standard deviation σr obtained through Monte Carlo simulation, taking into account photomet-
ric redshift errors and a random, zero-centred peculiar velocity component with standard deviation
σvp = 100 km s−1. After spectroscopic follow-up, the projected proper length lp must be revised.

rank SDSS DR12 name photometric σr lp
↓ redshift (1) (Mpc h−1) (Mpc)
1 J122009.84+194833.0 0.15± 0.04 110 0.8
2 J155503.00+280430.9 0.10± 0.03 100 1.3
3 J134211.92+565839.3 0.11± 0.03 70 0.7
4 J130444.37+511119.0 0.09± 0.02 70 0.8
5 J122129.95+662644.0 0.10± 0.02 70 1.1
6 J152151.93+570635.0 0.07± 0.02 50 0.8
7 J112033.54+233559.0 0.12± 0.02 50 0.9
8 J140046.38+301900.0 0.06± 0.01 40 0.8
9 J090640.80+142522.9 0.13± 0.01 40 1.2
10 J112248.98+565243.5 0.08± 0.01 30 0.8
11 J085022.99+383547.2 0.14± 0.01 30 0.7
12 J145102.13+301227.0 0.16± 0.01 30 0.8
13 J152229.23+281911.9 0.13± 0.01 30 0.8
14 J140044.26+125219.8 0.11± 0.01 30 0.7
15 J090128.15+145158.1 0.14± 0.01 30 1.2
16 J145827.21+331312.0 0.11± 0.01 20 1.0
17 J152024.13+310557.6 0.06± 0.01 20 0.9
18 J102135.20+420022.3 0.13± 0.01 20 1.5
19 J172715.85+585220.5 0.15± 0.01 20 2.1
20 J141033.40+405932.4 0.14± 0.01 20 1.0
21 J134339.20+195301.7 0.15± 0.01 20 0.9

point. Assuming that the filament has a constant cross-sectional area and an approx-
imately constant density, the volumes andmasses of the cells are simply proportional
to the distances between the points, and are thus also exponentially distributed. Fi-
nally, if a fixed fraction of the mass in each cell collapses into the cell’s galaxy group,
then the group masses within the filament — at early times — are, again, exponen-
tially distributed. A group that exists at late times has built up itsmassM by aggregat-
ing the masses of early-time groups. Assuming a constant temporal rate of early-time
group aggregation, there exists a typical number N of early-time groups that con-
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tribute to the mass of a given late-time group: M =
∑N

i=1 Mi. Now we invoke the
fact that the sum of a fixed number of independent and identically distributed RVs
with an exponential distribution is anRVwith a gammadistribution. Thus, as theMi

are exponentially distributed,M is gamma distributed. This, in turn, implies that the
late-time densities of the voxels in which late-time groups fall, are gamma distributed
also. As late-time RGs trace late-time groups (and especially the more massive ones),
the late-time RG density distribution should be approximately gamma.

In the future, by cross-matchingRG catalogues with galaxy group catalogues with
accurate masses, the mass distribution of RG-hosting groups in the Local Universe
can be sampled and tested against the gamma distribution hypothesis.

7.A3 Modellingrelativebaryondensitymeasurementheteroskedas-
ticity

We must describe the measured RG relative baryon density given a true RG relative
baryon density with a continuous probability distribution that has the positive half-
line as its support; preferably, we use a simple analytical prescription.
Motivated by the quality of the fits shown in Fig. 7.5, we assume 1+ ΔRG,obs | 1+

ΔRG = 1 + δi ∼ Lognormal(μ, σ2), and likewise for giants. The parameters μ and
σ2 are determined by assumptions on the RV’s mean and variance. In particular, we
assume that measured RG relative baryon densities are unbiased estimators of the
underlying true RG relative baryon densities and that their variances are the same
when the underlying true RG relative baryon densities are the same:

E [1+ ΔRG,obs | 1+ ΔRG = 1+ δi] = 1+ δi; (7.24)
V [1+ ΔRG,obs | 1+ ΔRG = 1+ δi] = g (1+ δi) , (7.25)

where g (1+ δ) is some non-negative function characterising the heteroskedasticity.
For the currentwork,we adopt a two-parameterpower-lawvariancemodel g (1+ δ) :=
a (1+ δ)b. Frombasic identities of the lognormal distribution, we find for this choice
of g

μ = ln (1+ δ)− 1
2
ln
(
1+ a (1+ δ)b−2

)
; (7.26)

σ2 = ln
(
1+ a (1+ δ)b−2

)
. (7.27)
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Using the fact that

f1+ΔRG,obs (1+ δ) =ˆ ∞

0
f1+ΔRG,obs | 1+ΔRG=x (1+ δ) · f1+ΔRG (x) dx, (7.28)

we can deduce the distribution of 1 + ΔRG given some parametrisation of it and a
procedure like MLE. We choose 1 + ΔRG ∼ Γ (k, θ) on the basis that 1 + ΔRG,obs

appears to be much better described by a gamma distribution than by a lognormal
distribution and that the effect of heteroskedasticity appears minor. We determine a
and b from data.23

7.A4 Radioluminosity–CosmicWebdensityrelation: fixedvoxelme-
thod

In Sect. 7.4.2, we have presented a quantification of the relation between RG ra-
dio luminosity and Cosmic Web density. In particular, we infer a probability dis-
tribution for the 2.9 Mpc h−1–scale total matter density around the hosts of Local
Universe radio galaxies with a given 150 MHz radio luminosity — which can range
from 1021 to 1027 WHz−1. TheMLEmodel shown in Fig. 7.8 and the one- and two-
dimensional posterior marginals shown in Fig. 7.9, are based on densities measured
through Sect. 7.3.1’s flexible voxel method. In this appendix, through Figs. 7.19 and
7.20,wepresent the analogous results basedondensitiesmeasured throughSect. 7.3.1’s
fixed voxel method. Both methods reveal a positive scaling between RG radio lumi-
nosity and Cosmic Web density.

7.A5 Relative number density derivation

We let theRV 1+ΔCW represent the 2.9Mpc h−1–scale relative density at a randomly
chosen point in the contemporary CosmicWeb, and let f1+ΔCW be its PDF. Similarly,
we let the RV 1+ΔRG represent the 2.9Mpc h−1–scale relative density at a randomly
chosenRG in the contemporaryCosmicWeb, and let f1+ΔRG be its PDF.We consider
a cosmologically sized, comoving volume of extent V, in which a total ofNRG radio
galaxies exist. The subvolume in which the relative density is between 1 + δ and 1 +

23For the fixed voxel method, we find a = 0.4 and b = 1.1; for the flexible voxel method, we find
a = 0.4 and b = 0.9. We stick to a simple prescription here, but there appears to be enough BORG
SDSSdata to describe the heteroskedasticitywith amore accurate (thoughmore complex)modelwhile
still avoiding overfitting.
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Figure 7.19: PDFs of the observed RG relative total matter density RV given a radio luminosity at
νref = 150 MHz, using MLE parameter values for the model described in Sect. 7.4.2. The black
contours denote CDF values. We overplot all 1443 selected LoTSSDR1RGs (dots), with those above
the empirical median density coloured red, and those below coloured blue. We use fixed voxel method
densities here. For flexible voxel method densities, see Fig. 7.8.

δ+ dδ has extent

dV = Vf1+ΔCW(1+ δ) dδ. (7.29)

The number of RGs in this subvolume is

dNRG = nRG(1+ δ) dV, (7.30)

wherenRG(1+δ) is the number density ofRGs thatwould arise in an environment of
constant density 1 + δ. In practice, one never encounters environments of constant
density; the average RG number density in the part of the Cosmic Web where the
relative density is between 1+ δ1 and 1+ δ2 equals

n̄RG(1+ δ1, 1+ δ2) =
´ δ2
δ1 nRG(1+ δ)f1+ΔCW(1+ δ) dδ´ δ2

δ1 f1+ΔCW(1+ δ) dδ
. (7.31)
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Figure 7.20: Posterior distribution over k(0), θ(0), k′(0), and θ′(0), based on selected Local Universe
LoTSSDR1RGs. We show all two-parametermarginals of the likelihood function, with contours en-
closing 50% and 90% of total probability. We mark the maximum likelihood estimate (MLE) values
(grey dot) and the maximum a posteriori (MAP) values (grey cross). The one-parameter marginals
again show the MLE (dash-dotted line), a mean-centred interval of standard deviation–sized half-
width (hashed region), and amedian-centred 90% credible interval (shaded region). We use fixed voxel
method densities here. For flexible voxel method densities, see Fig. 7.9.

As a result, the cosmic mean RG number density n̄RG is given by

n̄RG :=

ˆ ∞

−1
nRG(1+ δ)f1+ΔCW(1+ δ) dδ. (7.32)
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The probability that an RG has a relative density between 1 + δ and 1 + δ + dδ,
f1+ΔRG(1+ δ) dδ, is

f1+ΔRG(1+ δ) dδ =
dNRG

NRG
=

nRG(1+ δ)Vf1+ΔCW(1+ δ) dδ
NRG

. (7.33)

We note that

NRG = n̄RGV, (7.34)

and combine the last two equations to find

nRG(1+ δ)
n̄RG

=
f1+ΔRG(1+ δ)
f1+ΔCW(1+ δ)

. (7.35)

In other words, through point-wise division of the PDFs of 1 + ΔRG and 1 + ΔCW,
both of which we determine in this work, we obtain the radio galaxy number density
that would arise at a given density, up to a constant. This constant is (the reciprocal
of) the cosmicmeanRGnumber density; theLHSofEq. 7.35 can thus be interpreted
as the relative RG number density at 1 + δ— that is, the number density relative to
the cosmic mean value. Fully analogously, the relative GRG number density at 1+ δ
is given by

nGRG(1+ δ)
n̄GRG

=
f1+ΔGRG(1+ δ)
f1+ΔCW(1+ δ)

. (7.36)

By multiplying both sides of Eq. 7.35 by fLν|1+ΔRG=1+δ(lν), using the identity
fX|Y=y(x)fY(y) = fY|X=x(y)fX(x), and dividing both sides by fLν(lν), we obtain

nRG(1+ δ) · fLν|1+ΔRG=1+δ(lν)
n̄RG · fLν(lν)

=
f1+ΔRG|Lν=lν(1+ δ)
f1+ΔCW(1+ δ)

. (7.37)

Thenumerator anddenominator at the left-hand side are both number densitydensi-
ties: they denote radio galaxy numbers per unit of comoving volume andunit of radio
luminosity. As their physical dimensions are distinct from those of ordinary number
densities, we will denote them differently. Calling the numeratornRG(lν, 1+ δ) and
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L = 2.9Mpc h−1. The asymptote (grey) corresponds to value 4

3 .

the denominator n̄RG(lν), we write24

nRG(lν, 1+ δ)
n̄RG(lν)

=
f1+ΔRG|Lν=lν(1+ δ)
f1+ΔCW(1+ δ)

. (7.38)

7.A6 Disparitybetweenmeansquareddensityandsquaredmeanden-
sity

Several physical quantities that relate to AGN and RGs, such as the bremsstrahlung
emissivity around thehost galaxy, scalewith the square of IGMdensity ρ. In Sect. 7.5.3,
we have argued qualitatively that such quantities are likely to be underestimated if
calculated using low-resolution densities 〈ρ〉, such as the ones offered by the BORG
SDSS. In this appendix, we explicitly calculate how much bigger 〈ρ2〉 is than 〈ρ〉2 —
in the sense of a multiplicative Jensen’s gap. Our calculations demonstrate a strong

24As all n-like symbols in the Roman andGreek alphabets are already in use, we use the Phoenician
rootn.
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dependence on Cosmic Web environment.
When the true density field varies over scalesmuch larger than a voxel side lengthL,

such as in sheets or voids, the density field variationwithin a voxel resembles a gradient
from (1− ε) 〈ρ〉 to (1+ ε) 〈ρ〉, where ε ∈ [0, 1]. If the planes of constant density are
parallel to two of the voxel’s faces, we can derive

〈ρ2〉
〈ρ〉2

=
ε2

3
+ 1, so that 1 ≤ 〈ρ2〉

〈ρ〉2
≤ 4

3
. (7.39)

We show the multiplicative Jensen’s gap of Eq. 7.39 in Fig. 7.21 (blue curve).
For a filamentwhose baryon density ismodelledwith an isothermal single-βmodel

(Cavaliere & Fusco-Femiano, 1976, 1978) with β = 2
3 and core radius rc, we have

〈ρ2〉
〈ρ〉2

=

(
R
rc

)4(
1+

(
R
rc

)2)
ln2
(
1+

(
R
rc

)2) , (7.40)

wherewe consider a cylinderwith lengthL and radiusR, whereR is such that the area
of a cylindrical section perpendicular to the axis equals L2, the area of a voxel face.
Thus, R = 1√

πL. We show the multiplicative Jensen’s gap of Eq. 7.40 in Fig. 7.21
(orange curve).

When the true density field varies over scales much smaller than a voxel side length
L, such as in clusters, the ratiobetween themeanof the squareddensity and the square
of the mean density can be much larger than 1. In particular, for a Navarro–Frenk–
White (NFW) profile (Navarro et al., 1996) with scale radius rs,

〈ρ2〉
〈ρ〉2

=
1−

(
rs

rs+R

)3
9
( rs
R

)3 (ln rs
rs+R + 1− rs

rs+R

)2 . (7.41)

where we consider a sphere with radius R, where R is such that the volume of the
sphere is equal to the volume of the voxel: R =

( 3
4π

) 1
3 L. We show the multiplicative

Jensen’s gap of Eq. 7.41 in Fig. 7.21 (red curve). In the limit rs
R → ∞, ⟨ρ

2⟩
⟨ρ⟩2 →

4
3 .
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The history of astronomy is a history of receding horizons.
Edwin P. Hubble, American astronomer, The Realm of the Nebulae (1936)

8
Constraining the giant radio galaxy

population with machine
learning–accelerated detection and

Bayesian inference
R. I. J.Mostert,M. S. S. L.Oei, B. Barkus, L.Alegre,M. J.Hardcastle, K. J.Duncan,H. J. A.Röttger-
ing, R. J. vanWeeren, M. Horton— Astronomy & Astrophysics, submitted

Abstract
Context Large-scale sky surveys at low frequencies, like the LOFAR Two-metre
Sky Survey (LoTSS), allow for the detection and characterisation of unprecedented
numbers of giant radio galaxies (GRGs, or ‘giants’). This, in turn, enables us to study
giants in a cosmological context. A tantalising prospect of such studies is a measure-
ment of the contribution of giants to cosmicmagnetogenesis. However, finding large
GRG samples requires the creation of radio–optical catalogues for well-resolved ra-
dio sources and a suitable statistical framework to infer intrinsic GRG population
properties.

Aims By automating the creation of radio–optical catalogues, we aim to expand
significantly the census of known giants. With the resulting sample and a forward
model mindful of selection effects, we aim to constrain their intrinsic length distri-
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bution, number density, and lobe volume-filling fraction (VFF) in the Cosmic Web.

Methods We combine five existing codes into a single machine learning–driven
(ML) pipeline that automates radio source component association and optical host
identification for well-resolved radio sources. We create a radio–optical catalogue for
the entire LoTSSData Release 2 (DR2) footprint and subsequently select all sources
that qualify as possible giants. We combine the list of ML pipeline GRG candidates
with an existing list of LoTSSDR2 crowd-sourcedGRGcandidates and visually con-
firm or reject all members of the merged sample. To infer intrinsic GRG properties
from GRG observations, we develop further a population-based forward model and
constrain its parameters using Bayesian inference.

Results Roughly half of all radio sources that our ML pipeline identifies as gi-
ants (of at least lp,GRG := 0.7 Mpc long) indeed turn out to be upon visual inspec-
tion, whereas the success rate is one in eleven for the previous best giant-finding ML
technique in the literature. We confirm 5, 596 previously unknown giants from the
crowd-sourced LoTSS DR2 catalogue and 2, 592 previously unknown giants from
theMLpipeline. Our confirmations anddiscoveries bring the total numberof known
giants to at least 11, 524. Our forward model for the intrinsic GRG population is
able to provide a good fit to the data. Our posterior indicates that the projected
lengths of giants are consistent with a curved power law probability density func-
tion whose initial tail index ξ(lp,GRG) = −2.8 ± 0.2 changes by Δξ = −2.4 ± 0.3
over the interval up to lp = 5 Mpc. We predict a comoving GRG number den-
sity nGRG = 13 ± 10 (100 Mpc)−3, close to a current estimate of the number den-
sity of luminous non-giant radio galaxies. With the projected length distribution,
number density, and additional assumptions, we derive a current-dayGRG lobeVFF
VGRG−CW(z = 0) = 1.1± 0.9 · 10−5 in clusters and filaments of the Cosmic Web.

Conclusions Wehave created a state-of-the-artML-accelerated pipeline for find-
ing giants, whose complex morphologies, arcminute extents, and radio-emitting sur-
roundings pose challenges. Our data analysis suggests that giants are more common
than previously thought. More work is needed to make estimates of the GRG lobe
VFF reliable, but the first results indicate that it is possible that magnetic fields origi-
nating from giants permeate significant (∼10%) fractions of today’s Cosmic Web.

Key words: Surveys – Methods: data analysis – Catalogues – Galaxies: active – Ra-
dio continuum: galaxies
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8.1 Introduction

Recent radio Stokes-I imaging and rotationmeasure observations show that filaments
of the CosmicWeb are magnetised (e.g. Govoni et al., 2019; de Jong et al., 2022; Car-
retti et al., 2023) with B ∼ 100–102 nG (e.g. Vazza et al., 2021a). However, the origin
of thesemagnetic fields remainshighlyuncertain. In aprimordialmagnetogenesis sce-
nario (e.g. Subramanian, 2016), the seeds of intergalacticmagnetic fields canbe traced
to the Early Universe. This scenario is not problem-free: primordial magnetic fields
that arise before the end of inflation are typically too weak to match observations,
while fields that arise after inflation (but before recombination) typically have coher-
ence lengths that are too small. Alternatively, in an astrophysical magnetogenesis sce-
nario, the seeds of intergalacticmagnetic fields are predominantly spread by energetic
astrophysical phenomena in the more recent Universe, such as radio galaxies (RGs)
and supernova explosion driven winds (e.g. Vazza et al., 2017). In this latter scenario,
giant radio galaxies (GRGs, or ‘giants’) may play a significant role in the magnetisa-
tion of the intergalactic medium (IGM), as their associated jets can carry magnetic
fields of strength B ∼ 102 nG from host galaxies to cosmological, megaparsec-scale
distances (e.g. Oei et al., 2022a).
Efforts to measure the contribution of giants to astrophysical magnetogenesis in

filaments of the Cosmic Web have only recently begun, with the advent of system-
atically processed, sensitive, low-frequency sky surveys such as the Low Frequency
Array (LOFAR; van Haarlem et al., 2013) Two-metre Sky Survey (LoTSS; Shimwell
et al., 2017). By carrying out a manual search for giants in LoTSS DR2 (Shimwell
et al., 2022) pipeline products and a subsequent statistical analysis, Oei et al. (2023a)
inferred a key statistic: the volume-filling fraction (VFF) of GRG lobes within clus-
ters and filaments of the Local Universe, VGRG−CW(z = 0). However, considerable
uncertainty remains as to its precise value, which requires inference of both the in-
trinsic GRG length distribution and the intrinsic GRG number density, as well as
information about the typical shape of GRG lobes.

As the number of observed radio galaxies rapidly increases with decreasing angu-
lar length, the time taken, as part of the manual process of associating radio source
components and identifying optical host galaxies, logically increases. Machine learn-
ing (ML)–based techniques have the potential to massively accelerate the detection
of specific radio sources, to complement or eventually replace manual searches (e.g.
Proctor, 2016; Gheller et al., 2018; Lochner & Bassett, 2021; Mostert et al., 2023).
The potential for detecting GRGswas demonstrated byDabhade et al. (2020a), who
visually inspected the 1, 600 ML-predicted GRG candidates of Proctor (2016) and
thereby discovered 151 giants. By combiningmultipleML-based and rule-based algo-
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rithms that automate both the radio component association process and the optical
host identification process into a single pipeline, we aim to improve upon the 9%
precision achieved by the ML-predictions of Proctor (2016).

In the current work, we construct a LoTSSDR2GRG sample of unparalleled size,
by combining results fromamanual visual search (Oei et al., 2023a), a citizen science–
based visual search (Hardcastle et al., 2023), and amachine learning–accelerated search
(this article; Sect. 8.4). With a definitive LoTSS DR2 GRG sample in hand, we re-
fine the Bayesian forward model presented in Oei et al. (2023a), and finally constrain
several key geometric quantities pertaining to giants.

In Sect. 8.2, we briefly recap, generalise, and enrich the statistical GRG geometry
theory of Oei et al. (2023a). In Sect. 8.3, we introduce the LoTSSDR2 data in which
we search for giants. In Sect. 8.4, we describe the methods that we use to build our
definite LoTSS DR2GRG sample, and explain howwe use the theory of Sect. 8.2 in
practice to infer GRG quantities of interest. In Sect. 8.5, we present our findings re-
garding the projected proper length distribution for giants, their comoving number
density, and their instantaneous lobe volume-filling fraction (VFF) in clusters and
filaments of the Cosmic Web. In Sect. 8.6, we discuss caveats of the current work,
compare our results with previous results, and propose promising directions for fu-
ture work, before we conclude in Sect. 8.7.

Weassumeaflat, inflationaryΛCDMmodelwithparameters adopted fromPlanck
Collaboration et al. (2020); i.e. h = 0.6766, ΩBM,0 = 0.0490, ΩM,0 = 0.3111,
ΩΛ,0 = 0.6889, whereH0 := h · 100 km s−1 Mpc−1. We define giants as radio galax-
ies with a projected proper1 length lp ≥ lp,GRG := 0.7 Mpc. We define the spectral
index α such that it relates to flux density Fν at frequency ν as Fν ∝ να; under this
convention, most radio spectral indices are negative.

8.2 Theory

To infer the intrinsic length distribution, number density, and lobe volume-filling
fraction of giants, we use a Bayesian forward modelling approach that incorporates
selection effects. We adopt the framework described in Oei et al. (2023a), but gener-
alise a few key formulae. Furthermore, in a change that allows for the extraction of
tighter parameter constraints from the data, we now predict joint projected proper
length–redshift histograms rather than projected proper length distributions.

1In Cosmic Web filament environments, where giants appear most common (Oei et al., in prep.),
lobes may expand along the Hubble flow, rendering their proper and comoving extents different. To
avoid ambiguity, we stress that our projected lengths are proper instead of comoving. A less precise
synonym for ‘projected proper length’ often found in the literature is ‘largest linear size’ (LLS).
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8.2.1 RG total and projected proper lengths

The central geometric quantity predicted by models of radio galaxy evolution (e.g.
Turner&Shabala, 2015;Hardcastle, 2018) is, simply, theRG’s intrinsic proper length
l. Once the probability distribution of the intrinsic proper length random variable
(RV) L is known, one can estimate other geometric quantities of interest, such as the
VFF of RG lobes in the Cosmic Web. However, for the vast majority of observed
RGs only a projected proper length lp is available, as accurate measurements of jet
inclination angles θ are currently challenging. In order to fit statistical models to data
from surveys such as LoTSS DR2, models should therefore predict the distribution
of the projected proper length RV Lp.

8.2.2 GRG projected proper length: general

We now show, first without adopting a specific parametric form for the distribution
of L, how the cumulative density function (CDF) and probability density function
(PDF) of theGRGprojected proper lengthRVLp |Lp ≥ lp,GRG can be calculated. In
particular, suppose that L has support from some length lmin ≥ 0 onwards. It holds
that Lp = L sin Θ, where Θ is the inclination angle RV. Assuming that— at least on
cosmological scales — all RG orientations in three dimensions are equally likely, the
CDF of Lp relates to the PDF of L via

FLp(lp) =


0 if lp ≤ 0;

1−
´∞
lmin

√
1−

(
lp
l

)2
fL(l) dl if 0 < lp ≤ lmin;

1−
´∞
lp

√
1−

(
lp
l

)2
fL(l) dl if lp > lmin.

(8.1)

We note that, in the usual scenario lmin = 0, the second case disappears. Equation 8.1
generalises Eq. A.8 fromOei et al. (2023a); its derivation closely follows the one pre-
sented there.

The CDF of the GRG projected proper length RV Lp | Lp ≥ lp,GRG is

FLp | Lp≥lp,GRG(lp) =


0 if lp < lp,GRG;

1−
´∞
lp

√
1−

( lp
l

)2
fL(l) dl

´∞
lp,GRG

√
1−

(
lp,GRG

l

)2
fL(l) dl

if lp ≥ lp,GRG.
(8.2)
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This result follows from combining Eq. 8.1 and Eq. A.12 fromOei et al. (2023a).2 As
PDFs follow fromCDFsbydifferentiation, wefind that the PDFs ofLp andLp |Lp ≥
lp,GRG relate as

fLp | Lp≥lp,GRG(lp) =


0 if lp < lp,GRG;

fLp (lp)

´∞
lp,GRG

√
1−

(
lp,GRG

l

)2
fL(l) dl

if lp ≥ lp,GRG. (8.3)

We note that, throughout the support of Lp | Lp ≥ lp,GRG, fLp | Lp≥lp,GRG(lp) and
fLp(lp) are directly proportional — the quantity in the denominator of Eq. 8.3 is
merely a normalisation constant.3
To find fLp(lp) if lp > lmin, it can be helpful to perform a change of variables. By

defining η := l
lp , we rewrite

FLp(lp) = 1− lp
ˆ ∞

1

√
1− 1

η2
fL(lpη) dη if lp > lmin. (8.5)

This form has the advantage that —within the integral — lp occurs only in the inte-
grand, whereas the form of Eq. 8.1 features lp in both the integrand and in the lower
integration limit. By differentation,

fLp(lp) =−
ˆ ∞

1

√
1− 1

η2
fL(lpη) dη

− lp
ˆ ∞

1

√
1− 1

η2
dfL(lpη)
dlp

dη if lp > lmin. (8.6)

To arrive at concrete expressions for theGRGprojectedproper lengthPDFofEq. 8.3,
we must choose a specific parametric form for the distribution of L or Lp.

8.2.3 GRG projected proper length: curved power law

Oei et al. (2023a) have shown that models that assume a Paretian tail for the RG in-
2We have also assumed that lp,GRG > lmin, which is the obvious case to consider.
3This is an example of a more general rule: for any RV X,

fX | X≥y(x) =

{
0 if x < y;
fX(x)

1−FX(y) if x ≥ y.
(8.4)
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trinsic proper length distribution, and that include angular and surface brightness
selection effects, can tightly reproduce the observed GRG projected proper length
distribution. ThePDFof a Pareto-distributedRV is a simple power law,which is fully
specified by a lower cut-off lmin and a tail index ξ. However, there is a good reason to
believe that the true GRG projected proper length PDF deviates from simple power
lawbehaviour. The trueRGprojectedproper lengthPDF fLp will peak around a value
set by the typical jet power, environment, lifetime, and inclination angle (amongst
other properties). Below this value, fLp will necessarily be an increasing function of
lp; above this value, fLp will be a decreasing function.4 As giants embody the large-
length tail of the distribution of Lp, it is likely that the slope of fLp | Lp≥lp,GRG(lp) at
least somewhat decreases (i.e. steepens) as lp increases — even in log–log space.
To remain close to the seemingly effective Pareto assumption of Oei et al. (2023a),

we assume in this work that, at least for lp ≥ lp,GRG, the RG projected proper length
PDF is a curved power law:

fLp(lp) ∝
(

lp
lp,GRG

)ξ(lp)

if lp ≥ lp,GRG, (8.7)

where the exponent

ξ(lp) := ξ(lp,1) +
lp − lp,1
lp,2 − lp,1

(
ξ(lp,2)− ξ(lp,1)

)
(8.8)

is a linear function of lp. As long as lp,1 6= lp,2, both projected proper length con-
stants can be chosen arbitrarily; however, lp,1 := lp,GRG seems to be a natural choice.
Adopting this choice, and defining Δξ := ξ(lp,2)− ξ(lp,1), leads to the final exponent
formula

ξ(lp) = ξ(lp,GRG) +
lp − lp,GRG
lp,2 − lp,GRG

Δξ. (8.9)

We adopt ξ(lp,GRG) and Δξ as two parameters of our model. We furthermore choose
lp,2 := 5 Mpc, which is close to the largest currently known radio galaxy projected
proper length (Oei et al., 2022a, 2023a). Being the first-order Taylor polynomial of
an arbitrary function ξ(lp) at lp,GRG, Eq. 8.8 represents a natural generalisation of the
constant tail index assumption ofOei et al. (2023a). In particular, ifmodel parameter
Δξ = 0, we recover the earlier Paretian model.
By the same reasoning as before, we find that if the RG projected proper length
4This line of reasoning implicitly assumes that the distribution of Lp is unimodal.
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PDF is a curved power law for lp ≥ lp,GRG, then the GRG projected proper length
PDF is also a curved power law over this range:

fLp | Lp≥lp,GRG(lp) ∝
(

lp
lp,GRG

)ξ(lp)

if lp ≥ lp,GRG. (8.10)

The factors required to normalise fLp(lp) and fLp | Lp≥lp,GRG(lp) can be obtained nu-
merically.

WhereasOei et al. (2023a)parametrised fL(l) andderived fLp(lp) and fLp | Lp≥lp,GRG(lp),
we now parametrise fLp(lp) and derive only fLp | Lp≥lp,GRG(lp). It is possible to start
modelling at the level of fL(l), also in the context of curved power law PDFs, but
the resulting expressions for fLp(lp) and fLp | Lp≥lp,GRG(lp) become tedious and rather
uninsightful. For simplicity, we therefore choose to parametrise fLp(lp); we explore
the alternative set-up in Appendix 8.A1.

8.2.4 GRG observed projected proper length

Equation 8.10 describes a distribution of GRG projected proper lengths in the ab-
sence of observational selection effects. Unfortunately, this distribution cannot be
directly tested againstGRG samples obtained from surveys, which are always affected
by selection. For a thorough description and derivation of selection effect modelling
in the context of our framework, we refer the reader to Sect. 2.8 andAppendix A.8 of
Oei et al. (2023a); here, we shall only briefly introduce the expressions thatwe require.
A key result, adopted from Eq. 21 of Oei et al. (2023a), is that the GRG observed

projected proper length RV Lp,obs | Lp,obs ≥ lp,GRG can be expressed as

fLp,obs | Lp,obs≥lp,GRG(lp) =

0 if lp < lp,GRG;
C(lp)fLp(lp)´∞

lp,GRG
C(l′p)fLp(l′p) dl′p

if lp ≥ lp,GRG,
(8.11)

where C(lp) = C(lp, zmax) is the completeness function. More precisely, C(lp, zmax)

denotes the fraction of all RGs with projected proper length lp in the volume up to
cosmological redshift zmax that is detected and identified through the survey consid-
ered— in this work, this will be LoTSSDR2. The repeated factors in numerator and
denominator reveal that, in order to compute fLp,obs | Lp,obs≥lp,GRG(lp), we need to know
fLp(lp) for lp ≥ lp,GRG only— andwithin this range up to a constant only. More con-
cerningly, we also see that selection effects that reduce the completeness by the same
factor for all lp ≥ lp,GRG leave no imprint on fLp,obs | Lp,obs≥lp,GRG(lp). Therefore, such
selection effects cannot be constrained by a GRG observed projected proper length
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analysis alone.
Under the assumption that the RG projected proper length PDF fLp(lp) does not

evolve between redshifts z = zmax and z = 0, the completeness function becomes

C
(
lp, zmax

)
=

´ zmax
0 pobs

(
lp, z
)
r2 (z)E−1 (z) dz´ zmax

0 r2 (z)E−1 (z) dz
, (8.12)

where the observing probability pobs(lp, z) is the probability that an RG of projected
proper length lp at redshift z is detected by a survey and its subsequent analysis steps
(such as the machine learning pipeline considered in this work), r denotes comoving
radial distance, and E(z) is the dimensionless Hubble parameter5. The appropriate
form of pobs(lp, z) is determined by the selection effects relevant to the survey of in-
terest and its analysis.

In this work, we will consider GRG lobe surface brightness selection, which at
present renders part of the GRG population inherently undetectable (on an individ-
ual level, at least), and selection by limitations of our analysis steps, which causes in
principle detectable giants to evade sample inclusion. We describe the former effect
parametrically, and determine the latter effect empirically. The effects yield functions
pobs,SB(lp, z) and pobs,ID(lp, z), respectively, which then combine to form a single ob-
serving probability function through

pobs(lp, z) = pobs,SB(lp, z) · pobs,ID(lp, z). (8.14)

Selection effects: surface brightness limit

RG lobes whose surface brightnesses are lower than some threshold value bν,th, which
typically equals the survey noise level σ times a low factor of order unity, cannot be
detected. Following Sect. 2.8.3 ofOei et al. (2023a), wemodel surface brightness (SB)
selection by assuming that the lobe surface brightnessesBν(ν, l, z) at ν = νobs of radio
galaxies of intrinsic proper length l = lref that reside at redshift z = 0 are lognormally
distributed. More precisely, we parametrise Bν(νobs, lref, 0) = bν,ref S, where bν,ref is
the median SB, and S is a lognormally distributed RV with median 1 and dispersion

5In a flat FLRW universe, the dimensionless Hubble parameter E is

E (z) :=
H (z)
H0

=

√
ΩR,0 (1+ z)4 +ΩM,0 (1+ z)3 +ΩΛ,0. (8.13)

413



parameter σref. The observing probability due to SB selection then is

pobs,SB
(
lp, z
)
=

ˆ ∞

smin

√
1−

( smin

s

)− 2
ζ fS (s) ds; (8.15)

smin =
bν,th
bν,ref

(
lp
lref

)−ζ

(1+ z)3−α ; (8.16)

fS (s) =
1√

2πσrefs
exp
(
− ln2 s
2σ2ref

)
. (8.17)

Here, α is the typical RG lobe spectral index, which we will assume fixed at α = −1.
The exponent ζ determines how the SB distribution scales with projected proper
length lp.

In contrast to the choice made in Oei et al. (2023a), we do not fix ζ = −2, but
rather leave ζ a free parameter which we fit to the data. Deviations from ζ = −2
occur in at least two cases: when giant growth is not shape-preserving, and if the radio
luminosity distributions of giants of different lp are distinct. Dynamical models of
radio galaxies in general predict that both cocoons (e.g. Fig. 4 of Turner & Shabala,
2015) and lobes (e.g. Fig. 9 of Hardcastle, 2018) change shape over time, with a
dependence on jet power. There remains considerable uncertainty as to how shapes
change throughout the giant phase: axial ratio–likemeasures generally show thatRG
lobes become more elongated during growth, but this trend could possibly reverse
for giants, whose lobes might protrude from the clusters and filaments in which they
are born. Simulations suggest that, for such protrusions, the usual constant power
law profile assumptions for the ambient baryon density and temperature break down
(e.g. Fig. 8 ofGheller&Vazza, 2019). If lobes of giantswiden over time, then ζwould
decrease. The second case occurs if the end-of-life lengths of radio galaxies increase
with jet power, so that the subpopulation that survives up to some lp has its jet power
distribution — and thus its radio luminosity distribution — shifted upwards with
respect to subpopulations at smaller lp. This effect, which appears plausible given
models (e.g. Fig. 8 of Hardcastle, 2018), would increase ζ. At present, it seems hard
to predict the net result on ζ of these counteracting effects.

Selection effects: nonidentification

Every current-day survey search method (such as visual inspection by scientists, vi-
sual inspection by citizen scientists, and machine learning–based approaches) will
fail to identify some giants that are in principle identifiable (in the sense that they
lie above the detection threshold set by the noise). For automated approaches, such
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as themachine learning–based approachpresented in thiswork, identification canbe-
come more challenging for larger angular lengths φ: one reason being the increased
number of unrelated, interloping radio sources that cover the solid angle occupied by
the RG. We call the probability that an identifiable RG is indeed identified — and
thus makes it into the final sample— pobs,ID(lp, z).
SaywehaveMmethods to search for giants in the same survey. LetG = {g1, g2, ..., gN}

be the set of all identified giants (so that |G| = N), and let Gi ⊆ G be the subset iden-
tified by method i. Figure 8.1 provides an overview of the set-up. We take lp(g) and
z(g) to mean the projected proper length and cosmological redshift of giant g. To
determine the identification probability pobs,ID,i(lp, z) for method i, we first assume
it to be of logistic form

pobs,ID,i(lp, z) =
1

1+ exp (−(β0,i + βlp,i · lp + βz,i · z))
. (8.18)

We obtain best-fit parameters β̂0,i, β̂lp,i, and β̂z,i by performing binary logistic regres-
sion with two explanatory variables on the set of pairsDi, where

Di :=

([lp(g), z(g)] , I(g ∈ Gi)
)
| g ∈

M⋃
j=1,j̸=i

Gj

 . (8.19)

The first element of each pair is a point in projected length–redshift space, whilst the
second element is 0 or 1: I denotes the indicator function. Qualitatively, Di stores
for each giant in the union of all GRG subsets except Gi its projected length–redshift
coordinates, together with the success or failure of its identification by method i.
The implicit assumption here is that all g ∈

⋃M
j=1,j̸=i Gj are typical examples of

identifiable giants at the relevant projected proper length and redshift. We caution
that this might not be true: giants with a peculiar morphology, or those lying in
parts of the skywhere optical identification is hard (e.g. towards theGalactic Plane or
crowded regions of large-scale structure), may be identifiable in a radio surface bright-
ness sense, but will nonetheless evade sample inclusionmore often than other giants.
As a result, giants that do end up in a sample— such as

⋃M
j=1,j̸=i Gj —will have more

regular morphologies than giants in general and will lie in regions of the sky where
optical identification is easier than for giants in general. Typically, such giants are
also more likely to be found by method i, and as a result our approach will probably
render pobs,ID,i biased high.

Given a set ofM functions {pobs,ID,i(lp, z) | i ∈ {1, 2, ...,M}}, several possibilities
exist to combine them into a single pobs,ID(lp, z). At the minimum, pobs,ID(lp, z) is
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Identifiable

Identified

G = G1 ∪ G2 ∪ G3

G1

G2 G3

Figure 8.1: Schematic of a three-method search for giants. Of all giants in the survey footprint up
to z = zmax, only those for which the lobe surface brightness at the observing frequency νobs is above
detection threshold bν,th are identifiable. G denotes the actually identified set of giants. G1, G2, and G3
are the subsets identified by each method individually. As an example, we shade G2 ∪ G3, which has
overlap with G1, and which can be used to measure pobs,ID,1(lp, z).

given by a point-wise maximum:

pobs,ID(lp, z) = max
i∈{1,2,...,M}

pobs,ID,i(lp, z), (8.20)

which is appropriate if methods tend to find the same identifiable giants — as in our
case.6

8.2.5 GRG number density

The preceding theory allows us to find the intrinsic, comoving number density of gi-
ants, nGRG, if we know the observed number of giants within a solid angle of extentΩ
and in the volume up to zmax,NGRG,obs(Ω, zmax). We assume that, up to this redshift,
nGRG remains constant. We note that we cannot calculate nGRG using Eq. 30 from

6In case methods tend to find independent subsets of identifiable giants,

pobs,ID(lp, z) = 1−
M∏
i=1

(1− pobs,ID,i(lp, z)). (8.21)

We note that it is possible to design methods that find subsets of identifiable giants that have even less
overlap than independent subsets have.
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Oei et al. (2023a): this equation assumes ξ(lp,1) = ξ(lp,2). We derive a more general
expression by first noting that the number of giants observed within a solid angle of
extent Ω in the volume up to zmax and with projected proper lengths between lp and
lp + dlp is

dNGRG,obs(lp,Ω, zmax) =
Ω
4π

nGRG fLp | Lp≥lp,GRG(lp) dlp ·ˆ zmax

0
pobs(lp, z) 4πr2(z)

dr
dz

dz. (8.22)

Because

NGRG,obs(Ω, zmax) =

ˆ ∞

lp,GRG
dNGRG,obs(lp,Ω, zmax), (8.23)

we find— by isolating nGRG — that

nGRG(lp,GRG, zmax) =
H0

c
4π
Ω

NGRG,obs(Ω, zmax) · (8.24)(ˆ ∞

lp,GRG
fLp | Lp≥lp,GRG(lp)

ˆ zmax

0
pobs(lp, z) 4πr2(z) E−1(z) dz dlp

)−1

.

This expression is valid also beyond the context of power law or curved power law
PDFs fLp | Lp≥lp,GRG(lp). We remark that nGRG can depend sensitively on the projected
proper length used to define giants, lp,GRG.

In contrast to the approach of Oei et al. (2023a), in this work we do not calculate
nGRG in a step following inference of the framework’s parameters, but rather include
it as a parameter to be constrained during inference.

8.2.6 GRG lobe volume-filling fraction

To constrain the contribution of giants to astrophysical magnetogenesis, we wish to
know the volume-filling fraction of their lobes in clusters andfilaments of theCosmic
Web. Under the approximation that GRG shapes are independent of their volumes,
we have

VGRG−CW(z = 0) =E[Υp | Lp ≥ lp,GRG] · E[L3
p | Lp ≥ lp,GRG] ·

nGRG · (VCW(z = 0))−1, (8.25)

417



where Υp | Lp ≥ lp,GRG is a random variable denoting the ratio between a giant’s
combined lobe volume and its cubed projected proper length: Υp | Lp ≥ lp,GRG :=
V
L3p

| Lp ≥ lp,GRG. The distribution of Υp | Lp ≥ lp,GRG can be inferred by fitting
geometric models to GRG images, as has been explored in Oei et al. (2022a, 2023b).
VCW(z = 0) denotes the volume-filling fraction of clusters and filaments in the Local
Universe.

8.2.7 GRG angular lengths

An object’s angular length φ, projected proper length lp, and cosmological redshift z
are related through

φ(lp, z) =
lp(1+ z)
r(z)

. (8.26)

Due to the expansion of the Universe, there exists a minimum angular length for ob-
jects of a given projected proper length. If one defines giants as radio galaxies with
projected proper lengths lp ≥ lp,GRG := 0.7Mpc, as in this work, then all giants have
an angular length φ ≥ 1.3′ (Oei et al., 2023a). This fact has important consequences
for GRG search campaigns. At the LoTSS resolution of θFWHM = 6′′, it implies that
giants are always resolved sources, spanning at least 13 resolution elements. Thus, to
model the detectability of giants at this resolution, one must consider their surface
brightness (profiles), rather than their flux densities.

8.2.8 Inference

Finally, we detail how the framework’s six free parameters θ := [ξ(lp,GRG),Δξ, bν,ref,
σref, ζ, nGRG] can be inferred from a dataset containing a projected length and redshift
for each observed giant. In particular, we consider a rectangle in projected proper
length–cosmological redshift parameter space, within which our model assumptions
are expected to hold. We partition this rectangle intoNb equiareal bins of width Δlp
and height Δz. We denote the coordinates of bin i’s centre as (lp,i, zi).
On the data side, we construct a two-dimensional histogram using these bins. The

number of giants found in bin i,Ni, is a random variable with a Poisson distribution:
Ni ∼ Poisson(λi). Its expectation λi depends on the model parameters θ. Assuming
that the {Ni} are independent, the log-likelihood becomes

lnL({Ni} | θ) =
Nb∑
i=1

Ni ln λi(θ)− λi(θ)− ln (Ni!). (8.27)
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The last term on the right-hand side of Eq. 8.27 is the same for all θ, and need not be
calculated if one is interested inL up to a global constant only.7 Following Eq. 8.22,
but avoiding integration over z and assuming narrow bins in both dimensions, we
approximate

λi ≈ nGRGVi · fLp | Lp≥lp,GRG(lp,i)Δlp · pobs(lp,i, zi), (8.29)

where the volume in which the giants of bin i fall,Vi, is

Vi = Ωr2(zi)Δri, with Δri =
c
H0

Δz
E(zi)

. (8.30)

Appendix 8.A2 details a particularly efficient trick to compute the likelihood for a
range of nGRG, whilst leaving the other parameters fixed. By multiplying the likeli-
hood function with a prior distribution, for which we shall choose a uniform distri-
bution, we obtain a posterior distribution over θ—up to a constant.

8.3 Data

We applied our automated radio–optical catalogue creation methods to all total in-
tensity (Stokes-I) maps from LoTSS DR2 (Shimwell et al., 2022).8 The observations
in LoTSS DR2 cover the 120–168MHz frequency range, have a 6′′ resolution, a me-
dianRMS sensitivity of 83μJy beam−1, and a fluxdensity scale uncertainty of approx-
imately 10%. The observations are split into a region centred at 12h45m +44°30′
and a region centred at 1h00m +28°00′; both avoid the Galactic Plane. These re-
gions span 4, 178 and 1, 457 square degrees respectively, and together cover 27% of
theNorthern Sky. The observations consist of 841 partly overlapping pointings with
diameters of 4.0°. The vast majority of the pointings were observed for 8h, all within
the 2014-05-23 to 2020-02-05 time frame.

Apart from the LoTSS DR2 Stokes-I maps, the ML radio catalogue pipeline that
we describe in this manuscript (Sect. 8.4), relies on an infrared-optical source cata-
logue. This catalogue combines the positions, magnitudes and colour information of

7If one includes the term, it only needs to be calculated once. For numerical stability, it is helpful
to note that

−
Nb∑
i=1

ln (Ni!) = −
Nb∑
i=1

Ni∑
j=2

ln j. (8.28)

8LoTSS DR2 is publicly available at https://lofar-surveys.org/dr2_release.html.
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the infrared sources of the unWISE data release (Schlafly et al., 2019) from theWide-
field Infrared Survey Explorer (WISE; Wright et al., 2010), and the optical sources in
the DESI Legacy Imaging Surveys DR9 (Dey et al., 2019).

We tried to maximise the identification of giants pobs,ID within the LoTSS DR2
data. To do so, we complemented the sample of giants detected by our ML pipeline
with all giants in the value-addedLoTSSDR2radio catalogue (Hardcastle et al., 2023).
For large (φ > 15′′) radio components (and thus most giants), the radio source com-
ponent association and most of the optical host identifications of the value-added
LoTSS DR2 radio catalogue, described by Hardcastle et al. (2023), were performed
via a public project named ‘LOFAR Galaxy Zoo’ on Zooniverse. We will thus re-
fer to the value-added LoTSS DR2 radio catalogue as the ‘LGZ catalogue’ and to
the giants in that catalogue as the ‘LGZ giants’. Zooniverse is an online citizen sci-
ence platform for crowd-sourced visual inspection.9 The detailed source component
information provided by the LGZ catalogue allowed us to homogenise the angular
length estimates of our ML pipeline giants and the LGZ giants (see Sect. 8.4.6). We
further complemented our GRG sample with other GRG samples in the literature,
see Sect. 8.4.8.

8.4 Methods

To derive the projected length distribution, number density, and lobe VFF for the
intrinsic population of giants, we followed a two-stage approach. In the first stage,
we gathered all giants that we detected in the LoTSS DR2 Stokes-I images using our
automatic ML pipeline and added all other giants that we found in the LGZ cata-
logue. We re-evaluated and homogenised the source size estimates over the combined
GRG sample, and manually inspected the plausibility of the associated radio source
components and optical/infrared host galaxy. Finally, we merged this GRG sample
with the other GRG samples from the literature. In the second stage, we search for
the most likely parameters for the forward model presented in Sect. 8.2 that describe
the GRG observed projected proper length distribution and the selection effects of
the merged GRG sample. Figure 8.2 shows an overview of our approach.

8.4.1 Radio emission detection

We started out with the publicly available calibrated LoTSS DR2 Stokes-I images
(Shimwell et al., 2022). For each of the 841 pointings, we ran the PyBDSF radio blob
detection software (Mohan & Rafferty, 2015) using the same parameters as used in

9The Zooniverse website is https://zooniverse.org.
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Figure 8.2: Overview of our approach, which consists of two stages. In the first stage we built a GRG
sample, and in the second stage we inferred the properties of the intrinsic GRG population using a
forward model. The brackets indicate the different parts of our approach and mention the sections
containing the corresponding details.
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LoTSS DR2 (Shimwell et al., 2022) — notably, this means that we used a 5σ detec-
tion threshold. Appendix 8.A3 provides the full list of PyBDSF parameters and their
values.

The output we generated consists of a list of radio blobs with their location and
properties. PyBDSF can decompose each radio blob it detects, into one or more 2D
Gaussians. For each radio blob, we also saved the corresponding list of Gaussians.
These Gaussians function as a source model for each radio blob and will be used in
later steps in the ML pipeline.10

8.4.2 Calculating radio to optical/infrared likelihood ratios

For radio sources, the location of the host galaxy on the sky is close to the flux-weigh-
ted centre of the radio source.11 The likelihood ratio method, which exploits this
idea, quantifies the likelihood that a source in one spectral window is the correct
counterpart to a source in another spectral window (e.g. Richter, 1975; de Ruiter
et al., 1977; Sutherland&Saunders, 1992). Williams et al. (2019) used thismethod to
cross-match the unresolved— and some resolved— radio sources of LoTSS DR1 to
a combined catalogue of infrared and optical sources. More specifically, the infrared
sources came fromAllWISE (Cutri et al., 2021), whilst the optical sources came from
thePanoramic SurveyTelescope andRapidResponse System1 (Pan-STARRS1;Cham-
bers et al., 2016)DR13π steradian survey. The likelihood ratio function thatWilliams
et al. (2019) used is a function of the angular distance between the flux-weighted cen-
tre of the radio source and the flux-weighted centre of the optical or infrared source,
the magnitude of the optical or infrared source, and the colour of the optical or in-
frared source. The likelihood ratio function also takes into account uncertainties in
each of these three dependencies.

We adopted the same procedure as detailed byWilliams et al. (2019) to cross-match
our simple radio sources (where ‘simple’ is to be understood as in Sect. 8.4.3) to a
combined catalogue of infrared and optical sources. The infrared sources came from
unWISE (Schlafly et al., 2019), and the optical sourceswere now taken from theDESI
Legacy Imaging Surveys DR9 (Dey et al., 2019), which boasts deeper imagery than
Pan-STARRS1 DR1 used for LoTSS DR1. The unWISE (Schlafly et al., 2019) and
DESI Legacy Imaging Surveys DR9 source catalogues will be used for LoTSS DR2
cross-matching more generally (Hardcastle et al., 2023). Per pointing, we applied the
likelihood ratio method to the full list of radio blobs and to the full list of Gaussians.

10However, as we discuss in Sect. 8.4.6 these source models are not always adequate for extended,
well-resolved radio sources.

11In this context, ‘close’ refers to angular distances comparable to the survey’s resolution.
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Forboth theblobs and theGaussians, we stored the identifier of the optical or infrared
source that produced the highest likelihood ratio, alongside this highest likelihood
ratio itself.

8.4.3 Sorting radio emissionwith a gradient boosting classifier

Most radio sources that consist of a single radio blob (mostly unresolved or barely re-
solved radio sources) can be cross-matched using the likelihood ratio method. How-
ever, some resolved radio sources, and certainly most resolved giant radio galaxies,
consist of multiple radio blobs, and thus require radio blob association and cannot
be cross-matched using the likelihood ratio alone. To separate the simple from the
complex radio blobs in LoTSS DR1, a considerable amount of visual inspection was
applied (Williams et al., 2019). For LoTSS DR2, Alegre et al. (2022) trained a gradi-
ent boosting classifier (GBC; Breiman, 1997; Friedman, 2001) to classify radio blobs
as either ‘simple’ or ‘complex’ based on the properties of the radio blobs, the prop-
erties of the Gaussians fitted to these blobs, the likelihood ratios for each, and the
distance to and properties of the nearest neighbours.

We adopted the procedure of Alegre et al. (2022) and use their trained GBC to
separate the simple radio blobs from those that require radio component association
beyond PyBDSF’s capabilities and/or optical host identification beyond the scope of
the likelihood ratiomethod as describedby Sutherland&Saunders (1992). We expect
most giant radio galaxies to fall in the latter case.

8.4.4 Associating radio emission into radio sources

We proceeded with automatic radio source component association for the complex
radio blobs. Following the procedure laid out by Mostert et al. (2022), for each of
these radio blobs, we created a 300′′×300′′ LoTSSDR2 image cutout centred on the
radio blob. Next, a Fast region-based convolutional neural network (Fast R-CNN;
Girshick, 2015), adapted and trained for this purpose by Mostert et al. (2022), was
applied to these cutouts to predict which (if any) other radio blobs — whether they
be complex or simple— should be associated to the centred radio blob for it to form
a single physical radio source. For example, the two lobes of an RG, each represented
by a radio blob, might be associated together to form a single physical radio source.
Due to the fixed 300′′ × 300′′ image size for which the Fast R-CNNwas trained, we
expectmost radio sources that are associated in our pipeline to have an angular length
φ < 424′′.12

12If predicted associations from neighbouring cutouts have an overlapping radio blob, the associ-
ations will be merged. For example: in cutout 1 lobe A and core B are associated and in cutout 2

423



The result is a radio source catalogue in which some of the radio blobs have been
merged, and a component catalogue that lists for each radio blob to which radio
source it belongs. The radio and the component catalogue were completed by ap-
pending to them the remaining list of simple radio blobs.

8.4.5 Optical or infrared host galaxy identification

Barkus et al. (2022) created a method to identify an extended radio source’s optical
or infrared host. The method described by Barkus et al. (2022) takes the radio mor-
phology into account by drawing a ridgeline along the regions of high flux density.
The method continues with the application of the likelihood ratio method to quan-
tify which pairs of host galaxy candidates and radio sources are a plausible match.
The likelihood ratio LR used in this context follows Eq. 1 of Sutherland & Saunders
(1992), with the slight simplificationof having the latter’s dependence on two angular
offsets replaced by a dependence on a radial angular offset only:

LR =
q(m, c)f(r)
n(m, c)

, (8.31)

where q(m, c) is a prior on the magnitudem and colour c of the optical host, f(r) is
a function of the angular offset between the optical centroid and the radio centroid,
and n(m, c) normalises for the number density of optical sources with a certain mag-
nitudem and colour c in the catalogue used for the cross-matching.
To adapt the likelihood ratio for use in the case of extended radio sources, Barkus

et al. (2022) implemented thedifferent components of the ratio as follows. Forn(m, c),
Barkus et al. (2022) estimated the probability density overm and c for a distribution
of 50, 000 randomly sampled sources from a combined Pan-STARRS–AllWISE cat-
alogue in the region of the sky that overlapped with LoTSS DR1. For q(m, c), they
estimated the probability overm and c for sources from the combinedPan-STARRS–
AllWISE catalogue that were manually selected to be the most likely optical/near-
infrared host for a sample of 950 radio sourceswith angular lengthφ > 15′′. For both
n(m, c) and q(m, c), theAllWISEW1magnitudeswere used form, the Pan-STARRS
i-band magnitudes minus the AllWISE W1 magnitudes were used for colour c, and
the PDF was formed using a 2D kernel density estimator (KDE; e.g. Pedregosa et al.,
2011) with a Gaussian kernel and a bandwidth of 0.2. For extended asymmetric or
bent radio galaxies, the optical host is not likely to be found at the radio centroid.

core B and lobe C are associated, then the set (lobe A, core B, and lobe C) will enter the catalogue as
a single radio source. Thereby creating the possibility of detecting radio sources with angular length
φ > 424′′.
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Thus, Barkus et al. (2022) proposed f(r) to be a function of both the distance be-
tween the radio centroid and the optical source ropt,centroid and the smallest distance
between the optical source and a ridgeline fitted to the radio source ropt,ridge. Specifi-
cally,

f(r) = fridge(ropt,ridge) · fcentroid(ropt,centroid), (8.32)

with

fridge(ropt,ridge) =
1

2πσ2r
e
−r2opt,ridge

2σ2r , (8.33)

and

fcentroid(ropt,centroid) =
1

2πσ2c
e
−r2opt,centroid

2σ2c , (8.34)

where σ2r = σ2opt + σ2radio + σ2astr and the chosen value for the astrometric uncertainty
σastr is 0.2′′, the optical position uncertainties σopt are taken from the optical catalogue
(generally ∼0.1′′), the radio position uncertainty σradio is fixed to 3′′, and the uncer-
tainty in the centroid position σc is empirically estimated at 0.2 times the length of
the considered radio source. The parameters in fridge are expressed in arcsec and those
in fcentroid as a fraction of the radio source length. For the 30 optical sources closest to
the radio ridgeline Barkus et al. (2022) calculate the value of LR, whereby the optical
source with the highest LR value is considered to be the most likely host galaxy.

We use the method by Barkus et al. (2022) but propose three minor adaptations.
First, we introduce explicit regularisation for q(m, c) and n(m, c). As the PDF esti-
mates for q(m, c) and n(m, c) are 2D KDEs over sampled (m, c)-distributions, the
parts of the (m, c)–parameter space that are sparsely sampled can lead to probabili-
ties that are effectively zero when the realistic theoretical probability should be small
but non-zero. Through the q/n-fraction in Eq. 8.31, the resulting values of LR in
the sparsely sampled parts of the (m, c)–parameter space blow up to unrealistic large
values or collapse to almost 0 (see Fig. 8.12). In practice, these unsampled parts of
parameter space are almost never visited by new sources for which we calculate LR.
Even so, we add a constant factor to the KDE estimate of q and n to get more robust
LR values (see Fig. 8.13) and to express the model uncertainties in our functions of
q and n. Using 10-fold cross-validation, we empirically select the bandwidths for the
KDEs leading to q and n to be 0.4. Second, we propose an alternate form of f(r).
For giants, f(r) is rarely dominated by errors in the position of the optical source or
that of the radio source. As ropt,centroid and ropt,ridge are slightly correlated, multiplica-
tion of fridge(ropt,ridge) and fcentroid(ropt,centroid) underestimates the chance of low values
of ropt,centroid or ropt,ridge. Therefore, we combine ropt,centroid and ropt,ridge into a single
parameter rmean that is themean of the two distance parameters. Furthermore, we ob-
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serve that the empirical distributions of ropt,centroid, ropt,ridge and rmean for a sample of
radio sources with angular length> 1′ Aradio,opt for which optical counterparts were
determined via visual inspection do not follow a normal distribution as assumed by
Barkus et al. (2022) but rather a lognormal distribution (see Fig. 8.14). Instead of es-
timating the values of the different error components (astrometric error, error in op-
tical position, error in radio position) we use the empirical values of the distribution
of f(r) for the sources in Aradio,opt; see Appendix 8.A4 for details. Third, we replaced
the Pan-STARRS1DR1 catalogue (fromwhich colour cwas derived) with the DESI
Legacy Imaging Surveys DR9 catalogue, as the latter goes up to an i-bandmagnitude
of 24.

We applied the modified ridgeline method to all radio sources in our pipeline cat-
alogue with angular lengths larger than 1′ and brighter than 10 mJy. We limit the
ridgeline procedure to these sources to save time, as the procedure takes multiple sec-
onds per radio source.

After detecting the optical host galaxies for our radio sources, we checked for corre-
sponding spectroscopic redshift estimates fromSDSS (VizieRcatalogueV/147/sdss12,
Ahn et al., 2012), or if not available, for photometric redshift estimates from DESI
(VizieR catalogue VII/292, Duncan, 2022). The SDSS catalogue also provides us
with velocity dispersions and a quasar flag. The DESI VizieR catalogue includes a
flag (fclean= 1) that indicates that the optical source used for the photometric red-
shift prediction is free from blending or image artefacts. The catalogue also includes
a column (pstar) that estimates how likely it is that the optical source is a star based
on its colours. We discard all sources in both the pipeline catalogue and the LGZ
catalogue for which either fclean 6= 1 or pstar> 0.2.

8.4.6 Re-assessing angular source lengths

Next, we proceeded to re-assess the angular source lengths, for both the radio cata-
logue created using the ML pipeline and those reported by the LGZ catalogue de-
scribed by Hardcastle et al. (2023). Up to this point, the angular source lengths in
both catalogues are the full width at halfmaximum (FWHM)of the combinedGaus-
sian components that make up a source, if the source is only composed of a single ra-
dio blob. If the radio source is composed of multiple radio blobs, the reported size is
the distance between the two furthest removed points on a convex hull that encloses
the FWHMs of the blobs that make up the radio source. However, in the literature,
the length of a giant is often reported to be themaximumdistance between the signal
of a radio source that exceeds three times the image noise σ.
To get the 3σ angular lengths, we applied five steps to all sources in both catalogues
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Figure 8.3: Four panels, depicting the re-evaluation of the angular length of radio source
ILTJ130738.79+270355.1. Panel A) shows the initial cutout, B) shows the removal of neighbouring
sources, C) the masking of emission outside a convex hull based on the old source length, D) shows
the emission that is left after masking all emission below 3 times the local noise σ. The red dashed line
shows the convex hull around the left-over emission, and the red points indicate the furthest removed
points on this convex hull. The distance between these points yields the 3σ angular length.

with a reported angular length φ > 1′. First, we created a square image cutout with a
width and height equal to 1.5 times the old angular source length. Second, we mask
all neighbouring radio emission. Third, wemask all emission outside an ellipse with a
major axis that is the old source length, and aminor axis that is 1.1 times the old source
width or a quarter of the old source length if that value is bigger. These numbers
are a result of the observation that, with respect to the 3σ angular lengths, the old
lengthswere almost always significantly overestimated, while the sourcewidth tended
to be underestimated. Fourth, we mask all remaining emission that is below 3 times

427



the local noise. Fifth, we fitted a convex hull around the remaining emission and
determined the distance between the points on this convex hull that were farthest
apart. See Fig. 8.3 for an illustrative example.
The entire process from source detection (Sect. 8.4.1) to source list with optical

identifications and updated angular lengths (this subsection) took roughly half an
hour to one hour per LoTSS DR2 pointing, depending on the detected number of
sources. Each pointing can be processed independently, which allowed us to spread
the processing of all 841 LoTSSDR2pointings over 5 nodes of a heterogeneous com-
puter cluster with 80 physical CPU cores in total for three to four days.

Finally, for both the ML pipeline and LGZ catalogues, we calculate the projected
proper lengths using the 3σ angular lengths and the redshift estimates corresponding
to each source, and discard all sources that do not meet the lp ≥ lp,GRG = 0.7 Mpc
GRG criterion. For the ML pipeline catalogue, we discarded all internally duplicate
GRG candidates using a 1′ cone search. The LGZ catalogue did not contain any in-
ternal duplicates. That left us with 7, 001 GRG candidates in the pipeline catalogue
and 7, 044 GRG candidates in the LGZ catalogue.

8.4.7 Manual verification of obtained GRG sample

The following step we took in the creation of our GRG sample, was a manual vi-
sual inspection of all giant candidates. For the LGZ giant candidates, as described by
Hardcastle et al. (2023), at least five different volunteers already inspected the radio
and corresponding optical emission. The purpose of our manual visual inspection
was therefore to exclude only those sources where either the radio component associ-
ation or the host identificationwas obviously incorrect. For each giant, a single expert
looked at a panel showing the giant with its neighbouring sources masked and most
neighbouring emission masked (akin to panel C in Fig. 8.3) and a panel showing the
giant in its wider context (akin to panel A in Fig. 8.3); additionally, the location of the
optical host was indicated. We sorted the GRG candidates into three categories: can-
didates that looked reasonable, candidates that clearly missed (or included toomany)
significant radio components, and candidates that showed a very unlikely host galaxy
location. For the ML pipeline giant candidates, we initially followed the same proce-
dure as for the LGZ giant candidates. To make visual inspection feasible, we skipped
the 4, 272 ML pipeline giant candidates that overlapped with the verified LGZ gi-
ants. After inspecting the ML pipeline giant candidates once, we subjected all giants
that were not rejected to a second round of visual inspection. The second round was
aided by inspecting LoTSS DR2 radio contours over a Legacy Survey DR9 (g, r, z)
image cube, where sources from the combined optical–infrared catalogue within the
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field of view were highlighted.
For the LGZ catalogue, we judged 6, 550 (93%) GRG candidates to be without

issues, 389 (6%) to have radio component issues, and 105 (1%) to have been assigned
an unlikely host galaxy. For the 5, 864 (unique) ML pipeline giant candidates, we
judged 2, 722 (47%) candidates to bewithout issues, 1, 963 (33%) to have radio com-
ponent issues, and 1, 179 (20%) to have been assigned an unlikely host galaxy. From
the 6, 550 LGZ giants, we find 5, 596 of those to be newly discovered (not appearing
in previous literature), and for the 2, 722 ML pipeline giants, we find 2, 592 to be
newly discovered.

Qualitatively, from the visual inspection, we noticed that the verifiedML pipeline
GRG sample contained more symmetric giants with colinear jets, while the verified
LGZ GRG sample contained more giants with complex, bent structures indicative
of interaction with the IGM. The ML pipeline did also detect giants with complex
structures, but was often unable to fully separate them from all neighbouring unre-
lated emission. An in-depth comparison between the ML pipeline and LGZ GRG
samples is beyond the scope of this work. Figures 8.4 and 8.5 each show six exam-
ples of previously unknowngiants found throughourML-based approach. Through
cutouts covering 3′ × 3′, Fig. 8.4 shows angularly compact giants; through cutouts
covering 6′ × 6′, Fig. 8.5 shows more angularly extended specimen.
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Figure 8.4: LoTSS DR2 cutouts at central observing frequency νobs = 144 MHz and resolu-
tion θFWHM = 6′′, centred around the hosts of newly discovered giants. Each cutout covers a
solid angle of 3′ × 3′. Contours signify 3, 5, and 10 sigma-clipped standard deviations above
the sigma-clipped median. For scale, we show the stellar Milky Way disk (with a diameter of
50 kpc) generated using the Ringermacher & Mead (2009) formula, alongside a 3 times inflated ver-
sion. Each DESI Legacy Imaging Surveys DR9 (g, r, z) inset shows the central 1′ × 1′ square re-
gion. As all giants obey φ ≥ 1.3′, they must — if not oriented along one of the square’s diag-
onals — necessarily protrude from this region. Rowwise from left to right, from top to bottom,
these giants are ILTJ000212.45+222116.2, ILTJ001115.77+220316.6, ILTJ001350.25+324530.8,
ILTJ001831.84+322247.7, ILTJ003025.90+334729.2, and ILTJ003534.45+221937.8.
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Figure 8.5: LoTSS DR2 cutouts at central observing frequency νobs = 144 MHz and resolu-
tion θFWHM = 6′′, centred around the hosts of newly discovered giants. Each cutout covers a
solid angle of 6′ × 6′. Contours signify 3, 5, and 10 sigma-clipped standard deviations above
the sigma-clipped median. For scale, we show the stellar Milky Way disk (with a diameter of
50 kpc) generated using the Ringermacher & Mead (2009) formula, alongside a 3 times inflated ver-
sion. Each DESI Legacy Imaging Surveys DR9 (g, r, z) inset shows the central 1′ × 1′ square re-
gion. As all giants obey φ ≥ 1.3′, they must — if not oriented along one of the square’s diag-
onals — necessarily protrude from this region. Rowwise from left to right, from top to bottom,
these giants are ILTJ002943.72+295700.3, ILTJ003010.58+170948.6, ILTJ003521.87+233625.9,
ILTJ003712.91+284436.8, ILTJ004002.30+252550.9, and ILTJ235802.49+331838.5.
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Figure 8.6: With 11, 524 unique sources, we present the largest collection of giants discovered as of yet. TheMLpipeline and LGZ samples (red and orange
markers) are strictly confined to the LoTSS DR2 area, while the sample by Oei et al. (2023a) extends to yet-to-be-released LoTSS pointings processed with
the DR2 pipeline.
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8.4.8 Merging our sample with the GRG sample in the literature

To complete our GRG sample, we iteratively added giants from the literature, go-
ing from the newest to the oldest publication. This approach follows from the as-
sumption that newer publications are generally based on more sensitive and higher-
resolution observations, leading to more accurate angular length estimates. In an ef-
fort to avoid having duplicate giants in the final sample, we only added giants when
their host galaxies were more than 1′ away from all host galaxies of the already aggre-
gated giants.

The LGZ–ML pipeline GRG sample contains 9, 272 giants. We added 1, 432 out
of the 2, 193 giants presented by Oei et al. (2023a), 41 out of the 69 giants presented
by Simonte et al. (2022), 62 out of the 62 giants presented by Gürkan et al. (2022),
163 out of the 263 giants presented byMahato et al. (2022), 178 out of the 178 giants
presented by Andernach et al. (2021), 0 out of the 1 giants presented byMasini et al.
(2021), 2 out of the 2 giants presented by Delhaize et al. (2021), 1 out of the 2 giants
presented byBassani et al. (2021), 1 out of the 4 giants presented byTang et al. (2020),
372 out of the 694 giants presented by Dabhade et al. (2020a), and 0 out of the 6
giants presented by Ishwara-Chandra et al. (2020). These additions result in the final
catalogue containing 11, 524 unique giants. This is the first catalogue of giants to
contain more than 104 specimen.
Figure 8.6 shows aMollweide view of the sky with the locations of both the newly

confirmed giants and the giants from the literature. Almost all discovered giants stay
clear of the Galactic Plane, where radio emission from the Milky Way — of which
we show the specific intensity function at νobs = 150MHz in greyscale (Zheng et al.,
2017) — makes calibration and imaging harder. In addition, optical host identifi-
cation is much harder near the Galactic Plane. The default field of view set-up of
both our ML pipeline (Sect. 8.4.4) and of LGZ favours the discovery of giants with
angular lengths of a few arcminutes at most. By contrast, the GRG campaign of Oei
et al. (2023a) featured a ‘fuzzy’∼5′ lower threshold to allow for an exhaustivemanual
search with an interactive and dynamic field of view (using Aladin; Bonnarel et al.,
2000). In Fig. 8.7, we demonstrate that these design choices lead to GRG samples
with markedly different angular length distributions.

As a result, the samples complement each other: the sample of Oei et al. (2023a)
is more complete at lower redshifts and higher projected lengths, while the LGZ and
MLpipeline samples aremore complete at higher redshifts and lowerprojected lengths.
Figure 8.8 demonstrates this point, while Table 8.1 presents the corresponding statis-
tics of the GRG samples.

For comparison of the 3σ lengths of the ML pipeline and LGZ giants to those in
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Figure 8.7: Observed distributions for angular length φ, showing that our three LoTSS DR2 search
methods target different ranges of φ. The largest angular lengths detected by Oei et al. (2023a),
LGZ, and the ML pipeline are 132′, 43′, and 8′ respectively, but we limit the horizontal axis to
12′ for interpretability. The vertical line marks the minimum angular length that giants can attain:
φGRG(lp,GRG = 0.7Mpc) = 1.3′.

Table 8.1: Statistics of the GRG (sub)samples that we discovered, confirmed, or aggregated. From
left to right, the columns provide the number of giants in each sample,N, and the 10th, the median,
and the 90th percentile of the angular length φ, redshift z, and projected proper length lp.

Sample N φ10th (
′) φmedian (

′) φ90th (
′) z10th zmedian z90th lp,10th (Mpc) lp,median (Mpc) lp,90th (Mpc)

ML pipeline 2, 722 1.50 1.97 3.09 0.44 0.87 1.28 0.72 0.87 1.29
LGZ 6, 550 1.56 2.19 4.40 0.31 0.75 1.19 0.73 0.91 1.57
Known giants 11, 524 1.57 2.33 5.70 0.23 0.72 1.19 0.73 0.94 1.68

other surveys, we inform the reader that the central frequency and the average surface
brightness threshold of the observations that we use are νobs = 144MHz and bν,th =
25 Jy deg−2 respectively.

8.4.9 Bayesian parameter estimation

After having refined our statistical GRG framework (Sect. 8.2), and after having as-
sembled the largest sample of giants yet (Sects. 8.4.1–8.4.8), we combined both ad-
vances to perform inference of the length distribution, number density, and lobe
volume-filling fraction of giants.
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Figure 8.8: Our sample of LGZ giants (orange squares) and ML pipeline giants (red squares) effec-
tively complements the sample of giants with large angular lengths (blue dots) from themanual search
of Oei et al. (2023a). The remaining giants (green pluses) are from earlier literature, as specified in
Sect. 8.4.8.

Given that our goal has been to infer properties of the full population of giants,
rather than just of those currently observed, we included two main selection effects
in our forward modelling. As detailed in Sect. 8.2.4, we parametrised surface bright-
ness selection with three parameters, which are free parameters of the model. As de-
tailed in Sect. 8.2.4, a second cause of selection is the imperfect operation of our three
LoTSS DR2 search methods, all of which fail to identify a significant fraction of gi-
ants with lobe surface brightnesses above the survey noise level. We modelled this
identification selection pobs,ID with a set of logistic functions, regressed to GRG data.
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We now provide details of this process.

Identification probability functions

To estimate pobs,ID(lp, z) from data, we first selected all giants detected by the joint
efforts of our machine learning pipeline, LGZ, and the manual, visual search of Oei
et al. (2023a). Next, we retained only those giants that are located in regions of the
sky that have been scanned by all three searches. This overlap region in principle cor-
responds to the full LoTSSDR2 coverage—were it not for the fact that the search of
Oei et al. (2023a) skipped over the LoTSS DR1, which had already been scanned by
Dabhade et al. (2020b). Thus, the actual overlap region amounts to the LoTSSDR2
coverage with a spherical quadrangle removed, whoseminimum andmaximum right
ascensions are αmin = 160° and αmax = 230° andwhoseminimum andmaximumde-
clinations are δmin = 45° and δmax = 56°. In Appendix 8.A5, we provide an explicit
decomposition of our assumed LoTSS DR2 coverage — and thus implicitly of the
overlap region— in terms of disjoint spherical quadrangles.

Some of the retained giants have been detected only in the combined ML–LGZ
search, others have been detected only in the Oei et al. (2023a) search, and yet others
have been detected in both. We note that, had it operated flawlessly, the combined
ML–LGZ search would have detected all sources claimed by Oei et al. (2023a) (or
at least those that are genuine giants — which should be the vast majority). Thus,
by mapping the (in)ability of the ML–LGZ search to detect the giants of Oei et al.
(2023a) as a function of lp and z, one can estimate the ML–LGZ search’s identifi-
cation probability function, pobs,ID,1(lp, z). More precisely, for each giant detected
by Oei et al. (2023a), we evaluated whether it was also detected in the ML–LGZ
search, and stored a corresponding Boolean (that is to say, either 1 or 0). We show
these Booleans, at the (lp, z) coordinates of the giants they belong to, as yellow (rep-
resenting 1) and blue (representing 0) dots in the top-left panel of Fig. 8.9. View-
ing the Boolean at (lp, z) as a realisation of a Bernoulli RV with success probability
p = pobs,ID,1(lp, z), we recognise the inference of the identification probability func-
tion as a binary logistic regression problemwith two explanatory variables. The back-
ground of Fig. 8.9’s top-left panel shows the corresponding best fit.

By symmetry, this approach canbe reversed to estimate theOei et al. (2023a) search’s
identification probability function, pobs,ID,2(lp, z). Thus, for each giant detected in
theML–LGZ search, we evaluated whether it was also detected byOei et al. (2023a),
and stored a correspondingBoolean. In the sameway asbefore,we showtheseBooleans
in the middle-left panel of Fig. 8.9. The panel’s background shows the best logistic
fit.
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We combine the two identification probability functions, pobs,ID,1(lp, z) and
pobs,ID,2(lp, z), in point-wise fashion as to obtain a single function pobs,ID(lp, z). To
do so, we follow the minimal combination rule of Eq. 8.20.

We remark that, by giving eachBoolean in these logistic regressions an equalweight,
the resulting functions are tuned to fit crowded regions of projected length–redshift
parameter space best — at the expense of accuracy in sparser regions. To increase the
accuracy of the functions for the parameter space at large, we performed a simple re-
balancing step. First, we calculated the mean number density in the parameter space
given by lp ∈ [0.7, 5 Mpc] × [0, 0.5] 3 z. We then selectively subsampled the data
in crowded regions, following the rule that the number density in each bin of width
0.5 Mpc and height 0.05 should not exceed twice the mean number density of the
entire parameter space. We show the rebalanced data, alongside refitted logistic mod-
els, in the right column of Fig. 8.9. We report the rebalanced model coefficients in
Table 8.2, and treat them as constants during the Bayesian inference.

Inference in practice

In this work, we constrain the parameters of Sect. 8.2’s GRG population model via
a projected length–redshift histogram. From our most extensive sample of giants,
we select those with 0.7 Mpc =: lp,GRG < lp < 5.1 Mpc and 0 < z < zmax :=

0.5 that lie in the LoTSS DR2 coverage as specified in Appendix 8.A5. We do not
include the giants fromOei et al. (2023a) forwhich only a lower bound to the redshift
is known. This selection retains 2, 685 out of 11, 524 giants. We use these giants
to fill a histogram with bins of width Δlp = 0.1 Mpc and Δz = 0.02. We have
not systematically explored the effect of these bin size parameters on the resulting
inference. However, the smaller one chooses the bins, the higher the numerical cost
will be. On the other hand, if the bins are chosen much larger than the typical scales
over which the underlying observed projected length–redshift distribution13 varies,
then some ability to extract parameter constraints will be lost.

To compute the posterior distribution over the six parameters θ = [ξ(lp,GRG),Δξ,
bν,ref, σref, ζ, nGRG], we assumed a uniform prior and brute-force evaluated the likeli-
hood function over a regular grid that covers a total of 2.1 · 109 parameter combi-
nations.14 In doing so, we applied the Poissonian likelihood trick described in Ap-

13With the ‘underlying’ observedprojected length–redshift distribution,wemean theobservedpro-
jected length–redshift distribution one would obtain in the limit of an infinite number of observed
giants.

14This approach is feasible by virtue of the low numerical cost of each likelihood function evalu-
ation. Its main advantage is its simplicity: there are no parameters to tune that govern the method’s
convergence behaviour. Once themodel is expanded to includemore parameters, orwhen selection ef-
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Figure 8.9: Overview of our determination of the probability to identify giants in the LoTSS DR2
with above-noise surface brightnesses, as a function of projected length and redshift — through ma-
chine learning or LOFARGalaxyZoo (top row), through the search ofOei et al. (2023a) (middle row),
and through these methods in unison (bottom row). Each of the upper four panels shows a binary lo-
gistic regression following the theory of Sect. 8.2.4 and the practical considerations of Sect. 8.4.9. The
left column shows results fromall available data, whilst the right column shows results from rebalanced
data. In our Bayesian inference, we use the latter results.

pendix 8.A2, which sped up our computations by one to two orders of magnitude.
Table 8.2 provides the parameter ranges for whichwe evaluated the likelihood (which
coincide with their prior distribution ranges), alongside all of the model’s constants

fects with higher numerical cost are incorporated, more efficient (thoughmore complicated) methods
such as Markov chainMonte Carlo or nested sampling will become necessary.
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and their assumed values. Because each likelihood function evaluation can be com-
puted independently of the others, the problem is fully parallelisable. In practice, we
distributed the∼104 core-hours Python calculation over∼1500 virtual cores, which
were spread across ∼20 nodes of a computer cluster. Next, we generated samples
from the posterior distribution using rejection sampling (e.g. Rice, 2006). We subse-
quently used these samples to calculate probability distributions for derived quanti-
ties.15

8.5 Results

By combining an unparalleled sample of giant radio galaxies with a rigorous forward
model, we have produced a posterior distribution over parameters that characterise
the intrinsic population of giants. Figure 8.10 summarises the posterior over pa-
rameter hexads θ = [ξ(lp,GRG),Δξ, bν,ref, σref, ζ, nGRG] by means of its one- and two-
dimensionalmarginal distributions. In this section, we analyse our newfoundparam-
eter constraints.

8.5.1 GRG length distribution

Radio galaxies enrich the IGM with magnetic fields, but giants — given their mega-
parsec-scale reach — appear uniquely capable of seeding the more remote regions of
the Cosmic Web. Consequently, scientific interest in quantifying the length distri-
bution of giants has arisen from the possibility that giants contribute significantly to
cosmic magnetogenesis. The question at hand is deceivingly simple: how common
are giants of various lengths?

As pointed out by Oei et al. (2023a), due to selection effects, the observed pro-
jected length distribution is not a reliable estimate of the true projected length distri-
bution. Worse still, the relevant selection effects might not be quantitatively known
a priori, requiring joint inference of the length distribution, and the selection effect
parameters. Oei et al. (2023a) performed such a joint inference, and found that their
data were consistent with an underlying population of giants with Pareto-distributed
lengths, characterised by tail index ξ = −3.4± 0.5. In the current work, we have re-
laxed the assumption of perfect Paretianity, and explore whether the data are consis-

15To calculate probability distributions over quantities that are a function of the parameters, such
as the LocalUniverseGRG lobeVFF,VGRG−CW(z = 0), or the joint search completeness functionC,
we could in principle evaluate these quantities for each parameter combination of the aforementioned
grid and weigh each grid point’s result by the associated likelihood (or, equivalently, posterior proba-
bility). However, some derived quantities are costly to compute, so that excessive evaluations should
be avoided.
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Table 8.2: Parameters and constants of Sect. 8.2’s GRG population forward model alongside their
prior ranges and values, as used in the Bayesian inference presented in Sect. 8.5. The first six constants
serve to define the quantitative meaning of the parameters and set the scope of the analysis. The other
eleven constants are not arbitrary: they affect the likelihood function and posterior distribution for a
given set of parameter definitions and scope.

Parameter Uniform prior range Explanation
ξ(lp,1 = lp,GRG) [−3.5,−2] Sect. 8.2.3
Δξ [−3.5,−1.5] Sect. 8.2.3
bν,ref [1, 100] · Jy deg−2 Sect. 8.2.4
σref [0.5, 2] Sect. 8.2.4
ζ [−0.5, 0] Sect. 8.2.4
nGRG [0, 50] · (100Mpc)−3 Sect. 8.2.5

Constant Value Explanation
lp,GRG 0.7Mpc Sect. 8.1
lp,1 0.7Mpc Sect. 8.2.3
lp,2 5Mpc Sect. 8.2.3
lref 0.7Mpc Sect. 8.2.4
νobs 144MHz Sect. 8.2.4
zmax 0.5 Sect. 8.2.4
α −1 Sect. 8.2.4
bν,th 25 Jy deg−2 Sect. 8.2.4
β0,1 −1.0 Sect. 8.2.4
β0,2 −1.0 Sect. 8.2.4
βlp,1 −0.1 Mpc−1 Sect. 8.2.4
βlp,2 2.4Mpc−1 Sect. 8.2.4
βz,1 2.8 Sect. 8.2.4
βz,2 −6.4 Sect. 8.2.4
Δlp 0.1 Mpc Sect. 8.4.9
Δz 0.02 Sect. 8.4.9
Ω 1.62 sr Appendix 8.A5

tentwith a curved power lawPDF for theGRGprojected proper lengthRVLp |Lp ≥
lp,GRG. The marginals of Fig. 8.10 suggest that they are — in fact, the data strongly
favour curvature, with a tail index at lp,1 := lp,GRG := 0.7 Mpc of ξ(lp,GRG) =

−2.8±0.2 and a total increase in tail index up to lp,2 := 5Mpc of Δξ = −2.4±0.3.
Given the small relative uncertainty on the latter value, our data appear inconsistent
with perfect Paretianity (Δξ = 0). We note that our notion of ‘data’ is different from
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Figure 8.10: Likelihood function over θ = [ξ(lp,GRG),Δξ, bν,ref, σref, ζ, nGRG], based on 2685 pro-
jected lengths and redshifts of giants up to zmax = 0.5. We show all two-parameter marginals of the
likelihood function, with contours enclosing 50% and 90% of total probability. We mark the maxi-
mum likelihood estimate (MLE) values (grey dot) and the likelihood mean values (grey cross). The
one-parameter marginals again show theMLE (dash-dotted line), a mean-centred interval of standard
deviation–sized half-width (hashed region), and a median-centred 90% credible interval (shaded re-
gion).

that inOei et al. (2023a): not only dowe usemore than a thousand additional giants,
we also make more effective use of their redshift information. For further discussion,
see Sect. 8.6.2.

It remains an open question whether giants can be understood as part of the or-
dinary radio galaxy population, or whether they evolve through qualitatively differ-
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ent physical processes. As pointed out in Sect. 4.1.5 of Oei et al. (2023a), a curved
power law PDF for Lp | Lp ≥ lp,GRG is consistent with a scenario in which giants
share a broader length continuum with smaller radio galaxies. More specifically, if
the broader radio galaxy length distribution is approximately lognormal, as appears
justifiable on statistical grounds, then ξ should decrease throughout the distribution’s
right tail — that is, throughout the GRG range. Future research should determine
whether such a unified non-giantRG–GRGscenario is also quantitatively consistent
with the decrease in ξ we have inferred here. In addition, our inferences of ξ(lp,GRG)
and Δξ are important in constraining Sect. 8.5.3’s GRG lobe volume-filling fraction.

8.5.2 GRG number density

The extent to which giants have contributed to cosmic magnetogenesis depends on
their intrinsic number density—which need not necessarily be a constant, but could
have evolved over time. Observationally, giants are considered rare in comparison to
smaller radio galaxies. However, because giants are presumably strongly affected by
surface brightness selection, this current-day observed raritymight not translate to an
intrinsic rarity. Excitingly, by forwardmodelling selection effects— and in particular
surface brightness selection—we can constrain the intrinsic comovingGRGnumber
density between z = 0 and z = zmax, which we denote simply by nGRG.
The bottom-right one-dimensional marginal of Fig. 8.10 shows a strongly skewed

distribution for nGRG, with a marginal mean E[nGRG] = 13 ± 10 (100 Mpc)−3 and
a 95% probability that nGRG > 4 (100 Mpc)−3. These number densities are a fac-
tor of order unity higher than those of Oei et al. (2023a), who inferred a marginal
mean E[nGRG] = 4.6 ± 2.4 (100 Mpc)−3 and a 90% probability that nGRG <

6.7 (100Mpc)−3.
The joint marginal distribution of nGRG and bν,ref reveals a strong inverse relation-

ship, whose origin is easy to grasp. Models in which giants are relatively rare (i.e. with
low nGRG) but with relatively mild surface brightness selection (i.e. with high bν,ref)
are about as successful in reproducing the data-derived projected length–redshift his-
togram as models in which giants are relatively common (i.e. with high nGRG) but
with relatively severe surface brightness selection (i.e. with low bν,ref). The narrow-
ness of the joint distribution also suggests that, if estimates of bν,ref would reveal it
to be ≳ 10 Jy deg−2, it should be possible to break the degeneracy and accurately
determine nGRG.
Recentwork (Oei et al., in prep.) suggests that the comoving number density of lu-

minous, non-giant radio galaxies (LNGRGs), understood to have radio luminosities
at 150 MHz of lν ≥ 1024 WHz−1 and projected lengths lp < lp,GRG := 0.7 Mpc, is
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nLNGRG = 12± 1 (100Mpc)−3. Our work suggests that giants might be comparably
common. If this is indeed the case, then the widespread belief that giants form a rare
population of radio galaxies must be revised.

8.5.3 GRG lobe volume-filling fraction

The present-day volume-filling fraction of the lobes of giants in clusters and filaments
of the Cosmic Web, VGRG−CW(z = 0), is not a parameter of our model, but rather
a derived quantity. As briefly discussed in Sect. 8.4.9, we compute its probability
distribution using the parameter hexads that we have obtained by rejection sampling
from the posterior.

For each sampled hexad, we compute ξ(lp) using ξ(lp,GRG), Δξ, and Eq. 8.9, then
fLp | Lp≥lp,GRG(lp)usingEq. 8.10, andfinallyVGRG−CW(z = 0)usingnGRG andEq. 8.25.
This last step also requires an estimate of E[Υp | Lp ≥ lp,GRG], the expectation value
of the ratio between the combined lobe volumes and cubed projected lengths of gi-
ants. Problematically, only few accurate data currently exist to estimate this quan-
tity. In Oei et al. (2022a), the authors estimated that Alcyoneus, which measures
lp = 4.99 ± 0.04 Mpc, boasts a combined lobe volume V = 2.5 ± 0.3 Mpc3.
Similarly, Oei et al. (2023b) estimated that the giant generated by NGC 6185, which
measures lp = 2.45±0.01Mpc, has a combined lobe volumeV = 0.35±0.03Mpc3.
These cases giveΥp |Lp ≥ lp,GRG = 2.0±0.2% andΥp |Lp ≥ lp,GRG = 2.4±0.2%,
respectively. We note that these cases concern giants generated by an elliptical and a
spiral galaxy, respectively. The highly preliminary sample mean thus is 〈Υp | Lp ≥
lp,GRG〉 = 2.2± 0.2%, which we treat as an approximation of E[Υp | Lp ≥ lp,GRG].
As in Oei et al. (2023a), we assume that clusters and filaments comprise 5% of the
Local Universe’s volume (Forero-Romero et al., 2009): VCW(z = 0) = 5%. Propa-
gating all uncertainties, we obtain the posterior distribution over VGRG−CW(z = 0)
shown in Fig. 8.11.

This probability distribution inherits its skewness from the skewed marginal of
nGRG. We find a posterior mean and standard deviation (SD) of VGRG−CW(z = 0) =
1.1 ± 0.9 · 10−5. This result appears statistically consistent with that of Oei et al.
(2023a), who found VGRG−CW(z = 0) = 5+8

−2 · 10−6. While this appears low at
first sight, we speculate that these numbers are consistent with a scenario in which
giants contribute significantly to cosmic magnetogenesis. To see why, we first note
that the number of giants that have ever existed might exceed those that exist now by
an order of magnitude. Second, a large fraction of the giants that existed throughout
cosmic history might have lived at z ≳ 1, when the Universe’s volume was an order
of magnitude smaller. As a consequence, the instantaneous volume-filling fraction
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Figure 8.11: Posterior distribution for the instantaneous, current-day GRG lobe volume-filling frac-
tion in clusters and filaments of the Cosmic Web, VGRG−CW(z = 0).

VGRG−CW(z) would have been an order of magnitude larger — at least, if the instan-
taneous comoving number density and distributions over proper length and shape
remain roughly constant over time. Third, buoyant lobes might deposit magnetic
fields in their wake, while diffusion might have spread the magnetic fields of GRG
lobes further through the IGM. Taken together, these three effects could render the
current-day VFF of magnetic fields that were once contained in the lobes of giants
higher than VGRG−CW(z = 0) by several (i.e. three or more) orders of magnitude.
This, in turn, suggests a significant astrophysical seeding potential. For instance, as-
suming four orders ofmagnitude,∼10% of the volume of today’sCosmicWeb could
have been magnetised by giants.

We finally point out that giant-induced IGMmagnetic fields could have strengths
consistent with observational constraints. At the moment, the lowest magnetic field
strengths measured in giant radio galaxy lobes, as inferred from images of Alcyoneus
and the giant generated by NGC 6185 assuming the equipartition or minimum en-
ergy condition, are 400–500 nG (Oei et al., 2022a, 2023b). If such field strengths
would be typical, and buoyancy and diffusion lowers the density of field lines by
an order of magnitude, then the typical giant-induced IGM field strength would be
∼10 nG. This is in agreement with recent radio estimates and limits (e.g. Table 1 of
Vazza et al., 2021a). We note that this argument ignores possibly significant amplifi-
cation and decay mechanisms, such as turbulent amplification and decay.
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8.6 Discussion

Below, we discuss how our ML pipeline and GRG population inference compare to
earlier work.

8.6.1 Comparisonwith previousMLGRG search techniques

Proctor (2016) applied anML approach to search forGRGcandidates by looking for
likely pairs of (unresolved) radio lobeswith the required angular length in theNRAO
VLASky Survey (NVSS;Condon et al., 1998). For this radio source component asso-
ciation problem, Proctor (2016) trained an oblique classifier (a type of decision tree
ensemble; Murthy et al., 1993), using six source finder–derived features on 51, 195
pairs of radio components, 48 of which were verified giants. This method proved to
be useful under the assumption that giants generally appear as an isolated pair of un-
resolved radio blobs, which is the case for NVSS with its 45′′ resolution and 450 μJy
beam−1 sensitivity. Dabhade et al. (2020a) visually inspected the 1, 600 GRG can-
didates presented by Proctor (2016) and confirmed 151 giants, which implies a 9%
precision for the GRG candidate predictions. However, Proctor (2016) expect that
giants with resolved lobes — which rule-based source finders often incorrectly break
down into multiple separate sources — require a different approach, and we would
like the reader to note that virtually all GRG lobes in LoTSS are resolved.16 It works
in our favour that the convolution neural network in our ML pipeline (Sect. 8.4.4)
was specifically designed to use the morphology of the resolved, extended emission as
a cue for the radio source component association. Furthermore, as the source sugges-
tions from our ML pipeline include optical host identifications, the candidates that
we inspected not only have the required angular length but also have a host galaxy
and corresponding redshift estimate assigned. This allows us to visually inspect only
those radio sources that fulfil the projected proper length lp,GRG := 0.7Mpc require-
ment. Overall, our ML pipeline has a precision of 47% for the GRG candidates that
it suggests.

8.6.2 Comparisonwith previous inference strategies

Compared to the approach of Oei et al. (2023a), our approach makes better use of
the redshift information available for each giant. More specifically, we use the red-
shifts to make a ‘redshift-resolved’ observed projected length histogram, while Oei
et al. (2023a) only compared a ‘redshift-collapsed’ distribution of observed projected

16As all giants have angular lengths φ ≥ 1.3′, they cover at least 13 LoTSS 6′′ beams. This suggests
that a single GRG lobe will cover multiple beams, too.
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lengths to forward model predictions of Lp,obs | Lp,obs ≥ lp,GRG. Effectively, Oei et al.
(2023a) thus used for each giant onlyBoolean redshift information, I(zi < zmax): that
is, a truth value indicating whether or not the giant with index i resides at a redshift
below the maximum considered value.

In addition, ourwork changed the comovingnumberdensity of giants,nGRG, from
a derived quantity to a model parameter. This approach acknowledges the fact that
the observed number of giants, either for a specific projected length–redshift bin or
for the parameter space in its entirety, scales linearly with nGRG (if the selection ef-
fects remain the same). Thus, there is intrinsic population information contained
in the observed number of giants. However, by comparing predicted and observed
probability distributions only, Oei et al. (2023a) did not exploit this fact.

8.6.3 Future work

With the advent of large-scale, sensitive, low-frequency sky surveys such as theLoTSS,
the Evolutionary Map of the Universe survey (EMU; Norris et al., 2011), and the ar-
rival of next-generation instruments such as the SKA (Dewdney et al., 2009) and the
DSA-2000 (e.g. Hallinan et al., 2019; Connor et al., 2022) later this decade, oppor-
tunities shall arise to detect many more giants than have been found hitherto. It is
therefore likely that automated approaches to giant finding and host association will
become only more relevant in the future.

Regarding our own machine learning–based pipeline, there is significant room to
improve both the radio component association and the host association. Visual in-
spection indicated a precision of 47% and the empirically determined pobs,ID in Fig.
8.9 showed that even in combination with the LGZ sample, the ML pipeline recall
does not surpass 70%. Sensible paths to improve the radio component association
within the ML pipeline architecture include switching from rectangular bounding
box–based object detection (the Fast R-CNN used in this article) to pixel-based in-
stance segmentation and using a larger convolutional backbone (e.g. Liu et al., 2022;
Wright et al., 2010) or a transformer-based backbone (e.g. Liu et al., 2021; Zhang
et al., 2022; Li et al., 2022). Mostert et al. (2022) conclude that a larger convolutional
neural network is not effective unless one also significantly increases the quantity of
high-quality training data, and in general, transformers require even more training
data than convolutional neural networks (e.g. Wang et al., 2022). To that extent,
adding a filtered version17 of the available LoTSSDR2LGZ annotations (Hardcastle
et al., 2023) to the training data can be considered. Furthermore, assembling a joined

17For example, by identifying a handful of very active and expert volunteers and increasing the
weight of their votes.
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dataset encompassing the (labelled) survey data of other low frequency radio tele-
scopes can be considered. Pre-training on this dataset can benefit radio source com-
ponent association, host identification and morphological classification tasks across
the board.

Finally, there appear to be clear opportunities to make the population-based for-
ward model presented in Sect. 8.2 more accurate. For example, at present, we have
neglected photometric redshift uncertainties; however, the consequences of these un-
certainties appear perfectly possible to forward model. One such currently ignored
consequence is Eddington bias: as RGs with projected lengths lp = 0.6 Mpc are in-
trinsically more common than those with projected lengths lp = 0.8 Mpc, redshift
error–induced projected length errors have the net effect of falsely raising the number
of supposed giants with projected lengths near lp,GRG := 0.7Mpc. This effect could
contaminate the inference of ξ(lp,GRG). Somewhat more challenging, but plausibly
of greater value, would be a further exploration of how surface brightness selection is
effectively modelled. A major focus of such an exploration would be to analyse the
surfacebrightness characteristics of hithertodiscovered giants. As themasked cutouts
of Fig. 8.3 suggest, the machine learning–based pipeline described in this work offers
the exciting potential to amass — fully automatically — surface brightness proper-
ties for thousands of giants. The availability of such properties for a large fraction of
observed giants also allows one to compare the forward model’s predictions with an
observed projected length–redshift–surface brightness histogram, rather than with
an observed projected length–redshift histogram only. It is highly likely that adding
another dimension to the data yields tighter parameter constraints. Tomake the iden-
tificationprobability functions of Fig. 8.9more accurate, it appears promising to have
an expert visually (and exhaustively, i.e. without imposing angular length thresholds)
comb through a small representative region of LoTSS DR2 in search of giants. The
resulting dataset would provide a better basis for determining the identification prob-
ability functions than the ML–LGZ or Oei et al. (2023a) datasets used in this work.
We note that the Boötes LOFARDeep Field search of Simonte et al. (2022) does not
appear suited for this purpose, as the increased depth of this field renders it unrep-
resentative of LoTSS DR2 as a whole. Finally, the model could be expanded in an
attempt tomeasure cosmological evolution of, for example, nGRG. However, we note
that adding additional parameters to the model necessitates adopting more efficient
inference techniques, such asMarkov chainMonteCarlo or nested sampling. The as-
sociated numerical gain would, in part, be negated by losing the speed-up associated
to the likelihood trick of Appendix 8.A2.

Currently, a major uncertain factor in the determination of VGRG−CW(z = 0) is
the value of E[Υp | Lp ≥ lp,GRG]. To improve this situation, we recommend ex-

447



panding the capabilities and automating the parametric Bayesian lobe volume esti-
mation method introduced by Oei et al. (2022a, 2023b). This method could then
be applied to thousands of our ML pipeline’s masked cutouts, such as the one in
Fig. 8.3. This effort would increase the number of giants on which our estimate of
E[Υp | Lp ≥ lp,GRG] is based by several (i.e. two or three) orders of magnitude.

8.7 Conclusions

In this work, we concatenated an existing crowd-sourced radio–optical catalogue, a
new ML pipeline to automate radio–optical catalogue creation, and a Bayesian for-
ward model to build a next-generation giant radio galaxy discovery and characterisa-
tion machine. Applying this setup to the LOFARTwo-metre Sky Survey, we uncov-
ered thousands of previously unknown giants, confirmed thousands of GRG candi-
dates, and constrained the properties of the underlying population.

1. The LoTSS is an on-going sensitive, high-resolution, low-frequency radio sur-
vey whose second data release (DR2) covers 27% of the Northern Sky. As the
number of detected sources already ranges in the millions, it has become un-
feasible (at least for small scientific teams) to conduct manual, visual searches
for giants— in particular for thosewith angular lengths close to the lower limit
of 1.3′.

2. To address this challenge, we scanned all 841 LoTSS DR2 pointings—which
together cover more than five thousand square degrees of Northern Sky —
with anML pipeline that crucially includes the convolutional neural network
of Mostert et al. (2022), designed for the association of radio components for
highly resolved radio galaxies, and an adapted version of the automated optical
host galaxy identification heuristic developed by Barkus et al. (2022). Used as
a GRG detection system, our ML pipeline has a precision of 47%, a signifi-
cant improvement over the 9% precision obtained using the previous state-of-
the-art MLGRG detectionmodel (Proctor, 2016; Dabhade et al., 2020a). We
merged the resulting giant candidate sample with that of the LGZ citizen sci-
ence campaign (Hardcastle et al., 2023), homogenised the angular lengths, and
subjected the candidates to a visual, expert quality check. The result is a sample
of more than eight thousand newly confirmed giants, of which a large fraction
is considered genuine beyond reasonable doubt. More than 104 unique giants
are now known to the literature.

3. We expand the population-based statistical forwardmodel ofOei et al. (2023a)
aimed at constraining the geometric properties of giants. In particular, by
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modelling the PDF of the radio galaxy projected length RV Lp as a curved
power law, we automatically also model the PDF of the giant radio galaxy
projected length RV Lp | Lp ≥ lp,GRG as a curved power law. We assume
that these projected length distributions do not undergo intrinsic evolution
between cosmological redshift z = zmax and z = 0, and likewise assume an in-
trinsically constant comoving GRG number density throughout this redshift
range. We model surface brightness selection by assuming a lognormal lobe
surface brightness distribution at the survey’s central frequency νobs, valid for
radio galaxies of intrinsic proper length lref at redshift z = 0. We relate lobe
surface brightness distributions for radio galaxies of other lengths and at other
redshifts to this reference distribution. In addition, wemodel selection caused
by the imperfect ability of search methods to identify all in principle identifi-
able giants. For this purpose, we use logistic functions of projected length lp
and redshift z.

4. We then sought to identify all model parameter hexads that can reproduce the
projected length–redshift histogram of the jointML–LGZ–Oei et al. (2023a)
LoTSSDR2GRG sample. Through a simple Poissonian likelihood and a uni-
formprior distribution,we constructed aposterior distributionover themodel
parameters. By confronting the model with an observed projected length–
redshift histogram, rather than with an observed projected length distribution
only (as has been done in Oei et al. (2023a)), we obtain tighter parameter con-
straints.

5. We find evidence for the claim that the projected lengths of giant radio galaxies
follow a curved power law PDF, whose tail index equals ξ(lp,GRG) = −2.8 ±
0.2 at lp,1 = lp,GRG := 0.7 Mpc and increases by Δξ = −2.4 ± 0.3 (i.e.
decreases by 2.4 ∓ 0.3) in the projected length interval leading up to lp,2 =

5 Mpc. The predicted median lobe surface brightness at νobs = 150 MHz,
lref = 0.7 Mpc, and z = 0 equals bν,ref = 30 ± 20 Jy deg−2. This surface
brightness level is lower than previously thought. Tight degeneracies resem-
bling inverse relations exist between bν,ref and the reference surface brightness
dispersionmeasure σref, and between bν,ref and theGRGnumber densitynGRG.
The latter relation suggests that giant radio galaxies might be more common
thanpreviously thought. AtnGRG = 13±10 (100Mpc)−3, giant radio galaxies
appear to be of an abundance comparable to that of luminous non-giant radio
galaxies. Strikingly, we conclude that, at any moment in time, a significant
fraction of the radio galaxy population is in a GRG phase. As an immediate
consequence, the fraction of radio galaxies that end their lives as giants must
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be even higher.

6. Finally,we generate aposterior distribution for the instantaneous volume-filling
fraction of GRG lobes in clusters and filaments of the CosmicWeb,VGRG−CW

(z = 0) — a key statistic required for determining the cosmic magnetogen-
esis potential of giants. We find VGRG−CW(z = 0) = 1.1 ± 0.9 · 10−5. If a
giant population similar to that in the Local Universe has existed for most of
the Universe’s lifetime, and IGM mixing processes are significant, then it ap-
pears possible thatmagnetic fields originating from giants permeate significant
(∼10%) fractions of today’s Cosmic Web.

Using modern automation and inference techniques — that still leave much room
for future improvements — we have conducted the most detailed study yet of the
abundance and geometry of giant radio galaxies. These cosmic colossi may provide a
previously underappreciated contribution to astrophysical magnetogenesis.
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countries, which are owned by various parties (each with their own funding sources), and which are collectively operated by
the ILT foundation under a joint scientific policy. The efforts of the LSKSP have benefited from funding from the European
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8.A1 Curved power law PDF for L

In Sect. 8.2.3, we have started modelling the geometry of radio galaxies at the level of
the projected proper length RV Lp. While algebraically easier —when curved power
laws are considered, at least— this approach ismore limited than starting the forward
model at the level of the intrinsic proper length RV L. In this appendix, we calculate
the distribution of Lp upon modelling Lwith a curved power law.

Let us assume that, for l ≥ lmin,

fL(l) ∝
(

l
lmin

)ξ(l)

, (8.35)

where ξ(l) = al+ b. We now use the identity that for f(x) =
( x
c

)ax+b, one finds

df(x)
dx

=
(x
c

)ax+b
(
a ln
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c
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b
x

)
= f(x)

(
a ln

x
c
+ a+

b
x

)
. (8.36)

Therefore,

dfL(l)
dl

= fL(l)
(
a ln

l
lmin

+ a+
b
l

)
, (8.37)

and

dfL(lpη)
dlp

= fL(lpη)
(
a ln

lpη
lmin

+ a+
b
lpη

)
η. (8.38)

Thus, finding the PDF of Lp requires calculating three different integrals over η:

fLp(lp) =− (1+ b)
ˆ ∞

1

√
1− 1

η2
fL(lpη) dη

− lpa
(
1+ ln

lp
lmin

) ˆ ∞

1

√
η2 − 1fL(lpη) dη

− lpa
ˆ ∞

1

√
η2 − 1fL(lpη) ln η dη for lp > lmin. (8.39)

The PDF of Lp | Lp ≥ lp,GRG follows through Eq. 8.3.
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8.A2 Likelihood trick

Thanks to its Poissonian form, there exists a particularly numerically efficient way
of computing the likelihood presented in Sect. 8.2.8 as a function of nGRG, for fixed
values of the other parameters. Defining

A(θ) :=
Nb∑
i=1

Ni ln λi(θ) and B(θ) :=
Nb∑
i=1

λi(θ), (8.40)

one interested in the log-likelihood up to a constant only needs to compute

ℓ(θ) := lnL({Ni} | θ) +
Nb∑
i=1

ln (Ni!) = A(θ)− B(θ). (8.41)

The quantity B(θ) has a simple interpretation: it is the total number of giants ex-
pected to be observed under θwithin the entire projected length–redshift parameter
space considered.

How does ℓ change upon changing nGRG? When nGRG 7→ a · nGRG, λi 7→ a · λi,
so that

ℓ(nGRG) 7→
Nb∑
i=1

Ni ln (a · λi)− a · λi

= A(nGRG)− a · B(nGRG) + ln a ·
Nbins∑
i=1

Ni. (8.42)

(In the notation ℓ(nGRG), A(nGRG), and B(nGRG), we suppress the dependence on
the other five parameters.) We conclude that, when nGRG increases by a factor a, the
A-term in ℓ remains the same, the B-term in ℓ becomes a factor a bigger, and an extra
factor emerges: namely, the product of ln a and the total number of giants in the
dataset.

The significance of this result is that, once A and B are known at some reference
number density nGRG,ref, we can rapidly evaluate ℓ for any other number density. In
this work, we implement this ‘likelihood trick’ by evaluating ℓ for two different values
of nGRG (and for many different values of the other parameters). We then solve for
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Figure 8.12: Unregularised KDE estimates for q in the left panel, n in the second panel, and q/nwith
logarithmic colour bar in the third panel. TheKDEbandwidth of 0.2 stems fromBarkus et al. (2022).

A(nGRG,ref) and B(nGRG,ref), and use

ℓ(nGRG) = A(nGRG,ref)−
nGRG
nGRG,ref

· B(nGRG,ref)

+ ln
nGRG
nGRG,ref

·
Nb∑
i=1

Ni. (8.43)

8.A3 PyBDSF parameters

As described in Sect. 8.4.1, the GRG detection pipeline uses PyBDSF for the initial
radio blob detection. For reproducibility, we provide the specific parameters used,
which we adopted from Shimwell et al. (2022):

bdsf.process_image(<filename>,thresh_isl=4.0,

thresh_pix=5.0, rms_box=(150,15), rms_map=True,

mean_map=’zero’, ini_method=’intensity’,

adaptive_rms_box=True, adaptive_thresh=150,

rms_box_bright=(60,15), group_by_isl=False,

group_tol=10.0, output_opts=True, atrous_do=True,

atrous_jmax=4, flagging_opts=True,

flag_maxsize_fwhm=0.5, advanced_opts=True,

blank_limit=None, frequency=143.65e6)

8.A4 Adaptations of the radio ridgeline basedhost galaxy identifi-
cation

Here we elaborate on two small adaptations of the radio-optical crossmatch method
introducedbyBarkus et al. (2022). First, we explicitly regularisedq(m, c) andn(m, c).
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Figure 8.12 shows that the unregularised forms of q and n can take on extreme values
in the LR (eq. 8.31) in sparsely sampled regions of the (m, c)–parameter space. The
2DKDE that models q(m, c)was fitted on them and c values of all 905 sources with
an angular length φ > 1′ from 40 randomly picked LoTSS DR2 pointings. The 2D
KDE thatmodelsn(m, c)was fitted on them and c values of 10, 000 sources thatwere
randomly sampled from the entire combined infrared–optical catalogue. By simply
adding a small constant factor to q(m, c) and n(m, c) we get more robust LR values,
see Fig. 8.13. Weadded a constant factor 0.1·qmax and0.1·nmax forq andn respectively,
where qmax is the maximum of the KDE for q and nmax is the maximum of the KDE
for n. We set the KDE bandwidths to 0.4 following a 10-fold cross-validation.

Second, we changed the form of f(r). Theoretically, we might expect both the dis-
tance between the ‘true’ optical counterpart and the radio ridgeline ropt,ridge and the
distance between the ‘true’ optical counterpart and the radio centroid ropt,centroid to
be Rayleigh distributed.18 However, as Fig. 8.14 demonstrates, the lognormal dis-
tribution clearly provides the best empirical fit to the distances. The figure shows
a histogram of the distance measures for radio sources to their optical counterpart as
manually identified through LGZ. Specifically, we plot the distances for the same 905
radio sources, with an angular length φ > 1′, from 40 randomly selected paintings as
above. Thus we update f(r) to be:

f(rmean) =
1

rmeanσ
√
2π

e(−
(ln rmean−μ)2

2σ2
), (8.44)

18In two dimensions, the Euclidean distance between the origin and a point whose Cartesian co-
ordinates are independent, zero-mean, and equal-variance normal random variables, is Rayleigh dis-
tributed. Thismotivatesmodelling the angular distance between the optical counterpart and the radio
centroid with a Rayleigh distribution. The appropriate value of the distribution’s parameter likely de-
pends (positively) on the angular length of the radio source considered; as such, one would not expect
a single Rayleigh distribution to work for all radio sources.
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Figure 8.14: Each panel shows the histogram of a different distance measure between 905 radio
sources with φ > 1′ and their optical host. The grey, dark grey, and black lines show empirical fits
to these histograms for Rayleigh, normal, and lognormal distributions respectively. The tails of the
histograms are long, for visualisation purposes we only plot the x-axis up to 0.05 and 0.20.

where we empirically determine σ and μ using our sample of 905 radio-sources,

μ =

∑
i ln rmean,i

n
= −3.37 (8.45)

and

σ2 =
∑

i (ln rmean,i − μ)2

n
= 1.28, (8.46)

with n = 905 the size of our sample.

8.A5 Sky coverages

As an extension of Sect. 8.4.9, this appendix details the sky coverages of our analyses.
In particular, Table 8.3 provides a decomposition — in terms of disjoint spherical
quadrangles — of the sky coverage common between the ML pipeline, LGZ, and
the combined manual search of Dabhade et al. (2020b) and Oei et al. (2023a). For
simplicity, and as an acknowledgement of the wiggle room inherent to defining this
joint sky coverage, we chose integer coordinates. Together, these spherical quadran-
gles cover Ω = 5327.9 deg2 = 1.62 sr (25.8%) of the Northern Sky. We shall refer to
this coverage simply as the ‘LoTSS DR2 coverage’.

TheML–LGZ–Oei et al. (2023a) overlap region amounts to the LoTSSDR2 cov-
erage with the LoTSS DR1 spherical quadrangle removed. The minimum and max-
imum right ascensions of this quadrangle are αmin = 160° and αmax = 230°, while its
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minimum and maximum declinations are δmin = 45° and δmax = 56°. This smaller
overlap region covers 4838.9 deg2 (23.5%) of the Northern Sky. It is the sky cover-
age relevant to estimating the identification probability functions of Sect. 8.4.9 and
Fig. 8.9: pobs,ID,1(lp, z), pobs,ID,2(lp, z), and pobs,ID(lp, z).

Table 8.3: Sky coordinates and solid angles of disjoint spherical quadrangles whose union forms the
LoTSS DR2 sky coverage — over which we have performed our inference. For each spherical quad-
rangle, we provide the minimum and maximum right ascension, αmin and αmax, the minimum and
maximum declination, δmin and δmax, and its solid angle, Ω. We list the largest quadrangles first. The
second and third object touch along the 360°–0° right ascension coordinate discontinuity, and could
be viewed as a single quadrangle.

αmin (°) αmax (°) δmin (°) δmax (°) Ω (deg2)
120 253 28 69 3536.7
0 35 16 35 597.5
338 360 16 35 375.6
253 269 28 47 240.1
109 120 25 41 147.1
269 277 31 47 99.2
330 338 17 30 95.2
191 210 23 28 85.7
35 41 24 32 42.3
253 260 58 69 34.3
120 131 25 28 29.5
277 281 41 47 17.3
327 330 17 20 8.5
277 280 32 35 7.5
117 120 53 57 6.9
260 264 66 69 4.6
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A
Gaussian random field ionosphere
model extension: the curved Earth

InChapter 2, we considered, at one instant of time, a thick, single-layered ionosphere
whose free electron density (FED) ne is a Gaussian random field. For algebraic and
numerical simplicity, we took the layer to be parallel to a flat Earth. For this con-
figuration, we calculated the differential total electron content (DTEC) Δτ covari-
ance function, and showed its superiority over ad-hoc covariance functions inDTEC
Gaussian process regression (GPR).

For radio interferometers with long baselines, this ‘flat Earth’ approximation be-
comes coarse. To avoid associated errors in DTEC GPR, this appendix generalises
Chapter 2’s model to take proper account of the (approximate) sphericity of the
Earth.1

Wenowassume the ionosphere tobe a spherical shellwith thicknessb, centered around
some point xc ∈ R3. We require the planet’s rotational axis to also pass through this
point. Although we specify the ionosphere’s geometry, in general we need not im-
pose a requirement on Terra’s shape itself — it might be perfectly spherical, slightly
ellipsoidal, or spherical with plate tectonics–induced surface height variations, for ex-

1The model thus becomes incompatible with flat Earth beliefs — whose modern adherents con-
stitute a globalmovement depicting, in my opinion, the human intellect in a rather unflattering light.
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ample. More relevant to themodel are the locations of the antennae—or, in the LO-
FAR context, stations— xi ∈ R3.2 The height of the ionosphere is defined such that
the middle of the layer lies a distance a above the reference station at x0 ∈ R3. Let A
denote the height of the middle of the ionospheric shell above xc; thus

A := ||x0 − xc||2 + a. (A.1)

A point y ∈ R3 lies in the shell as long as

A− b
2
< ||y− xc||2 < A+

b
2
. (A.2)

Let us suppose that y lies on a line through xi heading in skybound direction k̂ ∈ S2.
A parametrisation of this line is y(s) = xi + k̂s, with s ∈ R. The line segment that
lies fully within the shell is demarcated by the two values s±i ∈ R>0 such that

||y(s±i )− xc||2 = A± b
2
, or

||xi + k̂s±i − xc||2 = A± b
2
. (A.3)

Squaring both sides, and writing the result as a second-degree polynomial equation
in s±i , we find

(
s±i
)2

+ 2k̂ · (xi − xc) s±i + ||xi − xc||22 −
(
A± b

2

)2

= 0. (A.4)

By the quadratic formula, we find

s±i = −k̂ · (xi − xc) ±

√(
k̂ · (xi − xc)

)2
− ||xi − xc||22 +

(
A± b

2

)2

(A.5)

=
∣∣∣k̂ · (xi − xc)

∣∣∣
−sgn

(
k̂ · (xi − xc)

)
±

√√√√√1+
(
A± b

2

)2 − ||xi − xc||22(
k̂ · (xi − xc)

)2
 .

A prima facie, the second line seems more complicated than the first. However, the
expression is insightful.

2Naturally, we assume the stations to lie underneath the ionosphere— in other words, enclosed by
the ionospheric shell.
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First, we remark thatA± b
2 > ||xi−xc||2 for all xi, as we have assumed the stations

to lie underneath the ionosphere.
Furthermore, we remark that for all practical situations, k̂ · (xi − xc) > 0: the

vector pointing from the centre of the shell to the station with index i lies in the
same hemisphere as the observing direction. The reason is that Terra is approximately
spherical, and that observers always make sure that sources stay above the local hori-
zon with sufficient elevation during observing runs. In case of a perfectly spherical
Earth with xc as its centre, and stations put on top of its smooth surface, this has a
neat geometrical interpretation. Under this idealisation, k̂ · (xi − xc) > 0 when-
ever the source is above the local horizon — and thus visible! As a consequence,
−sgn(k̂ · (xi − xc)) = −1 in practice.

Third, because k̂ points from Terra towards theGreat Unknown, both s±i are pos-
itive.

In order for the second line of Eq. A.5 to yield positive values, we need the + of
± . The equation reduces to

s±i =
∣∣∣k̂ · (xi − xc)

∣∣∣

√√√√√1+

(
A± b

2

)2 − ||xi − xc||22(
k̂ · (xi − xc)

)2 − 1

 . (A.6)

Using thefirst line ofEq.A.5,wefind thepath length through the shell—for a station
at xi observing in direction k̂— to be

Δsi := s+i − s−i (A.7)

=

√(
k̂ · (xi − xc)

)2
− ||xi − xc||22 +

(
A+

b
2

)2

−

√(
k̂ · (xi − xc)

)2
− ||xi − xc||22 +

(
A− b

2

)2

. (A.8)

Now we introduce time-dependence. While stations track a source of fixed k̂ (which
we could identify with a tuple containing a right ascension and a declination), Δsi
will change (for each station indexed by i). This is because in reference frames which
are notmoving and spinning along with Terra, both the planet’s core and the station
positions are time-dependent: xc = xc(t) and xi = xi(t). Especially for sources in
Sol’s planetary system and in Via Lactea, the motion of Terra around Sol induces a
parallax effect that causes no source to truly retain a fixed k̂; however, here we neglect
this fact — most radio sources are extragalactic anyways. In the same spirit, we also

459



neglect the effect of aberration of light.
We end up with

Δsi(k̂, t) =

√(
k̂ · (xi(t)− xc(t))

)2
− ||xi − xc||22 +

(
A+

b
2

)2

−√(
k̂ · (xi(t)− xc(t))

)2
− ||xi − xc||22 +

(
A− b

2

)2

. (A.9)

Note that within each square root, the second and third term are time-independent,
as they are left unshaken by Terra’s rotation around her axis.
In a shell-centred reference frame, Eq. A.9 simplifies. In such frames, we have

xc(t) = 0, so that, upon invoking Eq. A.1, we find

Δsi(k̂, t) =

√(
k̂ · xi(t)

)2
− ||xi||22 +

(
||x0||2 + a+

b
2

)2

−

√(
k̂ · xi(t)

)2
− ||xi||22 +

(
||x0||2 + a− b

2

)2

. (A.10)

If Terra has a spherical surface cocentric with the ionospheric shell, and all stations lie
at a distanceR away from the centre, then Eq. A.10 further simplifies into

Δsi(k̂, t) =

√(
R cos φi(k̂, t)

)2
− R2 +

(
R+ a+

b
2

)2

−

√(
R cos φi(k̂, t)

)2
− R2 +

(
R+ a− b

2

)2

. (A.11)

where we acknowledge φi = φi(k̂, t) is the local zenith angle for direction k̂ at xi (t).
By taking outR, we make more explicit that Δsi has dimensions of length, and find

Δsi(k̂, t) = R

(√
cos2 φi(k̂, t)− 1+

(
1+

a
R

+
1
2
b
R

)2

−

√
cos2 φi(k̂, t)− 1+

(
1+

a
R

− 1
2
b
R

)2
)
. (A.12)

If this expression is correct, then for fixed a and b we should regain Chapter 2’s flat

460



geometry when R → ∞. To test this, consider the Taylor polynomial P of degree 1
of Δsi(k̂, t) around ξ := b

R = 0:

Pi

(
k̂, t, ξ

)
:= Δsi(k̂, t, ξ = 0) +

∂Δsi
(
k̂, t, ξ

)
∂ξ

|ξ=0 · ξ. (A.13)

Now Δsi(k̂, t, ξ = 0) = 0, and

∂Δsi(k̂, t, ξ)
∂ξ

=
R
2
(

1+ a
R + 1

2ξ√
cos2 φi − 1+

(
1+ a

R + 1
2ξ
)2+

1+ a
R − 1

2ξ√
cos2 φi − 1+

(
1+ a

R − 1
2ξ
)2 ). (A.14)

Thus,

Pi

(
k̂, t, ξ

)
=

∂Δsi
(
k̂, t, ξ

)
∂ξ

|ξ=0 · ξ

=
R
(
1+ a

R

)√
cos2 φi − 1+

(
1+ a

R

)2 · bR
=

b
(
1+ a

R

)√
cos2 φi − 1+

(
1+ a

R

)2 . (A.15)

Using now also that a � R, we recover

Pi

(
k̂, t
)
→ b√

cos2 φi
=

b
| cos φi|

= b sec φi (A.16)

for 0 ≤ φi ≤ 90°.
What are typical values of a

R and b
R for Terra? Because R ≈ 6400 km, and a ≈

320 km,we have a
R ≈ 1

20 . Also
b
R is on the same scale, because b ≈ 320 km is possible.

So in practical scenarios, the regimes a
R � 1 and b

R � 1 do not fully hold.

The DTEC expectation value for stations with indices i and j under an ionosphere
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with a constant FEDmean μ, is

E
[
τij
(
k̂, t
)]

= μ
(
Δsi(k̂, t)− Δsj(k̂, t)

)
. (A.17)

In the special case that Terra’s radius is very large compared to the ionosphere’s height
above the surface and thickness, we recover

E
[
τij
(
k̂, t
)]

= μb
(
sec φi(k̂, t)− sec φj(k̂, t)

)
, (A.18)

as in Chapter 2.
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B
Flux scale–induced spectral index

uncertainties for high-SNR sources
Abstract
Context A standard problem in radio astronomy is the estimation of the spectral
index α of a source with a power-law spectrum, based on images at two different fre-
quencies. For sources imaged at high signal-to-noise ratio (SNR), the dominant flux
density uncertainty—or specific intensity uncertainty— is typically the image’s flux
scale uncertainty. The LOFAR Two-metre Sky Survey (LoTSS) DR2, for example,
suffers from a∼10% flux scale uncertainty.

Aims We analytically and numerically characterise the effect of flux scale uncertain-
ties on spectral index measurements α̂ for high-SNR sources.

Methods We derive an expression for the spectral index error ε := α̂ − α, whose
distribution is, under a plausible assumption, exactlyGaussian. Wederive expressions
for itsmeanμε and standarddeviation σε. Themean is non-zero: flux scale errorsmake
the standard spectral index formula a biased estimator of the true spectral index. The
magnitude of the relative bias με

σε is independent of the images’ frequencies.

Results For a range of realistic flux scale uncertainties, we numerically calculate
the spectral index bias με, uncertainty σε, and relative bias

με
σε . The bias is insignificant

compared to the uncertainty. The uncertainty itself, however, is significant.
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Conclusions For high-SNR sources, flux scale uncertainties are the main obsta-
cle to accurately measuring spectral indices. Conveniently, under reasonable condi-
tions, the distribution of the measured spectral index α̂ approaches perfect Gaussian-
ity as the source SNR increases. Generally speaking, α̂ is a biased estimator of α —
remarkably even when the flux scale corrections applied to the imagery are on average
correct. However, the bias appears small under realistic conditions: με ∼ 10−3–10−2

for LoLSS–LoTSS spectral index measurements. We offer a simple formula to re-
move this bias, actionable once flux scale uncertainties are quantified.

B.1 Introduction

Modern radio astronomical surveys, such as the LOFAR (van Haarlem et al., 2013)
Two-metre Sky Survey (LoTSS) DR2 (Shimwell et al., 2022), go sufficiently deep
and cover large enough areas of sky to detect millions of sources with high signifi-
cance (i.e. > 5σ, where σ is the image background noise). Flux density uncertainties
of such high-σ or high-SNR sources, as we will call them here, are no longer domi-
nated by additive background noise of thermal nature. Instead,multiplicative noise
becomes dominant. As an example, for the LoTSSDR2, flux scale uncertainty limits
the accuracy of flux densities and specific intensities to 10%— regardless of a source’s
brightness.

Similar surveys at other frequencies are planned or currently ongoing, which will
enable spectral index measurements of millions of high-σ sources in the foreseeable
future. Suchmeasurements are scientifically interesting for a myriad of reasons. One
such reason is the search for ultra-steep-spectrum (USS) radio galaxies (RGs), which
have been found to reside preferentially at high redshifts. Such RGs could help to
probe thephysics of theEpochofReionisation (e.g.Miley&DeBreuck, 2008; Saxena
et al., 2018). Another reason to amass spectral index measurements is to boost the
search for MHz-peaked spectrum (MPS) and GHz-peaked spectrum (GPS) sources,
which likely represent youthful RGs, RGs in dense environments, or transients. As
such, they serve as important observational probes to test models of RG evolution
(e.g. O’Dea et al., 1991; O’Dea & Saikia, 2021).

In this work, we analytically and numerically characterise the spectral index error
introduced by multiplicative noise sources in the high-SNR limit.

B.2 Analytical results

The simplest synchrotron-emitting sources have a power-law spectrum: Fν ∝ να. Let
usnowconsider such a source. Inparticular, letFν (ν1) andFν (ν2)denote the ground-
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truth flux densities of the source at observing frequencies ν1 and ν2 respectively, and
let α be the ground-truth spectral index. Then

Fν (ν1)
Fν (ν2)

=

(
ν1
ν2

)α

, or α =
ln Fν(ν1)

Fν(ν2)

ln ν1
ν2

provided that ν1 6= ν2. (B.1)

We usually approximate α through the estimator α̂, computed with the above for-
mula, but with the ground-truth flux densities replaced by observed flux densities
F̂ν (ν1) and F̂ν (ν2). For high-σ sources, the observed flux densities differ from the
ground-truth flux densities by amultiplicative factor, because additive image noise is
negligible (by definition): F̂ν (ν1) ≈ Fν (ν1) · C1 and F̂ν (ν2) ≈ Fν (ν1) · C2. Then

α̂ :=
ln F̂ν(ν1)

F̂ν(ν2)

ln ν1
ν2

≈
ln Fν(ν1)·C1

Fν(ν2)·C2

ln ν1
ν2

=
ln Fν(ν1)

Fν(ν2) + ln C1
C2

ln ν1
ν2

=: α + ε. (B.2)

We read off that the spectral index error is

ε =
lnC1 − lnC2

ln ν1
ν2

. (B.3)

What is the distribution of ε?
Themultiplicative factorsC1 andC2mightdeviate from1because of amyriadof ef-

fects, such as errors in beam and ionospheric calibration. Just as the central limit the-
orem (CLT) predicts that the normalised sum (i.e. the average) of many independent
random variables (RVs) follows a normal distribution, the multiplicative CLT pre-
dicts that the normalised product of many independent RVs follows a lognormal dis-
tribution. This justifies the assumption that Ci ∼ Lognormal(μi, σ

2
i ) for i ∈ {1, 2}.

This in turn implies lnCi ∼ N (μi, σ
2
i ), so that—elegantly—Eq. B.3’s spectral index

error has a normal distribution! The parameters μi and σ
2
i are the mean and variance

of the corresponding normal distribution: E [lnCi] = μi and V [lnCi] = σ2i . They
relate to the mean and variance of Ci through

μi = ln
μ2Ci√

μ2Ci
+ σ2Ci

, σ2i = ln

(
1+

σ2Ci

μ2Ci

)
. (B.4)

Themost optimistic case occurs when μCi
= 1, so thatE

[
F̂ν (νi)

]
≈ Fν (νi)E [Ci] =

Fν (νi) μCi
= Fν (νi): the observedfluxdensity is anunbiased estimator of the ground-
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truth flux density. Although Ci might vary per pointing, teams will generally try to
ensure μCi

= 1, and we will consider this case from here onwards:

μi
(
μCi

= 1
)
= − 1

2
ln
(
1+ σ2Ci

)
, σ2i

(
μCi

= 1
)
= ln

(
1+ σ2Ci

)
, (B.5)

so that μi = − 1
2σ

2
i .

The mean of the spectral index error, which we will call the (spectral index) bias, is

E [ε] =
E [lnC1]− E [lnC2]

ln ν1
ν2

=
ln
(
1+ σ2C1

)
− ln

(
1+ σ2C2

)
2 ln ν2

ν1

, (B.6)

while the variance of the spectral index error, assuming that C1 and C2 are indepen-
dent, is

V [ε] =
V [lnC1] + V [lnC2]

ln2 ν1
ν2

=
ln
(
1+ σ2C1

)
+ ln

(
1+ σ2C2

)
ln2 ν2

ν1

. (B.7)

Because ε is Gaussian, E [ε] andV [ε] fully characterise its distribution.
We recall that

√
x2 = |x| = x · sgn (x) for all x ∈ R and sgn (x) = sgn−1 (x) for

all x ∈ R ̸=0, where sgn is the signum function. The standard deviation (SD) of the
spectral index error, or more succinctly the spectral index uncertainty,1 is

σε :=
√
V [ε] =

√
ln
(
1+ σ2C1

)
+ ln

(
1+ σ2C2

)
| ln ν2

ν1 |
. (B.8)

By combining Eqs. B.6 and B.8, we find the relative bias to be

με
σε

=
ln
(
1+ σ2C1

)
− ln

(
1+ σ2C2

)
2
√

ln
(
1+ σ2C1

)
+ ln

(
1+ σ2C2

) · sgn (ν2 − ν1) . (B.9)

We remark that the absolute value of the relative bias, | μεσε |, is independent of themea-
surement frequencies.

1Because ε := α̂ − α and α is a constant,V[ε] = V[α̂]. Consequently, σε :=
√
V[ε] =

√
V[α̂] =:

σα̂. As it is apt to call σα̂ the spectral index uncertainty, this name also applies to σε.
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Figure B.1: Mean (top panel) and standard deviation (bottom panel) of the spectral index error ε for
high-SNR sources, as a function of the flux scale uncertainties σC1 and σC2 . We scale both mean and
standard deviation by a frequency-dependent factor. (This factor drops out if ν2 is a factor e larger than
ν1. This condition is approximately satisfied for LoLSS–LoTSS spectral index measurements, where
ν1 = 54MHz and ν2 = 144MHz.)
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B.3 Numerical results

Having derived the statistical properties of the spectral index error ε that arises in spec-
tral index measurements of bright (i.e. high-SNR) sources, we proceed to evaluating
με, σε, and

με
σε numerically.

B.3.1 Spectral index bias

FromEq. B.6, we see that the inferred spectral index α̂ is biased positive if the flux scale
uncertainty for the lower-frequency image is larger than for the higher-frequency im-
age. Similarly, α̂ is biased negative if the flux scale uncertainty for the lower-frequency
image is smaller than for the higher-frequency image. We explicitly calculate the spec-
tral index bias for the top panel of Fig. B.1. More precisely, we show με · ln

ν2
ν1 , with the

intent of reporting results that are independent of the particular pair of frequencies
(ν1, ν2) used. We find that the bias is small: it is∼10−2 if the σCi differ by∼10−1, and
it is∼10−3 if the σCi differ by∼10−2.

B.3.2 Spectral index uncertainty

FromEq. B.8, we see that the spectral index uncertainty σε is invariant under exchange
of σC1 and σC2 : the values of both flux scale uncertaintiesmatter, but not towhich im-
age they belong. We explicitly calculate the spectral index uncertainty for the bottom
panel of Fig. B.1. Wemultiply the results by the absolute value of the same frequency-
dependent factor as in Sect. B.3.1. For LoTSS-like flux scale uncertainties, spectral
index uncertainties for high-SNR sources are significant: σε ∼ 10−1 for σCi ∼ 10−1.
Such uncertainties can interfere with drawing scientific conclusions from the esti-
mated spectral indices.

B.3.3 Spectral index relative bias

We explicitly calculate the relative bias in Fig. B.2. For typical conditions, the bias
appears to be a sub-dominant problem, being just a few percent of the spectral index
uncertainty.

B.4 Conclusion

As radio surveysbecomemore sensitive and ionospheric calibrationmethods improve,
more source flux densities and specific intensities will be measured at high signifi-
cance with respect to the image noise. For this growing population of high-SNR
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Figure B.2: Spectral index bias as a fraction of the spectral index uncertainty for high-SNR sources, as
a function of the flux scale uncertainties σC1 and σC2 . The bigger the difference in flux scale uncertainty,
the larger the relative bias.

sources, flux scale uncertainties typically dominate the flux density and specific in-
tensity uncertainty budget. In this short work, we have considered— for such high-
SNR sources — the statistical distribution of the measured spectral index α̂ and its
error ε := α̂ − α, where α is the ground truth spectral index. We assume the stan-
dard definition for α̂: i.e. the logarithm of the ratio between the observed flux densi-
ties divided by the logarithm of the ratio between the observing frequencies. Under
the assumptions that the image background noise is of negligible importance, and
that the flux scale factors Ci are lognormally distributed — as suggested by the mul-
tiplicative CLT — α̂ is exactly Gaussian. We show that α̂ is a biased estimator of α,
even when the flux scale corrections applied to the imagery are on average correct (i.e.
μCi

= 1). Fortunately, the spectral index bias appears small under realistic conditions.
More precisely, if σC2 − σC1 ∼ 10−2–10−1, as expected for LoLSS–LoTSS spectral in-
dex measurements, the bias με ∼ 10−3–10−2. More problematically, the spectral
index uncertainty does not appear small: σε ∼ 10−1. Thus, flux scale uncertainties
σCi ∼ 10−1 can impede the physical interpretation even of sources that are detected at
very high significance with respect to the image noise (e.g. with infinite SNR).When
the σCi are known, Eq. B.6 offers a simple formula to remove spectral index bias.
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Wat is wetenschap? Wetenschap is de titanische poging van het menselijk in-
tellect zich uit zijn kosmische isolement te verlossen door te begrijpen.

Willem F. Hermans, Nederlands schrijver, inNooitMeer Slapen (1966)

9
Populairwetenschappelijke

samenvatting

Dit proefschrift beschrijft een reeks onderzoeken waarin we astronomische bron-
nenvan radiogolvenvoorspellen, kalibratietechniekenvoorwaarnemingendoor

radiotelescopen beschrijven, en zulke waarnemingen analyseren en interpreteren. We
richten ons in het bijzonder op radiogolven afkomstig van reusachtige straalstromen
en schokgolven in het KosmischeWeb. Om de inhoud en portee van het proefschrift
helder over het voetlicht te brengen, duiden we eerst kort enkele belangrijke begrip-
pen.

9.1 Licht en elektromagnetische golven

Thomas Young (1773–1829) was een Britse uomo universale die belangrijke bijdra-
gen heeft geleverd aan een diverse reeks vakgebieden, waaronder de egyptologie, fysi-
ologie, klassieke mechanica en optica. Vanwege Youngs buitengewoon brede weten-
schappelijke deskundigheidwordt hij regelmatig beschouwd als ‘de laatste persoon die
alles wist’. In 1803 beschreef Young voor de Royal Society een baanbrekend interfe-
rentie-experiment, dat hij zelf later als zijn belangrijkste wetenschappelijke bijdrage
zou beschouwen. Het experiment, waarin het licht van één bron langs twee verschil-
lende paden naar een scherm reist, toonde aan dat zichtbaar licht niet domweg bestaat
uit een stroom deeltjes, zoals eminente fysici als Isaac Newton en SiméonDenis Pois-
son vermoedden,maar irreducibele golfeigenschappen bezit. Het was een belangrijke
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stapopwegnaar de acceptatie van licht als golfverschijnsel, zoals onder anderenChris-
tiaan Huygens en Augustin-Jean Fresnel voorstonden. Niet veel later — in 1818 —
bevestigde Dominique François Jean Arago van de Franse Académie royale des sci-
ences Fresnels golftheorie in een experimentum crucis, nadat Poisson, gericht op het
ontkrachten van Fresnels werk, er een ogenschijnlijk ‘absurde’ voorspelling uit des-
tilleerde — namelijk dat zich in het midden van de schaduw van een circulair, on-
doorzichtig voorwerp niettemin een zwak lichtvlekje zou vormen: de tache de Fres-
nel. Ironisch genoeg zou Poissons voorspelling zijn eigen ongelijk bewijzen. Arago’s
experimentele demonstratie van het bestaan van de tache overtuigde het leeuwen-
deel van de wetenschappelijke gemeenschap van het golfkarakter van licht. Experi-
mentele én theoretische vooruitgang in het begrip van elektriciteit en magnetisme in
de daaropvolgende decennia leidden JamesClerkMaxwell tot een theorie van het elek-
tromagnetisme, die niet alleen de samenhang tussen reeds bekende resultaten bloot-
legde, maar ook het bestaan van elektromagnetische golven voorspelde.1 Al een de-
cennium voordat — in 1865 — Maxwells A Dynamical Theory of the Electromag-
netic Field verscheen, hadden Wilhelm Eduard Weber en Rudolf Kohlrausch opge-
merkt dat er een aan elektriciteit en magnetisme gerelateerde constante bestond —
laten we haar voor ’t gemak c noemen — die men, gezien dier dimensies, kon in-
terpreteren als een snelheid. Aan de hand van een Leidse fles maten zij vervolgens
dat c = 3,1 · 108 m s−1. Deze waarde bleek verdacht veel op de toen recent vast-
gestelde snelheid van het licht: 3,1 · 108 m s−1, aldus Hippolyte Fizeau in 1848, en
3,0 · 108 m s−1, aldus Léon Foucault in 1850. Het was echter Maxwell die het ver-
band tussen c en de snelheid van het licht als eerste opmerkte, en concludeerde dat
licht een voorbeeld van ‘zijn’ elektromagnetische golven moest zijn.

9.2 Radiogolven

Het voor ons zichtbare licht vormt maar een klein deel van het brede scala, of spec-
trum, aan elektromagnetische golvendat vanuit hetHeelal opAarde ‘aanspoelt’. Toch
is het niet vreemd dat onze ogen— en die van de meeste andere diersoorten— geop-
timaliseerd zijn voor het waarnemen van het zichtbare deel van het elektromagnetisch
spectrum. Het is namelijk dít ‘venster’ waarin onze ster, de Zon, het sterkst straalt.
(Gevoeligheid voor een deel van het spectrumwaarvoor het donker is opAarde, is van
weinig nut.)

De vorm van het Zonnespectrum heeft niet alleen zijn stempel gedrukt op onze
anatomie, maar ook op de geschiedenis van de sterrenkunde. De Zon is een ‘gewone’
ster — en dus zijn ogen die gevoelig zijn voor Zonlicht, ook bijzonder geschikt om

1De vectoranalysevorm van de maxwellvergelijkingen, die tegenwoordig gebruikelijk is, is van de
hand van Oliver Heaviside.
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de straling van andere sterren op te vangen. De nachtelijke hemel toont het Aardse
dierenoog daarom bovenal een overweldigende zee van sterren. Tot in de twintigste
eeuw bestond bijgevolg het geloof dat de elektromagnetische straling uit het Heelal
vrijwel volledig van sterren moest komen — en dat zichtbaarlichttelescopen dus de
meest geschikte instrumenten zijn om het Heelal te bestuderen.

In de loop van de twintigste eeuw, gedreven door stormachtige ontwikkelingen
in de quantummechanica en de relativiteitstheorie, voltrok zich een ommezwaai die
deze antropocentrische visie van tafel veegde. Zo voorspelden Ralph Alpher, Robert
Herman en George Gamow in 1948 het bestaan van een zwakke maar alomtegen-
woordige gloed van microgolfstraling die vlak na de oerknal geproduceerd zou zijn.2
Het idee van een oerknal — een ‘geboorte’ voor het Heelal, in een ver maar eindig
verleden — was indertijd controversieel. Was het Heelal dan niet, naar platonisch
ideaal, onveranderlijk en oneindig oud? De toevallige ontdekking van de kosmische
microgolfachtergrond doorArnoAllan Penzias enRobertWoodrowWilson in 1964,
die hun deNobelprijs voor deNatuurkunde opleverde, maakte treffend duidelijk dat
waarnemingen van elektromagnetische straling buiten het optische venster tot fun-
damentele doorbraken kunnen leiden. Andere vroege doorbraken die het belang van
de radiosterrenkunde bestendigden, zijn de voorspelling van de 21 centimeterlijn van
neutraal waterstof door Hendrik Christoffel van de Hulst in 1944 en de detectie van
de lijn in 1951, en de eerste metingen van gepolariseerd licht afkomstig van de Krab-
nevel (zie Fig. 9.1) door zowel Mikheil Alexandres dze Vashakidze als Viktor Alek-
seyevich Dombrovskij in 1954, en door Jan Hendrik Oort en Theodore Walraven
in 1955, waarmee zij de astrofysische realiteit van het synchrotronstralingsmecha-
nisme aannemelijk maakten. Synchrotronstraling ontstaat wanneer geladen deeltjes,
zoals elektronen en positronen (anti-elektronen), met bijna de lichtsnelheid door een
magnetisch veld spiralen. Deeltjes bereiken zulke snelheden niet zomaar. In de bu-
urt van synchrotronstralingsbronnen moet daarom een natuurlijke deeltjesversneller
aanwezig zijn — en een energiebron waaruit de nieuwverworven bewegingsenergie
afkomstig is. Spannend genoeg verraadt een detectie van synchrotronstraling in een
stuk ruimte dus het bestaan van hoogenergetische, explosieve en anderszins exotische
astrofysische processen. De deeltjesversnellers die in dit proefschrift besproken wor-
den, zijn superzware zwarte gaten, en oergas dat na miljarden jaren reizen met hoge
snelheid op het KosmischeWeb stort.

2Deze gloed bestond destijds vooral uit infraroodstraling, maar veranderde in de loop der tijd —
door de expansie van het Heelal— inmicrogolfstraling. Ongeveer 1% van de ‘sneeuw’ zichtbaar op de
schermen van ouderwetse, analoge televisies is het gevolg van deze kosmische microgolfstraling.
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Figure 9.1: De Krabnevel, het overblijfsel van een supernova die op 4 juli 1054 als nieuwe ‘ster’ aan
de hemel door Chinese astronomen opgemerkt werd. In hetmidden van deze foto van de JamesWebb
Space Telescope huist de Krabpulsar, een neutronenster die zo’n dertig maal per seconde om haar as
wentelt. De Krabnevel heeft een sleutelrol gespeeld in de ontdekking van de astrofysische relevantie
van het synchrotronstralingsmechanisme. Van: CSA, ESA, NASA, STScI & Tea Temim

9.3 Het KosmischeWeb

Hoewel het huidige sterrenkundige wereldbeeld incompleet is, verschaft het een ver-
bluffend vergezicht van de bredere werkelijkheid waar wij deel van uitmaken. In dit
wereldbeeld is de Aarde een natte, tollende rots van bescheiden formaat die om een
middelgrote ster cirkelt — een bal van plasma en licht die wij de Zon noemen, en die
het leven op Aarde al zo’n vier miljard jaar lang mogelijk maakt. De Zon staat niet op
zichzelf, maar is onderdeel van een kosmisch eiland van een paar honderdmiljard ster-
ren.3 Dit eiland ziet er voormogelijke verafgelegenwaarnemers uit als een imposante,
meerarmige draaikolk (zie het linkerpaneel van Fig. 9.2). Aan onze hemel verschijnt

3Dat zijn zo’n één tot vier sterren voor iedere mens die ooit heeft geleefd.
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Figure 9.2: Links: Zichtbaarlichtfoto gemaakt door deHubbleruimtetelescoop van het sterrenstelsel
UGC12158, eenMelkweganalogon. Als hetmogelijk was omdeMelkweg uit te vliegen in een richting
loodrecht op het Galactisch Vlak, dan zou het uitzicht op ons sterrenstelsel waarschijnlijk gelijkaardig
zijn. Rechts: De 2,6 kilometer hoge Chileense berg Cerro Paranal met de contouren van deVery Large
Telescope, waarboven de Melkweg zich uitstrekt. Van: ESA &NASA (links); Alberto Ghizzi Panizza,
ESO (rechts)

het eiland echter als een band van zwak wit licht (zie het rechterpaneel van Fig. 9.2),
dat men om die reden in het Oudgrieks, en in ettelijke andere, veelal Europese talen,
de naam Melkweg gegeven heeft.4 Deze hoogst zoogdierlijke metafoor hebben we
aangehouden: alle andere dergelijke eilanden, die alomtegenwoordig zijn in het mod-
erne Heelal, worden galaxieën genoemd (of: sterrenstelsels) — naar het Oudgriekse
γαλαξiας: ‘melkachtig’. De galaxieën zijn niet volledig geïsoleerd, maar ingebed in
een bijna onzichtbare, warme mist van waterstof — het meest eenvoudige van alle
elementen, dat zich vlak na de oerknal vormde. Deze mist heet het intergalactisch
medium, en vormt een uitgebreid netwerk van draden, of filamenten, dat zich door
het hele Universum uitstrekt. Het netwerk als geheel, meestal met de onderliggende
donkeremateriestructuurmeegerekend,wordt hetKosmischeWeb genoemd—al lijkt
een vergelijking met de neurale structuur van het brein (Vazza & Feletti, 2020) tref-
fender dan een met een spinnenweb. Omdat het Heelal eindig oud is, en de aanvoer
vanbouwmateriaal naar eenbouwplaats hoogstensmetde lichtsnelheid kanverlopen,
is er een maximum aan de grootte van bouwwerken die tot nu toe in het Heelal door
de zwaartekracht gevormd (kunnen) zijn. Wat diemaximale grootte verder inperkt, is
het feit dat het Heelal uitdijt: de uitdijing poogt voortdurend de afstand tussen fila-
menten te vergroten, en verhindert zodat ze samensmelten. Omdeze redenen is er, tot
op heden, geen structuur groter dan het Kosmische Web gevormd. Het Kosmische

4De Melkweg heeft veel andere, beeldschone namen. In de meest gesproken Indiase talen — het
Hindi, het Bengaals en hetMarathi— noemtmen deMelkweg de Ganges van de Hemel; in het Noors
en het IJslands het Winterse Pad; in het Welsh het Fort van Gwydion (een magiër uit de Keltische
mythologie); in het Thais de Weg van de Witte Olifant; en in het Hawaïaans onder andere de Vis
die in Schaduwen Springt.
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Web is hetEinde derGrootsheid—de indrukwekkende hiërarchie van sterrenkundige
lengteschalen ten spijt.

9.4 Schokgolven in het KosmischeWeb en ionosferische kalibratie

Een veelbelovende methode om de filamenten van het Kosmische Web in beeld te
brengen omvat het opvangen van synchrotronstralingmet radiotelescopen. Die stral-
ing is, in het geval van hetKosmischeWeb, afkomstig van geladen deeltjes die versneld
zijn door hypersonische schokgolven in de filamenten. Die schokgolven vormen zich
wanneer oeroude gaswolken uit de gigantische ruimtes tussen de filamentenmet snel-
heden van, doorgaans, honderden kilometers per seconde op de filamenten vallen.
Dit proces, waarin de filamenten ‘gevoed’ worden met nieuw materiaal, wordt voor-
spelddoor computersimulaties geënt ophet reconstruerenvandeontstaansgeschiede-
nis van het Kosmische Web. Schokgolven in het Kosmische Web treden bovendien
op ongeacht de manier waarop zulke simulaties precies afgesteld worden— de voor-
spelling is dus ‘robuust’. De synchrotronstraling van de schokgolven is echter zwak
in vergelijking met de radiostraling geproduceerd door sterrenstelsels, en dus is er
een aanmerkelijk risico dat ongerelateerde sterrenstelsels in het gefotografeerde stuk
hemel de radiotelescoop ‘verblinden’. Omde schokgolven toch te kunnen zien, moet
de straling van de schokgolven en dat van de sterrenstelsels van elkaar gescheiden blij-
ven. Het is daaromessentieel dat verstoringendoor deAardatmosfeer de radiostraling
van de sterrenstelsels niet onverhoopt uitsmeren over delen van de foto waar schok-
golven zouden kunnen liggen.

Het deel van de atmosfeer dat de propagatie van kosmische radiogolven het meest
verstoort, is de ionosfeer. De ionosfeer bestaat ’s nachts uit twee lagen en overdag uit
vier lagen, die elk enkele tientallen tot honderden kilometers boven het Aardopper-
vlak hangen. Een klein deel van de atomen enmoleculen in deze ionosferische lagen is
in geïoniseerde toestand door botsingen met ultraviolette straling en röntgenstraling
vandeZon. Het elektrisch veld vande inkomende radiogolven forceert de bij ionisatie
vrijgekomen elektronen in oscillatie, die daardoor een gedeelte van de energie van de
inkomende golf absorberen en, later, weer uitzenden. Het gevolg is onder meer een
vertraging in de aankomsttijd van de radiogolven bij de telescoop.

De ionosferische verstoringen zijn het grootst voor radiogolvenmet grote golfleng-
tes — en dus lage frequenties. Het wegkalibreren van ionosferische verstoringen is
dan ook van groot belang voor de laagfrequente radiosterrenkunde, de tak van de as-
tronomie die in dit proefschrift besprokenwordt. Om een goede resolutie te behalen,
bestaan laagfrequente radiotelescopen doorgaans uit een aantal kleinere eenheden
(veelal antennes, schotels of ‘stations’) die geografisch verspreid zijn, maar samen-
werken als één grotere telescoop. De nu gangbare methoden voor ionosferische kali-
bratie maken echter niet optimaal gebruik van het feit dat de ionosferische verstorin-
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Figure 9.3: Boven: Ionosferische simulatie van een driedimensionaal gaussisch toevalsveld boven 24
Nederlandse LOFAR-stations (zwarte stippen), waarvoor Hoofdstuk 2 de optimale kalibratiemeth-
ode presenteert. We tonen het veld ne(x, t) alleen langs een paar zichtslijnen. Onder: Ionosferische
faseverstoringen als functie van hemelrichting (kx, ky) voor ieder station, met de afstand tot het tele-
scoopcentrum (grijze legenda’s) aangegeven. Van: Hoofdstuk 2
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genwaar verschillende stationsmee temaken krijgen, flink op elkaar kunnen lijken—
vooral als die stations vlak bij elkaar staan. Voor een gegeven station lijken bovendien
de verstoringen van naburige richtingen aan de hemel op elkaar, alsook verstoringen
van twee nauwopeenvolgendemomenten in de tijd. InHoofdstuk 2 introducerenwe
een nieuwe ionosferische kalibratiemethode die theoretisch optimaal is wanneer de
ionosferische vrije-elektrondichtheid de structuur heeft van een gaussisch toevalsveld.
Met behulp van eennumerieke simulatie (zie Fig. 9.3) kwantificerenwede toename in
kalibratiekwaliteit van de nieuwemethode ten opzichte van die van ad hoc–varianten.

9.5 SchokgolfvoorspellingenvoorhetKosmischeWeb aandenoor-
delijke hemel

Een snelle inspectie vande foto’s vanhuidige laagfrequente radiotelescopen suggereert
dat de meeste schokgolven in het Kosmische Web nog niet individueel detecteerbaar
zijn. Om het bestaan van de schokgolven in het Kosmische Web toch al aan te to-
nen, stellen wij (zoals andere auteurs) voor om een statistisch vergelijk te doen tussen
de huidige beelden enerzijds en voorspelde schokgolfbeelden anderzijds. Voorgaand
werk in deze richting heeft echter ofwel zeer simplistische voorspellingen gebruikt,
ofwel voorspellingen zonder onzekerheidskwantificatie. In Hoofdstuk 3 beschrijven
en presenteren we voorspellingen, gebaseerd op kosmologische magnetohydrodyna-
mische simulaties en bayesiaanse reconstructies van de groteschaalstructuur van het
Lokale Universum, mét onzekerheden. We doen voorspellingen voor de helft van de
noordelijke hemel, tot op ruim twee miljard lichtjaar van de Melkweg. Zie Fig. 9.4.
Het blijkt dat de grote variatie in lichtkracht die schokgolven in het Kosmische Web
kunnen hebben, een grote voorspelonzekerheid induceert — zelfs wanneer we de ra-
diostraling flink ‘uitsmeren’ over de hemel (over ruimtehoeken van enkele vierkante
graden). De voorspellingen suggereren dat de omgevingen van het Herculescluster,
het Comacluster, Abell 2199 en het Ursa Majorsupercluster mogelijk de helderste
schokgolven huisvesten in het door ons geanalyseerde deel van het KosmischeWeb.

Daarnaast introduceren we een eenvoudig statistisch-geometrisch model waarmee
vastgesteld kan worden of de meeste schokgolfstraling in het Kosmische Web uit de
ruimte tot op twee miljard lichtjaar afstand komt, of dat de totale bijdrage van verder
weg gelegen schokgolven toch aanzienlijk is — en de hier gepresenteerde voorspellin-
gen dus incompleet zijn. We laten zien dat, tot op goede benadering, slechts één pa-
rameter de gemiddelde afstand tot de schokgolfstraling bepaalt. Deze parameter kan
aan de hand van kosmologische simulaties afgeschat worden.
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Figure 9.4: Boven: Gemiddelde vanprobabilistischeKosmischeWebvoorspellingen van synchrotron-
straling met een golflengte van tweemeter voor de noordelijke hemel. Drie lageroodverschuivingsster-
renstelsels vallen op; dit zijn (in volgorde van toenemende declinatie θ) het Herculescluster, het Co-
macluster en Abell 2199. Onder: Voor deze clusters (kolommen) tonen we realisaties (rijen) van hoe
de omliggende radiohemel eruit zou kunnen zien (stralen van gestreepte cirkels: 3°, 6° en 9°). Wemod-
elleren slechts één stralingsmechanisme: emissie van clustersamensmeltingsschokgolven en accretie-
schokgolven die ontstaan tijdens de formatie van het KosmischeWeb. Van: Hoofdstuk 3

479



Figure 9.5: Door LoTSS-beelden te bewerken (zie Hoofdstukken 4 en 6), hebben we één van de
meest, zo niet démeest gevoelige reeks laagfrequenteradiofoto’s gemaakt. Dit heeft geleid tot de toeval-
lige ontdekking dat ons eigen sterrenstelsel de metergolfhemel met een complex patroon van graden-
lange strepen vult — zelfs tot op hoge Galactische breedtegraad b. Hier tonen we een ∼102 deg2-
groot mozaïek rond b = 45°. Enkele restanten van compacte bronnen zijn onverhoopt zichtbaar.
Van: Hoofdstuk 1

9.6 Gevoelige LOFAR-beelden en een onverwachtse ontdekking

Met voorspellingen van radiostraling door schokgolven in het Kosmische Web in de
hand wijden we ons aan het maken van échte radiobeelden van de noordelijke hemel.
We benutten data van de LOFAR, een pan-Europese radiotelescoop met een Neder-
lands hart. Het tot op heden meest omvangrijke waarneemprogramma van de LO-
FAR, de LoTSS, is een campagne om de noordelijke hemel te fotograferen in het
laagfrequente radiovenster rond150megahertz.5 Het tweede grote pakket aan gepub-
liceerde LoTSS-data, de LoTSS DR2, omvat reeds gekalibreerde beelden van zo’n
30% van de noordelijke hemel. We bewerken deze beelden door zoveel mogelijk licht
van sterrenstelsels uit de onderliggende data weg te poetsen, en vervolgens nieuwe
foto’s te maken met een lage resolutie. Hierdoor worden lichtzwakke patronen die
zich uitstrekken over de hemel, beter zichtbaar. De bewerkte reeks beelden is de ge-
voeligste ooit gemaakt van de laagfrequente radiohemel met resoluties van rond de
boogminuut. Spannend genoeg zou er daarom veel in te ontdekken kunnen zijn.

Het eerste dat opvalt, is een wanordelijk patroon van strepen, die vele graden lang
kunnen zijn en zich tot op hoge Galactische breedtegraad manifesteren (zie Fig. 9.5).
Deze strepen zijnwaarschijnlijk afkomstig van deMelkweg—enniet van hetKosmis-
che Web. Ze laten zien dat ons sterrenstelsel een tot op heden onderschatte ruisbron
is in statistische zoektochten naar radiostraling van het KosmischeWeb.

5Golven in dit venster hebben golflengtes van circa twee meter.
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Figure 9.6: Alcyoneus, de grootste bekende structuur van galactische oorsprong, is gevormd door een
krachtig actief zwart gat. Alcyoneus’ ontdekking toont aan dat sterrenstelsels het omliggende Kos-
mische Web kunnen verhitten en magnetiseren tot op kosmologische afstanden (i.e. miljoenen licht-
jaren). We combineren LOFAR-foto’s bij golflengtes van twee meter (oranje)met een WISE-foto bij
een golflengte van 3,4 μm (blauw). Van: Hoofdstuk 4

Bij het bekijken van de nieuwe beeldenreeks vallen vervolgens twee pluimen op die
zich aan weerszijden van een elliptisch sterrenstelsel bevinden (zie Fig. 9.6). Nadere
analyse, beschreven in Hoofdstuk 4, wijst uit dat de pluimen gigantische plasma-
wolken representeren die de intergalactische ruimte zijn ingeblazen door een paar
straalstromen met antiparallelle oriëntatie. Deze straalstromen zijn op hun beurt ge-
genereerd door een superzwaar zwart gat6 in het centrum van het bijbehorende ster-

6In de sterrenkunde zijn superzware zwarte gaten gedefinieerd als zwarte gatenmetmassa’s van ten
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renstelsel. De minimale afstand tussen de pluimen, en daarmee ook de minimale
lengte van de twee straalstromen, is zo’n 5 megaparsec (16 miljoen lichtjaar). Dit gi-
gantische galactische uitvloeisel blijkt, ten minste in geprojecteerde zin, de grootste
door een sterrenstelsel voortgebrachte structuur te zijn die tot op heden bekend is.
We noemen het uitvloeisel Alcyoneus, naar de mythologische gigant die tijdens de gi-
gantomachie met de Olympische goden vocht om de heerschappij over de Kosmos.
We onderzoeken of Alcyoneus bijzondere eigenschappen bezit die direct verklaren
waarom het uitvloeisel zo groot geworden is. Opvallend genoeg zendt Alcyoneus,
ten opzichte van andere bekende uitvloeisels met straalstromen van zo’n één miljoen
lichtjaar en langer, een mediale hoeveelheid radiostraling uit. Ook zijn, binnen deze
referentiegroep, zowel de totale massa van de sterren in het bijbehorende sterrens-
telsel als demassa van het zwarte gat dat de straalstromen geproduceerd heeft, typisch
— zo niet aan de lage kant. Blijkbaar zijn een zeer hoge radiolichtkracht, stellaire
massa of zwartgatmassa geen noodzakelijke voorwaarden om uitvloeisels zoals Alcy-
oneus te produceren. We schatten ten slotte de druk af in de plasmawolken, en vin-
den— dankzij de gevoeligheid van de LoTSS— de laagste druk ooit gemeten in een
uitvloeisel. Deze druk is echter nog altijd hoger dan de typische druk in filamenten
van hetKosmischeWeb. AangezienAlcyoneuswaarschijnlijk ook in een filament ligt,
zijn de plasmawolken, en daarmee Alcyoneus als geheel, nog altijd bezig te groeien.

9.7 Een gigantisch uitvloeisel uit een spiraalsterrenstelsel

Na de spectaculaire vondst van Alcyoneus besluiten we een uitgebreidere LoTSS-
zoektocht naar gigantische galactische uitvloeisels op poten te zetten. Één van de op-
vallendste uitvloeisels die we vinden, gepresenteerd in Hoofdstuk 5, is een uitvloeisel
van tenminste 8miljoen lichtjaar lang dat voortgebracht is door een centraal zwart gat
in een spiraalsterrenstelsel. Spiraalsterrenstelsels, zoals de Melkweg, hebben meestal
geen centrale zwarte gaten die gedurende lange tijd krachtige straalstromen gener-
eren. Daardoor zijn, voor zover bekend, galactische uitvloeisels uit spiraalsterrens-
telsels zeldzaam. Het uitvloeisel dat we hier presenteren, komt uit NGC 6185, en
bevindt zich een half miljard lichtjaar van ons vandaan— dat wil zeggen, op een kos-
mische steenworpafstand. Het is het grootste bekende uitvloeisel uit een Melkwe-
gachtig sterrenstelsel. De radiostraling afkomstig van de plasmawolken is nog maar
nét indeLoTSS-foto’s zichtbaar. Vergelijkbareuitvloeisels op grotere afstand zijnmet
de huidige data daarom niet, of bijna niet, te zien. De ontdekking van het uitvloeisel
uit het nabijgelegen NGC 6185 suggeert dat gigantische galactische uitvloeisels uit
een spiraalsterrenstelsels vaker voorkomen dan tot op heden gedacht. Het gebrek aan
bekende exemplaren zou zomaar eens een observationeel selectie-effect kunnen zijn.

minste een miljoen keer de massa van de Zon.
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Zoals bij Alcyoneusmetenwe de druk in de plasmawolken, en vinden een vergelijk-
baar lage waarde. Omdat NGC 6185 relatief dichtbij staat, zijn er bayesiaanse Kos-
mische Webreconstructies beschikbaar waarmee de dichtheid van het filament waar
het sterrenstelsel zich in bevindt, grofweg kan worden bepaald. Ook zijn er relatief
gedetailleerde observaties mogelijk van ándere sterrenstelsels in de groep van sterren-
stelsels waarinNGC 6185 het zwaarste is. Met schattingen van de druk in de plasma-
wolken van het uitvloeisel van NGC 6185 en van de dichtheid van het omliggende
KosmischeWeb, berekenen we de temperatuur van het intergalactisch medium rond
NGC 6185. Het idee is, simpelweg, om gebruik te maken van de ideaalgaswet. Onze
meting, T = 11+12

−5 · 106 K, geldt als de eerste bepaling van de temperatuur van het in-
tergalactisch mediummiddels een gigantisch galactisch uitvloeisel. Het voordeel van
dezemethode is dat er geen kostbare röntgenstraalobservaties nodig zijn. Demethode
kan in de toekomst preciezer gemaakt worden.

9.8 Een census van giganten

Geënthousiasmeerd door onze vondsten speuren we, zoals Hoofdstuk 6 beschrijft,
naar meer onbekende gigantische galactische uitvloeisels. Dit doen we simpelweg
door met het oog zorgvuldig de LoTSS-beelden te bekijken. Al gauwmerken we dat
er in principe zoveel giganten te vinden zijn dat we, gezien de omvang van ons onder-
zoeksteam, niet alle kandidaat-giganten binnen een redelijke termijn op gigantschap
zouden kunnen toetsen. Om toch de grootste uitvloeisels in de LoTSS-beelden niet
temissen, besluitenwe ons in de eerste plaats te richten op kandidaat-giganten die aan
dehemel vijf ofmeer boogminuten lijken te beslaan. Na een lange lijst van kandidaten
kritisch af te werken, blijkenwe 2.060 nieuwe gigantische galactische uitvloeisels ont-
dekt te hebben (zie e.g. Fig. 9.7). Vóór onze census waren er in de wetenschappelijke
literatuur circa 1.300 giganten bekend.

Omdat onze zoektocht een statistisch significante hoeveelheid hemel beslaat, en de
LoTSS-waarnemingen volgens een vast procedé uitgevoerd en gekalibreerd zijn, is een
betekenisvolle statistische analysemogelijk. Wemodellerenhoe eengeparametriseerde
onderliggendepopulatie, samenmet twee eveneens geparametriseerde selectie-effecten,
tot eenmonster leidt. De selectie-effectendiewe inogenschouwnemen, zijnde eindige
gevoeligheid van de LoTSS-foto’s en deminimalehoekgrootte-eis van vijf boogminu-
ten. Door het monster met onze theoretische resultaten te combineren, leiden we af
dat de intrinsieke lengtes van gigantische galactische uitvloeisels consistent zijn met
een paretoverdeling. Ook geven we een eerste inschatting van de intrinsieke popu-
latiedichtheid van giganten in het KosmischeWeb.
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Figure 9.7: LoTSSDR2–uitsnedenmet resoluties van 6′′ (boven) en 60′′ (onder) van een pasontdekte
gigant. Door compacte bronnen uit reeds gekalibreerde 150 MHz–data te verwijderen en lageresolu-
tiebeeldvorming te bedrijven, leggenwe anders speculatieve giganten bloot rond het nog onontgonnen
oppervlaktehelderheidsniveau van ∼1 Jy deg−2. Het geïdentificeerde bronsterrenstelsel bevindt zich
in het midden van de plaatjes. Deze gigant heeft een geprojecteerde lengte lp = 1,4 ± 0,3 Mpc en
een hoeklengte ϕ = 32,3 ± 0,2′ — groter, dus, dan de volle Maan! Om een gevoel voor de omvang
te krijgen, tonen we de stellaire Melkwegschijf (waarvan de diameter 50 kpc is) alsook een driemaal
grotere versie. Van: Hoofdstuk 6
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Figure 9.8: Dankzij een Kosmische Webreconstructiedoorbraak met montecarlotechnieken en her-
haaldelijke simulaties van donkeremateriedynamica vanaf het vroege Heelal tot het heden, is het nu
mogelijk om de dichtheid en gravitationele stabiliteit te meten van het KosmischeWeb rond individu-
ele galactische uitvloeisels (Hoofdstuk 7). Zo huist de gigant die we in Hoofdstuk 6 ontdekken en die
in de vergroting weergegeven is, in een cluster van sterrenstelsels (witte cirkel). Het hoofdpaneel toont
een plakje van het driedimensionale a-posteriorigemiddelde van de BORG SDSS (Jasche et al., 2015).
Van: Hoofdstuk 7

9.9 De omgevingen van gigantische galactische uitvloeisels in het
KosmischeWeb

InHoofdstuk 7demonstrerenwedatmoderneKosmischeWebreconstructies vanhet
Lokale Universum ingezet kunnen worden om de dichtheid van het intergalactisch
medium rondom individuele galactische uitvloeisels af te schatten. We lokaliseren
in totaal 260 giganten (waarvan 80% ontdekkingen zijn uit Hoofdstuk 6) en 1.443
‘algemene’ galactische uitvloeisels, geselecteerd uit een groter monster zonder lengte
als expliciete eis mee te nemen, in het KosmischeWeb. Zie bijvoorbeeld Fig. 9.8.

We presenteren vervolgens de eerste kansverdelingen van de groteschaaldichtheid
rond zowel giganten als algemene galactische uitvloeisels. Al enkele decennia bestaat
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Figure 9.9: Voorbeelden van giganten die in de LoTSS DR2 gevonden zijn aan de hand van machi-
naal leren en geautomatiseerde, aannemelijkheidsquotiëntgebaseerde sterrenstelselassociatie. De ver-
grotingen tonen uitsneden van de DESI Legacy Imaging Surveys DR9 (g, r, z) (Dey et al., 2019) met
afmetingen van 1′ × 1′. Van: Hoofdstuk 8
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Figure 9.10: Overzicht van de hemel met de Melkweg en de coördinaten van bekende giganten in-
getekend. Met in totaal 11.530 unieke bronnen presenteren we de omvangrijkste catalogus tot nu toe
van grootschalige galactische terugkoppeling naar het KosmischeWeb. Op het moment van schrijven
zijn ∼90% van alle bekende giganten ontdekt in zoekcampagnes die we in Hoofdstukken 6 (blauwe
stippen) en 8 (oranje en rode stippen) presenteren. Van: Hoofdstuk 8

het vermoeden dat giganten zoveel groter zijn dan andere galactische uitvloeisels do-
ordat ze een bij uitstek ijle groteschaalomgeving zouden hebben. Onze resultaten
laten echter zien dat de op dit moment bekende giganten in dichtere omgevingen
leven dan algemene uitvloeisels. De huidig bekende populatie giganten zijn ook radi-
olichtkrachtiger dan algemene uitvloeisels, maar dat kan een selectie-effect zijn: om-
dat giganten veelal een groter stuk hemel beslaan dan andere uitvloeisels, moeten ze
in totaal meer radiostraling afgeven om boven de ruis van de foto’s uit te komen.
We werpen de hypothese op dat de hogere dichtheden rondom giganten een reflec-
tie zijn van een onderliggende, positieve relatie tussen Kosmische Webdichtheid en
straalstroomvermogen die valide is voor álle galactische uitvloeisels. Om deze hy-
pothese kracht bij te zetten, presenteren we de eerste kwantitatieve, observationele
relatie tussen KosmischeWebdichtheid en radiolichtkracht voor galactische uitvloei-
sels. Deze radiolichtkracht is een indirecte maat voor het vermogen van de straal-
stromen die het uitvloeisel aandrijven. Onze bevindingen zijn consistent met een sce-
nario waarin giganten gewone, in plaats van mechanistisch uitzonderlijke, leden van
de uitvloeiselpopulatie zijn.
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9.10 Giganten, machinaal leren en magnetogenese

Hoofdstuk 6 beschrijft een handmatige, visuele zoektocht naar giganten in de LoTSS
met een hoekgrootte van vijf boogminuten of meer. In Hoofdstuk 8 presenteren
we een zoektocht naar giganten in de LoTSS met een hoekgrootte van minder dan
vijf boogminuten, waarbij we de kracht van burgerwetenschap en machinaal leren
combineren. Via hetRadio Galaxy Zoo-project en convolutionele neurale netwerken
bereiken we een census van giganten met meer dan 104 exemplaren. Figuur 9.9 toont
twee giganten die aan de hand van de machinaallerenaanpak geïdentificeerd zijn, ter-
wijl Fig. 9.10onzeuiteindelijke censusweergeeft. Bovendienbreidenwehet geometri-
sche uitvloeiselpopulatiemodel uit datHoofdstuk 6 heeft geïntroduceerd, en bepalen
een kansverdeling over de parameters van het model met de nieuwe census en bayesi-
aanse statistiek. Dit resulteert in verbeterde inschattingen van de populatiedichtheid
vangiganten,nGRG = 13±10 (100Mpc)−3, en vande instantane vullingsgraad vande
pluimen van giganten in clusters en filamenten van het KosmischeWeb,VGRG−CW =
1,1±0,9·10−5. Onswerk levert bewijs voorhet ideedat gigantenbinnendeuitvloeisel-
populatie talrijk zijn. Dit suggereert dat giganten een standaarduitkomst van uitvloei-
selevolutie belichamen. We redeneren dat de ingeschatte waarde van VGRG−CW vol-
doende hoog is voor een scenario waarin giganten significant hebben bijgedragen
aan de magnetisatie van het Kosmische Web. Gigantische galactische uitvloeisels,
die eerder als randverschijnsel beschouwd werden, lijken voorzichtig aan hoofdver-
dachten te worden in de zoektocht naar de bron van kosmische magnetogenese. ■
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Above all, I have been a sentient being, a thinking animal, on this beautiful
planet, and that in itself has been an enormous privilege and adventure.
Oliver W. Sacks, British neurologist and naturalist, in The New York Times

essay ‘My Own Life’ (2015)
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Iwas born in the Leiden University Medical Center (LUMC) on Saturday 2 Oc-
tober 1993 to my mother Antoinette Martine Maaike Kootte and my father Tji-

auwKhingOei, themselves bothmedics. My parents raisedme inOegstgeest, a town
bordering Leiden and a place favoured to call home by many Leiden University aca-
demics.
In the autumn of 2005, I joined the Stedelijk Gymnasium Leiden — the high

school of, among others, Rembrandt van Rijn, Herman Boerhaave, and Abraham
Kuyper. I had great company, too. By introducingme to the world of computer pro-
gramming and game design, my friend Jacob instilled in me the idea that, ultimately,
hidden physical laws govern the world. On top of that, I had found an interest that
was challenging on both a creative and a logical, mathematical level. With much joy
and vigour, Jacob and I worked together on many ideas over our teenage years. Our
works won national prizes. Thanks in part to popularisers of science, among them
Stephen Hawking, I came to understand that physics addresses quantitatively many
of the fundamental questions that so capturedmy imagination inmy later high school
years. It became clear, also, that physics and cosmology were inseparable.

In the autumnof 2011, I started the bachelor programmesAstronomy andPhysics
at Leiden University. With Jacob, and new friends Jos and Mel, I formed an invalu-
able bond through which we traversed the first academic years in Leiden. I wrote my
bachelor thesis on simulating and building a prototype of a differential optical trans-
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Figure 11.1: A visit to theWesterbork Synthesis Radio Telescope at CampWesterbork, Drenthe, the
Netherlands, in October 2016. This visit further fueled my interest in the field of radio astronomy.

fer function wavefront sensor. I was supervised by ProfessorMatthew Kenworthy of
Leiden Observatory. Through this project, I know how exciting it can be to work
on novel astronomical instrumentation. I obtained my bachelor degrees cum laude.
I also completed the Honours College track Beta & Life Sciences.

In the autumn of 2014, I started themaster’s programmeResearch in Astronomy-
Cosmology at LeidenUniversity. I wrote twomaster theses: one on asteroseismology
and one on radio astronomy. My first thesis concernedmodelling asteroseismological
activity on the surface of Beta Pictoris, a nearby, young star with at least two super-
Jupiter planets. I worked on this project under the supervision of Professor Ignas
Snellen of Leiden Observatory. I am still passionate about exoplanet research. My
second thesis concerned, on the one hand, ionospheric calibration of visibility data
from theUpgradedGiantMetrewaveRadioTelescope (uGMRT),which by thenwas

492



still in active transformation from its GMRT origin. The goal of this project was
to extend Huib Intema’s SPAM pipeline (Intema et al., 2009b) for the GMRT to
work for the uGMRT, preferably exploiting the latter’smuchwider frequency bands.
Besides, the thesis concerned a statistical test of the alignment of radio galaxy jets with
the filaments of the CosmicWeb in which they are often embedded. My supervisors
were Huib Intema, Francesco de Gasperin, andHuub Röttgering. After completing
my master’s degree, I stayed at the institute over the summer of 2017 to continue
working on radio astronomy. By this time, Reinout van Weeren returned to Leiden
Observatory for a faculty position, and he started advising me on my research.

In the autumn of 2017, my academic Bildung continued overseas. I got admitted
to Part III of the Mathematical Tripos at the University of Cambridge, a one-year
intensive master’s programme in mathematics with a history going back to the 18th
century. I was part of Hughes Hall, but took up residence at Swirles Court of Gir-
ton College, which was close to the Centre for Mathematical Sciences (CMS). At
the CMS, I took courses covering both theoretical physics and statistics. In particular
ProfessorKaiseyMandel’s courseAstrostatistics, which dealtwithGaussian processes,
Markov chain Monte Carlo, and Bayesian inference (among other topics), has had a
major influence on the choice of methodology used in this thesis. At the end of the
year, in the summer of 2018, I decided to stay a few months longer in Cambridge
to do research in biotechnology at the Wellcome Sanger Institute in Hixton, located
well within the hilly Cambridgeshire countryside. At Sanger, under the supervision
of Felicity Allen, I worked on data analysis for a series of CRISPR–Cas9 human gene
editing experiments. The experiments were designed to map, and later predict, the
mutations induced by the interplay of the Cas9 enzyme and cellular repair mecha-
nisms as a function of the original target sequence.

In the autumn of 2018, after moving to Amsterdam, I startedmy PhD research on
the intersection of radio astronomy and cosmology at Leiden Observatory. I was su-
pervisedbyAssistantProfessorReinout vanWeeren andFull ProfessorHuubRöttger-
ing. The original research goal was to conduct a statistical experiment with LOFAR
data in search of the synchrotron Cosmic Web. It were the inspiring exchanges with
my friend and fellowPhD student JoshAlbert and the serendipitious discovery ofAl-
cyoneus that, in the end,mademedividemyPhD time over studies of the ionosphere,
the synchrotron Cosmic Web, and giant galactic outflows. In 2019, I was fortunate
enough to visit the MWSKY-II conference in Pune, India, and Beijing Normal Uni-
versity in Beijing, China. Strikingly, when I travelled back home in December, the
Chinese COVID-19 outbreak had already started. When the pandemic subsided, I
held public talks for a primary school and for a club of astrophotography and astro-
physics enthusiasts. In addition, my discovery of Alcyoneus (Chapter 4) unleashed a
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larger than expected storm of media coverage, both nationally and internationally.
Over the years, I supervised themaster theses of AkshathaGopinath andMel Voet,

and helped teach the master’s course Radio Astronomy in the academic years 2018–
2019 and 2019–2020, and then the bachelor’s course Astronomical Observing Tech-
niques in the academic year 2020–2021. Meanwhile, my friend, housemate, and fel-
lowPhD student JariGool and I started and completed a very enjoyable collaboration
on clustering analysis applied to a large European dataset on patients with central dis-
orders of hypersomnolence. The resulting article was published in Neurology and
awarded a prize by the European Sleep Research Society at the Sleep Europe 2022
conference in Athens, Greece.

For the statistical analysis of giant galactic outflows presented in Chapter 6, I was
selected as a finalist of the American Statistical Association’s Astrostatistics Interest
Group 2023 Student Paper Competition. In August 2023, I presented my work at
the Joint Statistical Meetings in Toronto, Canada.

On 1October 2023, the last day of my twenties, I started as the Prize Postdoctoral
Scholar Research Associate in Observational Astronomy at the California Institute
of Technology in Pasadena, United States of America. During my three-year post-
doctoral fellowship at Caltech, I will continue my research on giant galactic outflows
and shocks in the Cosmic Web. I very much look forward to this new life chapter in
Greater Los Angeles — the City of Stars. ■
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Figure 11.2: Astronomer by Candlelight by Gerard Dou (1613–1675), Rembrandt’s first student.
The transience of human life, symbolised by the hourglass and candle, contrasts with the astronomer’s
ambitious goal of understanding the largely unchanging, eternal heavens. Dou, born in Leiden, be-
came the leader of thefijnschilders, a collective of Leiden painters known for theirmeticulous, natural-
ist style. This nocturnal astronomer’s home is the Getty Center, J. Paul Getty Museum, Los Angeles.
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I, a universe of atoms, an atom in the Universe.
Richard P. Feynman, American physicist, in The Value of Science (1955)
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